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Preface

In this thesis the methods of tensor analysis have
been used to obtaln expressions for the basic equations
of fluld mechanics in terms of several orthogonal curvi-
linear coordinate systems. Whille these methods can be
used with any valld coor?inate transformations, the
reader should be cautioned that the specific results
obtained here are applicable only to the particular
transformations which are listed in Appendix A. There
are other methods of defining the various coordinate sys-
tems, but, to make use of these differing definitions,
the reader would have to start with the basic equations
listed in this report and derive his own final results.

It should also be emphasized that this report does

not attempt to explain the mechanics of tensor analysis,

If the reader is unfamiliar with this branch of mathematics

and wishes to gain the background to enable him to fill 1n

the steps which have been omitted in the development of the

relationships used in this report, the book by Sokolnikoff

(Ref 4) 1s an excellent text.

ii
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Abstract

The appliecd sclence of fluld mechanics makes use of
three basic equations to analyze and predict the state of
a fluld in motion. These equatlions are the equations of
motlon, cnergy, and continuity. In most flow problems,
thesc equations cannot be solved, or are very difficult
to solve, unless they are expressed in terms of a coordl-
nate system which conforms to the surface of the duct or
body which shapes the flow,

This report utilizes the methods of tensor analysis
to transform the basic equations from thelr Cartesian forms
to expressions in ten orthogonal curvilinear coordinate
systems, The derlvation process is outlined, and the final
results are tabulated for each of the coordinate sysftems.
Although this report assumes a Newtonian fluld model, the
viscous stress components are listed separately so that,
given the proper expressions for the viscous stress com-
ponents, the results may also be applied to a non-Newton-

ian fluid.

viii
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THE EQUATIONS OF FLUID MECHANICS
EXPRESSED IN CURVILINEAR COORDINATES

I. Introduction

Fluid mechanics is defined as the applied Science
which deals with the principles of both gaseous and liquid
flow., Practically, we are concerned with fluld flow over
solid bodies or through various types of ducts or channels,
In order to predict and describe such flow, we make use of
three basic equations: the continulty equation, the energy
equation, and the equatlion of motion. These equations are
dependent upon the use of some three-dimensional coordinate

system to describe the properties and the movement of a

" fluid,

For simple flow patterns, such as flow over a flat
plate, rectangular Cartesian coordinates are adeguate for
complete description of the flow characteristics. However,
for flow around more complex body shapes, we find that the
equations cannot be solved, or are extremely difficult to
solve, unless they are expressed in terms of a coordinate
system which is compatible with the geometry of the body.
In particular, we must have a coordinate system which has

a coordinate surface closely approximating the shape of
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the body. This 1is especially important in enabling one

to express the boundary conditions in a simple form. Some
examples of flow situations which require more sophisti-
cated coordinate systems are: flow over submarine hulls,
whose shapes are elongated spherolds; flow through ellip-
tical pipes; and flow through converging-diverging nozzles,
in which the nozzle walls approximate hyperboloids of one
sheet.

The problem 1s one of expressing the famillar Cartes-
lan forms of the basic equations in terms of the various
curvilinear coordinate systems. To do this, the methods
of tensor analysis will be used. The general approach has
been outlined for the continuity and motion equations by
McConnell (Ref 1: 271-313), among others, and results have
been obtained for cylindrical and spherlcal coordinates.
The methods used in this report differ only slightly from
those used by McConnell.

The fluld model is assumed to be viscous, heat conduc-
ting, and isotropic. Chemical, electromagnetlc, radiation,
and diffusion effects are ignored. The fluld is also
assumed to be Newtonlan. However, the expressions for the
viscous stress tensor are listed separately so that, gilven
the proper expresslions for the viscous stress tensor, the

results may also be applled to non-Newtonian fluids.
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II. The Basic Equations

The basic equations are presented here in fairly con-
ventional form, and they are then adapted to a form more
sultable for final tabulation. If the reader 1is interested

in the derivation of the equations, he 18 referred to

Appendix B.

Contlnulty Equation

The continulty equation can be expressed 1n tensor

notation as
J .
50+ (pui), =0 (1)

where vtis the 1'th component of the velocity vector, and
P is the density. The second term represents the diverg-

ence of a vector, and 1t can be expressed more convenlently

by using
_ 19 [T
(9';‘),(: = Fgék‘('lgu)m PV‘) ) (2)

where w represents the physical component of the velocity
vector. Substituting equation (2) into equation (1), we

obtain the continuity equation in its final form:

3 13 (/%
55 * /g ox (7/37'%“", fVi) =0 (3)
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Energy Equation

In tensor notation, onc form of the energy equation is

where h 1s enthalpy, hifis the 1j'th component of the
viscous stress tensor, p 1s pressurce, and'gf.is the 1'th
component of the hcat flux vector. By substituting physi-
cal components and making use of the gencral form of equa-

tion (2), we obtain the cnergy cquation in its final form:

f[g't(h%vil/‘-\’f@"%%‘(M%%@] = éa'f *
A, A~ Y9 A
F%g‘xi(ﬁ% Vi) + +plifi - /ééa‘(@f“(}) ,  (5)

A,‘_‘- ”~
where ', F,

la)
{» and ?; are the physical components of the

viscous stress tensor, the body force, and the heat flux
vector, respectively. The 1j'th component of the viscous
stress tensor can be written, after Sokolnikoff (Ref 4:

321-324), as
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wnere n is the coefficient of bulk viscosity (usually
taken to be zero), and ¥ is the coefficient of shear vis-
coslty. After carrying out the indicated operations and
substituting the physical components for the velocity

vectors, we obtaln

. g2 (T _
nRIENORE S Sy "‘(VgT,;,—“,,., m) +

im 9 [V im 2 Vi
“_5‘3 max‘" chss(p) * ‘jmax'"( z)u’;)

(T
1 9gums (‘]wﬁdﬁ* QMS )@%} ' -

(.

We can obtain the physical components of 'h’i*‘.by multiplying
equation (7) by Guwmfey - Although the multiplication wil?
not bc shown herc, the physical components, rather than the

tensor components, will be tabulated in the next scction.

Equation of Motion

The tensor form of the equation of motion is
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P('Fi_Fi) 2 3;‘&,’-&3’,& (8)

where &i is the 1'th component of the acceleration vector,
and hi represcents the viscous and pressure forces as

follows:
Tt o pqy ¢y . (9)

The physical component of the acceleration vector is
§ - / uun'? - 1 §
v 8 W ngi)u') (&) ) (10)

and the physical component of the body force is

= [ 1 £

Fi = 8 F(() - Vgu')u) ) 3 (11)
where g} and F} represent the physical component of the
acceleration vector and the body force, respectively. By

substituting equations (10) and (11) into equation (9),

we obtain

IK

S o
- F )= YT 7703)'« (12)

‘h)

p(

which 1is the final form of the equation of motion,
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The 1'th component of the acceleration vector is

s 1 é_‘_J;fl

}
g'i i i‘]u'm'a ot v U;",‘:’U' ] . (13)

The final form of the acccleratlon vector 1Is obtalned by
expanding cquation (13) and substituting the physical com-

noncnts of the veloclity vectors:

AL 1 [ Vi
gé ot ¢ \;§u‘)(is v.i aox"!

s el -Selgem}] . o

The term on the right side of equation (12) can be ex-

pandcd, using equation (9), as follows:
[ .
Jk,\

1 i ,
J&um % M&K =@aa(-PW\+gmsﬁth) y  (19)

where

P (16)

Expanding equation (16) to eliminate the Christoffel sym-
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bols, we obtain, after simplifying
: I 2 jx)
lk - — S . -
Qi 1T e = V9 ax‘(@‘?‘i fr

1 2 . i
2 aX‘(QSK\ rt . (17)

Substituting cquation (17) into cquation (15), we obtain

giu . 1 2 :
Vq:.:xu 7?‘.’&.)“ ) @m [- pui) + T-S- ax‘(@‘gu‘.)j Tr“() -

13;“ .ik
25%”’77' ] (18)

Substitution of the physical components of the viscous

stress tensor yields

= _ .1. _1_ 2 VT Geirj ~ _
A N * 3 R+ e (e
1 a_ﬂi_“ O i
’L!/gq)qp g(uun axm /7_ ] , (19)
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III. The Completed Transformations

For convenlence, tne cquations that are to be expres-
sed In the varlous coordinate systems have been restated

on a fold-out shcet in Appendix C.

Carteslian Coordinatces

Continulty Equation.

5-;9 + %(fvx\)* aél:s(va)*;a:E(fvg) =0 (22)

Inecrgy Equation. The left side of equation (5)

becomes

Vaa'[ i2-(‘/*“\’5*V)]} . (23)




GAZ/ME/62-4

The remaining terms of intcrest are

1l 3. T AL A Ay
7 on (Tgem Vefr) = Sxlv o oy e,

V) o sy (v e e v e v )+

oViF; - f(V,E”\gén/,.,ﬁ,) : (25)
and
1 .2_ A" ..Q A ~ [a)
—@ 9)(‘(@ V—T!%) = axX (})’)'f 33(23)1‘5;(21\ ~ (26)

A ANS aY a3 Vx

el T = V‘( X + 35) , (27)
N A Y a}/x

'l‘r“=ﬁ“"1‘( f*az) , (28)
~ A aV 2Y

(R A V(:S‘; 928) , (29)

10
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»r QV; DV
e (p-§v)[ 5K 59 *
Y. 2 Yy
5;] tAv oX > (30)

Y|
m'l‘
[ S|
+
»
4
QJFJ
S

(32)

Equation of Motion. The components of the viscous

stress tensor are tabulated above. The remalning terms of

interest are

S v Ve . AV 2V
£, = 5¢ «x *W3g Y5 (33)

2Y, A 2Vy 2 Vy
y ot 7t '93*393’“":32, (34)

‘>
[ ]

e 2V 2Va 2V,
(}i = 53¢+ K 3x + Vyag + Vs 5% ) (35)

11
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and

Continulty Equation.

12
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ot *

ay(r;zV,h%ge(yV.%%(pV,) =0 (52)

Energy Equation. The left side of equation (5)

becomes

A TURE JUAAN'S | | IS
Also,
m5lAs i) s 4 [r (R ion
A e 3 S Ly vy iy hm] +
g‘z(\’,ﬁ**ﬂ/ﬁe*r\/{ﬁ") L (uk)
oVif, = p(VF v VoFo v V37, ) | (15)
-

13
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45 (%

(T~

L) ‘A

Tre s s

A

77_?1 A tr
N

'h_fa}.___ /h_?:e _

and

(46)
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32 . (52)

Zquation of Motion. In addition to the components of

the stress tensor tabulated above, the terms of Interest

Bre
gﬁﬁ%’*%%‘%*é%%”%%"lﬁ;, (53)

f %, %‘é%(%)»*%%”%%‘g ,  (sh)
§*=%ZI+VP%K‘+¥°&§+V15‘:§ ,  (55)
b B EL0E). 205
5:(R") - & foe , (56)

and

15
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i 12 N4
B Mt~ T HORT) R (R

X': oy X e xv @ (59)
4, =1 (60)
@n‘ r* (61)
‘% r Sin*0 (62)
q: r'sin"e (63)

Continulty Equation.

49 5 1 2
%é) * 7"5}()” fV,) + ys:neae(s’”efye>+

1 2
yr—mea‘Tj;(fVJ =0 (64)

16
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Energy Equation. The left side of equation (5)

becomes

o

S){%;[h!:%(v,ﬁvoﬁ Vp‘)] + Vlv arl‘h*%(vv;"'
e V) e 5 Lo ey +

o Splhe 20yl

and

i 2 ﬂ_ A i 3 A
q aXL (‘gu’)“‘) g") S A 5-? (r y-) o
1 32 1
Fsne o6 (5"\9 60‘6) Y éagv 2‘0 (68)
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The components of the viscous stress tensor are

e mer e v 8 (%) 7 55 , (69)
Rrecme s v e300 FSJ;TA%], (70)
oo, fee o o M B (5i)

b sfn 6 é‘q{"], (71)

, (72)

¢
N\ > i
8. (p- %T)[?* S+ (r V) * aime g'ﬁ(‘é""e)*

1 3V Y
FSine 52;’ + zv[r(%@%%)], (73)

and

13, 12
R (-39 L3500V + s 2ol sme)s
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Zquation of Motion. The terms of interest, in addi-

tion to the components of the viscous stress tensor already

listed, are

i oV, oV, Vo V.
gr =3¢ * L3 + 7’ 5 +
V Q_v" V‘hf V(;
rsine o¢ ™ X (75)
I\ oY, V. 3. V. 9
'ge- ae +;rar<rvo)+roé_veo+
Vo Y% _ Yy
rsiné aq)e “7’ Cor 6 (76)
~ ay, Vr V
'??z ;fq *r g}(rV) & rs»neae(ﬁm 0 V)
__EQL. Ql@
y'Sin6 ¢ ) (77)
gin = L8
gn ?;3, "g—ﬁ +",._$ar(r"7rrr) s

19
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1
"‘)'::: = P
LN ‘Txi,n ) e

(7]

1 J
r Selefrer) +

N~

1 3 3
rs.ne’a-a(Slnef;eo) + VSmeS&(Ae‘P) -

and

2 Aq)r 2 cot 6 Nog
r + - T (50)
Parabolic Coordlnates
) L
X'= A X'z u X’ @ (31)
A1 M
G = 4A (22)
_AtM
q-u,' 4 14 (83)

o o
)
w

1
>—
-

o~
——
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. (A'A)L
q= e (85)

Continuity Equation.

o) 2
5+ i 5 Lo o V] +

X%.(%-([V’A—((Af/—() f\ﬁ]w‘
JTIF%[PVQJ =0 (86)

Energy Equation. The left side of equation (5)

becomes

oLl 20y + 2y B 5

ol
‘_<
+I‘
=
*r
=~
0
&=
+
™
)<
=~
s3]
ylo
—
S
+
S fa
—
>~
P
+
=<
P
+

AT V{)]} . (87)

21
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and

) A1 43 A
ma[ww }J*Téﬁ(}ﬁ : (90)

1]

4

™
-
Nt
>

+i<
3
+

'FrAH - ;;_MA

9] (92)
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fom = (- 2 7o & (o V) +

T S T )+ T 3]+ w45 (B )

2 A Y. ]
(A+,¢4Y‘/"V,\ - v’,:T(.v\m)”‘ VM ) (95)

LS L v 23y
A M Op <‘//_*—( + M) V/A) * A acpp] +v[m 5%
2 2
OI\(I\*ﬁ v/\ * //‘((,\1‘,44) V/L(] . (96)

23
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Latdlen  frtion, the components of th: viascous

Stress tensor are listed avbove. ‘I'ne remalning terms of

interest are

A WA A 2
{:) 3t * LV (X 3 %E,«'QA(‘MM K)"’
LoVe o~ X
vq ﬁ tPA ‘\44 (At~ V A Am) R (97)
) oy, 2 =9V,
Lo= ot £ 0, 5 A )+ 2y i 5+

1 -
V? A 3¢ - VA (Army’- - th rYeeyn i (98)

av, 2 2)
%’5‘3 1At M [VAtQ—/\(//T%)"'
2 Ve 2V,
V., Rl Vq))] R T (99)
¥
» 2 )
“fgg;‘ i = =2 5th 5+ o a1 (AF™) +

2 o TN 1. o "

e a0 F2) + s 55 (729)-
_IA n

o T - Gy T -

L. 20N
VXZAfH) 7T¢¢ + (A*AO”” Tr 8 3 (100)
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(Atp) ™ I (Atp)
V/Ti,‘;—) froe s (%g)”" fr“* , (101)
and

'~y i A 1 _a_ A
5 (TR )+ 73 5 904
L_ oo 1 7’7‘. P
{A(A+p) Ir +t (UA+A) . (102)
Prolate Spheroidal Coordinates
X': /\ XI: /L( X3= ¢ (103)
v AR y”
G, = & A= (104)
. !1._ >
Qua = & 1 (105)

25
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- L \ P ) Y
Q33 = L A ‘”(’ TA Y (106)
G G (A™ 1) (107)

Continuity Equation.

‘f*

g‘[»’u S0 4Y FV]

/4
1
& O\ u 39” [/(A‘ L)L) pV ]
1 )
O D(1-1 3¢ [ pr] =0 (108)

Zncrgy Zquation. The left side of cquation (5)

becomes

olSelh vy + & B2 5 lhe Ly

v, + V{)} < \E/f f}—:%f 37« [1« 'i AT V[)] *

V. 3 1/,v ., 0 ‘
a f)(imacp[h Z(\/MVAM,)N. (109)

Also,

26
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'—A

§-[¢w Vo) (V .

/\
:’
<
N
u

W‘“Vﬁr”ﬂ + adwi[m(v fans

VRV, fee] (116]
o< plvB bRl
and
v%éa‘x‘ («q# ?) = GT/\{:/T‘)%(W?:A .

1
QA (A*- ‘33/4(6 MO(14?) })«)

1

——

= A
VO DI I {J‘%) ; (112)

The components of the viscous stress tensor are

T 1
KR M = V—{‘A‘G:‘t %\(A—/«‘ V) +
[Ta" 8 1 1 \/\]
Ta 3,44(1\‘-/4" %)J; (113)




-

An- 1 4
A kg
NAASEN A r[a?"“*"‘,\x..(- aA(p.: Vp) +

<A

1 QV]

ANV (A1) 99 (114)
A A 1"/—(" _Q 1
AR v E A AR
! 2,
{5 3¢ d (115)

A 1 d :
= (- %v)[m S (D V) +

L =N
G (A 1™ I (4(/\‘-1)(1-;{‘) \L) +

9

1 IV 2 T
0N - D 5(}3]* T[E'ED—/\(/%/T{ VA)"'

_ ZA (L-1u™) yWYCED)
& T Yy - Com gy ‘ﬁ(] y  (116)

A 1 d .
o = (g - )| o 5 (0D V) +

{1 5 Y
CL(A‘-,u‘) QM (»/(A‘-/L‘LS(I'}.(‘) Vﬂ) * ;(1-;.‘)(,{"-1) 5(;] +

]

2o ([Lgy LA A
V'iaa;«( A‘-ﬁ" v,u) @ Oy Vgt

pIT

{ el
Vit (/\"}(‘)3/" \4'(] 5 (117)
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and

L (1- gv-)[arr—:'sl(fw oD Vi) ¢

3
ooom S Vo V) +

b Y, "
(A 1) éTp?] + V‘[b'z. g_ (v"l‘ﬁ' \rfu)+
22 AT

2) M A1
@ ooV + o TG VM] : (118)

Equation of Motion. In addition to the components of

the viscous stress tensor listed above, the terms of Inter-

est are

A i

Vo @ e d |, (119)

29
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a Av-/u."a—x (V)L'}t" v,.«) +

Vu [ L™ I Vu Vo oV
d

A TIm

a Ivi oo Yol 3¢ *

&LYAL '@ 3 —7%-

& Ot aor ORTN (120)

]

A AV
‘f‘«ﬁ ot ¥ &\/A‘ v a,\ (= VQ\
V

2
ah G (T V) +
‘—""=$=—==TV Vg
V(A -I- /Y 39 (121)

)

Bty - ils o v S o nFM]

: é(rﬁ”“) - Q(M‘P
aulr—a B W)+ (Vooe 5 (1) +

é(/.« 220NN VR X I\ |
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Spheroldal Coordinates (Oblate Spheroids)
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%.u - Av-1
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Continuity =zquation,
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Enercy kEguation., The left side of equaticn (5)

becomes
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Equation of Motion. The Important terms in the motlon

equation are

oA =T Ve (A1

@ T Tad (XN S
§ - ;{“ - @%( T V) +

o O ¥ .

36




GAE/ME/62-4

¢ . We o Va fATT S

g’@ ot oA AT-u QA(A V‘p) +
Y ) Ve BV
aﬁ At Y (AV¢)+QAM ¢

d [a1" A 24 Y 1-ub A AM
Y b A T | S (144)
gi t [T 2p 1[50 2
B T s VAT 3 + aal AT 3 (ARm4) +
4 2 oy 1l 2 2 uo
Giaraas o Ml ) + &5 5o (T4%) +
M(A-1) A VT A
M
avrar i T4 g M
1 KJ."' 00 Z.LM A
anixm o+ gorgymw A ) (145"
and




GAS/ W /64

BJK
- 1
G Nin © ~ O

o ArT
q = 784

Continulty Equation.
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Encrgy Equation. The left side of equation (5)

becomes

f!é'at“ *fl{\ﬁ %1%')] + W i aA[h+

o i
(;ﬁ‘f%‘,vi‘)] + 2V, e o [h + 7 (

t o LS
<<
v

-f.

V' V;)}wL A Slhs AR %‘)” . (153)

Also
—L-Q- —E AL ZF.Q A
@3)"(#%“,-) V(. 77 J) ? ﬁ%ak [M*M (\{\'}TM +
A A u 2 A
\,mr"‘ﬂ \477'?))]"')%?}1 Q—M[m(\/,\l AA+\44|‘\“M+
EA)] —3—( A/\E MR 42;)
fVLFAz 'f(\/,\'iv‘\{qéﬂ-ve;) , (155)

. o _— A Q9 ;A
T 3 (Vom Bu) + 52 (39 (156)




GAL/ME/b62-4

The components of the stress tensor are
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tguation of Motion., The important terms in the
motion equatlon are
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Elliptic Cylinder Coordinates
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Q= 1 (172)
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Contlinulty Equatlon.
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Energy iquation. The left side of equation (5)

becomes
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Also,
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The components of the stress tensor are
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Equation of Motion. In addition to the components of

the stress tensor listed above, the important terms in the

equation of motion are
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and
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Continulty Equation.
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Znergy =quation. The left side of equation (5)

becomes

P{at %V tV e V,L)] +

@-N(b AN -A) @ 1
A VY DHZ

()b )(k - 2 [ 1/, . 2 x]
LV TG dulh 2 (v, Yo+ V) )| +

R TS (AT ) | S

,q + Vyx)} +

Also,




GAZ/MZ/62-4

é'g'x‘ <v’g_% VA ‘j) . 2{a>~/.\fx§2:\x_)zyc;-s‘§ [ITA)TAT (™.
IR I 0| e oot s it A L vt e
vMﬁ_AH+%/”r‘vu)] zvrg;vi\(;('v»f; ) a[ “WA S,

\{17;""+ V,,??‘”)] , (198)
fV(EL = f[VAlE)m Vﬂé,uvy/;]) oo

and

13 A LY/ a*N (6NN 2 A
%30 5) - YOS )

2Vt b0 - 39

(1-A)(¥- ) O (V (4-N)(v-4) f/MB

2 V(a0 (c2-)) 2.
(J-AY (V- 1) B (V (Y-MY-u) 09, ) (200)

The components of the stress tensor are
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Zquation of Motion. The important tcrms, in addition

to the components of the suress tensor listed above, are
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The components of the stress tensor are

e i o v (2B 3 (k1) +

7~J(&:¢%’S—FBT§7« ( /\%M V»\ )]




GAE/ME/62-4
A a-A)(b-)) @ /1
FV g of o [ 5 V) +

2 ’(0. »)(b- 532 (7____‘V )] (220

ﬁ.M)’:ﬁ_YM- T[Z- ..(ﬂ:‘)_b__"*) 3 (7-_;- Vy)
15282 5. (w5 V)], (225

A 27Y(a-A(b-A) 9

s (n- %ﬂ{‘ci,\__:_)‘é\:gax(l m-D0-3 VY, ) +

2¥(u a}ZQ? ] ‘
dey 050y o (VO Vo) +

2V (a-D)6-» 2
(A= (u-y) Y (VG V ﬂ

[ ( (B.-Mb-u\) 2VTa-A6-R (LA-H- y)
4 53 Vi -

(A=a)(A-Y) Vy + (A=) ()7
2 (2A-64-b) V (a ) (b-m)
V(@=A){(b-N)A)(A-Y) (-1 (m-») VM =
’(a Y)(6-Y)
(¥=2)(¥-4) Vy] R (226)

59




GAE/ME/62-4

and

s

L@-X6- 2
('? 37)[ (r- ;0(?\-») IA (J (A-a) (A=W V)

2= a) (B -u
(A=) pa-Y) QM(HA'M) (m~y) v/u) +

2V(@-»)(b- -
(MLV))’)(}(\-;; SY(RA-V)(A-V) V,) +

2 Y (-a3(b-43 (2M—=A- V)
(A-LYh (- ) Vi -

‘L%lu—a-b) v _
(G-m)(B-am)(M=A) (M- M
2 ((a“Y—"‘-n b-») ]
o Vnoma Yyl o

60

‘r[4 aé,;(\’%)) VM) ‘F%'AJ% Vo +

(227)




GAZ/MZ/62-U

A yy 2 (Q‘A)(b M c—
£ - 3 [T B )

2 Va-ae=13 2 \
(=) (A-p) aM(“A'A)(M-V) Yu) +

2y(a-y)(b-v) 2
(Y- M(Y-) ay(V(A-Y)(M-Y) Vy)] +

_9___ (a-y)(b-¥ {a.-A)(b-4)
V‘h S ( SR Yy ) VoA A ) Vi -

(G- ) (B - 1) Zy'(a-y')"('b-y')' (2 V-A-p)
-M (=2 (M- V) A=YV (=Y V=

2(2Y-a-b) v ]
(A=Y)(b-»I(¥-AY(¥-u) Y ; (228)

Zquation of Motion. The terms of interest in the

equation of motion are
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0.+ b~ 2A A m-zva—
Wa-A\(b-ﬂb-M(a-m TT + (A~ 'TT""“

J{a-N(b-A ,»_yy Z . (G.M)(bM)/\/\H
O 1T = ey e

2 '](au-v)(b.y) Ay
G T (232)
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-gi-l( A-u)(b-u) S
Vq.. l}zi,x = = U({ﬁﬂﬁ o4 *
2 r R
T(A-R)(M-Y) Oy (((,q_a_)(b_M) 77'”'“) .
_2. (0-AX(b~A) 2@ A
P e et A (B 77"“'\)+

2 {r—a-y)_u-“y)" rl A
Vil Sy (B M) +
(-a)(b-s) Ay (A Y) - Ba) A

'::' T - A (- )T 'rr/*/‘+

(A=) T=Y
A+ b - L aa A
J(Q-MB(b-M)(M-A) (M- y) 77““'“"
(u-a) (b-44) A yy 2 (@-A(b-A) QJdwm
e imz T 7= Gyl 5y 0=

2 (@-y)(b-Y) ™ uy
T | ey (233)
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K

R RIEPY (2 o T

,\%\ oy S ) -
,u%)\ Wgﬂ(m ) -
WJ%T‘W %({(a-y)(b-y)' ﬁ”)*

(L¥- A=W (@-9{0-Y) A Yy
(/\-Y)”" (M-V)’h' )h' +

a+b-2y A yy

V(a.-y)(b-v)(u-n(v-m 77 -

2 W Oy
(A-p)n A =4 (i -

2 (a-m)(b-u) ANy
gTEr O vy uan Gl | A

(234)

Conical Coordinates
N S TN (235)
G, = 1 (236)
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AL(M\._))\)
o= (ur-bh(e*-4Y) (237)
At (ui-y3?)
q3‘ = (Br-YyR)(Cr- ¥?) (238)
M (ar-yb)?
4= TH-BO(e- D) by (ct- 7o (239)

Continuity Equation.

o+ %'-%(A‘fVA) +

L V(-0 4y 2

A M-y QM(‘JM"-)" )UV/.«) +

L/ vy 2

A pr-Yt b (M‘- g VA =0 (240)

Energy Equation. The left side of equation (5)

becomes
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9{%[h+~i(vx+vg+vxﬂ+ 65 Lne

i X RIAM K]
i(VAlH{q +Vyz)] RIE T [

AR
el S ETET B,
HIARARA I (241)
Ao,

5505 uh) = £ 50 wh ppe.

A V(- p¥)et-40)
V] ¢ St 5[ (v A Vo A

A /( 2 ;)( LY s) a
V,,’;‘r”")] + ,\boini») ay[J 7 (v, 7%+
VM ﬁ‘/“))"*' Vyﬁ.y/)] 3 (242)
.:?VL}? =f[v FA+V/4M+V)1FJJ], (243)

and
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1l 9 1 A
7 5 (g ) 2 5080+
yr AM

1 B =n 2
A Mr-Yy*r = a/"\(VML' )+

1 ((b*-v')(c‘.y‘) o ~
A 5y (fav=7r ?—y) . (24k)

H\u_y'l.

The componcnts of the stress tensor are

U P IC AR

L J(M"-b’ (Ct-avy g?_VA]
A IEESL oM d (2u45)

RO o f, aQ'( V,) +

1 J(b‘-wﬂchm Q_VA]

M AT v (246)
Ay A 1 3 (i
fmwz oo |3 w5 V,)+

— 2 1
V(6= y*)(c>-y?) 3y (w- yr \fu)] ; (247)

>
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A 12
£ - 3B H ey +

V- 8% (-t 9
Al pr- vy 3/4“ -yt V )+

ITRERIO ]

NUTD) (4 Y"V)] , (218)

QJ
‘(

A a2
= (- iv)l5S (X4) + “AGarsm g (T Vo)

{CbY -3 (e2-yr) I

R av(FTV,]Hr[ ( pACN 4

2-M { (r- b2 (Ct-H*)
VA (M y;)?/& \{4.‘ -

ZM b* +Cr -2t
e aon Yy -

Y [(s3-YH)(ct-yY)
v, ]

A (mr-yr)ie (249)

and
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A 1 2
57 (g- 35 500y +

V(K- bAI(CE-1Y)

)
AR VY 9M (M‘-v* VM) +

VR - YY) (ct- y*)

YOS g—y(“ﬁ‘- Yt Vy)] +
v[fgyu(b;‘w%: ) V,) 2y,

u mt-b*xc‘-w) 1Y J(b-yV(cty
R - Y ERSR Y,

bt + et ~2 Y™ ]

)\ V bt- Y‘i ct- )"s(u" D

(250)

Equation of Motion. The terms of interest in the

equation of motion arc

A2V Vi . Vi [(BETM dVa
'Y'az ¥t St X S St

Vy [(Bynic-vn 2V, V' V!
A f;ﬁ-w oY ",'\1'7\ ) (251)
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A
{ Vi, Va g.. /(A‘ RIATOR-1A +

TAtoyT 3,44

(A,
Vy LG6* 5t o
'A" MY Ty (WM&\)-

v ’l.
— . N Y Y t
/\(M"‘y ) V/A _)55 Aj 1 (252)

R P
b2 50 R H0) s DS oy,

Yy (™o 2V,
Hl Yy 9)) +

T 2 & e

5 (253)

jf ) 1 2
T = 35 + n 5, (A4 &

V(- ct-qt) 3

AV Su (VM‘—)" T '\H) +

(b-yr)(ctopy) D

N (ar-yoy oy (Vaoye 22 -

l A
= y
) ?TMM - y

>k

g

> (254)
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g’ 4 [Gca®ap 19, A
B Tuiw = TIPS 50+ 7 5 (M)

1 o] — A uu
AuT=ys ;M(yl(w-b‘ﬂc‘-w) PeHM) &

i (-yd(e-PM 3 /A Y IMASIATOIN
A J ML-V"' ‘;y(h_/.u') + AEMl.yLS;/L 77"‘/"_

M (b +cr-2 ) A
MR- O ey (s, AT 1A -

M- BTG Ay 2 AL
Aoy + 2 N -

LY -y (et Yy A J
fra

A (pt-yty)in (255)

9™ 1 [ e=p 2 19 A )
“gn }33,.(: DY VY 32’) *Xé}()ﬁ'r )4—

3D & (fomy

i 3 — A
et 5y (e 1) +

VI YDEEVD A YT NEDD LA yy
VDLl A o yiya T+

A AET Yio N A

A BTy (e -y - yoy + 3 +

24\ (M2 b (e ) £ IM

A(pt-y)in : (256)
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IV. Conclusions

A report of this nature has no conclusions In the
usual scnse of the word. The methods used in arriving
at the final results were not new. It was knouwn at the
outset that they would producc valid results If they ueore
appllecd correctly. This project was undertaken becausc
the cquations of fluid mecchanics are not rcadlly avall-
ablc cxcept In terms of threc or four of the morc commany
uscd coordinate systems. The tabulated cquations in Jec-
tion III are, thercfore, rcally the “conclusions’ of tnils

thesis.
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Appendix A

Description of Coordinate Systems
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The coordinate transformations presented here were

taken, with minor changes, from the work of Chester H., lar=s

(Ref 3: 98-107).

(1) Cartesian coordlnates
X =X -0 £ X s 00
y ey -0 <« y 2 00
zZ =2 -0 £ z € 00

and the surfaces X, y, or z = constant are »lanes,

(2) Cylindrical polar coordinates

X =T Ccos &

v=ro73in 6

-00 <« 7 £ 00
O r e 00

The surfaces are:

r = conit A~ eyiinanrs
O = constar piones fhroust Lhy Zoone.
We have:

v e A 3
Ol = Yigg® oy Dqa= T,

—-i
»
2N
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Fig. 1

Confocal Parabolas

with a Common Axis

7
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(3) Spherical polar coordinates

X =r slnécosq@
Yy = rsinésing
Z =TI cosé

const ~ spheres

Sre<oo, I

o o o
A

¢ = 2%, ¢ = const~ azimuthal planes
6= 1,

S const ~ circular cones
Q.= 1 y gb\-= f'\', gaﬁ r*sin>8

(4) Parabolic coordinates

Two sets of coordinate surfaces are generated by
rovating the parabolas of Fig. 1 about the x axis whilch
is then renamed the z axis. The third set of coordinate
surfaces are azimuthal planes through the newly relabeled

z axis.

The transformations are:

x = {Au cos ¢
y = /Ax sing
R
0 < A< oo, A = const A paraboloids:
X+ 3+ 2z = A¥
O < <so00, M= const ~ parabololds:
X"+ y - 2uz = 4
o< @< 2,77-’ @ = const ~~ azimuthal planes
g = ,-\?;_j\_' s §rr= z-;,q s Gu = )\/'(
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T
%

vig. 2

Confocal illlinses and Hynercolas

(5) Prolate spheroidal coordinates

This coordinate system is constructed by rotating the
curves of Flg. 2 about the x axls which 1s then renamed
the z axis. The coordinate surfaces which are generated
are prolate spherolds and hyperbololds of two sheets. The
third set of coordinate surfaces are azimuthal planes
through the newly renamed z axls.

If we let A=cosher, x=cos g , we have
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x=al 1Vl - cos ®
y:ald-14y1-u 8in @

Z > a8l

e xg oo, A = const .~ prolate spheroids:

X;-&S" F *
x*- 1 + A T &

-leys1 M = const ~ hyperloids of two sheets:
0 < Qs 24, @ = const ~ azimuthal planes
* >

>~

Qa = a” o g3y = a*(A*- 1) (1-47)

a
9, = O - ) -4

(6) sSpheroidal coordinates (oblate spheroids)

This coordinate system is constructed by rotating the
curves of Fig. 2 about the y axls which is then renamed
the z axls. The generated coordinate surfaces are oblate
spheroids and hyperbololds of one sheet. The third set

of coordinate surfaces are azimuthal planes through the

new 2z axis.

Xx za Ay cos@ or r = a coshorcosf

a sinho(sin/

y=aAMX 8in @ VA
a V(- 1) (L-47)

A=const ~ oblate spheroids:

Z

PV B 2+
N
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M = const A hyperpololds of onc shect:
2
X.}.i- L... _-3__ = a.L
> d-mt
Q = const A azlmuthal planes

with the varlable ranges

~wsofe0 , 1TA<o,

Ve have

(7) Parabolic cylinder coordinatcs

The traces of the coordinate surfaces of “his coordgl-

nate system on the xy plane are shown In Flg. 1.

A-44
X = 2
y = Y/\M

0s ASe, A= const parabolle cylinders, 924- 2Ax = A"
O=sH=00, M= const as parabolic cylinders, 5‘— 7-/4)(‘).41
-0 2go, % = constrou plancs

A+ M /_\_1_*-(
A N 8-»21' 94 833‘1

G

(8) Elliptic cylinder coordinates

N
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The traces of the coordinate surfaces of this coordi-
nate system on the xy plane are shown in Fig., 2.
x = afa-g3 -4 or X a sinhefsin A
y = aAM y 2 a coshecos £

ZI= & z = 2
LY %
A = const A elliptic cylind<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>