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S-imetrical One-Frequenq Forced Oscillations in 1onlinear Autcmatie
Contt'ol Systems

ty
V. V. Pavlov

Grcater attention is devoted to approximate investigation of syie'trical one-

frequency forced oscillations in automatic Control Systems with substuntially non-.

linear linkri - 31.

"•'he basis for approximate determination of forced oscillations in nonlinear

systems 13 constituted by the expression for equivalent linearization of nonlinear

functions f(x]pz)

whore

g (A) ,-I(A coso. QA sini))too•.(A) - (A ' os%,--A sin An V*
0 0

•(IA)

obtained by N.IoKrylov #ind ,.N.Bogolyuboy " for the case, when the nonlinear function,

in the equation, describing an automatic control systems is proportional to the small

parameter •o Using expression (1)6 they obtain.13 a formula with the aid of which

one-frequency forced oscillations are investigated

where A- amplitude of forced oscillations, B- amplitude of the perturbation effects

q(p) and S(p) - operational polynomials-of any arbitrary degree, include in the fol.

lowing equation, describln the investigated automatic control system

Q•)a+ I(up.)- p)a *((3

Q (P) S. + -T2/.2



where U(t) a B sih omeo to

When deriving expression (2) it is assumed, that in the system are realized

the properties uf a filter.

However, as shoinr oy practice, not in all instances when studying one-frequency

fcrced oscillations does this expression give a satis:actory result. Here, as a rule,

considerable aiscrepancles between the approximated result according to (2) and

the accurate one are observed in the regicn of low frerjuenciese

To study on6afrequency forced oscillations in automatic control systems with

substantially nonlinear Uink, the characteristic of which can be written In foru of

f(N.Px) -hi x+ hips + /(r.pr)

where hx+hpx - linear part of the charactoristic F(xpz), it is possible to utilize

the results, obtained in•. .

According toý51 , a arproximate investigation of essentially nonlinear syste*

can be =ads by an Ordinary method}, but by replacing the essentially nonlinear func-

tion f(xpx) with a more definite expression for equivalent linearizaticr~avinn the

form of" ,

where q(.4NSIef# ia O f9- $IS COBa~d

X4¶ (d Cosit. - X4Cos 1*4~ai ' i.1I S~,
lambda and otga - attenuation ratio and the frequency of solving the 'ori~inating

equation, which is found fran the basic differential equation at f(xpx) 1 o0

The use of term (5) for studying the transient processes in automtic control sys-

tems with essentially nonlinear link gives in individual cases a more accurate reoult

[510 tha when using the expression for equivalent linearization according to)l.

This closer definition is brought in by tho correcting awe•ber

Ay (a) ( ,4)-

Jg shall diacusa ways of ut~is•~ the more defined expression () for equivalent

fD,,-624720/l.2 2



linearization of essentially nonlinear function f(xgrx) for thw purpose ot

studying one-frequency forced oscillations, excited in nonlinear cutontic control

system=. We will assume here thit the invectigated system is also described by equa-

tion (3), assuming, that 0(p) includes the linearized part of F(x px)e

Then, if the linear part of the automtic control system possesses the property

of a filter(31, then in first approxinallon it is possible to seek a solution for

the established forced oscillations in form of

.z - A sin (Of +yq) (l
If we were to consider (7), then equation (3) can be presented,] in form of

Q0 (-.) -,) ,, (= Co / -t X

For equivalent linearization of a nonlinear functiou f(xgpx) in acccrdance "dith

term (5) it is necessary at first to determine the value'of the attenuation ratio lambda

and the frequency omelp of the solution of the originatingg equation. The *originating'

equation in this cape is obtained from (8) at f(xpx)'- 0.

[Q (P) -S (.) 4P - 8 p)] .o 0

It is apparent, that a solution of equation (9) will be (7), because we are interetAed.

only in set solutions. Hence it is evident, that tho values, characterizing the

Noriginatingg solution, will be

then

q'OA (A) +(A4 - a+[ I)

where A)
,(A) = (A cs9,-AQ sinf)cem

11 A) x-A (A coo.t. -AQsin,#)sinId

Compering the obtained more defined expression (11) (more accurate formula .(,11)

for eTAivalent linearization of nonlinear furetion with (1), we point out, that the

PToT,-62m1.20/l .



differenee between them lies in the additional member

the magnitude of which depends substantially upon the frequency of foceed osillations

ega, values q(A) and q'(A) and their ratio.

Next, by substituting (Ii) in (8) we .arrive at a more accurate epression for a f)•

Ug one-frequency forced oscillations

whereby its distinction from ordinary terms used in this case lies in the correction.

member Aq and, as is evident fran (12)o it can be substantially different In the zone

of low frequencies from eOe ssla (2i )

As an illustration for the above stated we shall discuss certain examples, We

will consider here, that in the expaes under question the Weoperties of a filter

are being realized.

immpla 1o Assuming a eertain aut• tic control system is described by equation

'(3), whee"-

attS... LQ(p)-p'P+. (4-

* '(p)-L
t  

"

fm l< x~ 1.____-

It is necessary its amplitude fre.enc "

characteristic at different amplitude

values of the perturbation effect U(t)-.•-- " '

B sin omegat,
To. do this, by using (13.) and consijew..-,

Ing (34) we will obtain an exWessim Fig.l.Appraximete aplitude-frequenoy char•
acteristice 1-with considuration eg cc'reo-

with the aid of' which it is *W to pl t$1014 2-withma .cmslderat ion,. eat eo ation.

the weu 1

f "s l De • • :O.. . .. .



where

In fig.l was obtained the amplitude-frequoncy chraýterjstic by combining on

one graph families of curves, determinable by left and right parts of expression (15),

iose

(/)j ,(i7)
which have the form, shown in figs2 and 3 respectively. By the intersection points

are det6ivr ed the necessary dependence data A = f(omega) at Bj const (fig.lwcurve

1). For the purpose of comparison on the very same graph was plotted the amplitude

frequency characteristic without consideration of correction (curve 2).

As is evident from fig.l.a substantial.

SA correction tdkes place in the zone of low

frequencies. However, as already mentioned

before, the maenitude of the correction-de-

pends not only upon the frequency 0 but also

upon the value q and q1e i.eeupon the concrete fcra of linearization coefficients,

which =ust be taken under consideration in every concrete cases

Example 2. In role of secand scample we shall discuss a nonlinear autwtio syn.

toen investigated in)-

The system is described 'y the following equations

(Tp+ I).z+k1(i) = W (1)

whereby T1kul, f(x)-relay characteristic without insensitivity zone with kiml,

It is necessary to determine, the dependence of the threshold value of the

amplitude B of outer sinusoidal perturbation U(t) B sin omesp upon the frequency

o01gae

Taking into consideration, that the linearization coefficient of the nonlinear

me:..ber f(x) is determined by the ratio q(A) a• 4/A, we will present (13) in form

Fl,,D•.-62o1720/12 ,



of I

7 
4

04 -4

'Fig*3* Figo4

5 , ,.! v

I qt

• . • ,• •_• • %]-j__t4 1

Fig.5 Fig.6

Fige,•Determining V in an automatic control systems l-fiwre accurate value.
Z(Ajcnep ), A2-valu Z (Ajoje~a)without orrectlion,

Jig,5, Determining V in automatic control aystem by-.Z (AOJcnea)wttaj cow.
rection

Fig.6. Dependence of amplitude V po upon frequency of force." oscillations oues. 1-
accurate values 2-appwoxamate, more accurate* 3-apProxinated,

C 1k.2-. W (10)

PTD4'D.-62-i729/i+2



It is aplarent, that CP/4Aomega 2 appears in this way to be the correcting member

w, ,ihich is due to the presence of 4q in (11)0

After, having formulated on a complex surface the expression

A C' -

at various values omegai = conast, it iL. not Oifficult to detoxmine the threshold value-

Vpor+(Vthre.hol,) (fig.I). In fice5 is riven an a-alogous for,:ulation without

considerat ion of correction and it was determined one solely possible thereat value Yth'

a 1.27, which does not depend upon the frequency oeves

The dependences Vthr - fP(mnega) obtained in this way are given in fig. 6 . On the

very same fig is given the accurate dependence of aiplitude threshold value Ythr

upon the outer effect frequency mega, borrowed fro report [61.

It is evident from fige69 that the approximate dependence Vthr, was plotted by

the ordinary approximation methodC5D, but with th6 utilization of a more accurate

term for equivalent linearization (11), is in excellent conformity (i.o.with a suf-

ficient degree of practical accuracy) with the accurate dependence of the amplitude

threshold value upon f.xequencys This shows, that the imployment of term (11) in an

ordinary approximated method allows to more closoly, define the reault of investigations
0

in these individual, single cases, in which the ordinary form of linearization (1)

gives a less accurate result.

In this way it is possible to make a conclusion, that the use in an ordinary

approximated method of calculating the more accurate expression (11) for equivalent

linearization of an essentially nonlinear member offers a perfectly satisfactory re-

sult when investigating one-frequency forced oscillations in nonlinear automatic

control systemas Submitted May 5, 1961
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Principle of Constructing Zolf-Ad justing Sy:.temm

by

V. A. Gordeyev

Discussed the circuit of self-adjusting, which consists of basic circait~device,

determining the quality characteristic, and operational element. In the role of basic

circuit is accepted an oscillatory link of second magnitude*

Geaerally speaking the system of controlling an object can have the form of, as

shown in figl. The coefficients of the We function change at will. At this change'

there may orijinate such a ccribination of object parameters, that at unchanged coef.

ficients of the regulator We the system becomes unstable or does not yield the

given quality, To satisfy these these requirements is possible by introducing an.

additional self-adjustment -circuit, uhch by a selected algorithm would chage the

ixrameters Wc (fig.2). The outpat sig- - -. -

nal, e.g. controllable coordinate, is

fed to the analyzer which represents

a metering-computing device*i.terminibg
Fig.l.Control system

any given quality characteristic. If the

value of the calculated quality index differs froa its given value, then an error

value appeersk.hich goes to the control device. It chehges the value of the ccuitrol

parameter ai ur.til the current value of the quality index, computed in the analyzer,

will be equal to its fixed value. The double arrow in fig.2 Indicates that not the

coordinate, but the parameter, is changing.

Vae analyzed circuit presents a parametric feedback oy the quality, character.

iltice

We shall discuss a mber of possible quality indices and principles of *on-

rnTT6-70/142 9 ______ ____



structing self-adJustment circuits for systems with rapid change in the.Dar-mter of

the basic circuit. $apid is considered such a change in parameters, when within the

period of the transient proce•s of the basic circuit tLe jareeters dc change to such

an extent, that It is impossible durign the investigation to use the method of Ofrozen

coefficients "

UI

Fig,2eSelf-adjw~tment circuit Fig.3.Structurel arrangement of oscil-

1-analyzer; 2-control device latory link.

We shall analyze certain quality charaCtti-istics uAing an oscillatory link as an

example. The basic form can then be replaced by a structural form (fig.3),having a

transmission function

Assuming that the re are convergent (fic.4),or divergent (fig.5) osciilations of

of coordinate y, caused either by the change in parameters, or by reactions* The

analyzer is constructed so, that at its output during the period of oscillations

should originate a value, equal to the difference of positive and negat ive balf-vaves,

Yi•o.4Conversent osocllations of Figo.5 Divergent oscillations of cocrdinate
coordinate y e0

2IUA&All, x>0 npa Aa>A9, %<O vPd3 41 tA I
rrD4't-62-:L2o/1+a 1



where Al- first half wave of i-period, A2 - second half wave of i-period.

The obtained signal -. is accepted to be the controlling one for the self-adjustrMt

circuit. The scheme is set up so that the attenuation xi changes in dependence upon

the value (. These chailges will take place in such direction as to make X equal to

zerol in this case the system will be on the boundary, of stability .

:,.hen working out the initial condition with respect to speed Yo the transient

process by the coordinate for (1) is dotermined by forrL.w.in

Y(t) = O• Si it I -t 09

Through the duration of the first period -L 0 there is no correcting signal. This

signal on the basic of (2) is emitted through the period T and is equal to
Tifexp (- =t I

7: V1(4-)

After each following period is emitted a value, determirable by equation (4), but

o in this case will correspond to the value of speed at the beginning of each period.
o

It is evidont from fornula (4) that the greater the amplitude of oscillationsthe.

greater will be the value of the correcting action I at the very same xi and T.

Dependence graphs -X= f(xiT) at. o. = 1 are Eiven in fig.6, whence it is evident,

that the value X is greater at negative xi, than at positive. Consequently from the

zone of instability the system will cam out more energetically, than from the zone

of stability.

If in the rul+f controlling device we would take an integating link with ampli-

fication factor 15 then at above mentioned ccnditions the equation of oscillations

y for the n-period will acquire the form of

T'j, +[2 + V J-inx (t - 1j) ]j +isy= 0, "Pit *Y() 04 !4(YI~ =y 5)
J-0

where xi, - initial attenuation value, and t changes from t - ti a 0 at t 4ti to

t T.

In stable state oscillations y are described by equation of conservative link*

Modeling was done on an ID-•5 type model, Structural afrangement of analyt

FTD-T,,.62-l72o/," 11,



is shown in fi.7.0n 'the first memory devices ZUMl are moasured the amplitude valUtf.

"Within a period the cofumtating device[LU3CDI transmiits these values to seco•nd

ZU, wheor they are retained for the duration of the period, and the first 20 at that.

momeat became discharged, getting ready for the following cycle, The coi:rutaing do-

vice consiats of differentiating link, detector and a series of relayse

The circuits of memory devices with ooamotation contacts are given in f.g.8.

In the role of ZU wore used integrators working in condition of memorizing the iniiLJ

eonditionsu],

U1

S

?IS96ODependenes Ciaphs Ef m(xIT) T7ij.7.btructurfl orranpement of analybew

d'

>

Ag.8eArrangements of memory devices*

A change in xI wae made brj changing one of th', co-nmiltiplesp fed to the nailti. ii-

cation link. Initial ýcinditions were fixed in, both circuits f(O) and 2xi(O). We took xI(O),

0 and x"(0)<.O4he value j (0) was selected boit-at the n-stem should not reach

saturation. Wlring the modeling wss changed the coefficien t k in the self..adjus~tnt

circuit. jigog shcawl Osoillograms of procersse ut various +cA Is evident~an increase

in k raises the o,,,, atO- y ,rstu-- " a reMotion - rectioti the voking prooess.

flomTD%62u2.720A4 1



I
Zraphs cloarly show the performnance of coua-tatinj and =emory dcvices and the ob-

tainment of value )t

In some instances the quality index of the form (2) is inapplicable because of

the presence oi oscillations y in stable state.

It is then possible to utilize the quality criterion in form of

. =Aj.-r,m.pg X= 0 , =A•

In this way, when taking up the value r, we are taking up the desired amplitude

ratio of the oscillatory process. If r k, 1, then the given conuitions will be the deamp

ing oscillations. The'dependence l = f(xi,*'Il) for oscillatory link at various r is

given in fig.l0.

The self-adjustmerit circuit, utilizing criteria (6) operates well in the prescnce

of oacillationse If we strayed into a zone where xi N xi3 , then in the absence of

action there will be no oscillations and the self-adju -tment sys-

tem will not bring out the basic circuit onto a given value xi3. Ordinarily there is

always action at really functioning system, and the ori(ination of a similar situation

is not dangerous* af

/Cra.
: 4 1we ...-L.__.

2 .1

Figo9 Fig. lO

Fig.,0*scillograms of transient processes atV= Ai-A~at a) k-= 0o33 a) k Oo0,12

Fig, lO° Dependence graphay a f(x10r),

T..'1



Hkowoverg it is necessary, it is pos.ible to provide a device which wculd forcibly

reduce the value xi in the abr.ence of oscillations, oV it is possible to -0,0 perioic-

cally artificial, for e:xample perturbation pulses.

Za arrangemnt of the ftnalyzer, giviq~vslue (6), differs from such fo (2) only'

by the introduction into one of its arms a constant coefficient, equalling r.

Adjuatment oscillograms xi(0)=-0.l with a system of reducing Ai in the absence of

oscillations at r -A 1*5 (xA3 = 0.1) is shown in figell. In view of the cons$derable

amplification factor in the self-ndjustent circuit takes place a rapx4regltt ill the

zone of positive xi. And ukon diacontinuation of oscillations the awuiliary system

causes a reduction in xi (fig.lla). The reduction, when the value xi reaches a value

xi = - 0024, the internal fluctuations of tho model disrupt the system to such an

e.xtern, that the reduction in xi is interrupted asd the analyzer beginz working,assur-_

ing attenuation of the system (fia.ll,b). In fi,.ll ab, xi and designated, the

rerrainin- -curves were recorded on a loop to check the operaticnal accuracy of Sections

of the system. Inefigellc is presented the operation of self-edjustment durirnG linear

change in xiv at a rate of 0.05 units/period, The perturbation alonG xi %::as fed fclloe-

ing the control device. The broken xAu characterizes tha voltage at the output o~he

control device. Under xiosh is understood a valueled to the control link. It is

evident Trom the oscillogram, that .nspite of the change in Xiv, self-edjustment

does not give y to oscilleticns and b'reaks

up*
The amplification factor in the seif-adjustment circuit haculd be selected when

applying, the discussed principle to a real system, because this coefficient is lizdtel

not only by the stability conditions of the self-e3justment circuit, au by the

permissible value of skipping into the zone of ;ositive x. I.n addition, thia value

depends upon the action and permissible oscillation amplitudes of the controe Para.

motor*

It in possible to Iinrove the proposed quality Wax in the asse.-t of r.4tuoing

FTD.TT62-17Z 0/1** 14



time during its calcujation and iacreasin.g the interference resistance.

The firot one CF-a be obtaine6dif 'tba r-I1uo is calculated not-by the period, but

by the half-period, It is nececsary to compapre each tw.o adjoininig awpl1t0udes conti-

nuously, and not by the perio']. in pairs. This calls for a cirange in simalyzer,~nd to

increas, the rapid c3ction of the self-adjustment efreult.

Fig.1lOsc-'llograms of transient processes at KL A1-rA2

To raise the interference resistance of the analyzer it is, possible instead of

amplitudes (2) to take the area (integrals) of Sl and 52 half waves. 'The interferences

imposcd on, the oscillations-, are srnocthened. outo

The value IL is then equal

mTDTT.6.a-l720/lfr2



As a deficiency should bo mentioned the drhift in the integators, calculating

the areas. It is therefore necessary to apply special measuref for the el:L-rition

of same. To calculate ),. according to expression (7), only the first ZU in the analyzer

are substituted by integratorse

CUality indices (7) and (6) assure identical damping,because at- i 0 we have

r = ;j- = y-= :p

The deGres of attenuation for tho oscillatory liak at T = 1 equalas

_______ -- _ i -- e p g - ,

where y.m, yY" - amplitudes of two neighboring half waves o2 one polarity. ?hen,

by-ccmpering uquations (8) and. (9)v we obtain

SI

In this way, r characterizes the degree of attenuation of the transient process.

Oscilloramns at a quality index of the form of (7) are abalogomu to Lrahe of

transient processes in previous instances.

In all cases under discussion in the role of regulating parameter as .taken the value

xi. If we change the amplification factor of the second integm ting link or the ampli-

fication fActor of feedback, encompassing both integrating links (fig,3), thcn we -ill

obtain, respectivelyg transmission functions

JI (P W (A) 7 o

and the roots

where m var.

it is evident herefrca, that it is necescary to conszruct the system soj that

the value a should never be equal to zero, other-wine there will appear two zero

roots, and tho application of the discussed -criteria is impossible.

In conclusioa it shculdbeunderlined, that the above mentioned quality indices

JD-nh.-2-720/l26



can be utilized for solf-adjurstmient only at an oscillatory sta~bility botindarye

-Zubmitted 3ulY,1O.196l
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About a Type of Self-Adjusting Control 4yateft

by

V. I. Chernetskiy and R. M. Yusupo#

1. ArrancIucnt of the proLlem. Equations of perturbation movement of an auto#.

=ntic control system in most Ceneral case can be presented in vectat form as

= F, (t, X,' Y. ()
dYW = F, (1. X. Y. is".)

tO X=XO, T=Ye.

where X - vector of obj3ct•s control coordinates; Y- vector of regulator control coor.

dinates; U - vector of innor' and outerpers affecting the

object of control U- vector of inner and outer uncontrolle- perturbations, affecting

the remlator; Xo, Yo- initial values of vectors X and Y, Fl F2 - nonlinear functionso

The coordinates of vectors XYjW and U iFr general caze appear to be random.

functions,

in the systeml (1,l) the first equation binds the controllable coordinates of

the object (vector X) with other coordinates, in the LeCon. equation are boutd the

coordiniates oi the regulator (vector Y) with coordinates of the object and cofntrol-

ling paerameters (vector P),

The nature of change and the values of perturbations U and W, .ihich reflect

the internal (deviation of parameter values frora calculated), as "well as exte.naal

perturbations, can not be accurately forseen when designin-.and producing th6 syn-

tea, That is why a solf-adjusting control system' is necessary*

'4. will assume, that the salf-adjustment system shou,1 meet given requirements

PTD.'T 62.i72O/2 1*



with re3pect to control accuracy .

Xi I <8

II,< ,x (,=i,.2 ...... r) ti o,, t•ll, TI

where xig ii (I = 1,2,,,,,r) - coordinates of vectors X and 5,,xi1 L'So given cons

scant numbersYIo, o3- operatirg interval of the object.

To fulfill the conditions ý1,2) for the basic system (1.1) with any one of the

" available methods (analytical, by modelings etc) even in the presence of full infor.

i about the U and W vectors is practically Lipoasible because of the complexity.

of the system (191). I-,aking a whole series of assumptions, we simplify the mathemalL

cal model of the system. The s3iplified system of equations is used as standard.

The equation coefficients of this system are computed in the assumption, that the

object in the intervaltoITJ is affected by known perturbations U1 W3,° Judging by'

the results of measuring the sensitivity of elements we calculate thc current (real)

Cerfficients of the approximating system of equations. The. coefficients obtained in

such a way are compared with standard ones and their difference are used in the reag-

lator to bring down the values of current coefficients to standard. A co.parison of

current and standard coefficients is mide on partial intervals, into which the basic

interval tO*T] is broken down*

2. Formulation of a stewdard sy-tem. At the first step of simplifying the system

of equations (1)1) the indidental factors are replaced by their mathematical expec--

ions. 'We will obtain the following regular rsodel of the real control aystems

-XF1 (t, X, Y, U)

x, Y, I•.P
,-,. x= x,*

In the equations (2.i) the top roa designates that the mathematical expectation

is taken from each vector coordinate.,W7e assume, that in these equations the values
of the vectors D and 9 in the interval~joT• are kown.

Next we will write, that 0 a o t t tito.io .
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When fortulating a self-adju-tirg system of equations (2.1) will serve -as initial

base for the obtainment of standard* But the use of systems (2.1) directly in. the role

of standard is not-vwiabl.e by virtue of its sufficient, complexity (Croater order,

presence of nonlinearity ete.)eltnaddition4*Ufficiently complete informoation regarding

control can be obtained on a nmuch sirapler model, which, in the final, ccut, ;.lill: consi,-

derably reduced the volume of coaputatiod operntions upon'the formlaticri. of. a ztandard and

duri..g the functioning of a relAdjusting systems

Let us. assume that as result oL Linceriztation, the disre.Vrd-ins of Zecond degree

bonds and el~in.•iation of reg=ulator variable (vector Y) the system (2.1) is reduced into

where d p) -d of~
= aj (, P ;+ .. + a*, (, P)

4 (t, .d/dt, P) - cmbines useful and harmfUl perturbations with corresspoA11nJ oper'-

For cLe system (2.2) is possible to attain fulfillment of conditions (1.2) on

account of properly selecting the vector of the control 'parameters P, the coordinates,

of which may appear to be variable in time. The coefficients ad O .. e C7 will

also be certain functiof time

To sim;lify further we will tryj if possibl3,to reauce the order of equation~f

the system (2.2) by disreoarding emall parameters. 'de can guide ourselves by ideas

of rjf_'ucing the order of sjsteme with constant coefficients (2.1),(2.2)0 Since thero

are no analytical methods of reducing the order for systems with varitblo coefficients.

then such a problem can prese-ly be solved only with the aid of modorn cmtputlne do-

vices by the method of Lmultiple repetition of the solutione

If the entire interval+stoa is broken down into intervals, where the coefficients

change slowly,, then Sn these intervale, havi4Z taken constant coefficient; (_vera*8d),

MlD.TT_62-a~x0/340'* 20



the reduction in the orders of equations of systen (2.2) can also be carried out bY

already existing methods (••i). (2,2).

j.zsuming that as result of disregarding sndl paraneters the system o. equations

(2.2) acquires the form of

Ao,• d,0= , P) .- z..... ).

where WI(U

Tit(t. P ) + +.•t P)

To sLiplify tie investigations we assu-ne, that each cccrdinate of the vector of

control parameturs is included in only one of the equations of system (2.3), i.e0

system (2.3) is broken down into a seri.es of independent channels by cach one of the

ccntrollable variables. Intersecting connections between ch:uanels can be realized only

through perturbations.

For the case of simplicity we shall further discuss a casa of controlling only

one variable, designating it by 36 and the corresponding standard difforential equa-

tion by

Here Px - vactor of control parameters, affecting the variable X

3. -inking W.athematical I-Idel of the Control System with Standard. The real process

will be approximated by equation

""-+ + (3.1)

In equation (3.1) the right part is taken as standard. This elirainazez the necessity

-of measurirqL the perturbation effectsp which on some real objects appears to be

quite difflcult and a practically nonrealizable problem. Deviations of actual per-

turbationr and values of operator coefficients of the right side of equation (3.1)

from standard will be considered in. a self-edjusbaent system through values of coeffi-

cients an(t),...,ao(t), Furthermore, the mentioned assumption (about the effect

on the system of stahdard actions) offers the possibility of selecting a quite easy
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algorithm to calculate the coofficicats an(t)P9@&9a 0 (t) of thd i'PpioxIml~ti-iC equaation

B~ut it appears, that there is nio need for calculating all the coefficients a()..

aoCt) of equation (3.1)o The truth is, upon the parameters of the x'egalator ordinarily.

essentially depends only a part of these coefficients4c~onsequeatlyc&1.cuiatintg all cooffi..

cients, we can anyway riot di~tin~aish all their values fromn standard, But for satie..

factory operation cf the sys~tem it iZ nce.-zsarfsomhow to consider the deviatiotm of

%ralues of all coefficients from standard. ý:e 3o this in~ the foliw~ing imnner.,

Not raducirjg the genterality of estimates, we will assume, that upon the control

ling parameters depends only m of the first coefficients (a0(t)9 a1(t)994OaM~... t). weo

w:il.l transfer into the right side of equation (3.1) the members conltarini, coeffi-

cients am(t). a,~.1(t),...,an(t)

I dips dir

Since the inforr!.atiori about coefficients arI('zoesepam(t) cannot be used by us

in the regulator, then we will riot directly determine these coefficients*

But w~hen determnining coefficients a 0 (t),...,am1 (t) we will assume. that the val~4e$

of the coefficients an(tX...,am(t) are to etandard

T1he deviations of values of coefficients ari(t),...,am(t) from standard will be cons!.-

dered through values 6f coefficients aoC(t),... gam..l).

The above ruentioted method of direct couilderation of deviations of values of

noncontrollable coeffijcients considerably reduces the volunie of comiutirng operationsf,

cince it elimiriateg the necessity of calculating ai + loom coeffidiente.

4. Determining the coefficients of approximrftiig equation. In the role of approxi-
mating equation we will take for gonerality equation (3.1). We,' will asswweJthat at

a certain interval Ltk, tk. were obtained values x(t), (t)9*909xn(t) -of real pr-o-

Cead in Points tk a "r*2*& 3 tiel. Thano asvwing, that theintezvm1¶ic~k#%*
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wasr ------ such a way, that the

coqfficients an(t),..oao(t) can be replaced with sufficient accuracy (Cithiin linrits

of this interval )by constant iuwabero, we will obtain a system s of linear hetero.

geneuse algebraic equations to determine n + 1 of unknown coefficients

aM +'.44111r-"' . o ( )k(,) j=.2..4 no. MY,

In the system (4.1) the index k designates conformity of coefficients an,...,a0

and perturbaticns (t) of the intervalotk. tk+K1.

"We wish to point out, that the selection of the maenitude of the interval ftk-tk+i

represents a v..ry eciaple.x problem. It is also necessary to consider here the rate of

change in coefficienta an (t),...,ao(t), endl the rate of change in perturbations, and

the tire necessary for measuring and analyzing data about the process etce

'ae will generally assume that a> n a 1.

Since the measurements , carried out at the moment of times situated closer to the

right end of the interval ksctktLl , bear infor'mation, which shows maxinmum effect on

further process of contrclling, then it appears to be advisable to introduce weight

coefficients ¶ (7k),'determining the value of each measurement and of each one of

the equationa (4*1)o The weight coefficients should satisfy the conditions:

2) P 0 ") = ti.. )

And so, from the assumption about linearity of rise in weight of measurements with

time it is possible to select the weight coefficients in the following rmnner:

___ ( a+1) (j'=,.2,..... e)•

The determination of coefficients a.c(k), (k) ,...*a (k) will be done by the methoa

of least squarer* minimizing the function

L= - p(,rig?' • )

(4.3)wh .... .. . -. . ....

=o.-a•Tal'aa : I)( 1 ~b...yE)r) (



The necessary mini-um conditicn of function L is the equality to zero of its p•rý|AI

derivetives of first mrgnltui*e

Having calculated the partial derivative1b)IqJa ) (I * OUl,9.o0n) and ocuatir4g

same to zero, we will obtain a system nel of lUnear algebraic equitiona to determine

the unknown coefficients
+

%'•'~ ~ ~ ~ b, (10)•v•"z~ + X,1, (j A4010j)I :-"III•+..

M I)' P e (Tj)(X dr ) , (1) (v 0. ...... ) .

If vectors are introduced

X = (X (Ti) 1' rj. (),X (T2) X~(,). . (T)V (.) )

X (1 (TO V J/(r,), i (T,) Y P -(r4.. - (i'.) V'r'(;Ir))
-4 (x4) (TO) 11'P (r,), X16 (TO ) (TS).c), , z(T.r) fl73 -(T LI.4

Mien system (4.4) can be rewritten into form of

q*k) (z('), X) + ar (x4O x) + + a,,Eh) (xii", x4m)) -(04),4 ftb)) J'

where the expressions in round pareatheaes designate scalar derivatives of correapon4-

Ain vectors.

In ordtiv that system (1j.5) should have a single so'.ution relative to the coeffi.

cients ao(k) 9ooea(k)n, i a is necessary and it is sufficient that the determinif of this

system should be different from zero. Since the determinant of the system

is the 9ram determinant, then it will not be equal to zero then aM only then when the

system of vectors , will be lIearly inepeunde•t.
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Since in p-'actice are ;ossiole cases of liavr dependence of these vectors, it

is necessary to provide- methods for synonymous determination of the sought for

coefficien.ts also for these cases.

In the role of one such method it is possible to introduce the following.

At each intervalN~tk,. after obtaining s measureisents we will calculate the Gram

deterndnant in all its main minors. Assuming there is a minor of maximum power 1, diffet.

coeicent ak). (k) k-ing from zero (:L'& a). Th=n all coefficients ,a k ".,e-*lk are assumed to

be equal to their standard values, and the reonaining ones are deterr.ined by solving

with 'ny one kcami, method a linear system -eith determinant, differing froM zero*

If 1 = + ÷ 1 *then the very Gram determinant differs from zero and all sought for

acefficients ere determined synonykmyously,

But if 1 0i.e.(x, • ) 0, then it can be assumed that all coefficients have

standard values and no adjustment of s.me is neeossary.

To reduce the volume of calculations it is possible to use the property of the

Gram determinant, ccasisting in the fact, that if any one major minor is different

frcm zero, then all m•in minors of lower powe+re also different from zero. Consequintly

it is possible to calculate the main minor in a sequenceS beginning with the minor

of maxi== power -(the very Gram determinant), and contiAu4 n: the calculation to the

first minor not equalling zero.

It should be pointed out, that with the aid of the described method it is possible

to make a Wrnonymaus determination of coefficients a.(k), al 99,...,an(k) and in

case s & n + 1*

In some instances deviatio4f values of coefficients a 0 (k),***, 8 n(k) are best

determined by minimtzing function (4.3) with the 3id of gradie'nt methods, For zero

approximations in this case it is possible to take standard values. And so, iu the

case of using just one step along the correction 6Todient to standard values they are

calculted vau(fcrn ) 8L(

-di -a G" u



'where ,
2 p (vi) L1 gIA (Tj (4 a

j-I

W(k) ý 0 are determined for each intexral¶ -tkt3

Using analogoys formula when nocessary it is also possible to calculate the folloW,.

ing approdimations.

5, Tue law governihb changes in control coefficiontse In general case each. oneof

the coefficients as(t), a 1 (t).o-ean(t) may depend upon the control parameters pl,

P260oooP (Px = (lpiP 2 §*.ooPg)) in an arbitrary munner. Because of this it is practically

impossible by changing G of the regulator parameters to accurately adjust the values

n+l of the coefficients to standard., At an accurate adjustment of soveyel coefficients

the remaining ones can still to a large extent increase their deviations from standard*

That is why a proposal is made to select the values of the control xoefficients at

each interval ltkstk*•L uELng the method of least swares of the minimizing st~a

L = (A,&a)l Ja 0 1 I.( .. Pg) a,'!'J-i-

Using the necessary condition of the presence of a minimum for functions (5.1).:we

will obtain the following system of algebraic equations to determine Plg.eo# 8

I.0

~ a1 p1 .............. .= apt.2

Actually the values of parameters Plo...ogp (amplification factows bid time cons-

tents) are limited by certain restrictions

At <P.( <Be (q= ,,.,gy

Conseequently the minalrzatio= of functions (3.1) tazst generally be carried out

with consideration of conditions (5o3). In this case will be obtained values of para.

meters p 1 96o9oPg, the de;ormination of which leads to the atteinment of an avpro=xm-

tiOn of the real system to the standard*

6. Integral form of equations to determine the coefficients of approximating

equation. All above mentioned deliberations and, operations were done under the aswumpo

tion, the t we have to our disposal a magnitude. of control value at the laterevtLn4
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us imoirent of time and the noce.sary number of its derivatives..

Even though there are certain assumptions on the obtainment of drrivatives of

any arbitrary order from the controlled value• \ but so far these assumptionz are

little realized. Consequently it is necessary to provide certain methods of roalizing

a self-adjusting system of control in the presence of a limited naudber of derivatives

(ordinarily with per.iissible accuracy it it possible to obtain the first two deriva-

tive a), ..ihich can be practically measured.

The problem of detcrmining the coefficients of appro-:imating equation can be solved

when measuring a limited number of derivatives if the integral form-of an algebraic

equa*ion system (3d1) is used. This form of equations can be obtained if each member

of equation (3,1) is integrated .n-m times within corresponding limits

71,- dt ... .+ a
n-rn'k 'k 'k ;k-- ,

S= 1,2 2 .

Here m=-nuber of derivatives of controllable value,, which can be m.•.sured with

required accuracy.

Assimin• that m, W ,hen after intecration we will obtain

k, •( " () -- " 0 0• - -X " , (t ) A ,j - -X ,v A l i 2'

-- a."- (t, (k)'- _ '.('r,•) - ' (t) -X 1 ~

*A it.2 ,...,a)

X I"I(t"J - '" - X"-"2 ') ( _ +-) "' .+

. .+ a ,(k)• • x (t) d t . . . d t .. .k )p (j) d r . . d l

Hee n nmbrofdeivtie o ff cotolal kau, hc a b srdwt

where

Asawning~Air thtx .hnat rJ i tegato we wil obai
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But in the system (6.2) we have still not freed ourselves from the necessity of

measuring high power derivatives, although they have to be measured ot' in points a

but in on. Pcint tk. i.e+.t the begruin of interval k.stk.l,.

Since to our disposal are only values of the very vlriable and first and second

derivatives, then we shall attach to the derivatives a power higher than the second

standard value. a&,f() [x, (lj)-z,,(1k)-(x,' (Il)0). A,-... (24-,) (1)), 3 +...

fl 'k ;, 1k 1ý A

' -\ \ x di d i ... " j,'~)i

f--I it- , .

From (6.0) by the explained method is possible to determine coefficients.

When assuming the smallness of the interial t k.tk+l1, with meers, containirg the

degrees &?tj '=j - tk hiGher than second power, can be disregarded. And so

for example, at n-nultiple integr4&tion and at mentionod assumption about the smallness

of. the iteýval .t" tkg+. the system of equations for determining the jought for coef-

ficients acquires the form of [, (,, _ X (1k) _ X1 (1h) _ Z, (,.) +a. =<"'-

X(1h) A - X1 (th) - 7 x (t)) Ar, -. di(k)L d

el

de Ik 14 Ilk

(t) +et' A ~ ~ '..I

Ia a e '

oU

1,.2S.... .. ... . . .. V#= I.2 .. ... )

To reduce the order of the derivatives necessary for measuring derivatives it isn

also possible to use the following methods.

First of all, in equation (312) in vhe right side the values of derivatives

can be taken as standard. The order of tip higher derivative4which

is necessary to moasure, drcreases from n to m - 1&

Secondly, standard values can be given to all members of the initial approxiemting

equation, in additiciu to these membera,' the control value derivatives at which can

be measured prectically with require& accuracy. It is assumed that there is a possibility:

of measuring the very oontrollable value in its two first derivatives. Equation (3.1)
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will then acquire the form of as(d) -x+ aI(t) + -,,(t)x(1)

- 1~Q)[am'(I( dm),+ +@?aQ)(0us) 5
sometimes g.'ve e/

This approximatiof Satisfactory results@

Conclusions Self-adjusting systems created by tife above explained principle, can be

used for controlling a wide class of objects. The basic advawtage Of these systems

is the consideration of noncontrolled perturbations, outer as well as inner (by maintain-

ing the parameters of the object and regulator)e

Sub•itted sept.8,1961
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