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A Nevw Type of Vector Field
und Invariant Differertial Systeas
by.

H. H. Johnson#®

In {1] Robert liermann introduced the concert of tangent
vector fields on the space of meaps of ore menifold into
another, A special type of these are the "k-vector fieslds"
which vere studied in [3] , where this :uthor defined their
bracket «.d exponential. This paper explores furtrer the
analogy with classical continuous groups. Srecifically, ve
study inveriance of systems of particl differenticl equetions
under k-vector fields,

1. Introduction

Every map and manifold is c® unless othervise noted,
3% = J5(M,M) 1s the manifold of k-jets J5(f) of order K
of maps f:N~+M from the manifold N to the manifold M ,

oo and 4 are the source and tarzet projectionms, /?f":

k

Jk" -> J‘ the usual projection. T(M) denotes :he tangent
bundle to M , H’ the tangent space at yé M , 1 the
tangent dbundle projection. C* (Q) 1is tie algedbra (over
tre reals R ) of C* real-valued functions on tne
manifold Q .

A k-vegtor field is a map @:C™ (M) = € (J¥) which
i8 linear over R and satisfies

O(FG) = (Pop)8(C) + (GoP)O(F) .
In [3] the ith prolongation PYeic™ (3) —» c= (J1*K)

®* Supported by ONR Contract 202736.



2.

vas defined, [his actisfies P‘O(PG) - (I’op:ﬂ)l’%(c) +
(GoZf* )Pta(F) ; and when Hec™ (M), Plo(Hor) = o(H)og*!,

Using these facts one sees that if @ and ¢y ere k- and
i- vector fields, respectively, ti.en [0, y] = Pleo ¥ -
Pk Yod 1is & kei- vector field.
In local coordinwtea (x") on N, (y'\) on M,
i
‘x .ykgpglg sy p?l...Jk) on Jk ’ where 1. le XXX 1k =

l, ceey i} A ®s1l, ..., & s Ve follov Kuranisri in defining
for each hc"‘"(Jk) ’ bgl-‘e (v (Jk*l) by

F A

# aF 3F_A
611? = be + ay'J * oo ¢ ap)\ '11"'133 .
Jl""k

Then if @ ® a*(3/2y") 1s @ k-vector field,

Pi‘ - .PJ&_. + a#.b'h- * o0 ¢+ b# oooa’ .?'Jl----
ar* 0w N e L
1°°°J¢

S
[loe 3y Lemma 1.] 4o shall also need the followirg Lemma
wnose proof we omit,

Lesss 1. lat ® ba & k-vector fiald, Fy, P, e ¢ (%),
o 20 4 o4=] -
CeC (M) and PcC  (J77Y), xhere O<ki . Thap
() Pro(rop]_;) = (PYa(r))opi®y,,
(3) Po(Gap) = a(c)opl*™ )
(c) Plo(r,7,) = (Fr0f;* )2te(E,) + (Py0pi**)te(2)) ,

1o 4 ’ 4 Aok
(D) P 0(611...§‘rcoﬂ:)_8 8, -++9 O@oryl o rek

rel,

{ ’ ' - ' 4 1—1 ek
(l) P Q(D‘l...b’rro t-jfr) (ailooobir’ ‘(P))o ‘_”k’r [ 4

r<d .
gonversely, if g10°(3t) = c®(I*%) satisties (A)gecey
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(E) _when. P0 e replaced by # , thap # = Plo .

Another important yroporty for us is that if Pé€C (J ) »

£ > M, tnen (2 faxt)a(st(n) = (Rfo)(st* )
[s Prop. 1.10)

Let Is (~¢,€) , An {ntegral curys of © starting
at to:l > M is a l-paraaeter fanily fiN«I = M with
f,(x) ® £(x,0) and

o(15(1)) » 3(a,v) .

Here (2f£/2t)(x,t)¢ 'f(x t) is defined to act on any real-
valued function P dofinod in a neighborhood of f(x,t)
by arp(f(x,t))/ds .

2, Differential Systems

A s;8tem 2 of partial differential equations
(s.p.d.0.) of order h with N aa independent and M
as deperdent variacles is a finitely generated ideal in
c'°(Jh) e« A solution of > is a map fi:N -» K such
that P(32(f)) = 0 for all xeN, r€X ., PET
denotes the s.p.d.e. of order hek genereted by the

. k
furnetions bofﬂ’ ’ ogrofﬁ*l 9 eeoy fgl"'ng
1-3.1‘33, Fel ,

Definition. A k-vector field @ 1leaves Z: jinvariang
if for each Pe¢X, PUO(P)e P*Y

Compare with [2] for the older theory. The
intuitive meaning of invariance under a transformation
groupf was that the transforaations perasute the solutions.
¥e shall shov that if £  is a solution of 3~ whioch
belongs to an integral ocurve of @ , then 2= evaluated
at this integral curve has zero derivatives st f° of all
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orders,

Lemsa 2. If © ip an inverient veotor fiedd ofld ,
then © ip sr invariant vector field for PYY, all i .

Tnis follows from (D) and (B) in Lemma 1, Using
local coordin:.tes, a calculation proves

Leuma 3. If FeC™(l), fimxr1 M, and
(at/as) = o(3¥(£)) , ghen

i = pt
L)) = ple(r) E1g)

Lemma 4. If f:N ->M {52 golytionof $ , it
iaa soluttonof Py, Al 4.

Theorem 1. Suppose that

(A) @ {8 en _invericent k-vegtor field of ’
(B) f:NxI ~» M gatinfies (af/at) = °”x(')) » and
(€) £( ,0):N - ™ {aa solutionaf 5.

L piyp
Sseun| =0

fO: sl; X€EN , Ptz ’ m e 1.2.0000

Proof: From Lemma 3,

$r(he)) = z>"mv)\J

keh *
2 ()

However, P.O(F)e th » #Rd £ {8 s solution of P'Z
by Lemma 4. i.ence P%(F)(J:’h(f)\m 20, cll xel,



Let P e PP(P)eP*Y . By Leums 3,

r‘*“o(r)L:mm o LM = Ligerahn) .

Using Lemma 4 as before, (azlatz)r(j:(t))\t_o 20 ,
Continuing in tnis wey, the result follows, Q.E.D,

When the marifolds end functionas are real aralytie,
Theoren 1 implies that integral curves of an invarient
vector field which pass through one golution yield solutions
for all parameter values,

3. Lie Algebra Structure

Proposition. Lat © and ¢ te k-and h-vector
a {iedda, reapectively. Ihap

Pile, ] = P*Becrty - %y ople .

Proof, By inductionem {1 . A local coordinate
celculation shovs the result for 181, Call @
c® (J4) « c®(33*™EK) tne operator on ihe right-hand
side. Ve shell use Lemaa 1. Let Py, F,¢ c®(1d), ae
¢®(n) , ana Pec*™(3i7dy ,

i’ v (rep] ) = Pi*he(rd=d p (moffth )

s (pith-dg(pi-d y (’”°P§Im-:

o (pith-igt-dy )(r)op:::::_, '
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applying Lemma 1(A) to ¢ and @ . Interchanging @ =and
¥, ve find

Po(ropy ) = (PYlPReRoheE.y

Now, oy induction, pi=ig(p) = Pi'jl:e, v]. ience (A)
holds for § . The same technique works for (B),...,(E),
Q.E.D.

Theorem 2. If @ angd ¥ eare k- and h-vector fields,
vespectively, whic, leeve 2_ dinvariant, thep (@ , ¥ |
leaves J_ Ainvariant.

Proof, If €2  end 2: is of order { , then
pile, v J(F) = P'*Paort ¢ (r) - PI*E 4 oPlo(F) . :ovever,

P* L (F)€P"T ., .y Leuna 2 @ {s an invariant veoter
field of PP, so P*Meck! y(F)e P . simtlerly

P orte(r) « ™Y | .k,

We conclude that the set of ~nll k-vector fields,
k=21, 2, ¢eey leaving z invariant forms e Lie algebra
urder t.e bracket.

4. An Example

Let N = E® s M@ E® . Consider a 8.p.d.e, of the
type

A »
ni s Ga(xl,....!n.lvyuonfﬂ"' ‘?5—1 )e

dx ox

Ayp 2 10008 . On 3 let Pre p"\l - ﬂ"(xi.y“.p‘;) ’
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and let z: be genersted iy Pl, veey F' o Then by a
caloulation one may check that @ = !X(J /by’) turns out
to be an invariant vector field of 3_ ,

We cen see that @ gener:ztes solutions of tre Cauchy
problem essociated with )_ ., Sirce @ 48 indeoende t of
x® and p: p 1t can be considered a l-vector field on

| S Suppose foz‘n'l - E® {8 the initial drte &t

x° =0 e Suppose I = { x‘\—e< xn<¢} and f:s“"]!I -
E® 1is an integral curve of @ through fo o But that is
merely another way of saying that f 48 & solution of E: .
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