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PRWAC.C 

The research reported in this Memorandum is part of a general 

study of the radiation emitted by charged particle beams. 

The Memorandum discusses the impact radiation ("bremsstrahlung") 

emitted during the collision of low-energy electrons with neutral atoms 

and molecules. The study will be of general interest to persons 

studying the interaction of matter and radiation. 
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~2his liemorandmn d.iscusses the bTemsstrahlunc; radiation emitted 

durinc; t11e collision o:L' lm1-eneni;-Y electrons -vrith neutral atoms and 

molecules. ~rhe cliscussion is limite()_ to the case of lmr-energieq 

E :::: 1 ev, ancl so:;:t ;Jhotons, 1io.J <:< r~, 'Jhere E is the electron kinetic 

enerc::,-y, and cJ is the radiation frequency. The brerasstrahlung rate 

is ex::pressed in terms of' the elastic scattering amplitude, anc1 use 

:Ls made o:l various e:q1eriuental and t11eoretical st·uclies or the lm1-

energy elastic scattering o:l electrons by neutral a~coms and molecules. 

The Tate o:E' ·bn"L1sstrah11.:w."lc eJaission :C'ro;n a partially ionized gas due 

to electron-neu:t1·al r:ollisions is calculate()_, and the results are 

" " • , (n . ' - ( ,- ')' p::-eSCJ1CCO. lYl _t~qs., -. r:.O) a110. 'c!.c.). In Eq. ( 29) the elect:C'on-neutral 

bremsstrahlung :;:ate :~::., cm1parecl to t1J.e elect:,~on-ion bTemsstrahlunc; 
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I. INTRODUCTION 

The emission of bremsstrahlung radiation during -the collision of 

electrons 1d th neutral a·toms and molecules is one of the oldest prob-

lems in quantum electrodynamics, and has been the subject of extensive 

research. (l) Theoretical studies of this process have almost invaria-

bly been based on the representation of the neutral target system by 

a screened coulomb field. This representation, ~~hich neglects any 

effect the incident electron may have on the electronic cloud of the 

atom or molecule, is adequate so long as the incident electron has an 

energy significantly greater than the energies of the ·bound electrons 

or the target system. 

Hecently, because of various applications in atmospheric and 

space physics, there has been interest in the bremsstrahlung associated 

'.-lith very lm1-energy electrons, having energies much less than the 

energies or the bound atomic or rnoleculur electrons. For this region 

of energies the theoretical calculations based on a screened coulomb 

field are no longer adequate, since the incident electron strongly 

distorts the electronic cloud of the target atom or molecule. This 

distortion produces induced dipole, and higher-order multipole, fields 

surrounding the neutral target system. These induced fields alter 

the effective potential acting on the incident electron, and thereby 

change the character of the collision process. An understanding of 

-the lmv-energy bremsstrahlung is further complicated by the scarcity 

of experimental iru:ormation in this energy region. 

The purpose of this Memorandum is to extend the theoretical dis-

cussion of bremsstrahlung into the very low-energy region, with 
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particular emphasis on electron energies belovr 1 ev. The present 

discussion 1-1ill be limited to the soft-photon case, .f1,, << E, Hhere E 

is the electron ldnetic energy, and w is the radiation frequency. 

For this case, the bremsstrahlung matrix element may be expressed 

directly in terms of the elastic scattering matrix element, (2 ) a 

relationship -vrhich is cliscussed in Section II. (For -11_,,) comparable 

to E, there is no direct relation between the bremsstrahlung and 

elastic scattering matrix elements. This greatly increases the 

difficulty of the problem, which is the reason for not considering 

that case here.) Use may then be made of the recent theoretical 

and experimental 1vork on the loH-energy elastic scattering of elec-

trans by neutral atoms and molecules. (Reference 3 gives a partial 

review of this ~rorlc ) In particular, for very lm-r energies t,he rate 

or emission of bremsstrahlung radiation may be expressed in terms of 

a single parameter, the S-Have scattering length for the electron-

atom or elect;ron-molecule system. The scattering length is then 

obtained :from theoretical or experimental determinations of the zero-

energy scattering cross-section. This is discussed_ in Section III. 

The scattering length approximation is correct for all neutral 

systems, atomic or molecular. For the case of spherically symmetric 

a toms, i. e. , a toms 1-ri th a ground state of zero angular momentum, it 

is possible to extend the bremsstrahlung calculation to higher energies 

by use of the modified effective-range theory developed by O'Malley, 

Rosenberg, and Spruch. (4, 5 ) This theory, ~>rhich takes into account 

the polarization effects, represents the scattering cross section as 

an expansion in pm-rers of the incident electron momentum; the leading 

term of this expansion is the scattering length approximation. In 
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Section IV, this modified effective-range theory is employed to 

extend the bremsstrahlung calculation to the next higher order in 

the electron momentum. This extension introduces one new parameter, 

the atomic polarizability, which is readily available from experimental 

and theoretical studies. 

The calculation in Section IV, though only rigorous for atoms of 

zero angular momentum, serves as an order of magnitude checl\: on the 

region of validity, for all atomic and molecular systc:Oms, of the 

scattering length approximation. The results obtained there indicate 

that the scattering length approximation is adequate for encre;ies 

-1 belm1 about 10 rc;v for all scattering systcYJs uith the possible 

exception of molecular nitrogen. The results also suggest that, for 

thos·c; etoms to uhich it apiJlj_cs, the calculaJcion based on the modified 

:~hould lL' aclcquatc u·;; to of' th::.' ord:T 

F'or the case of liT,.. the rercion of validi tv ot' the scatterin&! C:' ~ J ~ 

length approximation is uncertain clue to experimental discrepancies 

in the determination of' the scattering length. Since this is an 

important case for atmospheric problems, it is considered in more 

detail in Section V, •t~here the bremsstrahlung rate obtained :from the 

various experimental determinations of the scattering cross-section 

is calculated. 

As an application of the results obtained in this Memorandum, 

in Section VI the rate of electron-neutral bremsstrahlung and the rate 

of electron-ion bremsstrahlung in a partially ionized gas are compared. 
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II. RElATION OF BREMSSTRAHWNG TO SCATTERING 

The differential cross section for bremsstrahlung is given by 

2rcV 
11V I]\~ (l) 

where V is the normalization volume, v is the incident velocity, ~~ 

is the bremsstrahlung matrix element, and the density of :final states, 

assuming non-relativistic electron energies and -flcu << E, is given by 

(2) 

1-rhere d\~:1 ) ,and d,·K are the differential solid angles for the recoil 

electron anCl. photon, rcc:spectively, and m is the electron mass. 

For non-relativistic electron energies, anCL for 1'iw << E, the 

bremsstral1lung matrix element can be expressed in terms o:f the scatter-

ing matrix element M,... as 
0 

( 
2rc )l/2 

'fiwv (3) 

where Gaussian units are used, c is the photon polarization, and P and 

l?' are the incident and final electron momenta. (Equation 3 is 

essentially the non-relativistic limit of Eg_. 16-3 in Ref. 2, differing 

only in the normalization and choice of units.) Using this, and 

expressing M
0 

in terms of the scattering amplitude F(e) as (6) 
0 
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- 2:rrll2 F(e) 
mV 

(4) 

the expression :for the bremstrahlung differential cross section is then 

2 2 
e I F( 8) I 

2 2 3 (2rc) m nw c 
( 5) 

Summing this expression over the photon polarizations and integrating 

over the photon and recoil electron solid angles, the bremsstrahlung 

cross section, di:i:ferential 1-lith respect to frequency, becomes 

( ") ') L~ ec. v "- dc.IJ 1
' 2 

do· -=-:;- - (-) - .• I IF(0)1 (l- cos") 
B )!L -Tic c "' " ' · 

(6) 

II II 

where p . P 1 = cos e. 

For later "1-TOrk, it vrill be useful to express this result in terms 

of the scattering phase shifts. To do this, use is made of the rela­

tion (6) 

00 

F( 0) -11 I (2£, l) 
io_r 

sin o..e PJI,(cos 8) + c 
mv 

.>0 

1:1here 5 is the phase shift for the },th partial 1-rave. Keeping only 
J!, 

S and P vmves, the result is 

(7) 
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16 e 
2 

-fi [ . 2 "' " . 2 
2 3 Sln u

0 
+ ~ Sln o

1 3 m w c 

(8) 
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III. SCATTERING LENGTH APPROXIMATION 

In the limit of very lmr energy, the diff'erential scattering 

cross section becomes spherically symmetric, and the total scattering 

cross section approaches a constant value. (This is true for all 

atomic and molecular systems vThich do not possess a permanent electric 

dipole moment.) In this limit the scattering amplitude becomes F(n) =A, 

where A is the S-wave scattering length, -vrhich is related to the zero-

energy total scattering cross section 0 by 0 
0 0 

2 
= 4rc A • Using this 

expression for the scattering amplitude, the bremsstrahlung cross 

section, Eq. (6), becomes 

(9) 

The region of valiclity of this scattering length approximation to the 

bremsstrahlung cross-section ·Hill be determined in Section IV, uh::Tc the..' 

next higher-order term in the lmr-energy expansion of the scattering 

amplitude is taken into account. (Equation (9) 1dll be found to be 

valid for most gases for electron energies below about 0.1 ev.) 

In recent years there has been a great deal of theoretical and 

experimental work on the lo1-r-energy scattering of electrons by neutral 

atoms and molecules. As a result of this vrork, values of the S-vrave 

scattering length have been determined for a large number of atoms 

and molecules. In Table 1 these values are tabulated for various 

gases. (As defined here, A is the effective scattering length averaged 

over the different possible spin states of the electron-atom or electron-

molecule system. For example, for electron-hydrogen scattering, 



Material 

H 

N 

0 

He 

Ne 

A 

Kr 

* a 
0 

-:~·Y.· 

2 
11. 
~ me 

8 

Table 1 

VALUES OF SCATTERING LENGTH 

Scattering Length 
(in units of a )* 

0 

+3.35 

+1.9 
+1.49 

+1.857 
+1.3 

0 < A ;S + 0. 7 
0 < A ;S + Oo5 

~c~" r( 

+0.75 

+1.23 
+1.18 

+0.32 

~-1.7 
-1.46 
-1.9 

-2.1 
-3-7 

-3.8 
-6.2 

X 10-8 
= 0.529 em 

See References, p. 21 

Reference No. 

7 

8 
n 
7 

10 
11 

t3 

9 
J)~ 

14 

8 
14 

8 
14 
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A = ~ (3 A 2 A 2 )
1

/
2 

h A and A are the scattering. leng·ths for 
2 T + S ' w ere T S 

the triplet and singlet states.) Although numerical discrepancies do 

exist, Table l shmrs that the order of magnitude of the scattering 

length is well established for the various gases, \'lith the possible 

exceptions of N2, for which sizable discrepancies exist, and o
2

, for 

ivhich there are no data. 

The rate of bremsstrahlung radiation from a partially ionized 

gas due to electron-neutral collisions will now be calculated, using 

Eq. (9) for the bremsstrahlung cross section. For the case of mono-

energetic electrons, assuming that the electron velocity is large 

compared to the atomic or molecular velocity, the rate of bremsstrahlung 

radiation per unit volume of the gas is given by 

dPB clo 
-flw B 

d<tl 
.. v n n 

(l_,,, a e 

"erhere n is the electron density, and n is the atomic or molecular 
e a 

density. This becomes 

~Vhere E is the electron kinetic energy. 

in particles/cm3, this becomes 

For E in ev, and n and n 
a e 

2.68 X lo-43 E)/2 
na ne (:0)

2 

:2: 

ergs/em~ • sec per rad/sec 

(10) 

(11) 

(12) 



vrhere a 
0 

10 

...n2 8 
2 = 0.529 x 10- em is the Bohr radius. 
me 

for order of magnitude estimates, A/a ~- 1.) 
0 

(Note that, 

For a MaX\·le1lian distribution of electrons, the bremsstrahlung 

rate is given by 

;,rhere 

p(v) dv 

n n 11w 
a e 

do-B 
d.w vp(v) dv 

2 

( )
~ ;

2 
mv 

h m :J; -2KT 
· n: 2n:KT e 

2 
v ctv 

vrhere T is Jche electron ·temperature. Using ::;;q. (9) this gives 

dP 
B 64 2 2 

dw = -::-T72 e A 
.::m ' 

n n (2KT)3/2 
a e 2 

me 

For KT in ev, and n and n in partic1esjcm3, this becomes a e 

6.04 X 10- (KT):J 43 ~;2 na ne (:o)2 

ergs/cm3 · sec per radjsec 

(13) 

(14) 

(15) 

(16) 
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IV. MODIFIED EFFECTIVE-RANGE APPROXIMATION 

The scattering length approximation used in Section III is the 

first term in the lm-r-energy expansion of the scattering amplitude. 

The form of the higher-order terms in this eA~ansion, the effective­

range theory, is vrell knmm for the case of short-range potentials. ( 16) 

Recently, a modified effective-range theory has been developed by 

O'Malley, Rosenberg, and Spruch, (4, 5) lvhich takes into account the 

long-range polarization effects present in electron-neutral scattering. 

In this section the results of O'Malley, et al., 1iill be used to 

extend the calculation of Section III to the next higher order in 

the electron momentum. 

The modified effective-range theory applies to the clastic scat-

terinc; of charged particles by spherically symmetric scattering systems 

that clo not llossess any permanent multipole moments. It therefore 

does not apply to molecules vrhichJ in genera]_~ are not spherically 

symmetric, and for uhich inelastic channels involving excited rota-

tional levels of the electronic ground state are very important even 

at the lmr energies considered here. It also does not apply to atomic 

oxygen which has a permanent electric quadrupole moment. Even for 

those systems to 1-rhich it does not rigorously apply, hmrever, it is 

eA~ected that a calculation based on the modified effective-range 

theory will provide an order of magnitude indication of the region of 

validity of the scattering length approximation to the bremsstrahlung 

cross section. 

The zero and first-order terms in the lo1-r-energy expansion of the 

bremsstrahlung cross section in powers of the electron momentum involve 
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only the S-wave and P-wave scattering phase shifts. (This can be 

determined :from the expressions for the higher partial Have phase 

shifts given in Ref. 5.) Using the modified effective-range theory 

and keeping terms to first order, these phase shifts become(l+, 5) 

mv 11"" cot 5
0 

and 

1 no:mv - - + _.:.;~--
A 3A2 a 11 

0 

2 2 no:mv 
2 15 a -1.1 

0 

1:1here a is the lm-r-:freguency electric polarizability o:i:' the atom. 

In Table 2, values of' C' are e;iven for various atoms ami. r.·JoJccuLcs. 

(The polariza.bilities of n
2

, N
2 

0
2

, He and r ~-"rere 6btainec:L from the 

measured values of the dielectric constant ~;; by use or the relation 

~;; - 1 = l+nNi:}:, >vhere N is the density.) 

Using Eqs. (8), (17) and (18) and keeping terms to first order 

in the electron momentum, the bremsstrahlung cross section becomes 

2 2 2 
da = l~fl. ( e )(2. ) dro (l + 8rr o: mv ) B :;; -KC" c w 15a A 1i 

b 

By comparing Eqs. (9) and (19), it can be seen that the scattering 

length approximation as given in Eq. ( 9) ~>Till be valid for 

o: mv ja
0 

M1 << 1, or (a/a
0 

2 
A) • ( ~) << 1~7 • For helium this 

(17) 

(18) 

(19) 
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Table 2 

VALUES OF POLARIZABILITY 

Polarizabili ty 
Material (in units of 

3 ,x-
a ) Reference No. 

0 

H 4.50 17 

H2 5.43 Hi 

N 7 .081+ LC 

N2 11.7 18 

0 5-589 10 
5-499 19 

02 10.6 18 

He 1.39 18 

A ll.l 18 

-24 3 
== 0. 148 x 10 em 
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corresponds to T~ << 10 ev, and for atomic nitrogen, }<; << 0.25 ev. 

For the other atomic gases the upper limit of the region of validity 

of the sca·ttering length approximation lies bet1vecn these tvro extreme 

cases. 

As discussed earlier, E~. (19) does not rigorously apply to 

molecules. H01·1ever, it is expected that the 10\v-energy e:r:pansion 

of the cross section for the molecular case should be of the same 

general form. Accordingly Eq. (19) can be used as an estimate of 

the order of magnitude of the leading correction term to the scattering 

length approximation in the molecular case. Do ill[~ this, for H
2 

the 

scattering len[,rth approximation is found to have the region of validity 

c;: << 1 ev .• and :for n
2 

either :,;: << 1 ev or E << 0. 0.3 e·v, depending 

upon >Ihicb value o:f A is user}. 

In order to detennine t.he r-egion ot' energj_es for ;/lid; 

systems to \Ihich it applies), j_t dO<.Ild be neces;.;ar:y ·to calculate 

the ne~(t iJigher-order term in the modi:t'iecl ei'f'ectb.re-range e~:pan;:;ior. 

of the scattering amplitude, a problem beyond the scope o:r this 

Memorandum. Hmrever, from the results of 0' Malley, et al. , ( 5 ) Eq. ( 19) 

is valid up to about 0.5 ev for hydrogen. For other atoms the region 

of validity is expected to be sj_milar, so that in e;eneral Eq. ( 19) 

uill be valid for spherically symmetric atoms :for energies belovr 

about 1 ev. 

As in Section III, the rate of ·bremsstrahlung radiation from a 

partially ionized gas due to electron-neutral collisions is next 

caJ.culated, using Eq. (19) for the bremsstrahlung cross section. For 
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the ease of monoenergetie eleetrons, the result is 

uldeh, for .1:::: in evJ and n anc1 n in l)articles/crn3, becornes 
a e 

2.68 
( 

,., ) J /•J J 0 ~ r-· c ______.::::____ r -1 {_ + .4)::; 2 -~ 

a A 
0 

7: 

ergs/em:; · sec per radjsec 

For the case of a MaxHellian distri'bution of electr-ons, the 

... 1 12 
)7( 

( 2K~').:. .·~ , [ L 

FlC 

-'~il~/2 1\c)(--)(;~I<:T):L/:~J 
~ 2 2 . 2 

c a /'~ :me 
0 

,,rhich for KT in ev, and n and n in particlesjcm3, becomes 
a e 

ergs/em) · sec per rac1/sec 

(20) 

(21) 

(22) 
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V. USE OF F;XP"RU.1E1TTAL RESULTS FOR MOLECUIAR NITROGEN 

For N
2 

the result;s previously obtained have not been very 

satisfactory clue to discrepancies in the various ex-_flerimental deter-

ruinations o:f the scattering cross section. Because o:f the importance 

o:f this case :for at;mospheric problems: in this section is discussed 

the bremsstrahlung rate obtained :c'rom the tvlO most recent, and most 

divergent, experimental measurements o:f the lou-energy electron-N
2 

scattering cross section. '-rhis discussion Tvrill give a more detailed 

estimate o:f the electron-N
2 

bremsstrahlung rate than the discussion 

in the previous sections, and 11ill illustrate the uncertainty in the 

e 2:perimentnl situation. 

The ez:per:i_ments in question, basc;ci either· on L;easu,~ements or the 

electron io:·ift vcJ_oc:i_ty in applied electric 
fn) 

f'L:lds, '-' oc on :cri.cro-

r li2 F(e) (1-cos:)dO (24) 

In terms o:f o~1 , the bremsstrahlung cross section, as given in Ect. (6), 

-becomes 

c1o
13 ( 2)( )') 4 e v c 

3:rr fie c (25) 

For the case m: monoenergetic eJ.ectrons the rate oi' bremsstrahlung 

racliation from a partially ionized gas due Jco electron-neu-tral calli-

sions then becomes 



For ['; in ev, 

4 
)rc 

and n and ne, in particles/ cm3, this becomes a 

rl 

ul1ere the values of csd/1ra "'- for n
2
. obta1nec1 from Eel's. 9 and 12 are 

c. 0 

(26) 

(27) 

plotted 1n Fig. l. From the figure, it can be noteo_ tbat at very lou 

energies there is a factor of 10 uncerta1nty in the bremsstrahlung 

rate from N". 
c_ 

:~s c1_iscuss2d in ,Section llT, if the e:xperimental :cesult~c; o: ?ac:.:, 

.~--J.:t·c co i' 

.if th~~ C>:-_f)e:r-ill121TCa2_ 

cesults of 1\.nderson and Golclstccin ( 
12

) are correct, the scatterinG 

lengt.h approximation is 
-I valid up to at least }~ ,~ 10 -- ev. 
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VI. COMPARISON OF ELl~CTRON-NEUTRAL MID j~Lf~CTRON-ION BREMSSTRAHlUNG 

In a partially ionized gas~ electron-neutral bremsstrahlung and 

electron-ion bremsstrahlung are competing processes. It is inter-

esting to determine Hhich is the dominating bremsstrahlung process 

for various degrees of ionization. In the soft-photon limit, 1'iw << KT, 
and for the case of lmJ-electron energies, KT < 700 ev, the 1·ate of 

bremsstrahlung radiation due to electron-ion collisions is given by(
2o) 

dP 
ion 
~ 

H}Jere r 
p 

16 2 
7.e 

./ 

r 
e 

2 [ ~ IG.'(KT)l/2 J ln 1.3) ~ ::<~ 
0 

(28) 

:i.s the ionic· charge, anci a ]Vja:.c'.iellian distri-bution 

If the; scattering lengtb. appcoz:ipation, as c;iven. i:n ;: ·, 
_, "~L• ( 1))) 

:i.s used rm' the rate or electTon-neutral -bremsstrahlun[S, then the 

ratio of the electron-ion bremsstrahlung :cate to the electron-neutral 

bremsstrahlung rate, R = (dPion/c1JJ)/(c1PB/dco), becomes 

( 2)~-H = ~ ~c 
2 2 2 n Z (a ) ( 2) [ 1/2 J _i__ .....£ :nc . ln 1. 33 KT (KT) 

n A KT ?iuJ E a o 

In Fig. 2 the quantity R(najz
2
ni)(l\/a

0
)
2 

is plotted l'or various 

values of KT and 1'i.c)/l<'r. From these results the relative importance 

(29) 

or electron-ion awl electron-neutral bremsstrahlung can be determined 

:for a 11ide range of physical conditions. 
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