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ABSTRACT

This document prescnts a general explicit solution
to the powered flight dynamics of a rocket vehicle
having constant thrust and constant effective exhaust
velocity, and demonstrates the use of this solution

in guidance techniques,
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1. INTRODU ' .ION

In the latter part of 1959, the author developed an explicit solution to the
powered flight dynamics of a rocket vehicle having constant thrust and constant
effective exhaust velocity. This solution was used as the Lasis for the guidance
equations for the Mercury/Atlae flights, Since that time, guidance equations
based on this solution have been developed for use on Project Gemini and
Ranger/Mariner, as well as for other programs of a more classified (security)

nature.

This explicit solution and its application to guidince equations was documented
in Reference (1). * Since that time, many people have examined this document
as well as other techniques for guiding a continuously burning vehicle to pre-

scribed values of altitude and velocity at burnout. As a result of these investi-

gations it appears clear that for the class of vehicles under consideration:

(1) any guidance technique which accurately controls burnout altitude
and velocity vector must be based on an explicit solution of the

powered flight dynamics.

(2) the solution which was originally developed and documented in
Reference (1) is essentially definitive (the details of mechanization
will of course depend to a certain cxtent on particular mission

requirements).

Although the notation in this document differs from that used in Reference (1)
there are no non-trivial changes in the subject matter. Some additional infor-
mation or explanatory material has been provided for various peripheral ar as

because thcse omissirnsg have resulted in considerable confusion by many

*"An Explicit Method of Guiding a Vehicle from an Arbitrary Initial Position and
Velocity to a Prescribed Orbit, " by D, MacPherson, dated 13 February 1961,
Report No. TNPR-594(1565-01)TN-1.




readers of Reference (1). The order of presen. .on in the Basic Vehicle
Kinematics section has been changed for greater clarity (the manner of presen-
tation used here was suggested by Mr. M. Tangora). Various small errors in
Reference (1) were discovered by a number of people; these have hopefully been

corrected. Mr, W, Brocato has been especially helpful in this regard.

This explicit solution to the powered flight dynamics of a rocket vehicle is of
fundamental importance for guidance equations on sophisticated missions;
because the total effect of control commands is to determine the position and
velocity of the vehicle at that point where ability to control terminateé (it is
obvious that only certain restricted valnes of position and velocity can be
obtained). The values of position and velocity that are desired or required at
control termination (thrust termination) may be specified in a variety of ways.
On an ICBM mission, for example, it is possible to make the ve!ocity at thrust
termination a function of position at thrust termination, and thereby eliminate
the need for position control. On the other hand, burnout position and velocity
are independently specified on many space missions. The explicit solution
contained herein can be utilized to attain these desired conditions at thrust
termination regardless of the origin of the specification (the specification may

be considered another part of the guidince equations).

In the development it is assumed that vehicle thrust attitude changes (or control)
tike place in two mutually perpendicular planes which are conventionally desig-
nated as pitch and yaw. It is assumed that the thrust magnitude cannot be con-

trolled (except by termination),

This document has been written in as general a rmanner as possible with emphasis
placed on the principles involved rather than on the sophistications and details

of mechanization which might be desirable when using this solution in a detailed
set of guidance equations. For example, the time difference between generated
control cominands and effective time of data and/or effective time of command
enactment should be accounted for; but this has not been discussed hecause a
bookkeeping technique of this type is not conceptually difficult or fundamental to

the systern.




2. BASIC YEHICLE INEMATICS

Newton's law applied to rocket thrust gives:

Fp=map = -c* %’tl‘- (2.1)

The vehicle thrust and effective exhaust velocity will be assumed constant in the
following analysis. Although these assumptions usually approximate reality
quite satisfactorily, restrictive assumptions of this type are not conceptually
necessary; it is, however, necessary (for practical purposes) to have the terms
in Equation (2. 1) in sufficiently simple form for the necessary analytical treat-

ment. With the above assumption

F m, a
_ T _ 1 Tl -
ml—m—-c—*?(tl_t)-m Y (tl t)
where t is present time and tl ig some future time.
Then
- a -
m =, lx T T (2.2)
]
50
a
a,, = Tl (2.3)
T ar) ST
1 +—5 (tl - 1)
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The équivalent relationship

A, = (2.4)

will be more convenient at times.

The following dimensionless variable is of fundamental importance.

a
_ @
U_-—C-:T“—(tl-t) (2.5)
Note that
a
au. & _ 2T1
zﬁ“ - U - —__-C* ' . (20 6)

The constant value of U is in a sense a measure of the vehicle's dynamic charac-

teristics. Then '"time to go' until t = t) can bte found from
Tyt -te-g ~ (2.7)
The evaluation of T;; will be discussed after the immediately following develop-

ment of an appropriate expression for use in the evaluation of U.

The acceleration when U = 0 is ag ¢nd will be redefined as aye Then from

Equations (2.3), (2.5), and (2.6)

ay = Qe (2.8)
a
ap = =g (2.9)




>
The general equation of motion along V will now be developed.

The general vehicle force diagram is shown in Figure 2.1,

FT :mop

mg

Figure 2.1

These forces will be divided into two components; one parallel to, and one per-
pendicular to velocity. The latter component is of no interest in the immediate
discussion since it changes only the direction and not the magnitude of the

>

velocity, The force balance along V may be written as:

F
dv _ . . YA
5t © 2T c°s (B-I')-gsinl + — cos ®
Defining
F
- dv _ ' Lo CA
ay Fan-gr sy [l - cos (B - 1”)]+ g sinI - —= cos o (2.10)




Then

and

t t L t
1 _[*rav 1 v 1 ,
_[ apdt _[ o dt +j: a, dt=V, v+/; a; dt (2.11)

The valuc of a; may be congidered physically as the acceleration '"lost'" due to

angle of attack, drag, and gravity.

From Equations (2.8) and (2.9)
tl i
f a,rdt = e¥ln (1 - U) (2.12)
t

combining Equation (2.11) and (2.12) {where Vf is desired final velocity):

tl
Y I--V-l- A a.Ldt

- %
U=1-¢e

C

Although the above equation is valid it is not useful because the integral is not
known exactly. This is unsatisfactory not only for its own sake but also hecause
it masks the relationship between Vl znd Vf. However, thesge difficulties can be

overcome by the following artifice:
Define ¢
= 1
v'L-vl-vf+_[ adt

-6-




The magnitude of V
simply

or numerically

L

1
.i\_’._L‘. = =a
dt L

is still unknown. However, the derivative at any time is

If V! were known initially, the above equation could be used to find proper

L
succeeding values.

equations:

where

This technique will be used as defined by the following

V.-V +V

U=1-¢ CSF

is from Equation (2.10)
T is length of computation cycle

is a preselected constant

(2.13)

(2.14)




The value of VI‘() may be arbitrarily chosen; however, it is desirable to use a
rcasonably realistic value so that VL is near z o 'vhen V = Vr It is obvious

from Equation (2.13) that when V = Vf

Vs
Uf =1-2 ¥

and that elapsed time until V = Vf is
U, -u

The uncertainty in VL{ is reflected in Uf in the above mechanization. Although

thc above mechanizstion is valid, the following alternative has generally been

used in the past.

t he time difference 6TU between the points where V = Vl and V = Vf is

-V . :
6T = a” (2. 15)
h

where a, ig the average thrust acceleration between times t and tee Using

Equation (2.9)

/tl +6]'It‘U t +¢5TU
¢, o a tn (1 - UST,,)
i, = 1 = ,U d = a v u 12..16)
f 5Ty 5T, I -U U  -usTy
t




Then the time interval until velocity equals desired velocity is {(see Figure 2.2)

TE = TU + 6TU (2.17)
uso0
Vv vs=V, V=V,
l l o T{ME
! 3 t,
[ v e st !
Ty 37,

N —

v—

TE

Figure 2.2

The time interval TU can be mechanized as (from Fquation 2.7)

Since U can be found by differencing successive values of U, TU can be deter
mined from knowledge of c* and measurements of velocity only. (See Appendix A
for effect of error in knowledge of c¥%.) It should especially be noted that while
the thrust must be constant, it need ne' be known. Since U is linear in time
(from Equation (2.5)), it is an appropri.te quantity on which to apply smoothing,

and smoothing should be applied on U in prefercnce to an equivalent nonlinear

quantity (V for example).




For any mechanization it is necessary to evalua VLI' Since it is clear that

t
- f
VLf = VL -j; aLdt (2. 18).

This integral must be predicted.
It is obvious that the magnitude of va will not be known exactly when TE is

large; but as T, becomes smaller the value of the integrand in Equation (2. 18)

E
not only becomes more predictable but also requires prediction for shorter
periods of time. Techniques which have been used in this prediction are dis-

cussed in Appendix D,

The characteristics of TU and 6TU which have been cited lead to the conclusion
that the percentage error in TE is always small. Simulation has verified this
conclusion by consistently demonstrating that errors in TE are less than (and .
usually considerably less than) one per cent in the absence of errors in position
and velocity (see simulation results in Section 4). It should be noted that the
separation of the thrust effects and the '"loss' effects (into TU and 5TU or the
equivalent) is necessary in a practical mechanization in order to achieve
stability. This separation provides a decoupling which causes first order
perturbations in loss estimates to have only second order effects on time to

go (TE) estimates. If decoupling is not provided, perturbations in loss esti-
mates corrupt the estimate of thrust acceleration which causes large variations
in time to go. A combination of small loss perturbations and heavy smoothing
on tirne to go can prevent instability, but this is not a desirable mechanization

for obvious reasons.

‘Note that Equation (2.9) gives thrust acceleration in terms of the same smoothed

quantities that determine Ty,, and that this thrust acceleration can be extrapolated

prrn

.10-




backwards or forwards in time with no more error (percentagewise) than exists

in the current estimate. In particular, the acceleration at engine cutoff is

u
ap = —9 (2. 19)

1 - 06Ty

If thrust and structural mass of the vehicle are known, Equation (2.19) can be

used to predict the mass of propellant remaining at engine cutoff.

Figure 2.3 is a collection of equations from this section which are needed iuvr
computation of time-to-go and steering commands. It is not suggested that this
is the exact set of equations which would be mechanized. Note that since U is
used in the solution as well as U, the :..:lani::iion of Egq. (2.13) should be a

truncation of the exponential series instead of a curve fit.

It will be convenient to note for future reference that the total integral of thrust

acceleration between times t and tf is

t
A _ . ,
AVE—]; apdt =V - V+V, -V (2. 20)

-lla




- 4
Ve-vav

Smoothing on
Uand U

8

= — pY? U = ] -
 Sm—
» Un
= Olc* - va U=
U
['J | o
“Vig
et
= -
TE TU + 86T
Figure 2.3
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3. EFFECTS OF MI.37" E ATTITUDE

Equations relating missile attitude profile and vehicle position and velocity will
be developed in this section. Thene relationships ‘can then be used for control
purposes. Pitch plane dynamics will be discussed first ar they are the most

general. Yaw dynamice will then he a special case of this general solution,

Great mathematical simplicity would result if the development could be made in
an inertial cartesian coordinate system. The approach taken in the following
derivation will be to solve the problem in such an inertial frame and to add
terms to the solution to account for the differences between this model and
reality. In order to validly use this approach it is necessary to eliminate the

anomalies caused by the following items in the physical environment:

(1)  The "true" inertial coordinate system is at the geocentroid and not
rotating, while the desired vehicle position is most conveniently

specified as a radius from the geocentroid.
(2) The existence of a gravitational field.

Item (1) can be compensated for by use of the following coordinate frame (see

Figure 2.1):

Let V = inertial velocity of the vehicle 7

r

distance from the geocentroid to the vehicle

Then

v .
ginI' = =F (3.1)

-13-




Since these variables are derived relative to r, .ey ''rotate" with an angulaxr
_Vcos I

Rot ~ r

measured in an inertial coordinate system. (The rotation is '"stopped" while

rate w : but they are truly inertial quantities since they are

the computation is being made.)

Likewise a pitching rate

w_ =VcosT
Wi T {3.2)

is necessary to kecp thrust attitude (Bp) constant (relative to ?‘). This pitching
rate will be transmitted in addition to any pitching rate defined for other

purposes.

The gravitational and coriolis accelerations in these coordinates produce a com-
bined acceleration

. [V cos ll."]Z

ng By r (3.3)

where g, is the component of gravitational attraction aleng 7 and may be defined
in any desired degree of complexity (the component perpendicular to T is of no
consequence here, and is negligible in any case). The effect of ng can be

compensated for by defining a missile attitude

BE
pgp = —;’f (3.4)

and adding this attitude to the attitude desired for position and velocity control.

This specifically assumes that

sinf=9p (3.5)

-14-




a relationship that will be assumed for si.s »* city throughout the development,
While this approximation is valid for most practical trajectories, less approxi-

mate relationships are easily derived (see Appendix H). A pitching rate

dp
wgp = —B%R (3.6)

must be transmitted to maintain the correct value of pgp' The differentiation of

Equation (3.4) is given in Appendix C.

The equations governing position and velocity in an inertial plane will now be
developed. These vehicle attitudes must satisfy the following relationships,

using Equation (3.5):

t
_ f
fo = P°'+[ aTBmpdt (3.7)
o .

ftf ftf t
re=ro + \ Vpodt + L J, aTﬂmpdtdt (3.8)
o] o] (o]

A necessary condition to the solution of Equations (3. /) and (3. 8) is that

pmp = Ao + Alfl(tf - t)

where A_ and A
(o} 1

(tf - t), and, of course

are arbitrary constants and fl ig an arbitrary function of

-15-




The functional form of l'l(tf - t) is restricted on! - .. that it must satisfy

Equations (3.7) and (3. 8); and, in theory, need be neither analytic nor continuous,
There are, however, several rather obvious physical reasons for restricting the
physical form of !'l(tf - t). The attitude must be continuous and attitude rates
should be small on practical trajectories. These requirements are satisfied by
setting

fl(tf-t)zt -t

f
or

ﬂmp = Ao + Al(tf - t)

This makes wmp constant, with the resulting raathematical advantages.

Several developments have been advanced by different writers with various

physical assumptions on the problem of maximizing performance; the results of

all argue that cither B or sin P or tan B should be linear in time. The
mp mp mp

fact that these "proofs' are not strictly applicable to the real case is often over-

looked or not emphasized, but they do indicate that a constant attitude rate solu-

tion should be relatively efficient (particularly when ng is small relative to aT).~- -

This constant attitude rate solution is generally used ans will be dcveloped here.
Other types of solutions can be casily developed along the same lines. A develop-

ment emplouying two constant attitudes has been used on Ranger/Mariner.

It is possible to choose a constant attitnde P_ which would satisfy Equation (3.7)
[without, in general, satisfying Equation (3. 8)]. For this attitude Equation (3.

reduces Lo

t

- f . - '4

Vor® Voot 'ﬁp[ apdt= Vo4 TSPA\ . (3.9)
0O

“16-




or
Vor
P =B __P° (3.10)

hen missile attitude can be expressed as

pmp=3p+ppr[ - wpplty - 1) (3.11)

Equation (3. 10) satisfies Equation (3.7) by requiring

t
/ f aT[ﬁprf - wpr(tf - t)]dt =0 - (3_. 12)‘
t e

(o]

The notation wpr is adopted to signify that it is nceded only to provide position
(radius) control. The implications and advantages of this formulation of Bmp
will be discussed following the devclopment. The various B quantities are shown

schematically in Figure 3.1,

BmP ’//” )
‘ Epri
B, / }

wp,ﬂt' -1)

t t TIME

Figure 3,1

17




Expressions for f of and wpr will be found by su .tituting Equation (3.11) into

Equation (3.8) and combining with Equation (3.12). This vields (see Appendix B)

re-ry - TElQVo -V )+ v ]

w o= (3.13)
pr f.[) )2 ‘
(0 - ) (Tg) e
ﬂprf = Q6TEwpr (3. 14)
where
0, = c(——-l— - — ) (3. 15)
6 AVG aiTE
The numerator in Equaticn (3.13) is the altitude "error' that would exist if wpr ‘
were held at zero; the denominator is the appropriate scaling factor between

blpr and this altitude error.

The desired present missile attitude is the sum of the various attitude compoc-

nents which have been gen=raied above, so

T (3. 16)

= B - = T - -
Po* Pog ¥ Pt Poer = e T ™ Ppg + T = {1 = Qo T

0 P
The actual missile attitude Bp which is deterinined by any suitable method will

not in general be equal to ﬁo (although in '"steady state' the difference should be

quite small) so that there will be an additional transient pitch turning rate

“or (B - ﬁp)G (3.17)

R 4

-]18-



where G is a gain function. Then the total pitch turning rate is

W W +WE+w W 3.18
P Pg P pr pt ( )

After an initial trahsient, wpt

small because of the physics of the problem. The magnitude of wpr is in effect

will be very small; and wpg and wi’; are always

a measure of the feasibility of satisfying the specified burnout conditions, since
if an excessive amount of steering is required it may not be practical or even
possible to satisfy these burnout conditions (this is why Equation (3.5) is usually
satisfactory). Note that limiting the magnitude of wpr will modify the burnout
altitude requirement without affecting the ability to satisfy the velocity require-
ment in any way whatsoever. This feature is especially convenient near cutoff,
since there is practically no capability to change altitude and the inclusion of a
limit on wpr allows the equations to function in a rational manner without

necessitating any other changes.

It should be noted for completeness that the superposition which has been assumed
is not strictly valid for non-zero values of Vp' This effect is extremely small
for practical thrust levels (burning times), vanishes as TE goes to zero, and

will not be discussed for these reasons.

Figure 3.2 is a collection of equations from this section which are needed for
pitch steering. As in Figure 2.3, thcse equations are not necessarily ideal for

mechanization.

Yaw steering may be mechanized in a2 number of ways. It would be possible, for
example. to define a desired ortit plane with displacement y and a yaw velocity
V. perpendicular to this plane. Substitution of appropriate notation in

Equations (3. 7) through (3.18) is all that is required to make these equations
applicable to yaw steering for this case. Equations (3.2), (3.4) and (3.6) are

replaced by

[_‘}yg = wyg = w$ =0 (3.19)

a condition that exists for any form of yaw steering.

-19.



r
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p = g[l - r(Vcos I")Z]

Determination wk .z o
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5B =0, -1 '06)'*’prTg +Pg - B o
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p

twk+w +G
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Figure 3.2
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It may be unnecessary and thus undesiz *.e (from a petrformance standpoint) to

control the orbit plane with the precision available in the above equations. A

somewhat simpler technique would be to choosc a point in the desired orbit plane

(a "'pseudo-target") and require thai the intersection of the actual orbit plane
and the desired orbit plane contain this point. This can be insured by defining a
yaw velocity (V) perpendicular to the plane containing the missile (r), the
target (rT), andthe geocentroid; and then requiring that ‘V'y be zero at cutoff.

This may be mechanized by defining

= e !
Vy = m \3.20)

where ¢ is the angle between ?T

sctting the term corresponding to wpr equal to zero, and thus replacing
Equation (3.16), (3.17) and (3.18) by

and %. Requiring only that Vyf = 0 is in effect

¢y = (Ey - By)G (3.21)

At cutoff the vehicle will be displaced from the desired burnout planc by

approximately

I’cutoff
Ay = vV dt (3.22)
Jliftoff Y

The integrand in Equation (3,22) vanisghes at liftoff and cutoff, and, in t} .

absence of malfunction, never becomes very large. Since the vehicle is in the

degired plane at the pseudo-target, this pseudo-target can for many missions be

selected such that the magnitude of Ay is of little or no importance, If the mag-
nittde of Ay is sufficiently small in the presence of normal dispersions (as it
usually is) the simplicity and fuel cconomy resulting from this pseuuo-target

technique justify its use for these missions,

2]~




4. SIMULATIOI .ESULTS

Guidance equations utilizing the preceding explicit solution have been simu-
lated by several people for use in achieving a variety of burnout conditions (both
with and without noise) for a variety of missions. Jn the absence of errors in
positions and velocity information, approximate errors of injection into an orbit

(if c* is known) are given by the following tabulation:

Parameter 30 dispersion

Velocity Magnitude .1 foot per second

Velocity Orientation . 5(10'4) radian = , 003 degree
Altitude 150 feet

Injection at a relatively large I" does, {or rather obvious reasons, increase the
altitude dispersions, although this dispersion rtill remains small, These dis-~
persions are due to data lag, response lag, smoothing lag (filters are used even
in the absence of noige), variability of thrust and c* from assumed constant
value due to the usge of influence coefficients in the simulation of engine thrust
and mass flow, etc. In an actual mission noise and various other hardware type
effects (such as cutoff impulse uncertainty) will cause considerably larger injec~-

tion errors. Some of these errors can bc reduced by the use of a vernier.

Lack of knowledge of the exact value of c¥ will introduce a bias in time-to-go
only if smoothing i3 introduced (see Appendix I). The size of this bias will
depend not only on the '"error' in c¢* but also on the time constant'' of the
smoothing —filter; however, reasonable values of these quantities produce a ve~v
small effect on velocity magnitude and negligible effect on altitude and velocaty
oricntation., Errors due to noise will not be discussed except to note that the
extreme precision (linearity) of the "time-to-go' solution minimizes the
severity of problems arising from this area (absolute linearity would give

optimum results).

-23-




APPEND'X A
EFFECTS OF ER..JRS IN c*

The scnsitivities of TU and ay to inexact knowledge of value of c* (which is still

a4 constant) will be developed.

For convenience we define

V.- V+V

Q=4 L (A. 1)

so that fron: Equation (2. 13)

U=1-e

Also from Equations (2.8) and (2.9)

- U
ar =T (A.2)
Therefore:
oy _ o 1 - Ql - Qlaol- Ol?i_(l-u)?_.l.
dc*k ~ Oc* ( e )= -e dcx - © c¥ c¥

Since c* and t are independent

0] -0Q ~-a
0 [d d {oU d 1 1 T
oc (-d_t) = qat (5c’5‘) = dt [“ N U)T:"T‘] % - U)( 2)
and with (A.2)

du U

9o dau U
dc  dt cx

(l+Ql) (A.3)

25




Differentiating Equation (A.2)

?)C 0

. 8 (du v OU 3 1
nay 41-0)0s * e ()] + U* oz s Bt W

(l-U)z 1 -Q

This is a somewhat surprising, but very gratifying, result

Differentiating Equation (2.7)

0 (A.4)

(2.7)

%) -u -U)-ci‘--i(uo ) (O, +U)
dcx \ ot/ _ c¥ c* 11
dcx u2 ) U -7 TOc*
So
Ty c*=_OI+U=1+31.=1-__‘““__._'U) (A.5)
do TU TUU U -U
From Equation {2.9)
a 1
Lo1-vu
T .
The ratio of mass at present to mass when U = 0 is then
mo
T——= 1-U (A.6)
My
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Then

8TU o

Equation (A.7) is tabulated below:

m, arrU'c'?*
My Bk Ty
1 0
1.5 0.189
2 0.307
3 0.451
4 0.538
5 0.598

.10 0.744
oo i

(A.7)

It is apparent that 8TU/ dc* is satisfactorily small at all times, and that the

percentage error vanishes as TU

27w

goes to zero.
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APPENDL.. B
INTEGRAL EVALUATION

The notation will be changed in the mathematical development of this aﬁpendix
to provide greater simplicity and clarity. Final results will be transformed

into the original notation. The changes are as follows:

I. The subscript o is used to denote values '"now' and unsubscripted

values are used to denote vilues between '"now' and final.

2. The time axis is defined so that to = 0.

From Equation (2.4) the final acceleration is

a, = ao = 1 = 1 (B- 1)
f ) ao (t t ) ._1_ - u _.1_ - .t_f..
cx o ol a c% a c*
o (o}
go thot
c% cH
= - 1 (B.Z)
aftf aotf

The following relatiohahips will be useful

t a
f aTdt = -c*ln(l - E_gt) (B.3)
0

tf ao
0 aTdt = AVe = - c’-‘ln(l - -a;tf) ‘ (B.4)

“2Ya




Then

t t t at a
f r " (-2 0n (s - 220)
[ i . ('::3& a‘ do - . tf l c}:: )In l C* tf
o, (lt (“ !n l T — - —-.T:(lt = C’:' 4+t
] T : e RE t .
0 J0 :

which in combination with Equatio: (B.2) and (B.4); and with the definition

AV
c

agte

(. =1- (B.5)

becomes

dfxﬁjﬁl o qﬁVé)
apdt dt = ¢t J=t—l——= ]+ 1] = c*t O (B. 6)
0o Jo T f a!.tf c =5

From Equation (B.1)

a
. _ o
e« - ao
| Ft
so that
£ t
a
; ) [ c _o
aTt dt = a, - T dt = =-c¥k |t + 5 In(l o t)
-} L °
0 0 [
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which in combination with Equations (B.?' and (B.5) gives

te Av.
At = ey g€ - g (B.7)

Also
t t t . a o
fff artdtdt = -c*[ f[t +Eizn(1 -—%t)]dt
o Jo 0 a4 ¢
2
t t. [t
- - c=:=[.,f?.-_l_fff apdt dt =c*tf2 -
ao 0 0 -

1 cl T e 2 1 (4
7t = oy "z‘+05+c‘a("—at)
o't it

Defining
c*os
O() Fxv (B.8)
e
Then
te [t 2l 1

Integrating Equation (3. 12)

‘ i t
(Bprf - wprtf) A aTdt + wpr o ant dt = 0




Combining with Equations {B.4) and (B.7)

AVe
(Pors - "’pr‘f)’we to ekt ('ET“ - 05) =0
Qgc*
l3prf = “ort [1 ) ( i} _A_V—e—)] = prth6 (B.10)

Substituting Equation (B. 10) into Equation (3.11)

Brp ='ﬁp te [(Q, - Dt +t]

Substituting this expression in Equation (3.8)

[t [t te ft te [
ro + thf+ ﬁp ; OaTdtdt + wpr(Q() - l)tf 0 oaTdtdt +wpr . OtaTdtdt

r =

f

Substituting Equations (B.6) and (B.9) and solving for wpr

- - . 3
re-r, thA 'ﬂPcftIQs

X {
“pr ~ _ 2 2 1 i
@ - Dt lcra, + cuty [ 1+Q,+Q, QSQ6]

or
o re-r - tf(Vp + ch’:‘QSZI-' L tf[Qé(fo - Vp) + Vp]

wpr - 2 1 2 1 (B. 1.
e - 0 - —

cit(Qq - 3) ext* Qg - 3
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The numerical values of tf and T are id nt‘cal, and making this substitution

E .
in Equations (B. 11) and {B. 10) produces Equations (3. 13) and (3. 14) respectively.

Also

c* c¥
Q, = = - —— (B.12)
6 AVe afTE
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APPENDIX C

EVALUATION uF wpg

The approximation g = g, = Kl/r2 is valid for reasonably small variations in r

~ and will be assumed valid for purposes of differentiating ﬂg, althougl. this

restriction is not necessarily made in the definition of Bg. With this assumption

Equation (3.3) can be written as

K K :
g 2 2.y_af, . ( 2 2)‘|
BEp © fz— 1 K,rV" cos r]s= —rz [1 K,r{V vp ] (C.1)
so that from Equation (3. 4)
K
! 2 2
By = =z [1 - K,rV© 4 Kzrvp] (C.2)

Differentiating Equation (C.2)

d K dv
Py k. VeV - av 3 __11] )
T > [ K,V vp 2K, rV o + szp + ZKZer 5
r a
T
da,. ™
2 7%
ZraTVp +r at
_pg —
aTr
gK. dv 2V da
iy [ av 3 __P_] ] R S §
= - o [ Vp+2rV o vp Zer T rig [r +aT T (C.3)

-35-




From Equation (2. 3)

Then

dp_ -gK dv 2V a
—B- "2y (v:ovihysafYdVY vy _P)|.p |24+ X
dt ap P P dt p dt g r 2%

Neglecting small terms

dp g g
—& - “Ep] . [2V, ZEp]
T [gI{ZZrV + o ] [ = + o
or with Equation (3.2)
dp
= B A 2k _g_E.R (C. 4)
pg dt P c*
It may be easily shown that
dw 2a
g T (V
dt " i (F’T B ) (C.5)

The fact that dwg/dt is extremely small is fortunate for obvious reasons.
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APPENDI. O

EVALUATION OF VLf

In order to mechanize this solution for guidance, it is necegsary to mechanize

a solution for va' A mechanization which has proven practical will be outlined

below.
As before
t
VLf = VL - A aLdt (2.18)
where
Fa
aL=gL=:inI‘+a,T[l-cos(ﬁ-r)]--}-n—cosﬁ (2.10)

The integral of ay w.it he approximated term by term. Definin'g

aLg?:' g sin T
aL)\EaT[l-cos (g -10)] (D.1)
F

o A
a5 *m cos @

and assuming

=T, +I"{t -t (D.2)

i ¢
p=pf+ p'(t'ti)

-37.



Then
tf t[ t{
- : ' -
A aLgdt-- \ guml‘dt“’gt [I"£+I'(t tf)]dt
(t -t ] r+T,
=\t -t D = e\t - N
or
te T+ T,
2y dt = eTp|— (D. 3)
t
Defining

2 v
XEl-cos(ﬁ-F)%(—‘a—-;—z— (D.4)

Then with Equation (D.2)
[t t 1 [t 2 - L2 2
jt aL.’\dt =[ a'I)‘dt=2 A ap l(ﬁf-l"f) + Z(ﬁf-l“f)(B -r )(t-tf) +(B'-T") (t-tf) ]dt

t t t t
f 2 s v f T AT S
th aphdt = (B, - rf)ft apdt - 2(B; - ;)P -rl aglt - t)dt+ (B! -T )jt- alt, - )t
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Using conventions of Appendix B

t t
zf fa. At = [(p r)®-2(8, -L)E' - Mt +(ﬂ'-1")zt'zlffa dt ¥
, 2rMEE By - L) - 208y - TPRT - Ty t]) 21

2 L)' - ') - (B - )22t "o tar +
+[(p£' f)(ﬁ - "(p - fl A a'T

te
' ne 2
+ (B " a_t dt
> T

From Egs. (B.1), (B.4), (B.7), (B.8), (D.2) and (D. 4)

[ "a Nt = MNAV_ + (B - DB’ - I')(t; - DAV (1 - Q) 4

I3
, \2 a t dt
s B -1) ° (D. 5)
¢ 1 - —t
C*

!atzdt 2 a 2 at a
o _ c*\'}1 o of o
s e | s | 2 ()l - )
t
o c*
2
2la t a t a
% f 1{ of o
= W 0 — -
c (co) —% z(_'—c’-‘) +1n(l o tf)




With Eq. (3. 4)

by 2

2ot at L2 |VefexV  fer) L
1 - i?-t fle 2o f i"otf 2
c* ’
From Eq. (B.2), (B.5) and (B.7)
R LA +C*(l- Q5)--1 Q -+J%i
aotf 2 ¢ AVe 64 e

2
2 c* c%
= (- Q) +2ll - Qlzy—+ (Z\Z)

v
fe) (o]
| %
[y
\-/KU
i

Then
t
f 2
at aAv
o - 2 e 2 c¥ c* 1]._
f = -dt-C*tf -E—;!‘—“-Qb) +Z(1-Q6)+AV 1+Q6-~&V--z-
1 - ——?—-t e e
(o] C¥*
z-Q
3 2 2 T =6 :
_AVetf (1~ Q6) +-E,—e—— (D. 6) .
<% .
* Defining
Qg (B -t -t) = (B -Ty) - (B -1) (D. 7)
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Then with Eq. (D.6) and (D.7) Eq. (D.5) . .omes

t 2 1
A=AV (B om0, -0+ 2|0 -02s 2008
aphat = AV, 7 o ¥ 2 o A
t ~F
Then
t.
i
faL)\dt = )\AVe (D. 8)
t
Where
%= o, -0 03.-1021-06
c*

Experience shows that the following approximation gives very accurate results

7
+T (D.9)

where Q7 is given in Equation (D.7).

)




Although acrodynamic forces could be handled in a similar manner, for trajec-

“ torics normally considered it is very satisfactor, to set

F,=a.,=0 (D. 10)

Then Equation (2. 18) can be written as

I+ rf\ _
V=V -eTg —)- Av X (D. 11)

where X is defined in Equation {(D.9).
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APPEND'X ©

EVALUATION OF 5{

From Equation (2.16)

. . . o2 . 3
[ In(l - UaTU)_ - Uaru (Ub'lu) s (UBTU)
Pl Ty = + 3 I b
‘U U
From Equation (2.9)
A ) . 2 e 3
= ——— = ] 4+ UST,, + (UT + (UsT ...
U U
so that
a.,.+a UsT (O6T. )% (UsT, )
S AR SRS I U, v, u_ .
2 U 2 P 2 e
Then
a, +a (UsT )2 (UsT )3 1
U L. ::-a U . - LA
2 {f°°U 6 4 v

It is obvious from Equation (E.2) that the approximation

- aU+a£

4772
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is very good. It can be easily shown that (for ¢* % 10, 000 ft/sec) the error in

! injection velocity incurred by using Equation (¢ , is approximately

‘ 3

' /

6V = /.Y_l_'.f.

g \ 800

| where §V and va are in units of ft/sec. Usually VLf << 800 ft/rec.
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APPEND'X F

EFFECTS OF COMPUTATION CYCLE LENGTH
AND AUTOPILOT RESPONSE

The injection errors in velocity magnitude and yaw velocity are very small (less
than 1 ft/sec.) for all computing cycle lengths less than 10 sec. Pitch velocity
errors as a function of major computation cycle timec have aleo been determined
from simulation and are shown in Figure F-1. Position errors are correspond-
ingly small. These error numbers do not include any errors except those
arising from the guidance equations themselves. The hardware contribution to
‘the injection errors will be relatively independent of computation cycle but will
be somewkat larger for the Jonger computing intervals. I!{ is assumed in all
cascs that the determination of position and velocity information will be done
frequently enough to prevent computation error build-up. For the longer compu-
tation cycle times, this may require the up-dating of position and velocity infor-
mation in sub-cycles. It should be noted that the errors shown in Figure F-1
are to a certain extent due to lack of sophistication in the mechanization of w*
and w__ (these quantities are not constants during the computation cycle). These
errors could he greatly reduced by the use of offsets or a more sophisticated

mechanization,

40

v,

Fr/sec 2°1

v (SEC)

Fipure F-1
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The effects of lack of knowledge of autopilot ~esponses have bcen approximately
simulated on the IBM 7090. The simulation w..ich was used has a unity autopilot
with a delay of any desired magnitude. The guidance equations assume a delay
of 2 seconds. Simulations were run with actual delays on the dynamics varying
from 0 to 6 sec. which is, of course, far outside anv possible lack of knowledge

of rcaponse characteristics,

When crrors in pitch velocity occur due to very long computing cycles or
because autopilot response is grossly misjudged, pitch steering commands can
assume large or even limited values near vehicle thrust termination, These
turning commands as well as the other steering commands used during the flight
are not oscillatory and in this sensec are not unstaklc. The existence of this
stability has heen not only proven by simulation, but may be deduced as follows

from past experience and knowledge of system behavior.

In a radio guidance system, vehicle thrust attitude must be deduced from radar ‘:
position and velocity information. The radar noise normally produces estimates !
of attitude that are quite inaccurate, but these attitude estimates are then

smoothed in a digital filter with a sufficiently long time constant to permit a

reasonably accurate attitude to be obtained. This technique works very well (as

has been demonstrated on Project Mercury) even when considerable noise is

present in the radar data. When an inertial system is used, there may ov»

curresponding '"'noige'! in a position and velocity mcasur~d by the IMU. These

errors result from rotational dynamics and from the fact that the IMU is not"’

lccated at the center of gravity of the vehicle as well as quantization of measure-

ments. Although these errors arc considerably smaller than the corresponding

noige errors in a radio guidance system, the technique for handling them can be

the same; i.e., raw attitudes are «btained from position and velocity information

and smoothed appropriately. Since the '""noise'! errors on an inertial system are

much gsmaller than those for a radio guidance system, the problems arising from

this area are correspondingly smallcr. Since the only data required by the

guidance equations are position and velocity information, the above tcchnith

will insura stability,

. -
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In some guidance techniques n.:t based on .n xplicit powered flight solution it
is not pos' ible or practical to smooth thrust attitude, and this can lead to insta-

bility under certain circumsta :ces when these less sophisticated techniques are

used.
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APPENDI. C

THRUST ATTITUDE DETERMINATION

The following technique has proven very successful as a means of thrust attitude

determination. Yaw is a special case of the general pitch relationships.

Pitch attitude is given by

v -1
B, = EE—PLZ+p

p Tan gp

The total turning commands (relative to the local horizontal) which have been

generated from the start of guidance are computed as

Q, =0

2n 2n-1" T(up B “’3) (G-1)

Then the initial attitude (attitude at the time guidance was started) is

VoV .
pio = PR_BRZL g -0 (G.2)

T 2n

The magnitude of ﬁg should be constant (and simulation has shown it to be

remarkably so) and can therefore be readily smoothed.

— »
[3;; - Bp smoothed Gy

Then smoothed missgile attitude ie

(G. 4)
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APPENTTX H

LESS APPROXIMATE RELATIONSHIPS

More general equations which pa ‘tially remove the approximation of Equation

(3.5) will be given without discussion.

Equation (3.4) becomes

g -,
sinf_ = —Ep : ‘ (H. 1)
gp  ap
Equation (3. 10) becomes
_ V-V
sin ﬁp = AV, (H.2)
Equation (3, 16) becomes
sin B = sin EP + sin pgp - (1 - Qé)wprTE (H. 3)
’ Equation {3,17) becomes
wpt = | 8in Bo - sin ﬁp]G (H. 4)

Equation (3. 18) becornes

[ 4+ 4+ ]

(H.5)
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Equation (G.2) becomes

E{;:sin-l[jn .pn—l +ﬂgp]-02nv ’ (H. 6)
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NOTA{L " .

The notation has been subdivided into symbols and subscripts. Some of the

symbols appear only in combination with subscripts.

SYMBOLS

Thrust acceleration

Average thrust acceleration over the time interval 6TU
Effective exhaust velocity

Aerodynamic force

Thrust

‘The total force exerted on the vehicle by gravitational fields
divided by the mass of the vehicle '

Mass of the vehicle including unexpended propellants

- Distance from the gcocentroid to the vehicle

Time

Time to go until the desired velocity is attaincd

- Time to go until J -0

Ty
Inertial velocity of the vehicle

Fundamental dimensionless variable - defined in Equation (2.5),
computed from Equation (2.13})

Missile attitude

Component of thrust attitude necessary for position and velocity
control in an inertial cartesian coordinate frame

Flight path angle (positive up from local horizontal)

Length of computational cycle
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SYMBOLS (continued)

W - Vehicle attitude turning rate
wp - See Equation (3.2)
SUBSCRIPTS
f - Final (when velocity equals desired velocity)
g - Associated with gfavity
P - Pitch
r - Associated with geocentric radius
t - Transgient
y - Yaw
- Effective

- Assgociated with acceleration '"loss"

v = Picenent value

" - Thrust

i - Related to U

b3 - Asgociated with angle of attack
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