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PREFACE

Advances in the design of hypersonic vehicles can be realized

only if the structural and thermal problems engendered by the high

surface-heating rates are alleviated. The injection of a coolant

into the boundary layer on the surface of a vehicle, i.e., mass-

transfer cooling, is one method for reducing heating rates.

In this Memorandum the problem of a hypersonic flow on a flat

plate with surface mass transfer is examined to determine the sig-

nificant parameters which affect the solution. This work is the

beginning of a general study of hypersonic flow with mass-transfer

cooling.

II
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SUMMARY

An account is presented of the development of an approximation

theory for the problem of hypersonic strong viscous interaction on a

flat plate with mass transfer at the plate surface. The disturbance-

flow region is divided into inviscid- and viscous-flow regions. The

hypersonLc-small-pert,,ibation theory is applied to the solution of

the inviscid-flow region. The method of similar solutions of compres-

sible laminar-boundary-layer equations is applied to the treatment of

the viscous-flow region. The pressure and the normal velocity are

matched between the inviscid- and viscous-flow solutions. The law of

surface mass transfer for similar solutions is derived. Formulas for

induced surface pressure, boundary-layer thickness, skin-friction co-

efficient, and heat-transfer coefficient are obtained. Numerical re-

sults and their significance are discussed.

The most significant results obtained from the data presented are

(1) the boundary layer thickens with injection so that the interaction

phenomena increase, (2) the skin-friction coefficient and heat-transfer

coefficient exhibit remarkably linear behavior with respect to injec-

tion, and (3) the Reynolds Analogy is valid only for the cold-wall

case.
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S)KBOT-q

C = local skin-friction coefficient

ch = local dimensionless heat-transfer coefficient (Stanton maber)

c = specific heat at constant pressure

f = inviscid similarity function defined in Eq. (22)

H - specific total enthalpy

i - specific thermodynamic enthalpy

K = hypersonic similarity parameter defined in Eq. (17)8

K =K(o) = injection parameter0

k = thermal conductivity

L = characteristic length

M = Mach number

n = exponent defined in Eq. (20)

Pr = Prandtl number

p = pressure

R = universal gas constant

s = specific entropy

T = temperature, c.ý/k

U = free-stream velocity in x-direction

u = velocity in x-direction

v = velocity in y-direction

x = distance in direction parallel to plate surface

y - distance in direction normal to plate surface

I7
-y - ratio of specific heats, o/€v

a a parameter defined in Eq. (12)

= similarity variable for boundary layer



-X-X

9 - inviscld similarity parameter defined in Eq. (21)

Sa viscosity

S- kinetic viscosity, M./p

p a density

1 - surface sbearing stress

*- stream function in inviscid flow region

- conventional stream function in viscous region

w = see Eq. (1)

Subscript

6 - edge of boundary layer

M- nondimensional

a a shock

1 - free stream

ii - wall

o - stagnation

I
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Alleviation of aerodynamic heating on the surface of a bhpersonic-

velocity vehicle can be achieved by cooling methods using surface

mass transfer. Three such methods that hold great promise are(1)

1. Transpiration cooling

2. Film cooling

3. Sublimation or ablation cooling

In the transpiration-cooling method, the surface-mass-transfer rate

is arbitrarily controlled. In the methods of film cooling and subli-

mation or ablation cooling, the surface-mass-transfer rate is not

entirely arbitrary. However, all of these methods possess the same

main feature: the injection of a foreign material from the body

surface into the boundary layer. As a result of this injection, it

can be expected that several new elements must be admitted into the

analysis of the boundary-layer phenomena:

1. The heat-energy balance in the boundary layer must be con-

siderably modified to account for the surface-mass-transfer

effects.

2. The momentum equation is modified to include the normal

velocity component at the wall. This results in a change

in the velocity distribution in the boundary layer.

3. The injected foreign material will diffuse through the

main boundary-layer stream, causing a change In the compo-

sition of the fluid.

Surely these effects are mutually interdependent. An accurate analy-

tic formulation of the multicomponent-boundary-layer flov is possible
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but difficult. As a simple approximation, the problem can be treated

as the laminar-boundary-layer flow of a binary mixture. (2) Adopting

the simplifying assumption that the Levis number is unity, the analyti-

cal characteristics of the laminar-boundary-layer equations for a

binary mixture have been examined in Ref. 3, where the introduction

of a new characteristic-temperature function reduces the binary-

boundary-layer equations to those for a pure gas. Therefore, an

approximate analysis of the surface-mass-transfer effects can be made

by considering only those modifications mentioned in Items 1 and 2

above. By interpretation of these initial results according to the

method of Ref. 3, estiwates of the effects due to item 3 above can

be obtained. In the main part of this Memorandum, therefore, we shall

deal with the boundary-layer equations of a pure gas.

It is well known in the study of hypersonic viscous flow past

a flat plate that there exists a region of strong interaction between

the leading-edge shock wave and the viscous boundary layer. In the

present Memorandum, we shall study the effects of surface mass trans-

fer on this strong-Interaction phenomena. This problem has previously

(14)been treated by Yasuhara, who confined his attention to the case

of an insulated flat plate and used the Karman-Pohlhausen method for

solution of the equations. For the surface-mass-transfer rates used

In Ref. 4, we shall show that the boundary-layer equations admit simi-

lar solutions. We shall then proceed to apply the method of similar

solutions of the compressible-laminar-boundary-layer equations(5) to

the present problem. Both the insulated and the noninsulated flat

plates will be considered. In deriving the system of differential

I ..- , iii
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equations, we shall neglect terms of the order of w/t where the

free-stream Hach number is assumed to be ml >> 1. 2he differential

equations thus obtained are nonlinear and can be integrated numeri-

calsy. Results of such integration (for Pr = 1, w w 1) will be pre-

sented. These results will then be used to provide estimates of the

effects of mass transfer on the strong-interaction phenomena. We

shall find that the magnitude of the surface temperature plays an

important role in this problem. Indeed, one effect of injection

is to keep the plate surface temperature low, which tends to alleviate

the strong-interaction phenomena. Another effect of injection is to

increase the boundary-layer displacement thickness and thus to increase

the strong-interaction phenomena. These opposing effects are both

important for a certain range of injection rates. In the numerical

examples, we shall also consider some cases of negative injection

rates which can be Interpreted as applying suction at the body sur-

face.

I!
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Consider a flat plate at y . o (Fig. 1) and extending from x a o to

x - a. At the plate surface, a particular rate of msa transfer due to

injeetion is allowed, the rate of mass transfer being determined in a

manner to be described later. A uniform stream with velocity U parallel

to the plate Is deflected by the viscous boundary layer on the plate surface.

This flow deflectien is aceomnpnied by a shock wave emanating from the

leading edge of the plate. There is a nonlinear coupling between the

growth of the boundary layer and the variation of the shock-wave strength

in the strong-Interaetion region on the flat plate mhere

HN<< V << +

UU()

x being the distance from the leading edge of the plate. The disturbed

flow is separated from the undisturbed flow by the leading-edge shock wave.

The region between the shock wave and the plate surface can be divided in

the range of x, as defined in Eq. (1), into an inviscid-flow region and a

viscous-boundar7-layer region. (6, 7) The basic system of equations for

the disturbed-flow region can be written as follows:

.&(Ou) +y (Pv) 0O (2)

P + V~ BU a +~ a 4.6

PU Zx + PV~ zi - (W



Y

Shock wave -Y Y M X

S•" Boundory-loyer edge

-. * 0 #x

Mi >>»1

Fig. 1-Coordinate system and flat plate

•aill i 1IIII
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P i+ Dv -i U t+ 4 a) + a ( bll ý + v(5

p = RPT (6)

We assm that the fluid medium consists of a pun perfect gas with

constant specific beat; therefore, I = cp T. As stated in the Introduction,

ve regard these simplifying assumptions as acceptable for an initial attempt,

and we shall consider the corrections to account for the Izerfect-gas-

mixture behavior in a later section. Equation (2) is the continuity equa-

tion for the entire disturbed-flow region. Equation (3) is the boundary-

leyer equation applicable in the viscous region adjacent to the plate surface.

In the inviscid-flow region, Eq. (3) becomes simpl

Pu - + Pv = - (300

Equatieo (n ) is the y-momentum equation for the inviscid-flow region. I'I

the boundary layer, q. (I) become, in the present approximate theory.,

0. (4a)

Equation (5) Is the energy equation for the disturbed-flow region. In the

inviscid•. flow region, Eq. (5) becomes sinplY

PU X + pv "q U t+ v (59)

In the bovmdary.~.qez region, E.(5) can be combined with Eq. (4'a) to yield

PU + PV -U + g + a (~k aT 5b



Equation (6) in the equation of state. Couowing Eqs. (2) and (5) With

the Navier-Stekes equations, one finds that mzany termas in the Navier-Stokes

equations are omitted in the present system. Mhese omissions can be Justi-

fied., in the range of x considered in Eq. (1), by the vell-knovn order-of.

m&,Lttde arg~unts.

Our problem is to determine u, v, p, q, and T as functions of (x, y)

which satisfy the following boundary conditions:

x > o, u(x,o) - o, v(xo) - vV(x)

(7)
T(zxo) - T

y -4-, u(x,-) - U, v(x,-) - o

p(x,-) - P, p(x,.-) - Pl, T(x,-) - (8)

The conditions in Eq. (7) are specified at the plate surface which is as-

sumed to have a uniform temperature T. The velocity of injection, which

we shall specify later, is represented by vw(x). The conditions in Eq. (8)

are the conditions of the undisturbed free stream; the subscript 1 is being

used here to signify the free-stream conditions. We note that Eq. (8) also

specifies the flow conditions for all y mhen x < o.
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ITI. TH INVISCID-FLOW REGION

The inviscid-flow region Is governed by Eqs. (2), (3&)o I) (5a), and

(6). This region is bounded by the leading-edge shock wave which separates

it from. the free stream. The shock-wave conditions may be expressed as

ps 2_ az... 2 -l(p71 'Y+ 1 ýM 7 + I

Pe ( + 1 (Md) 2(10)

1 ý

Acire y Y W x represents the shock-wave equation. Equations (9) and (11)

nust be applied as the boundary conditions for the equations of the inviscid

region. Solutions of the inviscid region have been obtained by Steweztson (6)

and Ogucbi. (8) As pointed out in Ref. 9, these inviscid solutions are di-

rectl.y applicabl in the present investigation. In fact, the direct ef-

fects of the maiss transfer at the plate surface are to modif'y the boundary-

layer flow,, and the inviscid-flow region is only influenced indirectly

(through the matching between the inviscid- and viscous-flow regions).

In the development of our theory, me shall use Oguchi' s inviscid so-

lution in the matching procedure. We therefore briefly discuss here Oguchi' s

*In r1ot. 9, this interesting point Is diemnstrated by an order-of-
magnivide analysis. Mwe ami kind of analysis can be put forward here.

4 __ ____ ___ ____ ___



inviscid, so.ution, We have, from thermynamices

di u Tdo + A
p

mhere a is the specific enrOjWe Bence,. Eq. (5a) becomes

For a perfect gas with constant specific heat, we have s a R- hence

Equations (2), (3a), (4), and (5c) form the exact system that determines u,

v, p, and p in the inviscid region with the shock-wave conditions in Eqs.

(9), (10), and (11). We introduce

x -Lx

Y - Ley

u- + e2*(* *)
v- Ucv (x y*) (12)
P Ply qe2*(x, )

p - pi *(x* Y*)

Ihere L Is a characUeristic length, c is nondimensional, and e2 < < 1.

In Eq. (12), the starred quantities are nondimensional and are al asms&d to be

of the same order of magnitude. SuWbtitution of Eq. (12) into Eqs. (2), (3a),

We my take L - 1 in the present Memorandum.
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(), and (•c) yields.

+ b=

V. (13)-

ý + ,r* bu +1• i):

v + V* +• * +"• 0 (15)

'Fy P*v

Equations (13) to (16) are the equations of the hypersonic-small-perturbation

theory.( O) The shock-vave conditions in Eqs. (9) to (11) now become27• (7-• 2_
p* "7 (7 + 1) 2  (9a)

(7 +-1)K2

- (~ 1) (d2 * (+ 2

2 ( 7 jdi) y (

In theme equations ve have

"*,ih Is the invimcid, lersonico-l.al arity parameter, I? > >

*We have discarded 0 (62) term.



A stream function Is defined

* - * (x*, Y*)

such that

U 0" =*" *v (18)

Iet - *; thaen from Eq. (16) we have co* - o*).
P*Y

Equation (15) can be rewritten as

which is the differential equation for *. If the shock wave is expressed as

Y*. ox0 < n < 1 (20)

then a similarity variable e can be defined as

a . Y* (21)

and * can be expressed as

*(x*,, y*) -" r• f(e) (22)

Substituting Eq. (22) into Eq. (19) yields

n2 f 2 f"' + n(n - i) ( Of- o1') (f') 2

2n (7--~ (r)f&L... n7ft + 2(u--1) 2)
In the shock vave conditions, we neglect O(L) term and thus obtain from

Eqs. (9a), (10a), (ha), and (20)

*In Section III, the prim denotes differentiation with respect

to e.
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SU(i) +: (24)"7 -

The function f(e) can be obtained from integration of Eq. (23) under the

bounda• conditions specified in Eq. (24). It should be noted that a singu-

laritr develops at the point e = 0 &ahere f vanishes. We let

f: A(-eo) N > 0 (25)

We then find that

'Y +7• 1 7+1 x* (n 1

.(f,)7 f 2(n - 1) (e -e) 2(n- 1) N + (N 1 )7
- n 0 a (26)

The pressure p is bounded and nonvanishing as e - e o, provided that

N = -7 > 0 (27)

For 2 y > 1, Eq. (27) implies that3

3 (27a)

For the strong-interaction region on a flat plate, we shall show n = 3/4
(see Eq. (60)). The constants A and o can be obtained from the folloving

asyqptotic values

A ~f) f

90 .. e -, N (28)

as f -4 0. These constants are readily evaluated from the solution of

*We are interested here in the leading term in f. In Ref. 8, the
series expression of f has been given.
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Sq. (23), using a step•ise integration starting fr= the shock wave. The

integration can be carried out by using values of f(l) and f' (i) given in

Eq. (24) to compute f',(i) from Zq. (23). further, Eq. (23) can be differ-

entiated and used to compute f"'(1), ft'(1.(), etc. We then can determine

r(l + Ah) =f(l) + L f'(1) +AII2 f,,(1) + 6413 f.(1) +
2 e3

Oguchi has carried out the calculations for n A 3/1 and ' = 7/5 (air)

and y - 5/3 (helium). These results are given as follows:

A a0

Air 4.140 0.591
Helium 2.44 0.4179

using Eqs. (25) and (18), we obtain

.~ *n- o 0

By the definition in Eq. (12), ve have, then, as e -1 *0

en 0ou (29a)

This gives the value of va at the edge of the viscous boundary layer.

Equations (25) and (26) yield

2n2 (' - iy (XNA)7 (x*)2(n-1) 1{ +0 (0 - e)Nl (30)
7+1 \7 +)

Hence, for e 00

(,)~2 (30a)



%is giv es m *9 wPbressur in 00 bm fwma,7 low. Umtims

(29s) und (30a) provid. the useful relations for matching the Invisaid so-

Imtiem .dth fse vYIsem-b1az7-1qe sobftimn. Ib dihl. re to 'ief

relations later, but ve sbal nov turn to the discussion of the viscous-

now region.

a

II

3!

_____________ __________i

________________ ____________I
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MV M 1 VISOWS-FL( UGION

The viscous-flow region In gove• ned by Eqs. (2), (3), (4), (5b), an (6).

Th amnditiocs at the plate sawfaa are specified in Eq. (7). M- is visouas-

flo region must possres a solution that con be miotay Joined to the

Iwisold solution asrItbed in the pieoiaa section. In fact, Zqs. (2ga)

and (30a) give the values of v6 and p6 at the edge of the boundary layer.

It is noted that Zq. (29&) specifies that va - O(c). This norma velocity

Is, tsicatlly speakin, the ut(mrd--flow velocity' that accounts for t

bomdaraler-dimpla nt effect. In other words, as far as the boundary-

lmyer calculations are concerned, the inviscid. stream is parallel to the

plate surface. This main flov Is displaced outuard. by the boundiary-lqyer

efrects i*dai produce the value of v.. Hence, in the boundary-layer calcu-

lations, the leading term of the Inviscid-stream conditions are

P5 W - ý (31a)

P d% % (31b)

%(x) - R p,(x) T,(x) (310)

Mae conditions am obtainable from the inviseid-flov equations for a

m=n stem parallel to the plate surface.

In boundary-layer calculations, It is convenient to Introduce

R- a :U2  (32)

Th values of H vithin the boundar laer must sstlslf the equation

_ _
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1Adh Is ssi1 obtaineA 1v oadinIft Zqfu(3) and (56 ). By Eq. (a), witbin

*a bownimq lqz*r, w mist h.m

p(x..y) T(xz.y) - pb(x)Tb(x) - j, %(X)(3)
UsIng ths relation., we eliminate the variable p from Eqs. (2,(3), andi (33)

an b6obtain

b~ (36)(v u3

I.n tezms of tbas. variables,, Eq. (7) beaaas.

y ao: u 0.0, V -V(Z), RM IV - PTW (38)

,a an the surfaoe eanditiana. Mw main. utreui boumdawy conditions are

Ilm Eqs. (31a) and (31b) we easily obtain

12%(+O)2 aa1 umonst. (0

In &ahoemnergetio flow,, the constant term on the right-hand side of Eq.

(40) uwt be 1l= 1. 1 + 1 t. lbrefos'e, N Ru1.
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Me inzt stop In Mi. bounmmbz-Imer calculations Is the intto*uotam
of a stmw flcto: (3)

y

o 

If

Then me obtain

an ZEq. (35), me also obtain

V 1 (43 )

It is noted that Eqs. (412) and (43) can also be written as

P u (42a)

PV 11 3x (43a)

aese expresaions can be oaqimed vwith conventional stream fi ,tiaon

deGfined as foflous:

PT a (45.)

pu a n'6

Thm me obtain

18 (-7)
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Tb. streamlines am be obtained as lines of cos•t.; *, which

nay be called the reduced strem function,, I a generalization of the

function used In Ref. 5.

(31.)
Nov.~(r- zq-(6 n 3)a erwte

we let

*(x,Y) - 1(x) K(q) () 8)

u(x,y) - U%(x) KI(N)) (4,9)*

H(x,Y) - , O(G) (50)

where q• is the siilazrlt variable for the boundavlyler flow. An exVlicit

definition of n1 wil be obtained later. Substitution of XIs. (48), (NO),

and (50) Into Eqs. (36L) and (37a) yields,, after som manniulations,

1. %

1 d f(p,6N) d Ef(%N)

ax ,. % + (i - -%) rt (yrb)

Aeve the paoameter

"0 1 (51.)

*In1 Section IV, the pr~im d enotes diferevetiation with resPeot to n).
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has been intr•d•ced after Baron, (U1) ad C Is the Chauan-Rubesin eon-

stant.(12) we now let

C _ U8 I az (52)

Then Eqs. (36b) and (3Tb) may be expressed as

+ -2 % T 0 ,)

I* above calculations amo single extensions, of the Snthod of 3sf. 5.

Equations (36b) and (M) can also be obtaimd by following different

aPproaChes such as those used in Refs. 7 and 1i. Using •1. (32) ve

can rewrite the last group of terms in Eq. (36c) as

2a u (% _T1 2 i)1r iar (53)

p+IIdx

OW conditions at the edge of the bounaq layr g I

2
._____2

t+
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Sms, Eq. (53) can be rewritten as

- 1, 2.- 1 + (53,)
I dix

For ,> > 1 we thus obtain

2 0- d u K 2 _ T7 -1 K 2 _ G 5 b827 1 dE

1+

The rigbt-band- side expessi•n is a function of q only, provided that

mx - cont. (54)

1%Iherefore, in order to obtain the sinLlar solutions of the boundar layer

e mest have

N -" •m l (55)
Fro Sq. (52), it then follow that

COan+ 1d (52)
~118 ~a8

DA 8

CO 8 ~
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21/9

2=u, lq. (52a.) IUoes that

2t - cont. 15bdxI

AMC*o me have1

ami(56)

Nov, frmi Eq. (4I3)o ve have

1V5'. i - -L J (X) K(-)
P8dx

. - 2(n - 1)(m- 1) + (2n -3) (5)
-?5 dx

Comparing Eqs. (29a) and (5). we obtain

2(m-1) +2n -3 1 (58)

0aqparing Eqs. (30a) and. (56),. is obtain

2(, - I) - (59)

quations (58) and (59) an used to determine the values of n and M;

t hau m p is h a v e I .3( 0
n.j, 2.~(0

Ibes valLum• of n and a are nsoea'y to paegit the tohing of the

Inviscid solution of Soetion M vIth e vamas salion of te p'ebn't

motIon. We shall discuss the motdkImngaodwe in a latier section. pf
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lp. (53b) and (5), uaow, iobtain

Seraeftre in b frio-stoaog-Luzfacticm regiom an a flat plsate

l8.. (36c) amn (37o) can be ItteLn as

(W'), + X 1 (,2 . 0) (36d)

sD,÷+ + 2 (1- ) r" .o (3Td)

( Iwo 1 , 1o .o,. . . •
*en term or A-) an inegated because -, >,.. uati.s (36d)

aen (3o) oam be :, to ocowite the similar solutnlus K(i1) and ().M

bomzda ca1 dtla In ,Nqs. (3) and (39) ' .e3A the fellowzag conItIoms:

,+, .I a f. -c'. GT

TO (38S)
11-40 K m 1u.. 0-1 (39a)

dwre To enotesUsth stagnation temperatur of th uadistuxted free

strem. 2 conudition K(O) a caust. 4q=34.a a paticular vsalv of VW,(z)jthat vin be discussed In the xt seotiom . Me note her* that the eb-

aritr varable :I is related. as

- b f7 YL.0 (1

Ode neaut amn be eamsI2 obtle1zd. frm Ups. (30s) (k2Q)0 (49)0 and (59).

Squatlcrn (61) show that the simiLaaIl vmabIab used bans Is the same

-m adimted In IWO. U.

A gig" s4Ifl•aoem of the ontum of equations derived above am

bea ddAved,1W tlki P. I#, o a1.In hdds siq.If.ead asses m obtadn
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x,1 1 .+ m p(K,2 - o)

We. +a" a 0

-"0: 1.0, no.. omrt., --G M

To obtain a preliminary estimate of the mass-transfer effects on the strong-

Interaction );enomuena on a flat plate, nmezical integation of this si1;p-

fled system has been carried out for y u 7/5 and 7 - 5/3. Results ae sum-

wa-ised in Figs. 2 through 12. In these numerical results, G(O) and K(O)

have been assiged the follovwng ranges of values:

T.
o(o) = 0p, 0.5, 0.99, 2.O, 4. O, 6.0, 8.0, 10.0

K(o) - 0, -0.2, -!o.I, !0.6

For Pr - 1, G(0) - 1 corresponds to the case of an insulated surface, and

G(0) <1 corrempeadis to the case of a cooled siuface. Positive values of

K(O) represent suction (v < 0), sad ngative values of K(O) represent in-
Jeatem (vw > 0) (se Elq. (6&), nxt setion). Also calculated are values

of I and 11/2 &srse I Is Gefiind as

I a f (0 - , 2) dq (63)

We du11 use tese values f I In later oalculatIm. In practice, the

vMr Undt of integration In Sq. (63) If f.nite, Its values bealm

given in Figs. 2 thr'ough 12 also.
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V. TIM I OF SURFACZ MASS RAUM FR SWIMIAR SOUNIONB

In deriviag te e*uatiem and boune =7 oamItIonms for the similar so-

lutboms In b btme =az7-lqer flow, It has been mecessm7' to take K(O) -

conat. In this section, we briefly discuss the significance of this

oamAitio. We obtain, frm Eqs. (48) and (44),

-1 VW Wr~x I (z) 1;

*on 1,(z) has been 6fined In Eq. (18), and

r~) -- (pN) (6,)

In the present investigation, T is "asue constant. herefoxe, in order

that 1(o) a const., ve .must have

',,. C, r (z) N (z) C1 . ? ,(o) (66)

*bere C. in a cosunt. Equation (66) gives the law of injection oneos-

sw for si:Llar solauties. Fdr w - 1, we obtain

1 1A%

T--- po0  X ()

where It has been assumed that p a (p8 x) /2, po being a constant to be de-

teauine later (Sq. (72)). This Is the law of Injection tv similar so-

luteps In the he1rsonmi•-e4trmogtateoatlon region of a flat plate. It

felle, ftom Sq. (67),, th t
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*idban- In apreaemt vith Eqs. (67) and (68). ,1e m se"t abeesy t~r

roan Gamtuin Yas4uaa's results an a .POaIul cowse nam, the cane of an

InSOUated VUat.. Equation (68) earn be rewitten. as

This aboVe that fmr K(O) - coast. the uass-trensfoz' rate at the plate surf~ce

must follovl e special, lay In 2q. (6&.). If a nanspImaton-coooling systm

Is to be designed based an this ana3~rses, then a particulmar arraugmuwt or

Pu=Ps, starap tanks, yvessure rep~.tors,. and accessaries is needed to po-

duoe this special .ass-t'ansfoi' rate. In the case of a film-coolinag systbi

or' a sublimation- or ablation-cooling systmi anie sosarther stidiea are neces-

sary to obtain an idea of the feasibulitr of this special. suface-mass-tbanstorI

rate.
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VI . MAT==HI OF THE3 flINSID- AND VISOOS-FLWV SOZAP1OU

Scomplete solution of the sta• tmb-inraotlo m l.m am t flat

pLate wiln be dlsuss&ed in t Present section. Mw visoous aondwy-2ser

solution must be mtdod to the invlsd solution. Bi& a :mting can be

aarried out In am of t ftUavowt three sadme:

1. Sdwm 1: IM InvIsaid scltion 4& to Ogadu( 8 ) Iis mtdbed

to the visoas"h.-bmmlary-lqe sol3Utin.

2. Sdalwm I: Onm Iniscid salution due to Stemrtb (6) is

mtdwd to the visoous-boimne4ayer solution.

3. *dem S in (13) TM inviLcid eaoltion is aIosiat ropa-

soeated 1 the ta=at-wedge awad otin an Is then mtdaed

to the visous-.b-ndaz7-1ler solution.

We mhal discuss brief•y here Scheme I, making use of the results ob-

taind in Sections I31 and IV. In uar1ng out this iadlw of mtddmg

between the viscous and inviscid solutlons,, wme all adopt the s.1lm.fi-

cations Pr-1, w 1. j
Ftwa sq. (61)j, ve obtain

lion Eqs. (45) and (4i6). on the strsaulm co- asnt., e bay*

Vi

- U -

S. .... . . . . U
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iduee lvq. ('.7), o

V (70)

it ftI.2w s th

0

don & Mas beun deftnainsd ft.. Eq. (69). Bgawt1. (7O&) anm be eoanizd

vith Eq. (29&);* thus we obtain

reI is Vw inteagl defined In Eq. (63). TO deteamne 4 ft.. Eq- (71),-

weneed to knv po mbiai, by Eqs. (30&)R* can be given as

1* u {4 - T i 7"43 Al./2~ 2]- (72)

it f6Llov that

-1/2

(7 +) --ýLI M (72a)

rn Eqs. (29.) and (30&.), w tab n - 3/4~ (See Eq- (60).-
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O ,&MM Eqs. (71) aM (72r), M obtain

L 0  J1/ [X 97)I-J

(71a)

F71ml2s, w obtain brn a definition of Us noailum 1.na l Varsiter c.

SubstItating a from Sq. (73.&) Into Eq. (30.) yields

1/2

P6A 2/3)} OL V 1 ( 3 )
1 %

E uatlon (73) gitvshe presume distribution In the strong- interaction

region on the plate Mrface. For -1.4, ePo 0.591, and A =4.40,

we obtain, from Eq. (73),

Oaddning Eq. (69), M7a), and (Ta), we obtain

~ i) (7 + 1)(I - 2)} A / 1A ~ ~ 1/2

(91.

Equation (71) gi•es the bomdaww. war- thickness distribution in the strong-

intemation region an the plate surface. For 7= 1.p., we obtain, froa

Eq. (714),

M 1 .0 a {v/A } (71.)
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To obt•in the surface sheaIng stress, I - (4 ve ham from Zq. (49)
V

Mv U2K''(O) (

Mw local-scin4trition ooefficient Is then define4d S

*jlob can be ezprese, as

Ia a_ . .i_/2 r.A7 3 1A

,/" fxV'vl 80 o) y 'Y1 &7

This gives the variation of the skIn frictIon coefficient In the strog-

Interaction region on the plate surface. For 7 a 1.4j, ve have

1/2)

we define the local heat-transfer coefficient chi as

P, R [(O) 1j

We then find that

'% _ ,()(.,-)
Oi
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,quation (73), (74i), (76), and (77) ar the results of matching the inviscid

and viscous solutions by Bcheme 1. In these calculations, we have used the

simplification Pr = 1 and w = 1. In the matching procedure, the viscous-

boundary-layer solution has been Joined continuously with Oguchil's inviscid

solution regarding flow variables, inclving pressure and normal velocity.

No attempt has been made here to join continuously the inviscid and viscous

solutions regarding the temperature andL density. To make the matching con-

sistent regarding temperature and density, a higber-approximation theory

similar to Oguchi's theory in Ref. 8 sat be developed. In such a higher-

approximation theory it can be anticipated that the interaction between

surface mass transfer and the entropy layer behind the shock wave will

produce interesting effects. The treatment of the higher-approximation

theory will be deferred to a future report, and the discussion will be

confined to the present approximation theory. It will be seen that impor-

tant effects due to surface mass transfer can be found within the present

theory.
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M -LOM Wg

Figure 2 dwvn the effect at aus transfer and wall t~eastme an Use

betun~xidar Jmp thidess. Ow woo-trnse behavior Is quit siia to

that e.qzienosd by a noninteracting boundary layer. The boundary-layer
ibLdmoss ie ases ih material Is Inecedo man decrease *ma nmteial.
18 ixu by suction at the all. T vL.-tomaerature variation of the

beiDns7-laUyer thil.ne-s shows an interesting propertV. Te results Inai-

cste that the bounda•y-loyer thickness is most insensitive to ms-transfer

eff•tc for hot- and oo1.-imll oanditions. The peroentage champ in thick-

iess at a given nj•etiAon or suction rate increases to a mezlmu valve Abtih

Is readied at Tv/To w 1. Odes percenta change then dcreases until it is

reduced to lees than the cold-tall (Twf/° - 0) vulue. Thi would Indicate

that the bounam layer Is most "malleable" at T 1  to 1 1, as far as the

bwanda:y-layer thickness (and,, of couse,, Induced well pressure) Is onrned.

This is the point at vhich the mass transer affects the coupled boundary

layer most effectively.

mNUE 8MVACE PIMSE8MJ

Figure 3 sho the variation of the Induced pressure at the all with

mass transfer and vall teiseraturs. Since the boundaz-laysr thickness and

Induced press=* are directly relatedl, te behavior of the tvw ar quite

simlar. Te Induced tell presms increases vith surface Injection becosme

of the thibsmim boundary layMr. tion at the ell produces the opposIte

efftot. e M Induced Ioesm eMibit. the salmaxima sensmsitivity at

TV - 1.

- - __
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1.20

0=0.286

1.15

1.10

1.05 -

8o

1.00-

Tw/To j
0.95- 10.0

0.0

0.90 - 8.0

6.0
0.50 4.0
1.0 -I " ''2.0

0.85III1II
-0.6 -0.4 -0.2 0.0 0.2 04 0.6 0.8

Fig. 2- Influence of mass transfer on
boundary-layer thickness
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1.5

I
1.4 ZO 0286r

1.3

1.2

P

P0' 1.1

1.0

0.9 Tw/T°
10.0

0.0
0.8 - 2.0 6.0

4.06.00.80.5 4.0-
1.0

0.7 I i I I I
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8Ko 0

Fig. 3--Influence of moss transfer on
induced surface pressure



vs314

VEZcm PROMM

he velocity profiles in an Interacting visous bounwda layer sdow

-ome umsual ohareatristics vith varying usa transfer and vall teperatue.

Mdts behavlor efecots an interesting variation in the skin-friction oosf-

fioLent. aMn the tperatume of the val is low (Tv/To <2 ) (see Fig. 4),

velociLt profiles respond to vall Injection an suction In the usuel

maner; that Is, the velocity gradient at the wmi increases, and the profile

beoms x shallov as =ss Is removed from the boundary lqmer. It can be

seen how the boundary-layer thickness Is decreased. Mhe opposite effects

ane broujt about by Injection.

As the vail tanerature Is increased (Tv,/o > 4.0), several things

been to happen (see FLg. 5). First, the velocity profile at the wall be-

come ý V independent of the =si-transfer parameter K0 until (at Tv/1!0 >I
8.0) (Fig. 6) It is a constant for al values of Ko representlng extremes

of mlU suction andr injection. Second, the velocity gradient Increases

onerall.y. with the Increase In wll te•merture, final2y approachng a limit

at TA 0O 8.0. The interesting thing to note In that the vall velocity

gradient and the boundary-layer thickness do not behave In a similar fashion.

Ma reason for this is the saearanoe at derate wall te merstures (TV/ 0 =

h.O) of a local velocity overshoot at about the zddle of te bounda•r laer.

Snee pressmrs Is consrtant thro.a-bot the bounday layer, this oversheot

is caused by the acceleration of lov-densi•, aterlal near the wall. This

ef-fast s first observed W• I and •amstsu(2) for the solid-iml cae at

a similar tempeatu and. a = 0. a OO. Th eoffs• t here Is much greater be-

omse hlober wal temperatures have been investigte.e effect appears

hr the first ti• at Tv/Ao - .0. TMe overshoot is mil (1 to 2 per cent),
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1.2

KO

1.0 - 0.6

0.8-

SK' 0.286

0.6-

0.4-

0.2

0 I 2 3 4 5 6 7

Fig.4-Influence of moss transfer on velocity

prof iles in the boundary layer
for Tw/To= 2.0

___,

- - - - -- ---- --- ---- --- .--- --- ~ -1
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1.2

1.0 
I 

K
0.8-

0.8 -- 0.00. 8
u K' -0.8

0.6

0.4-

0.2

00 I I I I I I.

0 1 2 3 4 5 6 7
77

Fig. 5-Influence of moss transfer on velocity

profiles in the boundary layer
for Tw/To= 4.0
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1.4 K 0  

j
Ko

1.2 -- 0.6

1.00

0.8 -

U-=K' 0•= .286
Me

0.4

0.2 "

0.0II II1
0 1 2 3 4 5 6 7|;

Fig. 6 -Influence of mass transfer on velocity

profiles in the boundary layer

(TW/ Tom= 8.0)

I
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and to wall mss-t~ransfr condition itll Inflemnces the slope of thejtlooitr profile rather than the heit.t of the owereboot. As the wall

1 ram increases, the mus-tansfer p••nter Ko no leqpr aff-eet the

wall wvlocity gradient, but ratr cha•eas the mzuiu value of the wveloct

overshoot in the 7 layer. At i wal teqprature (TV/To - o0,

S-.286) the owvrhoot at hi injection (Ko -0.6) can be 2• per oent

hijier than the wvlocity at the euter ed4p of the boundary layer. The fact

that the surface us transfer changes only the overshoot values and not

the wall gradient explains the interesting result that the skin-friction co-

efficient is insensitive to variation of mass transfer for very-hot-wall con-

ditions, as can be seen in Fig. 10. In fact, for TJT° = 10, both injection

and suction decrease the skin-friction coefficient, albeit by a small amount.

Mfg ATUIM PROFIIS

Ma therml boundary layer is more regular in its behavior vwth rses

transfer and vall temperature (0ee Fig. 7). Mhe thermal boundazy layer is

about as thick as the Oynadc bnundazy layer (3.0 < T1 < 4.0) and remains essen-

tially constant in thickness as the wall-temperature ratio is increased. Al-

though the temperature gradient at the wall becones very large for the hot-wall

case, it does not lose its sensitivity to the wall mass transfr (Fig. 8).

It is still possible to saba the heat transfer by significant ints (50

per cent) ewn at wvry hot surfaces. More is no awearanoe of an overshoot

s1ztlaa to that in the velocity profile. Eination of Fig. 9 show that

adlabatic-wall cases above TV/To - 4.0 wAll be difficult to obtdin vwth

reasonable iass-transfer paersetere. It is obvious that an eneozms Ko < 0

vill be requird to bring about an adiabatic vall condition. The boundary

layer wdll have separated, Invalidating the equations long before the proper
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0.286

3-
KO

H zG -0.6

2
0.0

0.6

01
0 2 3 4 5 6 7

77

Fig.7-Influence of mass transfer on temperature
profiles in the boundary layer

(Tw/Toz 4.0)
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8

7

6 3=0.286

5

KO

TG4 -- 0.6

3-

0.0
2-

0.6 '

0 1 2 3 4 5 6 7

Fig. 8 -Influence of mass transfer on temperature
profiles in the boundary layer

(Tw/To :8.0)
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Fig. 9 -The influence of the wall temperature
on the relationship between the heot and

mass transfer at the wall
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valm Is ase&ed. It duld p i interesting to me how Sm vaems

respond to a hlger prssue gnatent.

SMI-FeIOK 001CIM

he variation of t- sktin-friction coeffiient with mas transfer and

vail tsapmboe is hom In Fig. 10. Ohe an friction is mot n menit

to mass transfer at a cold v&U and loses this sensitivity quite rapidly as

the sta testo Is ncr*a For Tv/To > 6.0, the skin-friction ooet-

ficient Is esssntlaly indepewdnt of mss transfer. On constancy of the

skin-friction coefficient io a direct result of the Insensitivity of the

wlooitV gradient to mss transfer. Figure 10 illustrates e Iportanoe

of uess-transfer oooling at low vml tUeeratures. It is Interesting to

note the linear dharacter of the relationships. Mw skin-friction-ooefficent

variation can be described quite imll li an equation of the form

ofT

EL2-WBM 0F1ICI3M

The est-transfer ofrici•ent is shorm in Fg. 11. It is uowb less

sae tivw to the v11 temperatre and retains Its depandence cc the msa

transfer evn at Tv/To m 10.0. This behavior is quite In line vith the

results obtained for the temrae profilem. Again the linra r ofU

mss-transter dependenoe is noted Te heat-transfer' coefficent =W be

described br

0
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Fig.lO-Influence of mass transfer on
local skin-friction coefficient
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The different behavior of the velocity and temperature profiles at

high wail temperatures would indicate severe deviations from the Reynolds.

aaogy. This is shown in F~ig. 12.. From this it is possible to conclude

that the Reynolds analogy Is a reasonable approximation only for a cold

wall; this approximation works better for suction than for injection.

1. 2

.0-0.286 Tw /To

2.00

4.50

Cf 6.0
8.0

0.4 -10.0

0.2

0 . 0 1 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Ko0

Fig 12-1nfluence of mass transfer on
Reynolds' analogy



VIII. CONMUDID RMAS

The results of this study may be succinctly stated as follows:

1. The boundary layer thickens with injection, so that the inter-

action phenomena increase.

2. The percentage increase in the boundary-layer thickness is a

function of the wall temperature and reaches a maximum when the ratio

T/TO0 = 1.

3. The velocity and temperature profiles behave quite differently.

4. The velocity profiles exhibit an overshoot at high wall tem-

peratures (TV/To > 4). The value of this overshoot, as well as the

boundary-layer thickness, is dependent on the mass-transfer parameter,

whereas the wall gradient is essentially a constant. This explains

the constancy of the skin-friction coefficient with K0 at high Tw/TO.

5. The temperature profiles retain their sensitivity to K0 up

to (and probably beyond) Tw/TO = 10. In order to achieve adiabatic

wall conditions at high TV/To, values of K0 will necessarily be so

high that the boundary-layer equations will no longer be valid.

6. The Reynolds analogy breaks down for T/To > 0. It retains

its validity longer for suction than for injection.

7. Both the dimensionless skin-friction coefficient and heat-

transfer coefficient exhibit remarkably linear behavior. It appears

that over a broad range of parameters (o < T/TO < l0; -0.6 < K0 < 0.6)

the coefficients may be expressed in the form

cf T
f- =1 + A (w) Kcf
f 0

0
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S1 + B (L) Ko

The analysis presented here is being extended in several directions:

1. The relationship of 1 to the other variables is being exam-*I
ined; all cases for 0 - 0.1400 are being evLluated.*

2. The adiabatic vall condition is being examined.

3. The simple sublimtion case is now being evaluated. This

model is generated by requiring the Clausius-Clapeyron equation to be

satisfied at the vall.

These results have been presented in a paper ("Der Effeckt der
Druckverteilung auf die Starke ZMhigkeltsvechselvirkung imt J*per-
schallgebiet an einer Platte mit Stoff-Austausch") read before the
Wissenschaftlide Gesellschaft fer Luftfahrt, Freiburg/Br., October

21 161
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