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—ABSTRAGT

An analysis is made to identify the parameters which
determine the altitude of stabilization defined as the altitude at
which the angle of attack rate first vanishes for slowly tumbling
re-entry vehicles. The analysis is limited to small tumble rates
and angles of attack which allow the assumptions of Cy,, = Cma(x
and Cm(1 = constant respectively. An expression is derived which
implicitly relates the altitude of stabilization to (1) the initial de-~

scent velocity, Vg sin y, {2) the atmospheric scale height, (3) a

vehicle stability parameter, Cma Al/l,and (4) the quantity {a 0/60).

The important result is the fact that the initial angle of attack and
initial tumble rate, i.e., o, and a, respectively, appear only as
a ratio, no/do, the remaining parametric quantities being proper-

ties of the vehicle, the atmosphere, and the trajectory.

~iii-



C:l’ 2

1m

Cl‘n

Jo(x)

Jo'(x)

Y oix)

Y, '(x)

i

4

P
PR

NOMENCLATURE

characteristic area, ft

inverse scale height = 1/17,150 ft-l, assumed constant
constants of integration; see Egs. {9a) and (9b)
acrodynamic moment coefficient

(de/du )}, assumecd constant

altitude, f{t,

pitch moment of inertia, sh,q_;s-ﬂ2

Bessel function of first kind of order zero
(dJ (x)/dx)

reference aerodynamic length. ft.

tumble rate, rpm

stability parameter = Cpy  Al/I (ft/slug)
dynamic pressure

velocity, assuimed constant

defined by Eq. (4)

Bessel function of second kind of order zero
(dY (x)/dx)

angle of attack

da /dt

da /dx

re-entry path angle, assumed constant
Euler's constant « 1, 78

atmospheric density = pR:‘-Ch

reference density = . 156 slup;/ft3




w_ = aerodynamic oscillation frequency = NqQP_ rad/sec.

a S
Subscripts

0 = initial re-entry conditions

1 = conditions at a = 0 {first time

2 = conditions at a = 0 second time
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ANALYSIS

When a re-entry vehicle is traversing the altitude regime during
which the aerodynamic forces are beginning to become strong enough to
influence body motion, the analysis of such motions can be made with con-
siderable simplification. These simplifications are itemized below and
will be incorporated in the analysis to follow:

(1) The path angle is relatively constant.

{2) The velocity is nearly constant.

(3) Aerodynamic damping can be neglected.
Furthcrmore, this analysis assumes that the re-entry vehicle is:
(a) non-spinning, (b) tumbling in a plane which contains the flight velocity
vector, (c) not experiencing normal forces, (d) oscillating with a linear

moment coefficient; i.e., Cma is a constant. Under the preceding assump-
tions, the differential equation of motion becomes:

ol A
A = ?YT'( E‘-_[}_.Q' X, 1)
T
Equation (1) can be rewritten as:
-
8( A ( ?5\[— ’Es K=o (1a)

where P - stability parameter = - (Cyyy Al/1).

The stability parameter reflects both geometric and mass charac-
teristics of the re-entry vehicle. Since only stable vehicles with linear
restoring moments will be treated, the stability parameter will always be
a positive number. The frequency of oscillation or '"aerodynamic fre-
quency'' is given iminediately by:

o = (ECYR = af

Therefore, the instantaneous aerodynamic frequency squared is a product
of the dynamic pressure and stability parameter and is similar to the
expression previously derived in Ref. 1. Following the usual custom, we
assume the density can be written as:




- ch
E-; f‘?e (2)

where pp = reference value of density

c = inverse scale height

The calculations contained in this report wgre made utilizing
values of c = 1/17, 150 ft=1 and PR = .156 slugs/ft”, which are reasonable
approximations over the altitude ranges of interest as shown in Fig. 1.

At this point, it is convenient to make a change of independent

variable. The one dimensional equation in terms of time is rewritten in
the form:

.o <
< + WL =0 o

Define a new variable, x = 2 wa/cV sin¥ , (4)

where is the re-entry path angle shown in Fig. 2. We then proceed
to transform the independent variable.
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é.g— =w1d3 dv i de dw dvr

—— = a
£ e v dr dt
o
Au)u dv (chm\f ) B = U-)a,
_—— = = o 5 —
dr dt e '
Therefore, the desired result becomes;
o > > %
A_Sé;:wd'cld y Wa dx (5)
it dy?> . dx
Substitution of Eq. (5} into {3) yields the transformed equation of motion.
i l /
X (x) + — Xy + Ky = O (6)
w
The solution of Eq. {6} immediately can be written as
Xy = Q Tty + Cy VP, (xy (7a)
{ { l
g = ¢ dooy + C3 VY, (n (7b)

Jo(x) and Yo(x) are the Bessel functions of the first and second kinds
respectively of order zero.

The initial conditions on the motion are prescribed as:

X (e) = K,
3 /
I
oK) = X,
where da /dt and da /dx are related by the expression

K= 8% L det L X

—
—

d'x. U-)o.. dt (-*-)q..

The initial rc-entry conditions become:

Koy = Ko (8a)




0(1(0).:. X o

—_— (8b)

W

Qo

The constants C, and C, in Eqs. (7a) and {7b} can be evaluated from the
initial conditions given in {8a} and (8b} plus the initial value of the quan-
tity defined in (4), i.e., xo0 = 2wy / cV sin¥.

o

Solving the determinant yields the following values for C)] and Cj:

i oo ¥y (2 — %f Yol

“A, . (9a)

o ) Vg tx) =T vy o)

oA !
C \..U:_ S;( y‘a\ - 0( o 3-0 (')‘-.\ (9b)

3, (k) \-fcv! %) — 'Sal W—.\ﬁc o)

Equations (9a) and (9b) in conjunction with equations {7a) and (7b} consti-
tute the solution.

The initial tumble rate, i.e., a5, is restricted to values which
permit the linear theory to remain valid. Very high tumble rates would
cause the re-entry vehicle to flip over or at best cause the angle of attack
to become sufficiently large to invalidate the assumption of Cin, = con-
stant, since for most practical re-entry shapes the linearity of the restor-
ing moment is preserved only for small or moderate angles of attack. The
precise limitations on the magnitude of a, (corresponding to some initial
altitude h,) cannot be determined a priori. One must first make the cal-
culation to determine the angle of attack excursion (e.g., Fig. 5) for a
particular set of initial re-entry conditions to insure that the linecar
approximations are satisfied.

The initial altitude (h,)} is reflected in the quantity wa,s which in
turn appears in the final expressions as xg5. The quantities ng and ag
define the initial conditions regarding body attitude, while the gquantity
xg reflects the initial altitude and descent velocity. In practice, one must
be careful to choose an initial altitude sufficiently high so that the acro-
dynamic restoring moments (for the given stability parameter} are initi-
ally negligible. At the same time, the initial altitude must not be so high
that the integral L a, dt becomes excessively large before the aerodyna-
mic restoring moments dominate the motion, i.e., before the body {lips
or the angle becomes too large to permit the assumption Cn,, » constant.

4.




The initial tumble rate, i.e., 0,5, is restricted to values which
permit the linear theory to remain valid. The limiting parameter for the
planar case genecrally is the term Cp, , which was assumed constant. In

; . a
rcality, the term will vary over large ranges of a. The degree of non-
linearity is dependent upon the particular re-entry vehicle shape. The
calculations to be discussed later utilized the equations of (7a) and (70).

APPROXIMATE SOLUTION
Equations (7a), (7b), (9a), and (9b) are extremely untractable

in their current form. In most instances, the initial conditions occur at

sufficiently high altitudes to permit simplifications which arise from the

fact that Xg & l.

For X, 1, we may state the following:z
L2
ol &=

{
ENCAR~ e %?T,Lx,\g —pse

e

To ) 2 2Tl Ve 2 2
> ™ T
‘¥, (o) 2 Jocx ) [% - 7; Ln )\%,]g;

where A Euler's constant 1. 78.

Using the above approximations, the constants C; and C, may be
rewritten as:

'; ]
C\= Uo(1+ %o Quotize\ 4 %o
o o
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The expressions for angle of attack and angle of attack rate become:

= ;Lo.(a ' &
X = E<o*" QA,\\E;::__‘-‘ Y‘-K\'{‘m \&,(K\ {10a)

cNsiny L ° by s
in
. : ! . 10b
Nsin¥ X, e m o k)

It is desired to determine the altitude at which the re-entry vehicle
stabilizes, i.e., the altitude at which a = 0 for the first time. Designate
h; as the altitude of the first peak of a (a = 0 first time) and h; as the
corresponding position of the second peak of a (a = 0 second time). These
can be determined by setting @ = 0 in Eq. (10b),

; : _
[o-dgi- L %o (o W24 Tﬂtﬂf"r‘{a

Nt i Nein¥

I
\). (wy = O

or

L) L‘-\}s ¥ o
L + n ('o) + %’le'ﬁ=_0 (11)
3:(1\ w o x,

This equation can be solved for the quantity x in terms of the initial condi-
tions. The significance of Eq. (11) is that the initial angle of attack and
tumble rate appear as a parameter (a o/ho). The a, quantity is assumed
finite in Eq. {l1). A similar expression could be derived in terms of |
(ho/o. o). We can conclude from Eq. (11) that the altitude of stabilization
for slowly tumbling re-entry vehicles may be expressed as a function of
{a /b.q), in addition to the initial value x,, which reflects initial altitude
an?i initial descent velocity,

RESULTS

The altitudes at which the angle of attack rate vanishes, i.e.,
a = 0, were calculated from Eq. (7b) and plotted in Figs. 3 and 4 as a
function of ao/n in the manner suggested by FEq. (11)., The quantity n is
taken as the tumhle rate in rpm. Also plotted in Figs, 3 and 4 are the
results of a direct integration of Eq. (la) by the IBM 650 machine using
the ARDC atmosphere, as indicated by the circles. Fig. 3 indicates the
altitudes (h|) at which a = 0 for the first time as a parametric function of
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P;, assuming an initial descent velocity of 8000 fps and an initial altitude
of 400 kilofeet. The roots of Equation (7b), i.e., CpJ '(x) + CZYO‘(x) = 0,
were determined by an IBM 650 digital computer. Although the approxi-
mate solution given by Eq. {11) also would provide an accurate determina -
tion of the argument x at which a = 0, the chief purpose of that result was
to suggest the manner in which results could be correlated., It is noted
that the stabilization altitudes are lowered by 20 to 25 kilofeet as the sta-
bility parameter is dropped by a factor of 5. Fig. 4 presents the altitudes
of the second peak, i.e., a = 0 second time in a similar manner. The
results of Fig, 3 show a wide variation in h, as uo/n ranges between *200
deg/rpm, while Fig. 4 indicates that the altitude of the second peak, hy,
is less sensitive to the value of no/n. For values of {a /n) << 0, the h
altitude approaches the no-tumble case asymptotically. Similarly, the h,
altitudes approach the h, value for (a_/n) << 0. Therecfore, slow tumble
will always increase the altitude at which the body stabilizes.

Figure 5 presents the peak angle of attack {at h ) vs, the initial
angle of attack for positive and negative tumble rates and P = 1/2. The
calculations were carried out for angles of attack, some of which in prac-
tical situations would occur in non-linear regions of the moment curve.
Fig. 5 is applicable to lincar moment curves only, i.e., C, = C,, a.
Fig, 6 indicates the variation of maximum angle of attack (a)) as @

a function of P, for differing tumble rates where an initial angle of attack
of 30° was chosen.

In Fig. 7 is shown the influence of the descent velocity, i.e.,
V sin ¥ on the altitude of the first peak for various values of the uo/n
parameter. For “o/“ = 0, the altitude of first peak is seen to be indepen-
dent of descent velocity.

CONCLUSIONS

The linearized analysis of body dynamics in early phases of re-
entry for small tumble rates leads to the conclusion that the altitude at
which the angle of attack rate vanishes can be correlated with the quantity
(uo/ho), having first defined an initial altitude, a stability parameter, and
the initial descent velocity. Further, any {finite tumble rate acts to raise
the altitude of stabilization defined, as the altitude at which a vanishes for
the first time. The altitude of stabilization is reduced with decreasing val-
ues of Pg with the incremental decrease amounting to approximately 25
kilofect per factor of 5 decrease in stabilily parameter over the range of
Py investigated; i.e., 1/50 = P_ = C,,, Al/l = 1/2, assuming an initial
descent velocity of 8000 fps. The varifltion of initial descent velocity tends
to raise or lower the altitude of first peak depending on the sign of the
quantity a,/n. For ag/n = 0, there is no variation of h, with V sin o
For descent velocities between 6000 and 10, 006 fps, the altitudes of first
peak vary from 6 to 10 kilofeet for uo/n = 450 deg/rpm.
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Fig. 2 Re-entry geometry.
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Fig. 5 Maximum angles of attack. This graph indicates the magnitude
of the angle of attack at stabilization altitude as a function of
initial angle of attack for P, = 1/2.
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