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Laboratory, Rome Air Development Center. Mr. Haywood E.

Webb was the project engineer.
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ABSTRACT

This report describes a linear system representation suitable for
use with signals of finite dime'nsionality. This representation takes
the form of a matrix with elements which depend both on the choice of
signal basis and on the transmission properties of the system. The
reportis divided intotwo parts. The first part is devotedto the deri-
vation of the system matrix for an arbitrary systemtransfer function
for several widely-used signal bases. The second partceonsiders the
case in which only the system matrixis known. An equivalent repre-
sentation, expressedinterms of a continuous parameter, is introduced
to facilitate approximation of the systemtransfer function, and trans -

formation formulas are established for a number of cases where they

have a simple form.
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1. DISCRETE, FINITE REPRESENTATION OF A LINEAR
STATIONARY SYSTEM
1.1. INTRODUCTION

The efficient representation of a given signal class in-

volves the selection of a minimal set of component functions in terms

of which every member of the class may be described with acceptable
accuracy. In many instances, as, for example, in the representation

of signals limited in time and frequency, a finite set of components is
sufficient for the complete representation of the class. In order to
devise a c_haracterization of a linear, stationary transmission system
compatible with this method of signal representation, consider the re-
sponse of this system to an arbitrary signal chosen from such a signal
class. In general, it will not be possible to obtain a complete represen-
tation of the response in terms of the original set of component functions;
however, the least-mean-square approximation of the response which
may be so represented leads to a satisfactory characterization of the
system provided the resulting error is small enoughi. Where it is not,
a re-examination of the set of signal components chosen becomes
necessary and a larger set may have to be used.

Clearly this situation corresponds to the notion of a linear
transformation of the original signal space on to itself and to the re-
presentation of the transmission properties of the syétem by the matrix
of the transformatio'nz. The elements of this matrix will depend both
on the choice of basis - that is, on the signal components, and on the
system itself. The derivation and m.anipula.tio'n of this matrix is the
subject of Part 4 of this report. The treatment parallels that given
in a recent Internal Memoranduma.

Let |‘F) be an arbitrary signal chosen from the given
signal class. Then I‘F) may be completely represented in terms of
some basis set

l4, k=1,2,....N

R
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that is, |F) = z fl‘tlwk>
k=1

If |H| is the linear operator referred to above, then, following
Hugginsi,‘ we can write
N
[l ~ ) by le . (1.1)
j=1

The left side of this relationship is the true response of‘ the system.
The right side is a vector lying in the original signal space. Clearly
the N2 values of hjk" i» k, =14,2,....N, for which the equivalence

is in the least-squares sense, constitute a discrete representation
of |H| which provides a least-squares approximation of the system

response. In order to ascertain those values of h,, let

jk
N

j=1

then, for minimum mean-square error:-

N N
Epley = [FIRL- ) @l ] [ Ialog - Y ngle ]
=1 j=1

J J=
. N ,
8 ~ 8
S (Fyle = - (G llmlv) - ) mplep ]
Pq =1
N
=0when (¥ |H|y) = g @oley

=1

,\
¥
=

ESa N
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Let
L= H

mpk <'¢;p| |¢k>

For minimum error,
N

m = h, .

pk 2 ik Epj

=1

or, in matrix notation:-

M=GH (1.2)
and
H=G1Mm (1.3)

H is the required system matrix with elements hjkj =1,2,...N and

G is the familiar Gram Matrix.

As an alternative procedure, an orthonormal basis could have
been derived by means of a linear transformation of the given basis,
in which case the Gram Matrix would reduce to the Unit Matrix. This
suggests a relation between the Gram Matrix and the matrix which
transforms a given basis to an orthonormal one. This relationship

is explored in Appendix 1.

To determine the Error Energy:-

N N
@y lew= [ IR - Y wl (] [l - ) nldip]
: i=1 j=1
N N

) ~ ~ %
= (Tl + ) ) ny hay B3
i=1 j=1

T e,

i
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j=1 i=1
N N N
: -1
=(Fylr) + Zh My ZZ B5i Mik
i=1 j=4i=1
N
*
-Z h11m1k
i1

where I‘rk)= |H|4Jk}

e * 1 '
= <rk| rk) - z z m;, g i m
j=1i=1

Let ~ 4 ~
E=U-MG " Mwhereu,, = (rllrk)

N N

1k

Then the error energy = E Z ('E'l |€k> is just the sum of the

elements of E. =1 k=1

For an orthonormal basis, 9__1 =
N

Error Energy = z (?klrk) z z h ,2which is the true

k=1 k=1j=1

H in which case:-

output energy less the sum of the squares of the matrix elements.

S
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” 1.2 LINEAR TRANSFORMATIONS AND THE DIAGONAL
REPRESENTATION

It is often possible to simplify the system matrix by means

of a linear transformation of the signal basis.

Consider any two complete bases Iqu} and H,i), i=1,2,...N

and let N
N
IS AT
=1
N =>, i Z ALY
~ k=1 =1
) N N ¢
o =) ) cic Ep 1YY
j=1 k=1
N
but |Fy= ) f;.pllleB ,
j= 1
vov
f5 2 i fie
=1
or
§j>¢::£l£:>$
’ and
Be=S By -
| 1If

then

TR e
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5,

then, from Equations (2.1) and (2. 2), it is clear that C = U gives the

linear transformation of the signal basis which will always lead to a

R)p=C H,CH)y
2y By By
Hy = __“1 H,C : (2.1)

can be diagonalized, say by the similarity transformation

H = U'igq}U y (2.2)

— — —

diagonal form of the system matrix.

_vel 8

8




1.3 EXPONENTIAL BASES

The choice of basis is determined primarily by the nature of
the input signal which must be adequately represented. So far,
error estimation has been on the assumption that the description of
the input vector is complete. For an extremely wide class of
signals, however, growing (or decaying) exponentials provide a
suitable characterization. Apart from the discontinuity resulting
from the signal epoch, these components are eigenfunctions of the
system. As will be seen, this leads to a diagonal system matrix
with easily computed elements provided the exponents are distinct.
The case of a characterization based on a single exponent is dis-
cussed separately. A more general discussion of the use of

exponential components will be found in Huggins1 and Lai4.

A. Forward Components

s, t
_ . k < _ .
Let lllk(t)‘— e t >0, % 0 8y = ck+ Jwy
1 ;
\,l:k(s): s 0< g 8= ot jw
k
_ 1 1 ds
Mpk ™ -f ¥ His) g5 2]
r ~85°8, k
From Appendix 2, I" may be taken as the jy axis
H(-5) |
my = - for H(s) having no poles in right half plane.
g8, + 8
1 k
Also, g, = - \.:1
Lk 8,+8
I "k

In matrix notation:-

M=H_ G
—8 —

where N

R e

Cen——




fH(-s’i") 0 0 ]
0 H(—s;:) 0 ———-
—s 0 0 H(-s’;) S
L~ B ) T

§¢=G' H G » (3.1)

and

!
Q
oo
@]

(3.2)

—_8 — —_—

"From (2.2), the change of basis which will result in a diagonal

system matrix is given by:-

c-g™

B. Backward Components

skt
Let¢'1;(t)=e ‘ t<0 o, >0

_ 1
qJ-k(B)—'_—STSI, g< O

myp = (TplHE)

1 1 ds

= — H(8) —r— =

r el e 2
_ H(sk)
- E]
sk+s£

W I e e

"3
3
o
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where

FH(si) 0 0 i

0 H(sz) 0 .
H = 0 0 H(s3)

0 0 0

L °J
and

DL S
H,=& M=H, , (3.3)

showing, that for backward components this choice of basis leads

directly to a diagonal system matrix,.

C. Matrix Elements for a Basis Consisting of Laguerre Functions

The reduction of the system matrix to a diagonal form
results from the choice of distinct exponents in the basis. There is
one important case in which this does not occur, namely, when the

In this
1,5

input signal is characterized in terms of a single exponent.
instance, the orthonormal basis derived by the Kautz method

has a particularly simple form. Consider the case of s, = a, k=1, 2,

k
. N (forward components)

L 1/2 * k-1
b (8) = (-a ) (sta ) k=1,2,....N
(8 -a)
hyy = My = (‘Pllhl‘Pk)
-4 * k-1
_ (—a-a*) [. (-s+a)>‘ H(s) (s+a ) 2d"s
' (-8-a) (8-a) J

i

L A
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5-1
= -(-a-a ") r H(B)(S*—O,) _S_%
r (st+a )
where 6 = £ -k
e D [(s-0)® " 1 3.4
e gr 5 Lleme) (s)] i (3.4)
8 N
5= 0
=0 §< 0
h, = H(-a")
hy = (-a-a") H'(a")

‘ s ,
h, = {95 ) [2h0(-a™) + (o) B )]

x
By = 22 M er(0™) + bla-a™) H''(0™) +(-a —a*)ZH”'(-a*)]

etc.

The H matrix is therefore triangular and the values of its elements

depend only on their distance from the diagonal

fa = -1/2
6 i
= i D (o170 ]
8 = -1/2
5§20 )
=0 §<0
h = H(1/2)
h, = HY1/2)

1
h, =(1/2) FZH'(1/2)+H' '(1/2)]

hy =(1/6)| 6HI(4/2)+6H (1 /2)+H! (4 /2)'_]‘ etc.

I S N

—



-41 -

1.4, MATRIX ELEMENTS FOR A BASIS CONSISTING OF

ELEMENTARY "HOLD" FUNCTIONS

Exponential functions are suitable for characterizing signals of
semi-infinite duration especially when there is prior knowledge of the
distribution of complex frequencies. They do not lend themselves to
an exact description of a time-limited signal such as might result
from the application of quantization or pulsed-code techniques. The
introduction of compound errors may be avoided by using the so-called

"B" basis, defined as follows:-

o

¢k(t) 4 (k-1) <t <k

0 t<(k-1), t= k

k=1,2,....N.
This is an orthonormal basis. Considering forward components only:-

k-1)s <

bs) = 2-e7® el o< g

by = Mg = CHIH 19

[ 1-e® G0 () 2re™® o-lk-1)s ds

r - 8 2wy

a H(s){ 8 -3 } 6s ds

= j‘ -3 e + e -2 e m ] (4.‘1)
r °®

where 6§ = j-k, and I"may be taken as slightly to the right of the juw
axis. Again, the values of the elements depend only on distance
from the diagonal.

Case 1 §<0

h6 = 0 since the integrand of (4.1) is analytic to the
right of I".
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Case 2 5 = 0, diagonal terms
H d
I (s) o8 Eﬁ
8 ®
hg = -b' 0 + 10-2)) ul2ho), by Appendix 3. (4.2)
Case 3 §>0
. H(s) [ (6+1) _(6-1)
hg=[ HEL {020 *} o
I s
H 5+1)s d H(s) & H(s) (5-1)s d
S HE (e de g g dey ¢ () (6ot e,
r s I' s
Using the result in Appendix 3, we have that
hy = {-(6-1)11(‘“(0) + h('z)(‘G-i)—h(—Z)(“O)}
2 {-5h('“(0) + =26y + h("")w)}
+{ -+ "Y(0) + 1 "B +1)-n0 o)}
b, = bt 2)s+1) - 20026y + nl2(51) . (4.3)

)

This completes the determination of matrix elements for signais
existing only for positive time. Otherwise, this matrix is one of the

four sub-matrices necessary to describe the system. For the other

three,

Bi = CPEIbE) = oy lHI)

b= <¢kIHI¢> = by (4.4)
o-(k-1) ds
Wy = [‘ 1-e” -(J 1)s H(s) 775

.. bY =0 for all?and k (4.5)

jk

Tl XY e ©
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- 1-¢® (j-1)s 1-¢® (k-1)s ds
hiy fr“:'s‘e H(s) —5~ e 70

_ H(s) [ (6-2)s , (6-1)s 6s] ds
'fr -?_{e -2e + e o

hj'f('={-(6~2)h('1)(0) + h('z)(G—Z) - h('z)(O)}
2 {-(s-i)h(““(m + 107 26-1) - b))}
{-sn"0) + 5 -2)s) - nl-20)}
ha = n(=2)5) - nl2)(5-1) + nl-2)(5-2)
5= 2

A. Effect of Mid-Interval Sampling

It is often more convenient to use the basis defined by:-

b (6)

1 (k -1/2)= t<(k+1/2)

I
(=)

t<(k - 1/2), t=(k+1/2)

k=0,1,2,....N

o 1-€® (j-1/2)s 1-e™% _(k-1/2)s ds
b= e His) —— e ]

-8
r
H(s) 6s( s -8 ds
h = J‘ ——Z—e {e -2+ e 2——11_.
‘ J
6 r 8
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Thus, for a given 6, these matrix elements are the same as those
determined in Section 1.4. However, both j and k can now be zero.
As before,

h'j-i':hkj(noteG:J—‘k:k-J)

b = 0 all j, k, except j= k= 0. 5=7-k=-(j +k) <O0.

-1/2 [ -
hj'1‘<'= ‘rI‘ -_1;(1-es) e(j L/ )BH(S)%U.-e S)e(k+1/2.)s Zd_r:';j
= H(s) -g] 68 ds
_Ir—s—z-—{ea—2+e Jot® 2 | (4.8)
where
§=j-%
= j+k

b = w2 s4) - 2026y + BPN6-1)  for 6= 2

from Equation(4. 3),

Summarizing, we have

hg=0, 6<0
hg = b0y +n By - w0y, =0
hg = b6 + 1) - 20 PN e)nl-2hs-1), 5 > 0,

where & ir defined as above for each submatrix.
Only in elements such as h.o does the system matrix differ

from that of Section 1.4, although it differs in size by at least one
row and column. In integrating the impulse response for insertion
in the above formulas arbitrary constants are introduced but

do not appear in the final evaluation of the matrix elements.
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1.5 MATRIX ELEMENTS FOR A BASIS CONSISTING OF
ELEMENTARY TRIANGULAR FUNCTIONS

A complete description of any function which can be reduced
to straight line segments is possible using the elementary triangular
component defined by:- ‘

1 - ~-ks ‘
lpk(s):;z-(es—2+e‘ B)e s, k=0, 1,2,7..N.

A. The M Matrix

i -8 8, js 1 8 -8, -ks ds
My = j’r .B..Z.(e -2+e®)e H(s)-;-z(e -2te e 7]

a H(s)| 8(6+2) 8(6+1) 68 8(6-1), a(6-2)|ds
= Ir Sj-—IE% - 4e ‘ +be  -4e te ]ZT—J—

(5.1)
Case 1 5§ < -1

mjk = 0 since the integrand is analytic in the right half
plane
Case 2 6= -1
m.. = J- -H(s) es ﬁ
ik~ r SZ 2mj

= - g1y - 36020y - wo)-nl Hho) 4wl Hy

by Appendix 3,
Case 3 6=0

From Equation (5.1)
_ H(s) { 2s s} ds
me=[ Tp {7 e oy

= - $ul o) - 210-2(0) - 2n{-P(0) - n-N(0)nl-H2)

I ST RS
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s S

§
- ) _ ) v
[ - g8 M0) - 20 - w0y - w0y + mH )]
] B_h(‘"i)(O) + 26830) + 360y + M2y - By ‘
Case 4 6§=1
_p He)[ 38, 2s
ma—fr—?—{e + be }ZTTJ

-2 00) - Inl-2)o) - 30073 0y-n D 0yt ~H(3)

ST

-4f - 3a0)- 26020 -2nl o) -0y -Hz)]

~ant"%2) + enl Y1)

+6[ - 300 0) - 20020)nl o) mH0pn~Hya) | =
= 10000 + 26020y 60D 0)- 3600l -H3) o
-

Case 5 5>1

From Equation (5.1)

3 2
my=- 825 (H0) L82) 1(-2)0) (542)n! -2 0)-nl ~Hhopenl ~Hs+2)

S

3 2 \

L.

+6] - —6—h( Yi0)-&- nl-2)0)-8n~20) -~ 0)n H(s) |

4 -(_‘fg‘ih"“(O)-(_%1)_};(‘2)(0)-(,5-1)11(’3)(0)-11(“4)(0)+h('4)(5-1)]

.

3 2
-L8-2) pt0). (822) " (-2)(0)-(5-2)n! ~>0)-nl Ho)enl ~Hs22)

mg=h " (5+2)-4n"H(s+4)+6nl "H(5)-an-H(5-1)4n 5 -2)
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For the otlier three submatrices related to the double-sided

representation,

o 1 , s -8, -js 1, -8 8, ks ds
mjﬁ = ‘I‘I‘ - (e"-2+e ") e ""H(s) ~Z(e -2+e e 2
8 8
= mkj
. - H(s)(| 28 8 -8 -28 -(j+k)s  d=s
g = f T*{s‘ e -4e + 6-4e  toe } e 7
r

=0allj>1, k>1

The elements corresponding to j=1, k=0, and j= 0, k=1 may
be considered as belonging to one of the other submatrices

o H(s){ 2s 8 -8 -Zs} (jtk)s ds
g = er -—8—4— e’ - 4e b - 4e  toe e 2

By defining 6§ = j - k= j + k for this submatrix and noting 6 > 1,

mg can be computéd from a knowledge of mjk, that is,

(-4)

mg = h ('4)(5+2)-4h("4)(5+1)+6h (6)—4h(—4)(5‘-1)+h(_4)(6-2).

This completes the determination of the M matrix. Due to the
correlation existing between | Yy» and |¢k+1>’ triangular matrices
do not result from m‘;l"(' and mjk‘as inSection1.4. Apart from this,
the general form of the complete matrix is very similar to that
derived in Part 1.4 B.

B. The E Matrix

To obtain the H matfix it is necessary to pre-multiply
the M matrix by _(_Z‘x_-iwhe‘re G is the relevant Gram Matrix. Re-
placement of H(s) by unity in the previous section leads to a tri-
diagonal matrix with elements:

gg = 2/3 §=0

gg = 1/6 6=+1 ,

'g6=0 §<-1, 6>1

i

1
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!
Inversion of this matrix is carried out in Appendix 4, from which
n : . 'Y
. . ikw ., kgw
] ST
-4 _ 6 : TSI - 1
B TR 0 o ices T nEAnE
- OF A1
-1, X ..th - ‘
where gij is the element in the ij = position of the Inverted Gram
Matrix.
:
&
L
~ I"
i
I
J o
A
l
)
j
b

3
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2. CONTINUOUS REPRESENTATIONS OF SYSTEM MATRICES
2.4 INTRODUCTION '

The first part of this report has been concerned with
the reduction of a known system transfer function to matrix form.
This pa;ft considers the converse problem in which only the system
matrix is known. Since this matrix contains information which
relates only to the finite-dimensional space spanned by the signal
basis, it will not generally be possible to recover the original
system transfer function of which the given matrix is a discrete
representation. In many cases, however, it is possible to find a
transfer function which is equivalent to that of the actual system
in the sense that it has the same matrix representation with respect
to the relevant signél basis.

Consider the case in which this equivalent system
transfer function is described by the infinite sum of suitably defined
component functions. Formulas derived in Part 1 of this report
can then be used to obtain a set of equations relating each known
matrix element to the unknown coefficients of the summation. In
general, each of the infinite set of coefficients will contribute
to every element of the matrix, and the relationship may not be a
linear one. As will be seen, however, there is a considerable
reduction in complexity when the assumed transfer function is
represented in terms of an infinite set of the same comiponent
functions as describe the signal. From Equation (1.2) of Part 1,
we have

H=0"'M
where H is now the known system matrix, G the Gram Matrix for

the signal basis used, and M consists of elements m -

M=GH

so M is readily determined.
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But
v 5 ds
my = (¥ [HlW) = ‘fr Vyl-s)Hs) bils) 5=
where M’k% k=1,2,....N is the signal basis
If ©
A
Hs)= ) AU(s)
1
then
- % Al * 4 (s) S8 1.1
My = i=21 i L bpl-8)" Wils) byls) 5= (1.1)

This is a statement of the Nz equations referred to above. The

evaluation of all coefficients Ai which contribute to m 1k for all £
A

and k less than or equal to N determines H(s), giving an equivalent

transfer function of which H is the matrix representation.
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2.2 EXPONENTIAL EXPANSIONS

Consider a signal class described in terms of forward
exponential functions
1

= - < =
lle(s) S_Sk, 51 0 020,k=14,2,....N

when the 8k are.distinct.

Taking the diagonal representation _Iis

_ -1
H =GH,G

where Eq; is the system matrix corresponding to the basis defined

above, we have N equations of the form

*®
h,, = H(-s, i=14,2,....N . 2.1
i ( J) j (2.1)
If . A
H(s) = by s-is
i=1 i
then
(oo A,
h.= % —pg—,j=1,2,....N : (2.2)
3 i=14 -s.-s
j i
m ~
= 7 A, . [y
T, ATl
w‘
= 155
If H) is a column matrix with hjj in the jth row and A) is a column
matrix with elements Ai’ i=1,2,....N, then
e ‘
A) =G " H) . (2.3)

The form of this equation suggests that for the assumed ex-
pansion, the coefficients A.i are those which provide a minimum

least-squares estimate of H(s). Indeed they have been chosen in

such a way that
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H’(‘-s,;) = H(-s";) ,

which is the criterion for least-squares coefficients for an expan-

sion in terms of a preassigned set of exponents, Sj" j=1,2,....N,

An alternative approach is to assume a rational fraction ex-

A
pansion for H(s), that is

and to make use of the known properties of transfer functions of

physical systems. Then, from Equation (2.1), we have:-

N/2:1 i
) bi-5 )"
_i=0 o)
i~ N/z % i
3 al(-s.)
i=o0 3
N/2-1 - i *
5 bih..i- ai} (-s™F = (oa¥)N/2 (2. 4)
i=0 3 J J
i=1,2,. N
where
ai bi
a. - T and b = |‘
rooaN/2 aN/2

and N is even.

This set of N equations may be solved for a,, and bi’ i=0,
1,2,....N/2 - 1.

An example is given in Appendix 5.

e e, < s ot o e o o

et o et
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2.3 LAGUERRE FUNCTION EXPANSIONS

Let

‘ #*i-1
Yls) = Lyls) = + (a2 lste)

(8-a)t

i=14,2,....N
then, from Equation (1.1):-

by oh - (-aa?/? 5 AT (-staf Hera™) st as
k78 =1 Yr (Cs-a ) (s-a)(s-0)F Znj
§-i-1
o *3/2 (s-a) ds
by = -(-a-a)'T T A | S Tm
i=1 1.\‘( +a )
= -(—a—a*)3/zj [ A6 + A6+1 ] ds
- w2 Z %] 2w
T (s-a ) (s-a) (8-a)"(sta )
- (ca-a®3/? As  Asn ]
(a+u>ﬂrz (—a’k—u)—2
_ 1
R v {45 - A1) (3.4)
5 -1
Ag = aa®t/2 3 h, . (3.2)
i=0 t
Ifa = -1/2
§-1
Ag= T hb (3.3)
i=0

To establish that A6, 6=1,2,....N are least-squares coefficients it
is sufficient to show that least-square coefficients satisfy Equation

(3.1). Consider the orthonormal expansion

s S .
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- [0 o)
H(s) = x A! L.(s)
i=4 !
Al = (Lg|m
Ag mAppy = (Lg - L6+1|H>

(a2 | [(-s'+a)‘5‘1

(-8-a")

6-1

{-a-a )1/2J [ (s-a)

(- s+a)
T BT

(-8-a )

(s+a*)6

il

-8+a)

~(-a-a )
r (s+o,§)bﬁ+1

6-1
¥

n

+(-a-a” 3/2I (s-a)
r (s+a )

6)1/2 h

-(-a-a

Thus a choice of orthogonal Laguerre Functions

to least-squares coefficients.

*®1/2 I (‘s-a‘)6_1(s+o,*

H(s) 21r3

= (a2 [ 10 H(s)Lk(s)

An example is given in Appendix 6.

]H(s) _%

(s-0)°
- (S: *a6+1 ]H(s) 2wy

H(s) >— 21,3

a8 basis also leads

ey
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2.4 EXPANSIONS IN TERMS OF ELEMENTARY HOLD FUNCTIONS
1 e-(i-i)s

A o -8
Let Hs) = ¢ Ai-g(i—e )

i=1

then, from Equation (1.1)

By by = Ozc:) A [ A esyelttsl (g om8) mli-t)e 24-e78)tk-1)s ds

i=1 r 2m;
w . .
= T A, Jr —13— {e3S—SeS+3-e-s} cl8-i)s 2%?.—
i=1 ''r s J
“(6-1) < -2, h6 =0 since the integrand above has then no poles
in the right half plane
(6-1)= 1 , h6 =0 since the integrand above has then no poles
in the left half plane nor at the origin
] A
_ _ " e ds  _ 6+1
bA=bbs= Aoy | TFoam T I
r
\ A
_ _ 1 28 s, ds _ )
§-1=0, hy=A j 55 (e*3e%) 5% = 7
r s
by = 7 { Agps * Ag)
6 2 5+1 6
&6-1 .
Ag=2 3 () . (4.1)
i=0 '

This choice of basis does not lead to least squares coefficients.

An example is given in Appendix 7.




-27-

2.5. EXPANSIONS IN TERMS OF ELEMENTARY TRIANGULAR
FUNCTIONS

From Equation (5.1) of Part 1:

o H(s) [ (6+2)s {(6+1)s,, &s (6-4)s, (6-2)8 ds
mjk"m = J' -z {e —4.e +6e = -4e +e Z_TI“_]
r

llJi(s) = ——12—(es-2 + e_s) e-is
8

From Equation {(1.1):-

mg 2 A J e(5+3)" 6e(s+2)5+15e(5“)5-20e55+15é5"”s-,6é6'2)+e(6‘3’};“%

26+ 3, mg = 0 since integrand has then no poles in the right
half plane.

i<d -3, me = 0 since integrand has then no poles in the left
half plane nor at the origin.

8

. _ e ds _ 1
i=3%+2, mg=Beo) B 5TR6 42
. r°®
. . : ds _ 26
i=6+41, mG_AGHJ ;—E(e -6e)——.——5—,—A6+1
‘ r
= - ds 66
. a 4s 3s 28 ds_26
i=6-1 mg = Ag_ J -6e”%+156°%-20¢%) A
. _ 4s 3s 28 8, ds_
i=6 -2, mg=hg_, | ;E(e "-6e*% 157" 206" +150%) 2=
r
_A T ‘
mg = 37 LA6+2 +26A .+ 66AL + 26A0 , + Aé_z] (5.1)
Al , =50 mg - 26A, - 66Ag - 26A; 4 - Ay,

6-1
1

j 51

5-2;

}

ez

e o ST

i
i

.
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Since mg = 0, 6§ <- 2, successive coefficients are readily obtained:-

A v

A, =5!m_ - 26A,
Ay =5!m, - 26A, - 66A,
Ay=5! m, - 26A, - 66A, - 26A,

An example is given in Appendix 8.

o e e e e e s 2

oy N
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CONCLUSION

Part 1 of this report deals with the matrix representation of
a known linear system. This representation gives the response
of the system which, in terms of the components of the input signal,
has minimum error in the least-squares sense, and input-output
calculations are reduced to simple operations with matrices. Basic
relationships are established for component functions which are not
necessarily orthogonal and a brief discussion of the system matrix
for exponential basis with distinct or repeated exponents is included.
The remainder of Part 1 deals with the computation of matrix
elements for signal classes for which two commonly used time
representations are appropriate. In one case, the component func-
tions are not orthogonal and the required Inverse Gra.m. Matrix of
arbitfary dimensionality is established in an appendix.

One further advantage of the matrix representation is that it
retains only those system characteristics whiche ffectively modify
the signal. This means that given a system matrix it is not
generally possible to infer the overall properties of the actual
system. It is possible, however, to determine a transfer function
which has the same matrix representation. If this Equivalent
Transfer Function is obtained in a suitable form, instrumentation
of the discrete system may be achieved by standard synthesis
techniques. Further, when an exponential basis is used, an
approximation to the actual system transfer function is obtained
with expansion coefficients chosen in the least squares sense.

Part 2 of this report deals with the derivation of Equivalent
Transfer Functions which are represented by an infinite set of

the same components as describe the signal. This restriction

T by
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leads to simple expressions relating matrix elements and expansion
coefficients for all signal bases considered in Part 1. Examples
are given in appendices. It should be noticed that the computation
of these coefficients is accompanied by a rapidly-increasing loss

of accuracy. Considered in relation to the accuracy with which

the matri); elements are known, this factor sets an upper limit

on the dimensionality of the discrete system for which this

representation is useful.

i
¢

PR ———

PO
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APPENDIX I. ORTHONORMALIZATION AND

THE GRAM MATRIX

gy = (¥, |4 by definition
For an orthonormal basis

TR ne B4

4> = el

~ 10
10

[y O

:1_:
= -1 ‘ol
c=8tct - [c?

This gives the relationship between the Gram Matrix and the

matrix of the transformation which provides an orthonormal basis.

e

AT




APPENDIXII, CHOICE OF INTEGRATION PATH IN COMPUTING

INNER PRODUCTS

00 @
(?|g> = I f(t)"< g(t) dt = J f(t) g(t) e %t at , for f(t) real.
. -0 8=0
Let
o]
o) —_ 'St .
Pie)=| fit)e ™ dt . v <o<vy s=otjw
-0
ee]
G(s) = j gty e at . m <o<m,
-0
o ctjoo
~ -8t
g = I f(t)[J G(p)eptg%]e at
-0 c—jo.) : J g8=0
ctjoo oo} (s
_ ‘ ‘ -(s-p)t d
= I . G(p) [J‘ f(t) e dt] 7—%
c-joo o 6 =0
ctjoo
d
= G(p) F(s-p) E
‘[ c-joo TT% §=0
v < Re (8-p) <y,
For path:-
ny<e<n,
also,

Yy <Re{-p) < Y,: since s = 0
that is,

_Yz< c < 'Y1

Y31

. e -
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3

Combining these requirements gives

Max (’ﬂ‘i,‘ - Y’Z) <c¢ <Min ('qz, - lyi)

B oL,

s At

e
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APPENDIX IIl. TWO USEFUL INTEGRALS !
oy
A. 5
H(s) 68 ds _ f X
j Hs) . m_j (6-\) h(\) ax . , .
r ° 0
where h(t) is the Inverse Laplace Transform of H{s)
H(s) 6s ds (-1) .1 (-1)
j A A LR VAN +J n " Hoyan
r s ! o ‘o
= -6ht "0y + w25y - wl-2X0) ;
where
W= [ aoy ax y
co ||
B' - :l
J‘ H(s) eﬁs ds _ J‘6 h(\) ({5-)\)3 ax Hx
"ST— 2wy 3T o .
r uf—~;
3 |s 6 2 A
_nl-1) 5, (6-)) (-1);y, (6-N)
=t Moy S X +JO Moy 2 an ‘

5 5
+ I G IRTEIRATIN
o Yo

3 ' 2
= - 57 n 0y 4 nlr B M

3 ‘ 2
- 37 1 M0) - 57 12 0)- 6013 0) -nl o)+l ~He)

i w
%, w0y 1 n-Hs)

|
o
o

1



APPENDIXIV. INVERSION OF THE GRAM MATRIX FOR A
TRIANGULAR BASIS

From Section 1.4B

[2/3  1/6 o0 0 0 0 ]
1/6  2/3 1/6 0 0 0
0 1/6 2/3 1/6 0 0
0 0 1/6 2/3 1/6 0

G= 0 o o 1/6 2/3 1/6
0 0 0 0 1/6 2/3 ...

LetF = 6_9 - 6\ 1, then

c i 0 0 0
1 c 1 0 0
0 1 c 1 0
F = ‘O 0 1 C 1
- 0 0 0 1 c

L
where c = 4 - 6\.

To obtain eigenvalues it is required to solve the equation
detF=F_ =0 )
- n

n = 2N + 1 where N is the dimensionality of the basis

=cF - F
n

n-1 -2

F
n
Fn+1 = CF - Faa

e !
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This may be written:

‘Fn+1 ¢ -1 ‘Fn
F_ K ol |F__,
[ 2|
c -1 F'l |
1 0 F
L . ©

In order to raise this matrix to the nth power the Cauchy
Integral Formula will be used. Discussion of the general conditions
under which this formula may be applied to matrices is beyond the
scope of this memorandum, but verification of the result obtained,

is, of course, possible.

_ f(z) dz
f(_A-_) = J‘ zi_é '2‘;6
R

where R encloses each zero oflzi - é|apd no singularities of f(z).

In -1
c -4} z-C 11 n dz
= J' =
1 0 R _—1 Z
—J‘ Z 'z -1 dz
- z{z-c)+1 - 2T
R _1 zZ-C
Let u,a—'1 be roots of z(z-c)+41 =10
c=a ta -1
o 1
c -1 n a -1 -n a -1
= ___j_o' + a
1 0 a-a 1 a-c] a T-a 1 adoc

<4
R T




un+‘l_ a-n—i aP+ om
.1 1 -nH
= [ - ™ L
a-a
Foi ntl a_n-i e+ o™ a+a
n ~ 1
- 1 n -n n-1 -n+1
Fn a-a a - a -a 1
since 1
F,=c=a +a
1
FO =1 R
For F =0
n
(a™-a ) a + u—i) oty
that is
an+1 _ Q’-«n—i -0
a2'n+2 =4= eJZhr £=1,2,....n

a = ejZ!'rr/Zn+2 - eJ!n’/n+1

c=4-6\ = Jim/ott | -jim/nt

)\.1—3- [Z—cos*m

or, if k=n+ 1-¢

1 [ kw ]
) =
k 3 2+C05m ,k 1,2,..-.N.

Coupled Oscillator theory suggests eigenvectors of the form

u__ = sin mkm
m n+i

e L i bt

R oot ot




For normalized eigenvectors

mkw 1

n
L bsinoe =
m=1

It can be shown6 that this requirement is satisfied if

that is,

u = 2 sin mbw
mk n+1 n+i

_G-1 _ 2-4 A-i
where
”xi 0 0 7
0 ) 0
0 A
A= >
L N . i
A -1
S Mt Wy
o -1
T Uik Mk Uk
. ikw . kjm
_ 6 n 91nn—+1- BlnE_*.L{
T n#1 kfi

2+ cos ;11%

This gives the required Inverse Gram Matrix.




v APPENDIXV. EXPONENTIAL EXPANSIONS. EXAMPLE

exponential basis by:-

H, is given with respect to an orthogonalized harmonic

1.166667 0. 0 0
.= | -0-942809 0.833333 0 0
0.144338  -0.898146 0. 650000 0
-0,066667 0.282843  -0.808290 0.533333
(i) From Equation (2.3):-
- -1
1/2 1/3 1/4  4/5 1.166667
= Ay= 1/3 1/4 4/5 1/6 '0.833333
02 = 1/4 1/5 1/6 1/7 0.650000
i 1/5  4/6 1/1  1/8 0.533333
[
200 1200 2100  -1420 1.166667
-1200 8400 -45120 8400 0.833333
- 2100 -15120 29400 -16800 0.650000
-4120 8400 -16800 9800 0.533333
1.0009
- 0.9945
©0.0008
-0.0064
» A 1.0009 1.9945 . 0.0008 0.0064
H(s) ~ —q1— * 55z ¥ 553~ 5#4

ome AT TR
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(ii} From Equation (2.4):-

0.857145 b a +0.857145 b,
o o) 1

4.2060000 b0 a_ + 2.400000 b

1

1.538461 bo~ ag + 4.615383 b

1
a, + 7.500000 b1

1.875000 b
o

Solving, we obtain

3.00008+3.9959  _
8°+2.9985+1. 9980

A
H(s) ~

1 1 ]
w N
Y
1
it I
-

]
»
)

]

o |l

f

2.0032 %
s+1.9990 “
col!

-

'\O28

)P‘ N
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APPENDIX VI, LAGUERRE FUNCTION EXPANSIONS EXAMPLE

54, is given with respect to a basis consisting of orthogonal

Laguerre Functions with B = - 1/2, k=1,2,3,4, by

1.46667 0 0 0

H -0. 76444 1.46667 0 0

_4’ -0.34045  -0.76444 1.46667 0
-0.46458 -0.34045 -0.76444  1.46667

From Equation (3. 3)

A1 = 4.46667

Az = 1.46667 - 0.76444 = 0.70223

A, =0.70223 - 0.34045 = 0.36208

3

A, =0.36208 - 0.16458 = 0.4975

4
A
H(s)~ 1. 46667 L,(s)+0.70223 L,(s)+ 0.36028 Li5(5)+0.4975 L (s)

where

i-1
L.(s) = Eﬂfﬁ@ﬁi,_ i=14,2,3,4
: (B+1.‘/2)1

T e e

A




APPENDIX VIL.EXPANSION IN TERMS OF ELEMENTARY HOLD

42-

Hys

FUNCTIONS EXAMPLE

E¢ is given with respect to the "B!'' basis by:-

0.93555 0 0 0

0.77340 0.93555 0 0
0.19759 0.77340 0.93555 0

0.06092 0.49759 0.77340 0.93555

then, from Equation (4. 1)

A
H(s)~ 1.87109 Bi(s) -0. 32429B2(s) + 0.71947B3(s) —0.59762B4(s).

A1 = Zho = 41.87109

A, = th - A1 = 0.32429
A3 = th - A2 = 0.71947
A4= 2h3 - A3 = -0.59762

g

¥ 0

S N

T -
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APPENDIX VIII. EXPANSIONS IN TEEMS Ok ELEMENTARY
TRIANGULAR FUNCTIONS. EXAMPLE

A system matrix H) is given with respect to a basis consisting of

elementary triangular functions by

0.053333 -0.076667
Hy - |
‘ 1.136667 0.356667

3
A
Obtain H(s) in the f/(\)rm v Ai \yi(s) and show that the matrix

corresponding to H(s) wit]h=i respect to the given basis is 1—1_*

[ 2/3 1/6] 0.053333  -0.076667
M;=GH, = | |
= | 1/6 z/3_| 1.136667  0.356667
[ 2.225000 0.008333
i  0.766667  0.225000

From Equation (5.1)

Ay =120 (0.603333) = 0.999960
A

, = 120 (0.225000) - 26(0.999960) = 1.004040

A

3 = 120 (0.766667) - 26(1.001040) - 66(0.999960)

0.024360
H(s) ~ 0.9996 %ﬁs)+ 1.004040 wz(s)- 0.024360 ws(s)

From Section 1.5 of Part 1:-

e e Q -
e
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0y = 0

wl-4)1) = 1/51 (0.996)
w42y = 1/51 (30.99984)
nl-4)(3) = 1/51 (210.0018)

m_, = B741) = 0.008333

m_ = w42y - "Y1 = 0. 225000

Ini::h(‘4ha)-4h('4%2)+-6h('4%1)= 0.765018

[2/3 1/6]71  [o. 225000

A
E¢:
1/6  2/3 L0.765018
[ 1.6 -0.4] 0. 225000
© lo.a 1.6 0. 765018
[0.05393 0.76667
1.43403 0.35667

which may be compared with E‘b

0.008333

0.225000

0.008333

0.225000 |

.

-
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