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LAUNCHER DYNAMICS STUDY

Part Q - Tipoff Effects in Helical Rail Launchers

ABSTRACT:

This report contains an analysis of the motion of a four rail helical
launcher system including tipoff, that is, the conditions when the front
shoes leave the launcher but the rear shoes remain in contact with the

guidance rail. The launcher is allowed three degrees of freedom (pitch, yaw,

and roll).
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n' coordinate of rear shoes in 0-§'n' ¢’

n' coordinate of front shoes in o'-g' n g
Components of launcher reaction at O inO-XY Z
Magnitude of normaﬁ forces acting on missile shoes
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I. SPECIFICATION OF THE PROBLEM
1. Introduction

In University of Illinois TAM Report No. 577,"Helical Rail Launchers",
October, 1959, a helical rail launcher was described and analyzed for the time ’
interval before tipoff.

This report extends thé analysis to cover the tipoff interval when only the
rear shoes of the missile are on the launcher rail. However, because of the
increased complexity of the motion after tipoff, a different method of analysis is
used and misalignment of the thrust force is neglected, The problem is completely

reanalyzed because of these changes.

It is the purpose of this report to obtain the following items:

1) Equations of motion of the launcher and missile before and after tipoff.
2) The reaction of the launcher support.
3) The reactions between the shoes of the missile and the launcher rail.

4) The orientation and motion of the launcher and missile at launch,

2. Description of the System

The system which is analyzed is shown in Fig. 1. Thelauncher is pinned
to a rigid base at point O. In addition three rotation springs act at point O. The
missile is forced to rotate about its longitudinal axis an amouht k(n-n o ) relative
to the launcher rail while the rear shoes of the missile are on the launcher rail.
The longitudinal axis of the missile, which contains the mass center, o, is con-
strained to remain parallel to the launcher rail while the front shoes of the missile
are on the launcher rail. The thrust force acts along the longitudinal axis of the

missile, The system is in equilibrium before the thrust force is applied to the




missile. The center of mass of the launcher, O', and the center of mass of

the missile, o, areinitially in the YZ plane. It is assumed that the static

equilibrium pitch deflection of the launcher is small.,




Figure 1




3. Coordinate Systems

The coordinate systems used are shown in Fig. 1.

4]
Fixed Coordinates O-XYZ A cartesian coordinate system fixed to the earth.
The X-axis is horizontal and the Y-axis is initially parallel to the launcher rail

making an angle y with the horizontal.

Rotating Coordinates O-£ m ¢ A cartesian coordinate system fixed in the launcher,

and initially coincident with the O-XYZ coordinate system. The components of the
inertia tensor of the launcher in the O-€ n ¢ coordinate system are denoted by
Jll’ J 1y ©tc The launcher is symmetric about the n¢ -plane, and therefore

Iip = Jyg = 0

Translating Coordinates o-X'Y'Z"' A cartesian coordinate system fixed to the

missile at point o, which is always parallel to the O-X Y Z coordinate system.

The Y'-axis is initially coincident with the longitudinal axis of the missile,

Translating and Rotating Coordinates o-£'n' ¢' A cartesian coordinate system

which is fixed in the missile and is initially coincident with the o-X' Y' Z'
coordinate system, The components of the inertia tensor of the missile in the
0-§£'7m' t' coordinate system are denoted by Ky K12’ etc. Theg&', n' and ¢

axes are principle axes of the missile, and t:her:eforeK12 = Kl3 = K23 = 0.

4. Generalized Coordinates

Before tipoff the system has four degrees of freedom; therefore four
generalized coordinates are required to completely describe the motion of the

system. The angles ¢, yj, and © determine the angular orientation of the launcher,

and the distance mn determines the location of the missile on the rail.

\




After tipoff the system has six degrees of freedom, and therefore two
additional generalized coordinates are required to completely describe the motion
of the system. These are the angles ¥m and ¢m , which determine the angular

@ orientation of the missile,

The distance m is indicated in Fig, 1. The angles ¢,  and 6, taken in
that order, are the rotations 6f the launcher indicated in Fig. 2. The angles ¢m ,
¥ and 9m ,» taken in that order, are the rotations of the missile indicated in !

Fig. 3. From the constraining conditions on the missile it follows that

6, = 0 +k(n-7,) &)




Figure 3




II. ANALYSIS OF THE PROBLEM

In this report the angles ¢, y, 6, ¢m’ and zpm and their time derivatives
are treated as small numbers, and therefore products of two or more of these
variables are neglected.

1. Before Tipoff: L -c¢c = n

The equation which describes the motion of the missile along the rail is:

or
F()-W (siny + § cosy)-F,= M_ (i~ t_¥) 2

For the system as a whole,

e - d _ 2
G_H'Hb+hm+F(IXMmr) 3

where the vectors are defined as follows:

G = The sum of the moments of the external forces about point O.
H = The angular momentum of the system about point O.
—b = The angular momentum of the launcher about point O.

—_ The angular momentum of the missile: about point o .

T = The vector from O to o.

From Fig. 2

wg . n : w§ = ¢ (4)

l
<.
€
1
e

and therefore




Before tipoff ¢m = ¢, and zpm = ¥ . Therefore, from Fig. 3

wgr =¢cosem—¢sin9m
wn,=9m=9+kn
w§,=¢cosem+z,bsin9m
and
2 ) - 2 )
h x hmg,cos m+hm§'smem K“zp
hmYzhmn' ) K22(6+kn)
: - in 6 ‘Cos B = ;
hmZ hm&' sin m+ hmg' cos 8 *K33¢
From Figs. 1 and 2
r =t 0-n¢ r =¢ 8-né-né
Iy ™M ¥ ry= '§m¢
rz=§m+1’]¢) rz:n¢+n¢

Also, recalling that the system is initially in equilibrium and that the static

equilibrium pitch deflection is small, we have

(5)

(6)

(7)

(8)




9.

Gy =-t_ F()-W_(n-n)cosy+B, ¢

Gy=-t ,F(&+(W cosy)(O¢ -én)

(9
+(W  cosy)(® ¢ -né)+B,0

Gy =ty F (98 + (W, siny) (-, 0 +n, &)
+(W siny) (-5, @ +né) +By ¢

Combining Eqs. (3), (5), (7), (8), and (9), we obtain the following three equations

of motion:
K+ A0 yM_ | d+ 2mM_ g -B
Jll TR ) m ¥ m mw ‘1 4

. = §mﬁ-§mF(t)-Wm(n-no)COSy (10)

[J22+K22+ ganm} 6 - {123 +M_n ;mJ&;- 2 Mm-gmﬁ b
+ [-Mm ;mﬁ‘+ En F () +(ny W +nW_) cos 'y] & (11)
_[B2+(Wb ¢y +@Wm ¢, ) cos y] 6= -K~22kﬁ
.[133+K33+n2 Mm] é -[]23+an gm]§+2m'] Mmé
. [+ M ¢, -t FO+W, g +W ¢ )sin 'y] ) (12)

- [133+(Wb nb+Wm n) sin'y] =0

It is usually more convenient to have the second derivative of only one of
the angles in each equation. For this reason we take linear combinations of

Eqgs. (11) and (12), and replace them with the following two equations:




o

+

’([133 +K33] [--2;, M §mj] t 2]y n M

10.
K33 e’ Mm]‘[]22 TKypt grzn Mm] - []23 M Cm] 2) 8
{133 +K33 +-n2 Mm] [—BZ - (Wb §b+wm gm ) cos 'y]
+[123 +M_ " ;m][ M ¢ M - t,F@O+W g +W ¢ )sin 'y]) G

¢ (13)

2., | . ,
+([J33 +Kgg+m Mm][ Mo AtE F()+(n, Wy+nW ) cos 'y]

2 2.1 |
([122+K22+§mMm][133+K33+*‘ MmJ [Jz3+Mm"§m]

+[Jz3+Mm gmn]['Bs-(anb +Wmn )sin-y] ) ¢
2 .-
= Ky kUgg tKggtn M)

g

+ —2]23Mm§mn+[]22+1<22 ]Z'q‘q M_| ¢

m °m

+([123+M e n][-—Mmgmﬁ +§mF(t)+(nb Wb'f'T']Wm)COS‘y]
+ []22+K22+§r2n Mm]['B3'(anb+Wmn )siny]) ¢ (14

+ [123 +Mm gm "’1][ 'BZ - (Wb L'b +Wm {m) [of01} ’y}
2 | o ‘
+ [Jzz tK e Mm] [ Mt n-¢ F@O+W g+ wmgm)smﬂ) 0

=Kk (gt Mp oM

The front and rear shoes of the missile are located in the o- €' ' ¢'

coordinate system by the distances c and a and the angles a' and a shown in

Figs.

4 and 5, The angles B' and B, where




¢ 11.

=
]

=at8+tk(n-n))
(15)

©w
n

a+6+k(n-n0)

then locate these shoes in the O-XYZ and the 0-X'Y'Z' coordinate systems.

The coordinates of o and O' in the O-XYZ coordinate system are:

o: (e, ®@-neé, - bttt YD)

(16)
O':(gbe' nb ‘b: ﬂ‘b'Ebz/J: §b+’1b KP)
The coordinates of the shoes and points A and B in the o-X'Y'Z’
coordinate system are: -
S;:(Rcosp +aé, -a, -Rsinp -ayp)
Sz:(—RsinﬁJr ad, -a, -Rcosf-ay)
83:(-RcosB+ aé, -a Rsinp-ayp)
S4:(RsinB +ad, -a, RcosB-ay)
SS:(Rcosﬁ-c¢,c,-RsinB'+ cy) (17)

86:(-Rsinﬁ'-c¢, c, -RcospB'+ cy)
:(-Rcosf'-cé, c, Rsinp'+cy)
:(RsinB'-cé,c, RcosB' +cy)

A :(ad, -a, -ay)

B :(-cd, c,cy)




Figure 5

gl lzo
A B \
=0 /
Rear Shoes Front Shoes
Sy Sz’ S3, S4 SS’ Sé’ S7’ S‘s
Figure 4
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13.

The reaction at each shoe on the missile consists of a normal force which
is perpendicular to the n'-axis and a friction force which is parallel to the n'-axis.
In addition a driving force acts perpendicular to the normal and friction forces at

shoe Sl , causing the missile to rotate relative to the rail. The shoes are presumed

to be spring loaded so that

N, +N, =¢ N2+N4‘:c2
(18)

N5+N7=c3 N6+N8=c4

Note that this involves a contradiction since the missile axis is supposed to
remain parallel to the launcher during the pre-tipoff motion. If however the spring
constants are large so that the motion of the missile axis relative to the launcher
is small compared to the motion of the launcher itself, no great error is introduced,
and this does remove the problem of indeterminacy in a four rail system without
introducing the added complexity of relative transverse motion between missile
and launcher,

The friction forces are related to the normal forces by the coefficient

of friction p , so that:

F

L TH Ny, Fo= u N, etc (19)

The components in the O-XYZ coordinate system of all the forces acting

on the rocket are;




14,

2-N1:‘ ([Ns-Nl] cos B, 0, - [Ns-Nl]sinB)

N, - N,: ([NZ-N4 sin B, 0, [NZ-N4]cosB)

sing', 0, [N6 - Ns]cos ') (20)

)]

]
N7 - NS: (,:N7 - NS] cos B', 0, - [N7 - NS] sin B' )
)

* (-D, sinB, 0, -D, cos 8)
T:(-F()¢ , F(t), F(t) ¥)
wm : (0, —Wm sin vy, —Wrn cos vy )

Fl: (Fl¢, 'Fl: -Fl lp)

F8: (F8¢ ’ 'F87 _Fslp )

For forces acting on launcher replace Fioee. F8 by (0, »Ff, 0).

The equations of motion of the missile are:

YF=M_3

G:hom

Using Eqgs. (15), (16), (17), (19), and (20), Egs. (21) can be rewritten

(21)

in matrix form:

A-N=A (22)




where ®
N3 =N}
Ny - Ny
A= |N; - Ns =
Ne - Ng
Dl
cos f sin B
- sin.B cos B
(a2 +uR) sin g -(a+uR)cos B

(a+uR(® sin (a+uR) (dcosp
- ¢ cos ) - sin p)

(a+uR)cosp (a+uR)sinp

-(c -uR) sin 8'

-pcosB')

~-(c - uR)cos '

18.

M (¢ 6-71¢-27é-nd)+(F()-FJé

M (fié+ 206 +n&+W_ cosy-(R)-Foy

K ¥

K22(5+ki—i)

Kyz @
sin B8’ -sin 8
cos ' -cos f8
(c-uR)cos B’ acosp

-(c-uR)($:sinf' -(c-uR)bcosp' R+ad cos f
- ¢ sin B') tapsin B

-(c-uR) sin g8’ -a sin B

The shoe reactions can be found by solving the above set of linear equations

and using Eqs. (18) and (19).

The components in the O-XYZ coordinate system of the reaction at O and

the weight of the launcher are:

R :(RxJ Ry

Wb . (0, -Wb sin vy, -Wb cos y )

. R,)

(23)




16.

Therefore, from the remaining equation of motion of the launcher (ZF = Mb 30,),

we obtain the following equations for the reaction at O :

Ry =(T-Fp) 6+ M, (g, 8-%¢ -206-n8)+M, (2, 8 - §)

Ry:Wbsiny Ff-Mb§b{P‘ (24)
Rzz_(T-Ff)¢+Wmcos'y+Mm(ﬁ¢ +2ﬁ4’,+n$)+wbcosy+Mb ) ¥

2. After Tipoff: L-c=n < L+a

(o]
The coordinates in the O-XYZ coordinate system of shoe S 1 and points

A, O' and o are:
St (e 8- (n-a)é+Rcosp, m-a-¢ 4 ¢ _+(n-a)y-Rsinp)
Ar@p®-Mm-ayén-a-¢ vt +(n-a)y)
O (gp @My my -ty &y tY) (25)
°© Ty P-(n-a)e-ad - Yt F(n-a)ptay

The coordinates in the 0-X' Y'Z'coordinate system of shoes Sl’ S, S4 S

2! 37 4’

and point A are;
S‘l : (Rcosp+ atbm, -a, -Rsing - azpm)

S,% (-Rsing+ ad . -a, "Rcosp-ay )

(26)
:(-RcosB+a¢m, -a, Rsinf-ay_) :

w

S4‘: (R sin B +a¢~m, -a, RcosB-azpm)

A:i(ad , -a, ay )




The components in the O-XYZ coordinate system of the forces acting

on the missile are:
Ny - N : ( [N3 - Nl]cos 8,0, ’[Ns - Nl] sin )
Ny - N, : ( [NZ-N4]sin;3, 0, [NZ—N4] cos 8 )
Dl : (-Dl sing, 0, -Dl cos fB)
T: (-T¢m, T, Tz/)m)
Wm : (0, -Wm siny, - Wm cos vy )

F,: (Fl¢.~rr;'Fl,~Fl¢m)

F4 N (F4¢m)'F4J'F‘4¢m )

For forces acting on launcher replace Fl’ ...F by (0, F'f, 0).

4

The equations of motion for the launcher and the missile are:

LE =M & YF =M a

O=h0 G0=hO

Q)

17.

(27)

(28)

Using Eqs. (19), (23), (25), (26) and (27), Eq. (28) can be rewritten in

the following form:




18,
I 9= -[§m+(n-a)¢] Flet(n-a-¢ y)sinp(Ng-N )

-(n-a-gmzp)cosB(Nz-N4)+(n-a-gmzp)cosBDl+Blzp

1‘226'123:’;:' [Eme‘(n‘a)¢] SinB(NS"Nl)'f' [lme'(n'a)¢] COSﬂ(Nz-

- [§m+(n -a) zp] cos B(Ng - N)) - [§m+(n-a) zp] sin B (N, - N, )
- [gme—(n-aw] cos B D)+ [§m+(n - a) ¢] sin g D,
+(¢y, 8 -my &)W, cosy+B, 0
Tp3 8 +133 8 = [gme-(n-am] Fip+(n-a-g ¢)cosp(Ny-N )
+(n -a-§m¢’)sinB(N2-N4)-(n-a-gmzp)sinBDl
(e, ®-my @) Wy siny +By ¢ (29)
M G-t )= F@-F - W siny
Kllzl)'m =(a+ uR) [sinB(Ns-Nl) -cosB(NZ-N‘l)} + aD, cos B
K33'<5m =(a+ uR) [cosB(N3-Nl) +sinB(N2-N4)] - aD, sinp
(Ng - N = -F'o (4 sinf+ ¢, cos )+ F (1) (4, cosf-y_sing)

-Wmsinﬂcosy+ MmcosB [gmg-ﬁ¢-2ﬁ é-(n-a)$-a$mJ

My sing (45 204+ (- 2) g ey

N4)




19.

D, = Tli( KY'Y.( .6.+kh.)-(a+uR)[(¢m sin -y cosB)(NS-Nl)

/

- (¢m sin B+ ¢m cosB)(N2 - N4)])

(N, - N D, = +F'f (zpm cos B -¢msin B)+F(t) (cbm sin B - zpm cos B )+Wm cos B cos y

2 Ng)-D;
+Mmsmﬂ[cmé-w-zﬁé-(n-a)&é-aéﬁm]
+MmcosB [nzp +2ﬁz/3+(n-a)§b'+a}p'm]

R =Me (¢ 8-16-20b-(n-a)¢-ad )+ (F@-FPé +M (¢, 6-n, %)

R, = -F'g +Wp siny - M ¢
R, =W_cosy +W cosy-(F(t)-F)y_ +Mm(1'1' Y+ 214 +(n -a) z;lf+a{p;n)

The first nine of Eq. (29) may be solved independently of the last three

which are used only to determine the reactions on the launcher at O.
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