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FOREWORD

This report presents the results of a fourteen-month study pro-
gram conducted under Contract AF 08(635)-2631, sponsored by Detach-
ment 4, ASD, Target Development Laboratory, Applied Research
Branch (ASQTR), Eglin Air Force Base, Florida.

The general purposes of the study program were to determine
the applicability of various physical phenomena to the problem of tra-
jectory scoring, to assemble all necessary background information,
and to establish basic procedures and criteria for planning and develop-
ing future scoring systems and for evaluating concepts proposed for
scoring. Itis felt that this report satisfactorily demonstrates the
realization of these objectives. Despite the large variety of problems
related to scoring treated under this program, many more remain. A
continuing program of studies of the types reported here will be needed
to keep abreast of technological advances and new information which
may be useful in scoring.

It was understood from the beginning that the program was not
to be one of gadgeteering in which efforts would be directed toward the
discovery of novel arrangements of system components. It was recog-
nized at the outset, however, and even hoped, that some unique method
for scoring might evolve naturally from these studies of basic phenom-
ena. A certain amount of visionary speculation by research personnel
was permitted and, fortunately, a promising idea was conceived for an
angle-measuring device which would sense the line-of-sight direction
to a light source. Supplemental funding (Supplement Nr 1) to the con-
tract to support experimental studies of this idea led eventually to the
development of the Photo-Electric Rotating Slit Elevation and Azimuth
Sensor (PERSEAS). Details of this device are presented in the final
report covering the experimental studies under this contract (Refer-
ence 5.1).

Many individuals contributed time and talent to the performance
of the research and to the subsequent documentation of results contain-
ed in this final report. Unfortunately, not all of these individuals can
be recognized, and it is disappointing that the credits indicated herein
do not necessarily reflect accurately the value of the contributions nor
the amount of effort expended.

Of special value in the production of this report were the skillful

efforts of Jerry A. Hawkins who devoted much time to the technical ed-
iting of a major portion of its contents. In some instances extensive
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rewriting and reorganization of material were involved. His contribu-

tions included the editing and rewriting of all six appendices, much of
the composition of Chapters One and Two, the discussion of pressure
waves in Chapter Three, and revision of the discussions of inertial
systems and gravitational fields.

Dr. Roy Pietsch provided helpful consulting services and advice
about the numerous problems in optics and laser devices. In addition,
he offered some welcome critical evaluation of, as well as some modi-
fication to, the treatments of electrostatic and magnetic fields, and of
nuclear radiation.

Dr. Mark O. Glasgow conducted the original mathematical
studies covered in final form in Appendices 1, 2, 3, 5, and 6 and wrote
the original trajectory-synthesis discussions of Chapter Two. He also
provided answers to many of the mathematical questions which arose
during the course of the studies, especially those questions pertaining
to data handling. The one-, two-, and three-station geometry studies
of Appendix 4 were carried out by Dr. Hugh A. Williamson.

Mr. Charles R. Longwell, who was associated full time with the
program from its beginning, carried out the initial studies of magnetic
fields and nuclear radiation as applied to scoring. Mr. Charles H.
Hayes made similar studies of electrostatic fields, gravitational fields,
and inertial systems, and helped assemble and classify the publications
listed in the bibliography. Messrs. Hayes and Longwell collaborated
to produce the major portion of Chapter Four, Electromagnetic Radi-
ations, and in general contributed in many other ways that were neces-
sary to the successful completion of a study program of this type.

During the first few months of the program Mr. J. B, Oliphint
shared the responsibility of directing the study efforts and was engaged
in the mathematical studies of the encounter geometries.

In order to facilitate the publishing and subsequent handling and
use of this report, it is being presented in two volumes. Volume Il
contains the basic discussions and results related directly to the study
of scoring methods. Volume II contains the six appendices which sup-
port elements of the discussion presented in Volume 1.

The report is unclassified. This classification has necessitated
the omission of some material which would have revealed the antici-
pated performance characteristics and expected tactics of future anti-
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satellite and anti-ICBM weapon systems. Data of the type omitted will
help to determine the look-angles, data-taking rates and time responses
to be required of an eventual scoring system and must surely be in-
cluded in any subsequent studies of the type conducted here. -

William H. Purdy
Research Scientist Associate V
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ABSTRACT

The results of a study of the applicability of seven classes of
physical phenomena to trajectory scoring - measuring the relative
trajectory of a munition with respect to its target - are presented.
The seven phenomena (classes) considered are:

l. electrostatic fields

2. magnetic fields

3. nuclear radiation

4. gravitational fields

5. inertial systems

6. pressure waves

7. electromagnetic (optical) radiation
In addition, several mathematical studies which treat the encounter
geometry, the relationship of measurement accuracy to position
errors, data-handling problems, and the influence of own-ship angu-
lar motion on the accuracy of position determination are presented,
in Appendices 1 through 6. Included also is an extensive bibliography.
Scoring-system recommendations are made for the three general
target classes: satellites, intercontinental ballistic missiles and
aerodynamic-type vehicles.

PUBLICATION REVIEW
This technical documentary report has been reviewed and is approved.

Chief, Target Development Laboratory
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FINAL REPORT ON SCORING METHODS STUDY

CHAPTER ONE

THE TRAJECTORY-SCORING PROBLEM

1. INTRODUCTION

This report gives the results of a scoring methods study per-
formed under Contract AF 08(€35)-2631. This wis a study of pheno-
mena-sensing methods and measurement techniques for obtaining com-
plete data on the trajectory of a munition in the vicinity of and with
respect to the following types of targets: (1) upper-atmosphere
vehicle, (2) satellite, and (3) ICBM. This chapter gives the study
requirements outlined in the contract and discusses both general and
specific scoring problems in order to establish the terminology used
in the remainder of this report and to justify the approach used in the
study. The next chapter gives the results of mathematical studies,
and Chapter Three discusses the potential value of phenomena other
than electromagnetic radiation for trajectory scoring. Chapter Four
considers optical methods of obtaining trajectory data., Radio and
microwave systems were not considered specifically in this study
because numerous organizations specializing in these fields have
already studied such devices, Chapter Five summarizes the findings
of this study and recommends possible solutions to the various scoring
problems considered. A list of the references referred to in each
chapter is given at the end of that chapter. A master list of all refer-
ences used in this study appears at the end of this report. For con-
ciseness and clarity in the main body of this report, six of the mathe-
matical studies done under the contract are given as appendices, and
the results obtained are merely summarized in Chapter Two.

2. SCORING SYSTEMS

Evaluation of the effectiveness of a weapons system in attacking
a particular type of target requires information about the relative tra-
jectories of the attacking missiles or projectiles with respect to the
given type of target which is moving in a specified manner at the time
of intercept. The complete specification of the problem includes the
nature of the target trajectory and the attack conditions as well as the
characteristics of the target and missile.

The method by which the trajectory data are made available is
said to be a scoring system. By definition, a scoring system includes
the techniques, procedures, and equipment for sensing and/or mea-
suring weapon-target environment interaction phenomena, reporting
the data to a receiver, reducing the data, and computing the trajectory



information. By this definition, scoring requires an actual attack by a
specified missile or projectile against a real or substitute target: a
simulation system is not a scoring device although some scoring sys-
tems can be made to control and/or evaluate simulated attacks (no
missile fired).

Scoring systems are usually classed according to the type of
trajectory data obtained as follows: (l) trajectory (relative range R,
relative azimuth A, and relative elevation E vs time t, or equivalent
data), (2) spherical firing error (values of relative Cartesian coordi-
nates X,Y,Z and of time t corresponding to the minimum value of
range R), (3) planar firing error (frequently X, Y at time t when
Z = 0), (4) scalar-type miss-distance (R vs t}), (5) miss-distance
(minimum value of R and corresponding t), and (6) proximity (R less
than or equal to some specified value during intercept). Relative
coordinates are usually not obtained directly unless the sensing
devices are mounted on the missile or on the target; type (3) data can
be obtained by a scoring system with sensors mounted on the intercep-
tor which fires the missile(s).

The equipment which collects the data (and transmits it to a
receiving station if required) is sometimes called a scorer. The defi-
nition places no restriction on scorer location; it may be (1) intercep-
tor-borne, (2) target-borne, (3) ground-based, (4) cooperative (divided
between target and missile), or (5) misgsile-borne. The missile nor-
mally carries a dummy warhead and is not recoverable; the target
usually survives the attack and can be recovered and reused. Scorers
of types (2) through (6) will normally be target-borne or cooperative
and will never be interceptor-borne or ground based.

Since the missile is normally destroyed and frequently has very
little available space, class (5) systems have not been used. In class
{4) systems the missile usually carries only a radiation source (light,
flare, transmitter, reflector, etc.) and is said to be augmented. The
target is frequently relatively small and must be augmented to be real-
istic or even visible to detectors on the interceptor and/or missile.

The cost of a missile large enough to carry scorer equipment in
the warhead space is more than sufficient to justify a class (5) system
if this is advantageous. If both missile and target are non-recoverable,
loss of the scorer is not a consideration.

A class (5) scorer cannot be used, of course, if its operation
interferes with the guidance of the missile or if installation of the
sensin;; Jdevice(s) changes the flight characteristics significantly,
Some missiles, notably the Sidewinder, are obviously unsuitable for a
class (5) system because of their overcorrected tracking. If these
objections do not apply, the following possible advantages may be



considered: (l) a sensing system with hemispherical coverage or less
{often considerably less) will be able to see the target up to nearly
minimum range, and the problem of obtaining spherical coverage will
be avoided if extrapolation is an acceptable method of obtaining the
remainder of the trajectory; (2) the missile may have wings, fins, or
canard surfaces suitable for mounting sensing devices; and (3) the
guidance system of the missile itself may provide some of the data
required by the scorer.

3. FUTURE USAF SCORING REQUIREMENTS

Three future USAF scuring requirements are specified by the
contract, and one requirement was added later by oral agreement.
The relative trajectory (X,Y,Z or R,A,E vs t) of the missile with
respect to the target is wanted in each case for all R= ax’ The

following missile-target combinations were to be considered: (1) a
projectile whose closing rate on a target is 6, 000 to 10, 000 ft/sec at
altitudes of 70, 000 to 200, 000 ft, RMax = 3,000 ft, accuracy = £100 ft;

{(2) a munition launched from a satellite at a target satellite orbiting at
any altitude from 100 to 1, 000 miles, RMax = 500 ft; (3) a munition

launched from the ground at the target satellite specified by item (2);
and (4) a munition directed at an ICBM or its warhead during any
phase (boost, mid-course, or re-entry) of its flight, R“ = 2,000 ft,

It was specified orally that emphasis should be placed on requirements
(2) and (3) since these have the highest priority.

The position accuracy required was not specified for cases (2),
(3), and (4). The values assumed for this study were 50 ft, 50 ft, and
100 ft, respectively; these are taken to be probable errors as is the
usual practice, The range from the intercept point to the nearest
ground station will be as much as 1, 000 miles in case (1). This range
is not specified for cases (2), (3), and (4) but obviously could be 1, 000
miles or more; it may be necessary to provide relay stations for tele-
metered data.

Since the three phases of an ICBM trajectory have significantly
different characteristics, they are considered separately. It is also
necessary to distinguish at least two types of targets--conventional
supersonic bombers and vehicles of the Dyna-Soar type--in the 70, 000
to 200, 000 ft altitude regime. Tnus tne tour cases expand to at least
six or seven types of targets, The problem is further complicated by
assumptions about the characteristics and tactics of the attacking mis-
sile and about the closing rates expected for all except case (1).

i
3
!
i

4. TACTICAL CONSIDERATIONS




The scoring requirements are not completely formulated until the
tactics to be employed are given. This information determines the -
closing rates and acceleration characteristics of the trajectories to be
scored, the fields of view required for the scoring devices, and the
time available for taking data. Since this information was not specified -
by the Contract and was not later supplied, it was necessary to formu-
late reasonable assumptions for use in the study.

It is fairly evident that for satellite-to-satellite encounters the
timing, control, velocity, and acceleration requirements are consider-
ably less stringent for coorbital or near-coorbital encounters in which
both satellites are traveling in the same general direction. In this
case the relative velocity of the munition with respect to its target will
be fairly low; for purposes of this study, it will be assumed that the
minimum closing rate is 2, 000 ft/sec.

If an aircraft, a satellite, or an ICBM in the mid-course phase
of its trajectory is to be attacked by a missile launched from the ground,
the simplest tactic is a holding attack in which the missile is put in the
path of the oncoming target and kept there as nearly as possible; the
target then simply runs into the blast or particle cloud created by
detonating the missile's warhead. The thrust and maneuver require-
ments on the missile for correcting initial aiming errors would be
relatively light. The missile would be near the peak of a steep if not
near-vertical trajectory and would have relatively little velocity; the
closing rate would be determined by the velocity of the oncoming tar-
get,

Attacks on an ICBM during boost and re-entry phases would pro-
bably have to be nose attacks with relatively high closing rates. The
attack during the boost phase could be made by a munition launched
from a satellite. A ground-launched missile would be required for
attack during re-entry; severe timing problems and aerodynamic heat- -
ing rule out other attacks.

It is evident from the above discussion that the minimum closing
rate for an attack on an ICBM could not be much less than 10, 000 ft/sec;
the maximum closing rate would certainly be 17,000 to 22, 000 ft/sec
or more, depending on which phase of the trajectory was being con-
sidered. The maximum closing rate for a satellite attack would be of H
the order of orbital velocity, about 25, 000 ft/sec, !

The closing rates for the air-vehicle scoring requirement were : i
established by the Contract. The attacks on this vehicle could con-
ceivably include tail chases and lead-collision courses. The 6, 000
ft/sec minimum closing rate may be a little high for such attacks, but -
catching up with a high-speed vehicle is not easy, and fairly high
closing rates are needed for reasonable success in such attacks,



5. LIMITATIONS IMPOSED BY THE SCORING REQUIREMENTS

Until more information can be obtained on sizes, shapes, and
other pertinent characteristics of the missiles and targets (or substi-
tute targets) which will be used, final selection of a scoring system
for a particular scoring requirement cannot be made. A scoring sys-
tem which is staisfactory in one situation may be completely unusable
for another application.

Seven limitations are imposed by the scoring requirements given
previously: (1) passive detection systems (no active tracking) will be
required for all except ground-based scoring systems; (2) ground-
based scoring systems will not be used except possibly for covering
the boost and re-entry phases of an ICBM trajectory; (3) multi-station
scoring systems and complete trajectory coverage by use of electro-
magnetic-radiation devices will be difficult to obtain except in ground-
based and satellite-based scoring systems; (4) sensing devices, bea-
cons, reflectors, etc. on vehicles traveling inside the atmosphere will
usually have to be non-protruding and covered; (5) extremely high data
recording rates will not be required except for satellite intercepts; (6)
corrections for own-ship angular motion and possibly for bending will
probably be required; and (7) augmentation is usually acceptable for
the target only, and ranging systems based on signal strength of elec-
tromagnetic radiation will not be used.

The first limitation--that detection and/or measuring systems
located in the vicinity of the intercept must operate without active
tracking--is not new; reasons such as very high angular rates and ex-
cessive power and space requirements could be advanced for much
simpler scoring problems than the ones considered in this study. This
limitation does not mean that the scoring system cannot have moving
parts such as mechanical scanning devices, It may be that electronic
tracking, such as is used in phased-array radar, is capable of the
required angular rates, but such systems would obviously present a
severe antenna-mounting problem.

Limitation (4) is also not a new requirement. It is commonly
necessary to protect sensing devices from damage or warping by the
air stream. At the high supersonic and hypersonic speeds of the
vehicles covered by the new requirements, it will also be necessary to
consider the consequences of and provide protection against aerody-
namic heating; aerodynamically clean shapes will be required for both
missile and target,

The problem of scoring an attack against a satellite by a muni- i
tion launched either from the ground or from another satellite can be :
solved by the development of a scorer satellite, The scorer system
would have weight and size limitations as usual and might have to be



folded for protection until actually in orbit. No limitations on scoring
method except items (1), (5), (6), and (7) are apparent, however;
multi-station scoring systems with sensors mounted on folding booms
could be employed, for example, A multi-station system is defined to
be one which uses data from two or more detectors (or sets of detec-
tors) which are physically separated in space.

In contrast, it seems likely that the targets employed in the air-
vehicle scoring situation specified above will frequently be substitutes
(drones) considerably smaller, lighter, and (most important) cheaper
than real targets; they will probably be rocket-powered and will prob-
ably have relatively small and thin fins, canard surfaces, and/or
wings for stabilization and control. The VKD2B-1 Mach 2, delta-wing
drone is a radar- and infrared-augmented, rocket-powered target of
this type, Even if it is assumed that a multi-station scoring system
with detectors in the wing tips could be developed for such a target,
the wingspan is too small (3'-3") for good accuracy, and the coverage
would be inadequate because the body of the target would limit the field
of view, Since a multi-station system with detectors in the body would
not cover the nose and tail attacks which are to be expected, it can be
concluded that multi-station methods will nct be used unless the targets
are designed for such systems.

Similar remarks apply to ICBM intercepts when a substitute tar-
get such as a solid-fuel sounding rocket is used. A full-size ICBM is
large enough to have a forward-looking multi-station scoring system
installed in its nose, but the range capability and field of view would
be limited as before unless the sensors were mounted on extensible
booms. It is doubtful if the system could survive re-entry with or
without the booms, however.

If a holding attack (defined previously) is planned, it may be
better to mount the scoring system in the missile, The missile will
have a lower speed than the target and it may be possible to mount a
multi-station scoring system in the body of the missile since the mis-
sile will have its axis roughly perpendicular to the target trajectory.

The small drone targets do not have the size or appearance of a
real target in general, and augmentation is necessary. Augmentation
of the missile would not be required for a class (5) (missile-borne)
scorer, but in other cases might be desirable in order to improve the
signal-to-noise ratio; alternately, the missile could be illuminated by
a source on the target, Unfortunately, augmentation of the missile by
a beacon, antenna, or reflectar is undesirable since it may change the
flight characteristics; in some cases it may not be possible to mount a
suitable source or reflector. For example, where could a light source
be mounted on a rocket so as to be visible in all directions yet protec-
ted from damage?



Thus a scoring system should usually not be cooperative or
require augmentation of any but the scorer vehicle. The observed
vehicle may emit radio-frequency or microwave radiation for .control,
tracking or telemetering purposes, however, and may naturally
radiate strongly in the infrared region. The possibility of obtaining
trajectory information from such signals should not be ignored in
developing a scoring system; the requirements are severe enough with-
out wasting any opportunities for obtaining data.

It would be convenient to assume a constant-strength source of
electromagnetic energy radiating uniformly in all directions, prefer-
ably monochromatic, but this would be a mathematical fiction, and no
suitable approximation is likely to be obtained under the scoring con-
ditions being considered. It follows that ranging devices based on
measurement of received signal strength will not be used.

It is fairly evident from the above discussion that complete tra-
jectory coverage by use of electromagnetic radiation will be difficult if
not impossible to obtain except in ground-based and satellite-based
scoring systems. Most instruments are directional, and the severe
mounting problems expected will not improve this situation, Thus
instruments mounted to obtain the first half of the trajectory (more or
less) will probably not be able to follow the last half of the trajectory,
and vice versa.

It will frequently be extremely difficult or impossible to mount
the instruments needed for 4 r steradian coverage. Moreover, the
design of the scorer will usually be simplified if less than hemispheri-
cal coverage is required. It will probably be desirable in general to
limit the field of view to that required by tactical considerations for
obtaining most of the first half of the trajectory, If the mathematical
nature of the trajectory is known, the missing parts can be obtained
satisfactorily by extrapolation.

The coverage problem could be solved, of course, by observing
the motions of the missile and target from a third vehicle following the
missile or target or stationed near the expected intercept point, This
solution is obviously impractical in general.

The feasibility of using ground-based (or ship-based) equipment
to satisfy future scoring requirements can be estimated from informa-
tion contained in the scorer conference report (Reference 1,1). This
report states that the accuracy of the phase-comparison system
MATTS (Multiple Airborne Target Trajectory System) and presumably
also of MIDAS (Missile Intercept Data Acquisition System) is about
100 ft at 100 nm (nautical miles) with a sampling rate of 20 samples/
sec, The accuracy of the tracking radars at Eglin Air Force Base is
not given, but it is certainly less than the resolution of the angular



data (0. 04 mil or 24 ft at 100 nm); the recording rate is as high as 100
samples/sec.

Various values are given for the approximate bounds of the three
phases of an ICBM trajectory. One reference gives 400, 000 ft as the
altitude at which the boost phase ends and also as the altitude at which
re -entry begins. During the mid-course phase, a missile with a
5,500 nm range rises to 500 nm and falls back; if the range is reduced
to 500 nm, apogee is at 3,500 nm. These figures and thoase of the
preceding paragraph show that ground-based and ship-based scoring
systems are capable of giving boost and re-entry and parts of the mid-
course phase to the nearest 100 ft. If the san 2 accuracy is required
for the relative trajectory of a missile attacking an ICBM, however,
the trajectories of the missgile and the ICBM must each be measured
to the nearest 50 ft. In this case the phase-comparison systems are
adequate only to 304, 000 ft (50 nm). The tracking radars would pre-
sumably cover the boost and re-entry phases adequately except in the
near vicinity of the intercept; a telescopic camera slaved to the radar
could probably be used to obtain the missing data. These estimates
neglect down-range distance and are thus somewhat liberal but they
are adequate for discussion. Evidently the present ground-based
scoring systems would cover or could be made to cover two phases of
the ICBM-missile intercept scoring requirement; however, at least an
order of magnitude improvement in accuracy would be required for
adequate coverage of the mid-course phase. This improvement in
accuracy is probably feasible, but the cost of the development and of
the necessary tracking ships rules out this solution,

Ground coverage of the satellite-intercept problem can be ruled
out by reasoning similar to that given above, by the more stringent
accuracy requirement, and by the inconvenience of having to arrange
for the intercept to occur nearly overhead. Observation of an aircraft
from a ground station 1, 000 miles away is, of course, impossible; the
maximum altitude given in the requirement (200, 000 ft) would be about
440, 000 ft below the horizon. It should be added, however, that one
solution to the latter scoring problem would be to arrange for the
intercept to occur above one of the existing tracking stations. This
might be inconvenient but not compared to the difficulty of a similar
arrangement for satellite intercepts.

If £100 ft is taken to be the accuracy requirement for ICBM and
air -vehicle scoring, there is not much point in obtaining more than
about one point for every 200 ft of trajectory or 30 points on the maxi-
mum-length 6, 000 ft trajectory. Taking 20, 000 ft/sec as the maxi-
mum closing rate for the ICBM intercept gives (20, 000/6, 000)30= 100
observations/sec as the required sampling rate, The maximum rate
for the air-vehicle scoring requirement is (10, 000/6, 000)30 = 50
samples/sec. For the satellite-intercept problem, a sampling rate of



{25, 000/1, 000)20 = 500 samples/sec to obtain a maximum of 20 points.
For comparison, the maximum frame rates and picture sizes for three
Benson-Lehner range cameras are as follows: (1) Model HS-70,

24 x 2} in. pictures, 80 frames/sec; (2) Model HS-35, 0.920 X 0. 723
in. pictures, 300 frames/sec; (3) Stereo-flex, half-frame 16 mm,

15, 000 frames/sec. The recording rate for the Eglin radars was
given previously as 100 samples/sec.

These sampling rates are estimates offered for discussion, and
the final scoring requirements may well specify different values. The
rates of 50 and 100 samples/sec are both relatively low, but some
data systems would require improvement to attain either of these
rates. The sample rate for the satellite problem is a fairly severe
limitation on the scoring system,

Three out of the six types of scorers {proximity, miss-distance,
and scaler-miss-distance types) have spherical symmetry and are
unaffected (neglecting possible unintentional instrument sensitivity) by
own-ship angular motions and bending of the vehicle due to aerody-
namic loading, heat stresses, etc. The planar firing error indicator
is somewhat sensitive to rotation about an axis perpendicular to the
plane of measurement; it is relatively insensitive to rotation about an
axis in the plane of measurement provided the angle remains small.
The spherical firing error indicator is, of course, sensitive to rota-
tion about all three coordinate axes, but in practice the effects of
angular motion are unimportant if the vehicle does not depart too far
from the desired orientation. It will usually be unnecessary to correct
the data obtained from either of the firing error indicators for aircraft
angular motions in straight-and-level flight.

The trajectory scorer alone is quite sensitive to angular motions
and to bending, and the sensitivity increases as the maximum range
for scoring is increased. If corrections for these motions are not
made, the trajectory determined by the device may be severely dis-
torted in a manner that cannot be corrected properly by smoothing or
curve-fitting operations. If the scoring method is based on assump-
tions about the nature of the relative trajectory {such as constant rela-
tive velocity or straight-line relative course), the results obtained
neglecting angular motion could well be pathetic.

It can be said in summary that showing that a proposed method
of scoring is capable of obtaining the necessary data under idealized
conditions is not sufficient, A realistic appraisal of the method should
be made, and it should include the following items: (1) estimated size
and weight, (2) mounting problems, (3) interference problems, (4)
effects of instrument errors and of assumptions and approximations,
(5) background noise, dropped-data, and spurious-signal problems,
(6) data-reduction problems, and (7) computational problems. Not all

e
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problems can be identified without building and testing a prototype sys-
tem, but careful study should reveal most of the important difficulties.

This study was not concerned with hardware or telemetry-
interference problems since these considerations should be left to
people who are entirely familiar with scorer construction and opera-
tion problems. The involvement in sensor-mounting, data-reduction,
and computational problems has been limited to efforts to foresee any
unusual difficulties which might develop. Thus items (4) and (5) in the
above list were the only ones considered in much detail. In short, an
effort was made to keep the studies realistic without becoming involved
in work which would be a duplication of effort or could better be done
elsewhere.

6. METHODS OF OBTAINING TRAJECTORY DATA

Scoring data can be obtained by measuring the acceleration or
velocity of each vehicle with respect to a coordinate system fixed in
inertial space by use of so-called inertial instruments, If the initial
conditions are known, the trajectory of each vehicle can then be ob-
tained by integration, and the desired relative trajectory is obtained
by subtraction,

Most scoring devices function by measuring appropriate proper-
ties of fields or waves reflected from, radiated by, or resulting from
the motion of the vehicle under observation; the waves have vector
properties and the fields are vector fields. Scalar fields such-as:ion-
ization, temperature, index of refraction, carbon dioxide content, etc.
can indicate the space paths taken by missile and target, but the paths
are not related to each other (i.e., no point-by-pcint time history can
be obtained). Moreover, a scalar field cannot be surveyed by either
missile or target unless it has reflective properties for some type of
radiation (a contrail, for example, reflects light).

The measurable properties of a wave are amplitude, frequency,
phase, orientation of wave front, and time of travel from scorer to
reflecting (or transponding) object and back; the measurable properties
of a vector field are magnitude and direction at the point of observa-
tion. Shock waves produced when a body moves through air at super-
sonic speed constitute a special case; their useful properties are the
amplitude and period of the pressure disturbance and the conical
shape of the wave itself. Not all wave properties are useful in a given
situation. The magnitude of a reflected wave for example, can seldom
be used to determine range.

The most useful fields and waves appear to come from a single
point source and have spherical symmetry; i.e., the amplitude or
magnitude at any point is a function of distance from source only,



11

Multiply -reflected signals are usable, but except in optical systems,
some loss of accuracy is to be expected unless the observed body is
far enough away from the detector to appear to have the essential
properties of a single source. Phenomena which have rotational sym-
metry--a bow shock wave, for example--are also usable if a straight-
line trajectory can be assumed.

The properties of radial fields and waves which can be used to
determine distance are (1) size or density of image (in photographic-
type systems), (2) wave amplitude or field strength, and (3) signal
travel time from scorer to observed object and back. All of these
methods require only one observation station; if two or three relatively
well-separated stations can be used, and if orientation angles of the
line-of -sight are measured at each station, range can be determined
by triangulation.

There are four types of detectors for measuring orientation of a
line-of -sight: (1) tracking, (2) direction-cosine, (3) phase-front or
wave-front, and (4) amplitude, Tracking devices and direction-cosine
detectors (including cameras) obtain data at a single station. Phase-
front and wave -front devices use three or more detectors to determine
two phase differences or two differences in arrival time (of a pulse).
An amplitude system would use ranges computed from amplitudes
measured at three points to determine the line-of -sight orientation
angles at any of the points.

By definition, a trajectory scorer determines R, A, E (or equi-
valen quantities) as functions of time; however, there is no require-
ment that these data be determined directly. For example, the velo-
city of the observed object with respect to the scorer could be ob-
tained as a function of time by observing the line-of-sight angular rate
and the doppler frequency shift. If the range at one point is known--
and this could be determined by triangulation if two angle-measuring
systems on the scorer have overlapped fields of view--the velocity
data can be converted to range data by numerical integration.

Present scoring devices are frequently based on one or more
assumptions about the trajectory; (1) plane wave (or phase) front (very
distant source), (2) straight-line relative trajectory (target and missile
have constant velocities throughout the region of interest), (3) path of
missgile parallel to path of target, and (4) speed of missile is known or
can be determined separately. The only one of these assumptions
which seems likely to be acceptable under any of the scoring require-
ments given previously is (2); this was one of the problems considered
in the mathematical studies reported in the next chapter.

A scoring system based on assumptions about the trajectory is
not a general-purpose system, of course, but the object of this study
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was to determine suitable systems for each scoring requirement, and
there was no restriction to general-purpose systems. A special-
purpose system may or may not be better than a general-purpose sys-
tem suitable for the same application; there is no reason for rejecting
such systems in advance, The advantages of special-purpose systems
is that trajectory information is extracted from measured data which
would otherwise be insufficient; data reduction and/or processing may
be considerably more complicated than usual, but the scorer is sim-
plified. Even if assumptions about the trajectory are not used in the
scorer itself, it is always helpful to know the expected characteristics
of the trajectories to be measured; this information can be put to good
use in smoothing, interpolating, extrapolating and curve-fitting oper-
ations.

7. SCOPE OF THE STUDY PROGRAM

In brief the objective of the studies reported herein was to in-
vestigate all physical phenomena which might possibly be applied to
the solution of the scoring requirements given above, The phenomena
of concern were those resulting from the interaction of the vehicles
with their encounter environment. The studies were to determine
which of these phenomena have real potential for use in a scoring sys-
tem and what techniques would be suitable for trajectory scoring. The
phenomena and associated techniques were to be placed in one of two
categories. Category one was to include those phenomena and tech-
niques usable for trajectory scoring without any advances in the state
of the art; category two would include those techniques which would be
feasible only after further research on and/or further development of
measuring instruments, sensors, or other equipment. Any phenomena
not included in one of these categories have zero potential for scoring.

A further objective of the study was to determine the relationships
among the variables characterizing each feasible technique and the
effects of measurement errors on scoring accuracy.

The study was restricted to target-borne and/or missile-borne
systems with emphasis placed on non-cooperative systems and on solu-
tions to the satellite-intercept problem. There was no indication that
inturceptor-borne systems would be of any practical interest; a study
of ground-bhased systems would have amounted to a duplication of effort.

8. ORGANIZATION OF THE STUDY PROGRAM

Initial efforts under the program led to the grouping of the
studies into two general areas: (1) Mathematical Studiea and (2)
Sensing Devices and Techniques. The mathematical studies were
conducted to determine the geometrical relationships which would
characterize the various encounters and to determine how the various
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parameters are related through the geometry. For the most part,
though, the interest lay in the error studies which were concerned
basically with the effect of an error in measuring one quantity on the
accuracy required in measuring other quantities. Ultimately, how-
ever, it was desired to determine and have readily available relation-
ships for the errors in the position components as functions of mea-
surement errors. The results of these studies are discussed in Chap-
ter Two of this report. Principally because of the quantity of material
generated through these studies, their details have been included in
Appendices | through 6.

The study of sensing devices and techniques was started with a
survey of the literature on hand in the MPRL library and in the Uni-
versity libraries. Those reports which were pertinent to the program
were abstracted and a reference list and card file were developed to
facilitate use of the reports. Additional reports were ordered and a
general effort was made to collect data on the state-of-the-art in sen-
sors and line-of-sight measuring techniques. As a result of this initial
search for information, a relatively complete bibliography was com-
piled which, it was recognized, would be a valuable aid to subsequent
programs of the type conducted here. For this reason, this biblio-
graphy is included in this report.

The principal concern in the study of sensing devices and tech-
niques was the basic physical phenomena which might characterize the
encounters between advanced vehicles. After some consideration, it
appeared that all of the phenomena which might have potential utility in
scoring techniques could be included in seven classes. The classes
established were: (1) electrostatic fields, (2) magnetic fields, (3)
gravitational fields, (4) inertial effects, (5) pressure waves, (6)
nuclear radiations, and (7) electromagnetic radiations.

Only slight consideration was needed to become convinced that
the phenomena having the greatest scoring potential were electromag-
netic (EM) radiations. In fact, there is such a variety of problems
involving sensors, sources, backgrounds, component combinations,
etc., that each of the other phenomenon studies is dwarfed by that on
EM radiations., For that reason one entire section (Chapter Four) is
devoted to optical phenomena. The other six classes are treated in
Chapter Three. Radio-frequency and microwave devices were not
studied in detail since organizations specializing in these fields have
already made such studies. All that is required in this field is a con-
tinued monitoring of new developments to locate any new devices
which are potentially useful for scoring.

The results obtained in the phenomena studies are summarized
in Chapter Five and recommendations are made for solving each of the

e S
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scoring problems considered. These recommendations are of course
based on the findings of the studies made to date and are subject to
revision as advances are made in the state-of-the-art and as the scor-
ing requirements themselves becomse better defined.
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CHAPTER TWO
MATHEMATICAL ASPECTS OF TRAJECTORY SCORING
1. INTRODUCTION

Trajectory scoring may be defined as the techniques and
procedures for sensing the occurrence of weapon-target environ-
ment interaction phenomena, reporting the data to a receiver,
and computing the relative trajectory of the weapon with respect to
the target during the time of intercept. This definition should be
construed in a broad sense, general enough to include the purely
mathematical aspects of planning a scoring mission, choosing the
instrumentation, reducing the data, and computing the relative
trajectory. In particular, the techniques of error analysis should
be included in the definition.

The mission of the scoring methods study has been to in-
vestigate those phenomena which have potential for use in tra-
jectory scoring and to determine how they can be used to obtain
trajectory data, This chapter considers the mathematical aspects
of the problem. Discussions of error analysis, planning for
scoring encounters, and selecting sampling rates for recording
data are given in the following sections. The last section sum-
marizes 8ix mathematical studies made under this contract.
Detailed reports of the results obtained in these studies are given
in Appendices 1 through 6, each of which is self-contained and
could be issued as a separate memorandum or report. All studies
except Appendix 2 have been reported previously in papers trans-
mitted with the monthly progress reports, but the papers given here
have been thoroughly revised and some additional material has been
added.

2, REMARKS ON ERROR ANALYSIS

A standard procedure is used for assessing the effects of
small random errors, The functional relations between the
quantities to be computed (such as the relative position components)
and the observed quantities (such as angles, distances, and their
rates) are first obtained; in a complete error analysis the methods
used in data reduction must be considered in developing these
relations. These functional relations may be differentiated to
obtain the linear relations for the differential errors in the com-
puted quantities in terms of the differential errors in the data.
Statistical averaging may be used to obtain the variance relations.
These mathematical procedures are discussed in the last portion
of Appendix 4,

Pamate - > 4

e dkn



16

The implicit agsumption was made in the preceding dis-
cussion that systematic errors have been eliminated from the
observed data, Corrections for instrument and other known
errors (such as refraction) should always be made in the data re-
duction. Corrections for refraction are discussed in References
2.1, 2.2, and 2. 8; no refraction corrections are needed if the
scorer is mounted on either the missile or the target. Instrument
corrections could be made not only for static but also for dynamic
errors as well. Use of instrument transfer functions might be
necessary to make corrections for dynamic errors. Systematic
errors which are not corrected have a much more serious effect
on the reliability of trajectory data than random errors of the
same magnitudes. The latter would tend to average out in the
data reduction while the former would not,

While a complete error analysis necessitates consideration
of data-reduction methods, it is not always required for every
purpose. For engineering work approximate error bounds are
usually satisfactory. Such bounds are easier to obtain and to in-
terpret, and they are generally conservative; also approximals
relations or simplifying assumptions may be used in their develop-
ment., A simplifying assumption that has been used in some of the
investigations reported in the appendices is that the relative ve-
locity is constant over the range interval of interest for scoring.
An approximate relation for the maximum position error due to
uncorrected angular-velocity effects was used in obtaining the
bounds for instrumentation accuracy discussed in Appendix 2,
Other examples of justifiable simplifying assumptions could be
cited.

The distributions of the various errors may be important
considerations. While normality is often assumed, it may not
always be justified. Experimentation may be necessary to
determine the distributions of the errors. Random errors in in-
strument observations tend to be normally distributed; also as the
number of independent sources of error increases, the distribu-
tions of the resulting errors in computed quantities tend to normal-
ity under mild restrictions as shown by the Central Limit Theorem
of statistics. Even if nothing is assumed about the distribution,
the probability that the errors will not be greater than a given size
can be obtained by use of a theorem due to Tschebyscheff which is
quoted in Appendix 4. The accuracy is, of course, not as good as
it would be if the nature of the distribution were known,

When all the data are combined to give a trajectory, the
reliability will be better than that obtained for a single point or
for a lesser number of points. Smoothing operations tend to
average out the random errors and reduce noise effects. The
data-handling operations of smoothing, interpolation, extrapolation,
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and possibly differentiation and integration will be required in
most trajectory-synthesis problems. Since many excellent ref-
erences on these procedures are available in standard texts and
in reports of MPRL and other laboratories, these procedures were
not investigated for the present study. However, two data-reduc-
tion methods of general applicability for combining redundant data
from a wide variety of sources were briefly investigated. One of
these is a method for least-squares adjustment of data which is
developed in Appendix 5. This method has had important applica-
tions in the determination of orbits and other trajectories (Ref-
erence 2. 8); it is well adapted to the scoring problem of position
fixing using redundant data as well as to instrument calibration.
The other method investigated was the use of weighting factors,
discussed in Appendix 4. This method is considerably simpler,
though less general, than the method of least-squares.

Bad observations should, of course, be rejected. Rather
arbitrary criteria dictated by experience are frequently used in
deciding to keep or reject data. A rule of fair generality is that
a data point may be rejected if the difference between the observed
value and the adjusted value is greater than or equal to three
standard deviations. For any error distribution function, the
probability of an error of this size is quite small when the number
of observations is limited.

The subject of error analysis is not discussed in any separate
appendix although it enters into the investigations of each of these
appendices in a natural context. In particular, the allowable
position errors for the three kinds of scoring encounters specified
in the contract are used in Appendix 1 to obtain equations for the
allowable errors in velocity and acceleration. Bounds for the
angular rates of the relative range vector are discussed in
Appendix 3; these bounds will be useful in selecting sensing eguip-
ment with a suitable scan rate. Criteria for neglecting own-ship
angular motions are discussed in Appendix 2 for the scoring en-
counters of interest. A special application of the least-squares
method for adjustment of data is made in Appendix 5, and the
resulting gain in reliability is determined. Error relations for
various scoring geometries are given in Appendices 1 and 4,

3. PLANNING FOR SCORING ENCOUNTERS

The portion of a relative trajectory during which data are
taken for scoring is only a small part of a much longer trajectory,
In order to arrange for the weapon-target encounter, study of the
pProbable target trajectory is necessary. With most missile sys-
tems some sort of terminal guidance would be required, Standard
trajectories may be sufficient for many purposes in planning;
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certain approximate trajectory relations are discussed in Appen-
dix 1. For the actual encounter, the latest and most accurate tra-
jectory information may be needed to arrange last-minute details,
Orbit predictions from trajectory observations in real time are
practical (see Reference 2.2) and might be used as inputs for
making these arrangements. For satellite-vs-satellite encounters,
study has shown that mission requirements are less stringent for
co-orbital or near-co-orbital encounters, with both satellites
orbiting in the same general directions (Reference 2.7).

Tactics to be employed profoundly influence the functional
relations for the relative trajectory variables during the time in-
terval of interest for scoring. The instrumentation required, data
sampling intervals, etc. will also be affected. Instrumentation
that would be acceptable for one application may be totally unsuit-
able for another scoring situation. The expected relative tra-
jectory should be analyzed for probable time behavior of the rela-
tive-trajectory variables, and bounding relations; the results would
be useful in choosing the instrumentation, arranging the initial con-
ditions, etc.

The most accurate methods presently used for satellite orbit
determination are optical methods employing cameras, Such
methods are capable of position determination for near-earth
satellites with a standard deviation of the order of a few seconds
of arc (Reference 2. 8), The data require a lengthy reduction
process, however, so that the results are excellent for analysis,
but they are not available for short-time predictions, Predictions
of satellite orbits for a few revolutions ahead by use of radar
observations are said to have probable errors of the order of a few
miles. Radar distances and range rates may be measured quite
accurately, but the angular errors are large enough to have a
serious effect on the accuracy of the predictions,

The use of optical and radar observations from ground
stations to establish the relative trajectories for all of the scoring
situations described in the contract would put accuracy require-
ments on the instrumentation beyond present capabilities. Since
these well-known techniques are not new, ground-based scoring
systems wer~ not investigated in this study. The emphasis has
been put on relative-trajectory determination from observations
made aboard either the target or the weapon, or both,

4, ON TIME INTERVALS BETWEEN DATA POINTS

If instrument readings are recorded continuously during a
scoring encounter, there is no problem of setting a time interval
between data points. If the sensing equipment is of a scanning
type so that data are only obtained periodically, or if data must be
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sampled periodically for telemetering purposes, the problem of
selecting a suitable sampling frequency becomes important. No
exact methods were found to solve this problem, However, some
arbitrary guiding principles should prove useful in applications.

A permissible error in relative position is generally spec-
ified. If the data are taken frequently enough to obtain position
fixes separated by no more than this allowable position error,
such data-taking frequencies should be acceptable. If the maxi-
mum closing rate is R, the maximum permissible error in i
position is £, and the time interval between the position fixes is
At, this formula would have At < £/R. The assumption is made
that any errors due to interpolation between position fixes are
negligible in comparison to the errors in the data points.

In practice, matters may be not quite so simple. A position
is not normally determined from one instrument alone, but must
be computed from combined readings of several instruments re-
duced to simultaneous values. For the better kinds of numerical
smoothing and interpolation formulas to be used, as many as ten
to twenty data points may be needed. This bound on the total
number of observations to be taken can be used to determine the
sampling frequency when RMax and RMax are known,

It may be neither necessary nor desirable to sample all the
data at the same frequency. Some of the information may have
considerably greater weight than other data as far as the accuracy
of the resulting position determination is concerned. A rough
quantitative estimate of the relative weights may be obtained from
the variance relations between computed position and observed
quantities. If the product of the variance of an observed quantity
and the square of the partial derivative of the computed quantity
with respect to the observed quantity is comparatively large, then
the observed variable is comparatively important to the accuracy
of the computed quantity. Sampling of this observed quantity at
more frequent intervals than other variables of less importance
would be indicated for optimum results. This principle indicates
that when the weighting factors are equal in the variance relations,
the variables with the greater variance should be sampled more

frequently; more than one telemetering channel may be desirable
for such data,

Another principle is that other things being equal, the
observed quantity which is changing most rapidly should be sam-
pled most often. This should allow more accurate interpolation
for this variable and result in greater accuracy for the computed
position,

It is thus seen that the required data-recording frequencies
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vary greatly with the attack situation. It appears that there is
little difficulty to be expected from getting data at too frequent
intervals; the problem may be to get data at as many points as
needed, The problem is more acute for relative trajectories with
high closing rates, and small maximum range. The maximum
relative range for the attack of a ground-launched missile against
a satellite is specified as 500 ft. If twenty position fixes are con-
sidered sufficient for establishing the trajectory, and a closing
rate of 25,000 ft/sec is assumed, the 1000-ft range interval would
be traversed in 0. 04 sec; the time interval between data points
would be 0,002 sec, corresponding to a data-taking frequency of
500 position fixes/sec. Such rates may be practical for some
instrumentation and impractical for others.

5. SUMMARIES OF THE APPENDICES

5.1, Appendix |. Trajectory Analysis and Synthesis - The
use of relative-velocity or relative-acceleration data to obtain the
relative trajectory is discussed. Equations and graphs are given
relating the permissible errors in velocity and acceleration to the
permissible position error and the duration of the trajectory. The
linear-relative-trajectory {(or constant-relative-velocity) assump-
tion is investigated, and graphs are given for determining whether
a given constant acceleration can be neglected. Expressions for
range rate, angular rate, minimum range, and maximum angular
rate are developed for linear relative trajectories; differential
error relations are obtained for range, minimum range, and
angular rate. The velocity and acceleration characteristics of a
rocket are determined neglecting gravity and aerodynamic forces;
the results can be used to determine the validity of the linear-
relative-trajectory assumption when either the missile or the target
or both have non-zero thrust during the encounter. Finally, the
problem of non-zero relative acceleration is considered, and a
particularly useful method for smoothing, interpolating, extrapolat-
ing, and integrating or differentiating trajectory data is discussed
briefly.

5,2. Appendix 2, Effects of Own-Ship Angular Motion on
Relative Trajectories - The transtformations required to correct
position, velocity, or acceleration data for own-ship angular
motion and for bending are discussed, and an error bound for the
effects of uncorrected own-ship angular motions on the trajectory
is given. The use of inertial instruments to obtain trajectory data
is considered, and it is shown that such instruments must be
mounted on a stabilized platform in each vehicle. Criteria for
neglecting own-ship angular motions are developed for each of the
scoring requirements considered in this study; these criteria are
expressed in terms of the permissible error in position, the
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maximum range, and the duration of the attack,

If the effects of own-ship angular motion are likely to be too
large to neglect, the preferred method of correction is to stabilize
either the entire vehicle or a platform containing the measuring
instruments; in either case, correction of the data will be un-
necessary, It is shown that the accuracy of modern stabilization
equipment is more than adequate; the selection of equipment can
therefore be based on considerations other than accuracy such as
size, weight, cost, etc. If the instruments cannot all be mounted
on the stabilized platform, it will be necessary to measure and
telemeter the platform angles and to correct for angular motions
in the data reduction and/or processing. It may also be necessary
to measure and correct for bending. If a stabilized platform is
not used, the roll, pitch, and yaw angles can be determined by
integrating measured values of the angular rates; this procedure
is not recommended in general since it complicates the data
reduction and is likely to have poor accuracy if the angular data
are needed over any extended period of time. The above con-
clusions about the adequacy of stabilization equipment apply only
to the short-duration attacks considered; the use of such equipment
for long periods of time, as might be necessary in order to obtain
initial conditions for a purely inertial scoring system, for example,
is not considered in this paper.

5.3. Appendix 3. Rate Characteristics of Linear Relative
Trajectories - In designing a trajectory-scoring system to satisfy
a given scoring requirement, it is desirable to know at least the
ranges of variation and the maximum time rates of change of the
relative angular coordinates. It will also be useful to have some
information on the general behavior of the angles and angular rates
as functions of time. This information establishes the required field
of view, helps to determine the instrumentation requirements, and
will be useful in error analyses, This paper develops equations for
the azimuth and elevation angular rates and bounds for these rates
for the special case of a linear relative trajectory. A particular
linear relative trajectory is taken as an example, and graphs are
given of the relative range R, the Cartesian coordinates X, Y, and
Z, the azimuth A, the azimuth rate A, the elevation E, and the
elevation rate E, all as functions of time. Expressions for the
angular rates and for bounds on the angular rates are also develop-
ed for the angles a and 3 which would be measured by a photo-
potentiometer scoring system, for example.

5.4. Appendix 4. Minimum Data Requirements and Vari-
ance Considerations for One-, Two-, and Three-Station Measure-
ments - This paper considers minimum data requirements and
mean-square-error (variance) relations for one-, two-, and
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three-station measurements of fields and waves which, for point
sources, have spherical symmetry and appear to radiate from a
point. The complications which may result when the source
(observed object) is too large or too close to appear as a point are
ignored. A few general remarks are made concerning one-station
measurements, while all possible combinations of minimum sets
of data (three distance and/or angle measurements) are considered
in a systematic manner for two-station measurements. Only a few
selected cases of minimum data are developed for three-station
measurements. The equations for computing range, azimuth, and
elevation are given without derivation for each case considered.
Equations and procedures are developed for two specific cases of
two-station angle-only measurements to show how the variance in
the computed range is related to the variances in the measured
data and how either the ranges of variation or the variances of the
measured quantities are limited by the requirement that the vari-
ance in computed range should not exceed a specified value. The
graphs which are included may be used to obtain numerical results,
A method is also developed for weighting the measured quantities
so that the variance of a computed quantity can be minimized if
redundant data are available; a numerical example is given to
illustrate the method.

One important conclusion of this study is that two- and three-
station triangulation systems have field-of-view limitations deter-
mined by the overall accuracy requirements and the accuracy of
the instruments used; improving the instrument fields of view
beyond a certain point is useless unless their accuracy is also im-
proved. The system viewing angle is also limited by the station
separation; equations of the type developed can be used to select a
base-line length consistent with the accuracies and fields of view
of the instruments used. The accuracy and fields of view of
triangulation systems used to satisfy the scoring requirements con-
sidered in this study may well be limited by the maximum length of
the base line in each case rather than by instrument deficiencies,
The accuracy can be improved, however, if redundant data are
obtained.

5.5, Appendix 5, Least-Squares Adjustment of Two-Station
Angle-Only Position Fixes With Reliabilities of Adjusted Data -
If two-station simultaneous azimuth and elevation angle data on the
position of an observed point are available, there is a redundancy of
data for determining the position of the observed point by triangula-
tion. A method for least-squares adjustment of such data is pre-
sented, and expressions are developed for the variances of the
adjusted measurements and computed quantities of interest. In an
average sense the variance of the range is reducad to approximate-
ly one fourth of its value before the least-squares adjustment, and




the standard deviation and probable errors are reduced by a factor
of two. The original angular data are assumed to have equal vari-
ances and to be uncorrelated and unbiased.

One advantage of this process over certain other least-squares
procedures is that preliminary estimates of position are not requir-
ed. A disadvantage is that one condition equation is required to
force the adjusted rays from two stations to intersect and an addi-
tional condition equation would have to be used for each added
station; as a result, the adjusted data have non-zero covariances.
The process could be readily generalized to include correlated data
of differing reliabilities and to include more stations and more
observational data; the process is not limited to angular data.

5.6, Appendix 6. Application of Polynomial-Based Smooth-
ing and Interpolating Formulas to Scoring Problems - It is shown
that relative Cartesian coordinate data for short-duration weapon-
target encounters are probably well adapted to polynomial-based
numerical methods of extrapolating, interpolating, etc., whereas
relative polar coordinate data do not appear to be so well adapted,

However, certain functions of the polar coordinates (viz., RZ,

tan A, l/secaE, and 1/A) are shown to be well approximated by
polynomials of low degree and are therefore suitable for use with
polynomial-based formulas. A reasonable procedure for per