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This report presents the development of a solution to the

problem of residue-to-decimal number conversion, and the method

of application of the solution to a relay converter, to demon-

strate its practicability. The converter has been retained by

the laboratory which sponsored this project, the Bionics and

Conputer Branch, Electronic Technology Laboratory, ASD.

Most of the actual solution to the conversion problem is,

to the best of my knowledge, a result of my own efforts; and

any errors that may appear are entirely my own. I most grate-

fully acknowledge my indebtedness, however, to the personnel

of the Computer Division of the Radio Corporation of America,

Burlington, Massachusetts, who imparted to me the ideas which

later led to the algebraic sign determination capability, and

to Mr. E. Day of that organization, vith whom these ideas

originated.

I wish also to acknowledge my indebtedness to Capt. F.

M. Brown of the Institute of Technology, and to Capt. A. L.

Calton, Yr. T. S. Gerros, and Mrs. L. H. Tackett of the Bionics

and Computer Branch. Each contributed, in his own way,

invaluable guidance and assistance.

And finally, to my wife, for her continued patience

and encouragement, I offer my most heartfelt thanks.

Arthur J. Altenburg
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A residue can be described as the units digit of a number

when expressed in a polyadic system with a radix equal to the

modulus; a residue number system can be described as the residue-

coded units digit of a polyadic system with a radix equal to the

product of the moduli. The residue-to-decimal conversion problem

can be restated in terms of capacity, algebraic sign determina-

tion, and machine to human language translation. The capacity

factor can be subordinated by a shift of responsibility from the

device to its operator. Solutions to the remaining factors,

based on the above notions of residue number, require that

variations in assigned ranges of positive and hegative numbers

be limited to increments of the limiting modulus, the smallest

modulus of the system. Problem solution logic, stated in terms

of switching functions for the 3-4-5 residue number system, is

duplicated by relay circuits to demonstrate application of the

principles developed. Residue numbers in which the limiting

modulus residue is zero, called base residue numbers, can be

identified by the residues of the other moduli for each base

residue number, called base residues. Reduction of a residue

number to its base residue number by subtraction of the limiting

modulus from each of the residues determines the incremental

range of the limiting rodulus within which the given number lies.

Comparison of this range with assigned negative number ranges

determines the algebraic sign of the number. Further range

vii
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comparisons with the units, tens, and higher-order decimal digits

represented by each range, coupled with inter-and intra-range

comparisons to resolve ambiguities, provides the required lan-

guage translation for problem solution. A significant simpli-

fication in units digit determinations for residue number systems

containing one even modulus, and another modulus some multiple

of five through reductions of the residues of the specified

moduli to residues Mod 2, and Mod 5, respectively, is achieved.

viii
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Report on

A RELAY DEVICE TO DEMONSTRATE

RESIDUE-TO-DECIMAL NUMBER CONVERS ION

I.. Introduction

Residue number systems possess a strong appeal for

general-purpose digital computer applications because,

through their use, arithmetic operations can be performed

without accomplishment of the carry or borrow functions,

resulting in a significant decrease in arithmetic organ

time and equipment requirements.

Several problems must be solved, however, before residue

number system techniques can be applied to general-purpose

computers. One of these problems is the unique conversion of

numbers from an apparantly unordered residue nurber system to

the decimal system, for subsequent interpretation and use by

a human operator.

The objective of this probject is the development and

demonstration of a practical method of residue-to-decimal
A

number conversion, applicable for any range of positive and

negative numbers, in any residue number system.

The Chinese Remainder Theorem is a well-known algorithm

by which a number can be converted from a residue number

system to the decimal system. The algorithm is an extremely

unwieldy one, however, which has not been successfully rechan-

ized for general-purpose applications, and which, at any rate,

1
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has a direct conversion capability limited to positive numbers.

Reference is made to the theorem as a proof of certain develop-

mental concepts, but because of its complexity and limitations,

the algorithm, itself, is abandoned as a basis for solution of

the thesis problem. Instead, the conversion probler, is reduced

to three more fundamental problems, which are attacked util-

izing a slightly different approach to the ctcepts of residue

number systems than that conventionally taken.

This report deals with the development of a general

solution to the residue-to-decimal nurber conversion problem,

and the construction of a relay device to derionstrate an

application of the general solution to a specific residue

number system.

The report consists of five sections. Section II

contains a brief summary of residue number systers. Section

III contains a description and an analysis of the residue-

to-decimal number conversion problem. Section IV contains

a detailed account of the general solution to the problem,

coupled with a description of the circuitry employed to

apply the general solution to a specific residue number

system. Section V contains a brief discussion of the prob-

lems remaining to be considered before residue number system

techniques can be applied to general-purpose corputers, and

conclusions.

2
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II. Rsigue Number Systems

"Number - A symbol or word, or a group of either of
these, showing how many, or what place in a sequence.*

~the

Residues

If x and m are integers with m A 0, there exist unique

integers q and r, with 0 S r 4 Imj, such that

x - qm + r

where q, the quotient of x divided by m, is the integral part

of x divided by m

q-]

and r, the remainder after division of x by m, is m times the

fractional part of x divided by m (Ref 5t9 )

p-•111

The expression for x can, therefore, be rewritten in the for

Two integers x and y which have the same remainder after

division by i

[if a-1
are said to be congruent modulo m, conventionally written

3
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x y (Mod m)

Obviously, then, x is congruent to r modulo m, so that, with

r constrained to be positive, the equations

x a r (od a)

and

0Sr ca

define the reduction of x to its least positive residue,

modulo a, written as (Ref 1:1-1)

lxi. ,

The expression for x, then, can again be rewritten in the

form (Ref 1W1-2)

X a * li.I
This expression for x, however, Is immediately recog-

nizable as a polyadic representation of x in the foz

X a ao + alm + a2 . 2  + a 3 . 3 * AP

where

and

a, a1  + 2 a31B2  MU*o* '

and where ac is seen to be the units digit of z when expressed

in the a-adic number system. Thus, the residue of an integer

modulo m is the units digit of that integer, when expressed

in the n-adic system.
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For example, Table 1 is a table of decimal integers, 0

through 71, with their triadic (Base 3), tetradic (Base 4),

and quintadic (Base 5) equivalents. With the overlay in place,

showing only the decimal integers and the units digits of

their equivalents, the residue of any decimal integer,

0 through 71, (Mod 3), (Mod 4), or (Mod 5), is immediately

apparant. Thus, the residue of 9 (Mod 4) is 1; the residue of

23 (Mod 3) is 2; and the residue of 1+9 (Mod 5) is 4.

A residue number is generated by arranging the residues

of a number for any n moduli ft , m2 , ... ,a.n in a grouping

such that each residue is identified with its particular mod-

ulus. Thus, given the residue number (1, 2, 3) in the 3-4-5

residue number system, the residue (Yod 3) of the number is

1; the residue (Mod 1) is 2; and the residue (Mod 5) is 3.

Referring to Table 1 with the overlay in place, in the 3-4-5

residue number system, the residue number of 58 is (1, 2, 3),

of 1+7 is (2, 3, 2), and of 13 is (1, I, 3).

The residue of a number modulo m has been shown to be

the units digit of that number in the m-adic number system,

so there are a possible residues of a number modulo m. Now,

the General Principle of Permutations and Combinations states

"If a thing may be done in M ways and (after it
has been done in any one of these ways a second thing
may then be done in N ways, then the total number of
ways of doing the two things is .*I. (Ref 2190)

5
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Bass 3 Bass 4 hse Bass 3 Base 4 Be
DOC- 

Dec- - -

. o 3 23 11 0 1 a

S 2 2 2 1. 1102 2 1 L1 3

A Ao 19i -"o 10
121 M W __ 1 11X 2 0 1J0
1; 0 L2 1 0 2 1112 2L -L

22 2 0 1 31 0 1 3
100 21 1 j .; 1 00 :1

1 X 101 2 2 L0 6 20 2 1 4 1
1 02 21 2 1 47 J,2o-2 233 1 2 W.

11 0.10 10 2L2 8 1 2W 1 300 1 1
1i --11 31 2 1 Q 1211 0 Q 1 1,4 ,
1- 112 -L2-- 2' 0 1 9 0 2" 2005.LW10
J1h 0 A 4 0 ;0 51 303 220W1W
1A6 1 1 oo 3 1 52 1L2 :" 110 0 2
1 1 202 1 01 1 2000 "A I oI

2l 0 1 0 2 L - L L 5LZ I 1 1

IQ -AL 1~ 03 3 AL2 IfJ IV -Q2L 21 L11 0LQ 6+ 1 0 :
2 211 4 I 2 98 2 011 1 222

2 1 2 1L 2 , 41 -1 5'9. 2 1

24 az Lo L 62 L0 112 02o25; 22L 02, AOl A1 9 o4' 1 2 1

2 22 2 62 2022 A A 2

2630, tO0 1 2 3o 64 z o 1 q :
98a t 0 04 61T 211 O00 A 0k

LOO= 1.41 zoTabl 1 :z 2 t O 1

q[O LO" 2 14 0 6 1 o LO0 2
_ 0 1 3 3 1 1 67 2 1 1 1 LO 3 ;

l L0 2 2 0 12 68 2 1 1 2 L0 0 ;
qtl~~ ~ t 10 1 0 1 2" a Lat 1 4 U

,, Oi:1 , 111 , 4 0 :12 1 . 0 1 .2 2 1
I( 10 9 2 20 a 14 It z M 1 1[ ) 0 It 0 1 a b 6,

Table 1

Triadic Tetradic and Quletadic qulvalent
ofDecimal Ltiegers 1 through 71.
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Therefore, if the moduli m1 , m2 , .m. t mn are pairwise prime

(i.e., no two moduli have a common divisor other than 1, so

that their least common multiple is [m1 ,m] - mIm2 ) the number

of distinct residue groupings is

n
M T i mi

Then, if the moduli ml , m2 , ... , mn are pairwise prime,

with the residue of zero for any modulus defined as zero,

there is a unique residue number representation for every

number in the range 0 to (M - 1). Furthermore, the Chinese

Remainder Theorem (Ref W42246) states that every decimal

number in the range 0 to (M - 1) will be uniquely determined

by one of the residue groupings.

Thu , for the (pairwise prime) moduli 3-4-5, there are

M - 60 unique residue number representations. Referring to

Table 1 with the overlay in place, there is a distinct

residue representation for each number 0 to %9, with the

sequence of residue numbers apparently repeating itself in

the next range of Y a 60 numbers. An extension of the table

would illustrate that the sequence of residue numbers is, in

fact, repetitive over every range of M - 60 numbers.

A repetitive sequence of digits over a range of M

numbers is the characteristic of the units digits of an M-adic

number system, however, so utilizing the definition of a

number as a symbol or group of symbols showing how many, or

6
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what place in a sequence, a residue number system may be defined

as a sequence of numbers, coded with the residues of numbers

for any n moduli m, 9 a 2' "*' 1 a , which constitutes the

units digits of an M-adle number system, where

n
M -T IA

Then, since the units digits of an integral polyadic number

possess zero-order positional significance (Ref 3161), a residue

number system is an unordered system only in that it possesses

zero-order positional significance. If the residue-coded coef-

ficients of the M's digits of a number could be determined, they

would possess first-order positional significance, and they

would form, in combination with the residue-coded units digits

of the original residue number system, a fully ordered system.

The "reduction" of a number from any polyadic number

system to a residue number system, then, is really an

expansion of the number scale so that all numbers of the

polyadic system within the unique (i.e., useful) range of

the residue number system are units digits. Then, since

all numbers of interest are units digits, the notions of

carry and borrow are meaningless for arithmetic operations

in residue number systems.

Finally, since an arbitrary set of moduli constitutes

the basis of a residue number system, there are an infinite

number of possible systems.

7
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III. =I Rauidue-to-Decimal Problem

The problem of residue-to-decimal number conversion can

be reduced to three more fundamental problems, all of which

are common to general-purpose digital computer applications

of any number system.

It was shown in Section II that every residue number

system contains only M distinct residue number represent-

ations, where 3 is the product of the (pairwise prime)

moduli. Any operation which exceeds the range of unique

representations, therefore, exceeds the range of unique

conversion capability. This is the problem of capacity.

Any number system, to be useful in computer applica-

tions, must possess the caoability of representing negative

numbers. Since residue number systems possess only sero-

order positional significance, any part of the unique range

of representation of a residue number system can be allocated

for the representation of negative numbers. Once the range

of negative number representations has been assigned, however,

some means must be readily available to determine whether

any given number represented by the system is positive or

negative. This is the problem of algebraic sign determination.

Finally, for computer results to be useful, some means

rust be available to make them intelligible to a human

operator. This is the problem of machine language to human

8



03/33/62-1

language translation.

Probl Anlyi

There are two immediate solutions to the problem of

capacity, the first of which results in an apparnt paradox,

and the second of which shifts responsibility for the problem

from the device to its human operator.

Since every residue number system consists of the residue-

coded units digits of an M-adic number system, if the residuet

of the n (pairwise prime) moduli a , m2 , o.. , mn be

denoted by r1 , r 2 , ... , rn , any decimal number x can be

expressed as

x- 0 +N (r, , r 2 ,..,rd )

Then, if the value of N could be first determined, and
then operated upon through arithmetic operation upon the

Tesidue numbers of the system, the unique range of the system

c uld be extended without limit.

It was shown in Section II, however, that the above

representation of x is really a polyadic representation of

the form

x - aI M .34 + a2 (2 * a3M3 ... + ani

where

a. a (r 1 , r 2 , ... , r)

9
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and

N a1 + a2M + a3 M2 + ... ann-i

so that the most important feature of a residue number

system (i.e., effective expansion of the number scale to

permit all numbers of interest to be expressed as units

digits, thereby eliminating the need for carry and borrov in

arithmetic operations) is destroyed.

The second solution to the problem of capacity takes

cognizance of the fact that all digital computers are capa-

city limited. An obvious solution, then, is simply to make

M, the number of unique representations, larger than the

largest number of interest for the individual computer by

increasing the magnitude and/or the number of the (pairwise

prime) moduli. The problem of capacity then becomes the

responsibility of the computer programner. This imposes no

greater limit on the generality of computer application

than that already imposed upon existing oomputers.

The algebraic sign determination problem can be solved

if variations in the ranges of the residue number system

allocated to represent negative numbers are limited to

increments of one of the moduli, which will be defined as

mL , the limiting modulus. The sign of any number can then

be determined by comparing the incremental range within

vhich the number falls to the ranges in which numbers are

negative.

10
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This limitation on break-point location between positive

and negative numbers on the residue number scale does not

impose a serious restriction upon the generality of computer

application since any modulus of any residue number system

is small compared with the range of unique representations.

Furthermore, the maximum displacement of a po5sible break-

point from some specifically desired break-point is +M '

where mL is the limiting modulus.

The machine language to human language translation prob-

lem can be solved if the smallest modulus of the residue number

system is chosen as the above-mentioned limiting modulus. It

will be shown in Section IV that this selection results in

unique residue combinations of the remaining moduli in each of

the incremental ranges, by which the decimal number represented

by the residue number can be determined through inter- and intra-

range comparisons. The logic required to implement this deci-

mal number determination is greatly reduced if the liniting

modulus is required to be less than, or equal to, half of

ten, the base of the decimal number system.

These restrictions impose no limit on the generality of

computer application, because the only requirement on the

moduli of a residue number system is that they be relatively

prime, and this includes an infinite set of nurbers. Further-

more, selection of the least modulus as the limiting

modulus reduces the limitations inposed by the sign determin-

ation solution.

11
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IT. Residue-to-Decimal Conversion

The solution to the residue-to-decimal conversion

problem described below is a general one which may be

applied to any residue nurber system. For clarity of

explanation, however, the solution is given in terms of the

3-4-5 residue number system, and is related to the relay

device constructed to deronstrate a practical implementa-

tion of the principles involved.

Of the two solutions to the capacity problem discussed

in Section III, the unlimited extension of the unqiue range

of rosidue number re'resentations through determination of,

and operation upon, ] offers, by far, the greater challenge

to the imagination. On the other hand, the extension of the

unique range of residne nunber representations through an

increase in the value of I offers an immediately practicable

solution, if not necessarily the more efficient one. The

capacity problem, therefore, is assumed to be solved by

making i. greater than the largest number of interest, or,

restated in terms of a fixed , by allowing interest in

only those numbers which fall within the range of unique

representation.

Solutions to the two remaining problems associated with

residue-to-decimal conversion (i.e., sign deter-ination, and

machine language to human language translation) are provided

by the four basic stages co-prising the residue-to-decimal

12
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converter: The V od 3 Residue Reducing Stage; the Tens Digit

Determining Stage; the Units Digit Determining Stage; and the

Range and Sign Determining Stage.

Mod Reldue Reduea i

Let 3, the smallest modulus of the 3-4-5 residue number sys-

tem, be selected as mL , the limiting modulus. Then the func-

tion of the Mod 3 Residue Reducing Stage is to reduce an input

residue number to a Mod 3 Base Residue Number, where a Mod 3

Base Residue Number is defined as any residue number in which

the Mod 3 residue is zero; and Mod m Base Residues are defined

as those residues which appear in Mod 3 Base Residue Numbers.

Referring to Table 2, for example, (0, 0, 0) is the Mod

3 Base Residue Number of the residue set (0, 0, O), (1,.1, 1),

and (2, 2, 2); (0, 3, 3) is the base number of the residue

set (0, 3, 3), (1, O, 1), and (2, 1, 0); (0, 2.9 1) is the

base number of the set (0, 2, 1), (1, 3, 2), and (2, 0, 3);

and (0, 1, 4) is the base number of the set (0, 1, 4),

(1, 2, 0), and (2, 3, 1). Furthermore, the Mod 4 and Mod 5

Base Residues of the four Nod 3 Base Residue Numbers indicated

are (0, 0), (3, 3), (2, 1), and (1, 10) respectively. The

Mod 3 Base Residue of a Hod 3 Base Residue Number is neces-

sarily zero.

Reduction to base residue numbers of an entire residue

number system with moduli m1 , m2 , ... , an , where m1 * mL ,

results in an interior residue number system with the modulus

13
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is'..=m 3 a= 2 23=

0 0 0
I 1 1.

a 2

0 3 3

1 0

2 1 0

0 2

1 3 2

2 0 3

2 2 0

2 3 1

Tble 2

Prtial Rbsidue NlwOr Table for Moduli )14-

to denonstrate the concepts of

Od 3 Base Residue Nubers

md Nd a Base Resldues.
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m 1 eliminated, and where the
10

base residue numbers are uniquely determined by the base num-

bers of the original system. Thus, in Table 3, for moduli 3-4-5

there are twenty alphabetically identifiable Mod 3 Base Residue

Numbers.

An examination of Table 3 reveals that the Mod m Base

Residues of any number can be determined by subtracting the

Mod 3 residue from each of the residue of the number. Tables

1. and 5 represent the determinations of the Mod 1. and Mod 5

Base Residues, respectively, of Mod 3 Base Residue Numbers.

The actual reductions of Mod '+ and Mod 5 residues to Mod 14 and

Mod 5 Base Residue, respectively, can be accomplished by a

switching-circuit implementation of Tables 4 and 5, as in Figure 1.

By virtue of the fact that whenever the Mod 3 residue

is zero, the Mod 4 and Mod 5 residues are, by definition,

Base Residues, however, a significant reduction in the equip-

ment necessary to realize the switching functions of Figure 1

can be achieved. For example, Figure 2 is a wiring diagram

of a 2-Relay method by which a Hod 1 residue of 3 (i.e.,

I xI+ - 3) can be reduced to Mod 1 Base Residues.

If the Mod 3 residue is zero, both relays are deenergized,

and the input signal appears on the output 3 line. If

the Mod 3 residue is 1 or 2, relays 1 or 2 are energized,

14



Ibd 3' 1+ 5 bd 3 q 5

1 1 1 0 32
2 2 2 2 0 2

1 0 41 2 4
2 1 0 2 3 0

2 0 0 1
1 3 P I 1 2
2 0 3 2 2 3

1 a 0 1 0
2 3 1 2 1 1

I 0 0 2
I 1 1 3
2 2 2 0

1 0 .1 2 1 _
2 1 2 2 3 2'

o 2 31 1D 0 0
1 3 4 1 1 4
2 0 0 2 2 0

1 2 2 1 0 2
2 3 3 2 1 3

1 1 :F1 3P
2 2 1 2 0 I

L 1 A 0 1 2
1 0 31 2
2 1 2 3

kTble 3

Reidue Number Table to demonstrate

Alphabetic Identification of

Mod 3 Base Residue Numbers.
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Mod 3
Residues

0 1 2

o 0 3 2
1 1 0 3

?Yod 4 3_ od 14
Residues 2 2 1 0 Base Residues

3 3 2 1

Table 4

Determination of

Mod 4 Base Residues

Mod 3Residues

0 1 2

0-0 0 4 3

Mod- Mod
Residues 2 2 1 0 Base Residues

3 3 2

4 3 2

Table 5

Determination of

Mod f Base Residues



GU/93/62-1 Mod 3 Residues (Inputs)

o0 0-o0 3
O---o 2
0-- 1
0-d -0 0 Mod 4Ylod 0Base

Residues 0-O 3 Residues

(Inputs) 0 o--o 2 (Outputs)

2 1 -- O 1
o-o 00o-o 3

3Q - 1 O - O 2

.0 0-.-- 0

0C 0--1---0 oOC--O 3
.-O-O 1

1 0-o 0

Residues 2 0 1 Base(Inputs)Residue
Inputs) - 0 (Outputs)

o-o 3
0- Q-O- 2

30-O 2

Figure 1

9vitching Circuits to perform Reductions

of Mod 4 and Mod 5 Residues to

Mod 4 and Mod 5 Base Residues, respectively



Mod 3 02 Mod 1+
Input 1 EBse Residues

3 (Outputs)

e, ,elay
# 2

0

Relay

223
m0000 Mod 1

0 6:: input
0

Figure 2

Vfring Diagram of a 2-Belay Method

of Reduction of Mod 4 Residue of 3

to Mod 4 Base Residues
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respectively, and the input signal appears on the 2 or 1

output line, respectively.

The wiring diagram of the conmplete 1od 3 Residue

Reducing Circuit is shown in Figure 3.

Reduction of a residue number to its Tod 3 Base Residue

Number effectively determines the increnental range of the

limiting modulus within which the number lies, which is the

necessary preliminary step in the solutions to the sign

determination, and machine language to human language

translation problems.

SDiit D Circuit

With the incremental range of the limiting modulus

within which a residue number falls determined, a solution

to the machine language to human language translation

problem is readily available.

Table 6 is the decimal-residue number table for noduli

3-4-5, in the range of decimal numbers 0 to 59. From Tables

6 and 2, Table 7 can be extracted, showing the decimal equiv-

alents of all F:od 3 Base Residue Nunbers, with their Iod 4

and Yod 5 Base Residues, in the range of decimal numbers

o to 59.

A comparison of Tables 6 and 7 reveals thet each ?od 3

Base Residue Number represents a set of three residue numbers

which reduce to that base number, and that, wit, the e::ce.,tions

of base numbers V, P, G, and D, each base number represents three

15
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Mod 3 Residues
(Inputs)

00

2 17 0' 3

No IRe 0us o Reays
(Ipus 27nuts



J2
0 M~od '01 Base

0 2 Residues

o 3 (outputs)

O 1 Md

2 se
Residues

3 (Outputs)

elyRelay Relay0

Re r 7y
#6 Relay

Re8a Reelyy

Inputs)

Figure 3

Mod 3 Residue Reducing Circuit
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Modml 16d Decimal Mo d Mo

0 0 0 0 30 0 2 0
1 1 1 1 31 1 3 1
2 2 2 2 32 2 0 2
3 o0 3 3 33 0 1 3
4e 1 0 4 34L1 2 14
5j 2 1 0 35 2 3 0
6 0 2 1 36 0 0 1

7 1 3 2 37 1 1 2
8 2 0 3 38 2 2 31
9 0 1 39 0 3 1
10 1 2 0 40 1 0 0
3.1 2 3 1 1.1 2 1 1

12 0 0 2 +2 0 2 2

13 1 1 3 1+3 1 33

Iq o 1 0 45 0 1 0
16 1 0 1 4 6 1 2 _ _L

17 2 1 2 47 2 3 2
18 0 2 3 48 0 0 3
19 1 3, 4 49 1 1 14
20 2 0 0 50 2 2 0

..2L.. 0 1 1 51 0 3 1
22 1 2 2 52 1 0 2

01 2 -A A 1 1 A
' o o 4 54 0 2 4

25... 1 1 0 55 1 3 0

26 2 2. 1 ..2 0 1
27 0 3 2 57 0 1 2
28 1 0 58 1 2 J
29 2 1 L 4 59 2 3 J4

Table 6

Decimal-Besidue Table for Yoduli 3-4-5

in the Range of Decimal Numbers 0-59
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Mod Mod Mod m Mod Ihod Mod
Decimal Decimal 3

0 Z 0 0 30 K 2 0

3 X 3 3 33 J 1 3

6 W 2 1 36 H 0 1

9 V 1 1+ 39 G 3 1.

12 T 0 2 e2 F 2 2

15 s 3 0 1+5 3 1 0

18 P 2 3 48 D 0 3

21 N I 1 11 C 3 1

2 o 5.. B 2 14

27 L 3 2 A 1 1 2

2able 7

Decimal Equivalents of all Mod 3 Base Residue Numbers

with their Mod 4 and Nod 5 Base Residues

in the Range of Decimal Numbers 0-59

Mod 5 Base Residues

0 1 2 3 4

0 0 3 1 D 2

Mod g. 1 5 2 3 V
Base Tens

Residues 2 3 0 4 4 P 5 Digits
3 1 5 2 0 0

2able 8

Tens Digit Determination from

Mod 1+ and Mod 5 Base Residues

in the Range of Decimal Numbers 0-59
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decimal numbers with the same tens digit as those represented

by the other residue numbers of the set. Thus, the residue

representation of l4 reduces to base number T, which rep-

resents decimal numbers with a tens digit of 1. Similarly,

the residue representation of 28 reduces to base number L,

which represents decimal numbers with a tens digit of 2.

Neglecting the four exceptions, V, P, G, and D, for the

moment, Table 8 can be constructed to demonstrate tens digit

determinations from Mod 4 and Mod 5 Base Residues In the

range of decimal numbers 0 to 59.

Since the Mod 4 and Mod 5 Base Residues are available

as outputs from the Mod 3 Residue Reducing Circuit, a

switching-circuit implementation of Table 8 can be devised,

as shown in Figure 1+.

The ambiguities in the tens digit determinations for

base numbers V, P, G, and D, by the method of Table 8 and

Figure 1+, can be resolved by observing in Table 9 that base

numbers V and G determine tens digits 0 and 3, respectively,

when the units digit is 9, and tens digits 1 and '+, respect-

ively, when the 'mits digit is 0 or 1. Similarly, base num-

bers P and D determine tens digits 1 and 4, respectively, when

the units digit is 8, or 9, and tens digits 2 and 5, respect-

ively, when the units digit is 0. A truth-table arrangement of

these observations can be constructed as in Table 10.

Referring to Table 10, it can immediately be seen that

base numbers V and G each determine one tens digit when the

16
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Bass Bealdues
(Inputs)

o6-.o 3

006 2 O-02I

1- 2

(> 0 g o-o 3

Ybd 4 0"-o v Tonal
Uase Reuidues fat

(Inputs) 0 c< -O 3 (Outputs)

0 -- o I

3 0O2--0 2

Figure 4i

Ivitahing-Circuit

Implementatlon of Table8
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Bass Mod Mod Yod Bse Mod Mod ModD Ne. No. 3 Dec. No. 3 14

9 V 0 1 1 39 0 0 3 14.

10 1 2 0 140 1 0 0

11 2 3 1 Li 2 1 1

18 P 0 2 3 48 D 0 0 3

19 1 3 4 49 1 1 4

20 0, 0 0 50 2 2 0

Table 9

Partial Decimal-Residue Table

for Mod 3 Base Residue Numbers V, P, G, and D

Units Digits

8 9 0 1
V 0 1 1

]Mod3 0 3 4
Be Residue Tens

Number P 1 1 2 Digits

D 14 ' 5

Table 10

Ambiguity Resolution of Tens Digit Determination

from Mod 3 Bass Residue Numbers

by Units Digits Comparisons
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units digit is 9, and another ters digit when the units digit

is not 9; and base numbers P and D each determine one tens

digit when the units digit is 0, and another tens digit when

the units digit is not 0. Assuming that the units digits are

available for comparison, these conditions can be realised by

the switching-circuit of Figure 5.

The complete switching-circuit implementation of Tables

8 and 10, then, to provide unique tens digit determination in

the range of decimal numbers 0 to 59 is as shown in Figure 6.

Figure 7 is the wiring diagram of a 3-relay realization

of the switching functions required to uniquely determine

the tens digit of a number whose residue number representation

reduces to Mod 3 Base Residue Number D or P.

Both kod 3 Base Residue Numbers D and P result in a

Iod 5 Base Residue of 3, so either base number will energize

relays 1 and 2. If the base number is D, a signal will

appear on only the 0 1Yod 4 Base Residue line. Then, if

the units digit is not 0, the tens digit is 4. and if the

units digit is 0, relay 3 is energized, and the tens digit

is 5. Similarly, if the base number is P, a signal will

appear on only the 2 Yod 4 Base Residue line. Then, if

the units digit is not 0, the tens digit is 0, and if the

units digit is 0, relay 3 is energized, and the tens digit

is 1.

The wiring diagram of the co-plete Tens Digit Determining

Circuit is shown in Figure 8.

17
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Unita
Digits

(Inputs)

V Not 90, _..O

0- t9 O-031

9 0 --- 3
G o - Nt 9 C>/--- 4

od 3 To=
Bss Residue Dmdobers 0 pu(O~tts)

NotO0 o 30 0 "---.0

Not °O 0"__04

Figure

Ivitcblng-Cfrcuit to Resolve

Tons Digit Determination Ambiguity



Mqod %Units
Base Residues Digits

(inputs) (inputs)
0 0

1 -03
0 p -. 1

-0 2

0 __02_

1 0- Ay20-

0 -03

x" 0-0 1

(Inputs) 0 3 (Outpus

1 -00
2 00 ® 04I

0_. ,, 0-O 2
p 0-0 1

0 -01

3 0 02

0L~- 003

0"-0 1+

Figure 6

htithing-Cii'cuit Impleumntatlon

of Tables 8 and 10
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01
2 Tens

0 4 Digits
(Outputs)

Units
Digit 0
(Input)

Base Residues(inputs)

0 1 23 4
0 00 0

Re

Relay

1010 Ba 'd 4i
0 0 Ba0 Residues

0 1 2 3 (Inputs)
so

Figure 7

Wiring Diagram or a 3-RelaY Method of

Tens Digit Determination of

Nod 3 Base Residue Numbers D or P
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Units D

0

Rol
Mod

Base Residues
(Inputs)

la0ely Ro 00 Ee3

Rely 00 elay I ea0 o

llfv 00 -
goI

Base.
Residues 3
(Inputs)



#2

( I 'i 02 Tons Digits-
( ) o3 (outputs)

08 91

Relay Relay

00 li eteRelay 0C

In tb- Rang of Decimal Numbers 0.59
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It is interesting to note that, although a resolution

of the four ambiguous cases was accomplished through compari-

son of the units digit of the number, the resolution could

also have been accomplished through a comparison of the Mod 3

residue of the number. Thus, in Table 9, base numbers V and

G each determine one tens digit when the Mod 3 residue is 0,

and another tens digit when the Niod 3 residue is not 0.

Similarly, base numbers P and D each determine one tens digit

when the Mod 3 residue is 2, and another tens digit when the

Mod 3 residue is not 2. The circuitry necessary to duplicate

this logic is identical to that actually employed in

.'igures 7 and 8.

Units DiaiA eemnn Circuit

A method of units digit determination based on a com-

parison of the incremental range of the limiting modulus

within which a number falls similar to that used in the

Tens Digit Determining Circuit can be developed as follows:

Table 11 shows the Mod 3 residue equivalents and the

Yod 3 Base Residue Numbers of &ll decimal numbers in the

range 0 to 59. Figure 9 is a switching-circuit implementation

of Table 11. A circuit can easily be constructed to duplicate

the switching functions of Figure 9 to provide unique units

digit determinations for all residue numbers in the range of

deciral numbers 0 to 59.

In the interest of economy of equipment, however, a more

18
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Decimal Ue MdDecimal a Mo
NOWea 3 Jbe0eat ' 3 '  o o30 1 0

_1 31 1 1
2 2 12 :

Z 0 3.L z 0
4 1 ,34 _ 1

5 2 35 2
6w 0 o H 0
7 1 37 1

82 38 2

9 v 0 39 a 0
10 1 40 1

11 2 1  2
12 T 0 42 L 0

14 2 +L 2
18 0 45L 3 0

16 1 46 1
17 2 47 2

18 P 0 48 D 0
19 1 9 1
20 2 50 2
21 N 0 51 C 0
22 _1 2 _.

23 2 53 2

__4 x 0 5__B_

26 2p20 5 7 oA?

28 _ _ _ _ 1 58_ _ _ _

29 2 59

Table 11

Mod 3 Residue-Decimal Table

in the Range of Decimal Numbers 0-59
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6od 3 Inputr

Residues Base Residues
Number

o .-- 0 0  ---0 o
IO- 1--O zK 0-01

2 > 2 22o- C>_2/ --< 2
o0 -- 3

4 a6- 1 oXJ 1 4-o7o-o Y..ox H V -o
l2 2

6 C 00 0-a 9o.' 9..V 26/a-ao

8 o--o" " o-

Dinits 20-O 0 0r-0 2 Unitso0-ts 1 D

50--0 1 1 0-05

-7 -

0- o-07
1a._O, ~0 c0--0

2 o-o C ° " 2
9 0-0 -PD I 0--- 9

0,0 -2 0-00

2s.0-0 -ON C 1 OI.
3 0-04 c0--0-03

0 C-- 0 00_0 4

5 -. )B I _
6 00" 2 --06
7 - 007
8 A 100-08
9 0_4 2 --09

Figure 9
Switching-Circuit

Implementation of Table 11
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direct approach to units digit determination vas taken, based

on a characteristic common to all residue number systems with

one modulus m2p some multiple of 2, and one modulus m5q some

multiple of 5.

The number of unique representations M of every residue

number system with moduli m1 , m2 , ... , m2 p , m~q e.. mn

is some multiple t of 10, where

n
t a pq T m2,a~q

Consider the residue number system vith moduli 2 and 5.

Here p - q - 1, and t a 1. Then M a 10, and as demonstrated

in Section II, each of the ten residue numbers uniquely

determines one decimal number in the range 0 to 9, which is

exactly the range of units digits of the decimal number system.

Table 12 is a residue-decimal table for the 2-5 Residue Number

System.

It was also demonstrated in Section II that any number x

can be expressed av

x a MR] * XI.

where n-1

i, a(, . 1

and

19
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Mod 5 Residues

0 1 2 3

0 0 6 2 8
Mod 2 Decimal

Residues 1 5 1 7 3 9 Equivalents

Table 12

2-5 Residue Number System

Residue-to-Decimal Number Table

Mod 5 Residues

Yod 4 0 1 2 3 4
Residues

0 0 2 0 6 2 8 I.
Mod 2 Decimal

Residues 1 1 3 5 1 7 3 9 Equivalents

Table 13

2-5 Residue Number System

Residue-to-Decimal Number Table

to Demonstrate the Distribution of

Irod 4 Residues Reduced to Mod 2 Residues
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vhere a. is the units digit of z in the m-adic number system.

Nov, if a * lot,

U-i

z lOt E a( )(lOt) # ao

Then, applying properties associated with the reduction of a

number to a least positive residue (Ref lel-2)

-II
IzIb loti E *~ . )(ot) * a

n1

Now, if b is a divisor of 10, theni lOtlb a0 and

[zib a Olb

Then, with % the units digit of a number when expressed in a

polyadic number system when the radix is some multiple t of 10,

1x12 -aO

uX15 - a15

Furthermore, going back to the expression for x,

20
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if m is taken as the product of two factors, p and q,

m w pq, and

x p4q ] + Ijx pq

Then

I pq [:.PL,,.[

But j,<,1- 0, so that

I :1," U IxIpq I
Then 

I x1 1 1 X1 P

1 xJ15 a II 5q 15

Therefore, the units digit of a decimal number represented

in any residue number system containing moduli m2p and msq can

be determined by reducing the Mod m2p and Mod m5q residues to

residues Mod 2 and Mod 5, respectively, and irplementing

Table 12.

Explicit reductions of the m2p and m~q residues to

residues Mod 2 and Yod 5 are not required, however, since these

reductions merely result in each residue Mod 2 representing

21
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p residues Mod m2p , and each residue Mod 5 representing q

residues Mod m *q Thus, .in the 3-4-5 residue number system,

p = 2, and

1012" 01+12. - 211 2 a0

Table 13 is a residue-decimal table for the 2-5 Residue

Number System, demonstrating the distribution of Mod 1+ residues

in accordance with their reductions to Mod 2 residues. Thent

the available Hod 1+ and Mod 5 residues can be utilized directly

to implement a switching-circuit determination of the decimal

units digits, as shown in Figure 10.

Figure 1 is a wiring diagram of a 2-relay method of

duplicating the switching functions of Figure 10 to provide

units digit determination for a 0 Mod 5 residue (i.e., ix15 * 0).

With a hod 5 residue of 0, relays 1 and 2 are energized.

Then, with a Iod 4 residue of either 0 or 2, the units digit

is 0, and with a Iod 34 residue of either 1 or 3, the units

digit is 5.

Figure 12 is the wiring diagram of the complete Units

Digit Determining Circuit.

& n AA js" tarmcn~u Circuit
The function of the Range and Sign Determining Circuit

is to determine whether the incremental range of the limiting

22
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Mod 14.
Residues
(inputs)

0-a- o

3 10-a-

0-06
Et 0-c'O

Md0 a''-0--02 Units
Residues 0-o 7 Digits
( inputs) 20---02 (output)

3 0--0 3
0 --- 8

0-083

30 0-o3

Figure 10

ftitobing-Circuit Implenotation of Table 13
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MIod I
Residues Units
(Inputs) Digits

(Outputs)

003 o

Relay

f 2

li i

lliv Mod 4a IResiduesr- / 1
(Inputs)J. ("

Figure 11

Mite Digit Determination
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Mod 5 Residue 
(inputs)

R e l a It

0

Re lay 00sI0uea
# In #W4 

16

a 03

Nod 4 Residues

(Inputs



2

p6 Units

o2 (Outputs)
07
03
08

9

Relay Relay Bela
# 7 L L

Relay 0 Rea 00 32-#6 10

Re8

Figure 12-

Units Determining Circuit

In the RaIg of Decimal Numbers 0-59
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modulus within which a number falls is positive or negative,

and to operate accordingly upon the output of the Tens and

Units Digit Determining Circuits to produce the correct

decimal equivalent of any residue number.

Referring to Table 7, it was demonstrated earlier that

each Mod 3 Base Residue Number results in a unique combination

of Mod 4 and Mod 5 Base Residues., Then, with the Fbd 4 and

Mod 5 Base Residues of any number available from the Residue

Reducing Circuit, the particular base number to which any

residue number reduces can be determined. Furthermore,

since variations in the ranges of positive and negative

numbers represented by the residue number system are limited

to increments of 3, the limiting modulus, the sign of any

number which reduces to a particular base residue number is

necessarily identical to the sign of the base number.

Figure 12A is a switching-circuit implementation of Table

7, to determine the base number to which any residue number

reduces. Then, since algebraic sign determination constitutes

a binary decision, an additional switch at each base number

output provides that decision.

Table 14 is a complete decimal-residue number table for

all decimal numbers in the range -60 to 59. It can be seen

in Table 14, taat if base number A is negative, the range

of decimal numbers represented by the residue number system

lies between -3 and 56. Similarly, if both base numbers

A and B are negative, the decimal range is -6 to 53. Then,

23
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Base Res idues
(Inputs)

0
1 0-- B

0 0--o T

0--O

I1C 2 O---OA
140R3 00,o

BaeWdue 1 00VAO d 3
Bas(ius Use Residue lumbers

(nus 1rloo- -x (outputs)

-1- - -Ov
20 O-O

&o-op

5~0-05O

3 0 .. O--OL

0-08

Figure 12 A

Ovitching-Cirgui t Implemsmntation

of 2hble 7
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m' -k-e-n

0 -60 1 a- 0 K • 0 2 0

_ _ 0 1 X 0 1 _

-. - 6. X. 0 . 31 A 1 2
Z - 1 0.j... .3k L --a 2..It L

v16 __2 1 36 0 01I 3,__ 1 1 1_ 2

52,I. 2__ LI. 0 7-..2 1_A.T- _ 0 1 4- 39 21 9 o I '
o1 2 0 40 z. 0 o

.12± 0 - 42' . 0 2 -

l 62. 2 4 26 0

a, 1 O' .5 5 0 1 0

3., a :, 2. 3 2,P ..3, .
.. 0 2 _A - p 0 o A.

-A .Aa = 0 0o 2z g- o
-w_ Ir o 1 .- 9 0 3 1

1 0 2
2 A~ LA. 1L 2 1~ -

12 1 0 5q IZ -___ -.-
21 2~_ 4. 2 L 12_

* fi-f3l__11
_ __i- O I _ _ _ 1

_ _ t -.

Deolaul-Basldus Noube able for &ll Do a4 Nuboart

Ino A e -60 to 59
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the alphabetically successive transition, from positive to

negative, of base numbers A through Z, results in variations

In decimal range from -60 to -1, to 0 to 59t in increments of

three. A switching-circuit implementation of this logic is

shown in Figure 13, where a signal on the output line

indicates a negative number, and the lack of a signal

indicates a positive number.

Figure 14. demonstrates the circuity utilized to

duplicate the switching functions of Figure 13. A Mod Is

Base Residue of 0 energizes relay 1. Then, with a Mod

Base Residue of 0, 1, 2, 3, or 4s, set switches 3, H, T, D,

or N closed, respectively, a (negative number) signal appears

at the output. Otherwise, a (positive numbe) laek of a

signal appears at the output.

Aiken and lemon show (Bef lil-5) that the residue Nod a

of a negative number -x Is the "omplmn on a of-the resifte

of x. lbreforeq since the decimal numbers represented by

the residues of the 3-I4 system are, in reality, residues

of numbers Nod 60, every positive decimal number eoverts

to a negative number of magnitude (N - z) n 60 - a.,

Mhen, sinc, the range of unique representations N w 60

Is a multiple of ten, the units digit of the negative of a

number Is the complement on 10 of the unIts digit-of the

number, as demonstrated in Table 15. (This will be true for

any residue number system where one modulus is even, and

another is some multiple of 5.) The tens digit of a negative
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mod
Base Residues

(inputs) Range

o2-0,0 z T-60 - 0

0 3 0 -"22- 47
0-0 ~ ~~~ 2A - 23L~~m.81

Mod ; 0 , 0 & Negt0 e

Base Residues

23 0-0000,0 -42 17

00 ._

3 0- da

Figuze 13

vitobi g-CfreuLt mplememtation

of Tble 14
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Base Residues Negative
(nputs) eN u

ire 1

Viring Diagram of CReiut

to Duplicate switching Functions of Fire 13
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P4sitive Negative
00 a

1 9
2 8

3 7

6

6

7 3
8 a
9 12

Table 11

Coepleonted Units Digits or

itsitve and Negative Wmubers

positive Nogtiv

!.I'W o 

0 6

2 I'3

3 3 2

5110

Table 16

Oomplemented Tos Digits of Positive

and Netative Jutbers Moifled by its Digit Value
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number can then be found as the complement on the tens digit

of M, or of (M - 10), according to whether the units digit

of the number 1s 0 or not, as shown in Table 16.

A switching-circuit Implementation of Tables 15 and 16

is shown in Figure 15, and Figure 16 is the wiring diagram

of the circuitry employed to duplicate the svitching functions

of Figure 15.

If the tens digit and units digit equivalents of a resi-

due number are each 1, and eleven is in the positive range

of numbers, relays 1, 2, and 3 are deenergised, so that the

tens digit and units digit outputs are both 1. If eleven is

In the negative range of numbers, however, relays 1 and 3

will be energized, and the tens digit and units digit outputs

will be 4 and 9, rOspectively, with a negative number

indlator enogised. Had the units digit been 0, the units

digit output would have been 0 for both positive and negative

numbers. Relay 2 vould than have been energized, however,

and the tons digit output for a negative number would have

been 5.

The wiring diagram of the complete Range and lign

Determining Circuit is shown In Figure 17.

Z n sid"Dbkh --m A L

Figure 18 is the wiring diagram of the complete Residue-

to-Deciml lumber Converter. The Indicated residue nmber

Input (2, 2, 2) can be traced through the Integrated system

25
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8gned Units Dilts
(Outputs)

0 0 9 1 8 2 7 3 6 1 4 * 63728 1 9

Number

0 1 2 3 Ie % 6 7 8 9

Pbsltlv Units Dglts
(Zaputa)

ligned Tons Dj11ts
(Outputs)

-4 0+ - + + -

Number'

0 1 2 3

Owithizg-Cireuit InplementatIem

of Tables 1 and 16
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Neatf, 8:0igned
Units-

0- 1IOut

Relay )

so 16

00000000no
0O1 23 4 f6 78 9
Positive Unite Digits

(Inputs)

sign"d

Poitv ba Digits
(Inut)

Figutie Tos1igt
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llogatfvwSine
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as follovs:

With each of the residue input switches positioned at 2,

a ground potential is applied to terminals B, 1, and I of

terminal strip RRP, and terminals N and C of terminal strip

UDP.

Terminal strip ERP Is the input to the Mod 3 Residue

Reducing Circuit, so that with power applied through terminal

L, and ground applied through terminal B, relays R 1, 3,

1, 7, and 9 are energized. Then ground is applied, through

terminals I and I, to terminals A and I of terminal strip

MM, terminals A and I of terminal strip TDP, and terminals

A and C of terminal strip EDP.

Terminal strip UDP is the Input to the Units Digit

Determining Circuit, so that with power applied through

terminal J, and ground applied through terminal C, relays

UD 5 and 6 are energized. Then ground is applied, through

terminal H, to terminal C of terminal strip UDJ, and

terminal C of terminal strip RSP.

Terminal strip TDP is the input to the Tens Digit

Determining Circuit, so that with power applied through

terminal N, and ground applied through terminal 1, relays

ID 1 and 2 are energized. Then ground is applied, through

terminal A, to terminal A of terminal strip UNT, and

terminal J of terminal strip RSP.

Terminal strip EDP Is the input to the sign determining

portion of the Range and Sign Determining Circuit, so that
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with power applied through terminal H, and ground applied

through terminal A, relay RDR 1 is energized. Then ground

is applied, through terminal C, to terminal A of terminal

strip RDJ.

If the number represented is negative, as predetermined

by the Sign Determination Switch Bank setting (i.e., at

least switch A is closed), ground is applied to terminal Q

of terminal strip RSP. If the number is positive (i.e.,

switches A through Z are open), no potential is applied to

terminal Q.

Terminal strip RP is the input to the range determin-

ation portion of the Range and Sign Determining Circuit, so

that with power applied through terminal P, and ground applied

through terminal Q (i.e., the number represented is negative),

relays RSR 1, 2, 3, , 8, 9, and 10 are energized. Then

ground is applied, through terminals C and J, to terminals

G and N of terminal strip RSJ. With power applied to the

indicator lights as shown, the number -%8 is then indicated.

With no ground applied through terminal Q of terminal

strip RSP (i.e., the number represented is positive), all

relays of the Range Determination Circuit are deenergized

so that ground is applied, through terminals C and J, to

terminals J and B of terminal strip RSJ. Then with power

applied to the indicator lights as shown, the number 02 is

indicated. Referring to Table 14, the decimal number rep-

resented by the residue number (2, 2, 2) is -58 in the
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negative range, and 2 in the positive range.

Figure 19 is a picture of the front panel of the Residue-

to-Decimal Converter. The range of unique residue number rep-

resentations is selected by the Range Selection Switch Bank in

the lower right portion of the panel. With all switches in the

down (off) position, the upper left-hand switch points to the

operating range 0 to 59. With the upper left-hand switch

(switch A of Figure 17) in the up (on) position, it points to

-3, and the next switch points to 56. Thus, the operating

range is -3 to 56. Similarly, with the subsequent transition,

from down to up, of each switch from left to right, the operating

range varies by increments of 3, and the range is indicated by

the numbers pointed to by the switches involved In a switch-

position inversion. Finally, with all switches in the up (on)

position, the operating range is indicated by the lower right-

hand switch as -60 to -1.

The residue number to be converted is then entered by

means of the three rotary Residue Input switches in the upper

left portion of the panel. With all inputs entered, the

Press-to-Read switch, located to the left of the Range Selec-

tion Switch Bank, is pressed. This is a spring-loaded switch

designed to prevent the converter circuits from being inad-

vertently left on for extended periods of time, with conse-

quent overheating of components.

With the Press-to-Read switch energized, the converted

decimal number is displayed on the neon indicator bank located

28
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in the upper right-hand portion of the panel.

Figures 20 and 21 are right- and left-band vimw,

respectively, of the interior of the converter.
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V. £uaau nm

t Problems k J& CogdgIg

Aiken and Senon (Ref 183-3, 3-4) list seven problems which

mist be solved before residue number system techniques can be

applied to general-purpose digital computerst

1. Capacity

2. Relative magnitude

3. Negative numbers

4. Algebraic sign

5. Fractions

6. Bound-off

7. Division

They further indicate that an easily mechanised algorithm

for the determination of algebraic sign can be made to yield

solutions to the remainder of the first five problems, with

the possible excepti3n of round-off, and that solutions to the

first six problems will provide a solution to the seventh.

A solution to the problem of relative magnitude is

immediately suggested by the algebraic sigh determination

algorithm developed in Section IV. That is, the incremental

ranges of the limiting modulus within which two residue num-

bers fall can be compared to determine which represents the

set of decimal numbers with the larger relative magnitude.

Then, if both numbers fall in the same range, a comparison

of the residues of the limiting modulus would determine vhich
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residue number lies farther from the base number, and there-

fore, represents the decimal number with the larger relative

magnitude.

Assuming the suggested solution to the relative magnitude

problem to be a practicable one, an extension of the principles

involved suggests a solution to the round-off problem. That

is, the tens digit of the decimal number represented (in the

3-4-5 residue number system) is determined by the Tens Digit

Determining Circuit. Assume that the tens digit of the

decimal number represented by a residue number is 2. Then, a

comparison of the relative magnitudes of the differences

between the given residue number, and the residue number

representations of 20 and 30 provides a means to round the

given number off to the nearest tens digit. Similarly,

comparisons of the relative magnitudes of the differences

between the given residue number and the residue number

representations of 20, 25, and 30 provide a means of round-

off to the nearest 5.

The problem of negative numbers is effectively solved by

the algebraic sitkn determination algorithm developed in

Section IV.

A solution to the problem of operating upon fractions in

residue number systems by an extension of the algebraic sign

determination algorithm is not inmdiately apparent. All

known current methods of operation upon a fraction require

first a reduction of the fraction to a decimal (radix) number.

31



03B/3/62-1

The notion of a radix point, however, is directly associated

with positional notation (Ref 133-4), and as demonstrated in

Section II, residue number systems have zero-order positional

significance. As a sidelight, it is noted here that, should

some method of solution to the problem of fractions be developed,

which either encompasses the difficulty of radix point deter-

mination, or translates it to some other parameter which can

be absorbed by the device, then that solution would almost

certainly be applicable to the first method of solution to

the capacity problem, as developed in Section IV, wherein

all decimal numbers within the unique range of a residue

number system could be treated as fractions of M, the product

of the moduli.

Several problems of interest, then, are suggested for

possible future investigations in the area of residue number

system applications.

1. Development of a practical solution to the problem

of relative magnitude.

2. Develppment of a practical solution to the problem

of round-off.

3. Development of a practical solution to the problem

of fractions, with an investigation into applicability of

any solution developed to the suggested solution to the

problem of capacity.

4. Assuming practicable accomplishment of 1 through 3

above, development of a practical solution to the problem
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of division.

The summary of residue number systems contained in

Section II was included under the assumption that the reader

possesses a reasonable familiarity with the concepts discussed.

It is a slightly different approach to the subject from that

conventionally taken, however, and is intended to function as

a springboard into the attack made upon the residue-to-deeml

number conversion problem.

In solving the residue-to-decimal conversion problem, it

was necessary to attack three problems: The capacity problem;

the algebraic sign determination problem; and the machine

language to human language translation problem.

The solutions developed to these problems are completely

general, and can be applied to any range of positive and

negative numbers, limited only b increments of the smallest

modulus of the system, in any residue number system. Siuplif-

ications utilizing the characteristics of certain classes of

moduli have been suggested, but these are not essential to a

mechanical realization of the principles developed.

The relay device constructed, and described in conjunction

with the development of the principles involved, demonstrates

the applicability of the general principles to a specific

residue number system.
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