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A,B,C

Notation

constants

modulus of !Z’ defined by equation (10)
chord length

length of cavity in T -plane
length of cavity in z-plane
pressure coefficient, equation (24)
lift coefficient, equation (24a)
VT

cavitation number, equatiun (1)
pressure

semi-circle plane

velocity component in x-direction
velocity component in y-direction
modulus of velocity vector

u-iv, complex velocity function
coordinates of physical plane

x + iy

flow angle with respect to chord
stagger angle

defined by equation (10)

defined by equation (18c)

defined by equation (19¢c)
transformation plane

solidity ¢/2n

denotes upstream conditions



(),
()
()
O

denotes downstream conditions
mean conditions
perturbation quantities

complex conjugate quantity



Flow Past a Partially Cavitating Cascade of Flat Plate
Hydrofoils

1. Introduction

This report deals with the non-viscous, steady cavitating
flow through a cascade of flat plate hydrofoils in two dimensions.
The usual assumptions of incompressibility and irrotationality are
made. |

The motivation for this investigation is the present day
interest in the high speed performance of lifting surfaces, such as
in hydroplane boats and the behavior of propellors operating under
cavitating conditions. A further area of interest is that of turbo-
machinery. The demand for smaller, more compact pumps and
turbines, for any given performance, necessitates operation at
higher speeds giving rise to cavitation conditions. Hence the
problem at hand is not only of theoretical interest but is of
practical importance,

The problem of the fully wetted cascade has been ex-

tensively treated, and can be found, for example, in a paper of

(D (2)

Garric and in standard texts such as Robinson and Laurmann,
The case of cavitating flow through a cascade of flat plates with
infinitely long cavities was first treated by Betz and Petersohn

using the classical hodograph method for free streamline flow

attributed to Helmbholtz,

*
Numbers in parentheses refer to the references at the end of the
text.
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In dealing with cavitating cascade flows, hodograph
methods became somewhat unwieldy, and this has led to the use of
linearized methods for solving these problems. This method, first
used by Tulin(” assumes that the cavity-body system forms a slender
body and that a perturbation technique similar to that used in thin
airfoil theory may be used, The use of the linearized method leads
to the solution of a mixed boundary value problem, The use and
application of this method is well illustrated by Parkin.(4)

The first published paper on linearized cavity flows through
cascades, was by Cohen and Sutherland.(s) They dealt with the
problem of arbitrarily shaped hydrofoilg with finite cavities, longer
than the chord length, However, only results for the flat plate are
presented in their paper. Subsequently, Acosta and Hollander(b) dealt
with the partial cavitation in a cascade of semi-infinite flat plates.
This problem was recently treated using a hodograph method by
Stripling and Acosta(” but no formal comparison was made between

(8)

the two methods. Acosta’ ' also considered the case of the fully
choked cascade of circular arc hydrofoils., A comgarison was made
with the results of the linearized method with those obtained by Betz
and Petersohn; generally, a good agreement was found,

In the region where the cavity is less than the chord length,
no results have been published to the knowledge of the author, for
cascade flows, This case would provide a complete picture as to the

behavior of these flows over the entire range from the fully wetted to

the fully choked conditions,



11. Formulation of Problem

As illustrated in Figure 1, the cascade consists of an
infinite array of flate plate hydrofoils having a stagger angle g8 . The
chord length of each blade is ¢ and the spacing of the hydrofoils in
the direction of the stagger angle, is taken as 2n. Hence the solidity,

o =c/2nm,

The flow approaches the cascade with velocity Vl at an
angle of attack ®,. The flow is turned by the cascade so that far
downstream the flow velocity VZ is at an angle GLZ to the blade chord,
The cavities spring from the leading edge and terminate on the upper
surface of each hydrofoil. In keeping with the linearized theory the
thickness of the cavity is assumed small compared with the blade
spacing 2r. The boundary conditions on the free streamline of the
cavity are then applied along the real axis, as are the conditions on
the wetted surface of the hydrofoils,

The velocity field is now considered as a perturbation about
the velocity Vl. Although, in the neighborhood of the cascade a more
natural characteristic velocity would bc the vector mean velocity Vm.
it is found more convenient to adopt Vl. as Vm is undetermined a priori,
since it depends on Vz. In the calculation of the lift coefficient, however,

the angle which the vector mean Vm makes with the blades, viz.,, ¢

m

is used so as to bring it in line with fully wetted cascade flows,
The governing parameter in cavity flows is the cavitation
number K defined as
PP

K = (1)
1 2
zfY
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where P is the pressure at upstream infinity and Pe is the cavity
pressure, which is a constant, Since the velocity is defined at any
point as
V=(u,v)= (Vl+ u', v') (2)
where u', v' are perturbation components assumed small, compared to Vl
we obtain by the use of Bernoulli's equation
v 2

K= =<

2
Vi

: 2 .
However, neglecting the squares of u', v' compared with Vl ,» this

-1

becomes 2u '

C
K:—vl—
KVl
u'=
[ z

On the wetted portion of the hydrofoils, v=0, i.e., there is no flow
through the blades. A further condition that has to be met, is the
closure condition which requires that the cavity-body system form a

closed body, This condition can be expressed as

4) dy = 0 (3)

body

The above conditions, together with the requirement that the
velocity be finite at the trailing edge, enable a unique solution for the
problem to be determined.

Hence the conditions to be satisfied are:

{(a) v =0 on the wetted portion of hydrofoil
(b) u = Vy(l+ %) on the cavity

-iad
(c) V=V 1 at upstream infinity
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(d) the closure condition, viz.,

dy = 0
body

(e) V ise finite at the trailing edge.

These conditions are sufficient to determine the velocity
function at every point including the downstream conditions where
V = Vae-‘dz.

Before proceeding to solve the boundary value problem we
derive the following simple relations from continuity considerations.

The velocity triangle is as follows

From this diagram we obtain
. | . .
Vmsm( d.m+ R = 3 [Vlsm(«l-i» B+ Vzam(az+ ,3)]
Vmcos(am-i- p) = Vlcoa(d.1+p) = Vzcou(a2+/3) (4)
from which we get

tan(«m+ p) = 21— tan(« it P) + tan(az+/3)] (5)
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III. Transformation Functions

Consider the transformation function
A J
1- T 1- r—
1 + e"’ln 1

1- 1- 3
5 1§

This function maps the multiple-connected region in the

g =cf In

(6)

z-plane onto the I -plane, as shown in Figures 2 and 3, The function
has branch points at 31 and IZ in the J -plane, corresponding to
the points z = 3 ®, respectively. There is a branch cut between 51
and IZ' Hence when either point is encircled once, the argument

of z changes by tZwei("/Z'p). The sign depends on whether the

branch point is encircled clockwise or counter-clockwise. Each
Riemann sheet of the J -plane corresponds to the flow region over

a different hydrofoil. Since the flow is periodic, however, the function
is continuous across the cut.

The point % =0 corresponds to the point z=0, as seen from
equation (6). Further, when I is real, z must also be real, as it
consists of the sum of complex conjugates, When I tends to infinity,
we have P g

-if 2 ip 2
z—>e ln3-1—+e ln!l- (7)
which is a real number.

Since § =0is a singular point of the transformation,

dz/dg=0at ¥ =0, i.e.,



1 3.-3 13-
-ip 1 72 ip 1 2 -
e —ng > +e —3-!1 . 0 (8)

If we require that the trailing edge of the hydrofoil map into the point

at infinity, then we must have dz/d%=0 at %= . However,

1

g-% must — 0 as — at L —»@
3

This condition therefore gives
e A3 - )43 -F)-0 (9)
Now let . L
101 1( -Z- -?l)
i0 iz -9,
]Z="7_° Z=rzef.2

so that
01 + 02 = ﬂ'-(ql- ?2)

- 0, = ~(¢4,+9,)

With this notation, equations (8) and (9) reduce to

r cos( 5 -f+¢)
B E 1 (8a)
2 cos| 3 -p- yz)

cos( % -A+9,)
et L
2 cou(z--p-?l)




For these two equations to be compatible, we take q?ls sz ¢ ;hence
°l+ 02 =w
01- 02 = -2¢
With these values, either equation (8a) or (9a) provides an equation
for rl/rz. Since the ratio of the moduli is the unknown, we are free
to fix one of the moduli arbitrarily., Hence, we let |31 |= r = 1 and

52 =r, =a, where a > 1. Then from either (8a) or (9a), we get

tand = :—;;- tan g (10)
The transformation is now completely specified,
Since the trailing edge corresponds to the point at infinity,
we get from equation (7)
c =2cosp fna + 49 sing (11)

and hence the solidity ¢ is given by

2¢

6"=%cou/s tna + == sing (12)

The point z = “c corresponding to the end of the cavity is
mapped into a point on the positive real axis in the [-plane, [=4,
Thus, using the above notation together with equation (6), we get

n
l'c = 4cosp ln[n—;] + Zcin/.; Y (13)
where
n*=1+ 8% 200ing

4 2
n, =1+ 4

/a2 + 2 f sing
-1} (a-1)£cos 4 + lzlinl ¢
a-(a-1)2sin @+ l.zcooz(f

¥ = tan
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We now transform the upper half ¥-plane into the half circle t-plane,
Figure 4. To achieve this, we use the well known Joukowski transfor-
mation in the following form
(3-$1= £ e+ b (14)

In the t-plane the eemi unit circle represents the constant
press :re cavily surface and the real axis outside the unit circle
represents the wetted portions of the hydrofoil, The leading edge is
at the point t = -1, and the trailing edge at t = .

The t-plane is used, since the velocity function for the given

boundary conditions shown in Figure 4 can be written down by inspection.

ly, Solution of the Boundary Value Problem

The velocity function

. A B
w-u-w--t:i- +-t_—1-+C (15)

where A, B, and C are real constants, satisfies the boundary conditions
for suitable values of A, B and C. This function corresponds to sources
{or sinks) placed at the leading edge and at the end of the cavity, We
now apply conditions (a) - (d) from page 4.

. . i0
On the cavity, viz., t=e , (uc.vc) = (Vl+ uc',vc') , therefore

uc-ivc = %‘[ l-itan g—J -1 %—[ cot-g- -i] + C

hence
uc=fi£+c
but
K
uc=V1(l+-2—)
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thus
vl(1+§.)=:“;§‘-+c (16)

Condition (a) is satisfied by equation (15) since when t is real,
v=0, Further, condition (e) is obviously satisfied.

To apply the remaining conditions, it is more convenient to
transform equation (15) back into the [ -plane, by use of the transfor-

mation function (14). Inverting equation (14) we get
2
t=3 [(s- £)+V3(3-2) ]

The positive root is taken because t tends to infinity as % tends to

infinity, On substitution of this expression into equation (15), one obtains

w(§)=ﬁ£-§-+c+%-\/3% -%—\ﬂi—"’ (17)

Now -i«.l
w(g) = Ve

Applying this condition to equation (17) and separating the resulting

expression into real and imaginary parts, gives

Y
CO8
V, cosa, =[‘ii§ + c] + —#- [—f;’- -Anl] (18a)

1

Y.
V,sin o -‘nll -E-+ An (18b)
1 1 2 n1 1
where
_ -1 ALcos
Yl = tan l-Ilinq
(18¢)

4 2 .
n = 1+2°-2Lsin 9

Now, applying the condition
-id.z
w(sz) = vze
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we get
A-B ¢°‘Y‘ B
Vzcoutz = [T + Cl+ 4— [;-z- - Anz] (l9a)_
llnv B
Vzlin €, = [-;‘-; + Anz] (19b)
where
Cean=l Lcos 2
YZ = tan a+ leing
nz4 =14 l-z/az + 2£/a sin 9 (19¢)

We finally have the closure condition, viz,,

dy = 0
body
which reduces to
Im ptvl— é w(z)de = 0
body

Since w{z) is an analytic function in the flow region around
the hydrofoils, we can deform the contour in the z-plane to the contour

[* shown in Figure 5. Then, symbolically we have
A E

ﬁw(z)dz=§+!+f+lim (+lim fwdz:O
E€—+0 &, 0 ‘

r body D 1 € 2 2
The contributions from the other parts of the contour cancel due to the
periodicity of w(z), while the contributions from the last two integrals

in the above expression, are zero, Now
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A

Z w(z)dz = Zleie
E

-i(a,+p)
! w(z)dz = -Zwvzie

-i(a 4 0)

o Im pt -lT w(z)dz = g—[vzcoﬂd z+p)-Vlc03(a l+p)} =0
! body 1
hence
Vlcoc(u.l+ p) = Vzcos(d.z-i» A) (20)

This is the same result as already obtained by continuity
considerations in equation (4). Finally we have the following equations

to solve:
ABic-vu+ ¥
A-B cos B
Vlcou “l = - + C 4+ [-'-1— -Anl ]

.in;,L B
Vlsmatl = —y— [Tl + Anl]

A 4
Ccos
A-B B
Vacos, = ==+ C+ —y— ['ﬁ; ‘A"z]
si nY B
Vzlmuz = Ti ['ﬁ + A“z]

Vl“"“x* p) = Vzcoa(u 2-!-/.4)

After considerable manipulation these equations reduce to the following
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(l+-§-)=coa dl+%— lindl (21)
tan dz = E X (22)
1+ T)
G+ -
sin«
1
A" sina
2 _E 1
V. D sina (23)
1 2
where
n n \'2 Y. n n Y
D .-.[% + ;Z-.' sin 71- cos—zz- -ainTl-[n—l -n—z} sin —21— sinv-'zz— tan g3
1. 2 1
n n n n
E = uin‘vz-[;:—-o- f] cos!zl- sing- -[;% - %]ain!{- ainrzz— tanp
n n Y n n
F =[le- E%} cos 71— cosyq;i + sin Yltanp '[n—:'+ %]coa Q lingz- tans
n n \'4 ' 4 n n L 4 Y
s 1 2 1 2 1 2 . 1 2

G = sin than,s '[ﬁ: - q]cos - cos > -[-;Z-+ q] sin - cos -5 tan,’

Equation (21) gives us a relation between the cavitation number and the
cavity length Zc. If we consider the limit as the solidity tends to
infinity, this equation reduces to the expression obtained by Acosta
and Hollander,(b) for the case of semi-infinite flat plates. Further
details are given in Appendix 1.

We now calculate the lift force acting on the hydrofoil, As
mentioned previously, we will here adopt a slightly different per-
turbation procedure, so that a comparison may be made with the fully
wetted case. We use the vector mean velocity Vm as reference velocity.

The element of force acting on the blade is
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dF = (p-p,,)dx

F = & (p-p, Jdx
body

Defining the pressure coefficient cp as

PP,
1T .. 2
P 7fVm

and the lift coefficient as

we obtain

Using Bernoulli's equation this becomes

1 2
CL=-% ¢ F v )

L m
body
which reduces to
C, =~ 2 Re pt § w(z)dz
L cV

m body

on the body. Carrying out the indicated procedure in an identical

way as previously performed for the closure condition we obtain

CL-= czTr-n [Vllin(dl+p) -VZ-in(az+p)]

By the use of equations (5), (20) and (23), we can eliminate d-l

and o, in the above expression, and deduce the following:
2,
C =2 1 sin o
L & cosfl _ﬁ +1 m

E

(24)

(24a)

(25)
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As D, E are functions of £ , the cavity length in the ¥ -plane, this
expression can be used to obtain the limiting case for the fully wetted
cascade, i,e., when £ tends to zero., This is carried out in Appendix

II. The result reduces to that of the well known, fully wetted solution,

viz,,
4 1 a-1 .
CL T cosp [ +l] 8 & (26)

A further limiting assumption in the linearized theory is that the angle

of attack o(l. is small, If second order powers of & are neglected,

equations (21), (22), (23), and (24) reduce to

K F
T“l 5 (2la)
E
OLZ = S 5 ” R ) (22a)
+ -a—l 3
o
_E 1
VZ/VI = -I-)- . d_z (233)
Db,
4 1 E
CL T cosp D “m (25a)
58 +1

From these equations, the results shown in Figures 6 - 28 were

obtained.

V. Computational Procedure

The numerical calculations were conducted on a computer
and the general method of computation is outlined below.

For a given cascade geometry, viz., ¢ and @, the value
of a and  were determined by the simultaneous numerical solution
of equations (10) and (12). With these values, the functions D, E, F,

and G were evaluated, for valaes of £, ranging from zero to
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approximately two hundred: this latter figure giving a value of 0,99
for tc/c. The ratio tc/c can be found from equation (13). Having
determined these quantities, the values of K/Zul. «,, v_,_/vl and CL

are found for various angles of attack « The process is repeated

1’
for various stagger angles s , holding ¢ constant. This final
parameter ¢ is then varied and the above procedure repeated. The

range of values considered is given below in Table 1,

Parameter Range
Solidity 0.25to 1.25
Stagger angle -75° to +75°
Angle of attack 1° to 6°

Table 1

The Fortran program used in the computation of the results
is given in Appendix IIIl. This program is incorporated so that, if
required, the data may be extended for other values of the parameters,

The data cards for the program have a format as given by
statements 14 and 15. Statements 133 through 100 give the numerical
method adopted for the simultaneous solution of equations (10) and
(12) to obtain a and ? . The remainder of the program deals with
the evaluation of the required data,.

It should be noted that for the case of B = 0, the numerical
solution adopted for the solution of equations (10) and (12) breaks down,
and the program has to be slightly modified to accommodate this case.
For M =0, the above equations can be solved explicitly, hence state-
ments 133 through 100 may be omitted. The remainder of the program

is essentially the same though somewhat simplified.



-17-

VI. Discussion of Results

Figures 6 - 10 illustrate tae relation between the cavity
length and the cavitation number, for various geometries, The case
of the isolated, partially cavitating flat plate is also shown on each
graph. The values for this case were obtained from reference (9).

It is of interest to note that a feature of the linearized theory is the
fact that after a certain value of lc/c the theory predicts two different
cavity lengths for each cavitation number. This is apparent from
figures 6 - 10. Since, in any case, the linearized assumption that the
cavity-hydrofoil system forms a slender body would not be met for
large values of ,ec/c. it is assumed that the validity of the theory

only holds good for values of lc/c < £_/c minimum,

This behavior is to be expected due to the cavity model
chosen, which places a singularity at the end of the cavity, However,
comparing the results with that of the isolated hydrofoil, we see that
this range of validity is increased in the case of the cascade., It would
seem that the cascade effect has the property of reducing the strength
of the singular behavior at the cavity end. This is further illustrated
by the fact that as the solidity increases the range is extended, until
at solidities greater than 0.75, a single valued function is obtained
over almost the entire chord length for positive values of stagger angle,
In the case of negative stagger angles, corresponding to the case of a
turbine, as distinct from positive values of ,a which correspond to a
pump, we see that there is still a region where the function is double
valued, Physically, this is to be expected, since the effect of the

neighboring blades is now no longer as effective near the cavity end.
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It is seen that there is a large difference between the cavity
geometry in cascade, compared with that of the isolated case, even for
small solidities., However, this comparison is not entirely justified
as the value of K/Zat.l is based on the upstream angle of incidence. In
the case of the cascade, a more natural angle to adopt is that of the
mean velocity vector Vm.

Further, the curves at first glance seem to indicate that
the cavity length for a given cavitation number at negative stagger
angles is less than that of an isolated hydrofoil, even at low solidity.
This surprising effect, however, is due once again to the choice of
the upstream conditions as a reference. If the mean conditions are
taken as reference, the curves for negative stagger angles will be
raised above that for the isolated case and those corresponding to
positive stagger angles remain below it as would be expected, If the
curves are based on this angle, therefore, a better comparison is
achieved. This is clearly illustrated in Figures 11 and 12 where *.e
cavitation number is referred to the mean angle L

There is still a significant difference for all values of g
having solidities of 0.5 and greater, It therefore seems that the
cascade effect is not very pronounced for solidities up to 0.5 provided
the stagger angle is within the range -30° to +60°.

Figures 13 and 14 illustrate a further representation. Here
the value of Km/Zolm is plotted against £c/c, where Km is defined as

Km=1 2

7 fVm
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which to first order, reduces to

Km =K+ (1+K)(dl-a(z)tanF

with the help of Bernoulli's equation,

Itis seen from these graphs, that for low solidity the
curves lie very close to that of the isolated case, for all values of A
This representation, however, indicates the opposite effect to that
using K/Zﬂl. viz., that cavity lengths, for constant cavitation number,
are longer for positive stagger angles than the isolated hydrofoil,
even at low solidity, Consequently, it seems that the parameter
K/2 L is the most natural one to use,

A disadvantage of using these alternative forms is the fact
that they depend on °L1. whereas the value of K/Zml is independent of

the angle of attack of, and thus facilitates presentation immensely,

1
Figures 15 to 22 show the variation of force coefficient with
cavitation number for varying cascade geometry, Itis significant
that the force coefficient is little changed over the range -30% F < +30°
for a constant solidity. Since the linearized theory breaks down for
large stagger angles, this effect is to be expected, The breakdown of
the linearized theory is due largely to the fact that at large stagger
angles the assumption that the cavity thickness is small compared with
blade spacing can no longer be expected to hold, except for very small
angles of attack. As shown in the curve, the force coefficient for the
isolated hydrofoil is approached as the solidity decreases. However,

once again, we see that for solidities of 0.5 and larger, the cascade

effect is prominent.
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The curves as plotted, are terminated at the points where
lc/c is a minimum, Here again, the point is illustrated that the
mean conditions seem to be the natural choice for reference,

In the remaining curves, Figures 23 to 28, the behavior
of the downstream conditions is illustrated. Here again, the curves
are terminated at the point of minimum lc/c. It may be pointed out
that at /9 =0° the theory gives VZ/vl as unity, but shows that « 2 is
still variable and not equal to “1' This apparently is a violation of
the continuity equation which would necessitate « 1° dz. This

discrepancy is due to the linearization procedure which neglects

quadratic terms.

VII. Conclusion

A linearized theory has been presented for the partial
cavitation in a cascade of flat plates. The results have been presented
in such a way that they may be useful as a guide in the design of
turbo-machines and other applications. From the results, it is
possible to determine the cavity length, lift coefficient and downstream
conditions for any desired cavitation condition for a given specific
cascade geometry and initial upstream conditions.

The limitations of the theory are stressed and it is shown
that the cascade effect diminishes the singular behavior at the end of
the cavity. In the case of the isolated foil the theory holds good up to
a ratio of cavity leng*h to chord length of approximately 0.74,

whereas in the cascade flow this ratio varies from about 0,8 for small

solidities up to 0,95 for larger solidities,
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It is further shown that for solidities of 0.5 and over, the
cascade effect is appreciable and cascade interference effects cannot
be neglected in this range. However, for solidities smaller than 0,5
the cascade effect is relatively small and the isolated case may be
used as a fairly good approximation provided that the mean conditions

are taken as reference quantities,
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From equations (10) and (12) we get

hence

for

hence

a-1
tan { el tan p

_1 29 .
¢ =_cosp fna+ =L sinp

Cd;:p -2dtan g

a=ée

o —» © a «o, 9w

1/4

nl..[ 1 +EZ-leinp]

~ ZXcosp
tan Y1 l-zainp
nZ - 1
YZ -» 0,

Therefore we get that

and

sin Yl = £coj8£

M

cos ¥, = 1-4sinp

ny

Y, ‘\/nlz-l«i—l cosp

}
SR

Y, '\/ nlz+l-£sin'e‘

cos T .J_Z_ nl

Substituting in (21) gives
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K (nz-l) Vn +1- lsmp + '\f_llm!s
(14 -z-) =z cos dl+ sin *,
(n +l) \’ -l+£sm/a '\/Z lcoup

If we now change notation to that of Acosta and Hollander, we get

n=ld 0 g=sb B3 ¥ %=z«
and we further replace

(1+’§—) by 1+K

then

, 1-2%) V2%1-bsiny - VZbsiny
V1+K=coso( - 8in «
(1+2%) VL. 14bsin¥ - VZb cos¥

After some manipulation, this reduces to

(1-2,2)cos X-\/_Z—Z V 1_‘_’_2';11 siny
\/ 14K = cosa - sin&x Zbcos Y £
L -14bsin ¥ (H-Zz)cos (-V?l” 1+ l-bLlinX cos ¥

which is the expression given by Acosta and Hollander.

Further, we see from equation (22) that since E —» 0 as

g =@ we get ouz = 0 for all o(l.
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Aggendix 11

In the expressions for D and E we expand each term in

powers of £, for small £, retaining powers up to and including 0( 13)

[_+i]~z+(4+—+—7)axnyl+0(£)

n !
Leé L

i A T 1.2 1 ,,2 3
[-n—z- - q-: ~ -{l+ ;)sm lfl+ (z-sm cf)(l- ;—2-)2 + 0(£7)

2
cos

sin Y, ~ cosq £+ sin{ cos q lz-( -ainzg? Jcos Gfls+ 0(1,4)

cos 4 1- sm:Lcosft cos f -sin ‘P) cos 23_'_ 0(54)

sin VZ

am—z- cos-Z— c;s ql smgfcogfl +(sm q - §cos ‘f E’G'—i)g-?iz + O(l )

sanZ—-sxn—£~ 2'—21, +(1- —)“—nm—iz + 0(2 )

Y Y2 i in®
cos %—-smT COZZ‘P L - “:3;0'3 Lz-(co' + .3_‘:89:21 - %1) c_oz':_¢_23+ 0(14)

Utilizing these expressions we obtain

|:(§+ — 4 _7)'"‘ -j?cosq+(§ —T)cos g+(l+—)4—sm§cos gtanp]

+ 0(!, )
E =[ -(1—a + _12 + lﬁ_‘)sinzg cosd+( Bl; - —1—3)c0339+ (l+%) 4l_a sin?coszg’ tan’]l 3
4a 8a 8a
+ oY)
hence
[(%-4- ‘-:z + _LZ) sinzg’ cos §+ (-é—- —%)cou:,g +{1+ 1;)4;; lim’coszg tan A }
D 8a 8a
— Ay a
E [—( %TTIE + —li)lingcosg+ (?. —[-z-)cmsg + {1+ %—)2-- lih?(:otzg? tan /3]
8a 8a

+ 0(2)
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Now substituting for tan p = Ea::lf tan ¢ in above, gives

%~a+ou) as £ 0

thus

L conp a+

which is the classical fully wetted cascade flow result, Now, when

4 1 a-1 .
o} “F [——] amotm as 4-+0

{3: 0, a-= ea." then

C. =2n tanh(an/2)
L ow

sin &
for the isolated hydrofoil ¢ —» 0 this reduces to

CL=Z~n L
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AEEendix 111

We present here the Fortran Source Program as used in
the computation of the results presented in this report, The notation

used is self evident from the program.
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DIMENS Tl FLCP LS00 ) ,ELENIS00) yAP{SCO) 9 ANISO0),
XBPL{HCO) o NS00 ) +CPIS00)CNISCO),DPLS0D) ¢DNIS00)
5 FORMATH{LH )

14 FORMAT (4] H,FlG,.8)

15 FORMAT(4114%.R)

16 FURMAT(ALLIG.)

20 FORMAT(CH SIGMA=El6.8,7TH PRFETAzE]l6,8,
XIH Aaglb6.8y0H PHI=L16,8,7H ALPHLI3EL16.8)

3V FURMATULL 4F3,3,8F12,49F3,4)

22 FUKMA"(JXQ1HLQHX|lHK'.,K'BHK/ZALPHI,()XQ‘OHALFZO
X9KobHALFc /1y GXySHV2/VL 9944 2HCL 9 6Ky 9HOCL /DALF M,
X8X g 2HLC o4 X, 4HLC/C)

133 FURMAT(LIH oul2.4)
PAMIF(Asnlyh2)znl=wW2eLNGF{A)
PAMZF (Ayw3)=ATANF{{A=-]l,)ew3/(A+]l,))
READ L4 ogNSTUuUNUOET ¢NAL, NTLyCONST
READ 15¢STUMOLWNSIG,BETO,DBC 1 ,ALPHO,DAL 4AG,DAC,ELG,DEL
SIoMA=S oMy
DU 5000 1SIG=1,NnSIG
DICK=3,1419926aS1GMA0,.5
REVTA=BFIU
DO 460U IdcT=14NBET
Wl=DICK/S3 Ik lbBCETA)
W3I=SINFISLVA)/COSF{KETA)
W2=0.%/K3
AzAD
CA=DAU

40 YL1:=PAMLITM (A, WL ,W2)

Y2=PAMPF{Ayh3)
Yi=(Y1=-Y2)/(Yl+Y2)
Y&=ARSF(Y3)
IFLY3)50,1ui 60
SO ITF(Y4=-CunST)ILICO,100,55
5% A=A-DA
DA=DA/I1C.
AxzA+DA
GU Tu 4v
67 AszA+DA
50 TO 4«C

10G PHI=Y1
L=0
N0 3000 IEL=1,NEL
Fl=IELeITEL
CL=Fl«CCL
Fl=(l.+ELwEL)
F2=(l.+((LL/A)mn2))
fF332,8CLeSINFIPHI)
ENPlbe=F]l-F)
ENP24=F 24 (F4/A)
ENNl4=F1¢F3
EdiN24=F2-(F3/A)
HAP=ENPL&4/CENP24
HAN=LWNNLA4/ZENN24
FL3EL#CUSF{(PHI)s(A-],)
F2=EL#EL8SINF(2.#PHI)
FIsA+CLeFL#COSF(2.#PHI)
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Fas(A~]) ) oLLaSINF(PH])
CPHA==(Fl42)/7(F3~F4&)
UNHAs=(F1=-12)/(F3+F4)
IF(PHI-0,75)3C10,3010,3020
3010 GAMP=ATAKF {GFHA)
GAMN=ATANF ('vHA)
o0 TG 3099
3020 IF{GLANHA) DL, 3021 ,3022
3021 GAMN=AIANF(GNHA)
GO TU 28
3022 GAMN=ATANF(GNHA)-3,1419926
3028 IF(GPHA)ID G, 3(:30, 3029
3029 L=l
303C IF(L) 33,3031 ,3040
3031 GAMP=ATANF (GPHA)
G0 TU 30%0
3040 IF(GPHA)ICG9,3042,3042
3042 GAMP=ATANF{GPHA)
G0 TU 3¢»0
I04H GAMP=ATALFIGPHA)+3,16415926
3050 CLCPUIEL)=COSFIPLVA)SLOGF(HAP )=2,#SINF(BETA)®GAMP
ELCNCITL)=CUSFRETA)SLUCOGF (HAN)#2,0STNF(BRETA) sGAMN
FlL=SQRTF({LiPLl&)
ENPL2SURIF(FL)
F1=SQRIF{ENP24)
ENP2=SURTF(F1)
Fl=SQRIF(ENNL4)
ENNL=SNRTF({FL)
Fl=SURIFILINNZ4)
EnN2=SURTF(F1)
Fl=CL*COSF(PHT)
F2=EL»SInlM{PHI)
TPLl=Fl/(1l.~F2)
TP2=F1/1A+F2)
TN1=FLl/(1.+F2)
TN2=F L/{A-F2)
FPL=L o/SOURTFLL1.+TPLeTPL)
FP2=1o/SURIT(1,+¢TP22TP2)
FNL=1o/SURTF{1.+TNLeTN1)
FN2a3Llo/SWURTF{L1.+TNZ®TN2)
SP1=ABSF(IPleFPl)
SP2=ABSF(TP2%FP2)
SNI=TNI#FNL
SN2=ABSF(TV2#FNZ)
CPLI=SILMF(FPL,IPL)
CP2=FP2
CNLl=FN1
CN2=STONF (FNZ2,TN2)
SPHL=SORTF(u.%#({l.~-CP1))
SNHL=SORTI(Le5*(1.-CNL))
SNH2=SURTF(0,5#(1.,-CN2))
CPHI=5QRIF(J.o%(1.¢CP1))
CPH2=SURTF(UH5#(1.4CP2))
CNHL=SURTF(US*(L.+CN1))
CNH2=SURTF(O.9»(1,+CN2))
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FRLIENPLZENP2
FPZ‘!.,FPl
FNLIENNL/F IN2
FN2=1,/Fu]
FO=SINFUIRCiAY/COSFIRETVA)
Fl=FPLleFPQ
F2=FPLl-T¥2
F3=SPHleSPH2eT soF i)
F4<FlefFl)
FS5:F28CPHICPHZ
AP(ITUL)=F 1 8SPHL®CPh2-SPL1-F3
BPIIEL)sSP2-T1»SPH2#CPHL-F3
CPUIEL)=FY+SPLaFU=FloCPHL#SPH22F(
DPLIEL) =SP2eF)-FS=F Ll#SPH1»CPNH2eFQ
FO==FO
Fl=FN1¢F:2
F2=FNL1~FN2
F3=SNH] &SNH2eF 2&F()
F4a=FlaF0)
Foz=F2eCnNitLw(CiiH2
AN(TEL)=F 1 #SNHL #CNH2-SN1~-F3
BNC{IEL) =5n2-FLaSNH28CNHL~F3
CN{IEL)=F94SNLwFi)-FleCNHLeSNH2&F(
3000 DNUIEL)=SNZaFU-F5=FlaSMHLeCNH2efN
ALPHL=ALPHY)
CH 3500 1AL =14NAL
PRINT &
PRINT 204STUMAZHBETAGA,PHI,ALPHIL
PRINT %
PRINT 22
PRINT 5
DU 3159 TLtL=1,.¢L
Fl=leLslZL
EL=FleDCL
CAPN=CP(ILL)I/AP(IEL)
CAPA=2 ., sALVHLeCAPD
ALPH2=BP(TLL)/Z(OPLIEL)+(APLIEL) (L. +CAPARD.S)/
AALPHL))
ALPH2L1=ALPIH2/ALPH]
vovi=gBpP(ItL)/¢aPlIEL)nALPH2Y)
Fl=AP(IZL)/BP(ITL)
DCL=4,8(FLl-14)/1(FL1+1.)SIGMACCUSF(BETA))
F2=ALPH]I+BETA
Fa=SINF(F2)/CUSF(F2)
F2=ALPHZ+RETA
FO=SINF(F2)/CLSF(F2)
F3=0.98(FattH)
IF{F3)3105,311G,3110
3105 ALPHMaATANE(F3)-BETA®3,1415926
GU TO 1311%
3110 ALPHM=ATANF(F3)-DETA
3115 CLL=DCL AL HM
Fl=ELCP(IEL)/{n.eN]CK)
3150 PRINT 30,FLCAPA,CAPOJALPH2ALPH21,V2V1,CLL,NCL,
XCLCPLIFL ) i)
PRINT &
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Fls-BETA
F2s-PHI
PRIN‘ 2(.‘.%1\;"|A'Fl'A.F2 ’ALPHI
PRINT b
PRINT 22
PRINT S
DU 3250 [LL=1,nEL
Fl=ILLeltL
CL=FleDOL
CAPDaCNUIFL)ZANLIEL)
CAPA=2,.«CAPLRALPHI
ALPH23BN (T L) Z(ONCTEL )¢ {(AN(IEL) (L. +CAPARD.5)/
XALPHL))
ALPH2 1 =ALPHZ2/ALPH]
V2V1=BNITEL)/Z(ANUTFL ) ®ALPHZ]))
FLasAN(ITL)/EBNLTEL)
DCLa4 2 (Fl=1.)/7((F14]l,)eSIGMACUSF(RETA))
F2ALPH]1-BLTA
Fa=SINF(F2)/CUSF(F2)
Fe=ALPHZ2-KLTA
F5=SINF(F2)/CUSF(F2)
F320.5%(Fa4¢Fn)
1F(F3)3210,321043205
3205 ALPHM=AIANF(FI)+3ETA-3,1415926
GO TU 321
321U ALPHMEATANFIF3)+BETA
3215 CLL=DCLeALPHM
FI1=ELCNIICL)/(4.2N]CK)
3250 PRINT 3Q4ELsCAPALCAPOLZALPHZ JALPII21,V2V]I,CLLWNCL,
XELCN(IEL),,F1
3500 ALPHl=ALPHL+DAL

. 4000 RETAsBETA+DULET

95000 SIGMA=SIGMA4DSIG
CALL EXII
END
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