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FOREWORD

The work covered by this report was accomplished under
Air Force Contract AF 33(657)-10330, but this report is being published
and distributed prior to Air Force review., The publication of this report,
therefore, does not constitute approval by the Air Force of the findings
or conclusions contained herein, It is published for the exchange and

stimulation of ideas,
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ABSTRACT

Standing wave ratios for 1/2-inch-diameter steel shafts,
138 inches long, were calculated for the cases in which dampers were
designed to minimize vibration at the 4th and 6th critical speeds,
Calculations were based on an analogy relating electrical transmission
lines to high-speed shafts, The calculated standing wave ratios will
be compared with measured amplitudes of vibration observed in
experiments using the high-speed shaft test machine. An optical device
utilizing a photocell and a light source was built to measure amplitudes
of vibration along the length of the shaft., A brief study of present
helicopters, taking into account engine speed, power, and helicopter
size, indicated that the speed range through which power-transmission
shafting will need to operate includes speeds up to the sixteenth
critical speed, Shaft eccentricity measurements have been made on
commercial shafts., These measuremengs will be used in digital computer

calculations to predict actual shaft vibration amplitudes,
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INTRODUCTION AND SUMMARY

The ultimate objective of this project is the establishment
of a systematic design procedure for ultra-high-speed power transmission
shafting, Work toward this objective involves a combination of an
experimental program using reduced-scale shafts, and an analytical approach
using both a digital computer program and an electrical transmission line
analogy;

Figure 1 shows the progress to date on various project tasks. The

open blocks indicate progress as originally planned, and the solid bars
show actual progress, The number of man-hours expended during the last
month is 500, The percentage of project appropriation spent to date is
indicated in the last bar,

During this first quarter of Phase II, work has been concentrated

on the following areas:

(1) Analytical studies to further verify the transmission line
analogy and to determine the effects of shaft curvature and
mass eccentricity {crookedness) on shaft vibration.

(2) The design and construction of modifications to the high-
speed shaft test machine required to evaluate the effects
on shaft dynamics of torque, shaft curvature, and externally !
introduced vibrations,

(3) The design and construction of a device to measure small

amplitudes of vibration along the length of the test

shaft,
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(4) A study of present helicopter design to determine
the range of critical speeds through which high-

speed shafting will need to operate.
TECHNICAL WORK

Note that on Figure 1, twelve research tasks are listed, the
last two being the writing of the design manual and final report. This
report describes briefly eachi of the other ten research tasks and the

progress to date on each task,

1. Transmission Line Analogy Development - An analytical

design procedure for high-speed powcr transmission shafts was developed
during Phase 1 [Ref. (1)]* of this research program. This procedure was
formulated using an analogy between the vibration of high-speed shafting
and the voltage variation in electrical transmission lines. The electrical
transmission line problem was shown to be analogous to the high-speed

shaft vibration in the following manner.

Severe vibration results when the speed of rotation of a shaft
corresponds to one of its natural frequencies of lateral vibration. These
speeds are known as the shaft critical speeds, with the first critical
speed called the first mode of vibration, the second critical the second
mode, etc., The frequencies of lateral vibration and the displacements can
be determined from the solution of the fourth order partial differential
equation which describes the physical problem. Displacements thus obtained

are a function of vinusoidal and hyperbolic terms. As the mode number

* References are given on page 30,
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increases and the length-to-diameter ratio increases, the displacement curve

of the shaft approaches a sinusoid, with the exception of the ends of

the shaft, Thus, the displacements in the central portion of the thin

shaft may be approximated by the solution of the second-order partial
differential equation, or wave equation, which describes the vibration

of thin shafts, However, the variation of the voltage in an electrical
transmission line also is represented byva second-order partial differential
equation or wave equation, Since the two systems até ééécribed by the ‘:ame
equations, they are said to be analogous, Thus, by using the classical
electro-mechanical analogue which relates force to voltage, mass to inductance,
spring constant to capacitance, and damping constant to resistance, an
analogy betweem the high-speed power transmission shaft and an electrical
transmission lime may be obtained,

One of the important characteristics in electrical transmission
line calculatioms is the voltag; standing wave ratio (VSWR), as the
efficiency of power transmission is directly related to the VSWR, For
maximum efficiency the VSWR must be minimized, and this is done by matching
the load impedance to the line impedance at the operating frequency. In
Phase I of the project, expressions were developed showing that for shafts,
the impedance is a function of the shaft diameter and speed, and the load
impedance is a rather complex function of the damping coefficient of the
bearing support, the spring rate of the bearing support, the mass of the
bearing and damper, and the location of the bearing-spring-damper assembly
along the shaft., Verification of the transmission line analogy involves
first the calculation of the VSWR's for various shaft setups, then a

measurement of amplitudes of vibration of the shaft in the high-speed
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test machine, and finally a comparison of the measurcd amplitudes
with the calculated standing wave ratios.

The shaft selected for the experimental verification of the
analogy was a 1/2-inch-diameter steel shaft 138 inches long. Support
spring rates, damping coefficients, and locations were determined by the
design procedure developed during Phase I, whereby these parameters can be
calculated after the spead at which the impedance is to be matched is
chosen, StéA&;;é wave ratios were determined for the first nine critical
speeds with a damper designed to give optimum operation, that is, a
standing wave ratio of one, at the 6th critical speed. A second damper

was designed to optimize operation at the 4th critical speed and a few

standing wave ratios at other speeds were calculated for this case,

During the first quarter of this research program all calculations

necessary to determine the standing wave ratios for this shaft system
for all critical speeds up to the 20th were completed. These values
were determined by the procedure developed in Phase 1 and are shown in
Table 1. ‘

As mentioned earlier, these standing.wave ratios will be compared
with the amplitude of vibration of the experimental shaft to verify the
transmission line analogy. The measurement of the small amplitudes of
vibration of the experimental shaft at all twenty critical speeds has
required a great deal of investigation of measurement techniques. The
measuring techniques must be accurate for high speeds, must record small
amplitudes of vibration at any point along the shaft length, and must not

change the shaft behavior., A vibration amplitude measuring device was
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TABLE |. STANDING WAVE RaTi08 FOR A V2" Dia, STEEL SHAFT |
138 "Lone WiTH AN INTERMEDIATE SUPPORT

e - -

— —

P——

CERES  eewe s e

CRITICAL STANDING WAVE RATIO
Sb:::: SuppanT SuppPorT
| Numper OpTiMmizEn For| OpTiMizeED For
. 4+, CRITICAL SPEED|G ¥ CRITICAL SPEED
! 2,95 29,
2 2.66 4.5
3 20. 1.96
4 1.0 19.
5 3.9 3.8
(- 24, 1.0
7 V.77 2.4
8 6.2 8.5
9 80. 33.
10 3.35 1.73
i 14. 4.0
12 7.5 Is.
13 5.6 3S.
4 26. 2.45
\5 5.9 6.0
(1) 8.3 6.0
17 3l. 160.
|18 4.6 2.8
19 2. 9.6
20 29, 17.
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built utilizing a light source and a photo-resistive cell, The light
bulb was mounted on a carriage on one side of the shaft and the photocell

was positioned on the opposite side of the shaft such that the shadow

of the shaft edge bisects the photocell, fhozbcell output voltage was
viewed on an oscilloscope. This optical amplitude measuring device was
calibrated by reading the output voltage for known peak-to-peak displacements.
In the first attempts to measure the amplitude of vibration of the
shaft installed in the higﬁ-éb;ed‘shaft test machine, it was found that the
device was sensitive to position of the shadow of the shaft edge. As
the carriage was moved to scan the shaft between the two intermediate
supports, the sag of the shaft was sufficient to cause a 25 per cent variation
in the output voltage. A gas-type phototube has been substituted for the
photo-resistive cell as a readout device, and this problem has now been
overcome,
This optical device will be used to determine the shaft critical
speeds by monitoring the voltage aqd noting the speeds at which the
maximum values occur, At high shaft speeds the critical speeds must be
determined by this method, as the oscilloscope and all personnel remain
outside the test cell,
2, Aircraft Design Study; Damper Design: Torsional
Critical Investigation - The work in this area, done in the last month,
has been concerned mainly with the aircraft design study, with emphasis
placed on determining the critical speed range for which high-speed shafting

should be designed. In order to provide some general guideline for selecting
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a critical speed range likely to be encountered in helicopter applications,
a brief study of the relationship of shaft critical speed to engine power
was made, Based on this limited study, it appears that the speed range
most likely in practical applications, and which should be covered in the
design manual, includes speeds up to the tenth critical speed. Speeds up to
the sixteenth critical might occur under some conditions, so limited attention
should be given to these higher vibration modes.
A summary of the design study follows, The following conditions
were assumed to apply:
(1) Only double-rotor helicopters yere considered.
(2) One engine per rotor was installed in the aircraft.
(3) Rotor tip speed was constant at Mach 0,7,
(4) Transmission shaft length was 60 per cent of rotor
diameter,
(5) All solutions involving changes in shaft materials or
diameters were for equal-strength conditioms,
(6) The relationships between rotor rpm, engine rpm, and
| engine horsepower were assumed to be those shown in
graphs supplied by TRECOM, The higher values of
rotor rpm versus horsepower were chosen as more
representative of future conditioms,
A generalized equation relating shaft parameters and engine
parameters was derived, The derivation is given in Appendix A, The

equation was determined first for solid shafts and states the value of

mode number to be:
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4/3
2

- 8 ,.1/2 1/3 N
n o14d 8.35 x 10 li(%) (Rgss) ] ( - 1/3] (1)

N - 4750 hp

All of the items in the first bracket are design parameters,
while the second bracket consists of terms which can be obtained from the
plot of engine rpm vs horsepower (Figure 2) derived from the data supplied
by TRECOM.

Equation (1) can be simplified for consideration of steel and
aluminum shafts, Assumed values were calculated in the appendix to
produce:

) s 43 /3
noolid 2,51 x 10 Rg N, 2)

steel 2 1/3
(N, - 4750)° (np_)

2 ‘ 6 4/3 4/ 3
" solid 1.61 x 10 RL Ne (3)

aluminum = (Ne' 4750)2 (hpe) 1/3

Two other parameters will be of general interest. Since multi-
engine machines will probably have combining gear boxes, it seems likely that
some speed reductions will be made in these boxes, primarily in the interest
of weight reduction, From equation (1), it can be seen that the mode number
n varies as the 2/3 power of the gear ratio Rg. Figure 3 is a plot of this

function, Tubular, rather than solid, shafts will probably be used in real




YIAMOJISHOH INIONT SA AFIIA4JS ANIONT ANV JOLOY¥ ‘2 JUNDIA

199%¥-V samodasioH aulbug 4
000y 000€ 0002 000! 00y
0000l (o1]]
dy OONNMYI
—
S m. 000'02 I// /I 002
! 3 / /
P
2
i ] Aooo_v.omty + 0gi="N /
o2 000°0E °dy AN 00€
/oov

oS

N * Wdy 400y



~F‘-

£
:Rgs

Mode Number With Speed Reduction in Combining Box

Mode Number Without Speed Reduction in Combining Box

-11-

1.0
08 /
4 06
0.6 /
0.4 /
0.2
o ‘
0 0.2 04 0.6 0.8 1.0
- _ [ Shaft Spud)
Combining Box Ratio, RCI = (Engino Speed A-44882
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ON SHAFT VIBRATION MODE NUMBER
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applications. Figure & shows the relationship between mode number for
tubular shafts of equal strength, and their inside-to-outside diameter
ratios, d/D, This figure is simpl& a conversion of .Figure 5 of the Phase I
Report.

Figure 5 presents the final relatiofiships between mode number,
shaft material, selected gear rati;v;'égz.ehgiﬁé:ﬂd!iépower. It can be seen
that the mode number does not vary greatly with horsepower,

A typical example should suffice to fllustrate the use of the

figures. Suppose we would like to determine the probable mode number fir

a future application where:

Engine hp - 2200 (per engine)

Shaft -~ Aluminum, d4/D = 0,9

Combining Box Gear Ratio = R8 = 0,6

From Figure 2, Ne = 14,800 rpm

For a solid aluminum shaft, with R8 = 1.0, we find Fhe probable
mode number from Figure 5 to be 18.7.

The mode number for Rg = 0,6 can be determined by multiplying the

factor from Figure 3 by the mode number for R8 = 1, giving a "geared

down" mode number for a solid shaft of 0,71 x 18,7, or 13,28,

One final step remains - the conversion of the mode number for
a solid shaft into that of a tubular shaft whose inside diameter is 0.9 times
its outside diameter. Figure 4 provides a conversion factor of 0,72, which
when multiplied by 13,28 gives the final answer, The mode number is 9.56,

meaning that a shaft with simply-supported ends would operate just above

its ninth critical speed in this application,

pre——
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It might be worthwhile to attempt some generalizations on the
results obtained, Tubular shafts will almost certainly be used, and a

diameter ratio (d/D) of 0.9 is conservative, (The Chinook shaft, for

example has a ratio of 0,948, Aluminum is a likely shaft material. Most
combining boxes will probably have some reduction built in, and a 2:1
reduction (R8 = 0,5) would seem to be a reasonable value, From these
assumptions and Figures 4 and 5, we could determine the highest probable
mode number to be 11.6 x 0,72 = 8,35, just above the eighth critical

speed, Allowing some margin for error, we might conclude that the research
effort should be concentrated on speeds up to the tenth critical, with
limited attention being given to speeds up to the sixteenth critical

(R8 =1, d/D = 0.8).

3. Design and Construction of Machine Modifications - A
considerable portion of the first quarter's work on this project has been
concentrated on the design and construction of the modifications for the
high-speed shaft test machine which are requir@d to evaluate the effects
of torque,shaft curvature and vibration, and td~measure small amplitudes
of shaft vibration,

The setup to‘be used for making tests of a torqued shaft
has been discussed in the monthly letter reports, In summary, it was
originally planned to apply torque to the shaft by driving it at one end
and braking it at the other end by means of an eddy-current brake or a
prony brake. This idea was discarded in favor of a system utilizing a second
shaft parallel with, and geared to, the test shaft, Torque in such a system

is proportional to the shaft windup which is originally applied, This
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system was preferred because it eliminated construction of a prony brake and
requires only enough additional power from the drive system to overcome the
induced friction torque,

During the last month, components for this system were completed
and the system was demonstrated on April 29 in the presence of Mr., Wayne
Hudgins and Mr, Donald Kane of TRECOM. It was found that axial forces were
developed in the test shaft with this setup., Although the gears are spur
gears and should not introduce axial forces, the flexing of the shaft
during operation evidently moves the end of the shaft, developing a force
which is held in by the gear tooth face friction. The gears are, of
course, under load due to the torque in the system,

Previous analytical and experimental work in Phase I showed
that shaft operation is quite sensitive to axial foxce, therefore
axial forces must be minimized if the effects of torque are to be determined,
Accordingly, camroilers will be placed on the brake end support of the
torqued shaft to ensure that significant axial forces cannot be developed.
Drawings for the modified assembly have been completed and it is hoped
that all modifications will be completed by the end of May,

In preparation for the curved-shaft tests, an additional bed for
the high-speed shaft test machine was designed and built, This bed allows

the brake end of the shaft to be displaced up to 24 inches laterally with

respect to the drive end. By proper adjustment of the brake end, varied curves

can be obtained in the shaft, ranging from an S-curve in which both ends of

the shaft are parallel but displaced laterally, to an arc of a circle, -
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Additional modifications are required to allow torque to be
applied to the curved shaft, The ends of the torque '"return" shaft will
also be displaced by the same amount as the test shaft; it is probable that
two or more universal joints will be used in this shaft to accommodate its
misalignment, Changes will be made at the trake end to allow it to float
axially in the same manner as the straight shaft,

Other machine modifications completed include the carriage-~
mounted optical pickup, This unit, described in g previous section, is
now being calibrated., In general, the majority of basic machine modifications
have been completed, although detail changes may be required continually

during the experimental portions of the project.
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4. Shaft Crookedness Study - In the past month, measurements

of mass eccentricity, or shaft crookedness, along the shaft were made.
Two steel shafts, 1/2-inch-diameter and 138 inches long, were measured
with the shafts installed in the test machine., This measurement was
completed with an optical telescope mounted on a vertical micrometer
scale. Two measurements were made in the plane of maximum eccentricity,
and a subtraction of the values gave the deviation of the shaft from

a straight line. Table 2 shows the values of these shaft eccentricity
measurements. These values are an indication of the straightness of
the experimental shafts and will be used in the computer program to
predict vibration amplitudes.

Computer work has been conducted with the objective of
correlating calculated amplitudes of vibration with the experimental
amplitudes of vibration and with the standing wave ratios, taking into
account the effect of mass eccentricity. Two computer programs must
be used to calculate the amplitudes of vibration. The first, a shaft
critical-speed program, is used to calculate the particular critical
speed. This speed i8 then substituted into the second computer program,
the shaft-deflection program, which calculates the amplitude of
vibration. The measured shaft eccentricities were included in these
computer programs, with the objective of calculating the amplitude of
vibration for the ninth critical speed of the experimental shaft used
with a support optimized for the sixth critical speed. However, in all
attempts to calculate this critical speed, the computer has stopppd
calculating after the second input speed. The computer program will

be examined for possible causes of improper results.
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TABLE 2. SHAFT ECCENTRICITY MEASUREMENTS FOR 1/2-INCH-DIAMETER STEEL
SHAFTS, 138 INCHES LONG, TO BE USED FOR EXPERIMENTAL
VERIFICATION OF TRANSMISSION LINE ANALOGY. MEASUREMENT
STATIONS AT 6-INCH INTERVALS.

Mass Eccentricity - Inches ‘

Station Shaft ~ Shaft

No. No. 1 No. 2
1 -.000985 -.00197
2 . 000 .000
3 . 000 -.00394
4 -.000985 -.0059
5 +.00197 -.0059
6 +.00492 -.00788
7 +.0128 -.00688
8 +.0177 -.00688
9 +.0187 -.00492
10 +.0197 -.00196
11 +.0177 -.00196
12 +.014 .000
13 +.00886 -.00196
14 +.0128 -.00196
15 +.0118 -.00196
16 +.014 -.00196
17 +.01475 -.000985
18 +.0128 .000
19 +.0108 +.00295
20 +.00985 +.00295
21 +.0059 +.001965
22 +.00394 .000
23 +.00197 -.00295
24 -.00197 .000
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Upon resumption of computer calculations, the critical
speeds will be calculated for the shaft configuration with support
characteristics optimized for the fourth and sixth critical speeds.
The ‘amplitudes of vibration will be calculated using the measured mass
eccentricities. Experimental measurements of amplitudes of vibration
of the two specific shafts will be made and correlated with calculated
values. Both of these will in turn be correlated with the previously

calculated standing wave ratios.

5. External Vibration Study - This study will be made to

determine the effect, if any, of external vibrations on the shaft
vibration characteristics. An attempt will be made to introduce to
the experimental shaft setup vibrations similar to those found in
present flight vehicles. Information has been received to the effect
that the vibrations which occur in helicopters have predominant
frequencies in the range of 4 to 30 cps. Therefore, vibrations of

this frequency will be introduced into the laboratory test setup by

means of a '"shaker'". Details for this system have not yet been decided,

but should be completed by July 1, 1963.

6. Torque Study - Experimental runs giving good data on
torqued-shafts have not yet been made, due to the fact that additional
modifications to the experimental setup are required. However, runs
using torqued shafts will be made as soon as the modifications to the
high-speed shaft test machine are completed, which should be during

Nay, 1963.
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7. Curved Shaft Study - The problem of determining the shaft

critical speed for curved shafts is important to the development of the
design criteria for power transmission shafts, as elastic deflections
of the flight vehicle introduce curvature to the drive shaft. Shaft
curvature was investigated analytically during the first quarter of the
research program,

A search of the technical literature shows that the problem
of calculating the frequency of lateral vibration of an arc has been
solved by approximate methods. It should be recalled that the critical
speed corresponds to the frequency of lateral vibration. The exact
solution of the problem is extremely complicated and to date only values
for the lowest natural frequencies are available. Results pertaining
to curved power transmission shafts are discussed for a shaft curved in
the form of an arc and restrained with fixed ends. All results are for
vibrations occurring in the plane of initial curvature of the arc.
Figure 6 shows the shaft curved in arc, and defines the properties of
the shaft.

The fundamental frequency of in-plane vibration has been
determined for circular, cycloidal, catenary, and parabolic arcs.
(References 2, 3, and 4). Of these curves, the circular and parabolic
arcs have the greatest interest for this study, The frequency equation
is given for all forms of arcs, but this discussion will be restricted
to curves of circular and parabolic arcs. For detailed information

on the other arc forms Reference 4 should be consulted.
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X = 0 o) A-44663

FIGURE 6, SKETCH OF CURVED SHAFT
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The fundamental mode of in-plane vibration for a circular arc
exhibits a crossover from a symmetric mode shape to an anti-symmetric
mode shape of vibration as the arc angle ¥ is increased from small

values. These forms of vibration are illustrated in Figure 7a and

-

Figure 7b. The symmei;fb'ﬁoae shape corresponds to the lowest natural
h T e
frequency mode shape for the straight shaft, and the anti-symmetric
mode shape corresponds to the second harmonic mode shape for the straight

shaft. The frequency of vibration for the symmetric and anti-symmetric

modes of vibration is given by Equation 4.

1/2

-c¥ 1 _ (Elg )
“ne uzc,>2($)

*
The value of the frequency constant C depends upon the type of vibration.

For a symmetric mode of vibration, the constant is a function of the
radius of curvature, the radius of gyration of the shaft, and the arc

angle. Equation 5 gives the value of the constant cs.

R 2 2 1/2
CB-4sin2¥- (_ZT_% +-;-(é%- —1) ) (s)
k
For the anti-symmetric mode of vibration, the constant is a function
of the arc angle 17, and is shown in Figure 8, This figure also shows
values of Ca for various ratios of Rolk*. Figure 8 shows that the
fundamental mode of vibration will cross over from a symmetric mode
shape to an anti-symmetric mode shape in the range of small arc angles.
Equation 4 may be used to calculate the fundamental frequency
of vibration for a parabolic arc if the constant C* 1s placed by the

constant C ., Values of Cp as a function of the arc angle‘V’for various

values of Rolk* are shown in Figure 9.
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a. Symmetric or Extensional Mode of Vibration

b. Anti- Symmetric or Inextensional Mode of Vibration

A-44868

FIGURE 7. MODES OF VIBRATION OF CURVED SHAFTS
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FIGURE 8., FREQUENCY CONSTANT FOR SYMMETRIC AND
ANTI-SYMMETRIC MODE OF VIBRATION
VERSUS ARC ANGLE FOR A CIRCULAR ARC
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MODE OF VIBRATION VERSUS ARC ANGLE
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n——— N WENS N

27~

8. TFlexible Coupling Investigation - The purpose of this

”

inve;tigation is to determine the effect of flexible couplings such
as are commonly used in long shaft systems. As agreed verbally,

the effects of a flexible coupling will be simulated by turning down
a short length of the shaft to a smaller diameter. For example, using
a 1/2-inch diameter steel shaft, an area at each end of the shaft

close to the gripping collets will be reduced to a diameter of 1/4 inch
for a length of one inch for one series of tests, and to 1/8 inch

for another séries of runs. These same diameters will also be used
with tubular shafts; it will be necessary to machine a plug which can
be welded or otherwise attached to the tubular shaft. The necked-

down diameter introduces a low bending rigidity, as does a flexible
coupling. In order to simulate and evaluate coupling mass on the
necked-down shaft tests, collars will be attached to the shaft adjacent

to the necked-down sections.

9, Moment - Absorbing Intermediate Bearing Study - Work

on this item is not scheduled to begin until Juée. Work planned is

the replacement of the flexure plate presently ;sed in an intermediate
support by a more rigid plate. A damper using a rigid plate will allow
lateral motion of the shaft but will restrict angular motion of the
shaft at the damper. The effects of this type of damper on shaft

vibration characteristics will then be evaluated.
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10, Angular Damper Study - Final design of this damper

type has not yet begun, but the configuration to be used is shown in
Figure 10. In this unit, damping would be produced by shearing the
oil film between the ball and socket as the ball oscillates in the
plane of the shaft, Therefore a damping action would be obtained
even if the damper were located at a node position on a vibrating
shaft, The construction of this damper should be well under way by

the middle of June.
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DS

Damping Fluid

A-44809

FIGURE 10, DIAGRAM OF INTERMEDIATE SHAFT SUPPORT BEARING
WHICH INTRODUCES DAMPING BY RESISTING BOTH
LATERAL AND ANGULAR MOTION
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RECORD OF RESEARCH PROGRAM

Data upon which this report is based may be found in

Battelle Laboratory Record Books,Numbers: 19932 and 19933.
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APPENDIX A

DERIVATION OF SHAFT VIBRATION MODE NUMBER
VS HORSE R TIONSH

Two graphs relating engine and rotor rpm to horsepower were
furnished by TRECOM., Curves were fitted to these graphs and equations
were determined. Figure 2, page 10, shows the plot of the equationms,

In order to provide a reasonable basis for calculations,
the following assumptions are made:

(1) Double-rotor helicopters are considered.

(2) There i8 one engine for each rotor,

(3) Rotor tip speed is Mach 0.7.

(4) Shaft length equals 60 per cent of rotor diameter.

The entire set of relations will be derived for solid shafts,

and then modified for tubular shafts.

Calculations

The equations derived for the curves of the two graphs

supplied by TRECOM are:

N, = 12,000 + 23,000 o~ () /1000 1)

N = 150 + 475 o~ (WP,)/1000 &)
r

These curves are considered to be valid in the range from

500 hp to 4,000 hp.
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The Phase I report (Equation 3) defines the horsepower that

can be carried by a solid shaft as:

hp = 3.12 x 10"% Np’ (3)

Equations (5) and (7) of the first phase report define

critical speeds or mode numbers in terms of rpm as:

_47Da? E M2 @
-2z F

£

N

From the definition of the limitation of rotor tip speed,

we can write:
12 \ 60V or since

b - (12) St o
r

1100 fps,

<3
]

N = 0.7.

176,400
r r (6)

We can write our final assumption as:

L = 0.6D_ 0]

7SRRI Sl
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All further calculations will simply be manipulations

of equations (1) through (7).

Rewriting (1) and (2):

_(hp)/1000 _ N_-150
e T

_(hp_)/1000 N, -12,000
e = —73,000

Combining (8) and (9) yields

N, -4,750
N = =335

Rewriting (6) as
ND = 176,400
and combining with (7) yields
N_L = 106,000
Rewriting (12) and combining with (10) gives

N, - 4,750 106,000

48.5 L

(8)

9

(10)

a1

(12)

(13)




Or, in terms of L,

- 2.16 x 106

]

L (14)

e

for convenience in solving for mode number, (4) can be rewritten as:

2
2 NL° /Py\1/2 15
o? - N ('E) / (15)
Substituting equations (3) and (14) in (15) gives:
2. (2) 2N (316 x 106) 2 ( 3.12 x 10‘6ssu)1/3
" F %67/ \N_-BT50 (hpy (16)

Since for multi-engine applications a combining box will be

present, it will generally be convenient to take some speed reduction

in this box, Defining

N = RgNe 17)
and simplifying (16) yields
1/2 1/3 N 43
? =835 x10% |(B) 7 (r%)) e
. 8 8 (N -4750)°(hp )77
e e (18)
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read from the graphs supplied by TRECOM.

gsolution for a solid shaft.

A-5

The terms appearing in the first bracket are potential

only two materials, steel and aluminum. The constants for these

materials will be assumed to be:

1/2

Steel: S = 30,000 psi, (z) = 9.66 x 107

1/2

) = 9.66 x 107

& ro

Aluminum: $_ = 8,000 psi, (

Since ; is the same for both materials, at any set of

variables in the system, and the terms in the second bracket can be
Equation (18) is a general

For the present time, we will consider

conditions, we can calculate the value of n for a steel shaft and

‘ or,

determine n for the aluminum shaft from

2 Ss 1/3
" steel - steel
n2 ss
aluminum aluminum
“steel - (30,000)1/6 = 1.246
—— 5000 . , or
aluminum
"aluminum 0.803 Bsteel

(19)

(20)

(21)
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Substituting values in (18) gives, for solid steel shafts,

oo 43 4l3
nz ) 2,51 x 1C Rg Ne ) | (22)
steel (N_ - 4750)7 (hp )1/3
e e
for solid aluminum shafts:
6 . 4/3  4/3
2 1,61 x 10 Rg Ne (23)

n -
aluminum (Ne - 4750)2 (hpe)1/3




