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GRAPH THEQRY AND AUTOMATIC CONTROL

Robert Kalaba*
The RAND Corporation
Santa Monica, California

SUMMARY

Several important classes of problems in the theory of automatic
control--including time-optimal control--find a natural setting in
the field of graph theory. Various aspects of formulation, ana-
lytical and numerical treatment, and implementation are sketched.

The paper is intended to be quite self-contained.

l. Introduction

A problem of central importance in the theory of automatic con-
trol involves the transforming of a system from an initial state
into a desired terminal state in the most efficient fashion. If,
for example a gust of wind causes an aircraft to bdegin rolling, the
autamatic pilot is supposed to send control signals to the control
surfaces in an effort to restore the craft, as rapidly as possible,
to the horizontal position with no angular velocity about its longi-
tudinal axis. Or consider a spacecraft which is about to re-enter
the earth's atmosphere. It is desired to fly along a trajectory

which will bring the craft to the surface of the earth while keeping

*Any views expressed in this paper are those of the author. They
should not be interpreted as reflecting the views of The RAND Cor-
poration or the official opinion or policy of any of its governmental
or private research sponsors. Papers are reproduced by The RAND
Corporation as a courtesy to members of its staff.
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the maximun temperature to which the surface of the craft is exposed
as low as possible. Ome might also wish to select a path which will
minimize the maximum deceleration during descent.

From the mathematical viewpoint it seems natural to consider
such problems as belonging to the calculus of variations. Toward
this end one introduces a state vector x(t), with x(0) =¢c, a

control vector y(t), and a dynamical equation

(1) x = 2(x,y).

We wish to determine the control vector y(t) in such a manner that
the system is transformed from the initial state ¢ to some desired
terminal state, say x = 0, as rapidly as possible. An extensive
literature now exists concerning such problems [1,2], especially for
the case in which the function f is linear in x and y and the
components of the control vector y are subject to certain con-
straints. Alternatively, we might wish to determine the control
vector y(t) so that we minimize the maximum value of some function
g(x(t),y(t)) during the course of transforming the system fram the
initial state to the terminal state. There is a less extensive
literature associated with such problems [3,4].

If we keep in mind that the treatment of significant problems
in this area will ultimately involve the use of digital computers,
vherein all variables are rendered discrete, and that some control
systems operate in a discrete fashion by design, it becomes of in-
terest to consider a discrete formulation and treatment of automatic

control processes, as opposed to a continuous one. The aim of this



paper is to give an indication of the current state of affairs in

this program.

2. Time-optimal Contrcl and the Nature of Feedback

Let us consider a system S which may be found in any of a
finite number, N, of possible states. We represent these states
by the nodes of a graph [5,6] and number them 1,2,...,N. In the
course of time the system changes its state; i.e., it undergoes a
sequence of transformations which we call a process. When the system
is in state 1, we assume that a control decision can be made, the
result of which is that the system is transformed into some new state.
In general, when the system is in state i, only certain new states
may be attained as the result of making a control decision.

In the passage from state 1 to state J a certain amount of
& resource such as energy must be consumed during such a transforma-

tion. This assigns a number, t to the directed arc fram 1 to

iy’
J. ILet us consider that we wish to control the system S in such

a vay that if the system is disturbed from its equilibrium (or most
desirable) state, say the state N, then we shall return it to the
equilibrium state in the least possible time.

At first glance it might seem that we wish merely to find a
shortest trajectory through phase space leading from the initial
state 1 to the desired terminal state N. Actually this is not
so. Frequently we shall have no prior knowledge of what the particu-
lar initial state 1 will be, so that we must be prepared to trans-

form the system from any initial state 1 1into the desired terminal

state, and do so in minimum time. Now we may go one step further



and note that if the system is in state i, it is not necessary to
specify the entire trajectory from i to N. 1Indeed, all we need
do is specify that if the system 1s in state 1, then the next state
into which to transform the system is a particular state J.

These considerations enable us to distinguish between what is
called open-loop and feedback control. In an open-loop process the
entire sequence of transformations is specified shead of time. This
type of control is useful when one has great confidence that the
system will perform as specified and that random external influences
are negligible. In practice this means that all control influences
will be exerted in a prescribed fashion as a function of time, i.e.,
according to the reading of a clock, no notice being taken of the
actual state of the system. A simple example of this is the control
of the temperature of a room by turning a furnace on and off at
certain fixed times. Open-loop control is usually economical to
provide, but in turn, may not provide satisfactory control due to
the neglect of external factors.

A more sophisticated type of control is achieved by carrying
out the following cycle of operation: (1) determine the state of
the system (measure the temperature of the room); (2) decide on a
control action (turn the furnace on or off); (3) return to (1).

A control system which operates on this principle is termed a feed-
back control system. There is an extensive theory of such processes
going back to Maxwell [7,8,9]. For the most part this is a theory
describing how a system would act if controlled in a certain way,

the notion of stability playing a major role [10]. It is clear,



though, that we wish to control in optimal fashion, so that emphasis
has turned from stability to optimality considerations, though, of

course, there is an intimate relation between the two.

3. Formulation [11]

We introduce the following nomenclature:

(1) t 13 = the time required to transform the system from state
i to state J over a direct link.
(2) u, = the time to transform the system from state i to

state N (the desired state) in optimal fashion,

i= 1,2’000,N0

To derive relations among these quantities we note that if the
system is in state i and the decision to transform it into state
J is made, J # 1, then the process will have to continue optimally
from state j to state N if the entire process is to be optimal.
Furthermore, the choice of the next state, state J, is made on the

basis of minimizing the sum

(3) t,, tu

1) 3’
for ti 3 is the time to pass directly from state i to state Jj,
and u 3 is the minimal time required to pass from state J to the

terminal state N. These observations, manifestations of Bellman's

principle of optimality (1], lead to the nonlinear system of equations

(&) = min (t

=1 Y
uN=00

~
I

"'U.J), 131,2,000,N‘1’



4. Uniqueness [11]

Since we contemplate solving the equations (3.1+) via various
successive approximation techniques, it is important to establish
the uniqueness of the solution. Suppose that {ui] and {Ui} re-
present two solutions of the system of equations (3.4), and that k

is an index where the difference
(1) W - U
achieves its maximum. Let
(2) = min [ + U } = +
i Yy t Uyl e v Y,
and
(3) = min { +U,) = +U.
Gemma oy +Ud =ty + T,
Since we are assuming that
(%) tiJ >0,

it is clear that

(5) r#k, s #k.

We have the inequalities

(6) W=t tu st tu,

(7) Uk=tks+usStkr+Ur’

which lead to the relation



(8) w - U su, - U

Since k is an index for which the difference u, - U is maxi-

J J
mized, equality must hold in relation (8),

(9) l’]{-Uk=uS-US’

which implies that equality also holds in relation (6)

(10) W=t tuo.

%)

But now we may repeat the same reasoning for the state s and

establish that there is another state, state m, for which
(11) w - U =u - U =u - U

Furthermore m # s and m # k since

(12) LR T A

Continuing in this way we must eventually come upon the state N,
for which

(13) “N - UN = 0,

which completes the proof.

5. Successive Approximations

We may use Picard's method of successive approximations to
establish the existence of a solution of the system of equations
(3.%) and to provide a practical computational scheme. As our initial

approximation, ui(o), wve make the decision to transform the system



directly from state i to state N. Of course, if no such direct
link exists we assume that the time that elapses is M, a suitably

large number,

(1) u (0)

i = tiN’ i-= l’e’ooo,Nt

The higher order approximations are obtained in the usual way,

T TR Y Y
(2)
(k+l) _ 0

)

for k = 0,1,2,.... The physics of the problem enables us to see

some of the properties of the successive approximations. For example,

since
(3) ui(l) =min (e, *+tyd, 1= 1,208 - 1,
JA
ui(l) =0,
we see that
(&) ui(l) = the minimal time to transform the system from state

i to state N via at most one intermediate state,

i-= l,a’u.-,No
And, in genersal,

(5) ui(k) = the minimal time to transform the system from state

i to state N via at most k intermediate states.



From this it follows that the approximations are monotone decreasing,

(6) u (k+1) <u (k)

which is easy to establish via induction. Since ui(k) is bounded

from dbelow,
(7) ui(k) 2 0, i = 1’2’000,N,

the convergence of the approximating sequence is established. As a
matter of fact, though, an optimal trajectory from any state i to
state N has at most N - 2 intermediate states, since an optimal
trajectory does not cross itself to form a loop. Thus the conver-

gence of the process is assumed after at most N - 2 stages. That

the limiting values satisfy equations (3.4) is clear.

6. Observations on the Approximation Scheme

Use of the equations (5.2) involves only addition and comparison
of numbers, two operations for which a digital computer is well-
suited. Furthermore, in calculating the value of ui(kH') only the
1-th Tow of the matrix (t;,) and the vector (ul(k),ue(k),...,un(k))
need be in high-speed storage. In this way problems for which N
is of the order of several thousand can be solved by an IBM-T7090 in
several minutes., Efficient programs will exploit special features
of a given problem. This is certainly true if each state is directly
connected to only several of its neighbors. In some instances the
values of the successive approximations are more important than the

solution of the original problem. If the optimal trajectory from

state i to state N has many intermediate states, then it might
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require a complex instrumentation to achieve, so that a knowledge of
both the successive appraximations and the limiting values may be of
importance in designing a control system.

Finally, let us note that our solution consists not so much in
the production of the values Uy sUpsyeeery, 88 in the knowledge of

the value of J§ which minimizes the expression t.,, + u,, for each

i
value of 1. This is precisely the knowledge that is required for

determining optimal feedback control.

T. Other Approaches

Many other approaches to this problem have been devised, in
particular by Dantzig [12] and Ford and Fulkerson [13]. In particu-
lar it is possible to fan out from the destination and determine,
one after the other, the nearest, second nearest, and so on, states
to the terminal state.

A variety of analogue devices can be used. Some of these are

described in the paper [14], where many references are provided.

8. Arbitrary Terminal States

In the event that we wish to determine optimal trajectories from
any initial state to any terminal state, we might apply the procedures
referred to above N times, in each case letting a different state

be the desired terminal state. Alternatively, we may let

(1) u (k) _ the time to transform a system in state i into

i
state J using a trajectory with at most k

intermediate states.



Using the principle of optimality we see that

(2) uia(akﬂ) = 2;;1 [um(k) + umd(k)}’ i#3.

Since k will be at most N - 1, and since we can easily determine
the matrices (ui,j(O))’ (um(l)), (ui,j(3))’ (ui,j(7))’ (uid(ls)),...,
the problem is readily handled, at least computationally.

9. Prelerred Suboptimal Trajectories [15]

One of the key difficulties in applying these ideas to a con-
crete physical situation lies in deciding on the number and nature
of the physical states of the system to be considered. In particular
if the number of states chosen is too small, i.e., the grid in phase
space is too coarse, the time to traverse a second shortest path
may be considerably larger than the time to traverse an optimal
path. On the other hand, if these times are not too different, one's
confidence in the reasonableness of the mathematical model of the
physical process may be increased.

In addition, we must recognize that even if we determine an
exact solution to the mathematical solution, due to the neglect of
a variety of physical factors we have only an approximate solution
of the physical solution. If a mathematically optimal trejectory
vwhich we have found is unsatisfactory from the physicel viewpoint,
we may either find a near optimal trajectory for the mathematical
problem, in hopes that it will be better from the physical viewpoint,
or we may reformulate the mathematical problem. ILet us show how we
may determine second best trajectories, once having determined
optimal trajectories to the terminal state N.



1?2

Under the assumption that there is at least one trajectory from
state i to state N that is not optimal, i =1,2,...,N -1, let

us define the variables Vis i=1,,2,...,N -1,

(1) v, = the time that it takes to transform a system from
state 1 to state N using a second best trajectory,

i-= l,2,ooo,N - l,

Of course, we are assuming that there are no loops in the trajectory.
Next notice that if we make the decision to transform the system
from state 1 directly to state J, then the continuation must

be along a trajectory from state j to state N which is eitber

optimal or second best. This leads to the relations

(2) v, = min, [tid + uJ,t“ +vd], i=1,2,...,F-1,
I#
vy = o,

where we have used the notation

(3) minz(al,ae,...,an) = the second smallest of 8,,85,...,8p
(under the assumption that they are

not all equal).

Generalizations are given in the paper 15], and are discussed at
length in [16].
Pollack {17] has also observed that we may find second best

paths by first finding the optimal trajectory (assumed unique) from
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state 1 to state N. Then we eliminate the first link in the
optimal path from the network and determine an optimal trajectory
from state i1 to state N wusing only the remaining links in the
network. Then this is done for each of the remaining links in the
optimal trajectory being considered. Since there are at most N - 1
such links in the optimal trajectory, at most N - 1 such problems
need be solved. A trajectory which yields the smallest of the
numbers so found is a second shortest trajectory. The proof is
given by noting that a second shortest trajectory must differ from
an optimal trajectory in at least one link. With this method there
is no difficulty concerning the possible formation of trajectories

with loops.

10. A Stochastic Time-optimal Control Process [1u]

Next let us assume that the physical situation is such that
the time involved in transforming the system from state i to state
Js ti 5 is not known precisely. Suppose, though, that we may
consider it to be a random variable with a known probability density
function pij(t)' This is a great assumption which may or may not
be justified in a given situation. Furthermore, we shall assume
that the time to traverse any link in a trajectory is independent
of the time to traverse any other link in the trajectory, another
severe restriction.

Under the assumptions just stated, our aim is to find the
optimal feedback control decision to make when the system is in
state 1i. Let us now explain carefully what we mean by this. We

shall assume that our objective is to maximize the probability of



14

transforming the system into the desired state N ina time t or

less, where
(1) t 2 0.

The sequence of operations to be carried out is this: First the
current state of the system and the time are measured (by sensing
equipment). Secondly, a decision is made as to the next state that
the system is to occupy. Then a random time elapses until the
system reaches this state. Next a measurement is made of the new
time and state. On the basis of this knowledge of the new state
and the new time, a decision is made as to what the next state is to
be, and so on. Notice particularly that we do not attempt to leay
out the entire sequence of decisions leading from state i +to state
N initially (as would be the case for open loop control); rather
we observe, decide, and act over and over again. We aim to determine
the optimal decision to make under given circumstances, i.e., for a
given state and given time remaining in the process. While for
deterministic processes open loop and closed loop (feedback) control
lead to identical results, for stochastic decision processes they
are conceptually quite different.

Let us now define the functions ui(t), i=1,2...,N, Dby

the equations

(2) ui(t) = the probability of transforming a system from the
initial state 1 to the desired terminal state N
in time t or less using an optimal feedback

control policy.
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If we use the principle of optimality once again, we can write the

equations
t

ui(t) = x;;a; J pid(t-s)ud(s)ds, 1=1,2,.0.,N -1,

(3)
u.N(t) = 1.

Equations (3) appear to be quite difficult to handle both
analytically and computationally. The appearance of the convolution
integrals suggests use of laplace transforms, but the occurrence of
the meximum operator militates against this. The maximum transform
discussed by Bellman and Karush [18] and others might be useful.

Some other closely related stochastic control processes are

discussed in references [14] and [19].

1l1. Mnimax Control Processes

In some circumstances, such as we have discussed in Sec. 1, it
is desirable to transform a system from an initial state to a
terminal state in such a way as to minimize the maximum stress to
which the system is exposed during the course of the process. We
shall refer to such control processes as "minimax control processes.”
Once again we shall consider a system which may be in any of a finite
number of states, N, the states being numbered from 1 to N.
We consider state N to be the desired terminal state. When the
system is transformed directly from state i to state j, a
is encountered. Thus the stress s is

iy’ i3
associated with the link (i,j). Our basic problem consists in

maximum stress, s
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finding a trajectory from state 1 to state N which is such that
the maximum stress along this trajectory is as small as possible.

12. Use of Functional Egquations

Iet us introduce the variables u i=1,2,,..,N -1, by the

i)
relations
(1) u, = the maximm stress along an optimal trajectory from
St&te i tO tm temim Bt&te N, i = 1,2,.00,“ - l,
‘IN = 0-
Then use of the principle of optimality immediately leads to the
relations
(2) ui = min {m(si ,u )], i = l’a’ooo,N - l,
I# I
uy = 0.

These are, of course, the analogues of equations (3.4). The results
of the following sections could be obtained directly from these
equations. Rather than pursue this path, we shall keep the network

itself in the foreground.

13. A Special Case

A very important and interesting special case arises when we

stipulate the reversibility equality

(1) 85y " s‘u.
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Thus one stress, & is connected with the arcs (i,j) and

1y’
(J,i). We can carry through the analysis in some detail and establish
a relationship with a seemingly unrelated problem in graph theory.

We first observe that the maximum stress encountered along
any trajectory is one of the numbers [sij}' Let us then arrange

the (positive) numbers {sij} in ascending order of magnitude and

denote this sequence by s (R < (N/2)(N +1)). Call the

17507+ +s5g

corresponding arcs 81,82,...,SR. For convenience, we assume that

the stresses associated with the arcs are all different from one
another, a condition which can be attained by adding suitably small
quantities to the stresses given, if necessary. Then we observe

that the states joined by the arc having the stress sl cannot be

Joined by any trajectory with a smaller maximum stress. This arc,

S constitutes an optimal trajectory for those states. Next we

1’

observe that the states Joined by the arc of stress s, are also

2
Jjoined optimally by this arc, Sa.
The situation becomes a little more complicated insofar as the

o

states joined by arc S, are concerned. If the arcs S., S, and

3 1
83 do not form a loop, then the states joined by arc 53

optimally by it. However, if arcs Sl’ 82, and S3 do form a loop,

2

are joined

then the arcs S, and 82, and not S

1 connect these states

3’
optimally.

Furthermore, we see that if we continue this process of se-

lecting arcs from the sequence of arcs 81’52""’8 making sure

Rl
that no arc selected forms a loop with any of the arcs already

selected, we shall eventually select N - 1 arcs containing no loops.
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We shall thus have formed a particular spanning tree in the network,
and the unique trajectory in this tree which connects any two states

is the minimax trajectory between those states.

14. Minimal Spanning Trees

But the construction which we have just indicated is well known
to provide the solution to another seemingly unrelated problem:
Under the conditions stated in Sec. 13, find the tree for which the
sum of the stresses in its branches (arcs) is as small as possible.
This tree is called the minimal spanning tree. In 1956 Kruskal [20]
showed that the construction given solves this problem. Various
other algorithms are given in references [20,14].

The algorithm described is not satisfactory from the computa-
tional viewpoint, for testing to see whether or not an arc completes
a loop when added to another set of arcs can be quite time-consuming.

Prim [21] has given some very effective computational procedures.

15. Comments and Interconnections

Our result on minimax control processes, subject to the restric-
tions in Sec. 13, may be formulated thusly: optimal minimax tra-
jectories lie in the minimal spanning tree. Let us now illuminate
this result in several other ways.

First we give another proof. Consider an optimal minimax
trajectory from state i to state N. Suppose that is is not the
trajectory from state i to state N which lies in the minimal
spanning tree. Then there is at least one arc in this trajectory

which does not lie in the minimal spanning tree. Denote this as
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arc A. If we add this arc to the set of arcs in the minimal spanning
tree, then exactly one loop is formed, say the loop with arcs

(AA, 0 )A7). But the following inequality must hold
(1) stress(A) 2 max(streas(Al),stress(Ae),...,stress(AJ)).

If it did not, then it would be possible to lower the sum of the
stresses in the branches of the minimal spanning tree by adding arc

A to the minimal spanning tree and deleting an arc A2 for which
(2) stress(A) < stress (Ae).

Inequality (1) shows that the arc (A) in the supposed minimax
trajectory may be replaced by arcs in the minimal spanning tree
without increasing the maximal stress encountered. Since arc (A)
could be any arc in the minimax trajectory, the proof is complete.
In his paper [21], Prim observed that the minimal spanning tree
not only minimizes the sum of the siresses in its branches but also
minimizes, among all trees, any monotone increasing and symmetric
function of the stresses in the branches. In particular, we note,

it minimizes the function

(3) Sp = [slp + 32p + a0 + BN-lp]l/p’

for p = 1,2,..., and the limit function

&) m(sl,aa,...,au_l) = 1im Sp,

p'.

vhich is easily proved.



This suggests that we consider the problem of determining a
trajectory from state i to state N which minimizes the sum of
the p-th powers of the stresses in its arcs. Clearly for p = 1 this
is equivalent to the problem of determining a time-optimal trajectory,
which was considered earlier. On the other hand, in view of equation
(4), for p sufficiently large this is the problem of determining
a minimax trajectory. More precisely, we can show that for p suf-
ficiently large a trajectory which minimizes the sum of the p-th
powers of the stresses in its arcs lies in the minimal spanning tree.
For consider an arc S which is in the optimal trajectory but which
does not lie in the minimal spanning tree. Iet its stress be s,
and let the stresses of the arcs in the minimal spanning tree with

vhich it forms a loop be B)s8pseeesBpe Then, as we observed earlier,

r
(5) 8 > m(sl’seyﬂ'xsr))

and for p sufficiently large,

(6) 1> (8,/8)P + (8,/8)° + ... + (s,/0)",
‘or
(n sp>slp+32p+... +srp.

This inequality shows that the arc S may be replaced by arcs in
the minimal spanning tree and establishes the result.

In reference [22] M. Pollack posed the problem of determining
a maximum capacity path between two stations in a communications net-

work and provided several solutions. This problem is equivalent to
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ours. Furthermore, D. R. Fulkerson has pointed out to the author
that T. C. Hu (23], commenting on Pollack's paper, has obtained our

result on minimax trajectories.

16. Multiple Stresses

It frequently happens that stresses arise during a process from
several different causes, i.e,, mechanical and thermal. While, in
general, a minimax trajectory for one is not a minimax trajectory
for the other, we can attempt to determine trajectories which are
optimal in the sense that no change in the trajectory can lower both
maximal stresses.

On link (i,J) 1let the maximal thermal stress be t,, and

J

the maximal mechanical stress be m Then, if we introduce the

13°
Lagrange multipliers n, and n,, we can associate the generalized
stress '13’
(1) 51.1 = nltia + nm, 5

with each arc. PRy letting, e.g.,

(2) n = 1,
= a,

and determining a minimax trajectory between two particular states,

for wvhich the maximum mechanical stress is, for example, 8, we can
guarantee, that among all trajectories for which the maximal mechani-
cal stress between the states is s, we will have found a trajectory

for vhich the thermal stress is minimal. Then a parameter study,



involving the determination of many minimal spanning trees, might
yield useful design information concerning the trade-offs that are

possible.

17. Discussion

Our primary aim has been to show the close connection between
several important classes of automatic control problems and graph
theory. These considerations have raised many additional questions.
Let us conclude by stating same of these.

Formulation. How are we to decide how many states of a system
need be considered, what the stresses or times are, and wvhat the
criterion is?

Analytical and Computational Treatment. What are the connections

between the solution to the discrete and continuous problems? Myriad
other problems, too varied to catalogue, arise.

Implementation. After the optimal feedback control decisions
have been determined, how can controllers be realized to carry out
the programs?

It is felt that the answers to these questions would provide
both automatic control and mathematics with additional interesting

chapters.



lo.

11.

13.

U

23

REFERENCES

Bellman, R., Adaptive Control Processes: A Guided Tour, Princeton
Univ. Press, Princeton, N. J., 1961.

IaSalle, J. P., "Time Optimal Control Systems," Proc. Nat. Acad.

Sci. USA, Vol. 45, 1959, pp. 573-577.

Bellman, R., Dynamic Programming, Princeton Univ. Press, Princeton,
N. J., 1957.

Ash, M., R. Bellman, and R. Kalaba, On Control of Reactor Shutdown
Involving Minimal Xenon Poisoning, Nuclear Science and Engineering,
Vol. 6, 1959, pp. 152-156.

Konig, D., Theorie der Endlichen and Unendlichen Graphen, Chelsea
Publishing Co., Inc., New York, 1950.

Berge, C., Theorie des graphes et ses applications, Dunod, Paris,
19%0

Maxwell, J. C., "On Governors," Proc. Royal Soc. london, Vol. 16,
1868, pp. 270-283.

Newton, G., L. Gould, and J. Kaiser, Analytical Design of Linesr
Feedback Controls, John Wiley and Sons, Inc., New York, 1957.

Bellman, R., and R. Kalaba (editors), Mathematical Trends in Control
Theory, Dover Publications, New York, to appear.

LaSalle, J. P., and S, lefschetz, Stability by Liapunov's Direct
Method with Applications, Academic Press Inc., New York, 196l.

Bellmsn, R., "On & Routing Problem,"” Q. Appl. Math., Vol. 16, 1958,
pp. 87-90.

Dantzig, G., On the Shortest Route Through a Network, The RAND
Corporation, P-1345, 1959.

Ford, L. R., and D. R. Fulkerson, Flows in Networks, Princeton Univ.
Press, Princeton, N. J., 1962.

"

Kalaba, R., "On Some Communication Network Problems," a chapter in
the book Combinatorial Analysis, Amer. Math. Soc., Providence,
Ro Io’ 19600

Bellman, R., and R. Kalaba, "On k-th Best Policies," J. Soc. Ind. and

Appl. Math., Vol. 8, 1960, pp. 582-588.



16.

17.

19.

20.

21.

22.

‘ 23-

Pollack, M., " Solutions of the k-th Best Route Through a Network--
A Review,” J. Math. Anal. and Appl., Vol. 3, 1961, pp. S47-559.

Pollack, M., "The k-th Best Route Through a Network," Oper. Res.,
Vol. 9, 1961, pp. 578-580.

Bellman, R., and W. Karush, "On a New Functional Transform in
Analysis: The Maximum Transform," Bull. Amer. Meth. Soc., Vol. 67,
1961, pp. 50L-503.

Kalaba, R., "Dynamic Programming and the Variational Principles of
Classical and Statistical Mechanics,” a chapter in the book
Developments in Mechanics, Vol. 1, Plenum Press, New York, 1962.

Kruskal, J., "On the Shortest Spanning Subtree of a Graph and the
Traveling Salesman Problem," Proc. Amer. Math. Soc., Vol. 7,
1956, pp. 48-50.

Prim, R., "Snortest Connection Networks and Some Generalizations,"
Bell System Tech. J., Vol. 36, 1957, pp. 1389-140L.

Pollack, M., "The Maximm Capacity Through a Network," Oper. Res.,
Vol. 8, 1960, pp. T33-736.

Hu, T. C., "The Maximm Capacity Route Problem," Oper. Res., Vol. 10,
1962, pp. 898-900.



