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ABSTRACT '
The backfire bifilar helical hnfenna, consiéting~0f two débosed helicél
" . wires fed‘with'balanced curfenﬁé at dﬁé end;4is‘a new t&pe of circulérly
polarized antepngl When éperated abdQ; the cﬁfoff fréquency‘df tbevpriﬁcipql
éode of the‘helical wavegung;'the‘bifilar helix producgé a beam d;rectéd
alcng the structure toward fhevfged point. The term "backfiré"'is used to "
éeécribe this‘directiod'of radiation in contrast w;tH "eqdfire" which denotes
ra@iatioﬁ‘away from' the feed point.- !
Rdd?étipn patt;rns, measurgd for a wide.range of helix parametérs,f
éhow maxiﬁum‘directivity slightly above the'cutoffufrequency. The pattern
br;adens with frequency, and;"for ﬁiéch angles near forthfive dégrees, the
beam splits and scans toward the broadside directjion.
p Near field measurements show.the current decaying rapidly to a 1evellv
;ggélt twenty decibels below the inp;t‘level at a’réte that ipcreases with }
frequency. Phase measurements in the neéf field show that in the feed region
the direction of phéserprogression is toward the feed point. The oppositely
' directed phase progression and diiection of energy flow i1s characteristic of
‘a‘ﬁackward wave. " The direction of phase progresgion is consiétént witﬁ the
backﬁ&re direction of the main beaﬁ“observed in tPe radiation”patterns;andp
the ingreasing rate of current decay is consistent with thevbroadening of
théﬂmain beam.with iﬁcreasing frequency. ' ”
LA theoreticai‘anglysis 6f“€he bifilar helical antenﬁg is obtalned. It

is based upon” the semi—infinite'mo&él using thin wire assumptidns. These,

\ . ‘ S . .
so=called, linearizing assumptions consist of replacing the current distribu-

©y

tion on the surface of the wire with a line current omithe center line of the
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wire and of :satisfying the boundary condition along one line on the conducting Y
~ surface. The‘Foufier transform of the qurrentudistribﬁtion on the semi-infinitg

helix iq/ﬁé&ﬁéed from, the determ%pan;dl equation of the bifilar helical wave-
- « : B o - '

. S LT
guide -by a Wiener-Hopf techhidﬁé/ The relation between this Fourier transfoim
. . G - R
- and the"radiafion pattern of‘the backfire bifilar helical antenna is shown.
The results predict the patterns of the experimental study and show the effect
of wire size on antenné performance,
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SRR : .. e 1. INTRODUCTION

. K4
'

1.1 Statement of the Problem

The purpose of this study is to provide a mathematical model of the

backfire bifilar helical antenna which contains the esséntiaﬂ{ﬁéatures of
, 1 . lal : es
. - )
' the practical antenna and which is-ameifbie to solution. . This model. has

been solved for the far field radiation pattern of the antenna, and the "g/

results are compared with the fadiation.patterﬁs that haye been obtﬁined
v experimentally. “OnE,bﬁtstanding cha;acteristic of thése pd%ternsfig that
) . .

Q%\princiﬁiﬂ diiection of radiatidn is in the backfire direction. The
backfire di;e;tion of é‘suyface'wavé antenna is alongvthé structure toward
the‘fgeq’pointn Radiation in this direction can-be associgted with a phase ” .  /{*

" progression toward the feed point, while the group velocity must be away ’

from the feed point. This is characteristic.of a bgckward wave of current

on the étrﬁéture. The term "backfire"“is ﬁsed for contrast with the moré

usual endfire surface wave antenna fér which the principal direction of ra-

éiatibn'is away from the feed point of tﬁe'strﬁcture.

The backfire bifilar hglical antenna,téhown in Figure 1, ,is constructed

of two helical wifgs wound in é‘righﬁlgircdlar cylinder with a constant

pitch. The correspon;ing points of the wires are located at the ends of a

diameter of the cross scection of the cylinder. The helical wires are fed

w¥th baiéncgd currénts‘frpm a -source on the axis of the cylinder. A com- o - }
" : 8 . plete deécription gf the antenna includesE“théhradius b,lmeasufed from ) ; e ‘
thexaxis ofnthe gyliqser'tovthe center line';f a conductor; thé;pitch dis-

tance p, measured along a geherator of the cylinder; the wire radids a,

'aﬁd thé tbtgl iength of the antenna. : ~(’

EY
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1.2 Method of Solution b

‘A solution o;}the backfiré bifilar helical anfeﬁna(broblem ig obteined,

r

first, by considering ﬂhe basic helicalugeometry to be extended to infinity

in both directions. This is the helical wdweguide“problem which already has

an extensive literature.. An exact account of the boundary conditions in this
problém involves finding a current distribution over the surface of the

conductor which makes. the tangential electric intensity vanish everywhere‘

"on the surface of the conductor. An ;ppréximation used;by Sensiper} aad

Kogan2 is to' require tﬁét thevtangential electric intgnsity vaﬁish only
along some line‘alogg4the surface. This“approximation is good fpr rela-
tively thin cénductors. Sensiper, in treatipg the tape hélii, makes a
further approximation in assuming a functional depehdenge for the disfr;pution
bé.current ac?oss.the width of fhg tépé. Kogan mgkés a similar apprdkimation
by assuming that,k the surf#ce current distribution may beureplaced by a
cqrrent flowing alohg the c;nter line of the helical conductor. The épf
proximatibns involved 1in replacing a surface current by a line curfénf and
in satisfying the boundary conditions along bqu one line of the surface‘.‘
have been termed 1inedfiziﬁg approximations. A formulation of the helical
wavegﬁide problem; siﬁilar to that‘of Kogan, is used in this study .

Using the above approximations, the desired current distribution
becomes a function of only one variablé. - This v;riable may be either
distance along the helix or disthgce along t?e helical axié. In this.pgper.
the helic#i axis is taken to coincide with' the z;axis~of a cartesi;n
éoordinaté éyst;m, and z ié‘taken as the indépéhdent variable of'thélcu;renf

distribution. The integral equation~f6r the current on the helical waveguide

-

now has the form of a con#olufidn integral. This happy circumstance related .
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Cn . “ . 4
to invariance under a one dimeﬂ;iogalvaelian céﬁgruence”grodp,uShggests,a )
solution by Fourier transformation. The determinantal equation for the o f
Foﬁrier spectruﬁvsf'the current distribution has. threq‘pairs”of réa1”foots
at the lower frequéncies, As the?freaugncy iS’;ncfe'asedJ twg}pgirs of foqts
tend £égether'anq'éodlesce aé‘the critical»irequency,”fc. This frequenéy
darks the lower limit of the %h#ge‘of f?equéncies oflinterest'in this
study, The critical frequgncy‘gépénds, ;n‘a’com;licated way, upon the
radius‘of the helix, its pitch,.%pd t?&uconéuCtér radius, and nousimple-
epressiop is given f9r'it;‘

The second step in'the selution of the backfire 5ffilgflhe£1§a1 $ntenna
problem is to obtain a solution for the current"distribution on a helical "
waveguide extending only along the pésifive z-axis of the coordin*ie sySteﬁ.,” \
This is acComplished'by a Wiénef—quf.factorization of the transfgrmed
solutiog for the helical waveguide. The boundary conditions”oh the factori;
zation are such that‘the current is idenéically zero fér all riegative z and |
approaches a finite non~zero limit as z approaches zero from the righn The
discontinuity in the current at the origin is the source of énerg; in the
problem’and porresponds to a pair of”oscilfating point chargeé‘éeparated
by the»helix diametér. The ;ésult of this‘caiculatioﬁ is .the Fourier
transfarm of the current distribution on a semi-infinite bifil#r helix- fed
by a charge dipole in the plane z = 0,

The solution obtained 15 this way‘is limited by the linearizing approxi-
matioﬁs deécribed above, The"rem;ining éﬁpr;ximatidﬁs in the theofy |
deveioééd here areicontained in equating this solution to the radiatioﬁ

N, P . . R .

pattern of a finite-length bifilar helical antenna fed from,a séurce on its - - l

axis. The practical antenna differs from the mathematical model in'the -

. “ " " . - L f .
" - - ", “ e . B o N T . an o ) l”




g

47

S 3~"“ - B - | ”. ” o ‘-f~‘5

vicinity of the feed point by the addition of a current flowing along a

. diamete; of tﬁé cylindrical crosé section, “Thagjuqd;tianal‘cﬁrrent g1emeét
g e ) Jm'. v ”'is short in the ran;e of hel?#«@}a@?%%fs of"primaryuipferest in ?his study
o and will not contribute nbtiéeabi§ £o'éhe gédiated‘field, _Meésurements
of the current on several mpdels of the. bifilar helix above the critical
frequency ;h¢w that the currenf'decays rahidly wi#h distaﬁcé from the -
feed point, At a level about 20-decibels bflow the’input valge,;ap~un;amped
wéﬁe becoméé dominant, Because.of>tﬁé fapid.attenuation of current 6n the
- ‘ bifilar helix, the radiation p;ttern of the fiﬁité"structure is expected
to be the same except for "end-fire' radiation caused by the residual
"tree~mode" waQeE It is well known that a finite line gurrent.di§tribg£ion
énd'its far field iadiationup;tfe;n are Fourier transform pairs. This is“
extended here £o include the“semi-infinite sfrucfure, and it is shown that
iﬁ this cas; also the radiation pattern is simply relatea to the transfpfm
of the current distribution as a func@ion of z except in tﬁé vicinity of
the current distribution at infinity.

The Fourier tfansform_of the cﬁrrent distribution is obtained by
numerical techniques using”;n autométiCIAigital computer, The computed
patternélbased upon this Fourier trénsfprm show good agreement with
‘measured patterns presénted in this report, This confirms ;he validity

- of the apprpﬁimations used in constructing the mathematical model of the

antenna,

173 Review of Helix Analysisr
, ;. ey The study qi“electromagnetic waveApropgggpioh on ﬁelical qgnductors
through 1955 has been summarized by Sensiper3 and his thesisl contains

-an extensive bibliogtap@y of the literature, He Qbfains'an exact solution

0
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" end against a ground screen, ThE'properfies of this antenna have been

. 4 : . Ty g . S
O S ~ : - : R

" of thé. "tape" helix by expressing its field as a ,sum of sheath helix modes

“

and by.;equiring the tangential eclectric. intensity to be zérblon the tape.’

"The,resultihg'arithmétinis_found to_be iﬁtractable, and he quickl&”obtaihs .

o 0}

a more ‘manageable approximate solution by.requiring only that the tangential

" electric intensity ‘at the center of the tapetbe zero, When the ré§qiting

expression is compared with that obtained by Kogan - from a potential

" integral formulation, they are found fo differ principally in the form.of -

the convergence factor introduééd by the apprdkimation, Kogan treats the:-

helical wire model with the null field boundafy‘oondition satisfied'only aﬁ”

- the points of tangency between the helical conductor and-a cylihdér with

radius equal to the ocuter radius to the helical wire.
The work of these authgrs is directed .toward the evaluation of the

{ : . . : )
”free-mode" propagation constants for undamped traveling waves of current

w PR 1
on the helical conductors, Although Sensiper does devote some space to

the source problem, his formulation of this problem is for the infinite helix,
It is used to interpret the "free-mode" solutions of the source free problem.
Many authors have contributed to the literature on the helical waveguide,

1 ' :
Since théir work has been reviewed by Sensiper ’ a’the bibliography is not

-réproduced here,

1.4 Helical Antennas

"

The helical antenna which most nearly approaches the backfire bifilar
helical antenna in performance is the helical beam antenna introduced by '

Kraus4 in 1947, Kraus's antenna is a monofilar helical wire fed at one
o i ’

" discovered by experimental teChélques. The current distribution on helical . l

structures of this type was studled‘by Marshs, TheAanalysié of a helical

= . * B A

-y a®
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aritenna_of this type suffers the saﬁe(difficulties as the analysis ot

~“the usual end-firg/surface wave antenna. ‘Eoribaiﬁ of thesé the feed

region-and the términating reéion are imp@rtant in detéfmining thgir'radigtiqgl i
cﬁaraéféristics. In contiast;‘the char;éteriétics of‘thefbackfipe bifiiar”ﬂ.
hélical antenna are controlledﬁbyrthe input'region. l‘ |
A bifilar-version of the Kraus”helixﬂhas»been r;ppriéd b&iHoitﬁmG.
This antenna is constructed ;f“twq coaxigl helical Wires on the diameters of
the supporting gylihder. Each’ conductor is fég agai;st:a‘ground-screen with
the exéiting currents in phase ,opposition, This différs from the backfire
bifilar helical aﬁtenna in which the conductors ‘are fed at one end,‘one

against the other, without the presence of a ground screen. = It is the

absence of the ground screen that distinguishes the backfire helix from

the Kraus-type helix. This fact is essential to the performance and

analysis of the backfire helical antenna. On the other hand, the number
of helical conductors is not essential to the backfire characteristic
of the antenna. A backfire monofiﬁar helix is shown to have substantially

the same radiation characteristics ‘as the backfire bifilar helix. The

" monofilar helix, however, is more difficult to feed in ‘the backfire mode.

Although both the Kr;us helix and the backfire'bifiiar helix are "
s ; ) .
circularly polarized, éeveral differences in the performance of these
antennas must be noted. The beam width of the Kraus helix a;creaées with
frequency while the backfire heiix beam width increases witﬁ fkgduenoy.
Thé gain of the Kraus helix increases with length"while the gain oi the
backfire heiix is independent 6f'1ength provided theJiength is large

enough. Finally,‘the Kraus helix is an“end—fire‘antenna'in contrast to -

" "the backfire heiix which radiates élong the helical axis toward the feed
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1.5 Organization

"In the présent section, the backfire bifilar,helical antenna is described |

W W,

and compared with other helical antennas of similar character. A description
of.the method used -to obfain a solﬁtion.for the radiation pattern of the

éntenna is given, and a brief review of the literature on/the helical wave~ .
. . " . ,!ﬂ( . o=

- . Ll
guide -1s included. In Chapter 2 the relation between| @5 Z

A2t
i

of a helical_anténnaﬂand the Fourier sbectrum of its current distributidh

radiation pattern

ig discussed. »This'mdtivatGS‘the work.of the thféé'following’chaptefs in
which the Fourier spectrum of the current distribution is obtained.

Chapter 3 describes the approximate determinantal equation for the

“helical waveguide as it is used in this study. This is derived from the "

Tpotential ihtegral with a linear current approximation. The equation

describing the helical Qaveguide is factorized in Chgpter 4 by the mefhod
of Wiene;-Hobf, and the evaluation of thé resulting expression by numeridﬁ;
techniques is described in Chapter 5. The results of the numerical computation
are presented in Chapter 6 along with the experimental results. This Cﬁapter

also indicates the connection between this study and the log-spiral and other

frequency-independent antennas. Chapter 7 summarizes and concludes the work.

"

-y e

—




.ffansformation5 a relation between the radiation pattern and the Fourier

,',', “ . . e | " . 9 ST

H“”»“Tu' 2. THE HELICAL ANTENNA RADIATION PATTERN

2.1 Formulation of. the Vector Potential

Since the purpose of this study is to develop a theory that is capable

of predicting the radiation patterns of the backfire bifilar heiical antenna, -

épd since the geometry of the probiem lends itself to a solution by Fourier

sﬁectrum of the current qistribution for the b;filar helix husf be obtained,
This sécfion is devoted to estabiishing.that relafion.'
The radiation pattern of dh aht;nna will be faken to meap,the ahgglar
distribution 6f electric inténsity in~spheri§al cdordinates at é large”dis—
bfanée fr&m thebantenna. ‘When oniy those terﬂs that vary inﬁersely withudi§~
tance are retained; the electrid inténsity‘is related to‘tﬂe magnetic vector
potenfigl b? |
Bxr = ijg Axd g N (@h) ; ’
whe;; r is a unit radial vector
k = we¢/Hu€ 1is the propagation constant of free space
¢ =1/ET is the intrinsic impedance of free gpadé
Thus the ragiation'pattern is £g1ated‘to the angular distribution of the vector
potential, énd the véétqr potential“is deduced from the current by the well

“

known integfal formula . :
- e P — b
AT =fff 6z, r ) I(r 9 dv (@
where .
' kl. N N — e
_ exp [-jk| r-r |]

) = - 4
4m| r-r |

P}
'r

A
"G(r,
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is the Green's function in an unbounded homogeneous Léotrbpic‘fhree"dimensiénal

"space,

N a,
L . - . .
r is the radius vector to a point of observation and

Fis the radius vector to a source point.

u

By the method of'induced sources, We may replace the conducting boundaries

at the surface of the helicél wires by a surfacé current distribution existing @

u K

in homogeneous space. If this current distribution equals the surface current

on the helical édnductors, the fields external to the conductors are”ﬁnchanged
by reméving the conductors from the space. If the cdnductdrs arey#ufficiehtly
thin, the field pfdducég by the surface current dis&rib tion will not differ much

. : SN .
from that produced by a_ourrent distribution on the center line of the helical

" wire. "This approximation limits the analysis to thin wire helices, but it

has the advanfége of converfing”phe‘volume integfal in Equation (2) to a-line
integral.

The bifilar helix then can be considered as two helical lines of current.

: . ’A Y ] ’ s ' ..
A ‘point on line one with axial coordinate z will have cartesian coordinates

' P1 u.(b cos Tz’,hb sin Tz’ z’)
where
T = 27/p
p = pitch of helix
b % radius to centerline,

and the unit tangent to the helical wire at that point is given by

A A - A s A Tl A
uy = =X cos Y sin TZ 4y cos ¥ cos Tz +z sin ¥

where ¥ is the pitch angle of the helix given by

[iad . B o
seat b EZ—b wTh

e
N
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2.2 Transformation by Parsevalfs Theorem

<\

- ) ) o e o )
» ‘ ‘. L o : 11 -
]I;/ I : . N . " - - " -

‘At the same value of the axial coordinate 2% a point on line two will have

cartesian coordinates

P, = (-b cos 72”7, =b sin 127, 2°)

" with unit tangent
A ) S - A
"32 # % cos Y sin Tz = 9 cos Y cis 17 vz sin Y
The disfance between a remote point (r, 9,W¢D and a point on line 1 is
" givén byx ‘ ]
. o o 7
F-7] . = r, = [}r sin O cos ¢~b cos Tz )2
o : ‘ ’.2 2] Y2
4+ (r sin © sin ¢-b sin Tz )° + (r cos 6-z) :

_or

' — . : - /2
T o= [;z—zbr sin © cos (Tz <9) +b2+z {] '

Similarly, the disfénce'between_the remote point and a point on wire 2 is

T : 1/2
r, = [}2+2br sin @ cos (Tz-¢)”+b2+z %]

The currents on the helical line can be considered to be a function of

given by

the axial variable z” alone. If the currents in the two wires are equal and “

Qppositeiy directed for the same value of z’, Equation (2) may be written

Ko

: - jkr -jkr S

A ’

AX(I‘) = % cosg ¥ . (E—ZT‘TI—‘E— + E4‘n‘r 2 sin Tz I (Z’) dzl
' 1 , 2
: -ik -jkr
-3 e 1 e 2 4 / ¢
- e Lt ., & __ 2 Tz
A (1) = cos ¥ ( Tr s ) cos Tz’ 1 (2) dz (3

" f ~3jkr C ~jkr .

Y
A(T) = sin V- < 1. 2) 1 (z%) az’

z g 4ﬂr1 ,47r2 ‘

A °0
I

In Equation (3), the vector potential at the point (r,

6,. ¢) can be related

W
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to the Eéurier spectrum of ‘the current distribution By Parseval's theorem.

Parseval's theorem states: Given two functionms, F(z) and I(z), of the

‘spatial variable z with Fourier transforms, F(P) and I(PB), in the transform

variable B, ‘ ,
. . . " " " ’ . * . ~
: : fF*(.z) 1(z) dz = 27 f F(B). 1(B) aB
4 ] ' (%) - - -0 i

where I(PB) is related ‘to I(z) by
jp I(z) ejﬁz dz
2 -

This intfoduces tﬁe Fourier trénsformfofithe current distribution into the

1(B) =

5,

calculations for the\vector potential., ’In this”paperwthegfilde (”)vislused
to denote the Fourier transform of a functiqn of z, and the astérisk (*) is

used to denote the complex conjugatekof a function. It is"now’necessary to

find the Fourier transforh of the remaininé factor in the ipfegrana and to
evaluate the transformed integral at a point remOte from the helix. The complex
conjugafé of this factor in the first integral of Equatioﬁ (3) can be written

Jkr, QJkT JTz__-472

=] 2 e
*(z) - : i = S o S E—
F*(z) - (4ﬁr1 + 4ﬁr2 ) sin Tz (gl+g2) SWJ,

where g, and g, are the functions discussed in Appendix A .

_ exp (Jk[AZ;ZAB cos (h+Tz) +Bz+(z-d)zjl/2)
3 B ‘[AZIZAB cos (¢+T2) +B2 +(z-d)2]1(2
where |
A =r sin 9§
B=b
d = r cos 0

Using Equétion (A-5) and the shifting theorem for Fourfer»tréhsforms we obtain

I e



PR T e

™. " - . ﬁy/

o - .38
;‘rn(b[kz-(B-(n?.l)'r)z]l/z) H(l)(r sin O[k2-(B~(n- 1)7)2]‘1/2)- :
: s .
‘ -1 Jj(B-(n-1)7) r cos O +jn¢-
Fx(B)= Tew .e ) ) e
n even ‘
4 - S 1
-3 ([KP= (B- (1)) 11/2) #(r sin O K2 (B- (n41)T) 2 ] /2y
‘éJ'(B_‘—.(Ml)T) r cos eejn¢
In this wéy, using Parseval's'fheorem the first equatién in (3) becomes
T (b[k - (B~ (n~ 1)’!')2]1/2 (1)(r sin e[k —(B (n 1)7)2]1/2

)

: ) \ \, .
A (r)=tS0S Y > 3 : L 'ej(B-(n-l)T) r cos 9éjn¢
x —0 (B) B : : :
n even

—J;(b[kz-(rs—(m,l)nz]1/2}11(11) (r sin O[k%-(B-(1)TY3

le?f(nfl)T) r cos 9éjn¢" K

[

' 2.3 The Far Field Rad1at10n Pattern

The asymptotic estimation of this integral follows that given in Appendix B.
In this case the change of variables (Equatiqn‘B—Q) is " )
B ~(n-1) T = k cos a
or
B -(n+1) T‘z k cos a
Thus we ha&e

A (r)~+J1r cos q; b GOJ;I(kb sin 0)[T(k cos B4(n+1)T)-I(k cos 6+ (n+1)T)]¢Jn¢

"n" even
where
-jkr
C = “amr_
In this way Equation (3) becomes ~ o '
A (-5 ~-33T cos ¥ I GOJ (P)[I(k cos 9+(n-l)T) -l(k cos 9+(n+l)"')]eJn¢ (4)

n even

A (-3 ~'ﬂcos ¢ = Gan(p)[I(k cos 9+(n-l)T) +I(k cos . 9+(n+1)'7')]eJ ¢
n even ‘ . ‘

A, (r) ~ 27 sin ¢ Z GJ (P I(k cos 6+n‘r)ejn¢ _
' . nodd 7. - v ) S e




where
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w3

P = kb .Siryl‘ 2]
These series are rapidly. convergent if I(k cos 6+nT) is boun ed on n because of
the properties of J (P). The ratio of the first twolof these¢ to Jo(p) is shown
invFigdre 2. In addifiﬁg?.it will be shown later that for the backfire bifilar
helix ITn(k cos“ B+fiT) -| also decreases rapidly with n. Thus the radiation field -
of the backfire bifilgx.helix may be represented by the‘fifst,terms of Equation‘(4)

with little error giving

Ax(?) ~ JT cos ¥ G, Jo(b)[T(k cos GAT)JT(R cos 64T)]
Ay(;) ~ Mcos W»Go JO(P)[T(k cos © +T)+?(k cos 0-T)] (5)
AZ(?) ~ 2T éin ¥ G Jl(P)[?(k cos 9+T)ej¢; T(k cos 9-T)erj¢]

From.Eduation (5) it is obvious that the backfire bifilar helix radiation
pattern is ‘the sum of right-handed and. left-handed circularly-polarized components,
The ratio of these components on the axis of the antenna is given by

Ta-w
T(21-K)

The axial ratio of the polarization ellipse is deduced from this by the

.equation’

AR =X ' ' (6)

Computed values of the axial ratio are described in Chapter 6 of 'this report:
The relation betyeég‘thevradiation pattern of the baékfire bifilar helix
and the Fbﬁrier spectrum of;its cﬁrrent distribgtioﬁ is estabiished. The
spéctrum of the current;distribution oﬁtfhe semi-infiniteqhelix will be dedﬁced
from tﬂe determinantal equation forvfhe iﬁfini?e"heiix.“]The déterminan£d14equafiqn

for the infinite bifilar helix is derived in the next chapter.

>
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E : -- 3. THE BIFILAR HELIX DETERMINANTAL EQUATION

s ' . 3.1 The Complete Circuit Equation
= & " . . . " - H R . . . .
The electromagnetic field in an infinite homogeneous isotropic medium can

fio

be obtained from .the magnetic' vector potential A and the scalar potential V
. .o i : .
using the relations o

. H = VxA : -
K o , : (7)
: ~jkb& A-wv " S

&,
I

\y

’ -
If the divergence of A is chosen to be
) -
VA = -3k v

these potentials satisfy the scalar and vector wave equations,‘

Frxdyv -g
 PadHE= -1

The solution ¢f these edqualtions cah be written in terms of the Green's

i}

function of the medium

éxp[—jk]?:#‘ ]
an |-

aS” | . X
S Y@ = glff;,;(?, 0@ ) av
A, =f ﬂ:;rr‘ ) 13 av : | ®

Using the equation of continuity

'G(?, ?’) =

-
V1 = =jwo

in Equation (8) with Equation (7),'there‘results

veat] e, T v @) a0 (9)
W= -E -3k [ [Jo(x, T 1 dv

which forms‘the“baSis»of the complete“éirpuif equation,
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The circuit equation for the hifilar .helix is obtained by replacing’

the conducting boundaries of thehelicél wires by the current. distribution
) - ]} Y i

- on the surface required to produce #ero tangential electric intensity there.

. ) . .
‘The equation is simplified by linearizing the boundary condition. This is

based on twglthin wire.approximations; first, it is assumed thét the current
diétributiép énﬂfhc sufface‘of the wires can be replaced Qiph a line current
di;éribution at the center of the wire, and, second, it is assumed that, if
the qléctricﬁfield is zero éiong oﬁiy,oﬁe line of"fhe surface, the resulting
Wi " .
solutioﬁ will be a reasonable approximation to the exact solution. These
~agsumptions afe géod if-the wires are sufficiently thin.
In this analysis tﬁe current will be assumed to egist bn;the line

W

defined in cartesian coordinates by

p = (b cos Tz’[ b sin Tz’, z’)
Pé = (-b cos Tz/, -b sin Tz’, z)

"and the null line will be taken as defined by

: (b’ cos Tz

ql = s b’sin Tz, z)
q, = (-p” cos Tz, —b'sin”Tz, z)
where
b/=b-a
' b = dista;ce from helix axis to wire centerline

a = wire radius

Thus, the currents and potentials can be considered a function of the z .

" coordinate al'one_° Because of the constant pitch angle Jf the helix,

¥ = cot ' (2mb/p) .
an elemetitary displacement along the axis is related-'to one along the wire by
dz = sin ¥ dp

= T B .

I —
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" Thus on w{fe one
. b

I@E) = sin ¥ dIfl: ‘)
) N e A dav(z)
vvsr') = sin‘¢ ul(z) P .

fkff)ﬂe u, (%) Ii(u')

<A ) A N - Y
where 4. = —-x cos ¥ sin Tz+y.cos ¥ cos Tz+z sin ¥

In ;hese equations it is aseumed that the pitch angle of"fhe null line ¢’is
equal to the pitch angle Y of tke centerline of the. wire. The cerrect result is’
cot ¢ = E/cot ¥ o= (1-5) cot ¥
where -
8 = a/b
The approximation (¢ =Y) is consieteut with ‘the thin-wire assumption used

throughout this study,

3.2 The Determinautal Equation for the Monofilar Helix

Equation (9) will be applied first to a single wire helix so that the
modification of the determiuental requiied for the balanced bifilar helix
will be made evident.’ The current is confined to the line pl, and the potential
is evaluated on the ;ine 4. Since the electric field strength is essumed Zero’

along this line, Equation (9) becomes
0

) ; . : . o dar ’. o
: ' v(z) = %f&ll(z, z’) sin ¥ —é-z(-z—-)- az”

=0
. av,
sin ¥ —-— = —Jkg G, q (z, z') u (z)» u (z') 1 (z ) az’ ¢

If the first equation is djfferentiated with respect to 2, multiplied by sin ¢

and equated to the second equation; the result is

. .4
4Gy (2 2 yr(pn
dz _ dz

+=0

[sin + k (u (z)'u (z*) G1

(5 2 1] &2

(11)

o
I




where

2-~2bb'c;oé T(z-27) + (;-illzll/zl

2.1/2

exp[-jk{b2+b/
41r[b2

6, (z, 2*) =
’ 2
11 +1" “-2pb” cos T(zfz') f'(z—z')

" "

and
el(z) . ﬁi(z’),: Cll(z—z') = cos¥ cos T(z-27) + sindy -

are even filnctions of the difference in z coordinates at the source and
obéervation points.

Because G(?nd C are functions of fhe difference in the z coordinate, -
o BN
Equation (11) is a convolution integral

2]

lelf.‘z-_z’) 1z’ =0 ) W
. w0
where Zll is the operator
-G (22 d . P
ey = . e - - TC(7— / —a”
legz z7) az 357 k Gll(z z") 3 ,cot Y cos (z-z") Gll(z Z )

The Fourier transform of Gll(z—z’) is deduced from the result of Appendix A'by

g% (2)
G110 =~z

where

'gigsig[Az—zAB cos ($+7z) +B2 +(Z-d)2]l/2)
[A2—2AB cos ($+7z) +B2 +(z—d)2]l/2

gl(Z) =

and where

A=h
B =b’
$=0
d=0
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~ 0 1/2
o, ® =2 & 5 m)-6- nT)z]l’z) H‘2’<b{k - (8- nnz] /2y
’ ’F n=—no

or . :

~ 1o 2_2.1/2, . V2 N

G (W =— & I (b[(B-nT)"-k"]"") x-n(b[(B-nT) 2] :

11 4?2 n=-co
For convenience we will defilne a‘new'functipn.
‘ 2 2 . 2, )
B (B = 1_(b'[(B-0m) PV Ak (ol (B-n)%-12 1Y
"The function, 8;1(3) now_has the simpler representation
. P © o
7~ 1
/ "Gll(B) =—— U Bn(B)
4 n=-
The Fourier transformiof Z(z) is given by
~ ' 2°.2 ~ - k cot ¢
= - —_—— T T
le(B) (B"-k") Gll(B)_ ) [ (B+ )+G (B )]
‘This function has infinitely many branch points located at
B = nTix ‘n=o0, %1, Iz,..0
The Fourier transform of Equation (12) is
le(B) Il(B) =0 : (13)

The spectrum of the current on the infinite monofilar helical waveguide given

by Equation (13) must be a dlsterutlon of point support at the roots of

Z(B) and, therefore, is a polynomial of delta dlstrlbutlons there, However, 5&

7
analytic continuation of the distribution into the complex B-plane, it can be
shown that the order of the dlstribution must be one less than the order of the

root, Since’ the roots of Z(B) ‘are of firat order, no derlvatives of the delta

::appear. The current distribution, §herefore,-is a sum of traveling waves with

propagation constants given by the roots of Z(B).

In investigating the'roots of E(B), Koganz rearranges terms in the form
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© - i
2 [B_ (f+T) + B _(B-T)]) :
ma00 O ﬁ”“ . n e' h QE
Y = Tan~ ¢ (kz - 1)
2 T B.(B) .
N:==00 n} ﬂ

The function on the left can.be called Fz(ﬁ) and, following Koéanz, is sketched

in Figures 3-and 4, It can be seen,fhat Fz(ﬁ) is approximately equal to one in
the range

;F<|-§-n|<,1,—l_: n'= 0, +1, +2;...

o + . : . . .‘
except near = T — k where the terms”Bo(p—T) in the numerator havea logarithmic

'singularity contributed by the modified Hankel function of zero 6rder or near

B = k where Bb(B) in the denominator is. logarithmically singuiaf. In this

range the root of Z (B) is given approximately by

2
QE,; 1+ cot2 Y
N \
or
B = k/sin ¥

The roots of Z(ﬁ) are 'at the intersection of Fz(ﬁ) and the parabola

. 2 :
i 2 !
Fl(ﬁ) ax Tan‘ Ll-'[ﬁ—z- - ]

N\

. For k small it can be seen that theré are three roots: one near B = k/sin ¥, -

one near (B = l-k, and one near f = l+k. Since Z(ﬁ) is an even function of j,

‘there are also three-corresponding roots on the negative B-axis.

The functional dependence of” the roots of Z(B) on the frequency, k, is
conveniently display~d on the Brillouin diagram, also called the B-k diagram,

shown in Figure 5. 1In this figure, due to Sensiperl; the variables are

_normalized with respect to T (%mZW/p), The deViat}on of the curve from the
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asympt;te,
L

anear ﬁ"? 0 can be ihterpféted as"coupliné"bétwéen thé‘cu{KEnt wﬁ#e3énd a-

1iﬁearly polar‘izﬁedh plane wave, and tne‘ C}eviation néar B =,'Trtk ~can he 1nterpréted

‘as éoﬁbling witthircﬁlarly pélariZed plane waves. Tﬁié coupliﬁguis indicated

by the logarithmic»éinguiarifies énd depeﬁds up6n1the wire thickﬁess 5(5=a/b)

of Fz(ﬁ) shown in Figure 3.

3.3 The Determinantal Equation for the Bifilar Helix

‘When the second conductor is‘addeﬂ to. the problem, Equation  (12) becomes

0o L
‘r [le(z-z°).11(z') + le(zfzv) Iz(z')] dz ' - ‘ (14?
00 -

where
- ’v L em— — ¥ — - - 3 - ¥ - !
le(z z ). s Glz(z.z ) 1z k Clz(z z") Glz(z z')
In thié equation

. 2.1/2
exp(-Jk[b2+b'2+2bb' cos T(z-z')+(z-2")" ] / )
_4ﬂ[b2+b'?+2bb' cos ‘l'(z—z')»{»(z—z')z]l/2

-
Glz(z z*)

relates the potential at wire one to the current .on wire two, and
" - A 2
C..(z-z%) - (z) *u (z") = - 0052 ¢ cos T(z~-z') + sin” ¢
12 et 2" . ‘
is the cosine of the angle between thelline element at the source point and

N
the line element at the observation point.

The fourier transform Of‘Glz(Z) is

o :
- 1 n
. G, () == L (-1)" B ()
12 2 n
“ 41[ =00 C
andﬂthgt of le(z) i v
.kzcotz 7

24

"2 ".[Glz<?f7)'* Glz(p"f)}
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It follows then that the Fourier transform.pf Equation "(14) is - o o

R , Yoo . ) ‘b;gl oy R B T o : : B
) S . : \\ . . - Cog . |'~
o ) S i B S . L

MOK (@) + 2 ‘(ﬁ) ib(p) =0 (15)
~If the excitation of the. bifilar helix is balanced (I = 1’= —12) v _ . ? ;
" Equation (15) beqomes ) ‘ .
Z@) T(B) = 0 o (16)
where | |
‘ 28 = Ell(p) "Elz(.ﬂ)_
or ! o »

. : : G, (B-T)+G,  (B-T)
~ 2 2.~ ~ - KPeot?y v
Z(P) = B -k)H[G ()G, (B)] - ——

T -
G 2([.3+ )+G12(ﬁ T)
When this is written in-terms of the functions B (B), it becomes

2 . ) : ’ "
2~ k cot ¢
‘47T z(‘3 (p K2 ) z B (p) — — 2 [Bh([s+T)+Bn($3-T)] 17)

n odd . . n even

All branch points (B=nT z k) for n even have been removed. If the equation

for the roots of Equation (17) is cast in Kogan's form, we obtain

E even[}?’n(eH'T)+B (ﬁ_T)]
2% oad B ®

F (B) =

This function is similar to that of the monofilar helix except that the
loéarithmic singularit& at B = k has been removed. The resulting modifi-

cation to the monofilar helix 1s shown in Figures 3 and 4. The Brillouin

'“diegram, shown in Figure 6, ne longer shows the dispersive character of the

monofilar helix in the neighborhood of B =

3. 4 Convergence gnd Asymptotic Representation of the Determinantal Equation

To establish the convergence of the series representation of Z(B) and

1ts asymptotic representation, it is suffic1ent to stﬁdy the function . . "'l

"
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“f

it

. . s ',{
j'o -;ik[b?;b?:z-gbb///cps‘ o212 .
n® =3 4 | LM
4r[b SR -2bb cos Tziz2]] ‘
| A
1 ) " 1\ [ o} .
=—% B,® +=—5 I (B (B)+B (-B))
am- - 4m n=1 n n
where H
B (B) = I_(b“yn) Kn (b yn) "
a
= (B-nT)2 -k

When k<T all the terms 1n the series Equation (lB) Hare p051t1ve except at

most one term. »It~follows that, if the series representatlon of G

then Eiz‘(B) converges ‘absolutely. .

A result of Watsqn? : - 00 :
. . z
I (x) K (x) = f
n n J Zz+x2

shows that In(x) Kn(x) is positive monotone decreasing.

=3

‘ J7 (z) dz '

Since
ng In(x¥ Kn(x) = —

it follows that
: < 1
I (x) K - —
n( ) n(x)‘, - m

for all real x,

dx K (x)

ax = Kn-l(x)

tells us that ann(x) is also positive decreasing for positive x and, if

¥y >x2, it follows that
. . Ve
KLKn(xL) 2 xgyn(xz) ”
Thus -
. X n \Q “ - X n

- ; 2 . 1. "2

n ) Bylsp) < (x1)~ ) K () <o (xl)

B B .- .

" ' Mo . A

-

‘The recurrence formula for the modified Hankel function
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(B) convergéé,
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A

But, in Equation (18),

"X ’ V4 . .
2 _ E_.= b-a = 1-9
xI b b
so that,
(1-5"
(B)< BT
Theggfore B .
~ . 00 '“-6 n
G B < B B +E G20
11 o) . n
o n=1
or -
~“ ' 1”
—_— - .6
Gll(B) < 2 (BO(B) In -9Q)
aT.
where

8 =

ol
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B .

is the ratio of the wire radius to the mean radius of the helix. This fnequality

is valid where no yn(B) is imaginary. If one is imaginary, that term may be

excluded from the serieé without affecting its convergence. Thus the series
representation of Gll is convergent everywhere.

When Z (B) is evaluated for B small, the usual small argument approximation

for the large oxrder &erms of the series ddes not apply because the argument of
the BésselAfunctionSﬂm;_
1/2
b[ B-nm) 2452 1Y

increases with the order of the function. In this case, Debye approximations

are more appropriate,. ~These are

W

T - exp([n +(b Yo ) ]1/2 - n.sinh
ERCARR B
f\/—ZTT. [n +( Y,) ]l/4 _ \)

-1 n

o




‘ -~ exp ([n2+(b Y’n)zjl/z:-n sinh~lg.n—\\\>"
K (by ) %’ o .
n n - - ?
I\E [n2+(an)2]j“( 4
The term . E . .
, 8 - .
[n2_+(byn)2]l/2 - n?7/12(b7)2-gn 3 b7y 2s [($)2~(§)2](b‘r)2 /2 {

can be approximated f_or large n by

, . .,;‘ | L
[n2+(b\(n)2]l/2 ~ n‘4,,1_+cot24’5_f - B got™¥

; T.4/1+co tzLP

A\§
~ n _B cos?y
sin ¥ T sin 9
. ° A
where the relation .
bT = cot 4’ B
-- ~ ¢
has been used. The term ’9
. _ 1
n sinh ta_ . n ln (—— +[1+(J-1-*)2] /2)
an byn byn

can be written

3
n+[nZeotZ-g ;B n cot - (T~k)2cot2¢+n2Jl/2

-1 n '
n sinh —— = n 1ln -
. . L ki2.1/2
i ‘ cot ¥ [(.‘r—a -n)z—(:,-:)zl /
and approximated
B - ﬁ cosz\lJ
-1 ~ Sgin ¥ T sin ¥
n sinh ~nln B
n , n cot Y ({»— e )
0 .
n sinn™t 2 Xy (____tp__1+sin hd [1- B ____mcosz‘-P I {1+ B_D
b~Yn<" ’ v -~ cos ConT Lesin ¥ LT 4T
. / ‘ oz n in (l+Sll’lq] [1- B sin .])
7 ( - - 2 -0
\\4; N . (‘(v ) o . N t
D U )
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.. Thus the'mo?ified Handel fun¢tion can be'approximateg_by

» N

© 31

o [T exp - Sin¥ * 7 TW] 1+6in 4‘ g n
8OV Yo T ST (g sin )

but since, : ' S
S ' B sin ¥ ‘B sin Y
lim (DT) = exp =—F— 1
n—jo0
‘we have

. Lp" - . " n-@.
o ~TET (i) " expf‘mﬂ

.b'T = ¢cot "P' = (1_6) cot LIJ

Similarly, using

we have

Sin cos Y ) [n-B/T]
2mn Tssin 9/ S¥P LT P

) b[ . . ~
5,0 %)

\ ) ‘

Thus the Bessel function produqt in ‘Bquation (18) can be approximated for n

large by

. l y J i n
Bn(B) ~'B (B) = y m $’ cos ¥ (1+sin ¥) ox

cos ¥ (l+sin ¥

b (D) (g - g )
T sin sin
The rate of convergence of the series representation of gll(B) can be increased

% 10 ’ ‘
by using,Kﬁmmer's transformation™ .. Since the terms Bn(B) can be summed, the
il -

result is

1 N /s —7 B 1 -1 .
Gll(B) =5 sin ¥ sin ¥’/ cosh = (sin T s ¢,j]

a7
cos ¥ (lssin §) 1 1 e “ -
1n [l “cos ¥ (1+sin gy °xP (Sin [ sin ¢'ﬂ : - (19)
0 : L
+B_(B) + Z [B_(B)- B (B)+B (-B)-B G0 I S N
n=1" _ )

 Equation (19) i5 in the form used in the numerical calculations of this

study.. The;éXpressions in the first term are somewhat complicated, and it

“ " e
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is‘interesting to apply'further approximations based on thefaséumption of .
‘small rglﬁtive.wirevsize 5.v Th? algeb;a involved is.stféightforwara but
tedious. The reéult”fq; the firgt“term_is
. ; 5 ] . , s
.=sin ¥ 1n S0 . " ‘ . (20)

This term controls the "sharpness” of the ‘corners of the Brillouin- diagram.

It determines, in effect, the degree of”cohpling between the current wave on

the heliéaluwire'and the axial plane waves of linear and circular polari-

zation, As this term becomes larger,—the‘cornbrs-becomeushérper. ~When‘i§ is

small, the corners will be well rounded, and the coupling can be considered

ldrge; The magnitude of this factor is contyoiled by the reigtive wire size,

6, and the sine of the pitch angle. As the wire size increases and also as

the pitch angle decreases, coupling is increased, and the Brillouin diagram

will depart considerably from the asymptote

B = k/sin ¥

On the other haha, when the wire is thin and the pitch angle is large, éoupling

is small and the asymptot;c‘form of the Brillouin diagram well approximates the

current distribution.

‘It proves to be quite difficult to obtain an ‘asymptdtic estimation of

Gll(B) for large B from the series representation. It can, however, be obtained

rather easily from the integral representation in Equation (18). The integrand

. Y . .
has brangh points at the roots of .the denominator

2

b +b/2

-zbbf cos Tz+zz =0

This equation has no real roots. If z = x+jy, the real and imaginary parts
. N . " . . " ‘ o

of this equation become - ) e . ’ aj




‘are used, the result is

upward and along branch cuts extending from the branch points parallel to

33
7/2 . ) - Sk
" b2+b"—2bb’ cqsh Ty cos Tx+x2—y2.f‘0” . ’
o S e (21)
bb sinh Ty sin Tx = =xy
The first of these equations is satisfied when
Tfix, y) =glx, ¥)
where”
4 2
f(x, y) = 2bb cosh Ty cos x+y
"2 42 2 .
g(x, ) =b b’ +. X 7
The functions f(o, y) and g(o, y) are shown in Figure 7 where ? = Ty. Since
f(x, y) < o, ) .
g(x, y) > glo, )
it is obvious that'the imaginary parts of the roots at
~f(o, y) :'g(oj y)
have the smallest magnitude, since the secoﬁd equation in (21) is‘satisfied

for all y when x = 0, This root then is the'solution of the transcendental

equation

’ 4 2
.b2+-b'2—2bb cosh Ty-y =0
If this equation is multiplied by 72 and the substitutions 4 "
b= (1-9p
. : W ,
/' .
y g N="Ty
f : .
cot ¥ = Th

2 , o 2 0
14(1-8)%~2(1-8) cosh 1 = (N Tan ¥)°

Where © is small 7 is given approximately by
] :‘5 cos ¥ o . uvff

The integrql in_Equation (18) is evaluated by defofming the coﬁfqur .

PR . » .
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the y axis. The contribution of the branch point at z = j 7)/T is evaluated

. ‘ 11 ;
by the method of van der Waerden ~. According to this method

IR 1/2

8 = J(3zen/T)
is chosen as a local uniformizer and a Laurent expansion of the integrand about
S =.0 is obtained.

211/2) a _
+a +a 8+ .

F'exp(—jk[b2+b1242bb, cos Tz+z
' 2]1/2 s o 1

[b2+b 2

—2bb’ cos Tz+z
where
V/-Z(Tbb’ sink ﬂ+¥)’ y/;)T[(l—é)'dot2¢ sink 7]

a1

- The integral ¢f the first term is
. 0 ‘ '
n 2
2j a_, e B T e Bs ds
‘ 2o '

\ -B7 T
BaaeTm Vg

-or

11 - - ‘
van der Waerden shows that"the remainder of the integral at this branch
- : BN

point is of order . g , B
. : ‘ BN ..
R=0(e: TR 3/2)
The exponent at the remaining branch points are larger than 1N/7, and the

" contribution of these terms may be neglected for B large. Thus, we-have the

result

T D .
— - ) (22)

8, (B ~ | |
' B p 5 X . .
= [(1=9) cot Y sinh N41]

Vs
|
Al
|
U
\




O N LN A

[NLR]

(i

‘and

" and the exponent is approximately

 is given approximately by _
. ' » 1 ps sin ¥
- : : AD = 411 ‘V a_
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(E,3/2 _ 81
e =P T

N/éﬂ[(l-é) cot ¢ sinh n+n] S (23)

B . . ¢

Neasin¥
T~ ‘

The factor A(8),
' 1

6y = = ' - .
A( )'_1/8ﬂ[(1'6) cot2¢ sinh T4N] . . h (24)“"

——— _—‘ -
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'4. THE.SOLUTION OF THE SEMI-INFINITE BIFILAR HELIX

" 4.1 The Modified Circuit Equation for the Semi-infinite Helix

The semi-infinite bifilar helix will be taken a8 two helical conducting
wires oriéinating:inﬁthe z'=0 plang;éf‘a-cartesianﬁpoordinaté system and ™
‘extending in the positivévz‘direction. There wiil‘be no conduciing structure

for negative'values of the z coordinate, and the structure will be considered

to be coincident with that.deséribed in the preceeding section for positive

‘values of the z {poordinate. The lack of'éonducting structure in the nega-
tive half-space forces the current distribution, I;(z), to be identically
zero there. ’Since there is no conducting boundary in the negative half-space, /

the electric field strength tangent to the null line in this space, E (2), reed

no ionger be zero. However,‘ﬁi(z) m@st‘be'identically zZero for‘positive Z.
The pbsitive'subscribt is used to indicate“a function of z, identically

ie*o for all negative z. The negative subscfipt denpt;s a function which

vanishes for positive z. | |

Equation (10); in this case, becomes
V(=2 = 3 bk G kz z’) sin Y 4 I1 (z) dz”’
] 1 l 2 dZ R .:.+ X .
. Y o ~

av, " 2 |
sin ¥ —2 - p (2) - 5Kt S G 0z, 2D L@ - &) I (29 daf
-0

dz
+-

where only one wire is considered. The potential V(z) is eliminated by

0

multiplying the derivative of the first equation by sin ¥ and equéting to the

éecohdvequafion. The result, after a si@p@e'algebraic mahipuldtion is

' R _H' ) - ' .- - ‘ ‘
= k/é“ E_(z) = vv-j‘”_zll(z z’) I1+ (z") -dz

u -0 . “@ ) L i

{Y'J’.‘ O

Py
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This is the modified circuit equation for the gemi-infinite helix. The ”

circuit eQua%ion for ‘the semi—infinite“bifilar hellk is obtained from Fhis by
"'inéluding‘the contribution of the second wire as was ‘done in Chapter 3.
” %o
”Repla01ng the expression on the 1eft ‘with. v_ (z) g1vps the result

o . 00
.V (z) = Jf Z(z-z?) 1 (2’) dz’ (25)
- L8 . " ‘
for the eircuit equation of the semi-infinite bifilar helix.
4.2 The Source Problem
The Fourier transform of the convolution integral Equation (25) is '
V,(B) = Z(B)'T (B) (26)

This equation‘contains {wo unknown funptions of B. Since the support“of

its transform RN

V:(z) is the negative z axis,
L ®
1 iBz
= - v
V_(B) = oo _‘w (z) e° "z

is regular in the lower half of the complex B-plgné; and since the support

of I (z) is the positive axis, 1ts transform

: . »
~ o1 jBz
I*.(B) " Sy f T{u(z.) e dz

is regular in the upper half of the comp>§k B plane It will be assumed

)
that V_ (z)uand I (z) are of decaying exponentlal order at infinity so that
The procedure for

their regions of regularity include the real B-axis.

solving Equation (26) used in .this study‘aepends upon facforizingNE(B) in

thé form T . ,’/. : ¢
n | ! >eai VZ#‘ ) ‘ A ) -
. zZ (B) .= 2:(—-)— s ‘ o ('2 7)

where Z (B) is regular in the upper half ~-plane and Z_ (B) is regular in the

By the Wiener-Hopf technlgge(xz) Equatlon (26) can be

lower half-plane. ;.

re -

. ’
l
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written Lo - , - ' o . ’ f“ .
Ve z® =T ® e 3@ N e

i

- If the factors of Z(B) have.a common strip of regularity including the real

B-axis, then each side of Equation (28) ‘must be the analytié ‘continuation of
the‘othér in its region of regularity, and it foliows that each side is an entire
function, J(B).b If this function has puly;omial grow?h at 1nf1ni}&,“1t.is‘é
polynomial, say”Pn(B), by Liouville's,theo%?m;‘ The féétorization"df E(B) is,
tnoﬁ unique because, Z+(B) and‘é;(B) may be multiplied ?y the same pblyhomiéih o
Qn(B), withPut changiqg”Equation”(27).‘

.To-obtain a unique solution of Equation (28) if is nécessary Fo dete;mine‘
the asymptotic behavior of the factoré at large values of Bx'_This is equi~

valent to determining  the behavior of I;(z) near the origin. In this problen,

this determines the source conditions on the current distribution.

The backfire bifilar helical éntenna will be fed at z = O from‘a balﬁnced
transmission %ine on ‘its axis. In the mathematical model conéidered here, the
transmission line and the wifes éonnecting it to the helix will be neglected,
and the current dist:ibulion I+(z) will start from some f1n1te’va1ue at the.origin.

‘This discontinuity in the current at the origin 1mplies an oécillating‘éoint
,charge distribution at the end of the wife. An 1n£1nifely lbhg thin straight
wire dr;ven ﬁy an oscilia{ing'ﬁoint chafée at its end has been discussed byl
Sche;kuncffls. The point charges can be considered as the source of the currents
flé&ing in the helical wi;es. They will be replaced ip the”physicél antenna by
‘theviransmiés{onﬁliﬁe and the connecting wires.

The disco;tlnuity.gn thé currenﬁjdistribution at‘the érigihﬂimpliqs thét

s

the transform IF(B) behaves as 1/B-at infinity. .The current distrgﬁ fion

“
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4 ‘ o o C 5 o :
I+(z)*c#g be represented as the sum of ‘a decaying exponential on the positive
/2 . . : B . ) X a .
z-axis starting'from“1+(0) and a function which vghishes with.some power of
Z for z small.and vanishes exponéntially for zllarge'A "

' ‘. ‘ =-az ra
_I+(z) = I+(O).e +f(2)

. H . 1 o
. The Fourier transférm of the first term is (B+ja) = and, hence, decays as

1/B. - Since f(z) is of order 2" with n positive for small z, its transform must
-(l+n) : o
decay as B ~ for B_large and may be neglected for large B when compared with
the transform of~the‘first term. Now, since
1.(B) ~ B/B
+.
and )
-B7 B.3/2

Z(B) ~A e =z ()

from Equation (23); it follows that

~ ~ ~ =37 B
T =T (3 2d)y ~ a8 20 /2
- "
Thus if %(B) ié factorized so that
ZL(B)”~,B

z (B ~ BT
AVB/""

[ '
Equation (28) becomes

Vi) z B =T®) z® =8 _ (29)

and the solution for‘f_(B) is given by

~ 'B
L@ = e . (30)

As mertioned before, the factorization of Z(B) is not unique, and.the factors

obtained here could be multiplied by & polynomial Qn(B). This would mﬁltiply

‘each expression in Equation (29) by the same polynomial. The result then would

be

i

——




an®

o e B ® 5 .
e 5 ) . , I,.,'-(p) =::—E;TB—)‘ Qn(p) = -Z:-—(-BT

. Thus, althdugh the_fabtéfizatibn bf_ikﬁ? is not unique, the solution for

.~ .
I+(ﬁ), based upon the source condition

I ()1 (0)

z—30 .
¥ .
is unique,

4.3 The Wiener—Hopf Factorization

A fuﬁction‘K(ﬁ) cah be factorized by.-theorem C of Nloble12 in the form
- KB =K &) K_).
provihed thgf KPB) is regular and non-zeroc in,a‘strip cogtaining“the real
ﬁ—axis_an& furthef thaf K(B) tends‘to +1 as thé magnitude of B becomes large

on the axis, . The required féctors then aré given p§ Céuchy{s integral formula

as
[ee]
K ®) = exp [2-7—173 i"—x-%)- ax], Su®) > 0
o B | (a1
9 ' ' ' - ’
K_ B) = exp [-2:11?3- flﬁl—x.é-ﬁ dx], 5m(f3)< 0
-0

SR

These functions are bounded and non-zero in thetr regions of regularity, and

they tend asymptotically to +1 along the real .axis, . This theorem will be

. used to factorize Z(P) after it has been properly conditioned,

-~ Some typical graphs of the funection

F A =G -] D oa® WP n (p G B G2)

T _ n odd 2 n even

% - " ‘f
4 Ty ‘
W 3




medium is slightly'dissfpative

. 42

“t

for'reél'valueé &f‘B are plotted in Figures 8 -and 9."InﬁFigure 8 the frequency”.

u

is-below the critical freguency (k<kc), and in Figure 89 the frequency .is above

‘the critical frequency (k>kc)’ _In the first instance there are three roots of

E(B)vqn the positive B-axis, and, of course, three corresponding roots on-the

'

_negative B-axis since Z(B) is an even function of B. The analysis given here

will be restricFed t§ tﬁe second case, wheée the frequency is aone the‘critical
value kg,and where‘théje is only.one_real réot, B; on the.positi&e B-axis.

The reason for this fés?riction”is gﬁe experimentally ;bserqed fact that
below the critical frequency a current traveling nge'cdrresponding to the
smallest root‘qf E(B) dominateé the current distribution. This result is shown
in Figuré 11 Qf Chapter 6. The dominance of thé contiibution»of this root‘is
explained by considering the residue of the inverse oftE(B) at these roots.

The fésidues are inversely proportional to the derivatives of E(B)'at its rqots.
The derivative at the smailest root is always smaller since the function is
1ogar%thmic in the vicinity of the two lérger fo;ts,‘ana therefore, its residue
is £he_largest. Above the critical frequenéy this robt has vanished and only
the relatively weak root at BO remains;

The branch points of E(B) at

Cn

K B=n, +Xk (n=4#1,+3,...)

all lie on the real axis. This makes 1t impossible to. factorize the

function Z(B) into factors with a common strip of regularity including

‘the real axis. This difficulty can be surmounted by assuming that the

'k = k
o

~ja s waf o P S

The location in the cdmpleva—plane of the branch‘ﬁoints and zeros of

Z(B) for a dissipative medium is shown in Figure 1, The branéﬁ cuts "

pom—e n o
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“shown are chosen to satisfy the conditlon

. D ) . } S Q ([ (B- n..r)z 2]1/2) - 0 y

B
(\

7 Y

1£B =6 +3N tﬁelequation of the branch 1ine is
| | (- = -
This provides a strip of regularity of‘E(éi of width 2a including the real exis.
The~functicn Z(B) can be written as the product of two factcre ‘
Z(B) = R(B) K(B) | o (33)
such'thath(B)'is noh-zere in the strip and tends to +1 as B becomee large.

The factor K(B) is chosen so that it cah be factored by Equation (31).

It is particuiarly chosen so that its function values are real over as much of

the real B-axis as possible. This allows a reletively simple estimate-for the "
magnitude of K;(B),to be obtained as shown in'Equation (41). The factor

R(B) remaining will be factored by -a variety of devices, These factors are

N

B*-B- WA 4
R(B) = A——-—--——m e T . (34)
3%-8%)
and ‘
2 .2
~ n/T /B7-k 1/4 ) :
k@) = ZE_o — @ G
3782 A ‘

Bo is the root of E(B) and the factor (Bz—Bi) removes the zeros fromAK(B) N

satisfying one of the requirements of Theorem C.. -The exponential factor

is chosen to give, the correct asymptotic, form and to be easily factorizablelz.

1/4 :
The factor (Bz+k2) is chosen to give ésymptotic"behayior like '31/2 ’.

) This.factor is ‘chosen because it is"real,qn fhe'real,B-axis. Thé term k in

the factor is arbitrary as- any other constant larger than ¢ would make thig' fac-

tor regular 1nside the str1p of width 2a. Wifh th]S choice of factors K(B) is

o real for real k everywhere on the real akxis except in the segments| B- nT|< k.

—

re

s
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These segmentg will be called the visible regions" of the real p-axis since
‘only this part of the Fourier spectrum contributes to “the radiation pattern as
‘is shown in Equatlon (4). '
“The functidﬁ K(B) is well behaved except a logarithmic singularity at
gl =+ 1+ N ) /

This singularity is intégrable in Equation (21), and K(B) can be fgctorizeg\
by Noble's Theorem C. ; r

4.4 Factorization of-the'Log-intégrable Function

If K(B). is rEpresentéd“in polar form
K(B) = M(B) exp [Jo(P)]

~we may write

B 1 ln M(x) + jo(x) dx
K, (B) = exp . = f —— ] (36)“
e _

The integral may be separated into its real and imaginary parts;

00 A ' . w' M(x)
In K(x) L ) M(B) dx
f——-—x_ﬁ. dx = ~TH() + f——E :
00 ) -0
(37)
o b ~ b
+3(T 1n M(B) + f (X)x-p B) 4y
—w - . "
* The imaginary paft of this integral givos the magnitude of K+(ﬁ),
| % by - ¢ : |
~ 1. ) " %@ ,
IK+(p)| = AM(B) exp Gr f Tpp— qx'_\ . (38)

—~00

and the real part gives the phase. The computation o” phase involves the
evaluation of an infinite integral while the magnitude is glven by a. sum

  0£ integrals over the visible range only




" a8

» nT+k

g - o
‘f —S— dx =X - q{i ) dx
-B n=-c0 x-B

=00 - nf-k

‘ where the 1nLegra1 over Lhe range Lindlnlng B is understood in the sense of

[

the cauchy principal value.

HTo show that the contributi;n to the phaée integral of all terms except -

- for n4=h+'l, the followihg.estimate of the phase is obtained. The relativeAsiZQ“~

of the phase values for n=l and n=2 can be obtained from Figures 8 and 9.
The functlon Z(B) may be wrltten

Car?Z) =& 2— (B)

‘n odd
where . v
(Bz—kz)In(b/yn)Kn(an) \
}’ (B) = ! ) (39)
2 ’ ’ b
” . —5_9_032\41 [T, (YK _,(by)+I (b yn)Kml(bynﬂ

2

W

If B is ‘in the n-th visible range the n-th term of this series will be complex

= - f 2; 2 ‘ 7/ : ‘
2%n(8) = 2(8 k )Jn(b yn)[Nn(byn)+JJn(byn)]
P / - . ;
2 .2 In 1b.Yn)FNnél(an)+JJn—1(an)1 :
+Tk cot™Y N ’ - (40)

c ) "_‘
‘ Jni-l(b Yn)[Nn+l(an)fJJn+l(an)]

where
2 1/
Yn:.[k,-(rs—nf)z] /2

For large values of n the first term dominateé, and the phase of‘?a'is given

by

1 J,(by) (1B-nT| < k)

B tan’ ~ o "’
Nnﬁbyn)

"~ which is wellAappfoximated with “the small argument-fdrm,pf the Bessel functions

AN
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when
. k cot ¢'< < ot

The result is

To

7y ¢n"(ﬁ) ~ [(— -n 2 (k) ]cot? kIJ

n'(n-l)'

which tends toward zero véry rapidly when n increases, . The 'remaining terms

of the series, being positiveureal, increase the real part of the function in

_the visible range thus making the phase of the function even smaller than the

phase of the complex term
The phase of K(ﬁ) is. the same as ‘that of Z(ﬁ) except for IBl < B Here

division by ﬁ -ﬁ makes K(B) positive where Z(B) is negative Only in the

‘range (ﬁ) < k is there a non-zero phase contrlbuted to K(ﬁ) “by the exponential

7

factor, :Therefore, the phase 1ntegral will be approximated by

0 .
f () gx j ‘ dx n=-1, 0, 1
X .
-0

If P is in the range (t-k, T+k) the-integral in that rahge is written

T+k 4k

f' L+dx+¢(ﬁ)f x'—fgflx

or
T+k . , . A
x) - 6®B) ' SrTekBY "
pr dx + ¢(ﬁ) ln‘ (B:;:E) + J”¢(ﬁ)
T-k N

"Thus the magnitude of K {ﬁ)_is given. approximately- by . o

‘ ﬂ 6y Yrik ' , -T+k: A
|K (B)I =¥u@) (1;+:; , L(—- exp —— f L-g‘ f 2%-— dx+f Q
- ” - e Y

a1y
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"Th; magnitude of K{(B) is gi?en'by two in%egrals over a”finite ;gﬁge oo
while the computation of phase";nVoléesthe,evaluation'bf an infinite integral. =~
"The integrals of these funpiion; are not known in clbsed{fofm, ana they must
‘be evalugted"by numerical teﬂchiques. It was decided to evaluate only the
ﬁagnitude.of’z+(8) for thismfeason,zané»also becaﬁée thié‘is sufficient to

1_determiné the magnitude of the radiétion pattern,

4.5 Factorization of the Remaindér Function
Siw%é K;(B)_tends toward +1 for large B, the remainder function
I} g B - ! , - " ) .
T T e
; : . 2 .2
"/ N - n 2 B
l. R@B) =& 2B exp ( - 24/ B%-x%)

) R : e (8224

-~ must be factorized to give thewdesired‘asymptotiC”bchavioru " -

. R (B) ~ AB
A A

In‘addit;on, R;, R and theif invgrses‘must be regular in the indicated half
planes. -

The zeros (fBo).Of R can be a551gﬁed to the appropriate half plane by
considering the medium to be slightly dissipative

k = k ~ga
o]

)

The root Bo is a function of k aﬁd“can_be expanded in a Taylor series about’
ko. The change in B dué to the assumption of a small loss, correct-to the
), o . :
first order in @, is given by
B

B +jN = B -ja go°

o™ o Ik .
Since Bo increases with k, as seen in Figure 6, the root at +Bo is shifted

to the lower half plane by a small loss, and thus, belongs to R+. Similarly,

the ertvat‘-Bo ig a root of R .

The expfnéptiél factor jof R may be factorized by a method due to
. o : b wo s

- e
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W S Ament given in Noble ™,

By this method, the radical "in the. experiment is written in the form

AR B e

where the first factorliS'entife, the "transformation P = k cos § i used to .

remove the branch points of the sebond factor

1/2

) 2 .2 y 1
e= ¢ = 5ome

As shown in Figure 10, the branch boint at P=k is in thé lower half plane and,

utherefofe, must be assigﬂed to g+. This branch point corresponds to ‘the

pole at ® = 0 in.the § plane, " Therefore,

oty e o 70 ' , 9
€8 Y8 = JT sin © ' J7W sin O

is the required separation of g, When these functions are transformed back

By VB2

k
mo/BE-k*

to the'ﬁ-plane,

T+j 1n

g_B) =

has a branch point only at P=k and
o Pey PRk
-j ln ——2-
k

T ’/ﬁz-ls,z—

has a branch point in the finite ﬁ—plane only af P=-k, The factor of the

g B) =

exponential function,- that -is regular in the upper half plane, then is
2 2

1 By Bk

n-—"—i—f—

exp e et o e T +»J

This function has unit magnitude for all negative B less than -k,

The remaining factor of 'R, can.be written B-jk

A

(a2)




1. : _ i B-—jl\lf/‘:‘lvg;
2. 1/4 T
(Bz k) / (B Jk) 1/2 B+Jk} “

BN

The pole-in the flrst factor is in the upper half planq so ‘this factor is -

" part of R . The contnibutlon of the ‘second - factor to R, can be obtained by

Noble's theorem C as in Section 4.4. If ‘this factor is called G, G_;_ is
given by ’ . S ' S
-1 x

h 1 cot ~ = ’ '
G_‘_(B) = ‘exp (4’”_ k dx)- ‘ (43)

x-B

and its magnitude 1s given by the prineipal value of this integral.
The - magnltude of the remalnder function then is the product of Equation "(42)"

and Equatlon (43) w1th the zero at B. This may be written explicitly as

‘|R+(B)”|=IB-B-O| |exp[-NVBZ-1" (m+5 1n BrABZKD)] expl - 3= "P‘T' cot™!
. B T o L "—‘k‘__u .

% FB

dx_] ;

(44)

L S

v

The method used for the numerical Etvaluation of ‘Eduations (41) and (44) is

"discussed in the next chapter.
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5. EVALUATION OF THE SOLUTION BY NUMERICAL ANALYSIS
- .- B A .

. 5.1 The Quadrature Formula

A Gaussian quadrature formula 14 is used in this atudy to evaluate the

integrals in Equations (41) and (44) It is used because 1£ offers a,potential

Naccuracy comparable to other avallable quadrature formulas while using only

half as many ovdinateei This is an important consideration here because of the
complexity of the integrdnd, Ir selecting a particular Gaussian quadrature
formula for an integral of the form

b

,,I'=.f w(x) £(x) dx.

d
attention must be given to. the welghtlng functlon ﬁ(x)
For the welghting function wix) =1 and the interval (- 1, 1) the Legendre-

Gauss quadrature is used, This quadrature formula has been well'tabulated15

.and can-be easgily instrumented, The error function for this gquadrature

formula is

22™1L gy (2m)

Cem 1) zm ) £ (@)

where { is in (-1, 1), The integrand in-Equation (41) behaves as

~ 1
) T Tacic®

as x -approaches -1, The first derivative of this function and all higher

derivatives are unbounded near the end points of the interval; Since-{ can

be any point in the intervai, no bound on the error of "the quadrature formuls

" can be obtained,” This situation could be corrected by using the weighting

- function - C o i v

o
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A

in a small region near the endpoints of the«intervél (i—k 1+k). _ I
The use of a 1ogarithmic weighting function near the ‘end points of ‘the
@' :

interval would require the construction of a new set of oéihogonal polynomials

6n the interval of integration. This involves the moments of the weighting

e .
- - i . _
function which must<be evaluated in terms of theuexpdnential-integral functions.

Since this difficulty is caused by the behavior of tne'insegrand near“the endpeints
of integration, and since the contribution of the end regibns to tﬁe integral .
is'ebviously snall,'it was deéided to nse-a.sixteen point Legendre;Gauss gquadra-
tnre. Altheugh no“bound”can be set for the errer of this quadrature formula

it ig reasonable to expect that the error wili be small.

5.2 The Statement of the Problem in the Form Used by the Automatic Digital Computer

In preparing a problem for Antsﬁatic digital compufation, greatest attention

must be given to the nost frequent computations in the program. The Legendre-

M

' Gauss quadrature of the.integral in Equation (41) can be considered as controlling

the program from the point of view of’running time. This is caused by the
compararively long time required to caiculate‘the eighteen Bessel function
values required for each ordinate point. Since the quadrature poinfs do not
depend on the particuiar values of B for which ihe integral is evalueted, it

was decided to compute the ordinate values in a separate program called the

"table generator". This program computes the function in Equation (17) subject

to the approximation in Equation (19) at each of the sixteen quadrature points

“and at the thirty-six observation points given by

B = T+k cos 8
) . . . . - &
where © takes on increments of 5o from 50 to 1800. If F(E) = —g— Z(B) is used
. - T

to represent the approximate form of the bifilar helix determinantal equation then

samw . maws  wmsk WS SN as suse ubhd PEaR - ‘..

%
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rd 2z E - Ky g - B, (B)+B, B . (45)
Tt T L2 2 o2 TL-17TT 4L : _
. ~B”rBz 2 1-ye i | yaé-jx -x. 1 ‘ . '
S mx = - =) [ln (=) 42 (——— +vye D] o
-e TZ_ T2 liye™ x . .3 : ‘ . )

. - Asin Y sip"¢’
2 ’ ya -4x "
=k cot2¢ cosh -x [1n(1—-y2 "2y Lo +;y2'e'2x

12 e

with i=+1, +3
. - ¥

1

is the expression used in the machine computations, where

) © 1 1

*=%in ¥ sin V7

_ cos‘¢/ (l+sin ¥)
Y = Cos U (1+sin (T3

The input data for the table generator is the normalized frequency ( =x),
the cotangent of the pitch angel $ and the relatlve wire size ©, The constaﬁts

x and y in Equation (45) are then computed as are those functions of these

constpnts not depending on B, These are stored for use in the later calculatidns.

The eight roots of the sixteenth Legendre polynomial in (0,1) are then used to
compute the values of F(B/T). in the range 0, 1-k/7). The results of this:
caiculatioh together with the sixteen.guadrature poiﬁts‘and thirty;six‘
observation points in the range (1—k/+, 1+k/T) are emitted on punch cards fbr
use by the subsequent integrating program. This program also finds the zZero,

5 )

"o, of F(B/T) that must be used in the subsequent calculation.

T . . .
The zero seeking routine used,in this program starts with an‘iﬁitial value

of the argument increment size, and direction of search. The increment size is

doubled at each. step uﬁtil the function values change sign, - When this occurs a

second approximation to the root is obtained. The value of the function at this

-approximate root-is calculated, ahd-if it ;s’larger than 1df6, the search is again




A

it

ey

initiated toward ‘the trhq‘root'location with an indrément

as the last inciement used. Thié pro

‘value at the approximate root is suff
“ .the increment ‘becomes. too small to mo
i thané;ne in the eighth significant fi

con

The sécond and final program in

I (-T+k cos 9) using the tabulated da

. . o .
For each value of 9§ in 5 increments,

6 . I

one tenth das. large

ciés continpes until either the”function“

(

ilciently small (less than 10~6);Jor until

dify the argument of the function_(Iess» =

gure) .
the set computes I+(T+k cos 9) and
ta provided by the table genefatori“

it. computes the follbwing.factors.

o p -
P (0
o .
1 B<k
Po(e) =91 T
e T [ B>k
) E 2 cot”! (%) : p
<p2(9) =e - Vo ./ ———;:B——f “éx . l
—mv
' 1/2
F(B/T) 2 2.1/4 [B.2_ k.2 ;
P (0) = (/l——-——g—————— [/ +(k/T)7 ] e A -2 |) .
; (g/mr2- o) ST \
- LS &
prr | g
P (e) =e T 1--: x =B/
where ; g = 14> cos O

The constant po‘in the first fac
and is supplied by the table geﬁerato
- integrating program at 5 increments

rection of observation of the antenna

as the contribution of the higher waveguide -mode, whose propagaﬁipngconstant

is p;; to the radiation pattern, The

§

tor is the one positive real root of z (B,
r. Thef#ariable‘ﬂ is- generated in the
in the polar angle © corresponding to di-

.. The“fifét factor can be interpreted

next two factors, Pl(e) and Pz(e), are-

|
| |
) %g_,' - o |
. . '
|
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1ncluded to insure the proper asymptotic behavior of Z (B) ‘and consequently of.

T (B). The values are generated 'in the 1ntegrating program independently of the
B . \\7 .
functron values of F ( ) supplied by .the table generator. ‘These factors have

relatively little éffect on the Value of I (B) 1n the visible range.

"

The last two‘factors, Pa(e) ande4(9', exercise primary control over the
shape of the radiation pattern. The”fackﬁr P3(6) depends primarily upon'the

. magnitude of F(g) at the observation points. . Pd(e) depends upon the phase at

o

the observatiOn points es well as the phase at the quadrature points. The
.(\

1ntegrating routine obtains the real and imaglnary parts of F(—) from the table
"supplied by the table generator and converts them to polar form. The magnltude--.

3

P . - . —_— . i
4 . ‘ o )

is then used tp compute P_ while the phase is integrated to obtain the value of
"The‘producﬁpef these factors is taken for the magnitude of Z+(Bl. The

inverse of therproduct is then interpreted as the pagnitude of.the Fourier
”speelrum of the currentidlstribution The vector pptential for the baekfire
blfilar helix results when the current spectrum is multiplied by the function

3 cot ¥ sin 0)

o'T '
.es,lndicated in Equation”(sj. The radiation pattern can be eemxmdfrom this
as indicated in éhapter 2. Radiation petterns'were computed*for.a range of
pitch angles, relative frequency k/T, and relative wire sizes 8, .The results
of these computations are discussed in the next section where they are compared

\
with ‘experimental results.

=
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v 6. EXPERIMENTAL«AND”THEORETICAL‘RESULTS I

6.1 The Experimentsl Study

- The study of the bifilar backfire helical %ntenna:was started as part
. . , L . .

" of a larger investigation of the pfopertiés of periodic~rad1ating”5tfucturés.

This investigation in turn was started in an effort to learn more .about the

behavior of log-periodic antennasle‘ls'

If this connection it is.suggested19
that ﬁhe properfies of a 16g-peri§diq structuré, asda funct;on of distance
‘from the apex, ére related fb those of a periodic Structufe whose period is
givepkby the local péfiod of the log-periodic sfructure. In this sense the
bifilar helix ig an aﬂalog”of thé two- arm equiaﬁgglafAspirai antepnals.

- The portion of a 16g—periodic antenna, neérest the féed boigt at or near
the "apex of the strucfure; acts as a tfansmissidn line carrying ﬁhe energy to

thevyarger portion. The enérgy is carried to the so-called "active region"

of therétyucture whose position and size varies linearly with frequgnéy. This

region is thbught to be primarily responsible for the radiation.from the antenna.

Beyond this region, .the current decays rapidly. These characteristics of "the "

‘log-periodic anfenna are observed for the bifilar helix when the variation of

distance from the apex is replaced with a variation oflfrequency.

The operation of the helix as a waveguide is discussed in Chapter 3.

There. it is seen that the propagation constant is given approximately by

B = k/sin Y

until the-edge of the visible range is appr0ﬁ¢hed. That is until

. i )
This equation defines the cutoff frequency orvcritipal frequency of the

principdl waveguide mode of an infinitely thin helical conductor. This critical

-—

.

A




frequency, normalized with;;espectAtdjT; is called X tolavoid éonﬁgsidnfwith ;

the critical frequency for a finite size heiicai,cquuctor.' It fs,gi?enn

exhlicitiy by
' " ’ _ gin ¥
B l4sin ¥

The critical frequency marks the boundary between the frequencies for which -

the héiidal‘stfucture”is primarily a waveguide and-the frequencies for which

it i¢.a useful antenné.

Several models of"the.bifilar helical antenna were constructed for a
' ratige of X between 0.05 and 0.4, .The physical dimensions of these models

are given in Table I. These aré based‘uponwa frequency of 1.5 Ge, - The

59-

L4

)

pitch of .the helix is determined from the wavelength at the base frequency by -

p=XA
The pitch angle is given by

Y= sih-l(-i_jxy—).

and the mean radius of the helix is given by

b =i Ty

47)

(48)

(49)

The waveguide'operatibn’of these models was.studied by sampling the fiéﬁds

near the antenna with a current  loop moving parallel with the axis of-the helix.

A typical amplitude response of this loop as a function of distance from the

oy

feed point is shown in Figure 11. The antenna was fed by a balanced two wire

line. Below the critical frequency, the propagation'pbnéténf.of the waveguide

M

mdde can he easily determined by fhe'standing_wave on thélstructure. The propa-

gation constants measured in this way are shown in Figure 12. It 1is noted that

" . thé cutoff frequency for each of -these models is somewhat below:Z:due to the
_ AN S ; ‘ . : -

_finite wite thickness. The cutoff -frequency for the models tested in this investi-
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‘Table I T .
s '_The Phiysical Parameters of the Experimental Models of fhe --Bifiléi"Helica‘l Antenna
= oo : « . . : : : g L ‘Relative* . Pitch Anéié
- ~ Code Name . X Pitch p(cm)  'Radius b(cm)-  Wire Size 6 ¥ (degrees)
- ‘ BBH-~1 0.1 2 2.663 . .0227 .. . 6.38
BBH-2 0.15 s " 2.847 . .ozaz ¢ 10.18
z . o BBH-3 0.2 4 2,465 . .,0262 ' 14.49
BBH:4 . -0.25 5 © 2.251 T o287 ;719,47
BBH-5 0.30 6 2.013 . .0323 . 25.37
BBH-6 | 0.35 ° 7 . 1,743 - L0371 - © 32.60
: P _ v _ . . !
BBH-T+ 0.40 - 16 2.85 0226 41.82 '~\ ]
N
*No. 16 AWG Tinned copperwire. was used in the construction Qf‘ the models. |
;\ . v " " - .-
\ +The base frequency for this model was changed from 1.5 Gc to .75 Gc for
mechanical reasons. : ‘
“
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- gation is plotted as a function of the pitch angle ¥ in Figure 13; where it is

6ompareq with X, the normalized cutoff fréQuéhcy‘for an‘infinitélylthin wire °
" o o o o : ’
: W

I . .
. e W, o

‘modél.

i

" 'An utiusudl feature of the standing wave pattern of the waveguide mode on

N . ) W )

the bifilér helix was’notéd duriﬁg the_course.oflthe measurements. The apparent
" guide wavelength increases with frequéncy from a hi;imﬁm.at Zero frequency equal
to'the pitch~0f'fh? heli§ to.a maximnm at the cutoff fréqggnpy, the ma§%mum
‘being somewhaf less than the freglspace“wave'lengfﬁ. This indicates that the

principal waveguide mode on the bifilar helix is a bgckwaid wavé. The‘phase

' constant decreases with increasing frequency, and therefofe, the phase velocity

" and the group Velocity must have opposite signs, The group velocity must be

- directed away‘frqm the feed point (i.e. in the positive direction), therefore the

i
o

pHase‘Vélocity is in the negative diréction as indicated in Figure 12-
| Th% measured results in Figure 12 do noﬁ'seem to ‘agree wifﬁ the calculated
reéults"show@”in Figure 6. However, Figure 6 gives the phasE progression of the.
current along the héiical conductor, while Figure 12 gives the phase prégressioﬂ
of thé near fields of the hifilar Helix. The results of Figure 6 agree with the
results of Marsh5 fof'phése;measurements along the wire, When measurements

o : W
along the helix‘parallelyto the axis are made, an additional phase Ehift of 27

)
radiang per turn is observed. This is the expected result since the feét‘
probe is now moving from one conductor to the other as it tra&els along the
helix. At zero frequeﬁcy therefore, the phasé‘changes by T radians as each

- conductor 'is crosééa. From another poiqt‘of ;iew, thé additional 27 rédians
of phase shift resultsuffom“the rotafion'of'a tangent to“?he helicalnconauctbr;
as it moves along a turn o the helix, ”

.

It is seen in Figure 11, that above the cutoff fréduency;kfhe standing wave

"
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propagation constant and is plotted in centimeters. ' The first curve shows that

. character above the critical frequency, kct

t o

“a Y . S : . "

! . . : ’ v '4 v . ) " ‘ 65

‘lias vanished and is réplaced'by a decaying amplitude distribution. As ffquency

is increééed furthér the rafe'of decay inqreases; This is showh'fn'greater detail

" XY

in Figure 14. At these higher frequencies,. a standing wave distribution again
appears with a maximum amplitude about twenty decibels beldw the input level. This
is ‘the higher order helical waveguide mode, The excitation of this mode increases

with frequency from a négligiblq level near the cutoff frequency
. Y

of the.prinéipél
mode. The development 6fAthis mode places an upper lim?t on theyfreq;enciesvfdr
which the bifilar helix béhaves.as a backfire antenna.

Phase measurement s made in tﬁe near field above  the cutoff frequeﬁcy aré

shown in Figure 15. In this figure the phase .is normalized to the free 'space

the phase is leading as the probe moves away from the feedpoint. ' The first

‘curve, slightly above the cutoff frequency, kc,”shows‘leading phase over most of

the 1ength46f the structure. As frequency is increased, the diregtion-of phase

progression near the end ofqthe“structure changes and is away from the feedpoint.
The point at which the phase progreésionvphanges from leading to lagging moves
near to the feed point as frequency is increased. Thig corresponds to the N

point at which the feed region currents have decaYed_io the level of the higher

order helical waveguide mode.

The near field phase”measﬁrements indicate that, aIthough they do not
correspond to a proper mode, the feed region currents have a backward wave
~This leading phase characteristic
persiéts as «long as the_f;ed region currents are dominant on the'strﬁctﬁre.

On the remainder ofi!h;'structu¥e the higher order waveguide mode, with its
lagging phasé or forwara wavé characteristie, AOminaées the current distri-

bution, The fact that in the feed region the direction of nhase progression

A\
- il
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- is toward thé feedpoint, 1s copsistent with the "backtirfe" radiation of the

‘bifilar helical antenna, since an antenna tends to radiate.in the direction of

i Hk - . ‘ the pha§§3prog§ession of current.
. - _ “‘The~measured;radiaﬁfﬁh’pattergs for the wackfire pifilar helical antenna
4 are presénted in Figure 16. Thé{pat}erns.are plotted so thét-théip cen;ers ﬁ
. . o e . ol o
give the helix r;dius and pifch in waveléngtﬁs at the ffeduency for wﬂich the
V patterg was‘measﬁyedh Two curves are”alsf“provided for“referénéegt%vphe.
Brillouin, diagram for=thé bifilar“hélix“ The curve ”. _—
. . " . ) _ ) i]"," .. .
- : . : RN :&&:E,Biﬁ .
o . . - 27 .
E ) L gives the'fredhénéy éf wﬁich thefpropagétion constéﬁp‘asymbtotg
| B = k/siﬁ'¢
intersects the edge of the visible range given hy
B = T-k |
" This corresponds ta the -cutoff fféquency of the principal mode on a helicél
Qavegulde with 1nfinifely thin conductors. The curvé |
‘ b /2 o
KNETT T
gives phe frequenqy»at which the propagation constant asymptote intersects
the-édge of the visiblé fanée given by '
hl B - Tuk )
This curve is given by Krauszo as the upper;frequency limit for beam mode
, operation of the helical éntenna,f The range ofﬂﬁarameters for this antenna
givenvgyﬂxiags 1s indicated by gﬁe broken line |
“ The criticél frequency'cahube»determxned by studying the radiétion"
vpatterns shown in Figure 16. As Lhé.éritical f?equency is approacﬁed from
gbove, the pafterns“ghowleCreaélﬁgbdirecLivifycchgracterized;"jﬁ‘éénerai’.bthk
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a singl@)ldbe withtlittle or no ;eqdﬁifé"“}adié%ioh Lrﬁback lobe[ Below the

” ’ ”critical frequency, the patterns have maﬁ; lobes and the pattern shape changes ;

”(g ‘ : . rap;dly with frequency. g?yis Jndicates'the“stqndihg wa:e current/disyribution

‘on the antenna. As the‘frequenéy is'increased the patterns tend toibroaden and,

“for larger pitch angles, tend to form a split peah. This is" due t&“twouefféqts;"

oo

oK first, the phase progression in the feed region tends to become faster than light,

‘and second,” the rate of current decay in the feéd region increases, decreasing

the effective aperture. The splitting of the main beam is not observed for
3 - g a4 »

smaller pitch anglgS‘becaﬁse the effective aperture is too small to form‘uistinct
beams. For the larger pitch angles, the'rat; of curr;nt‘deqay is smaliér, and
the larger effective aperfjure cén produce a Wéll;defined beam, 'This result is
consisfentYWith Equation (20) where'itiwas shown that the coupling of the

antenna current to theAradiated field is controlled by 6/sin ¥, Since the

W,

relative wire size O ‘does not change appreciaﬁ%& over the range of models ﬁested,
the decreasing pitch angle serves to increase the coupling and hence the rate of

current decay. : o ‘ .V»"

6.2 Comparison of Computed Patterns with Measured P Patterns

The effect of wire size 1s not shown in the experimental résults of this
study, but 1t is illustrated in the computed patterns shown in Figures 17-23.
#
.The patterns for the largest wire size (5 0 2) show the least var1at1on w1th

R : B o
‘Vf%equency. The patterns for the smallest Wire size (6 = 0.002) have the,greatest A
) o ’ ‘

directivity near the critical frequency, but tend to broaden faster with frequency.

It can also be seen from the computed results that a'change in w{re size isnmof§» N\

‘effective in chang1ng the shape ‘of the radiatlon pattern for larger pitch angles.

(\This agaln indlcates the dependence of the performance of the backflre b1f11ar

\

' 6 . o N . ‘ ) T
‘hglical antenna on | /51n $,
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‘k/x =.1400

" §= 1400 Mc

‘k/r=.1500  f=1500 Mc

k/r =.1600

f=1600 Mc

k/v =.1700 f = [700 Mc
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k/¥ =.1800 - 151800 Mc
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38=002 ———
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Figure 17; Computed Radiation Patterns for BBH-1
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f = 1400 Mc

k/r=.0933

k/x =.1067

f = 1600 Mc

k/e 1200

f= 1800 Mc

_ Figure 18,
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Comput”éd Ra’diitati‘bn,Pai:terns fbori BBH-2
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f=1500 Mc

" Kk/¢=.1200

k/v =.2400

f =1800 M¢

k/r =.2266  f = 1700 Mc

BBH - 3
. = 2 —— e

& =.02

'8 =002 ———

| Figure 19.. Computed Radiation Patterns for BBH-3
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‘Figure 20. Compu;gdﬂﬁadiéfion Patterns for BBH-4
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. Figure 21. Complted Radiation Patterns for BBH=5 -
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Figure 22. _ Computed Radiation Patterns for BBH-6 .
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. Figure 23. Computed Radiation Patterns for BBH-7
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= . 0n$ pattern vas computed for each of the antenna models for the normalized

)({/ ’

o ’ freque(

v j{- o . - . . . : ¢
‘ v. N . o e
b ) o

i : ThlS corresponds to’ the model frequency ‘of 1.5 Ge. One pattern was computed

e for a frequency one hundred megacycles below this frequency, -and three were

v ! ,{{

computed in-increments ‘of one hundred megacycles above this frequency. ' It

was considered desirgble for uniformity to use the same wire sizes for the entire
% '

“j i ”nge gt antenna parameterso The value (6 = 0.02) was chosen as a convenient -4,

. W -
) number near the values obtained for the experlmental models. Wire sizes of.

‘\ one tenth and ten times this value were used to show the effect of wire size
. N \\‘ N N

gaon”thefperformance of the antenna., *’

: @, v “ The computed patterns for the wire size - (0.02) are compared with

measured patterns in Figures 24-30. The agreement between the measured patterir
P » and :he‘computed_patberns is good in the marn beam. - There is a‘considerable
difference in:the shapey of the computed and measured patterns im;the,direction
of the structure (bacﬁglobe). The. radiation in this direction is controlled
by the length;of the helical antenna in the manner described in the next
‘chapter. In this chapter wevwill limit our discuesion to.a compariscn
between the main beams of the computed and measured patterns,

"

In the patterns for BBH-1 , Figure 24 the agreement between the computed
and ‘measured patterns is quite good. Tne relative wire size of the experimental
model & = 0. 0227 This does not differ much from the value (6 0, 02)’used in
the computation. In addition it can be seen in Figure 18 that the Shape of

”the radlation is little dependent on the relat1ve wire size, "F°? BBH-Z through~

BBH-6 the relative wirensize”increses " and the agreement between the measured

"pattern and the patterns computed for 6 = 0.02 becomes poorer. 'The agreement is

W
"
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k/r =.1400

§ = 1500 Mc
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f= 1400 Mc

k/r= .1500

f = 1700 Mc

k/r =800 . f=1800 Mc

k/v =.1700

BBH - |
MEASURED PATTERNS

" CALCULATED PATTERNS

Patterns for BBH-1

‘viFigure 24, Conparison-between, Measured and Computed
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k/r =.0933

e

1400 M

“k/t= .1000

f=1500 Mc

k/t =067

L}

e

1600 Mc

K/t =.1133

k/x =.1200

£= 1800 'Mc

(]

€ '
BBH —2
\ ~

MEASURED PATTERNS

CALCULATED PATTERNS

f=1700Mc

I}

‘Figure 25.

- Colmparispn betWeen Measured and: Computed

Patterns for BBH-2
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k/r=.2266

f = 1700 Mc

k/r =2400

f =1800. Mc

BBH -3

MEASURED PATTERNS

CALCULATED PATTERNS

Figure’ 26.

ébmpariéép‘Bé%W§éh
. " Patterns for BBH-3 -
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f= 1400 Mc

k/¢ =.2500

k/r 2833

f= 1700 Mc

Wr +.3000

f=|aoo*Mc
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MEASURED PATTERNS

_CALCULATED PATTERNS. |

N Flgure 27.
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k/7 =.3400

BBH -5

ME%ASURéD 'PATTERNS

CALCULATED PATTERNS

| &/ =.3600

f = 1800 Mc

Figu_re 28, Compafiséfi" betWe"en‘vMe‘a'suredl and Coinput&i‘“

Patterns for BBH-5
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Figure 29.. Comparison between Measured and Computed

. Patterns for BBH-6
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5est for the lower fr;queﬁqies wherenfheureiatxve-wire si%é‘haé less coﬁf;o} L -
o@errtheApatférn Shépen~ Tﬁfymeasuyed and computed. patterns show the gre?£ést .
differenceufor BBH4é where.fhé relative wire size (5 = 0.037) has its‘largeséu

value. When BBH-7 was constructed 1t was found that - the polystyrene foam core

0

used to support the helical wires had insufficieni strength when sized -for the
désignvfrequency of 1,5 Gc The design frequency was changed to 0.75 Gc,

This doubled the radius of the helix and halved the relative wire size to
S ‘ ) ‘ ) . . i
% = 0.0226. This 1s evident 1n Figure 30 from the improved agreement between

the measured and bomputed patrerns.
- Computed values of the axial ratio on axis in the main beam are shown in
Fi%ufél3l." These are obtained from Equation (6) - .

5

L ' . 141
; . . T l-r a o ) o S

where r is the ratio of the right-handed and left-handed circularly polarized

components of the radration pattern given by

1K) " o ‘ //

. \Y . oy .
The axial ratio is-best (nearest unity) at the Towest operating frequency.
[
These results are comparable with those obtained with the helical beam antenna.

" The comparison of the measured patterns.aqd the computed paiierns, allow-
inglfor the differences 1n felatxve wire sxze{lsnows that tﬁe malin beam radigtiﬁn '
péttefn_is prediéted“bynthé caicg}aﬁions outlined 1n»Chapter 5 based on the o
theqry of Chapter 4; This fheory 18 b@sgd upon.an infinitely loné antenna. The

effect-of’ the léngth of the structure accounts for the difference between measured

and computed-regults as described.in the next section.

6.3 'Endfire Radiation from the qukfiré"Bifilaf.Helical Antenna” -
" The éndere_réd;at1Qﬁ £;Qm the backfire biﬁilgx helical antenna is . Slze

. . PN . .
N ‘ RY - 8 - AT T .

W 3 . ) ' \%
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' At‘the same, time
“as k increases.

'f}‘to B because (B ~-k) is too large

‘For vanishing a,

o ‘ ,
- L.

controlled by the roofHBo

'

apparent phase constant as one travels along the wire and as one travels along

the helical axis.

wave of current traveling along’the bositive z—axis from the origin.

—(JB @)z
" 0 0
I=

. The pattern produced by this»distrigﬁtion is

o ', ' —[B’ik cos
PO) =1 !' e 2

e

-31;

rd
B -k cos B-jg
o,

i «
<
‘

-

. o]
. P(O) o=

W

-k
o

{ ~ ,
residue is inversely proportiénal to the slope of Z(B) at B

T A . Iy .
shows that Z(B) has a_logarithpfc singularity at B =\\1k

of- the determinéhtal equation;

T

z >0
z.<0

T+k, the case for kynear k., the slope of Z(B) aL.B

small,

(B k)

.

Ny

. &

- ’ \’“ - L e e ~Y !
In this equation Io is proportional to the residue of I+(B) aﬁ&B =

Values

B

" When B

-1
is very 1arge when k is - near’ k

As k is 1ncreased the slope of Z(B) at B decreases an

\\

“

K

A
is ve;y/larpe

@

‘and decreases rapidly

“of this root
for the parameters ﬁsed in the pattern célculations are shown ln Figure 32..
L S g’ T o
In' this figure the normalized values of the root —%— 3 72 - 1 'have been

shifted to the rlght one unit to account for the difference between the -

Thus zero corresponds to a 01rcularly polarized traveling

S
of

the magnitude of P(O) at 8 = 0 (the endfire direction) is

Figure 10
is close to
“and I

!f\ 1ncreaaﬁg.

The computed patterns for B%?—l and BBH-2 show no radiation due

At the‘otﬁgr end,of the range of'paremeters;

A

¢

—
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"padlation”due-to B

B\

920

BBH-7 shows little: radlat%on dué toc, B becauee I \13 small “The effect-of
<y

relative wire size on thls phenomenon is shown An the patterns for .BBH- 3 :”4 W
‘ : : Y

Flgure 19 In this figure the curve for the largest wi”e syZe (G G 2) does
,not have ngmatlon due to B whlle the smallest wire (5 O 002) does Endfire

'/l" ) . A
o is also-ev1denv"in the patterns for~thewbtmﬁr models.

If the bifilar helical anfeqna isUloqg{enough to suﬁport‘the feed .-

region current, the. shape of the main beam ie"hot afﬁectéé by truncation of
o " . . [,‘( ‘

‘the structure. The radiation due to Bo is, however, contyrolled by, the

lengtﬁ, L, of the antenna. ‘Considering only the incident wave, Equation'(50)

must be modified for the finite antenna as follows

L . ', . ’ : ‘
. .[“ ee[J(Bo-kleos}9)+a]zdz
0 ' :

PL(G) =
o YL
, (51)
-[j(Bo—k cos 8)4g]L
o _ e 1
=1, -[j(Bg—k cos O)+a]
For vanishing @, the magn:tude of B (8) at 6 = o 15
. \\ ”
sin (Bé—k) : . ”\§

RO

"Thus when(B -kK) L/2 is small the radlatlon\gn the endilre dlrectlon is reduced

A
by the factor (B -k)L )
j :
PL(O) = (Bo-k)L P(0) (52)
The magnitude of PL(e) at other angles is given by
.PL( ) ” 1L (53)

where

= (B;-k cos‘e) L/2

s

S




AN

This term and a similar one due to the reflection of the higher order waveguide ;

mode from the end of the antenna account for the back lobes 1n the’ measured

patterns and -Scallops qbserved"on the main beam at the higher frequencieé.
L P ’ J : :

_No. attempt is made . here to obtain an exact theoretlcal preduction of the effect

of the length of the antenna since this requlres a knowledge of the far fleld
phase pattern of the feed region currents, h |

The effect of helix length on the performance of the b1f11ar hellcal antenna
was, Studted experimentally. Figure 33 Q§QWS SOmeJ&ypical natterne resulting
from changing theulength of the backfire.hifilar helical antenna. The size of
the back lobe decreases w1th 1ength with little change in the main beam until

the antenna becomes too short to support the. feed region currents,. Shorten;ng

the antenna beyond this point will generally broaden the main -beam pattern.

il

Front-to~back ratios obtained for different lengths are shown in Figure 34.

Figures 33 and 34 are for BBH-2 at a frequency of 1.4 Go. A similar set
gf'measurements was made, at the other end, of the parameter range, for BBH-7,
For this antenna there was no measurable endfire radiation‘for any of the
iengths used in the measurements. This result is explainable when the caloulated
value of Bo is obseryed.A For BBH-7 attk = 0.4T

| B,-(1+k) < 1x10™"
it would take a very long antenna indeed,to ehow endfirevradiation.' In
general, a greater length of antenna is required at the lower frequencies than
at’ the higher frequencies, Because of the slower rate‘of.ourrent decay,
obscrved in the near ficld amplitude measurements, néar the‘critieaidfrequency.

Atnfrequencies well above the critical frequency;:there is'an optimum'
iength for»the bifilar helical antenna for.each frequeney. Thie opttmum

lengthwis Just that .required to support the feed region currents, A-longer

B
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v
" LENGTH=6 3/4 CELLS
s
LENGTH =17 CELLS
‘¢ POLARIZATION
8 POLARIZATION =-=---—-
F = 1400 Mc_
. LENGTH=24 CELLS | .
- B - A . K
: Figure 33. Radiation Patterns Showing the Effect of
Changing the Length of the Antenna
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“penetrates the structure to ‘a ‘much

"

. 94

”

length will dgéreasé the frothto—baék ratio by .increasing the radiation

due to Bo' At frequencies near the critical frequency the feed region current

greater déﬁ%h. The lowest frequency that can

§ be-used in the backfire mode on a particular .model depends upon the length of -

S il

e e

ﬂ£he antenna. ~ The réquirea length chéngés very. rapidly és the critical frequency
is approached sé tﬁat the cutoff frequency; determinequrom the‘pattern measure-~
ments on an"anfgpna of a reasonaﬁie lengthjglo—ls tuirns), is_in eirdr'by less
than one.per‘cen.t° An'infinitely ldng anfg;ﬁa isvrequired to suﬁporf the feed
;egion current at theﬁcutéff'frequendyu A

6,4 Other Experimental Results

Four ihvéstigations, supplemental to the main body of this study, are-

reported in this section. These 1fivestigations are by no means exhaustivé

L ! “

_and serve to suggest-further work. The first of these is a study of the effect

of placing a conducting core on the axis of the helical antenna. The second

"
"

investigation is a study ofﬂhigh-grain backfire bifilar helical antennas.
In the third experiment, a long sloﬁly fapered helix is studied, and the last
study shows that a mondf;lar ééﬁ ‘be made to operate in the backfire mode.

The backfire bifilar helical antenﬁé‘.‘ model BBH-4, has a diameter of 1,77
inches., The patterns'obtained for this ﬁodel, when a series of brass rods
were placed inside the helix and coéxial with if, are §hown in Figure 35.

The cofe did not extend beyond the feed point. The core diameters ranged‘

from 1/2 inch to 1 1/2 inch in diameter in 1/4-inch steps. éhe frequency, at

Whigh these patterﬂs were‘takeé,“iauone‘hundred megacycles below the fre&uency
S W -

given b%{jg(l.s Ge) forbthis mode}t~ When a 1 l/zfinch core is qged, the thick-

ness of the aieleétyicrp01ysfyrene~foam betweén’the core and the wires isi

0.11 inches. This is 0.013 wavelengths at the frequency of 1.5 Ge.
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Figure 35, PattErns of BBH-4 With a Conducting Coaxial Core L
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A

" some improvement in thé“circular polarization oh axis, The pr1n01pal effect .

.This is seen by the increase id endfire radiatiop. The 1ncrease in endfire"

used in this investigation’ surprisingly‘little effect was noted.

‘(21,ldb);'and‘the gain-to-length ratio is 9.9. This result can be .compared with

"

i Theemafﬁ beam of the: patterns ehows.liftleichange with-ineréésing core "

diameter except for some asymmetry due’ to miseiignment of the cOréfﬁxis and

Ll

B : b
of”the core is to 1ncrease the excitatlon of the higher orde% ngeguide mode.

1

. radiation is“significant'ehly when the core. nearly fills the ‘center of the

helix. it is expected that a further increase in core diameter woula rapidly .
change the character of the radlat1on pattern but, for the core diameters
0 . E . )
Backfire bifilar helical antennas with a 1érge pitch angle tend to

give the greatest directivity. To provide more information on this property,

Cor " ) (o] E ) - !
- two antennas were built with a pitch angle of 45 . BBH-8a was constructed of

. number twenty-two wire‘wound”on a l-inch diameter plexigiass tube 48 .inches

long. BBH-8b was constructed of number‘thiryy-fouf wire wound on a 0.475-inch

diameter pyrex glass .tube 48 inches long. The patterns obtainéd for these

antennas are shown in Figure 36.

.

The pattern for BBH-8a at 1.315 Gc has a 28° beamwidth. The length of the

antenna at this frequency is 5.35 wavelengths. Using the appreXimate relation

between beamﬁidth”and gain given by Krauszo,“the gain of the antenna at this 1
i ’

frequency is 52.5 (17.2db). This gives a ratio of gain to length in wavelengths .

of 9.82° The pattern for BBH-Sb at 2.575 Ge is 20 , and the length of the antenna

at this frequency is 10.45 wavelengths. The gain of the antenna is 103.1

the expression given by Sehelkunoif and Friis‘z1 for the gain.of a long array of . .
isotropic radiators in terms ofvits'lengthh‘ . . B ER “".I
g=7121Wwh"
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F= 1300 M¢ |
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F=2600Mc

c .

F= 1315Ms

/ F=1350

BBH~-.8A

. $POLARIZATION
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' f‘i‘guré»'aﬂ. High-Gain Patterns Measured for BBH-8
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- supergain antennas when operated near - the critical frequency

7

\ . e e 08’

”Thrs gain results when Hansen—Woodyard excess phase shift is used in the array. o

P A

o)

- slde lobes. 1f side 1obes were permitted as shown

for’%he loweﬁ frequencies,

the gain is increased 1.7 times. 1 The backfire bhifilar helices aneﬁobvipdsly~'

. The usual - -
instability associated with supergain,aﬂtennas takes the form of‘s very‘rapidj
widening of“the besm with‘inoreasing frequency: ‘Qnelhali percent‘increese in
frequency increases the beam width 2°-

In en attempt to retain some part of the high-gain performance of the
antenna described above ‘and at the same»time“increaSe the band Width, a 8-foot
long antenne was built, tapered fiom one-half inch diameter at one end to
one—inch‘diameter at*the other'end. “
‘numbei thirty—two,wire wonnd at a pitch angle of 450 The patterns obteined
fot this antenne are shown in'Figure 37. This antenna”has an average gain of
36(15.5db) in a'fiye percent band width, Thus tapering the‘helix slows the
rate with which its patterns. vary with frequency and at the s;mé tine reduces

0

the maximum gain that can be achleved, This is the reésult expected since this

antenna corresponds to a conical log~spiral antenna with a very small cone angle,

A backfire monofilar"helix”wasvconstructed"to show that the nomofilar
helix will also operate in the packfire mode. This"model used the parameters

of BBH-2, The conductor in this case was a Microdot cable, which was also

used to .carry energy from the.feedpoint to the receiver, At the feedpoint,

' the Microdot cable was brought radially from the parameter of"the helix to

the axis.

straight wire ten—centimeters long placed on the axis of the hellx. The‘petterns

obtained for the monofilar ‘helix are shown in Figure 38.

W

]

o

A Reiolite number 1422 core was used with“

The center conductor of the cable was connected to the center of a .

These patterns are very

\ "

-\
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Figure.37.. Measured Patterns foxj:“a Long Tu‘ap'ere“d ‘Bifilar“'ﬂeiix»," R
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Figure 38. . Radiation Patterns Measured for a Backfire
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N ' S similar to those obtained for the bifilar apitenna, BBH-2. This demonstrates -
that tHe monofilar helix, will operéte in uth‘e ‘backfiré mode, although it is
more difficult to feed;than the bifilar helix. (( .
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co T e e S ‘CONCLUSION‘ S

[

The object of this research was to provide a. m” 4m5¢ica: model of the

N ”

“hackfire bifilar hek}cal antenna that could be used to predict“{he radiation
TR
R oY ‘ 'characterlstiCS'bf th1s antenna “The model descrlbed here ‘was shown to Iu1f111

e . -

p o this objectiVe The study went beyond this objectlvelln prov1d1ng a detatiled
i
' ‘ ) ‘ experlmental study of the radiation patterns of the antenna,

'_In this research thé/radiation patterns were obtaiﬁed using the known
determinantal equation'fbr the helical“wéveguidg. Thié Equat%on was - factorized
by fhé'W{ener—quf teghni&ueagp prqvide the Fourier tranSférm of the cd;rent
distribution on thé sem.i—infini‘fé< helix; The radiation pat;ern was related to
this Fourier spectrun’ . - " ES AN

- Two regions in the frequency spectrum of the backfire bifilar helix were
Y, . N
~shown tOfbé/important.; It -was shown th;t at the lower frequen01es the bifilar
helix operates'aé'a~waveguide. Abov; the cutoff frequeqcy of the principal
waveguide mode, tﬁe bifilar helix operates as-a circularly polarized baékfifé
antenna. ‘ ’ i L
The radiation characteri§tics of this antenna were shown to be determined
" by the feed region éurrent. This current decays with gdistance along the
structg?e. The near field has a phase progression directgd toward the feedpoint.
' The distance to which‘the feed régibn current penetrates the strqpture wag éhdwn
to décrease with frequency.
" .The phase pgttern of the .antenna was not obtained in the calculations
because‘qf the"long'numerical"integration'involvedxin its computation. This
"préventéd a more accurate accoun%ing”éf the endfire ra?iatibn frém the antenna
The good agreement betwéeg measured and computéd ie;ultq rééffirﬁed the validity

- . ﬁ of'the”apprpximatiops used'in the béginning of the énalysis.
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S | k ; L Thie stud& pf thehbackfire bifiler helicel éntenna is importantlfor "H”‘”
| eevetai reasons, Not(the'least’of:these is the fact that .the antenna is a

- N nseful practical device in itself, It provides circularly polarized .tields
y v“.,' - 'nwith a single lobed pattern of almost aéé desired gain When ﬁitch angles

‘near 45 are used, the antenna can provide circularl y polarized fields with a

PR

RN ﬂ
. pattern that is omnldlrectional”in azimuth with high vertlcal directivity.

ﬁ‘If i%/ls inconvenient to prov1de a balanced feed for this antenna it can be
‘fedvfrom a‘coaxial line run_inside}one.of the hellcal conductors to the
-feeanint on the axis, Thendecay of the feed regien cnrrent”wtllikeep antenna
- currents from flowing on the unbalaneeq feed line,
This study providesAfurther ihsight 'into the operation of the conical
ieg-spiral antenna, and it'is the firemtsimply pefioeic backward”ﬁave or
i . .o Baekfire antenna for which. a theoneticalueolution has been;ebtaineﬁr The
study of other'type§ of periodic antenna‘struetures that eperate in the
beckfire mode will aid in understanding.the operation of known loé-periodic
antennasiand wiil suggest new onesi These sttucturee are importent in

themselves for their unidirectional single iobe patterns and their frequency

o
I

scanning characteristics, as well as for the insight they give in the operation
of 1og¢periodic‘antennae.
o f’ﬁ The existence of a decayingubackﬁard wave current in the feed region

suggests that the patterns of the backfire helix can be explained in terms

u
.

“of improper (decaying) helical waveguide modes, An inveetigation along these
lines is mow in progresé-by another inVestigator. The results of snch an

‘ "analysis may be simpler in interpretation than the present analysis,

AN

Another line of 1nquiry suggested by thls work concerns: the effect of a

"conductlng core on the‘ax1s“of the helicalvantenna. In this study it was shgwn

S
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that the helical coﬁductérs cou1d.bgﬂélqced remarkably. close to. the conducting

oL . . Nﬁbra‘With little degradation of performance. This study should be extended.to
: : o / other helix parameters, The effect of extending the conducting tore beyond the

feedpoint should bévinvestégated;' A backfire monofilar helix fed agafﬁgt‘a
4. " ’conggcting central core should also be investigated.

#The study of -long siowly tapered bifilar helices should be extendéd. The

results of this study combined with resultsugbtained'for the conical log-spiral

éhtehna‘woqld estaplish”$he relatioﬁ'betweén‘E?in, bahd.width, and size over
the entire épectrum of helical or'cbnical log—sbiral paraﬁeﬁers. The'conical
log-spiral antenna is kﬁbwq to have practically constant characteristics oyef‘ﬂy
ten;to;oﬁé or greaterAbénd widths. This antenna in theﬁusuéi range of parameters

h@s considerably less gain than caq.bg obtained by a s oWy tapgred helix, while
B th slowly tapered helix has_élrelativelg smalie;.band/ZLdtﬁ. ‘
P . . It is charactefiStic of a study of a new device that ﬁapy.diverging courses ,
%f investigation’are suggested,‘ A few of théée, that were suggested during the - i

. i 4
study of the backfire bifilar helical antenna, are described above. ' However,
the major effort in this investigation was concentrated on the study of the

radiation patterm of the antenna. In this way it has been possible to provide

W information-on this aspect of the problem over on extensive range of parameters.

i

. o e . ; - - ~Q1y"f ‘ . ) 2 L Ce .
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I S e APPENDIX A
. o A FOURIER TRANSFORM
: R s VA
B, 1 o Co ’The Fourier tfansform of the free space Green's function specialized to &
N ST the I.elix is important to the development of the. analys1s of the: backfire
/ - ’ "
J . : bifilar helical antenna, This transform is easily related to the t‘ransform
5 : ) .of the function . WP
| | B Gy - Sxp(IK[A®-248 cos (#472) v B2 4 @)V |
R Bpreh = 1/2 . (a-1)

s

[A -2AB cos (¢4+Tz) + B + (z-d)]
This function is periodic in u = ¢+Tz and carl be expanded in the Fourler serles e

[T

: ' S Y : 1/2 .
. ' ] g (Z) = _;_‘n’ Z e JH(%TZ) exp(Jk[A ~2AB cos u+B +(Z di/; Bjnudu (A—2)
nf-:oo 8 . :[A -%AB cos u+Bz-i‘~(\z-.d)2] T

If we take the Fourier transform (Eﬁuation A-2) and change f_he order of inte-

gration, the resulting expression is

2.1/2 N
- k - -d =-nT
(B)= — 2 £ e jnd f f exp(j [A 2AB cos u+B +(z :)L/% ) eJ‘(‘? n )Zdzdy
47 n=-o 2] .

{A -2AB cos u+B2+(z-d)

Using the result listed 1n‘Magnus and Oberhettinger 22 this expréssion Eec‘dmes

[ra] a0

E . € (B)?-é—w g omInt ejnuﬂil) ([kz-(B—nT)z]l/z[A 2AB cos up?]l/2d (B-nT)d

n=-0 ; dy

The addilion theorem tor the Hankel function, applied to the expression, gives

P

87
n=-0

; ; w0 : L o _
T B)=g Z o [(B-r)a-nd] L J B0~ (B-m? 1Y anD(A[kz— B-mm 1Y% d (MW,

=~00 M

R
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of the exponeﬁtial functiod allows ihefresult to be written . v’

%

| {f f*f

s

' . 00
5,42, ® =12 5 Bpd-6-1m?)3 n (A[k -2 mT)‘°‘]l/2
n==0
{a-5)
\ 3 (Bem™)d_ind
m-2Zun

and the difference '
~ “ @ 2 1/2 gD 2 2.1/2,
g, BB =1 & 5 @ M2 (3-pm) 2] (A[K2-(B-pT) 21172

~ — “ R

¢

CEew o . o .
SN . . . B L R ‘ Lo o
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Interchanging the order of integration with summation and using the‘orthogonalify

o

“

5, ®=4x Jm(rs[kz-cB-mToz]”zm‘llA[k ~(8- mnz]l/z S EDRIne (a-3)

L.

EN

* M0
n

This expression is valid wher B is less than A. If A is smaller it'is

necessary to interchange A and B. If A equals B the series does not converge, ‘

A similar result was obtained by Phillips23 anothermway. Hel gives an extensive ‘ .

W

discussion of the’ conve%gence of this series: )

l

If 82 is ‘deduced from g in\Pquation (A—l) by changing the sign of the

cosine term, gz can. be deduced from g by changlng the 51gn of all odd numbered
I »

terns, , - - ' ’ . [

,

5,® =3z " Jm(BQék - (B-nT) ]1/2 Y apd -(3-1m 2113
P t Lo ‘ (A-4)
/‘ ej (B+mT) dej m¢

o

These transfofms then, have the sum

p=2n+1 e“j (mpf)dej'pq)

o




4 |
i
”
L
KN
5

@,

4

kY

109

FlnallyJ the Fourier transform of the complex conjugate of g(z) is deduced from

g(B) by replacing the Hankel funct{on of the first kind, H(l)

function of the second klnd, iz)

Vi

N\

”

W/
with the Hankel

o

N

w
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" . APPENDIX B "
- THE RELATION BETWEEN THE FOURIER SPECTRUM OF A LINEAR ‘
CURRENT DISTRIBUTION AND ITS RADIATION PATTERN e

‘The" vector potential ‘of” a 11near current distribution along the z-axis T
@ . .

is giVeh by Co ) }
-h -
L A(r) (B-1)
where G is the direction of thg current elements and L
. d 3 -
_ exp(-jk(r sin 9) +(z—r cos 9)2]1/2)
47[(r sin 0) +(z-r cos 9) 1
By Parseval's théorem this is'equivaient'to
A(r) = G (r,8;B) I(B) dB oL (B-2)
where i}
T(B) = %% I(z) e‘JBZ dz«
and
~ 1 jBz
G(r,6;B) = — g*(r,B;2)e’" dx
B 27 i
. ;
3 '“ . . . “‘“
This is the same Fourier transform pair used in Appendix A. . In this case, T
Bl -3 (l) - ”e 2 1/2 jBr cos ©
G(r;, ;B) = - Ho (r sin O[k =B ]
Thus Equation (B-2) is
. o
A : : .
A = f 1P (r sin 6757 11/2, 1@ o P °°% Tgp - (5-3)
_w .

To obtain the radiation pattern from this expréssion, it is necessary only to-

obtain an asymptotic estimation for the integfal‘yalid for large r. This‘is

e

L




. //,

accqmplished by replac1ng the Hankel iunctlon with the first term of its asymp-

totic form and by lntroducing ‘the change of variables defined by

<« B= k cos @ - ‘ . (B-4)
. Y t ' ) S
Equation (B-3) now becomes «
: : - . | / 'wy |
. 1Jk.Jﬂ/4 2 / e-Jk r cos (@-8) R ' ) L
uA(r) = ZJdxe = . gin @ I (k cos a) da (B-5)
. I {k r 8in @ sin o . L '

_ : : , . . : vl
This can be evaluated, using the method of Van der Waerdenl-l by introducing

the change of variables o ‘ " .

S
4 ,
= j ¢os (3-0) : el
i
N} X = kr
/1&a'= j du
u +1
giving
A(r) = fP(u) e u du - (B-S)
. ‘ .
where

P(u) = kean/4 2 sin' @ I(k cos Q)
- T4 "Tkr sin 6 1/ u2+i

and ¢ is the path that extends.to the right on both sides of the branch point

at u = j, The contributionll on the.branqh ppint then is

[

. ‘ N
S A(r) "~ E-E__(.%.f_gle 2 11m4/ u-j P(u),.
Y usj

]

) ,/;E k 2 1 -gm/az -jkr

2 Nir 4'\/1;,7'2-3? C I cos.8)e
-Jkr )

e ~

_'E;_u)l(k cos e) '” L

n
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We have deduced by a long and compl1cated argument the well known result that
the current distribufion of a llne source and its radiation pattern are Fourier

“

transform pairs. This result is more. easily obtalned by assumlng that r is much-

v

nlarger than z.in Equatlon (B-l) giving . . -

yd

. . o
%& gmikr J' gk cos 9 'z
o

“A(r) ~ I iI(z) d,

. ’ ’ ' PN
This more direct approach however is Val]d only when the current has f1n1te

support. If the current hasﬁf1n1te support and is square 1ntegrable there,

-Theorem X ofﬁDaley and Wiener* states that its Foudrier spectrum is entire.

The current spectrum then will contribute no Siuguiaritiesrof‘rts“owu to P(u)
in Equardonl(ﬁ;6), ;r the currenﬁ distribution is not finite, its spectrum
may have sihgularitiés'ofvits owh that must be considered in the evéluation Ofbf
o W : - : I e

Equation (B-6).

‘Mathematically, such additional singularitiesican be handiod by the method
of Van der Waerdenlln Phy51cally] thoy are uuually interpreted asﬂsurface
uaves guided by the structuré, The‘contriburion of the branch point at u = j
might be called the spaﬁe wave of the distribution. It is Lhis "square wave"

that we have 1dent1fled with the radiation patterns of a current distribution

in this study.
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