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This report has been written under the assumption that

an electronic device having three distinct stable states

will become available in the near future. I have attempted

to predict what such a device will make possible in the

fields of computer technology and data processing. The logi-

cal use of this device will be in the ternary number system.

With this in mind, I have attempted to present a oomprehen-

sive discussion of ternary logic and some circuitry which

will work in a ternary computation system.

The bibliography which follows the text is divided into

primary, secondary, and tertiary groupings. The primary set

of references contain those books and articles which have a

direct bearing on the material presented in this work* The

secondary set of references include that material which is

pertinent to this thesis but not specifically referenced in.

the text. The tertiary set of references comprise the

remainder of the material which was researched in the course

of this work.

I wish to acknowledge the valuable assistance of the

personnel of the Molecular Electronics Laboratory of the

Aeronautical Systems Division (APSC) who have sacrificed of

their time and facilities to help me in this endeavor. In

particular, I would like to thank Mr. Steenbergen and Mr.

Conklin for permitting me free access to their respective
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branohes. The assistanoe of my Paou.ty Thesis Advisor, Prof.

T. Reguinski, oamot be negleoted. I thazk him for the

advice and assistan e he has rendered in maintainin the

task and the available time in balance. I would also like to

expres, my gratitude to the personnel of the APIT library,

ASTIA, and the Poreig Teohnology Division Library for their

assistanoe in my reearoh effort.
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Abstract.

The development of a semiconductor device which

exhibits three stable states of operation has prompted this

thesis on ternary logic and its applications. A character-

istio curve for the tristable device, called a TRINARY, is

hypothesised and an equation determined which approximates

the expented curve. The merits of the ternary system over

binary are enumerated. The mathematics of a ternary number

system is discussed and a method of converting between

radix 3 and other number systems is presented. Some basic

circuits of a ternary computer are presented and examples

are given of a number of ternary circuits developed by

others,
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Is Introduoction

A new approach is being considered in the effort to

increase the capacity and speed of information processing

equipment. Most of the computers and data processing ma-

chines in use today utilise the binary number system

although this is not the best system (see Chapter 2).

The sole exception known to the author is the SEUN com-

puter built and operated by the University of Moscow, USSR,

which uses ternary logic (Ref 11:72-120).

The purpose of this thesis is to investigate the use

of ternary logic based on a device which has three stable

states of operation. A tristable device, henceforth

referred to as a TRINARY, is within the state of the art

as evidenced by a patent issued to G. L. Pearson on 9 May

1961. The device is described as an integrated tristable

device utilizing two tunnel junctions on an intrinsic

wafer (Ref 7).

During the infancy of computers the logical functions

were performed by relays. As bigger and more complex oom-

puters were made, the relay was replaced by the diode. The

oontimed growth of computers and the need to process more

data faster foroed the industry to look to microelectronics.

The amount of data continues to increase while the storage

elements have been reduced in sise to their practical limit.

Throughout this entire growth the binary system persisted,

1
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not because it was bet, but because there were no devices

comparable to the diode to penit the use of another num-

ber system.

A paper by B. Rabinovioi and J. Klapper discusses the

use of tunnel diodes connected in series to obtain a multi-

stable functional network. The primary objective of their

work was to analyse mltiple diode circuits They showed

that it is possible to design Integrated circuits that will

operate at other than binary levels. One application men-

tioned is an Analog-to-Digital Converter in which a given

voltage may be translated into any numbering system desired*

Figuze 1 shows the circuit that was used (Ref 8:46-48),

(6)

23- z5 -,,, 03( Z

Pigure 1

Analog-to-Digital Converter

(From Ref 8:47)

2
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Molecular electronics has now made it possible to build

a device which will provide more data handling capacity by

adding a third state in the same volume as is presently

achievable through the use of binary devices. Initial inves-

tigations indicate that switching time, the aocepted measure

of speed, is in the nanosecond range. The TRINARY is the

next step in the continuing struggle to prooces information

at a rate comparable to the rate at which this information

is being produced.

Numerous other individuals over the years have inves-

tigated ways of obtaining circuits which will provide tri-

stable operation. A. S. kaoKay and R. MaoIntyre built a ter-

nary counter from standard Plip-Plop Multivibrators which

were modified to obtain an intermediate state between the

usual binary output levels (Ref 6:144-149). Another approach

using non-linear reactance circuits was tried by S. Kumagai

and S. Kawamoto (Ref 5:432)* By varying one or more of the

.reactance elementa in their circuits they were able to

obtain a transfer characteristic with three stable states

as illustrated in Figure 2. A third approaoh, using tunnel

diodes, has been used by W. F. Kosonocky to obtain a tri-

stable circuit. The logic circuit consists of two series

connected tunnel diodes and a resistor network. The three

stable operating points are achieved by changing the diode

characteristics (Ref 4).

3
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tN, Q

a* one element tristable
circuit N

LO

o. two nonlinear
inductances for a

;-', -C, lot tristable circuit

b. two nonlinear capacitors
in a tristable circuit

Q

d. general charaoteristic curve for E,,EL

tristable circuits
Figure 2

Tristable Circuits of Kumagai and Kawamoto

From Ref :
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The TAINARY will be analyzed and consideration given

to its possible applications. The first requirement is to

present the reasons why a ternary system of logic should be

oonsidered* Following this is an analysis of the T.INARY,

which is envisioned as the basic element of a ternary com-

putation system. Although the characteristic equations

obtained are without supporting experimental data, it is

felt that they are general enough to permit their application

to the TINARY when it becomes available. The next chapter

is an analysis of the ternary number system. This serves to

provide a foundation for the remaining chapters which delve

into a few of the areas where the ternary device may find

wide applioations. The final chapter summarizes the work

accomplished in this thesis and identifies a number of

topics which require further investigation.

5
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II. he Preferability of Ternary L

D. R. Hartreep in his book "Calculating Instruments and

Machines," states:

"It is rash to make guesses about future
progress- or anyway, to proclaim them; but my
own guess is that the use of the binary system
in the machine ir. a passing phase, characteristic
of the present stage of developement (Ref 3:61)."

Justification of Hartree's statement can be made on the fol-

lowing basis: 1) Binary logic is based on the GO-NO GO logic

of relay technology; 2) The binary system does not make the

fullest use of machine components; 3) The information

"explosion" requires more data handling capability per unit

time than is available in a binary system; 4) A savings of

58% in storage space can be gained in going from a binary

to a ternary number system (Ref 1:420).

There are two ways to process data faster. The first

is by increasing the speed of operation. To achieve shorter

computation times it is necessary to perform each discrete

operation faster. Experiments are presently in progress to

test a computer that operates at a clock rate of 500 Mo.

With the advent of the maser and laser it is conceivable

that operating times approaching the speed of light will

be obtainable. The time required for each step in the oom-

putation process will still be finite. The second way of

obtaining shorter computation times is to process more data

per unit time. More data per unit time implies a more oom-

6
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plex way of representing the data than that which is avail-

able in a binary system. The decimal system of numbers

would satisfy this criterion since it would be able to use

less digits than are required in the binary system to repre-

sent the same quantity. For example, the number 19 in deci-

mal requires only two digits whereas the same quantity in

binary, 10011, requires five digits. Why stop at a base 10

number system if increasing the base will provide more in-

formation per digit? If that were the only consideration,

the scientific oomimmity would long since have made use of

this approach. Two restraints, technology and economios,

must be applied to considerations of a base, or radix, other

than 2. Technology, in the sense of being able to distin-

guish between symbols; and economics, in that the cost of a

system must be considered.

The technological factors which affect the amount of

significance of each digit of information are sensitivity,

reliability, and noise. Electronic computers and data pro-

cessing equipment depend on voltage levels to represent

information. In binary systems, for example, the "1" state

is associated with 10 volts and the "0" state with -30

volts. The difference of 40 volts was chosen to insure that

the "0" and "1" states will be distinguishable even under

the most unfavorable conditions. Under this criterion, the

signals may degenerate as nuh as 10 volts (0, -20 volts)

before the various circuits will be affected.

7
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As more information, in the form of voltage levels, is

crowded into a data unit, it becomes more difficult for the

circuitry to distinguish between levels. Considering the

decimal number system again, ten distinct voltage levels

are required to represent one digit of decimal information.

To retain a 40 volt seperation between levels would require

a 400 volt range of operation. The cost of circuits which

could operate over this range of voltages would make such

a computer economically infeasible. In additiOn, the cincuits

would require more space and cooling equipment than compa-

rable binary circuits in order to dissipate the heat gen-

erated in the circuit elements due to the high voltages

present. Should the need for a 40 volt seperation be waived,

it would be necessary to use far more expensive equipment

to insure that the ten voltage levels be distinct. In a com-

puter environment, in order to insure that the voltage lev-

els remain constant, it is necessary to provide a regulated

power supply for each voltage level as well as insuring that

every point in the computer will have the same voltage level

to work with. Because this work is not intended to describe

the problems attendant on the construction of a computer let

it suffice to say that the fewer the number of regulated

voltages nequired the less complications am expected.

In a ternary computer system three distinct voltage

levels are required. However, in the ternary system the

digits are represented by +1, 0, -1. Thus, all that is

8
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required is a positive voltage, a zero voltage, and a nega-

tive voltage respectively. For those concerned with depen-

dable signals, the virtue of this system is obvious. A good

ground system and sensitivity to positive and negative sig-

nals is basically all that is required. A positive voltage,

regardless of magnitude, will represent the +1 state; simi-

larly, a negative voltage, regardless of magnitude, will

represent the -1 state. The major restriction that must be

placed on these voltage levels is that they be large enough

to overcome spurious undesirable signals or noise.

The economic restraint on the choice of a radix is

concerned with the amount of equipment required. It may be

shown mathematically that the most economical number is

one whose radix is e = 2.71828... .

The staff of Engineering Research Associates has

demonstrated that the number of tubes required in a system

of n digits in radix r is given by the following equation

(Aef 1:84), The numberof tubes required is equal to the

radix multiplied by the number of digits desired.

N - rn (1)

The largest number that may be expressed in this system is

k- m (2)

The economic objective is to minimize N for a fixed value

of M. To do this, it is necessary first to express n in

9
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terms of M thus:

ln M n ln r =¥X

and

Substituting N * rn in this equation gives

N a M (4)

To ninimise N the derivative of N with respect to r =ut

be zero,

-N M Iin r - 1. 0 (5)ln2r

If M'/ln2 r is not serco, then

l- n - . 0 (6)

r - a 2.71828... (7)

The nearest integer to this is 3, thus showing that a ter-

nary system is the most desirable. Although the above deri-

vation was performed considering tubes, it is equally valid

for transistors, tunnel diodes, ternary devioes, or ay

other zultistable circuit element.

The staff of the Computation Laboratory of Harvard

University has supported the use of the ternary system in

preference to binary as early as 1951 (Ref 9:145). Interest

in the ternary =mber systea is growing steadily as evidenced

10
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by recent published articles by Kumagai and Kawamoto (Ref 5),

Hallworth and Heath (ief 2), and Vacca (Ref 10). The econo-

mic and technological desirability of a radix 3 system, as

discussed above, coupled with the need to process more data

faster makes the ternary number system and tristable devices

very important areas for investigation. An integrated tri-

stable device has not been reported in the literature al-

though the patent issued to Pearson suggests that industry

is interested in obtaining a TRINARY. In the next chapter an

analysis is made of the hypothesised volt-ampere character-

istio curve of a TBINARY.

11



GB/EE/62-13

III* Oham er istos of&Tristable Device

One of the principle requirements for incorporation of

a device into a logical network is the knowledge of the

transfer function of the device. The transfer function of an

electronic device in normally represented by its volt-ampere

characteristic and the equation which satisfies this charao-

teristio curve. It is anticipated that the volt-ampere ohar-

aoteristio of a TRINARY will have the form shown in Pigure 3.

This curve may be represented by a power series expansion of

the form

i av 5 + a4v4 + a 3v + a2v + alv + a 0  (8)

__
5

o I I
- I/ I \ ! I\/
Iv i~j- - .- - -- I

' I - -I T -I

I i I I I I , ,I
Vo v.W V 1 Vi \ VJ V, V4  y iv

Figure 3

Volt-Ampere Characteristic of a Triutable Device

12
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where i and v are the instantaneous current and voltage

respectively, and the a's are arbitrary constants which

identify the particular curve. The evaluation of the ooef-

fioients of the voltage terms as funoions of the device

parameters is the major problem to be solved.

The sigaifioant points are indicated in the figure.

They are the peak and valley points, the voltages which

correspond to the bias current Io, and the final voltage

denoted Vf. In order to solve for the coefficients of the

characteristic equation the method of least squates as

outlined in Wylie will be used (Ref 13:175-183). The set of

equations to be used are given below in matrix form.

10 V0 5  v0 4  V0 3  V02  V0

10 ¥15 ¥14 ,13 Vl2 V1

10 V2
5  V2

4  V2
3  V2

2  V2  a5

I0 V35  V3
4  V3

3  V3
2  V3  a4

10 - V4 
5  V4  V43 V42 V4  a3  (9)

Ip1 Vp1 5  VP1
4  Vp1

3  VP1
2  VY1  a2

IV, Vp2 5  Vvi4 VVl3  VVI2 VVl A,

Ip 2 Vp24  p2 Vp2  p2

I,2 v.2
5  Vv2 4 v 2 3 Vv22  Vv2

13
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The normal eqations yield:

I V +5+V + ,V) + V51 +I Vi1V5+ V5

0 0 1V2 , 4 1 2 +iv 5 2 pp2 6v2v2

v2 2 v27 v2 
5n.-O nI 4 L( 3

(V4 +4+V4+V+4) +1 V4 +1 V4 +IV ,4

02 32 ' yl vlvl vp2p2 v2 v2

v2 v2 6 v22

a 8 .a V V5 (12)
5ntuo n 2&4W +&1 umO&.

V =O a n.0 13

I:(V3 +V +V +V3 +V4) +I,1V31 +I1 V ., V3 + 2V , V

v2 6 v2 v2 v2 v2a5Z.V 4 + 3 V +aEt;V% .a V! (14)

a5EV,~ +a4 1 o n o 2 n

, 'ere n ;kes o. the vlues O,1,2,3,4,pl,vl,p2,v2.

2writl: the norma equation. in ,atriz form and replaoc.g

everything on the left of the equal sipn byr £, e*1e *

orresponds to thMe power of the voltag term, gi~ves:

14
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S I V. 10  yV. 9  r V.8  T V.7  ZV. 6  a5

R4 EVn 9  :Vn8  rvVn :v: 6  yV 5  a4

.a V, zv 1  r V 6  yVn5  y Vn4  a3  (15)

t2  rv. 7  :Vn6  rv 5  Ivn4  Zv 3  "2

XVn 6  zvn 5  rv 4  Zv3 r v. 2  a1

Without the partioular values of the voltages and our-

rents this is the equation ubioh mut be solved to obtain

the ooeffioients of the terms in the power series represen-

tation of the oharaoteristio curve.

In order to obtain a less involved equation a syet-

rioal charaoteristio ourve, as shom in Figure 4., is assumed.

11

I I

I g I I

T A

I I * - T - I I

VP v 3V, 4v, 5vp LV, 7v, 8y, 4

Pigr 4

Symmerical Characteritic2 Cur've
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Although generality has been sacrificed, the resulting solu-

tion gives a reasonable approximation to the expected char-

aoteristio curve shown in Pigure 3.

The equal increments in the voltages of the significant

points on the curve permits the use of orthogonal polynomi-

als in the least squares solution. The procedure desoribed

on pages 179-183 of 'ylie will be used.

The first stoep is to introduce the auxiliary variable

x - V/VpI which will take on the values 0,1,2,934,5,6,7,8,

when V takes on the values 0, VPl,2Vpl,3Vp1,4VP1 OVP1,6Vplp

7Vp , and 8Vpl respectively. Next the orthogonal polynomials

must be computed from the formula

(16)

where m = 0,1,2,3,4,5 and n - 8 for this problem.

The polynomials are:

Peo(x) - 1 (17)

P82 x - x + ~~-)(19)
81(x) .1 - T (

+1- x(x-) (x-w2) (-3) (21)

16
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P85 (z) a- Iri + Jlr(x-l)- zx-)-)

+ T963x(x-)(x-2)(X-3)

- rx(x-1)(x-2)(X-3)(x-4) (22)

The solutions for values of x = 0,1,2,3,4,5,6,7, and 8 are

giveni in Table 1.

The coefficients of the 5th order equatoi. are deter-

mined by the formula
n
2: I(X)Pni(z)

a*U~= (23)

XWuO

from the general formula

n 2 (niil) (24)
xU (2x)(n

where i a 0,1,2,3,4,5. The particular equations are:

P nO 2 n+l (25)

T-pn - 3n(26)

znC

L 2  nl (+ J&3 I4)(28)
ziOn3 nCI)n2

17
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Table I

Caloulaions

x 1 80 p 1 8 2  P8 3  ?84 P8 5

0 10 1.0 1.000 1.00000 1.00000 1.00000 1.000

1 Ip 1.0 0.750 0.25000 -0.50000 -1.50000 -2.750

2 10 1.0 0.500 -0.28571 -0.92858 -0.78572 1.000

3 I V  1.0 0.250 -0.60715 -0.64286 0.64285 2.250

4 10  1.0 0.000 -0.71429 0.00000 1.28571 0.000

5 Ip 1.0 -0.250 -0,60715 0.64286 0.64285 -2.250

6 10 1.0 -0.500 -0.28572 0.92857 -0.78532 -1.000

7 IV  1.0 -0.750 0.25000 0.50000 -1.50000 2.750

8 10 1.0 -1.000 1.00000 -1.00000 1.00000 -1.000

S2(x) 9.00000

802

2p ?81(x) 3.75000
imO

2 () - 3.53571

8 2

p 2 W - 5.05102

83

2- ,p 8 4 2x W- 10.21428
imO

8 2
r 5(m) a 29.25000

imo
18
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nP2 (n+1) (&+2) * n+3) Cn+)n (29)oP n4 " (n-l) Wn-2) (n-3) (9
imO

n p (n+l c,, +2) €4 n+ (n ) cn 6) (30)

xaO

Por n - 8, these values are given in Table I. The ooeffi-

oients are then found to be s follows:

so a 0.55555 I0 + 0.22222 Ip + 0.22222 IV  (31)

a, n 0 + 0.13333 Ip - 0.13333 IV  (32)

&2 a 0.20201 10 - 0.10101 Ip - 0.10101 IV  (33)

a-3 0 + 0.02828 Ip - 0.02828 IV  (34)

a4 - 0616786 10 - 0.08391 Ip - 0.08391 IV  (35)

a5 a 0 - 0.17094 Ip + 0.17094 IV  (36)

In terms of x the ecuation of the curve is given by

v - a0 8o(x) + "%p&l(x) + ... + a5"85 (x) (37)

Substituting for P8s(x) and oombining terms this may be

written as:

i + a + a2 + a3 + 4 + &

-x(0.25000a1 + 0.85714&2 + 2.15475a3 + 5.19047 4

+ 13.98333a5)

19
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+x2 (0.10714 2 + 0.71428a3 + 3.31547&4 + 14.75000a5 )

-X3(0.05952s3 + 0.66666a4 + 5.22916a5)

+x4 (0.O4166a4 + 0.75000&5)

-x5 (O.03750&5) (38)

Substituting for ai and x and combining terus gives the

final equation:

1 - 0.92542 10 + 0.02796 Ip + 0.04663 IV

V-V~- (1.04443 I0 - 2.81816 Ip + 1.77393 IV )
pV2

+ 7, (0.57818 I0 - 2.79019 I p + 2.21214 IV )
PV 3

- r- (0.11191 I0 - 0.94813 Ip + 0.83625 IV )

V
4

+ 7- (0.00699 10 - 0.13170 Ip + 0.12471 IV )
pV5
+ ( 0 + 0.00641 Ip - 0.00641 IV ) (39)

p

It is reasonable to augme that IV will be negligible

with respect to 10 if not actually sero. Under this condition

10 will be 0.5 Ip. 'With these considerations the equation

becomes, with i normalised to Ip :

i a 0.49067 + 2.29594 V, 2.50110~.
p

+ 0.89218hp) - 0.12820 .-) + 0.00641*..) (40)

20
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The curve which satisfies this equation is show in

Pigure 5. The data for this curve is tabulated in Appendix B.

Although this ourve does not exactly match the symmetrical

curve from which the approximation was made, there is a

definite similarity to the characteristic curve that is ex-

peoted to describe the TRINARY. Unfortunately, the verifioa-

tion of this effort will have to await the availability of

an actual tristable devioe.

The TAINARY, whose characteristic equation has been

determined, will be used in circuitry which functions in the

ternary number system. The mathematics of this system must

be considered before circuits can be developed. The next

chapter discusses ternary mathematics as well as the oonver-

sion between various number systems.
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IV. =I Ternarv Number System

A number in any number system can be written in the form

N a 50R0 + S IR1 + *.+ S'P(41)

where N is the number to be represented, S is the symbol of

the system, and R is the radix of the systems In practice it

in usual to write only the system symbols, one after the

other, omitting the radix. The symbols are written in the

opposite order to that shown above suoh that:

N a SnSnliW*SiS0  (42)

In the ternary system the radix is three (R - 3) and the

symbols are normally expressed as zero, one, and two. The

general form of a number expressed in the ternary system is

N S0 30 + s131 + * + Sn (43)

or

N - S0 + 3S 1 + 92 + .. + 3 nSn  (44)

As a specific example, the number 67 is expressed as

67 - (1)30 + ()31 + (1)32 + (2)33

a1 + 3 + 9 + 54

This is written a 2111 in ternary.

Any decimal number may be converted into the correspond-

ing ternary number by finding each of the coefficients of the
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radix term seperately, The procedure is to divide the number

by the radix, 3, and note the remainder. The quotient of

this division is then divided by 3 and the remainder noted,

This operation is continued until the dividend is less than

the divisor. The remainder from each division corresponds to

the s mbols SOP SI , 82# .00 Sn respectively* This may be

formulated as follows:

N N' + so; N'-N" + Sl N"' etc. (45)
3 15 '5 a N" 82; so

Using the decimal number 67 to illustrate this method gives

- 22+1 80-1

22

3a 7+1 31a1

- 2+1 S2 a1

45- 0+2 a3-2

The ternary number is 2111.

Since most computers are in the binary form, the oonver-

sion between binary and ternary is of special importance.

This conversion is performed in the same manner as ws done

with the decimal number. However, since binary is a radix

less than three the divisor 3 is expressed as the binary 11.

The remsainers formed after each division are in the binary

system and mst be converted to ternary by the following

rule:
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If the remainder is 0 then S = 0.

If the remainder is 1 then S w 1.

If the remainder is 10 then S a 2.

The following example illustrates the conversion of the

binary number 1000011 into ternary.

N 1000011 W 10110 Remainder 1, S0 a 1

N'= 101 * 111 Remainder 1, Sl *
NO 10110
45 1A= a 101 Remainder 1, S2 W 1
J = a 1 0 Reaner i, S2 a 1

N"' 10 I 0 Remainder 10, S = 2

The ternary number is 2111.

In the conversion from ternary to binary, a higher to lower

radix, the division operation is performed and the remainders

give the symbols directly in binary.

The conversion operation from one number system to an-

other may be summarised in the following manner., The number

in the system which is being converted is divided by the

radix number of the other system expressed in terms of the

system being converted. If the new radix is smaller than the

radix of the old system then the remainders are in terms of

the new system. If the new radix is larger than the radix of

the system being converted the remainders must be converted

into the new system through the appropriate numeric relations.

The remainders from the successive divisions are the symbols

of the new system in ascending order.
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The mathematioal operations performed on ternary num-

bers are similar to those performed on decimal numbers. When

the numbers are added in the decimal system a carry to. the

next higher order of ton is effected, e.g. 6 + 5 a 11. The

same operation is performed in the ternary system except that

three digits are used instead of ten. Ternary addition is

illustrated in the example showing the result of successive

addition of 1 to a decimal and a ternary number. Table II

gives the basic rules of ternary addition*

Table II
Rules of Ternary Addition Decimal Ternary

0 000
0 1 2 1 1

2 2
3 10

0 0 1 2 4 11
5 12

1 1 2 10 6 20
7 21

2 2 10 11 8 22
9 100

Subtraction takes the same form as with decimal numbers.

If the minuend is less than the subtrahend, a digit is bor-

rowed from the next higher order of the minuend number. The

subtraction of ternary numbers in shomu in Table III and the

accompanying example.
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Table III
Rules of Ternary Subtraction

Subtrahend

Minuend 0 1 2

10 10 2 1

11 11 10 2

12 12 11 10

The following are examples of ternary subtraction.

A - B a Difference Borrow Decimal Ternary

0 0 0 0 10 101
9 100

01 2 1 8 22
7 21

02 1 1 6 20
5 12

1 0 1 0 4 11
3 10

1 1 0 0 2 2
1 1

1 2 2 1 0 0

2 0 2 0

2 1 1 0

2 2 0 0

Multiplication of any two numbers is performed by add-

ing the multiplicand to itself as many times as the multi-

plier designates, e.g. 4 x 5 a 4 + 4 + 4 + 4 + 4. Rather

than perform this repeated addition it is customary to use a

table iob. defines all the primary multiplioations as shown

in Table IV*
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Table IV

Ternary Multiplication Table

0 1 2

0 0 0 0

1 0 1 2

2 0 2 11

When ternary numbers greater than those shown in the

table are. to be mltiplied, the same procedure is followed

as in the decimal system. The multiplicand in multiplied

seperately by each number of the multiplier and all the par-

tial products are added together. This is illustrated by the

following example.

2102
x1201

0000
11211
2102

Division of ternary numbers is performed in the same

manner as in decimal division except that the rules of ter-

nary addition and subtraotion are adhered to. This In illus-

trated by the following example.

1201

8 0 2
10102
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To complete the coverage of the ternary number system

it is necessary to include fractional numbers. Fractional

numbers are expressed as the sum of negative powers of the

radix as:

N-a D-1 D 2 -... + Da 'm (46)

or

N - , + + 3P (47)

A number which includes fractions may be expressed s:

N a Sn.OOS 2SiSO*D iD2 ... Dm (48)

The conversion between number systems of fractional

numbers is effected by a multiplication process instead of

by division* To convert a decimal fraction to ternary it is

necessary to multiply the decimal fraction by 3. The whole

number which results is the coefficient DI . The fractional

part of the product is then multiplied by 3 and the whole

number in the product is D2 . This process is continued until

the fractional part of the product is zero. If the process is

halted before the operation terminates, the last digit is

rounded off. The conversion of the decimal 0.4 to ternary

will illustrate this procedure.

04 x 3 1.2 D, a 1

0*2 x 3 0.6 D2 a 0

0.6x 3 1.8 D3 .1

0.8 x 3 2.4 D4 - 2
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0.4 x 3 a 1.2 D5 -1

0*2 x 3 a 0.6 D6  0

The ternary number is 0.10121012... , This process can be

continued with the same pattern repeating indefinitely.

Converting from ternary to decimal is performed by dividing

each ternary symbol DR by the oorresponding power of 3 and

adding the nesults.

In general, to convert from one system to another the

fractional number of the first system is multiplied by the

radix number of the second system. The whole number part of

the product is the symbol in the new system. The fractional

part of the product is then multiplied by the new radix and

the next significant digit of the new number is the whole

number part of this product. The process is continued until

the fractional part of the product becomes zero or the de-

sired degree of accuracy is reached. The conditions relating

to the relative size of the radices mentioned earlier under

whole number conversion applies equally well to the fraction-

al numbers.

Computer operation in the ternary number system will

utilize the negative, zero, and positive voltage levels in-

stead of the symbols O, 1, and 2. The relationship between

the two sets of symbols are:

0= 0

1 +

2-
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The rules of ternary mathematics using the -, 0, + symbols

are shown in Table V.

Table V
Ternary Addition and Multiplication

Addition Multiplication

- 0 + - 0 +

- -+ - 0 - + 0 -

0 - 0 + 0 0 0 0

+ 0 + +- + - 0 +

An interesting and useful feature of this system is

that both positive and negative numbers can be represented

directly without the need of a sign bit or complement air-

ouit. The symbols +, 0, - epresent respectively the presence

of a power of three, the absence of a power of three, and the

presence of a power of three in the negative sense. The deci-

mal number +67 is expressed in ternary as:

+67 +++-+ - + 1 + 3 + 9 - 27 + 81

The decimal number -67 is expressed in ternary as:

-67 a -- +- - - 1 - 3 - 9 + 27 - 81

It will be noted that a negative number is represented by the

opposite, or inverse, of the symbols whioh represent a posi-

tive number of the same magnitude.

The ternary number 2121 is taken as an illustration of
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this system. The number is converted into -, 0, + symbolism

as follows:

2000 a +-000
100 a +00

20 a +-0
1- +

Converting each of these numbers into decimal will verify

that they represent the same quantity

2121 a (1)30 + (2)31 + (W3 2 + (2)33 a 70

+0--+ a W3* 0 + (-)31 + (-)32 + (0)33 + (+)4 a 70

The mathematics discussed in detail for the O, 1, 2

symbols will apply to the O, +, - symbols as well. The con-

version from other number systems to ternary will have to be

done' in terms of the numeric symbols and then converted into

the O, +, - symbols which correspond to the voltage levels

in the computer. In the next chapter a number of ternary com-

puter circuits are presented which use the O, +, - system in

their operation.
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V. The r in Ternary Computing Systems

Any digital computer contains the following basic oompo-

nents; 1) counters, 2) adders, 3) coincidence circuits,

4) mixer circuits, 5) inverters, and 6) storage elements.

There are many variations in the detailed circuitry from one

computer to another although the logic is basically the same.

A ternary computer requires that the circuits be respon-

sive to three voltage levels rather than the two required in

a binary computer. Binary circuits in general cannot be used

directly in a ternary system although the principles of oper-

ation can be very usefully employed. This is apparent when

the AND circuit is considered. The logic of an AND circuit

is simply that there will be an output only when all the in-

puts are present. The binary circuit which performs this

function is shown in Figure 6. The output voltage follows the

lowest input voltage. With

only two voltage levels to

consider, the output will

not go positive (no out- A op

put) unless all of the in- Ica

puts are positive. Consid-

ering ternary inputs to C

this same circuit presents

a much more complex logic Figure 6

function. Each of the in- Binary AND Circuit
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put lines have a positive (+), zero (0), or negative (-)

voltage. The truth kable for this ternary circuit is:

Inputs Output Inputs Output

A B C D A B C D

OW - 0 0 -

- - 0 - + + + +

- - + - + + 0 0

0 0 0 0 + + - -

0 0 + 0 + - 0 -

It is evident from this truth table that coinoidenoe of

the we signal on all of the input lines will give the pro-

per output signal. Howeverp when the inputs are not identical

the output will follow the lowest input signal which may be

- or O The simplest way to insure that the output will be

zero (no information) except when there is coincidence at the

inputs is to limit the excursion of the output voltage. By

adding a diode to ground at the output the excursion will be

restricted to 0 or +. Although extravagant, it is possible to

obtain negative coincidence by using the same circuit with

an inverter placed on each of the input lines and on the out-

put. To complete the coincidence circuit, the outputs of

these two circuits are combined in a resistance bridge which

feeds an amplifier. When both inputs to the resistors are

sero, a zero signal is applied to the amplifier. When posi-

tive coincidence ooourj, the voltage applied to the amplifier
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is positive and half the input amplitude. When negative coin-

oidenoe occurs, the voltage applied to the amplifier is nega-

tive and half the input amplitude. The oomplete ternary coin-

oidence circuit is shown in Figure 7.

70

INVNr

Figure 7

Ternary Coincidence Circuit

The OR circuit used in binary computers may be used in a

ternary computer system if the only requirement of the oir-

ouit is that the output follow the highest input sigal. A

variation of the OR logio permits the use of the circuit

shown in Figure 8, which shall be called a Ternary OR. The

one restriction placed on this circuit is that only one input

line may have a signal during a particular time interval. The

output of this circuit will be the same as the non-zero input.
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R

R

R

Figure 8

Ternary OR Circuit

The inverter mentioned earlier in basically an amplifier

which is responsive to positive and negative voltage excur-

sions. In those instances where signal amplification is not

required, the inversion may be accomplished by any device

which will transform a positive signal to a negative signal

of the same magnitude and vice versa.

A counter circuit which may be used in a ternary oom-

puter is ahow= in Figure 9. he circuit utilizes the TAINA4Y

as the storage element. The reset circuit consists of an am-

plifier which produces a negative output signal for a posi-

tive signal input. The output must be of sufficient magi tude

and duration to drive the TWA.fIY from the + state to the -

state. Before each counting operation all of the TAINAAY ele-

uants are reset to the 0 state. The carry function is per-

formed in the following manner. When a 2AINAkY has been ad-

vanced to the + state, its output energizes the + AND (posi-

tive coincidence) circuit associated with it. The next input

36



GE/EE/62-13

pulse (+) has no effeot on the TAINAdtY but is passed through

the + AND to the next higher order TRINitY whioh is advanoed

by one unit. The output of the + AND also aotivates the reset

oirouit whioh applies a double negative signal to the TAINA Y

thus reeting it to the - state. The oounting sequenoe for a

train of input pulses in showm in Figure 9.

32 3 30

TTI T 0

+

1 2 3 4 5 6 7 8 9 10 11 12 13 14

TO + - 0 + - 0 + - 0 + - 0 + -

Tl 0. + + + - - - 0 0 0 + + + -

T2 0 0 0 0 + + . + + . + + + -

Figum 9

Ternary Counter Cirouit
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The next cirouit to be considered is the ternary adder

shown in Figure 10. This is a serial feed adder wich per-

forms the addition of two numbers utilising a TAINA-RY. The

operating sequence is shown in the figure. The TAINARY is in

the 0 state at the beginning of each addition. The first

digit of word A sets the T.INAAY to correspond with it. The

TRINAiY output is fed to a coincidence circuit to permit a

carry. The first digit of word B is then applied to the adder.

This bit will change the state of the TINAAY if it can. If

not, it will aotivate a + or - carry signal from the ooinci-

dence circuit. Following this, the output of the TRINAAY is

sensed and the voltage level transferred out. The TRINARY is

reset to 0 and is ready to add the next set of digits. Before

the second digit of word A is added, the carry signal, if any,

is added to the WINARY. An example of the addition of two

ternary words is shown by steps in Appendix A.

The circuits described above have been designed for use

with the TMiARY. Actual values and characteristics of the

individual circuit elements will have to be determined for

the particular TRINARY used. There have been ternary circuits

designed which utilize presently available equipment. The

most recent article published is the one by Hallworth and

Heath (Ref 2:219-225). Their circuits utilize transistors,

diodes, and resistors. Thrm the use of the techniques of

Molecular Electronics, the circuits they propose could be

built today with a significant increase in data capacity per
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Car,
Cutput

RESoc CpTer OR

TimeD
t cAdd A nlaear cAD rse

ORO

OR4

0 re

Sequence of Operation

Clock Operation
Time

1 Add A, initiate carry, cdrry reset
2 Add Bt initiate carry, carry reset
3 itead out A+B+carry from previous digits
4 Reset Ito 0
4.5 Add carry from 1
5.5 Add carry from 2
1 Add next digit of A

Figure 10

ternary Serial Feed Adder
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equipment volume. Two circuits which illustrate their design

technique are shown in Figure 11. The convention that is used

in their circuits is that the ternary symbols 0, 1, 2 are rep-

resented as +2, 0, and -2 volts respectively. Ternary addi-

tion is performed in the circuit shown in Figure lla. UR and

R2 have an output of half the analog sum of the two inputs.

T1 and T2 are a complementary-pair amplifier with the output

in phase with the input and twice as large. Thus, with T3 and

its circuit, the ternary sums with no carry are:

0+0"0

0+1 1+0,1

If the inputs are such that a carry is required, T3 is

biased so that the signal thru R3 and R4 switches the current

thru Rll from D1 to M, and increases the output current of

T2 by 3 units. This effect from T3 provides the three other

gums:

1 + 2 - 2 + 1 a 0(3 - in analog)

2 + 2 - 1 (4 - 3 in analog)

The carry circuit, Figure llb, is essentially a resis-

tanoe analog adder with an inverter. The adder is designed so

that Tl is switched on when the sum of the input voltages is

greater than '2' (voltage at base of T1 les than 2 volts)
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and T2 is switched on. A voltage divider chain provides the

output, and T2 shunts V thus changing the output from 0 to

1. This carry circuit was designed on the assumption that the

ternary addition would be performed with the circuit shown in

Figure lic.

A ternary adder circuit proposed by the Staff of Engi-

neering -Research Associates, Inc. using vacuum tubes is shown

in Figure 12 (Ref 1:288).

MacKay and MaoIntyre, as stated earlier, used a modified

Plip-Plop Multivibrator to build a ternary counter. The tri-

stable oirouit, its characteristic curve, and the output

waveform are shown in Figure 13. The three stable states are

identified as follows:

0 state: VB outoff, VA on and drawing grid current

1 states VA and VB on and drawing grid current

2 state: VA cutoff, VB on and drawing grid current

The 0 and 2 states are similar to the two stable states of

the binary type of circuit.

The storage of information in the ternary computer may

be acheived thru the use of maWnetic devices such as cores,

tapes, or drums. The basic philosophy is to use two magnetic

elements to represent one ternary digit. The three stable

states corresponding to -, 0, + respectively would be: both

elements negative; one negative and one positive thus can-

celling each other; and both positive. The preferred approach

would be to have a tristable magnetio element.
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+LI.

A v5-Wp -- *

I-- +C.P

i-.

Figure 12

i2.rnaz'y Amplitude Half Adder

(From RIef 1:288)
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-'A-

a. ternary counter
circuit b. plate A waveform

3m'

-2

c. double negative resistance characteristic

Figure 13

Tristable kultivibrator

(From Ref 6:145)
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VI. The T in Current Systems

The most likely area in which the TAINA±AY may be used is

in servo-motor control systems. The -, O, + output of the ter-

nary device is of the form which is required to adjust the

position of the control element. The amount of adjustment or

angular rotation of a motor can be determined by the duration

of the output of the 2&INA-iY.

Another aspect of the relation between the ternary and

binary number systems is the increased data handling capabil-

ity of the ternary system. Through the use of a binary-ternary

converter it would be possible to process the data with avail-

able binary equipment, convert the data into a ternary code,

and transmit the data by radio or otber means in the ternary

number system. This will permit the transmission of 50% more

information per unit time than is possible in the binary sys-

tem. With the same conversion between number systems it would

be possible to store data in the ternary system, again at a

savings of 50% in the amount of storage space required for

the same amount of information. A binary to ternary converter

has been developed by Wolf and Richard (Ref 12). A block dia-

gram of their circuit is shown in Figure 14.

A review of the current electronic computing and data

processing equipment did not uncover any circuits in which

the TdINAY could be readily incorporated. This was expected

since it is felt that the most valuable use that can be made
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of the TAINARY is in systemm that use ternary logio in their

entiretye,

I mp'l 0 %at w ~t

I -digit

a, binary to ternary

Te rnr Binary

Input 0Olt put

b, ternary to binary

Figure 14

Binary-Ternary Converter

(Prom Rtef 12)
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VII. Summar and Conclusions

The need for increasing the amount of data that can be

processed by an electronic computer has prompted studies in

many diverse areas. This work has been concerned with one

feasible solution to the problem through the use of a ter-

nary, radix 3, system. The one factor which makes this system

more attractive today than it has been in the past is the

realizability of a monolithic semiconductor device which has

three stable states. Although this device, hich is referred

to in this work as a TAINAXY, has not been produced in quan-

tity there are reasons to believe that our present technology

is capable of doing so. Demand, the driving force of all man-

ufacturing, has yet to be fully realized. In an effont to

stimulate this demand, a study has been made of the advan-

tages of the ternary system over the currently popular binary

system. Two of the major advantages are the savings in the

number of parts required, and the ability to process three

bits of data in the same time interval that is required to

process two bits of data in the binary system.

The ternary number system has been discussed in terms of

two sets of symbols; the mathematical system symbols 0, 1, 2,

and the computer system symbols -, O, +. The conversion from

one system of numbers to another was show to be a division

process wherein the number to be converted is divided by the

radix number, expressed in the system to be converted, of the
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new system* The remainder after each division corresponds to

the coefficient of the powers of the new radix in ascending

order. In the conversion process the Arabic numerals 0, 1, 2

are used to represent the ternary system. The arithmetic

operations have been identified for both the 0, 1, 2 symbols

and the -, 0, + symbols. An interesting and very useful fea-

ture of the -, 0, + system is that both positive and negative

numbers can be formed without recourse to a seperate sign

bit* The negative number is the inverse of the positive num-

ber of the same magnitude.

An equation has been presented which will approximate

the characteristic curve of the TAINAAY, Unfortunately, a

physical device in not available with which to compare the

theory to an actual characteristic curve. The approaches to

three-stable state devices that have been propounded in the

literature are not suitable for comparison with the hypothe-

sised T.iINAdY characteristic curve. Vhen an actual device is

made available, the method of curve fitting discussed in this

work will provide the basis for a more accurate characteristic

equation.

A ternary computer incorporates networks which will per-

form functions similar to the basic circuits of binary oompu-

terso It has been shown that the binary AND circuit with

minor modification can be used as a ternary coincidence cir-

cuit. A serial feed adder circuit has been proposed which

will add two ternary numbers at the rate of 5 alook pulses
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per digit. In addition, a counter, an inverter, two types of

OR circuits, and a manetic storage element have been dis-

cussed.

The use of a 'i INARY in present systems has been briefly

discussed. Aside from its use in control and servo systems,

the TRINARY is not likely to be used extensively as a substi-

tute for binary circuits. The most beneficial use that can be

made of the TRINARY in conjunction with current systems is

the transmission of data. Since a ternary digit contains 50%

more information than a binary digit, it is possible to

transmit a block of data faster with ternary than is possible

with binary. A device is mentioned which has been developed

to transform binary information into a ternary code and back.

There is much that will have to be accomplished before

the full capability of the ternary system can be exploited.

A few of the tasks that need to be undertaken are:

1. Determination of the characteristic equations which

accurately describe actual tristable devices that become

available.

2. Development of other ternary circuits to be used with

those presented. Some circuits that should be considered are;

shift registers, comparators, memory, and the associated in-

put-output equipment.

3. Physical construction of the ternary circuits to

determine component values and evaluate the optimum operating

conditions.
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4. Improvement of these oircuits, patticularly the

adder, to obtain faster operating times.

5. Investigation of the use of the ternary system in

data processing equipment to faoilitate the use of EDPM in

oonjunotion with ternary oomputers. In this oonneotion, the

development of a card or tape punch system using ternary

ooding would be very desirable.
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Appendix A

Addition U th enr Adder

The operation of the ternary adder follows the sequence

given in Figure 10. Before the addition begins the TAINARY

in in the 0 state. For the purpose of illustration, each add-

ition cycle is identified by a Roman numeral. The two words

to be added are:

A a 102201 a 0++0-0+

B a 210120 a ----- 0

Cycle Clock Operation TAINAY Carry
Time Output Output

1 1 Add A 1 a + + 0

2 Add B1 • 0 + 0

3 Read out + 0

4 Reset to 0 0 0

4.5 Add carry from 1 0 0

5.5 Add carry from 2 0 0

II I Add A2 a 0 0 0

2 Add B2 a - - 0

3 Read out - 0

4 Reet o 0 0 0

4.5 Add carry from 1 0 0

5.5 Add carry from 2 0 0

54



GE/EE/62-13

Cycle Clock Operation TdINARY Carry
Time Output Output

III 1 Add A3 0- - 0

2 Add B3 a- - -

2+ Carry reset + 0

3 Read out + 0

4 Reset to 0 0 0

4.5 Add oarry from 1 0 0

5.5 Add carry from 2 - 0

IV 1 Add A4 a 0 - 0

2 Add B4 = + 0 0

3 Read out 0 0

4 Reset to 0 0 0

4.5 Add carry from 1 0 0

5.5 Add carry from 2 0 0

V 1 Add A5 a + + 0

2 Add B5 a + + +

2+ Carry reset - 0

3 Read out - 0

4 Reset to 0 0 0

4.5 Add carry from 1 0 0

5.5 Add carry from 2 + 0
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cycle Clock Operation TAINARY Carry
Time Output Output

VI 1 Add A6 a + + +

1+ Carry reset - 0

2 Add B6 a -

2+ Carry reset + 0

3 Read out + 0

4 Reset to 0 0 0

.4.5 Add carry from 1 + 0

5.5 Add carry from 2 0 0

VII 1 Add A7 a 0 0 0

2 Add B7 a + + 0

3 Read out + 0

4 Reset to 0 0 0

4.5 Add oarry from 1 0 0

5.5 Add carry from 2 0 0

The output is A + B a ++-O+-+. This is verified by adding

the inputs:

AuO++O-O+
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Appendix B

Tabulate Data fr Curve o Figure

v i

p p

0.00 0.92542 10 + 0.02796 Ip 0.49067

0.25 0.69873 10 + 0.57242 Ip 0.92178

0.50 0.53420 10 + 0.85008 Ip 1.11718

0.75 0.42232 10 + 0.93193 Ip 1.14309

1.00 0.35426 10 + 0.87876 Ip 1.05589

1.25 0.32180 10 + 0.74113 Ip 0.90203

1.50 0.31741 I0 + 0.55915 Ip 0.71785

1.75 0.33420 10 + 0.36780 Ip 0.55490

2.00 0.36593 10 + 0.18645 Ip 0.36942

2.25 0.40705 I0 - 0.00167 Ip 0.20185

2.50 0.45261 10 - 0.06938 Ip 0.15692

2.75 0.49839 10 - 0.12878 Ip 0.12041

3.00 0.51073 I0 - 0.13987 Ip 0.11549

3.25 0.57640 I0 - 0.10664 Ip 0.18156

3.50 0.60556 10 - 0.03387 Ip 0.26891

3.75 0.62108 10 + 0.06232 Ip 0.37286

4.00 0.62684 10 + 0.18645 Ip 0.49987

4.25 0.62053 I0 + 0.31141 Ip 0.62167

4.50 0.60381 10 + 0.42967 Ip 0.73157

4.75 0.56086 10 + 0.52918 Ip 0.80961

5.00 0.54024 I0 + 0.59905 Ip 0.86917
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7p Tp

5.25 0.49767 I0 + 0.63032 Ip 0.87915

5.50 0.45172 10 + 0.61669 Ip 0.84255

5.75 0.40597 I0 + 0.55532 Ip 0.75830

6,00 0.36463 I0 + 0.44751 1p 0.63012

6.25 0.33265 I0 + 0.29955 Ip 0.46587

6.50 0.31558 I0 + 0.12334 Ip 0.28113

6.75 0.31964 I0 - 0.06275 Ip 0.09707

7.00 0.35179 I0 - 0.23317 Ip -0.05728

7.25 0.41947 I0 - 0.35443 Ip -0.14470
7.50 0.53093 I0 - 0.38435 Ip -0.11889

7.75 0.69597 I0 - 0.27133 Ip 0.07665

8.00 0.95175 10 + 0.04644 Ip 0.52231

8.25 1.21959 I0 + 0.64169 Ip 1.25148
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