ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNCLASSIFIED

N \\_\\ ‘\ NN



NOTICE: When govermment or other drawings, speci-
flcations or other data are used for any purpose
other than in connection with g definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibllity, nor any
obligation whatscever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data 1s not to be regarded by implication or cther-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.




214 596

&3 MEMORANDUM

in RM-2993-PR
APRIL 1962

O
(Op
g
<H

A LINEAR PROGRAM OF PRAGER’S

Notes on Linear Programming
and Extensions - Part 60

Oliver Gross

PREPARED FOR:
UNITED STATES AIR FORCE PROJECT RAND

éﬂ)__-?-l,

POMDom

SANTA MONICA +» CALIFORNIA




MEMORANDUM

RM-2993-PR
APRIL 1962

A LINEAR PROGRAM OF PRAGER’'S
Notes on Linear Programming
and Extensions - Part 60

Cliver Gross

This research is sponsored by the United States Air Force under Project RAND — Con.-
tract No. AF 49(638)-700 — monitored by the Directorate of Development Planning,
Deputy Chief of Staff, Research and Technology, Hq USAF. Views or conclusions con-
tained in this Memorandum should not be interpreted as representing the official opinion
or policy of the United States Air Force. Permission to quote from or reproduce portions
of this Memorandum must be obtained from The RAND Corporation.

The D-ﬂ n Déoeﬁomd

1700 MAIN ST « SANTA MONICA « CALIFORNIA




-1ii-

PREFACE

An infinite—dimensional linear—programming problem pro—

posed by W. Prager ig solved in this Memorandum, which involves

basic mathematical research. The problem arose 1in an elastico—

plastic structural—design context. I¢ is hoped that the solu-

tion of this problem will provide insight into the solution

of many others of the same general character.




SUMMARY

For the problem of minimizing the 1ntegra1//ﬂ1 f{x)dx
0

subject to the constraints

— £(x) x 1,

I A

xg(y) < £(x) 1f O

| A
| A
<

A

— f(x) <xegly) —x +y < f(x) if 0 <y <x < 1,

| A

the author exhibits solutions and proves both that they satisfy
the constraints and that they have the extremizing property.
The problem, proposed by W. Prager, arose in an elastico~-

plastic, structural—design context.
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A LINEAR PROGRAM OF PRAGER'S

1. STATEMENT OF THE PROBLEM AND OF ITS SOLUTION

In a recent letter to R. Bellman, W. Prager proposed the
following problem:
It is required to find real—valued, nonnegative integrable

functions f, g, on [0, 1] so as to minimize

\Klf(x)dx,

subject to the constraints

- f£(x)

1A

xg(y) < £(x) if 0 <x <y =<1,
- £(x)

1A

xg(y) —x + vy = £(x) if 0 <y <X = 1.

The foregoing problem arose in a structural-design context
of elastico-plastic type. Although the writer is not familiar
with the details of the model, it is hoped that the solution
of the present problem will provide insight toward the solution
of an entire class of problems of the same general character.

The solution (fo, go) given below 1s not the only solution
to the problem, as the subsequent analysls indicates. It turns
out that g, can be perturbed slightly in its tail (beyond ,/2/2)
without altering feasibility. Moreover, since the other
component (fo) 1s defined only in terms of the values of g,
on the interval [0, /2/2], integrability of g, beyond /2/2 1is
inessential. It is thus seen that there are 2¢ solutions of

the problem, where ¢ 18 the cardinality of the continuum.




Finally we remark that, corresponding to an optimal (£, g)
pair, 1f T > £, with equality holding almost everywhere, then
(T, ) is an optimal feasible solution to the problem.

Having dispensed with this digression, we now contend

that the following (fo, go) 15 a solution to Prager's pioblem:

go(x) = max [?, A — log <% +./x2 + %) ] ,

where
1 (/5 + 1
7\—-2[1+10g QZT‘>]’
and
xgo(x) if 0 < x < ,

- XZq <\/x2—%> +x—,/x2—% 1f\%:x:1.

In Sec. 2 we shall show that (fo, go) satisfies the constraints

fo(x) ol

imposed. In the final Sec. 3 we shall then show that (fo, go)
minimizes the objective integral over all pairs (f, g) satis—

fying the constraints.

2. VERIFICATION OF FEASIBILITY OF SOLUTION

It 1s clear that the glven constraints can be rewritten

as follows:

g(x) > 0, (n)
f£(x) > 0, (B)
£(x) > xe(y) 1£ 0 <x <y, ()
£(x) > xg(y) = x+y 110 <y < x, (D)

£(x) > - xgly) + x =y if 0 <y < x. (E)
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We remark that the given constraint

— £(x) < xg(y) if 0 <x <y

1s a trivial consequence of the nonnegativity conditions, (A)
and (B).

Before we show that the given pair (fo, go) satisfies the
constraints (A) ... (E), a few preliminary remarks are in order.

Remark 1. g, is decreasing and convex.

To see this it is sufficient to show that on the set where
8q > 0, its derivative 1s negative and increasing. But on

this set, we have

(1) gcl)(x) - 2.
A2l
It is immediate that the right—hand member of (1) has the
requisite properties.
Remark 2. gO(O) < 1.

A numerical calculation gilves
gO(O) ~ L9407 < 1.
Remark 3. go(x) < 1.
This is an immediate consequence of the two preceding

remarks.

Remark 4. goézg%> > O.

A numerical calculation gives

go<;‘%> =~ ,0593 » 0.

We now proceed with the prcof of feasibility of (fo, go).




That o satisfies the constraint (A) 1s obvious from the

definition of gq e

Moreover, it follows from (A) and the definition of o
that (B) is satisfied by fo on the interval [0, /2/2). To
see that fo is nonnegative on the remaining interval, it suf-—

fices to show that

- Xg, \/ __>+x-— %: ifxi@.

J2/2, the right—hand member of the above equation

fo(x)

But, at x

has the value

2 gy(0) + 3 =L Q—gO(OD > 0,

by virtue of remark 2. Consequently (B) will be established

if we can show that f is increasing on the interval [ /Z2/2, 1].
But, since the function /x° — 1/2 maps the interval ( J/Z2/2, 1)
into the interval (0, /2/2), and gy satisfies g, > O on this
latter interval by virtue of remarks 1 throuch 4, we may

differentiate fo(x) using

//-
go(x) = A — log \{ + /%% + %:).

Thus, we have

i
’ 1) 4 2
folx) = —xey \/*x° -3 ) §x V2° -3 -85 \° -3

+ 1 -§f\{x2 - é— .

But, from (1) we see that
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! /2 1) 1
o <x ‘?)‘“i ’
Substituting this value in the above formula for fé gives

fc')(x) =1 - g, (/x2 —%)> o,

by virtue of remark 3. This establishes the deslred monoton—
icity of fy. Hence the constraint (B) is satisfiled by (fo, go).
To see that (C) is satisfied by the proposed solution, we

must prove that

fo(x) > xgo(y) if 0 <x <.

But, by remark 1, g5 is decreasing. Hence the right—hand
member of the desired relation will be maximal at y = X, and

thus it is sufficient to establish that
(2) fo(X) > xgo(x) for all x ¢ [0, 1].

But this last relation holds with equality on the interval
[0, /3/2), by the definition of fy on this interval. Con—
sequently, we need to show only that the relatlion holds on
the interval [ /2/2, 1], i.e., from the definition of f there,

that

fo(x) = — Xgg X - Cx = /%% = % > xgo(x) 1f‘zg <x < 1.

On the set on which go(x) 0, this last relation holds auto—

matically since by (B) we have fo(x) > 0. Consequently, we

need verify the above only for points for which go(x) > 0
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and /2/2 < x < 1. But at x =/2/2, we have

fo @g} -G ep(0) +
& {%[1 r10e (23] - 10 B

Upon simplification, using well-~known properties of the loga—

rithm and a little algebra, we obtain
2 2 2
£ <@=4}_4 log (/2 + 1)

On the other hand, the right—hand member of the desired

inequality yields, at x = /2/2,

By B)-B R (E)]-0d@o )
=,[§ _AZE 1og(:/§ + ;)

Thus, the desired inequality is sharp at x = /2/2. To
establish 1t beyond this point on the set on which g > o,

it suffices to show that the function
2 1 2 3
fo(x) — xgo(x) = — xg, @ ~ §>+ x —/x° - 5 - xg,(x)

is increasing on thls set.

Upon differentiating, we obtain




o/ N / /
- X8y x2—%l/g§/x2—%—+l—g—i x2--%—

- xgé(x) - go(x) .

By the previous relation,

g0 (/x2 - 1/2)= - 1/x,

this reduces to

GO(X) - xgo(X)> (1 - gO(X)) - xgé(X) .

But by remark 3, we have 1 — go(x) > 0, and by remark 1, we

t
have — xgo(x) > 0, whence

O

[fO(X) - ng(X)]' >

Thus (C) is established, and we have moreover also shown

that
(2) fo(x) > xgo(x) for all x ¢ [0, 1] .
To establish (D), we are required to show that
fo(x) > xgy(y) —x + ¥ iIf 0 <y <x

By remark 1, 85 is convex. Thus, the right-hand member of

the desired inequality is convex in y and hence is maximal

at an end point y = O or y = x. Hence it suffices to establish
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the inequality at each of these points. But at y = 0, the
right—hand member becomes x [go(o) - %] < 0, by remark 2. But
since fo(x) > 0 we see that the inequality is satisfied at

the lower end point. At y = x the inequality reduces to
folx) > xg (x) .

But this last is the inequality (2) already established. Thus
condition (D) is satisfied.

Finally, to establish (E) we are required to show that
fo(x) > - xgo(y) + X —y if 0 <y < x.

By remark 1, g5 is convex; hence the right—hand member of

the desired inecuality is concave in y. Consequently, if there
exists an interior point Yo € (0,-x) at which the derivative

of the right—hand member with respect to y vanishes, this
memter will be maximal at that point. Upon differentiating

with respect to y and equating to zero, we obtain
1
- xg5(y) =1 =0,
or

goly) = — % .

But recall that this equation is satisfied by

1
Vo = /X =5 <%,

provided of course that /2/2 < x < 1. Moreover, Yo 1s in the
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range of g, > 0. Thus for x € [/2/2, 1] it is enough to show

fo(x) > — xg, Jx2 ~ %v> +x = /X° = % .

On this interval, however, equality holds by the definition

that

of fo. Thus 1t remains to show that the desired inequality
holds on the interval O < x < J@/?; 1.e., we are required to

show that
X%O(X) > — Xgo(y) + X -y if0<y=<xXx <-Z§ .

Now silnce 8o is strictly convex on the set on which g5 > 0,
and /x° — 1/2 is imaginary for x < /2/2, we see the derivative
of the right—hand member (with respect to y) cannot vanish at
a point y, interior to [0, /2/2). Thus the right—hand member
is maximal at an end point y = O or y = x. But at y = 0, this
member reduces to — ng(O) + X, and we are required to show

that

xgo(x) > — ng(O) + X 1f 0 < x <‘Zg .

Since this inequality holds trivially at x = O, we can assume

that x » O, and this last desired inequality becomes
go(x) > — g,(0) + 1 1foix<§.

But since go is decreasing and continuous on this interval,
it suffices to establish the inequality at x = ./2/2.

From a previous calculation, however, we have
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0 BF3-Le (54,

%-—%log (/2 + 1) .

I

The foregoing inequality 1is thus sharp at y = 0. Finally, at

the upper end point y = X, the inequality
x20(%) > - xe (y) + x -

reduces to the nonnegatiiity condition on go already established.
Thus, (E) is satisfied and the verification that (fo, go) is

in the constraint set is complete.

3. PROOF OF OPTIMALITY OF SOLUTION

The proof of optimality is not nearly so tedious as the
rather messy analysis of Seec. 2, which showed that the pro-
posed solution (fo, go) 1s in the constraint set. The reason
for this unbalance of effort is due primarily to the 2—dimen—
slonal character of the constraining inequalities and the fact
(which we do not prove here) that equality of the constraints
can hold only on a set of (2—dimensional) measure zero. This
last assertion 1is an aslde, however, and we shall turn our
attention now to establishing the minimal Property of (fo, go).

Let

J-él <x—ﬁ-%>dx.
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By elementary calculus and a numerical computation, we obtair
J=7 1+1log(/2+1) /2 ) =.1168.
\

Moreover, we have

ol

fo(x) = xgo(x) if 0 < x <

whence
(3)
£

Also, we have

_ 2 1 2 ! 2
fo(x) = — xgo<i/k - = /)+ X — /X - 5 if‘é; =X =< 1,

/2 /2
2 fo(x)dx =(/6/7 2 xgo(x)dx.

whence

1 1
(%) %éé fo(x)dx = —béé xgo(f;xg - %J>dx + J
2 2
Adding equations (3) and (%) together gives

' fA(x)dx = 2xg (x)dx — /e Xg Jx2 — Elax 4+ J
0 A 0 QE 0

0

Upon making the change of variable

x'=\/x2 - %

in the second integral of the right—hand member of the above

equation, we obtain




1 '@
/ Xz, G{g - %—> dx =LK 2 x'go(x')dx'

L//§
s
Thus, the integrals involving 2o cancel and we are left with

1
/ I‘O(x)dx =J

0

(5)

Next, let (f, g) be any pair of functions in tne constraint
set. Tnen (C) must be satisfied in particular for ; = x and

0 < x </2/2. Thus, we have
(6) f(x) > xeg(x) if 0 - x - ‘@2 ,

whence we obtain
2 2

(7) Ké £(x)dx :Kg xg(x)dx

Moreover, if /2/2 <x <1, we have O * /x2 - 1/2 - x, so that
(E) must be satisfied if y = ,/xz - 1/2 and /2/2 < X < 1; that is,

YU (o 1
(8)  r(x) > - xeg \/xg-—%—>+x—.x2—% 102 ox o1

Integrating this last inequality over the interval on which

it holds yields
1 1 ,/ \
2 1
(9) é f(x)dx > —é Xg X~ - §/dx + J.
2
Finally, adding (7) and (9) gives

/O’lf(x)dx > /g xg(x)dx —él Xxg <,/x2 - %> dx + J.
0

But upon making the same change of varjable as before, we see

that the integrals involving g cancel and we are left with
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1 1
i d > J = f T d f 1 »
% P(x)dx > K o(x)ax (from (5))

whence the mianimal property of (fo, go) is estaktlished.

A final closing note is in order. In Prager's original
statement of the protlem it was tacitly assumed that f is
integrable (via the objective function). No such restriction
(as we have made) was asserted about . Nevertheless, a proof
of optimality with this restriction relaxed can bte given as
follows:

If we replace x in (8) by /%% & 1/2, then the new variable
ranges over the interval [O, /5/2] and we obtain in place of

(8) the equi-alent inequality
p
/s 5 S 5
(10) r K\/x2 + % > - %2 + % g(x) +./k2 + % - x 1if 0 <x :‘[g .

Multiplying this last inequality by the nonnegative numter

x/./x° + 1/2 we obtain

2
(11) —%—r¢ % + 1> - xg(x) + x ——2——  if O < x L2 .
Vo 5z < x =3
2 1 2 1

Adding the inequalities (6) and (11), which now hold over the
same range, yields
—x (g2l 2 vz
r(x) + £l /x% + 5 ) > X — & if 0 = x < Y5,
/o 7\ B .
VN 2 1
z X" + 5

whence
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/2 V& "
/q2 f(x)dx +M/ﬂ — X _ ( x° + %f dx
0 \ /

"0
S ~
= / = |'(‘ i\
o\ el

Upon making the appropriate change of variable in the second

»

N
+\]
N —

rd

dx .

integral in the left—hand member above, and the same change

in the right-hand member, we arrive at the desired ineqguality,

1
/ﬂ f(x)ax > J
\/'O -

In accordance with an earlier assertion about the multi-
plicity of solutions to the problem, we contend that the
analysis indicates that if (f*, g*) is any pair of functions
satisfying the following conditions, then (f*, g*) is a solu—

tion:

go(o) i g*(O) <1+ go <£>:

S}

n

gx(x) = gy(x) 10 - x <¥5,

max <O, &g <€>—x +‘@2:>: g*(x) < 8 <£§5> if\/—g < x < 1,

£*(x) > fo(x) with equality holding for almost all
x e [0, 1] .
(It is conjectured that these are the only solutions to
the protlem. It has been the writer's experience in such
matters, however, that a proof would perhaps be rather long

and will not, therefore, be attempted in this paper.)




Graphs of these solutions showing the allowable variation

of g* are appended. Notice that there is a discontinuity in

/

the derivative of £* at x =Y—,§ .
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G. B. Dantzig, December 6, 1956. Published in
Operations Research, April, 1957. (ASTIA No. AD 112411)

Part 36: The Allocation of Aircraft to Routes--An
Example of Linear Programming under Uncertain Demand,
by A. R. Ferguson and G. B. Dantzig, December 7, 1956.
(ASTIA No. AD 112418)

Part 37: Concerning Multicommodity Networks, by
J. T. Robacker, September 26, 1956. (ASTIA No.
AD 112392)

Part 38: Note on B, Klein's "Direct Use of Extremal
Principles in Solving Certain Probiems Involving
Inequalities," by G. B. Dantzig, January 29, 1957.
Published in Operations Research, April, 1956.
(ASTIA No. AD 123515)

Part 39: Slightly Intertwined Linear Programming
Matrices, by Richard Bellman, January 23, 1957.
Published in Management Science, July, 1957. (ASTIA
No. AD 123533) .

Part 40: Network Flows and Systems of Representatives,
by L. R. Ford and D. R. Fulkerson, September 12, 1957,
Published in Canadian Journal of Mathematics, Vol. 10,
No. 1, 1958, pp. 78-9%4. {ASTIA No. AD 144263)

Part 41: Constructing Maximal Dynamlic Flows from
Static Flows, by L. R. Ford and D. R. Fulkerson,
September 17, 1957. Published in Operations Research,
Vol. 6, No. 3, May-June, 1958, pp. 419-433, (A3TIA
No. AD 144279}

Part 42: Linear Programming and Structural Design,
by W. Prager, December 3, 1957. (ASTIA No. AD 150661 )

Part 43: A Feasibility Algorithm for One-way Sub-
stitution in Process Analysis, by K. J. Arrow and
S. M. Johnson, September 12, 1957. Published in
Studies in Linear and Non-Linear Programming, by

Kenneth J. Arrow, Leonrid Hurwicz, and Hirofumi Uzawa,
Stanford University Press, 1958, pp. 198-202,
(ASTIA No. AD 144278)
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Part 44: Transient Flows 1n Networks‘ by D. Gale,
April 11, 1958. (ASTIA No. AD 150686 )

part 45: A Network-Flow Feasibility Theorem and

Combinatorial Applications, by D. R. Fulkerson,
April 21, 1958. Published in Canadian Journal of

Mathematics, Vol. XI, No. 3, 18959.  (ASTIA No.

AD 156011)

part 46: Bounds on the Primal-Dual Computation for
Transportaticn Problems, by D. R. Fulkerson, May 21,
1958. (ASTIA No. AD 156001)

Part 47: Solving Linear Programs in Integers, by
¢. B. Dantzig, July 11, 1958. Published in Naval
Research Logistics Quarterly, Vol. 6, No. 1, March,
1959. (ASTIA No. AD 156047)

part 48: Inecualities for Stochastic Linear Pro-
gramming Problems, by Albert Madansky, November 13,
1958. Published in Management Science, January,
1960. (ASTIA No. AD 20831l)

Part 49: On a Linear Programming-Combinatorial
Approach to the Traveling Salesman Problem, by

G. B. Dantzig, D. R. Fulkerson, and S. M. Johnson,
January 26, 1959. Published in Operations Research,
vol. 7, No. 1, January-February, 1959. (ASTIA

No. AD 211642)

Part 50: On Network Flow Functions, by L. S. Shapley,
March 16, 1959. (ASTIA No. AD 214635)

part 51: The Simplex Method for Quadratic Programming,
by Philip Wolfe, June 5, 1959. Published in Econometrica,
vol. 27, No. 3, July, 1959, pp. 382-398. (ASTIA No.

AD 225224)

Part 52: Computing Tetraethyl-Lead Requirements in
the Linear-Programming Format, by ¢G. B. Dantzig,

T. T. Kawaratani, and R. J. Ullman, April 1, 1960C.
Published in Operations Research, Vol. 8, No. 1,
January-February, 1960. (ASTIA No. AD 237380)

Part 53: On the Egquivalence of the Capacity-Constrained
Transshipment Problem and the Hitchcock Problem, by
D. R. Fulkerson, January 13, 1960. (ASTIA No. AD 235811)
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Part 54: An Algorithm for the Mixed Integer Problem,
by Ralph Gomory, July 7, 1960. (ASTIA No. AD 243212)

Part 55: On the Solution of Two—-Stage Linear
Programs under Uncertainty, by George Dantzi% and
Albert Madansky, July 1961. (ASTIA No. AD 263219)

Part 56: Methods of Solution of Linear Programs
under Uncertainty, by Albert Madansky, April 1961.
(ASTIA No. 257816)

Part 57: The Decomposition Algorithm for Linear
Programming, by George Dantzi% and Philip wolfe,
August 1961. (ASTIA No. AD 263628)

Part 58: An Algorithm for Scaling Matrices, by
D. R. Fulkerson and Philip Wolfe, February 1962.

Part 59: Linear Programming in a Markov Chain,
by George Dantzig and Philip Wolfe, March 1962.




