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VI RANE BEHAVIOR: POLAR PARAMETERS

The paraboloidal shell will, under the proper circum-
stances, prefer to carry the applied loads by the development of the force
resultants Ny p rather than by the development of the transverse shear
resultants Qg and the bending moment resultants, Mdﬁ. Such behavior is
commonly called membrane behavior although the term G‘Qiomentleaas'ﬁ3
behavior is the more connotative. The membrane or momentless behavior
will be the dominant mode of behavior when either the bending moments
induced by the loads are negligibly small or whenever the flexural
(bending) rigidity of the shell is sufficiently small so that the shell
will deform without inducing appreciable bending moments. In this chapter,
various solutions of the membrane equations as written in terms of the
polar parameters will be presented. The so-called membrane equations are
easily obtained by omitting the Mgy, Qq ,and‘k‘a terms from the equations

which have been derived in the previous sections



6.1 THE GOVERNING EQUATIONS

The equations which govern the membrane behavior of a

paraboloidal shell will be summarized in this section.

The strain-displacement relations (see equations 3.4.19,

3.4.20, 3.L.21):

£°. | dup w 6.1.1
T B 3V e ;
0.1 3y _ur W ,_v_v_ ’ 6.1.2
8 2fy e 2¢ Y4/ )+ (¥)? 2f N1 4{x)2 o
, , 2ul g L oauy
-] - + )
26 28Vi+(E OV 28rvie(n* 2FY 0 613
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The equations of equilibrium (see equations L.h.1.1L, L.4.1.15, L.4.1.16):

N
YaTNYE + V|+(n2 33';0 + Np-No + 2FY Y1+(1)2 Pr =0,

6.1 oh

]

N
¥ 5 ViTmE S +2N 4 280 izmmE Pe =0

6.1.5



|
v Nt Ng +284ft4m2 P, =0 . 6.1.6

The stress-strain relations (see equations 5.2.7, 5.2.8, 5.2.9)

Nr=:—:-/-i (e2+v€g), 6.1.7
_ Eh 0

Nre=1,3 (1-v) €rg > 6.1.8

Ng = ._E:z (€:+u€:). 6.1.9

There are nine equations for the nine unknown quantities:

€, €0 € W ul w, N, N, N,.

ro re» ro LI

6.2 THE BOUNDARY CONDITIONS

We will be concerned in the main with a paraboloidal shell
vhich is bounded by one or two boundaries located at ¥= ¥, and ¥= 4§, , i.e.,
the boundaries are circles of latitutde. These possibilities are shown

in figure 6.2.1.



BOUNDARY 7,

BOUNDARY 7,

Figure 6.2.1

Note that the case where the shell is closed at the apex is not
excluded here as 5, can well be zero.

The system of differential equations for determining the displace-
ments is a second order system (cf. 6.1.1, 6.1.2 and 6.1.3). However,
the stress resultants entering into the right hand sides of these
differential equations are themselves solutions of a second order system
(ef. 6.1.4, 6.1.5 and 6.1.6). Hence the displacements in the membrane
theory satisfy a fourth order system of equations. Correspondingly, two
independent boundary conditions must be given at each of the edges of
the shell. It is clear from the equations themselves that half of these
conditions must be given in terms of the displacements while the remaining
conditions can be given either in terms of the displacements or the stress

resultants.

It should be observed that the number of boundary conditions which can be



satisfied in the membrane theory is only half of that satisfied in the
general theory. This phenomenon stems from the basic assumption in
membrane theory that the shell has no bending stiffness in which case the
unknowns M,, , Q. , and k., need not be considered.

In the case of a shell with both edges restrained against tangential
motion, the boundary conditions are all given in terms of the displacements.

They are

u, (¥, 0)=o, 6.2.1

U: (‘2.3 e) =0, 6.2.2
° -

uO (", o) = O, 6:203

U, (¥,,6)= 0. 6.2.4

On the other hand, the boundary conditions for a shell with one edge

free, J,, and the other edge, §, , restrained against tangential motion

are
N, (¥, ) = o, 6.2.5
N, (¥, 0) =0, 6.2.6
u, (1,,0)= 0, 6.2.7
ug (¥,,0)=o. 6.2.8




If the shell is closed at the apex, the usual procedure is to require
that the stress resultants be finite there.

It will be shown in a subsequent section that, under the conditions
enumerated in equations 6.2.1 to 6.2.8, the shell exhibits no in-
extensional deformations (i.e. deformations without straining the
middle surface of the shell). The corresponding membrane analysis will

be simplified considerably.

6.3 THE LOADS DUE TO GRAVITY

A type of loading which is of great interest is that
which is caused by the dead weight of the shell, i.e., the so-called

gravity loading. In this section we will express the loading intensities

P,. s P’ R P" in terms of the gravity loading. Consider the csse

where the shell has rotated from its face-up position (see figure 6.3.1)

though an angle ¥



Figure 6.3.1

The ';“ axes are fixed in space such that the gravity axis is in the
negative 73 direction. Without loss of generality, we assume the shell
to have rotated about its own y' axis which coincides with the ")’i'

axis. Let the load intensity vector due to the force of gravity be

denoted by ,‘o’ . Then

pP=- Poh-i3
6'3.1



where po is the weight density of the material in the shell (units of

~
pounds per unit volume), h is the thickness, and i 3 1is the unit vector
in the y3 direction, With respect to the coordinates yn which are
fixed in the shell, we have the simple relationship
i3=‘i2 siny+T3 cos ¥ 6.3.2

where Tz and 1 g3 are the unit vectors associated with y2 and y3 « Thus

P= poh sin yig—poh cos ¥ iy . 6.3.3
In the shell coordinates (see equation k.4.1.19) the load intensity

vector is expressed in terms of the coordinates on the middle surface of

the shell.
Fn Pl" ;I + PO —l + P ﬁ 6.3.11
Na, Vay, "
where
Pr =p- 9 . -ﬁ’—h—-— [sin 6 siny-¥cos y],
A Afi(v)? 6.3.5



h cos 6 siny, 6.3.6

= -c —;z—— p
Po=? Nagy = 1°
o eh 6.3.7

Phep* h =[-Tsin® siny-cosy
ntf ! ]«Ih(n‘
In obtaining equations 6.3.5, 6.3.6, and 6.3.7, we have made use of the

a , 9, n, asd T,, Ty,

relations comecting the base vectors

(see equations 2.1.8, 2.1.9, 2.1.1ka).

6.4 THE AXI-SYMMETRIC MEMBRANE BEHAVIOR: GRAVITY LOADS

If the structural configuration of the shell is axi-symmetric

and if the loading is also axi-symmetric as in the case of the loading

due to gravity, then the membrane equations become further simplified.

The axi-symmetric problem is characterized by

?

30 = 0 6.4.1

u: =0, 6.4.2

Pe =0 6.L4.3
d

and the remaining partial derivative becomes an ordinary derivative, 3
¥

For the validity of this statement and the uniqueness of the solutiomn



sought,, readers are referred to section 6.6.

Under these restrictions the strain-displacement relations become

(see equations 6.1.1, 6.1.2, 6.1.3):

€° . 1 dug - wW 6 h h
"o 2ihemz 98 21+’ o
0
u
o £ 6.4.5

€o = - .
°2vienz 2WTe(m2

The equations of equilibrium also become simplified (see equations

6.1.L, 6.1.5, 6.1.6):

dN
U T‘I+Nr-Ne+ 2’,,‘,1."(‘)2 Prz O, 6.’4.6
N+ N +2f413(12 Pt O 6.1.7
1+ " ® 1+(y)2 Pn .

The pertinent stress~strain relations (see 6.1.7, 6.1.8, 6.1.9)

10



are the following:

Np = f:',z (€p+v 6;), 6.1.8
Eh [
Ng = 753 (€e+1/ 6:). 6.4.9

The loading which is of interest is caused by the dead
weight of the shell. From section 6.3 we have

hY
= -—L ' 6.)-1'10

Pe” e

Po = o , 6.)1011

Pp= —— - 6.1.12
AVi+(v)?
With the introduction of the loading terms (equations

6.4.10, 6.4.12) the two eguilibrium equations can be combined into a

single ordinary differential equation:

11



—_— e = 1
dy Nr[ 7t ,[H("z]] 2-”‘;%(6’4' ') 6.4.13

)

The formal solution of the differential equation (6.L.13)

can be expressed as

,’ 2
N, . 2fpoh 1+(¥) {[1+(¥)2]3/2+C1} 6.b.1L

3 (v)2
where Cl is a constant to be determined by the boundary conditions.
Note that the differential equation (6.4.13) possesses a regular singu-
larity at the apex, ¥= 0 . Thus the solution, as it is presented in
equation 6.4.1L, is valid only for ¥> O, i.e., for all ¥Z& where 3> 0
can be arbitrarily small. The case where the shell is closed at the apex
will be discussed later. However, we may avoid the difficulties associa-
ted with the singularity by constructing the paraboloidal shell with a
hole at the apex.

The force resultant Ng 1is obtained by substituting

12



ecuation 6.4.1L into the equilibrium equation (6.4.7):

1 3/2
Ng(¥)=2fp0h {n-——— [ 1+(y)2 +c]}, 6.4.15
¢ pe 3(02J1+(5)2 ( ) !
0
We will require the displacements u‘; syUg,and w not
only because the deformations are of primary interest but also because
all the boundary conditions may be prescribed in terms of them. By

o
solving equations 6.4.8 and 6.4.9 for €, and ég , and then introducing

equations 6.L.1L and 6.L.15, the strains can be determined:

o 2f 1+ 2 (1+v 1
Erz—gg—{mé+2(1-7)+(” +C'|:(—r)—21_+(%)—2-+ 1+([)2:| ’ 6.4.16

o_ 2f 21--12Y _yin)2-C (1+v) !
€g= SE { (1-7) -7z - v (0 evees emne| [ &4

The strain-displacement relations (6.L.6) can be re-

arranged to read

0
up 0
w=——-2fy14(3)Z € 6.1.18

13



and substituted into the other strain-displacement relation (6.4.L) to

yield the differential equation for u, .

¢

0

dup _ u: . o €

If the shell is not closed at the apex, the solution to the differential

equation (6.4.19) is
442 -
"‘é(t)=——f&—{(*+mln -5 (3Y) (24 (0)°

3EVI+()?
+ ¢, [-(rev) uan (HY0E)_(1+0) «/‘_"1 +()2

+ N1+(n2]+czx} . 6.L.20

The introduction of 6.L.20 into 6.4.18 yields

4f} 1\, (32¥) ()2 4
w(r) :3;-%(7 {(1+y)(lnl-W)+(—5—")(J) +x % (1+(2)

[ 2(v-1) +;—:)'—;_— + v(l)z] +C, [- (1+») In (———-—H’ “;.mz)

+VIEE (1+0)] + cz} : 6.1.21

Several different combinations of boundary conditions
will be considered and explicit evaluations as well as numerical cal-

culations will be made. These will be designated as Case 6.l.1,

1k



Case 6.4.2 and Case 6.4.3. The numerical results will be presented in

terms of the non-dimensionalized quantities

N> N

r = 2fgh 6.4.22
N*__ —Nl.
o 2fgh 6.4.23
., B
Yo 4f2p, 6.4.24
» sz
W= af fo 6.4.25

The choice of parameters for non-dimensionalization is obvious from
equations (6.4.14), (6.4.15), (6.4.20) and (6.4.21).

15



6.4.1 BOTH EDGES RESTRAINED IN THE TANGENTIAL DIRECTIONS
The boundary conditions for a shell with both edges

restrained in the tangential directions are specified by

up (v) =0, 6.4.1.1

up (¥)=0 6.4.1.2
where ¥, and ¥9 are the boundaries of the shell (see figure 6.2.1) and
are chosen such that

I, <7, 6.4.1.3

The solution for C1 and C, can be put into the form

2

= B(t‘) ‘z‘ B(‘g) )',
€ AT T, - AT T, S-hedo

B (1) A(T,) - B(8) Alr,)
Al T, - AN T, 6.4.1.5

C2

16



where
A+ (1;)2 »\/1+ ¥:)2
Alg)= 'tV“f(*i”‘(H”)[‘i tn = t;( : )+ :ad ’

¢ 6.4.1.6

B(x{) "A,(%i' o H £n ‘i)"Az ('{)3'A3 (‘i)s .

6lu.1.7

The possibility that the determinant 4,

A=Al -A(L) Y, 6.4.1.8

in equations (6.4.1.4) and (6.4.1.5) vanishes for some ¥y and ¥, should
be investigated. Physically this is implausible as it would mean some
sort of ins .ability. Therefore, one suspects that as a function of 'z »

the transcendental equation
A= O élh.l.9
for any '(-tixed) positive ‘1 has no positive roots which are larger than

‘1 . It can indeed be verified that A is monotonic and non-zero for all

positive ¥, > ¥, -

There are six geparate configurations which have been
analyzed. The results are shown in Figures 6.4.1.1 through 6.4.1.6 which

contain curves of N.* , Ng and w* as well as tebles of values. It can

17



be seen from an examination of the table of values that LL:’ s the
non-dimensional meridional displacement, is an order of magnitude smaller
than W*and it is for this'?reason that U-: has not been plotted. The
boundary conditions that both edges are restrained in the tangential
direction means that the shell must deform in the manner shown in

Figure 6.4.1.

n

UNLOADED POSITION n

LOADED POSITION

Figure 6.4.1
The restrained type of boundary conditions for membranes

lead to distortions which at first glance seem peculiar. However, the

»*

boundary condition itself, i.e., the restraint of "Lr s

is somewhat
unnatural beceause it would be very difficult to achieve in a practical

situation. Schematically, a set of roller supports as shown in Figure

18



6.4.1 will prevent displacements along a tangent while freely permitting

displacements along the normal to the surface of the shell.

A table which summarizes the cases studied in 6.4.1.1

follows:

Teble 6.4.1.1

Case No. Restrained at §;  Restrained at §,
6.4.1.1 0.0Lk6 0.62%0
6.4.1.2 0.0104 0.6250
6.4.1.3 0.0104 0.385h
6.5.1.4 0.3854 0.6250
6.4.1.5 0.0kk6 0.80%
6.4.1.6 0.0lk6 1.0267

19
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6.4.2 ONE EDGE FREE AND ONE EDGE RESTRAINED IN THE TANGENTIAL DIRECTION
The boundary conditions for a shell with one edge free
and the other edge restrained in the tangential directions are specified

by

Nr (ry)=0, 6.4.2.1

0
upr ()=0 6.1.2.2
where f' is the coordinate of the free edge and rz is the edge which is
restrained. The free edge boundary condition, ecuation 6.4.2.1, deter-

mines the constant C1 (see equation 6.4.1L):

Y2
C = -[H-(t,)z] . 6.4.2.3
The restraint condition, equation 6.4.2.2, enables us to determine the

remaining constant (see equation 6.,.20):



C,= (1+z/)[——‘””l)2 +fn (3—:,—:-('@—)] -+ (1) | G

(¥2)?

R ‘;;2;;’ -] ()2 L ()4,

6.4.2.4

A total of twenty-nine separate cases have been solved.
These represent various combinations of shells with the inner circular
boundary unsupported and the outer circular boundary restrained against
tangential motion. Additionally, there are cases in which the shell is
supported at the inner boundary and is left free at the outer boundary.

The value of N: at the free boundary is seen always to

be x
No =1 6.4.2.5

by examining the equilibrium condition, equation 6.4.7, and the loading
term, equation 6.4.12.

Again, it should be noted that the restrained type of
boundary condition will sometimes yield nonsensical results. Thus,
case 6.4.2.14, in which the shell is supported at an inner radius of
only ¥ = .010k, shows non-dimensionalized displacements of over 2000.
Obviously, the answer, while mgthema.tica.lly correct, is physically un-
realizable. The case has been included as a mathematically interesting
example of the effect of a load concentration.

A table which summarizes the cases studied in this

section follows:



Case No.

6.4.2.
6.4.2.
6.4k.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2,
6.4.2.
6.4.2.
6.4.2.
6.4.2.
6.4.2
6.4.2.
6.4.2.
6.4.2

6.4.2
6.k.2
6.4.2.
6.4.2

1
2

3
N

>
6

T
8

9

10
11
12
13
14
15
16
17
18
19
20
21

.22

23
2k

.25
.26
.27

28

.29

Table 6.4.2.1

Free at ¥,

.0104
.0104
.0104
.010k
.0104
.OlLL6
.0104
.0223
.Oll6
.0892
178
1339
o1t
.6250
6250
.6250
.6250
6250
.010k4
1785
Jio17

1785
.Lo17

.8020
.8020

.9990
1.0000
.0104

28

Restrained at 82

.loh1
.0520
.2083
.3854
4687
L6l
.6250
.6250
.6250
.6250
6250
.6250
.6250
.0104
.0520
.2083
3854
4687
.9990
.80%5
.80%
1.0267
1.0267
.2083
.3854
L1687

. 3854
4687
.8020
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6.4.3 SHELL CLOSED AT THE APEX

The case in which the shell is closed at the apex is best

handled by considering the equilibrium of a portion of the shell bounded

by the apex and a circle of latitude ( ¥ =constant).

in figure 6.4.3.1,

N
l*_'

!f N Siooh
N
Ny =2

6 2fpoh

0.1 0.2 0.3 04 0.5 0.6

w‘* Ehw
/ 4f2P°

Figure 6.4.3.1

0

0. 0446
0. 0669
0. 0892
0. 116
0. 1339
0. 1562
0. 1785
0. 2008
0.2232
0. 2455
0.2678

This is illustrated

Case 6.4.3.1 Axi-Symmetric Gravity
Closed a Apex
Restrained 1, = 0,2678

NS Ng" u" oW

. 500 500 0 ---

.500 .500 -0.0010 -0.374
.50l . 500 -0.0015 -0.374
.502 . 500 -0.0019 -0.373
.504 . 50t -0.0022 -0.372
.506 . 502 -0.02 03N
.509 .50 -0.0025 -0.370
.5H .503 -0.0024  -0.365
.515 .504 -0.0021  -0.368
.58 505 -0.0016  -0.366
0.522 .507 -0.0009 -0.364
.526 .508 0.000 -0.363

The force equilibrium eguation of the portion of the shell

shown in figure 6.4.3.1 is written as

. 2" = 2.11’ r "2 ,. /
Np sing[“"2¢vde = [ [Tagp b A14()2 dr'2£77ds.

This results in

s8

6.4.3.1



2fpoh Ji+n)2 {[1*(”2]1/2' '} .

Np(¥) =
r 3 (,)2
6.h’3 .2
At the apex, =0 , equation 6.4.3.2 yields an indeterminate value for
Np (0) since both the numerator and denominator become zero. The applica-

tion of L'Hospital's Rule to equation 6.l.3.2 yields

Nr (0) = 'Ffoh . 6.1‘-303

If equation 6.4.3.2 is compared to equation 6.4.1lL then it is clear that

C, = -1 6.1.3.L
If the upper boundary (ré) of the shell is restrained in the

tangential direction such that

up (r)=0, 6.L.3.5

then as in case 6.4.2
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’ 2 NIAL
C2 = (1+1/)[——'(-%-;:)——+ln(-1—+———;:—@—)] i+ (1 § ¢y
2

1+v) (3-2)
Tyt ()

- (1+0) Inry+

6.L.3.6

Note thatuf (F) will also be finite at 7=0 by L'Hospital's rule.

Six cases have been solved for the shell which is closed
at the apex. The value of w¥* at the apex ( ¥=(0 ) cannot be calculated
directly from the solution and hence has not been included. However,
it is very easy to extrapolate values of w* near the apex to obtain the

value at the apex.
The following table lists the outer boundary of the cases

which have been considered.

Table 6.4.3.1

Case Restrained at 62
6.4.3.1 .2678
6.4.3.2 3854
6.4.3.3 5357
6.4.3.4 6250
6.4.3.5 .80%5
6.4.3.6 1.0267
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6.5 THE AXI-SYMMETRIC MEMBRANE BEHAVIOR: UNIFORM PRESSURE DISTRIBUTION

If the paraboloidal shell is subjected only to a uniformly

distributed pressure q, , then the equilibrium equations assume the form

(see equations 6.4.6, 6.4.7)

dN
r 3¢ * Nr-Np =0, 6.5.1
Np
7zt Ne=-2f Vi+(¥)2 g, 6.5.2

where it should be noted that p, has been set equal to q¢ . The

differential equation for N, becomes (see equation 6.4.13)

t 2{41#-(7)2

dy TN Y TR Y °° 6.5.3

The solution to this ordinary differential equation is

6.5.L

A1+(n2 c }
, b

Nr =qof {‘ A L e v e

The hoop force resultant is obtained by substituting

67



equation 6.5.l into equation 6.5.2. There results

1+2(N*
N e f + .
L {J_1+<x)2 (PAA+ () }
6.5.5
The expressions for the strains are
o 20t 1 Ny —(2-2) ()2 rrrr P
€ === T { 1+ -(2-2)(¥) i W
605-6
The differential equation for the meridianal displacements
becomes (see equation 6.,.19)
du? up 2, { 4 2
- = 2v-1)(¥) "+ 2y
47 1[1+(0)?] Eh  [1+(5)?] ( )(7) (¥)
+[(r)’+2(1+1/)+-’-'-“—+!)—] Cit. 6.5.7
()2
The solution for u: is
o, .. 28%, [(2v-1) (13 (2v+2)F (14 )
ur (¥) = Eh { 3 (”"’T"’Q[r' T
O+2)r o, (H' Vi1+l) )] CaV¥ 6.5.8
- + . [
A1+(1)2 4 AT+ (12

In order to obtain the normal displacement we again make

68



use of equation 6.4.18. There results

w._zf&._{(%l)(1+‘2)+c,(H-z/)[p(;)z_ 1

Eh NITIGE
{14- Mi+()2 ]+ Ca
In \ x ) m . 6-5.9

For this case wherein the load is a uniform pressure, the

non~-dimensional force-resultants are defined as

* N,

N = 2¢q, ’ 6.5.10
* N
Na=
o 2fqo 6.5.11
and the non-dimensional displacements are defined as
* Ehu:
Ur=a2q, ° 6.5.12
* _Ehw
4f2q° * 6.5.13
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6.5.1 Case 1 BOTH EDGES RESTRAINED IN THE TANGENTIAL DIRECTIONS
The constants for the case of a shell which is restrained

at both edges (see section 6.l4.1) are as follows:

_D(n) B(x) - D(¥) B(Y)
Ci® A B(1) - Alsp) BUR) ° 6.5.1.1

_ AR D) - Al DY)

C2* Ay) B(¥) - ALT2) B(Y,) 6.5.1.2

where

(1+2) 5 (149) (1+~ji+(li)!)
- — £n 7 .

A(Y) = li'T Y v 2 6.5.1.3
8
B ' = —— 6'5.1.
(o) e ’ i
(2v-1) (2v+2)
O(f) = - —=5— (r)’- —3 L 6.5.1.5

and ¥y , T2 are the boundaries which are restrained. Again the determinant

a,
A= A(¥,) B(1y) - A(¥) B(Y,)

6.5.1.6
does not vanish for all positive ¥, , ¥, (¥, >¥, ).

T0




Six different sizes of shells have been analyzed in this
section. It is interesting to note that the largest displacement occurs
at the outer boundary. Again, the explenation lies in the restricted
type of boundary condition which accompanies membrane behavior (see
Section 6.4.1 and Figure 6.4.1). The outer portion of the shell, in
order to preserve U,~0 at the boundary, must open up somevhat like a
flower in order to accommodate the strains developed by the loads. It is
this "opening-up" which induces the larger w* displacement.

The six cases are summarized in the following table:

Table 6.5.1.1

Case Restrained at ¥, Restrained at J,
6.5.1.1 .Oll6 .6250
6.5.1.2 .0104 3854
6.5.1.3 .34 .6249
6.5.1.4 .O10k 3854
6.5.1.5 .Oll6 .803%5
6.5.1.6 .Oks6 1.0267
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6.5.2 ONE EDGE FREE AND ONE EDGE RESTRAINED IN THE TANGENTIAL DIRECTION
We will specify the free edge to be ¥y , and ¥2 to be the

restrained edge (see section 6.L.2). Then the constants are as follows:

c, = (¥)?, 6.5.2.1

R (Y {[(1+vm ln(w\/””ziz% (1+2) -:z] c

¥2 1+“z)z xl :2

_[(2:;—1) (v,)°+ z(1;u) 2&]}. 6.5.2.2

Twenty-three different size shells have been analyzed in
this section. A small hole, vhile affecting the distribution of N: and
N: , does not significantly affect the displacement \J* (compare cases
6.4.1.1 and 6.5.2.5). The diacussion of w” in the previous section also
applies for the cases in this section where the free boundary is the inner
radius. For the cases where the shell is supported at the inner radius
and is free at the outer boundary (see e.g., case 6.5.2.12), the W*
displacements are larger at the support. Again, this is somewhat contrary
to one's intuition. The explanation is similar to that advanced in the
previous sections; the larger streins gnerated atthe supported boundary

can be accommodated with the restriction of ur * O only by large values

8



of the normal displacement. Note also (see case 6.4.2.12) that the
tangential displacement becomes appreciable if the free boundary is the
outer radius of the shell.

A list summarizing the cases which have been studied is

contained in Table 6.5.2.1.
Table 6.5.2.1

Case Free at ¥, Restrained at Y,
6.5.2.1 .0223 .6249
6.5.2.2 .0892 .6250
6.5.2.3 .1339 .6250
6.5.2.4 2785 .6250
6.5.2.5 .OLL6 .6250
6.5.2.6 .010k 3854
6.5.2.7 .6250 354
6.5.2.8 1785 .80%5
6.5.2.9 Lo17 8035
6.5.2.10 178 1.0267
6.5.2.11 14017 1.0267
6.5.2.12 .8020 .2083
6.5.2.13 .8020 3854
6.5.2.14 .8020 L4687
6.5.2.15 .9990 3854
6.5.2.16 1.0000 4687
6.5.2.17 .0104 .1041
6.5.2.18 6250 .2083
6.5.2.19 .010k .2083
6.5.2.20 .010k 4687
6.5.2.21 .010k .8020
6.5.2.22 .010h4 .9990
6.5.2.23 .6250 .0520

19
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6.5.3 SHELL CLOSED AT THE APEX

If the shell is closed at the apex, i.e., the shell

"begins" at ¥=0 , then in order for the force resultants to remain

finite at ¥=0 (see equation 6.5.L) , we must have

C1 = 0.
6.5.3.1

Then, if the edge, ¥ , is restrained against tangential

displacement, the constant 02 is given by the expression

Cy= A )® [(Zu-l) (¥,)* *+2 (u+1)] . 6.5.3.2

3

Six different sizes of shells have been analyzed. It is
interesting to note that the presence of a moderate size hole at the
apex of a shell has very little influence on the normal displacements
even though the distributions of the force resultants are appreciably
different (compare, e.g., cases 6.5.1.1, 6.5.2.5, 6.5.3.1).

A 1ist of the cases which have been analyzed is contained

in Table 6.5.3.1

103



Case

6.5.3.1
6.5.3.2
6.5.3.3
6.5.3.4
6.5.3.5
6.5.3.6

Table 6.5.3.1
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Restrained at 2

.6250
3854
5357
.2678
.8035
1.0267
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6.6 THE ASYMMETRIC MEMBRANE BEHAVIOR: GRAVITY LOADS

We now turn to the more difficult task of calculating the
behavior of the paraboloidal shell of revolution under its own dead
weight in the more general case when the axis of the parabolcid does not
coincide with the axis of gravity (see figure 6.L.1). This means we must
deal with the full set of membrane equations, 6.1.1 through 6.1.9, in
which the loads are prescribed by equations 6.3.5, 6.3.6, and 6.3.7.

As a result of the closed character of the shell in the
circumferential direction, the surface loading as well as the edge load-
ing must be periodic functions of the angle @ with a period of 27
(see equations 6.3.5, 6.3.6, and 6.3.7). Therefore we have as eigen-
functions the set of trigonometric functions cosné andsinn® for n=0,

1, 2, =»=-, It is well known, in the elementary theory of Fourier Series,
that this set of eigenfunctions is complete. As N, , Ng, and Npg are

20, 21

sufficiently smooth, the usual expansion theorem applies. Thus we

can write




Nr(1,0) = ao(zr)+"§;1 [an(v) sin n6 +dp(1) cos n8], 449
N (%,6) = b, (ar)*«:é1 [bn(0) sinne+ e, (M cosne], 44,

Npo(%8)=f, (z;)-rnli‘,1 [f,,(x) sinné+c, (¥) cos na]. 6.6.3

Substitution of these expressions into equations 6.1.L through 6.1.6 and
with the loads given by equations 6.3.5, 6.3.6, 6.3.7 yields the follow-

ing equations (primes indicate differentiation with respect to ¥ ):

/
xao + qo—b°= fo;oh cos V{xz} ’ 6.6.4

by
o + by = 2fpeh cos ¥y 6.6.5
‘f’o +2{‘° = O, 6.6.6



Yo + a,- ¢, N1+ (02 - b, = 2¢poh siny{ 5},
¥di+d, + 1+ (97 f, -e, =0,
I, + 1, -e, V1+(0N% =0,

YC,+ 2¢,+ by A2 = -2fpoh sin ¥ { ¥ \/1+(x)¢} ,

a

ToE + b = 2ipgh siny {1},

4 -

Xa,,'+an-n Cn \]H»(x)z -bn'o’
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6.6.7

6.6.8

6.6.9

6.6.10

6.6.11

6.6.12

6.6.13




¥dy'+ dp+ n V14 (N2 f-e =0, 6.6.1l;

¥, + 2f,-ne, V1 +(¥)2 =0, 6.6.15
¥Cn'+ 2¢p, + nb, V1+(¥)2 = 0, 6.6.16
1+ (¥)2 bn =0, 6.6.17
and
dn
vz Ydn =0 6.6.18

where n=2,3,,---

With the usual boundary conditlions imposed upon the stress
resultants, we show next that equations 6.6.1, 6.6.2, and 6.6.3 must

reduce to

N (7,0)=an(¥)+a,(¥) sine, 6.6.19
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No (¥,0) = by (¥)+ b, (¥) sin e, 6.6.20

Nrg (¥,8) = C, (¥) cos 6. 6.6.21

For a shell with a free edge at ¥=¥, , the homogeneous

differential equation 6.6.6 for f, implies

[(;)2f°]'.o 6.6.22
or
f (1) = (—?,—, 6.6.23

where A is a constant of integration. But the free edge condition
(see equation 6.2.6) requires the shear resultant N.g to be zero at ¥y .

We must have (see equation 6.6.3)

A=0. 6.6.2L

15



Therefore, it follows that

fo V) =o0. 6.6.25
Next, equations 6.6.8, 6.6.9, and 6.6.12 can be uncoupled to yield the

following relations:

-] ’ 1
£y ()= W { §d, + (HW) d,} . 6.6.26

d

e (1) = Tt 6.6.27
4 5
dtl"’ (T 1+(;)2) d + ((x)l [14.(‘)2]1) =0. 6.6.28

Let the most general solution of the homogeneous equation 6.6.28 be

d, (¥) =g,h, (¥)4g,h,(¥) 6.6.29
where g, and g, are non-zero real constants and h,(¥) and hz(l') are
linearly independent solutioms of equation 6.6.28.

From equation 6.6.26
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f - e {g,[xh,’(x)+(1+ ()]

*ﬂz[‘hzl(”"'("*,—ﬂl;ﬁ)hz(n]}' 6.6.30

From the boundary conditions, equations 6.2.5 and 6.2.6, we require

9, h, (%) t9, hz (&) =0 6.6.31
and
gy [5hilm) + (e oo )h o (0] + 9, [0 b2 (r.)+(1+,,,‘T1,z)hz(k.)]=°
6.6.32
These latter two eguations which are simultaneous homogeneous equations
for the constants gl and g, possess non~-trivial solutions only if the
determinant of the coefficients of 8y and g2 vanishes.
If the determinant of the coefficients of g, and % does
vanish, we have  h, (¥) [x,hz () +(1+ ——— ‘+(H ) hz(x,)]
~ha (1) [y () + (4 75 {z) M ()] = 0

6.6.33

17




or

m () by (%) =h2 (%) by (1) =o0. 6.6.31
The left hand side of 6.6,3L is the Wronskian of the functions h, (¥) and
h, (¥). The vanishing of the Wronskian at I'= ¥; implies the linear
dependence of h,(¥) and h, (¥) for all positivs ¥ and we have reached a
18

contradiction.

Thus we can only have

9= §g,=0 6.6.35

or

[
°©

dy (¥) 6.6.36
Consequently (cf. equation 6.6.26 and 6.6.27)

£, (¥) = o, 6.6.37

6.6.38

m
o

e, (¥)

By repetitions of the above argument, we can also show



B e

that

In short we have the very desirable results that

¢ dp d¥) = 0,
fn (¥) = 0,
and en (¥) =0
for all n and an (¥) = 0,
bn (¥) =0,
and cp () =0
for nz 2.
Ne(%,0)= a,(¥)+a,(¥)sin 0,
Ng (¥ 8) = by (¥)+ b, (¥) sin 0,
and Nrg = ¢y (¥) cos 6.

6.6.39

6.6.10

6.6.141

6.6.12

6.6.13

6.6.4

6.6.45

6.6.6

6.6.L7

If the shell is closed at the apex, the usual condition

imposed upon the stress resultants is that they be finite.lo’n The

1n9




application of this condition to equation 6.6.23 results in

fy (¥)=0. 6.6.4,8
Next we observe that equation 6.6.28 has a regular singularity at ¥=0 .
Therefore, in the neighborhood of the apex, the most general solution of

18
6.6.28 takes the form ~ 15

(o4
d (1) = c,;{‘o Sn ™™+ Cz{ln (¥) AT S
£ Y n=
+ ‘ n+my
n§° tn x } 6o6oh9
where Cl and 02 are constants of integration to be determined by the

known side constraints, sn and t’n are constants fixed by the relevant

recurrence relations, m, and m, (m2 m,_) are roots of the indicial

equation

m2+4m+3 =0, 6.6.50
or m, = -1, 6.6.51
and m; = -3, 6.6.52

To ensure finiteness at the apex, we must have

Cy4=C2 =0 6.6.53
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that

dy (¥) = 0, 6.6.39

fn (V) =0, 6.6.1,0

and en (¥) =0 6.6.11

for all n and ap (¥) =0, 6.6.1,2

by (¥) =0, 6.6.1:3

and chl¥)=0 6.6.1k
for n2 2.

In short we have the very desirable results that

Np(%,6)= ao(¥)+a,(¥)sin 6, 6.6.L5

Ng (¥ 8) = by (¥)+ b, (¥) sin 8, 6.6.016

and Nrg = ¢ (¥) cos B. 6.6.L7

If the shell is closed at the apex, the usual condition

10,11

imposed upon the stress resultants is that they be finite. The

19



and consequently

d1 (3) = o’ 6.6.5’4
e (1) = o, 6.6.55
and f, §) = 0. 6.6.56

Repetitions of the above argument will lead to the con-
clusion that ap (¥), by (¥), cu(¥), dy(¥), enl¥) ,and £,(¥) must also vanish

identically for n 2 2. We have again arrived at the very desirable

results that
Nr (48)= ao (¥) + q, (¥) sin 0, 6.6.57
Ng (%,6) = by (¥)+ b, (¥) sin 0, 6.6.58
and
Nre (¥,6) = ¢4 (¥) cos 6. 6.6.59

Thus the problem of the membrane stress resultants is

reduced to the ascertainment of solutions to the system of differential
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equations (6.6.4), (6.6.5), (6.6.7), (6.6.10) and (6.6.11). Equations
6.6.L and 6.6.5 completely determine a, (Y) and by (¥) up to a constant of
integration. It should be observed that these are the portions of the
Nr and Ng induced by the axi-symmetric component of the load. This
axi-symmetric portion has the same dependence on ¥ except for a factor
cos ¥ as was found earlier for the completely axi-symmetric behavior

(cf. equations 6.4.1L and 6.4.15).

Thus
2fpoh cos N/TYTIE
ag ) = =L5=L o {[1+(X)’]"’+Ca} 6.6.60
and

by (¥) = 2fpoh cos ¢ {1 - W[b+(’)z]%+q]} 6.6.61

where Cl is a constant of integration to be determined by the side
condition of the shell.
The remaining three equations, 6.6.7, 6.6.10, 6.6.11, can

be reduced to the following three uncoupled equations



II

2Y / 3 . 1+(3)2
F ) 4 TG O o sin {mh

6.6.62
¥
b, (3) = 1+‘(x))2 + 24p,h sin w{ }
6.6.63
S E— ‘
¢\ (0) = =g {M,(l)+(1 1,,(”,L) a, (1)} "

and we need only to solve the differential equation 6.6.62 to complete
the analysis of membrane stresses.

Observe that (6.6.62) can be rewritten as

Alh+(r)z  d {1 d (Ha, mz}
(nN* dy |7 dx (\/14—(8)2 )}- 4ipoh sin )V{

or
d J1 d ((¥3a -- :
-{Td—-( “(;)1\} = 4'fp°h sin V{X‘Vi-t-(”z} *
606.65

Thus

d [ (¥)3aq,) _ : (1+2)2)%2
E ;F_'_(nz) = -4ff°h sin V {————— } {,} ’

6.6.66
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(‘)301 ) Cs (¥)2 (H‘(”z)%
~4fph
Tz -~ Heuh sin V{c“+ R |
6.6.67
and ?)?
N c:+1/1+(n2 csV1+ (1?2 ("‘(XL)_
0, (¥)=-44p,h "”P{ Y7E 27 5% [,

where 03 and cb are corptants of integration.
bl( ¥) and cl(X) can then be computed with the help of equations (6.6.63)

and (6.6.6L4) to be

%
53(1)2 (1403
by (¥) = 24, h sin r{ m,JW [ Y Ts ’ 6.6.69

) WH(II
C, (1) = 4fpoh sin "{ e (1 40F) -3 ‘”3} 6.6.70

Finally,, £ron (6.6.19), (6.6.20), and (6.6.21), we have

h
o S GG (e
“4poh singy JCHIE | ceNe@2z | (1423 ] g
2y )3 1511)3 ’
6.6.71
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+2‘f,ooh sip ¥ {34- m’\[_-(n—)—-

b iy IO T ————

Ng (§0) = 2fo)h cos y {1 --3—(;7,_—1')\,1?(—-7,2 [(I+(t)z)3/2+ C']}

2 2)%21] .
2 [ " c,;a) . (1+'(;)) }s.ﬂe,

6.6.72

and

Ny g (£,0) = 4kp,h sin w{(‘_*_'(g‘.)(;_);/ﬁ (1-4(:)2)- —;—%— + (-;:)%} cos 6.
6.6.73
To determine the displacements, the stress-strain relations
(cf. equations 6.1.7, 6.1.8, 6.1.9) and the strain-displacement relations
(cf. equations 6.1.1, 6.1.2, 6.1.3) are combined to yield the following

0 (/]
set of partial differential equations for the displacements U, ,Uq and

w

0
2
du, W - zM/H(!) [Nr"’“a] vam—z er,

2fn/1+( 1)

+up - fw

q/___\.{.(”?. 3 [Ne uN,]=2H\/1+(t)= €p,

6.6.75



sy 1+ (§)?
CLURIULE I

2¢ ;Ah+(8) 2@6 r°,] .

b o duy
"a_tL' ug+ V1+(01F =7

6.6.76

If the shell is closed at the apex or has a free edge, the
form of the solutions for the stress-resultants (cf. equations 6.6.T1,

6.6.72, 6.6.73) and boundary conditions on u: and u: (cf. equatiouns
6.2.7 and 6.2.8) suggest that the solutions for the displacements should

take on the forms,

Up (¥,0) =mg (§)+ m, (¥) sin 6, 6.6.77
ug (¥,6)= n, (¥) cos o, 6.6.78
W (},8)= py(&)+p,(¥)sing. 6.6.79

The proof goes through as that for the stress resultants. (cf. pp 33-37)
The higher harmonic terms which were omitted from equations
(6.6.77), (6.6.78) and (6.6.79) correspand to displacements without
straining the middle surface of the shell and are often referred to as
the inextensional deformations. Thus we may conclude that shells with

the given displacement conditions exhibit no inextensional deformations

(cf. pege 7).
Equations (6.6.T7) through (6.6.79) hold also for the case

vhere the shell is fixed tangentially at both edges. Here the inextensional
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deformations must be of the form
sin ne
Upp (1,6) = m, (&) {205 ne |
- sin ne
- {c,f, (1n) + b, (an) +esfs (an) + c,,ﬁ(x,n)}{cos ne}

{cos ne}
Ugp (¥,6) = n, (¥) L3in ne
€05 093

= {C, 91“,'1) +Cy gz(l,n)* Cs 93(‘,7)) L 94(‘,”)} zsin ne
The constants of integration C; , C2,C3 and C are to be determined by
the displacement boundary conditioms (6.2.1) through (6.2.%). Thus, we have
C,#,(L,h)*cz{z (l,,n) + C3{5 (‘,, n)* C,‘Fq. (‘,,n) =0,
¢ F (m v fy (h,me esfs (i, mivc, t, (5, M=o,
c,g,(i,,n)+c,g,(x,,n)rc,,g,(x,,n% c49‘(x,,n)= 0,

€19 (§,n)+C, 9z (xz,n)fc,g,(xz,n) tC49s (4,,n)= 0.

Since M,(¥) and N, (¥ ) are linearly independent, the set of linear algebraic

equations for C,, Cp, C3 and Q admits no non-trivial solutions.
Substitution of the expressions (6.6.77) through (6.6.79) into

the system of partial differential equations 6.6.T4, 6.6.75 and 6.6.76

Yieldsthe following set of five ordinary differential equations for

the five unknown functions my» m, , nl, po and 1 2% (primes indicate



differentiation with respect to ¥ ):

'"‘;'1%2 = 26151002 € 6.6.80
Mo-¥py = 26¥ NTT T €q, 6.6.81
m,’ - 1:(“)1 = 4N €, 6.6.82
- 1F(% nem, - ¥p = 26 VIH (12 €, 6.6.83

In-n+ vt (NE m, < Afr V1T (02 €5 6.6.81

where for convenience we have separated the middle surface strains into

components, defined as follows:

0 * () .
& (1,8)=€. (¥)+ €, (¥) sin 0, 6.6.85



0 * o,
€o (10)=€5 ) +€g (3) sin 0,
6.6.86

é’:o(t,a)*é;"; cos 6,

6.6.87
It was noted, in a previous paragraph in this section, that the solutions
for the force-resultants N, and Ng contained an axi-symmetric portion
identical in form (except for a multiplicative factor of cos ¢) to the
solutions determined in section 6.4. Thus the results of section 6.k,
can be used to determine the solutions for m,(r) and p,(r) ,the axi-
symmetric portions of the solutions for the displacements u: and W ,
There results (compare equations 6.4.20, 6.1.18 with equations 6.6.81

and 6.6.82):

mo M{U.“,) (Xlnl-%)-b-(j;—y) “)34' %(”5

3EVI+)2
+C4 [-(1+v)un (“’__ W)+\',1+(l)_z(x- 1+v )]"‘Cz'}‘ ,
6.6.88




b )= Ao S0y {(1+z/) (e ¥-iz) + (352) 102+ 3-(0)5

3EVI+(1)2
+ (14¥P) [2 (z-1)+ 1(;)2” + v(ﬂz] +c,[-(1+y)ln(-——-—-—-" “;mz)

+ v (1+1J)]+c2}

6.6.89
where C1 is the constant of integration arisen from the integration of
force equilibrium equation and 02 is an additional constant from the
integration of equation 6.6,80.

The three remaining equations, 6.6.82, 6.6.83, 6.6.8L,
which determine the asymmetric component of the displacements can be

rearranged to yield

1\ RSP (S
(5) = 22 {[vmmmee ] S e}

6.6.90
- eu) _ ’ Ny
m, = 4f¥ €.g W M+ Ah+in2
6.6.91
by = -2 (14(02)¥2 €+ (14+(2) m/
6.6.92
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We can obtain the solution for n, by a simple, though

tedious, double quadrature

. @2€r el eg-el) W
o (Y g )

Cs(l)"
. - Co} 6.6.93

2

: 2
or n,(x)=¥4-fﬁﬂgs'—"£{co+ c": +c4fz(6')+c3f‘(n+f3(x)}

6.6.94

where

% |
f,m-‘—'—({)—)— - (140 [V Ln (Ve -1) -4, (D]

6-6-95

- . 2312
=2 e g, [T 0 [y g Lo

6.6.96
fn‘ _40+29¥ (1+v) _ -v)W)* (1-v)
(1) = 240_) ( )4°3o(;)z 120 ¥ ! (‘)[ (0)?
U+u)
-1, 6.6.97

cs and cg, are constants of integration.
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By equations 6.6.91 and 6.6.83, we have also

8f? sin¢{ 5(()2 e '
m, (%) =——f;——— Czfy (8105 10) - v +_—W+W rf, (”}
6.6.98
and
8+2£sinw .
Pl(') = = C3{7(J)+ C‘fe(l) + C‘.-\-9 @) + CGFIO €3] +“'“ (8)}
6.6.99
where
$, () @)?
fole) =4 S L
YU Vi 20
6.6.100
Foly) s —2(8) um(ml ) -2 [ ( 1+(a)‘ - )]
s o e 6.6.101

foQ)=

"3(‘) - ¥ (1 v) {1+2) _ (I+u)_ (404 25v) ; 3
A1+ (5)2 anl[ § Inl¥)+ 15(y)3 Y ) (¥)

- 3
+(_:OL5] ' 2 (+v) [1- 4 (0)2][1+10)2]) %2

15 (x)?

6.6.102

()2
5““%[‘4“7'V’*“’”i(”'“_;.y'lz_]’ 6.6.103

132



+g (1) :%7[{'5\‘)' Vi+(1)? FZ(”'(%)Z (1rv)- U],

6.6.104L
-2(6)
= g 2
fqu)m[zﬂ)] .
6.1
-¥
foll) s ——,
Nirlg)® 6.6.106

y 4 [1+0)2 2]3
fy () ='§-[bm- Vie? 45 (05 it {“7_) L] + ”[”";” ] }] )

)z 15
6.6.107

Several different combinations of boundary conditions are
considered and numerical calculations have been made. It is evident
that a complete description of the deformed shell for each orientation
(i.e., each value of ¥ ) would require an inordinate number of curves

and tables. In lieu of presenting such a mass of numerical data only

r
P2 )-
The behavior of the shell for other values of ¥ can be obtained by

the anti-symmetric part of the solution has been presented ( Y=

appropriate combinations of the results for ¥ = O and ¥ = ‘g’ . The
solutions for the force resultants and displacements can be cast into the

forms (see equations 6.6.19, 6.6.20, 6.6.21, 6.6.77. 6.6.78, 6.6.79,
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6.6.69, 6.6.70, 6.6.71, 6.6.72, 6.6.73, 6.6.94, 6.6.98, and 6.6.99),
Ne

»
N:‘ Z'froh = Q. cws¥ + o.’," sne sin¥ 6.6.108
* N * * . .
Ne = ; poh by cos¥+ b, sin@ sin¥ 6.6.109
*x * -
Nne = ('.1 ces @ sinY 6.6.110
Eo, .
Up © #2? = m, cos¥+rm sn&snY 6.6.111
o
»*
g = Eug = nl cos0 sn¥ 6.6.112
4%
w= Ew - p: cos ¥ .p,* sin@ sin¥ 6.6.113
4f%0,
The 0.: , : . mo* s f)o* are the non-dimensionalized

symmetric parts of the solution.
a

® _ o
0~o - 2fpoh cos (P 6.6.11k4
* b
= o
b = 6.6.11
0 2f poh cos ¥ 2
* Em
m., = 'Q
0 .6.
4{2()0 cos w 6.6.116
»n
Po ~ E o, 6.6.117
4f ZFO cos ¥ (
These have already been plotted in the previous sections 7
of this chapters for the case of 1/’ = 0. The other starred quantities »
are the asymmetric part of the solution and are defined as follows:
= - Ea
1 2fpoh siny 6.6.118
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* _ Eb
b1 —_—L——ZFpo"\ e 6.6.119

cr= _Eey 6.6.120
2fp,h cos y

nqr = E.")1
4125, 3N Y

n:’ = E ny
4F%p, sin ¥
* E
= —P 6.6.123
4f zfa sm ¥
The results which are presented in the following sections

6.6.121

6.6.122

are the above six functions for the case of ¥ =~7—27: . Thus, the results
w ® x i
represent the completely anti-symmetric behavior N:, No, Nre,ur, (.Le s
% »* L3 * x
and w . Additionally, it is seen that @, , b, » M, and p, represent
the stress resultants and displacements along the bottom vertical radius

) * »* x *
(0= % ) whereas C}1 and n, represent N ro and u-e along the horizontal
radius (@=0). The values at other angular positions (i.e., other values

of ©) can be obtained by multiplying the given values by 5iNG or cos e,
whichever is appropriate.

6.6.1 BOTH EDGES RESTRAINED IN THE TANGENTIAL DIRECTIONS

The condition of vanishing tangential displacements at the

edges requires that

(&) ?
Caty (1) Cabp B)¥C5 —— +c g = ~F5(8),

6.6.1.1
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— it B

05 1((;) + Cyf.,((,) * E.L;‘L)z + C‘ = - +3 (l',,)

6.6.1.2
esf (1) + e f5 (%)) - fe 0 - -f.(0),
) e T ey T " e
A A <1 e L
LAV L] 415\9, v_(a[ W 6.6.1.)#

All 'Fi (¥) have been defined previously. The sygtem of equations

(6.6.1.1) through (6.6.1.4) can be solved simultaneously for C35 Cy

Six different cases have been analyzed and the results are
presented in curve form as well as in tabular form. It should be observed
that tangential displacements, as represented by mra.nd n’f » become of
the same order of magnitude as the normal displacement (represented by
..p,* ) over a portion of the shell. This is in contrast to the symmetric
behavior in which the tangential displacement is generally an order of
magnitude smaller than the normal displacement (see section 6.4). Also,
the largest value of P:(which is w*at 0= 7?1' and ¥* 1213 )is larger than

w” for the symmetric case (compare case 6.6.1.2 with 6.4.1.2 and case
6.6.1.4 with 6.4.1.4). This is & bit surprising until it is remembered
that the value of W*at the boundaries is determined primarily by the

need to accommodate the membrane boundary conditions (see discussions in

1%



sections 6.4.1, 6.4.2, and 6.4.3).
The list of configurations vhich have been analyzed are
presented in Teble 6.6.1.
Teble 6.6.1
Case  Restrained at §, Restrained at |,

6.6.1.1 .07 .6250
6.6.1.2 .010k 6250
6.6.1.3 .0104 3054
6.6.1.4 .3054 .6250
6.6.1.5 .0l16 .T990
6.6.1.6 .0l16 1.0243
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b G =L

; 6.6.2 ONE EDGE FREE AND ONE EDGE RESTRAINED IN THE TANGENTTAL DIRECTION
f We shall specify the free edge to be J, and the restrained

edge to be |, . The constants of integration are

Cs = .M% 6.6.2.1
/2
Cy = S0 - [-4G[1+tr0*]* 6.6.2.2
15

| c, =(1ng['f"“) + VP ) « ¢, (£~ Vin)? % (w !
| + Cs {f, (5,) = Vi+(g,)? ﬂ(x,)” o2

c‘ = - { \Fs (‘z) + cfz(‘z)z + C4 {2 ({z) + c5 {1 (‘7)} 6.6.2.4

The seven configurations which have been analyzed in this

section are summarized in Table 6.6.2.1. The same discussion made in

section 6.6.1 appMes and no additional comments are required.

Table 6.6.2.1
Case Free at J,  Restrained at Xz
6.6.2.1 .0104 3854
6.6.2.2 .0104 6250
6.6.2.3 0116 .6250
6.6.2.h .6250 .3854
6.6.2.5 .0104 .9982
6.6.2.6 1770 1.0243
6.6.2.7 .bo10o 1.0243
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6.6.3 THE SHELL IS CLOSED AT THE APEX

The condition of finite stress resultants at the apex

requires that
Cz= ::15" 6.6.3.1
and
-1
Cy ==— 6.6.3.2
T >

C.)- and Cg can again be obtained from equations (6.6.2.3) and (6.6.2.4).
The six configurations which have been analyzed in this
section are summarized in Table 6.6.3.1, and the discussion of section

6.6.1 is applicable. No additional comments appear to be needed.

Table 6.6.3.1

Case Restrained at ),
6.6.3.1 2673
6.6.3.2 3854
6.6.3.3 5381
6.6.3.4 6250
6.6.3.5 .8038
6.6.3.6 1.0243
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