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Preface

This report presents the development of a solution to the
problem of residue~to-decimal number conversion, and the method
of application of the solution to a relay converter, to demon-
strate its practicability. The converter has been retained by
the laboratory which sponsored this project, the Bionics and
Corputer Branch, Electronic Technology Laboratory, ASD.

Most of the actual solution to the conversion problem is,
to the best of my knowledge, a result of my own efforts; and
any errors that may appear are entirely my own. I most grate-
fully acknowledge my indebtedness, however, to the personnel
of the Computer Division of the Radio Corporation of America,
Burlington, Massachusetts, who imparted to me the ideas which
later led to the algebraic sign determination capability, and
to Mr. E. Day of that organization, with whom these ldeas
originated.

I wish also to acknowledge my indebtedness to Capt. F.

M. Brown of the Institute of Technology, and to Capt. A. L.
Calton, kr., T. S. Gerros, and Mrs. L. H. Tackett of the Bionics
and Computer Branch. BEach contributed, in his own way,
invaluable guidance and assistance,

And finally, to my wife, for her continued patience

and encouragement, I offer my most heartfelt thanks.

Arthur J. Altenburg
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Abstract

A residue can be described as the units digit of a number
when expressed in a polyadic system with a radix equal to the
modulus; a residue number system can be described as the residue-
coded units digit of a polyadic system with a radix equal to the
product of the moduli. The residue-to-decimal conversion problem
can be restated in terms of capacity, algebraic sign determina-
tion, and machine to human language translation. The capacity
factor can be subordinated by a shift of responsibility from the
device to its operator. Solutions to the remaining factors,
based on the above notions of residue number, require that
variations in assigned ranges of positive and hegative numbers
be limited to increments of the limiting modulus, the smallest
modulus of the system. Problem solution logic, stated in terms
of switching functions for the 3-l-5 residue number system, is
duplicated by relay circuits to demonstrate application of the
principles developed. Residue numbers in which the limiting
modulus residue is zero, called base residue numbers, can be
identified by the residues of the other moduli for each base
residue number, called base residues. Reduction of a residue
number to its base residue number by subtraction of the limiting
modulus from each of the residues determines the incremental
range of the lirmiting rmodulus within which the given number lies.
Comparison of this range with assigned negative number ranges

determines the algebraic sign of the number. Further range

vii
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comparisons with the units, tens, and higher-order decimal digits
represented by each range, coupled with inter-and intra-range
comparisons to resolve ambiguities, provides the required lan-
guage translation for problem solution. A significant simpli-
fication in units digit determinations for residue number systems
containing one even modulus, and another modulus some multiple
of five through reductions of the residues of the specified
modulil to residues Mod 2, and Mod 5, respectively, is achieved.

viii
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Report on
A RELAY DEVICE TO DEMONSTRATE
RESIDUB-TO-DECIMAL NUMBER CONVERSION

I.. Iptroduction

Residue number systems possess a strong appeal for
general-purpose digital computer applications because,
through their use, arithmetic operations can be performed
wvithout accomplishment of the carry or borrow functions,
resulting in a significant decrease in arithmetic organ
time and equipment requirements,

Several problems must be solved, however, before residue
number system techniques can be applied to general-purpose
computers., One of these problems is the unique conversion of
numbers from an apparantly unordered residue nurber system to
the decimal system, for subsequent interpretation and use by
a human operator.

The objective of this probject is the development and
demonstration of a practical method of residue-~to-decimal
number conv.rsio;, applicable for any range of positive and
negative numbers, in any residue number system.

The Chinese Remainder Theorem is a well-known algorithm
by which a number can be converted from a residue number
system to the decimal system. The algorithm is an extremely

unwieldy one, however, which has not been successfully mechan-

izged for general-purpose anplications, and which, at any rate,

1
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has a direct conversion capability limited to positive numters,
Reference is made to the theorem as a proof of certain develop-
mental concepts, but because of 1ts complexity and limitations,
the algorithm, itself, is abandoned as a basis for solution of
the thesis problem. Instead, the conversion problerm is reduced
to three more fundamental problems, which are attacked util-
izing a slightly different approach to the concepts of residue
number systems than that conventionally taken.

This report deals with the development of a general
solution to the residue~to-decimal nurber conversion problem,
and the construction of a relay device to dermonstrate an
application of the general solution to a srecific residue
number systenm.

The report consists of five sections,., Section II
contains a brief summary of residue nurber systems. Section
II1 contains a description and an analysis of the residue-
to-decimal number conversion problem. Section IV contains
a detailed account of the general solution to the problem,
coupled with a description of the circuitry employed to
apply the general solution to a specific residue number
system. 8Section V contains a brief discussion of the prob-
lems remaining to be considered before residue number system
techniques can he applied to general-purpose corputers, and

conclusions.
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II. BResidue Number Systems

"Number - A symbol or word, or a group of either of
these, showing how many, or what place in a sequence."

£=g§§§§é% N%%e r dQéﬁﬁiggﬁfﬁggioﬁgfngf’féﬁge

Residues
I x and m are integers with m # O, there exist unique

integers q and r, with 0 S r < |m|, such that

xX=qme+r
where q, the quotient of x divided by m, is the integral part
of x divided by m

- i

and r, the remainder after division of x by m, is m times the
fractional part of x divided by m (Ref 5195)

SYH

The expression for x can, therefore, be rewritten in the form

== aff] <= {f)
Iwo integers x and y which have the same remainder after
division by m

(&) - {#
are sald to be congruent modulo m, conventionally written

3
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x sy (Mod m)
Obviously, then, x 1s congruent to r modulo m, so that, with
r constrained to be positive, the equations

x&7r (Mod m)
and

O=srcn

define the reduction of x to its least positive residue,
modulo m, written as (Ref 1l:l-1)

|xln = =

The expression for x, then, can again be rewritten in the
form (Ref 131-2)

x=aff] + [,
This expression for x, however, is immediately recog-
nizable as a polyadic representation of x in the form

X =a ¢ agme a2n2 + 13-3 + eee b ag®

wvhere

|’|n * 8%

-31+a2n¢a3-20...0qnu°'1

and vhere 8, is seen to be the units digit of x when expressed
in the m-adic number system. Thus, the residue of an integer
modulo m is the units digit of that integer, when expressed

in the m-adic system.
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For example, Table 1 is a table of decimal integers, O
through 71, with their triadic (Base 3), tetradic (BAso +),
and quintadic (Base 5) equivalents. With the overlay in place,
showing only the decimal integers and the units digits of
their equivalents, the residue of any decimal integer,
0 through 71, (Mod 3), (Mod 4), or (Mod 5), is immediately
apparant, Thus, the residue of 9 (Mod 4) is 1; the residue of
23 (Mod 3) is 25 and the residue of 49 (Mod 5) is k4,

Besldue Numbers

A residue number is generated by arranging the residues
of a number for any n moduli my , m, , ..o , M in & grouping
such that each residue is identified with its particular mod-
ulus. Thus, given the residue number (1, 2, 3) in the 3-i-5
residue number system, the residue (Mod 3) of the number is
1; the residue (Mod 4) is 2; and the residue (Mod 5) 1is 3.
Referring to Table 1 with the overlay in place, in the 3-k-5
residue number system, the residue number of 58 1s (1, 2, 3),
of 47 is (2, 3, 2), and of 13 is (1, 1, 3).

The residue of a number modulo m has been shown to be
the units digit of that number in the m-adic number systenm,
8o there are m possible residues of a number modulo m. Now,
the General Principle of Permutations and Combinations states

®"If a thing may be done in M ways, and (after it
has been done in any one of these uuyss a second thing

may then be done in N ways, then the total number of
ways of doing the two things is MN.* (Ref 2:190)



OR/ER/62-1

i EREEREREzEeEes

DB EEECiEEC e

B e Eceenk

$3 %m_mmﬁmmﬁwmﬁ_n%ﬁ g “ﬂ_wImm_
[T A EEEeRes
Pl
Bl eee e EEce e R EERER R EhEE e

] R G G ol atata A D St

Tadble 1

and Quintadic Equivalents

intogorl 1 through 71.

Tetradic
Decimal

of

Triadic



GB/EE/62-1

Therefore, if the moduli My y My y ees o M are pairwise prime
(i,e., no two moduli have a common divisor other than 1, so
that their least common multiple is [ml,mg = mm,) the number
of distinct residue groupings is

Then, if the modulil My 9 Oy 9y ess 4 D, are pairwise prime,
with the residue of zero for any modulus defined as gero,
there is a unique residue number representation for every
number in the renge 0 to (M = 1), Furthermore, the Chinese
Remainder Theorem (Ref 43246) states that every decimal
number in the range O to (M ~ 1) will be uniquely determined
by one of the residue groupings.

Thus , for the (pairwise prime) moduli 3-4-5, there are
M = 60 unique residue number representations. Referring to
Table 1 with the overlay in place, there is a distinct
residue representation for each number O to 59, with the
sequence of residue numbers apperantly repeating itself in
the next range of M = 60 numbers. An extension of the table
would illustrate that the sequence of residue numbers is, in
fact, repetitive over every range of M = 60 numbers.,

A repetitive sequence of digits over a range of M
numbers is the characteristic of the units digits of an M-adic
number system, however, so utilizing the definition of a

number as a symbol or group of symbols showing how many, or

6
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vhat place in a sequence, a residue number system may be defined
as a sequence of numdbers, coded with the residues of numbers
for any n moduli By 2 By eee 3 B, which constitutes the
units digits of an M-adic number system, where

Mo TTm

i=1

Then, since the units digits of an integral polyadic number
possess zero-order positional significance (Ref 3:61), a residue
nunber system is an unordered system only in that it possesses
zero-order positional significance. If the residue-coded coef-
ficients of the M's digits of a number could be determined, they
would possess first-order positional significance, and they
would form, in combination with the residue-coded units digits
of the original residue number system, a fully ordered system.

The “reduction" of a number from any polyadic number
system to a residue number system, then, is really an
expansion of the number scale so that all numbers of the
polyadic system within the unique (i.e., useful) range of
the residue number system are units digits. Then, since
all numbers of interest are units digits, the notions of
carry and borrow are meaningless for arithmetic operations
in residue number systems.

Finally, since an arbitrary set of moduli constitutes
the basis of a residue number system, there are an infinite

number of possible systems.
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II1I. Ihe Residue-to-Decimal Conversion Iroblea

Eroblen Description

The problem of residue~to-decimal number conversion can
be reduced to three more fundamental problems, all of which
are common to general-purpose digital computer applications
of any number system.

It was shown in Section II that every residue number
system contains only M distinct residue number represent-
ations, where X is the product of the (pairwise prime)
modulli. Any operation which exceeds the range of unique
representations, therefore, exceeds tlie range of unique
conversion capability. This is the problem of capacity.

Any number system, to be useful in computer applica-
tions, must possess the canability of representing negative
numbers. Since residue number systems possess only sero-
order positional significance, any part of the unique range
of representation of a residue number system can be allocated
for the representation of negative numbers. Once the range
of negative number representations has been assigned, however,
some means must be readily available to determine whether
any given number represented by the system is positive or
negative. This is the problem of algebraic sign determination.

Finally, for computer results to be useful, some means
must be available to make them intelligible to a human

operator. This is the problem of machine language to human

8
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language translation.

Problem Analysis

There are two immediate solutions to the problem of
capacity, the first of which results in an apparant paradox,
and the second of which shifts responsibility for the pradlem
from the device to its human operator.

Since every residue number system consists of the residue-
coded units digits of an M-adic number system, if the residues
of the n (pairvise prime) moduli m) , m, 5 «.c 4 M, Do
denoted by Ty s Tpg oo 9y Ty ANy decimal number x can be

expressed as

x-l(¢(1'1,1‘2,...,1‘n)

Then, if the value of [ﬂ could be first determined, and
then operated upon through arithmetic operation upon the
vesidue numbers of the system, the unique range of the system
cauld be extended without limit.

It was shown in Section II, however, that the above
representation of x is really a polyadic representation of

the form
x-aooajnoaznzoa_-sn-ao...ounu“

where

8 = (ry )y Ty y eee y Tp)
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and

'al'.‘lan"a3M2’-oo’.nm-l

so that the most important feature of a residue number
system (i.e., effective expansion of the number scale to
permit eall numbers of interest to be expressed as units
digits, thereby eliminating the need for carry and borrow in
arithmetic operations) is destroyed.

The second solution to the problem of capacity takes
cognizance of the fact that all digital computers are capa-
city limited. An obvious solution, then, is simply to make
M, the number of unique representations, larger than the
largest number of interest for the individual computer by
increasing the magnitude and/or the number of the (pairwise
prime) moduli. The problem of capacity then becomes the
responsibility of the computer programmer. This imposes no
greater l1limit on the generality of computer application
than that already imposed upon existing oomputers.,

The algebraic sign determination problem can be solved
if variations in the ranges of the residue number system
allocated to represent negative numbers are limited to
increments of one of the moduli, which will be defined as
oy , the limiting modulus. The sign of any number can then
be determined by comparing the incremental range within
which the number falls to the ranges in which numbers are

negative.

10
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This limitation on break-point location between vositive
and negative numbers on the residue number scale does not
impose a serious restriction upon the generality of computer
application since any modulus of any residue number system
is small compared with the range of unique representations.
Furthermore, the maximum displacement of a possible break-
point from some specifically desired break-point is imz ’
where my, is the limiting modulus.

The machine language to human language translation prob-
lem can be solved if the smallest modulus of the residue number
system is chosen as the above-mentioned limiting modulus. It
will be shown in Section IV that this selection results in
unique residue combinations of the remaining moduli in each of
the incremental ranges, by which the decimal number represented
by the residue number can be determined through inter- and intra-
range comparisons. The logic required to implement this deci-
mal number determination is greatly reduced if the liniting
modulus is required to be less than, or equal to, half of
ten, the base of the decimal number system.

These restrictions impose no limit on the generality of
computer application, because the only requirement on the
moduli of a residue number system is that they be relatively
prime, and this includes an infinite set of nurbers. Further-
more, selection of the least modulus as the limiting
modulus reduces the limitations irposed by the sign determine

ation solution.

11
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Iv, idue~to=D al Conversion

The solution to the residue-to-decimal conversion
problem described below is a general one which may be
applied to any residue nurber system. For clarity of
exrlanation, however, the solution is given in terms of the
3-4=5 residue number system, and is related to the relay
device constructed to deronstrate a practical implerenta-
tion of the principles involved.

0f the two solutions to the capacity problem discussed
in Section III, the unlimited extension of the unqiue range
of rcsidue number re-resentations through determination of,
and operation upon, Bﬂ offers, by far, the greater challenge
to the imagination. On the other hand, the extension of the
unique range of residue number representations through an
inerease in the valve of ! offers an immediately practicable
solution, if not necessarily the more etficient one. The
canacity protlem, therefore, is assumed to be solved by
raking 1. greater than the largest numbter of interest, or,
restated in terrs of a fixed ), by allowing interest in
only those numbers which fall within the range of unique
representation.

Solutions to the two remaining problems associated with
residue-to-deciral conversion (i.e., sign determination, and
rachine langusge to human language translation) are provided

by the four basic stages comprising the residue-to-decimal

12
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converter: The lod 3 Residue Reducing Stage; the Tens Digit
Deterrining Stage; the Units Digit Determining Stage; and the
Range and Sign Determining Stage.

Yod 3 Residue Reducing Stage
Let 3, the smallest modulus of the 3-4-5 residue number sys-

ter, be selected as my , the limiting modulus. Then the func-
tion of the Mod 3 Residue Reducing Stage is to reduce an input
residue number to a Mod 3 Base Residue Number, where a Mod 3
Base Residue Number is defined as any residue number in which
the Mod 3 residue is zero; and Mod m Base Residues are defined
as those residues which appear in Mod 3 Base Residue Numbers.
Referring to Table 2, for example, (0, O, O) is the Mod
3 Base Residue Number of the residue set (0, 0, 0), (1, 1, 1),
and (2, 2, 2); (0, 3, 3) is the base number of the residue
set (0, 3, 3), (1, O, 4), and (2, 1, O); (O, 2, 1) 1is the
base number of the set (0, 2, 1), (1, 3, 2), and (2, 0, 3)3
and (0, 1, 4) is the base number of the set (0, 1, 4),
(1, 2, 0), and (2, 3, 1). Furthermore, the Mod 4 and Mod 5
Base Residues of the four Mod 3 Base Residue Numbers indicated
are (0, 0), (3, 3), (2, 1), and (1, &), respectively. The
Mod 3 Base Residue of a Mod 3 Base Residue Number is neces-
sarily zero.
Reduction to base residue numbers of an entire residue
nurber system with moduli m; , my , eee , B, , where my = mp ,

results in an interior residue number system with the modulus

13
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r o

n=3 nz=lt n3=5

_
0 o o
b & 1  §
e e 2
o 3 3
1 [ 4
e 1 0o
0 2 1
1 3 2
2 o 3
0 p & LS
b | 2 0

2 s | r ]

Table 2

Partisl Residue Mumber Table for Moduli 3=4-5
to demonstrate the concepts of
Yod 3 Base Besidue Numbers
and Mod n Base Residues.
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eliminated, and where the
n-1
Q1 - i& I | ny
1=0

base residue numbers are uniquely determined by the base num-

e |

bers of the original system. Thus, in Table 3, for moduli 3-W-5
there are twenty alphabetically identifiable Mod 3 Base Residue
Numbers.
An examination of Table 3 reveals that the Mod m Base
Residues of any number can be determined by subtracting the
Mod 3 residue from each of the residue of the number. Tables
4 and 5 represent the determinations of the Mod 4 and Mod 5
Base Residues, respectively, of Mod 3 Base Residue Numbers,
The actual reductions of Mod 4 and Mod 5 residues to Mod 4 and
Mod 5 Base Residue, respectively, can be accomplished by a
switching-circuit implementation of Tables 4 and 5, as in Figure 1.
By virtue of the fact that whenever the Mod 3 residue
is zero, the Mod 4 and Mod 5 residues are, by definition,
Base Residues, however, a significant reduction in the equip-
ment necessary to realize the switching functions of Figure 1
can be achieved., For example, Figure 2 is a wiring diagram
of a 2-Relay method by which a Mod 4 residue of 3 (i.e.,
| x|, = 3) can be reduced to Mod 4 Base Residues.
If the Mod 3 residue is zero, both relays are deenergized,
and the input signal appears on the output 3 line. If
the Mod 3 residue is 1 or 2, relays 1 or 2 are energized,

14
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Mod 3
Residues
0 1l 2
0 0 3 2
1l 1l 0 3
Mod & Mod A&
Residues 2 2 1 0 Base Kesidues
3 3 2 1l
Table 4
Determination of
Mod 4 Base Residues
Mod 3
~ Residues ]
| o |1 2J
0 0o b 3
1 1l 0 4
Mod § Mod 5
Residues 2 2 1l 0 Base Residues
3 3 2 1
S 4 2
| 3
Table 5

Determination of
Mod 5 Base Residues
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respectively, and the input signal appears on the 2 or 1l
output line, respectively.

The wiring diagram of the corplete }Fod 3 Residue
Reducing Circuit is shown in Figure 3.

Reduction of a residue number to its !'od 3 Fase Residue
NMumber effectively determines the increrental range of the
liriting rodulus within which the number lies, which 1is the
necessary prelirinary step in the solutions to the sign
determination, and mechine language to human language

translation problems.

lens Diglt Determining Circuit

With the incremental range of the limiting modulus
within which a residue number falls determined, a solution
to the machine language to human language translation
problem is readily available.

Table 6 is the decimal-residue nurber table for roduli
3-4%-5, in the range of decimal nurbers O to 59. From Tables
6 and 2, Table 7 can be extracted, showing the decimal equiv-
alents of all Mod 3 Base Residue Nurbers, with their lod 4
and Yod 5 Base Residues, in the range of decimal numbers
0 to 99.

A corparison of Tables 6 and 7 reveals thet each !'od 3
Base Residue Number represents a set of three residue numbers
which reduce to that base nurnber, and that, witr the exce~tions

of base nurbers V, P, G, and D, each base nurter represents three

15
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Table 6
Decimal-Residue Table for }oduli 3-4=§

in the Range of Decimal Numbers 0-59
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Decimal Mgd Mgd Mgﬂ Decimal Mgd Mﬁ# Mgd
0 Z 0 0 30 K 2 04*
3 X 3 3 33 J 1 3
6 W 2 1 36 H o 1
9 v ) § 4 39 G 3 4

12 T o 2 42 4 2 2

15 8 3 0o Ly E 1 0

18 P 2 3 48 D 0 3

2l N 1 b § f1 c 3 1

24 M o 4 54 B 2 l

27 (v |3 |2 s7 [a |12
Table 7

Decimal Equivalents of all Mod 3 Base Residue Numbers
with their Mod 4 and Mod 5 Base Residues
in the Range of Decimal Numbers 0-59

Mod &
Base
Residues

Mod 5 Base Residues

ol 1] 2 | 3 u]
0 o 3 1 D 2
1 4 2 5 3 v
2|1 3| o 4w | P |5
-2__7 1 5 2 o G ]
Tadble 8

Tens Digit Determination from
Mod 4 and Mod 5 Base Residues
in the Range of Decimal Rumbers 0-59

Tens
Digits
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decimal numbers with the same tens digit as those represented
by the other residue numbers of the set. Thus, the residue
representation of 14 reduces to base number T, which rep-
resents decimal numbers with a tens digit of 1. 8imilarly,
the residue representation of 28 reduces to base number I,
which represents decimal numbers with a tens digit of 2.
Neglecting the four exceptions, V, P, G, and D, for the
moment, Table 8 can be constructed to demonstrate tens digit
determinations from Mod 4 and Mod 5 Base Residues in the
range of decimal numbers O to 59.

Since the Mod 4 and Mod 5 Base Residues are available
as outputs from the Mod 3 Residue Reducing Circuit, a
switching-circuit implementation of Table 8 can be devised,
as shown in Figure k.

The ambiguities in the tens digit determinations for
base numbers V, P, G, and D, by the method of Table 8 and
Figure 4, can be resolved by observing in Table 9 that base
numbers V and G determine tens digits O and 3, respectively,
when the units digit is 9, and tens digits 1 and 4, respect-
ively, when the 'inits digit is O or 1. 8imilarly, base num-
bers P and D determine tens digits 1 and 4, respectively, when
the units digit is 8, or 9, and tens digits 2 and 5, respect-
ively, when the units digit is O, A truth-table arrangement of
these observations can be constructed as in Table 10,

Referring to Table 10, it can immediately be seen that

base numbers V and G each determine one tens digit when the

16
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Base | Mod | Mod | Mod Base | Mod | Mod | Mod
Dec. | "wo, | 3 b | 5 |Dece| o, | 3 4 5
sl
9 4 0 1l 4 39 G 0 3 4
10 h 2 0o 4o 1 0 0
11 2 3 1l 41 2 1l 1l
18 P 0 3 3 48 D o 0 3
19 1 3 4 49 1l 1 L
. o) 2 0 0 50 2 2 ()
Table 9
Partial Decimal-Residue Table
for Mod 3 Base Residue Numbers V, P, G, and D
Units Digits
8 |9 | o
v 0 1l
Mod 3 G 3 b 4
Buse Residue Tens
Number Pl1l |1 ]2 Digits
D 4 4 5 N
Table 10

Ambiguity Resolution of Tens Digit Determination
from Mod 3 Base Residue Numbers
by Units Digits Corparisons
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units digit is 9, and another tems digit when the units digit
is not 9; and base nurbers P and D each determine one tens
digit when the units digit is O, and another tens digit when
the units digit is not O, Assuming that the units digits are
available for comparison, these conditions can be realized by
the switching-circuit of Figure 5.

The complete switching-circuit implementation of Tables
8 and 10, then, to provide unique tens digit determination in
the range of decimal numbers O to 59 is as shown in Figure 6.

Pigure 7 is the wiring diagram of a 3-relay realization
of the‘switching functions required to uniquely determine
the tens digit of a number whose residue number representation
reduces to Mod 3 Base Residue Number D or P.

Both Mod 3 Base Residue Numbers D and P result in a
Mod 5 Base Hesidue of 3, so either base number will energize
relays 1 and 2. If the base number is D, a signal will
appear on only the O Mod 4 Base Resiﬁue line. Then, 1if
the units digit is not O, the tens digit is 4, and if the
units digit is O, relay 3 is energized, and the tens digit
is 5. Similarly, if the base number is P, a signal,will
appear on only the 2 Yod 4 Base kesidue line. Then, 1if
the units digit is not O, the tens digit is O, and if the
units digit is O, relay 3 is energigzed, and the tens digit
is 1.

The wiring diagram of the complete Tens Digit Determining
Circuit is shown in Figure 8.

17
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Units
Digits
(Inputs)
‘ o—0 o
VY O—
Not 9 o o1

¢ O
Fot 9 O O &
Mod 3 Tens
Base Residue _gagita
Numbers 0 (outputs)
Oo—O0 2
P O
Not O . 01
__00/0_05
D O—
Not O O O 4

Figure 5
Switching-Circuit to Resolve
Tens Digit Determination Ambiguity




CR/EB-62-1
¥od § Units
Base Residues Digits
(Inputs) (Inputs)
0
O— 00
o o— 03
0 0—-20" o—— o1
3 —0" O0—0
—O/H 8~ "
Lo 02
—:o/ o— Ok
__o/ -0 2
1 0—20"0 ~—05
O— O 3
v o 96" 000
ot O— 35 001
M oo o
Flo” o -0 0
20—420"0 —Oh
207 0—o02
,._3_0/0__1 5 - 1
b o 05
25" 0 o1
1'LO/O -0 5
30—20" 0 O3z
3676 00
Y o—03
2o o303 o
Figure 6
Switching-Circuit Implementation
of Tables 8 and 10

]

Digits
(Outputs)




OR/EB-62-1 B

———°,;
2 Tens
- ey (Outpute)
puts
( C o5
Units
Digit O
(Input)
Relay
#3
Mod
Base Residues >

L g
3
oo

~y

o)
R.‘
' {
l Mod 4
115v 0000 Base Residues
e 01 23 (Inputs)

Figure 7
Wiring Diagram of a 3-Relay Method of

Tens Digit Determination of
Mod 3 Base Residue Numbers D or P




I'&/n/sm , — —

1

P
ﬁv—'
#HK—‘

L—L—~—

-wl—‘\V'NH;—-t

Units D

Mod 5 f
Base Residues
(Inputs)

— N
| e
ﬁ

O—Gﬁr\rﬂf

™
p”

—

&c °0
10 I
Mod & 2 O
Bas
Residues 3 O




Figure 8

O
— Moﬁol\ 0 ~0—
S~ %\dddd)l — 0000 —
i
o
-
“..b(
S
- Q ~0—
- O 00—

_(q

_—

Tens Digit Determining Circuit
in the Range of Decimal Mumbers 0-%9




GR/EE/62-1

It is interesting to note that, although a resolution
of the four ambiguous cases was accomplished through compari-
son of the units digit of the number, the resolution could
also have been accomplished through a comparison of the Mod 3
residue of the number. Thus, in Table 9, base numbers V and
G each determine one tens digit when the Mod 3 residue is O,
and another tens digit when the Mod 3 residue is not O,
Similarly, base numbers P and D each determine one tens digit
when the Mod 3 residue is 2, and another tens digit when the
Mod 3 residue is not 2. The circuitry necessary to duplicate
this logic is identical to that actually employed in
Figures 7 and 8.

Units Digdt Determining Circuit
A method of units digit determination based on a com~
parison of the incremental range of the limiting modulus
within which a number falls similar to that used in the
Tens Digit Determining Circuit can be developed as follows:
Table 11 shows the )od 3 residue equivalents and the
Mod 3 Base Kesidue Numbers of &ll decimal numbers in the
range 0 to 59. Figure 9 is a switching-circuit implementation
of Table 11. A circuit can easily be constructed to duplicate
the switching functions of Figure 9 to provide unique units
digit determinations for all residue numbers in the range of
deciral numbers O to 59.

In the interest of economy of equipment, however, a more

18
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1
E_i

Decimal
nee———
0 $ 0 30 P o
1 1 31 3
2 £ 32 2 |
3 X ) 33 J o |
4 1 3 1
5 2 35 2 |
6 W 0 36 H_ 0
7 1 37 1
8 £ 38 2
9 v 0 39 G 0
10 1 4% -
11 2 41 2 |
12 b4 ) k2 ) 9 |
13 1 b3 1
1k 2 lly 2
15 8 0 45 ) B 0
16 1l 46 1
17 2 42 2 1
18 P 0 48 D 0
19 1 49 1
21 N o 1 9 C o
|22 1 1 52 1
P23 2 23 2
24 N 0 s B )
29 1 92 ) -
20 2 56 2
|27 | L 0 52 A 0 |
28 1 58 1

in the Range of Decimal Numbers 0-59

Table 11
Mod 3 Residue-Decimal Table
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direct approach to units digit determination was taken, based
on a characteristic common to all residue number systems with
one modulus map
multiple of 5.

The number of unique representations M of every residue

some multiple of 2, and one modulus m5q some

number system with moduli By s Wy 5 ese mzp ’ m.j.q y eee g M
is some multiple t of 10, where

tem TT "Sq

Consider the residue number system with moduli 2 and 5.
Here p=q« 1, and t = 1. Then M = 10, and as demonstrated
in Section II, each of the ten residue numbers uniquely
determines one decimal number in the range O to 9, which 1is
exactly the range of units digits of the decimal number system.
Table 12 is a residue-decimal table for the 2-5 Residue Number
System.

It was also demonstrated in Section II that any number x

can be expressed as

X=m ]
vhere a1l
"l}] m Z 8y 4+ 1)mt
1=
and
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Mod 5 Residues
0 1 2 3 4

0 0 6 2 8 kgﬂ

Mod 2 Decimal
Residues 1l 5 1l 7 3 9 Bquivalents

Table 12
2-5 Residue Number System

Residue-~to-Decimal Number Table

Mod 5 Residues
4 0 1 2 3 L
u

Decimal

1l 7 3 9 (Bquivalents

PE—

0 0 2 0 6 2 8 b
Mod 2

Residues] 1 1 3

Table 13
2=5 Residue Number System
Residue-to-Decimal Number Tabdle
to Demonstrate the Distribution of
Vod 4 Residues Reduced to Mod 2 Residues
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vhere L is the units digit of x in the m-adic number system.
Now, if = = 10t,

n-1
xe10t ) &, 1)200" o a,
=0

Then, applying properties associated with the reduction of a
number to a least positive residue (Ref 131-2)
n-l

4 .
10t 120 8y o 1)(200) ¢ ug|

I“b *

n-1
1
J.01:|b 120 LT ¢ LO LR

Now, if b is a divisor of 10, then| 10t{, = O, and

b
[xlb “ |‘olb

Then, with a, the units digit of a number when expressed in a

polyadic number system when the radix is some multiple t of 10,

|x|2 * I‘O'a

Ix|5 - l‘ols

Furthermore, going back to the expression for x,
=53] * x|

20
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if m is taken as the product of two factors, p and q,

m = pq, and

== pa[R] + =],

Then
X
%] = pq[pq]+|x|pqp
| [me[of&] * 121l

Butlpqp-o, so that

[ xlp =] Ielpo
Then

lxa' 'xlapz

Ixs. Ix|5q5

Therefore, the units digit of a decimal number represented
in any residue number system containing moduli Bop and mgq can

be determined by reducing the Mod m, and Mod m5q residues to

2p
residues Mod 2 and Mod 5, respectively, and irplementing
Table 12,

Explicit reductions of the Mop and D5q residues to
residues Mod 2 and Mod 5 are not required, however, since these

reductions merely result in each residue Mod 2 representing

21
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p residues Mod map , and each residue Mod 5 representing q
residues Mod m5q « Thus, ‘in the 3-k-5 residue number system,
p'2,&nd

|°|\+|2 - \ | 2|l+

|1y |3|k|2' 1

|°|2'

|1]; =

20

2.

Table 13 is a residue-decimal table for the 2-5 Residue
Number System, demonstrating the distribution of Mod 4 residues
in accordance with their reductions to Mod 2 residues. Then
the available Mod & and Mod 5 residues can be utilized directly
to implement a switching-circuit determination of the decimal
units digits, as shown in Figure 10.

Figure 11 is a wiring diagram of a 2-relay method of
duplicating the switching functions of Figure 10 to provide
units digit determination for a 0 Mod 5 residue (i.e., |x|5 = 0).

With a Mod 5 residue of O, relays 1 and 2 are energized.
Then, with a lod 4 residue of either O or 2, the units digit
is 0, and with a Mod 4 residue of either 1 or 3, the units
digit is 5.

Figure 12 is the wiring diagram of the complete Units
Digit Determining Circuit.

Bange and Sigo Determining Circult
The function of the Range and 8ign Determining Circuit

is to determine whether the incremental range of the limiting

22
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modulus within which a number falls is positive or negative,
and to operate accordingly upon the output of the Tens and
Units Digit Determining Circuits to produce the correct
decimal equivalent of any residue number.

Referring to Table 7, it was demonstrated earlier that
each Mod 3 Base Residue Number results in a unique combination
of Mod 4 and Mod 5 Base Residues,. Then, with the Mod 4 and
Mod 5 Base Residues of any number available from the Residue
Reducing Circuit, the particular base number to which any
residue number reduces can be determined. Furthermore,
since variations in the ranges of positive and negative
numbers represented by the residue number system are limited
to increments of 3, the lirmiting modulus, the sign of any
number which reduces to a particular base residue number is
necessarily identical to the sign of the base number.

Figure 12A is a switching-circuit implementation of Table
7, to determine the base number to which any residue number
reduces. Then, since algebraic sign determination constitutes
a binary decision, an additional switch at each base number
output provides that decision,

Table 14 is a complete decimal-residue number table for
all decimal numbers in the range -60 to 59. It can be seen
in Table 14, that if base nurber A is negative, the range
of decimal nunbers renresented by the residue number system
lies between -3 and 56, Similarly, if both base numbers

A and B are negative, the decimal range is -6 to 53. Then,

23
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Decimal-Residue Fumber Table for all Decimal Numbers
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the alphabetically successive transition, from positive to
negative, of base numbers A through Z, results in variations
in decimal range from -60 to -1, to O to 59, in increments of
three. A switching-circuit implementation of this logiec 1is
shown in Figure 13, where a signal on the output line
indicates a negative number, and the lack of a signal
indicates a positive number.

Figure 1k demonstrates the circuity utiliged te
duplicate the switching functions of Pigure 13. 4 Mod b
Base Residue of O energises relay 1. Then, with a Mod 5
Base Residue of 0, 1, 2, 3, or 4, aml switches 2, H, T, D,
or M closed, respectively, a (negative number) signal appears
at the output. Othervise, a (positive mbo:) laek of a
signal appears at the output.

Aiken and Sewon show (Ref 1:1-5) that the residue Mod m
of a negative number -x is the complement on & of the residwe
of x. Therefore, since the decimal numbers represented by
the residues of the 3-k-5 system are, in reality, residues
of numbers Mod 60, every positive decimal number eonverds
to a negative number of magnitude (X - x) = 60 - x,

Then, since the range of unique representations M = 60
is a mltiple of ten, the units digit of the negative of a
mumber is the complement on 10 of the units digit of the
number, as demonstrated in Table 15. (This will be true for
any residue number system where one modulus is even, and
another is some multiple of 5.) The tens digit of a negative

24
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number can then be found as the complement on the tens digit
of M, or of (M - 10), according to whether the units digit
of the number is O or not, as shown in Tadle 16.

A switching-circuit implementation of Tables 15 and 16
1s shown in Figure 15, and Pigure 16 is the wiring diagram
of the circuitry employed to duplicate the switching functions
of Figure 15.

If the tens digit and units digit equivalents of a resi-
due number are each 1, and eleven ig in the positive range
of numbers, relays 1, 2, and 3 are deenergized, so that the
tens digit and units digit outputs are dboth 1. If eleven is
in the negative range of numbers, however, relays 1l and 3
will be energised, and the tens digit and units digit outputs
wvill be 4 and 9, respectively, vith a negative mumber
indicator energised. Had the units digit been O, the units
digit output would have been O for both positive and negative
numbers. BHRelay 2 would than have been energised, however,
and the tens digit output for a negative number would have
been 5. '

The wiring diagram of the complete Range and 8Sign
Determining Circuit is shown in Pigure 17.

Jha Residus-fo-Decimal Number Converter

Figure 18 is the wiring diagram of the complete Residue-
to-Decimal Fumber Converter. The indicated residue number
input (2, 2, 2) can be traced through the integrated systea
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as follows:

With each of the residue input switches positioned at 2,
a ground potential is applied to terminals B, B, and I of
terminal strip RRP, and terminals H and C of terminal strip
UDP,

Terminal strip RRP is the input to the Mod 3 Residue
Reducing Circuit, so that with power applied through terminal
L, and ground applied through terminal B, relays BRR 1, 3,
5, 7, and 9 are energized., Then ground is applied, through
terminals B and I, to terminals A and E of terminal strip
RRJ, terminals A and I of terminal strip IDP, and terminals
A apd C of terminal strip RDP. |

Terminal strip UDP is the input to the Units Digit
Determining Circuit, so that with power applied through
terminal J, and ground applied through terminal C, relays
UDR 5 and 6 are energized. Then ground is applied, through
terainal H, to terminal C of terminal strip UDJ, and
terminal C of terminal strip RSP.

Terminal strip TDP is the input to the Tens Pigit
Determining Circuit, so that with power applied through
terminal N, and ground applied through terminal I, relays
TR 1 and 2 are energized. Then ground is applied, through
terminal A, to terminal A of terminal strip UDJ, and
terminal J of terminal strip RSP.

Terminal strip RDP is the input to the sign determining
portion of the Range and Sign Determining Circuit, so that
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with power applied through terminal H, and ground applied
through terminal A, relay RDR 1 is energized. Then ground
is applied, through terminal C, to terminal A of terminal
strip RDJ.

If the number represented is negative, as predetermined
by the 8ign Determination Switch Bank setting (i.e., at
least switch A is closed), ground is applied to terminal Q
of terminal strip RSP. If the number is positive (i.e.,
switches A through Z are open), no potential is applied to
terminal Q.

Terminal strip RSP is the input to the range deternin-
ation portion of the Range and Sign Determining Circuit, so
that with power applied through terminal P, and ground applied
through terminal Q (i.e., the number represented is negative),
relays RSR 1, 2, 3, &4, 8, 9, and 10 are energized. Then
ground is applied, through terminals C and J, to terminals
G and N of terminal strip RSJ. With power applied to the
indicator lights as shown, the number -58 is then indicated.

With no ground applied through terminal Q of terminal
strip RSP (i.e., the number represented is positive), all
relays of the Range Determination Circuit are deenergized
so that ground is applied, through terminals C and J, to
terminals J and B of terminal strip R8J. Then with power
applied to the indicator lights as shown, the number 02 is
indicated. Referring to Table 14, the decimal number rep-.
resented by the residue number (2, 2, 2) 1s -58 in the

27



GR/RE/62-1

negative range, and 2 in the positive range.

Figure 19 is a picture of the front panel of the Residue-
to-Decimal Converter. The range of unique residue number rep-
resentations 1s selected by the Range Selection Switch Bank in
the lower right. portion of the panel. With all switches in the
down (off) position, the upper left-hand switch points to the
operating range 0 to 59. With the upper left-hand switch
(switch A of Figure 17) in the up (on) position, it points to
-3, and the next switch points to 56. Thus, the operating
range is -3 to 56. Similarly, with the subsequent transition,
from down to up, of each switch from left to right, the 6porat1ng
range varies by increments of 3, and the range is indicated by
the numbers pointed to by the switches involved. in a switch-
position inversion. Finally, with all switches in the up (on)
position, the operating range is indicated by the lower right-
hand switch as -60 to -l.

The residue number to be converted is then entered by
means of the three rotary Residue Input switches in the upper
left portion of the panel. With all inputs entered, the
Press-to-Read switch, located to the left of the Range Selec-
tion Switch Bank, is pressed. This is a spring-loaded switch
designed to prevent the converter circuits from being inad-
vertently left on for extended periods of time, with conse-
quent overheating of components.

With the Press-to-Read switch energized, the converted
decimal number is displayed on the neon indicator bank located

28
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in the upper right-hand portion of the panel.
Figures 20 and 21 are right- and left-hand views,
respectively, of the interior of the converter.






Figure 21
Converter Interior
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V. Conglusions

Bemaining FProblems to be Copsidered
Aiken and Semon (Ref 1:13-3, 3-4) list seven problems which

mst be solved before residue number system techniques can be
applied to general-purpose digital computers:

l. Capacity

2. Relative magnitude

3. Negative numbers

4. Algedbraic sign

5. Practions

6. Bound-off

7. Division

They further indicate that an easily mechaniged algorithm
for the determination of algebraic sign cin be made to yleld
solutions to the remainder of the first five problems, with
the possible exception of round-off, and that solutions to the
first six problems will provide a solution to the seventh.

A solution to the problem of relative magnitude 1is
immediately suggested by the algebraic sigh determination
algorithm developed in Section IV. That is, the incremental
ranges of the limiting modulus within which two residue num-
bers fall can be compared to determine which represents the
set of decimal numbers with the larger relative magnitude.
Then, if both numbers fall in the same range, a comparison

of the residues of the limiting modulus would determine which
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residue number lies farther from the base number, and there-
fore, represents the decimal number with the larger relative
magnitude.

Assuning the suggested solution to the relative magnitude
problem to be a practicable one, an extension of the principles
involved suggests a solution to the round-off problem. That
is, the tens digit of the decimal number represented (in the
3=4=5 residue number system) is determined by the Tens Digit
Determining Circuit. Assume that the tens digit of the
decimal number represented by a residue number is 2. Then, &
comparison of the relative magnitudes of the differences
between the given residue number, and the residue number
representations of 20 and 30 provides a means to round the
given number off to the nearest tens digit. 8imilarly,
comparisons of thn.rolativo magnitudes of the differences
between the given residue number and the residue number
representations of 20, 25, and 30 provide a means of round-
off to the nearest 5.

The problem of negative numbers is effectively solved by
the algebraic si,n determination algorithm developed in
8ection IV.

A solution to the problem of operating upon fractions in
residue number systexms by an extension of the algebraic sign
determination algorithm is not immediately apparant. All
known current methods of operation upon a fraction require
first a reduction of the fraction to a decimal (radix) number.

3



CR/ER/62-1

The notion of a radix point, however, is directly associated
with positional notation (Ref 1:3-4), and as demonstrated in
S8ection II, residue number systems have zero-order positional
significance. As a sidelight, it is noted here that, should
some method of solution to the problem of fractions be developed,
which either encompasses the difficulty of radix point deter-
mination, or translates it to some other parameter which can
be absorbed by thé device, then that solution would almost
certainly be applicable to the first method of solution to
the capacity problem, as developed in Section IV, wherein
all decimal numbers within the unique range of a residue
number system could be treated as fractions of M, the product
of the moduli.

Several problems of interest, then, are suggested for
possible future investigations in the area of residue number
system applications.

1. Development of a practical solution to the problem
of relative magnitude.

2. Develppment of a practical solution to the problem
of round-off,

3. Development of a practical solution to the problem
of fractions, with an investigation into applicability of
any solution developed to the suggested solution to the
problem of cavpacity.

4, Assuming practicable accomplishment of 1 through 3
above, development of a practical solution to the problem
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of division.

Conclusions

The summary of residue number systems contained in
Section II was included under the assumption that the reader
possesses a reasonable familiarity with the concepts discussed.
It is a slightly different approach to the subject from that
conventionally taken, however, and is intended to function as
a springboard into the attack made upon the résiduo-to-docinnl
number conversion problem.

In solving the residue-to-decimal conversion problem, it
was necessary to attack three problems: The capacity problem;
the algebraic sign determination problem; and the machine
language to human language translation problem.

The solutions developed to these problems are completely
general, and can be applied to any range of positive and
negative numbers, limited only by increments of the smallest
modulus of the system, in any residue number system. Simplif-
ications utilizing the characteristics of certain classes of
moduli hsve been suggested, but these are not essential to a
mechanical realization of the principles developed.

The relay device constructed, and described in conjunction
with the development of the principles involved, demonstrates
the applicability of the general principles to a specific

residue number system.
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