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PREFACE

Part of the Project RAND research program consists of
basic supporting studies in mathematics. This includes the
study of combinatorial problems, with applications to
communication networks, switching circuits, error-~detecting
and error—correcting codes, etc.

A number of these combinatorial problems can be
formulated in terms of matrices made up of columns of zeros
and ones. In the present Memorahdum the authors continue

the work of RM-2896—PR, Widths and Heights of (90, 1)—Matrices,

and RM—2897-PR, Multiplicities and Minimal Widths for (0, 1)~

Matrices, now placing major emphasis on certain classes of
incidence matrices that have special combinatorial significance
for apprlications.

The work of the coauthor, Dr. Ryser, was supported in

part by the Office of Ordnance Research.
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SUMMARY

*

This paper continues the study of a-widths of (0, 1)-
matrices, the emphasis being on tnose special classes of b uy
v (0, 1)—matrices having k 1's per row and r 1l's per column.
It is assumed throughout that the class parameters b, v, k, r
satisfy the inequality (b-r)(v-k—1) < v - 1. Such a class has
special combinatorial interest. For example, complements of
finite projective planes and of Steiner triple systems have
parameters satlisfying this inequallty.

Several theorems are proved concerning the width sequence
for a matrix in such a class. Insofar as possible, these
results are used to obtain information concerning the maximal
width sequence for the class. Perhaps the major general result
established 1s that Jjumps 1In the width sequence for a matrix

in the class, or in the maximal width sequence for the class,

are elther 1 or 2.
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WIDTH SEQUENCES FOR SPECIAL CLASSES OF (0, 1)MATRICES

1. INTRODUCTION

The o—width ¢, (@) of a (0, 1)-matrix A is the minimal
number of columns that can be selected from A in such a way
that all row sums of the resulting submatrix of A are at least
@. Thils notion was introduced in (2] and further studied in
[3]. In these papers the ma jor emphasis was on the minimal
a—width sequence for the class W of (0, 1)-matrices generated
from an arbitrary A by interchanges:

(1.1) a) - min eA(a).

~ A in X
The A in (1.1) can also be viewed as the class of all (0, 1)—
matrices having the same row and column sums as A. A formula
for €(a), in terms of the given row and column sums that
characterize 3 , was obtained in [2]. It was further shown
in [3] that there is a single, easily constructed matrix A in
1 that has minimal a-width for all a.

The present paper continues the study of a—width, but
with a shift in emphasis. Here we shall be mainly concerned
with obtaining further information regarding the width sequence
eB(a) for a fixed matrix B of size b by v, having k 1's per
row and r 1's per column, whose class parameters b, v, X, r

satisfy the inequality

(1.2) (b —r)(v—-k—-1) <v -1.

Insofar as possible, we relate this information to the maximal
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width sequence

(1.3) €(a) = max eB(a)
R in ¥

for the class ¥ generated by B. A class 8 with parameters
satisfying (1.2) has special combinatorial interest. For

example, taling

b = v = n2 + n+1, k=r1r = n2

gives such a 8 ; it contains complements of finite projective

planes of order n. when these exist. For another example, take

1,3mod6,b:ﬂ-‘é‘—ll,kzv_3,rzﬂ—1)6(v—ﬁ

i

to obtain a class W that contains complements of Steiner
triple systems on v elements.

The determination of the maximal width sequence (1.3) for
such a class ¥ involves deep issues. For instance, in the
first example mentioned, €(1) = 2 or 3 according as a finite
projective vlane of order n does not or does exist [6]. Spe—
cifically. the complement of a finite plane has 1-width 3,
whereas other matrices in the class have l-width 2. This state
of affairs is of cocurse decidedly in contrast with the situation
for the minimal width sequence (1.1) for W . 1Indeed,

(1.4) ~ Z(a) - min egla) =<ﬂ.
B in ¥ r

Here (x} denotes the smallest integer > x. The formula (1.4)
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uses only the fact that matrices in ¥ have constant row and
column sums [21.

Our main result concerning the wldth sequence for an
arbitrary B in ¥® 1is presented in Sec. 3 (Theorem 3.2). e

call it the 2—jump theorem: It asserts that
eB(a+1) - eB(a) =1or 2.

Thils narrows the vroblem of determining the width sequence for
B to that of determining eB(l) and the location of the 2—jumps.
The 2-jump tneorem also holds for the maximal width sequence
€(a) for ¥ (Corollary 3.3), although, in contrast with (a).

1t is not true that a single matrix always produces the sequence
€(a).

In Sec. 4 we investigate the manner in which an interchange
applied to B may affect its width sequence. If B has a l-—-jump
at a+l. then an interchange may increase the (a+l)-width by 1,
whereupon the new matrix has a 2—jump at a+l; if, on the other
hand, B has a 2-jump at a+l, an interchange may decrease the
(a+1);width by 1, whereupon the new matrix has a 1-jump at a+l.
No other changes are possible at a+l (Theorem 4.1). The proofs
of both the 2—jump theorem and the interchange theorem rely
ultimately on the impossibility of certaln confligurations in

the class 9 .

In Sec. 5 the interchange theorem of Sec. 4 is applied to

establish the exlstence in ¥ of a matrix with a— and (a+l)-

widths satisfylng the necessary conditions
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(1) ) < e(a) < €(a),
(11) E(a+l) < e(a+l) < €(a+l),
(111) 1 < e(o+1l) - e(a) < 2.

In other words, if integers e(a) and e(o+l) are specified
satisfying these three conditions, there is a B in 98 with o—
and (a+l)-widths e(a) and e(a+l), respectively. Examples show
this to be a best—-possible result.

Some facts concerning widths and complementation are
recorded in Sec. 6. The width sequence for a matrix A having
constant row sums determines the width sequence for its com—
plement A'. 1Indeed. the sequences eA(a) — a and eA,(a') - a!
are conjugate partitions (Theorem 6.1), and so are the class

sequences ?}l(a) - a, Eﬁ (') — a', and Eﬂ (a) — a, egqr (@) —a!
(Theorem 6.2). This section 1s also the natural place to point
out the close connection between a certain width problem and
the existence of ovals in a finite projective plane: Finding
the second 2—jump in the width sequence for the complement of
a vlane 1s tantamount to determining the maximal number of
points in the plane having the property that no three are
collinear.

The width sequence for the complement of a Steiner triple
system 1is studied in Sec. 7. Going back to the triples, this
problem becomes simply that of determining the 1l—-width of a

Steiner triple system. It is shown that a lower bound for the

e
l-width of a triple system on v elements is (v-1)/2, and con-—

ditions are determined under which this bound is achieved
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(Theorem 7.1). For instance, if v = 15 there is a triple
system having l-width (v-1)/2 = 7. But there is also a triple
system on 15 elements that has the surprisingly large l-width G.
The concluding Sec. 8 collects some miscellaneous examples
and remarks. We mention one. Examples are constructed of
classes ¥ having the vroperty that all 2—jumps in the maximal
width sequence occur before the first 2-jump in the minimal
width sequence. Thus the difference between €(a) and T(a) for
classes under consideration can be as large as possible on

trivial grounds.

2. THE CLASS ¥

Let W denote the class of all b by v (0, 1)—matrices
having exactly k 1's in each row znd r 1's in each column.

Here k and r are positive integers and
(2.1) bk = vr.

e further assume throughout the body of the paper that the

varameters b, v, kX, r satisfy the inequality
(2.2) (b—r)(v—k-1) < v — 1.

Superficially, the ineguality (2.2) indicates that matrices in
¥ have a high density of 1's. More precisely, (2.2) asserts
that if one passes to the complementary class 9' by replacing

1's by O's and O's by 1's, and computes the average value A

for inner products of distinct columns of a matrix B' in %',

then

L
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(2.3) X = (b—r)Qz;k—l) < 1.

The main significance of the class ¥, or its comnlement
H1  derives from the consideration of certain comtinatorizal

confipurations. A balanced incomplete tlock design is an

arrangement of Vv elements into b sets in such a way that:
D(1) Each set contains exuctly = distinct elements.
D(2) Each element occurs in exactly r sets.
D(3) Eacnh pair of distinct elements occurs in exactly
A sets (O " A< r - b).

The vparameters b, v, <, r, A must then satisfy
(2.4) bl = vr,

(2.5) r(k=1) =x(v-1),

(2.6) b > v (Fisher inequality).*

A block design may of course be represented by a b by v inci-—

dence matrix

(2.7) B = (byy)s
where bij = 1 if the j—th element 1s in the i—th set and
bij - O otherwise. Henceforth, when we speak of designs, we

have this representation in mind.

*This inequality need not hold for a class satisfying (2.2).
Indeed, if b > v, then (2.2) implies (v—k)(b-r-1) < b — 1, and
hence the transposed class also satisfies our basic assumption.
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The complema=nt of 2 tlock design with parameters
(2.8) b, v, ¥, r, A
1s a tlock design with parameters*
(2.9) b, v, ¥' = v —-)k, pr' =b—-r, A' =N+ b = 2r.

If equality holds in (2.3), the class 9N' contains block
designs with N' = 1, provided these exist for the svecified
narameter values of W', and if this is the case the class W

* %
contains designs with A =1 — (b—-2r).

Tor b = v, ! = r, the design is symmetric {or a v, %, A
configuration). Finite projective plines are symmetric designs

with varameters
. 2
(2.10) V=n"+n+1l, k'=n=+1, A" =1 (n>2),
and complementary parameters
2
(2.11) v=n +n+1, %x=n", N=n" —-n.

¥* % %
Steiner triple systems are designs with varameters

(2.12) v = Xi%fil ve1l, 3mod 6, k' = 3, r' = Xgl, A =1 (v>T),

and complementary parameters

*The trivial designs with k = v — 1 are exceptional in
the sense that complementation gives ' = 1 and A' = O.

*¥*The only exceptional case is b = v = 3 and r' = k' = 2.
for which 8 has A = 0.

***The case v = 3 1s included for Steiner triples and
excluded for designs. This discrepancy is in all events trivial.
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(2.13) b, v, k=v -3, r= (X:i%}x:é), X = (V—B)gv—A).

Both (2.11) and (2.13) satisfy (2.2) with equality. For the

)

parameters (2.12). Steiner triple systems always exist. The
precise range of n in (2.10) for which planes exist 1s an open
question, but the Bruck-Ryser nonexistence theorem excludes
infinitely many values of n {1].

There 1s a close connection between the existence of a

design in %' (or in BV ) and the maximal l-width of the class

MW . We state this as follows:

Theorem 2.1. The class %' contains a block design if and

only if the maximal l-width of ¥ 1is 3.

The proof is almost immediate. ILet B' in ¥' be a design.
Then every pair of columns of B' has inner product 1, so that
every pair of columns of the complementary design B has a row
composed of O's. It follows that eB(l) = 3. On the other
hand, if B' 1is not a design, then B' has a pair of columns with
inner product O, by virtue of (2.3), and hencé-B has a pair of
columns containing at least one 1 per row. Thus EB(l) < 2.

Although this connection between designs and widths 1is
close to the surface, Theorem 2.1 provides motivation for
studying widths in the class ¥ . There are other connections.
and other motivations, also.

As the proof of Theorem 2.1 shows, the complement of a
finite plane has maximal l-width. The plane itself, however,

has minimal l1-width for its class.
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Theorem 2.2. A v, k&, A configuration has (minimal)

A—width I.

Proof. 1In a v, ¥, A configuration, the inner product of
each palr of rows 1is also equal to A. Thus, singling out those
columns corresponding to the 1's in some row, we see that the
design has A—width at most k. On the other hand, the formula

(1.4) shows that the minimal A—width for the class 1is given by

-~ AV lk=1)v
e(n) = ?>=<Kki{v—1)>= e

It should perhaps be pointed out here that a statement
about widths for a matrix B in W can be translated to one
involving wildths of B' in W', This will be made clear in
Sec. 6. But notice, for example, that the content of Theorem
2.1 might also be phrased as follows: The (k'—=1l)—-width of a
design in V' is v — 1, whereas the (k'=1l)-width of other
matrices in V' 1s at most v — 2.

We have chosen, perhaps somewhat arbitrarily, to focus

primary attention on widths in W rather than %',

3. THE 2-—~JUMP THEOREM

Excluding from consideration the trivial class W for
which b = r, v = k, so that W would consist of the single
matrix J having all 1its entries 1, we have seen that for any

B in ¥,

(3.1) eB(l) = 2 or 3.
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In this section we obtain certain information on higher a-widths
for matrices in ;B.

Wwe first state and prove a theorem concerning the l-—width
of a general (0O, 1)-matrix A. This theorem provides a crude
upper bound on l—width that is sufficient for our vurposes in

this and the following sectilon.

Theorem 3.1. Let A be anm by n (0, 1)-matrix having

1-width at least ¢, and let o denote the number of zeros in an

arbitrary column of A. ILet A be extended to an m by t

(0, 1)-matrix A¥*, all of whose row sums equal B. Then

G2y (vP)e 2 (3):

Proof. By permutations of the rows and the first n

columns of A*, we may take A* .an the form

0
lowl x
0

*

A* =13
: »* *
1 i

Here the first column of A*¥ has 0 O's in the initlal positions
and m — 0 1's in the remaining positions. The submatrix W is

of size ¢ by n — 1. Now

(*2P)e

counts the sequences of € — 2 0's formed from the rows of the
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matrix [W, X]. This number is greater than or equal to the
number of such sequences formed from W. But A has l-width at
least €. Hence € — 1 columns of A must contain a row of

€ —1 0's. This implies that the number of sequences of e — 2

O's in the rows of W is greater than or equal to
n—l)
e—2 /.

Theorem 3.2. For any B in 9,

(3.3) eB(a+1)-—eB(a) =lor2, a=1,2, ..., k — 1.

Proof. For any (0O, 1l)-matrix A, one has eA(a+l) - eA(a) > 1.

Hence to prove (3.3) for matrices in ¥, we assume a B in ¥

with
(3.4) egla+l) — eq(e) 23

for some a, and obtain a contradiction.

We may take B in the form

(3.5) WX

Here W is of size e by t = eB(a) and has row sums at least

a + 1. The matrix Y, termed a critical a-submatrix of B in [2],
is of size e! = b — e by t and has row sums equal to a. Note
that e' > 0, by the minimal property of a-width. The matrix Z
i1s of size e' by t' = v — t and has row sums equal to a' = k — a.

The 1—width of Z 1s¢ greater than or equal to 3, for otherwise
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(3.4) would be violated. Let Z denote the number of 1l's in

some column of Z. Then by Theorem 3.1 we have

(tr=1—at)(et—=z) > t' -1,

or
LI
(3.6) r—z>pr—e' +— L
t'—-1-a!
" Next we assert that
(3.7) =l > p -,
t'-1-a’
This 1s egquivalent to
(3.8) t' — 1> (b—r)(t'-1-a').

To orove (3.8), we first note that the configuration (3.5)

implies
(a+l)e + ae' < rt,
whence
- ab + e < rt
and
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Hence to prove (3.8) it suffices to prove the sharper inequal—

(3.9) o(t'=1) > (b-—r)(t'(b-r) — b).
This reduces to

b(b—r-1) > t'((b—r)2

),
and thus to

2
)

vr{b—r-1) > kt'((b—r

We Wnow that t' - v. Hence to prove (3.9) it suffices to

orove
r(b-r=1) > k((b=r)® — b).
This reduces to
bk — r > (b-r){x(b-r) — r)
or
ve — r > (b-r)(vr—kr-r).
But this gilves
(%.10) v —1 > (b-r)(v-k-1),

which 1is our assumption (2.2) on the parameters of 9.
Hence (3.7) is valid.

But now (3.6) implies
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r -z >r—e' +b—~r.
Hence
(3.11) r—2z>e+ 1.
2]
But r — z 1s the number of 1l's in a column of X in the configu—
ration (3.5), and thus (3.11) 1is a contradiction. This proves

Theorem 3.2.

Let B be an arbitrary matrix in 8 . Ve say that B has a

l-jump at o + 1 if
(3.12) eB(a+1) —‘eB(a) =1, a=1,2, «-«. k -1,
and a 2—jump at @ + 1 if

2, a=1,2, «++, ¥ —1.

i

(Bri3) egla+l) = eg(a)

It is a convenient technicality to extend this terminology by

saying that B has a l-jump at 1 if eB(l) = 2 and a 2-jump at 1
*

AR eB(l) = 3, With this convention, an a—width sequence for

B, namely

(3.18) (1), (@), ++v, eglx),

contains precisely v — k — 1 = k' — 1 2—jumps. The problem of
determining (3.14) is that of finding the location of these

2—jumps.

*
Even th?u h this 1s inconsistent with the natural
A

definition €,(0) = 0.
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have jumps at most 2.

It is easy to see from Theorem 3.2 that both the minimal
width sequence €(a) and the maximal width sequence €(a) for N

Of course we know this directly for T(a),

Invoke this fact.

since there is always a slngle matrix A in an arbitrary class %
having all 1ts a-widths minimal [3], but there 1s no need to

Corollary 3.3.

For the class 9,
(3.15) T(a+l) —=F(a) =1 or2, a=1,2, *-+, k — 1,
(3.16) €(a+l) —€(a) =1 or 2, a =1, 2, *++, k — 1.
We give a proof for (3.16). It suffices to contradict
z(a+l) — €(a) > 3. Thus, suppose
€(a) = €p (a) = ¢,
1
€(a+l) =

B (a+1) >t + 3,
2
for matrices B

17 82 in ® and for
must have

some Q.

By Theorem 3.2,

we
€, (@) >t + 1,
B2 -

contradicting the maximality of €(a)

= t.

In view of Corollary 3.3, we may apply
terminology to both class sequences

the 1—jump, 2—jump
(3.17)

€(1), e(2),
(3.18)

, (k)
(1), T(2), -, Tx).
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Fach of these has v — ¥ — 1 2—‘umps, dni we say that the class
W has v — ¥k — 1 2—jumps. he 2—jumps of (2.17) can be deter—

mined from the formula

(3.15) F(a) = 9‘-3>

r

Roughly spealiing, they are evenly spaced. But deternining tne
2—jumps in (3.18) involves intricate combinatorial properties

of the class, as is apparent from Theorem 2.1.

We conclude this section with an example of a class ¥ and

the width sequences for certain matrices in 8. Let

2

bov=13 (=32 +3+1), k=1 =209 (=3°)

3

1
so that ®' contains the plane B1 of order 3. Table 1 shows

the width sequences for the matrices B, By, and

1 1 0 0 O O
11 0 0 O O
0O 01 1 0 O
J
¢ 01 1 0 O
0O 0 0 0 1 1
0O 0 0 0 1 1
82 =

1 1 1 0 0 0 O

1 0 01 1 O O

1 0 0 0 0 1 1

J 01 01 o0 1 O

0O 1 0 0 1 O 1

0 0 1.1 O O 1

N 0 01 0 1 1 O-_
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The matrix B, was constructed by O.Gross to show that suc-—
cessive 2—-jumps are possible. Note that 32 has a plane of
order 2 in the lower right-hand corner. This helps in the

calculation of the width sequence for Bg.

Table 1
WIDTH SEQUENCES FOR THE MATRICES B, B, AND B,
a 1 2 Yy 5 6 7 8 9
T 3 6 ‘I} e (:) 12 13

3
2 3 (®
<:> Y (:) 7 8 S <:> 12 13
€B2 2 <:> 5

N
=

[

ot

no
[
W

It is clear from Table 1 that the maximal width sequence
for this class cannot be produced by a single matrix. This

is not exceptional, but is rather the typical situation.

4, THE EFFECT OF AN INTERCHANGE ON WIDTHS

An interchange is a transformation of the elements of a

(0, 1)-matrix that changes a minor of type (a) below into one

of type (b), or vice versa, and leaves all other elements

1 0 o 1
(2) [o 1] () [1 o].

in the class % of all

fixed:

Given two matrices Al and A2

(0, 1)—-matrices having specified row and column sums, one can

pass from A, to A, by a finite sequence of interchanges [5].
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In other words, a matrix A in % generates the entire class by
interchanges. We also recall that an interchange can alter
the a—width of a matrix by at most 1 {2].

Theorem 4.1. below, outlines the possible effects of a
single interchange on the width sequence for a matrix in .
The theorem says, in short, that it may be possible to lower
a 2—jump to a l-—jump, or, inversely, raise a l-—jump to a
2—jump, but that it is impossible to raise a 2—jump or lower

a l—jump. More vrecisely:

Theorem 4.1. ILet B be a matrix in %, and suppose

that B has a l—jump at a + 1. If an interchange applied to B

increases its (a-<1)-width by 1. then the transformed matrix

has a 2—jump at a + 1. Suppose that B has a 2-jump at a + 1.

If an interchange applied to B decreases its (a+l)-width by 1,

then the transformed matrix has a l—jump at a + 1. These are

the only ways an interchange can change widths at a + 1.

Proof. Let B have a l—jump at a + 1. Suppose that an

interchange applied to B yields a matrix B* having (a+1)=width
eB*(a+l) = sB(a+l0 + 1 = eB(a) + 2.

By the 2—jump theorem, we then have either

m
loe)
*
Q
N
i
m
w
Q
g
o
3
m
(g9
*
Q
o
il

eB(a) s .

But if the latter alternative holds, we should have

EB*(G) = €B(a+l) ’
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and this contradicts the minimal property of a-width for the
matrix B*. To see this, note that the matrix B can be written

in the fornm
(4.1) B = "

where Y is a critical (a+l)—submatrix. That is, Y has ]
eB(a+1) columns and has row sums equal to o + 1. The matrix
W, 1f present, has row sums > a + 1. If the interchange
raises the (a+l)-width of B, it is essential that a 1 1in
some column of Y be replaced by a O 1in the interchange.

If, after the interchange, this column of the matrix

is ignored, the remaining columns have row sums > a. Thus
eB*(a) < EB(a+1), and hence B* has a 2—jump at o + 1.
Iet B have a 1-jump at o + 1. One interchange applied to

B cannot yield a matrix B* having (a+l)-width e_(a+1) -1.

!
Indeed, if this were the case, we would have eB*(a) = eB(a) -1,
and the inverse interchange contradicts the previous assertion.
Let B have a 2—jump at a + 1. We now prove that one
interchange applied to B cannot yield a transformed matrix B*

having (a+1)-width e_(a+l) + 1. If it could, then by the

B
2—jump theorem, the matrix B* has a-width eB(a) + 1. Now the

matrix B can be written in the form
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(4.2) B =

where Y, is a critical a-submatrix. Thus Y1 has row sums a
and has eB(a) = t columns, and wl, if present, has row sums
> a. If, after the interchange, the a—width of B has been
raised to t + 1, it is essential that the interchange replace

al in Y1 with a 0. Then B¥* can be written as

(4.3) R* :{'w' l Xl *-]

Here Y has size e' by t, and each row of Y has sum a, except

the last. which has sum a — 1. W is of size e b —-e!' by t,

with all row sums at least a + 1. Note that e > 0, so that ¥
is present. Let a + a' = k. Z is of size e' by a' + 1. The
last row of Z consists entirely of 1's and the l—width of 2

is > 3, since the (a+l)—width of B* is t + 3. ILet z be a

column sum of Z and let t + t' = v. Then by an application of
Theorem 3.1 to the first e' — 1 rows of the matrix [Z, Z*], we
obtain
(4.4%) (t'=1-a')(e'-z) > ar.
Hence

1
(4.5) r—-z>r—e' + =,

t'—-1-a!

We assert that
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(4.6) W_%_._?~\‘O—I’*l,

or equivalently,

(4.7) a' > (p-r-1)(t'=-1-a').

21

Since the configuration (4.3) implies a' > rt'/b, to prove (4.7)

it suffices to establish the sharper inequality
(4.8) rt' > (b—r-1)(t'(b-r) - b).

This reduces to

)2

(4.9) b(b-r-1) = t'((t-r)° — b).

an inequality that was shown to be valid in the proof of

Theorem 3.2. Hence (4.6) holds. and (4.5) then implies

(4.10) r—z>r—-—e'+b—-—r—1=¢e —1.
Thus
(4.11) r -z > e.

But then, in the configuration (&.3), X must be a matrix of

1's. Thus, looking at a row sum of [W, X], we have
(4.12) a+1+a'+ 1<k,

and this 1s a contradiction.
Finally, let B have a 2-jump at a + 1, and suppose that

one Interchange avplied to B yields a transformed matrix B*

with
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EB*(G+1) = eB(a+l) -1 = eB(a) + 1.
Then either
€Bu(a) = EB(CL) or EB,(CL) = EB(Q) - 1.

We now know, however. that the latter alternative is-impossible
since the inverse interchange would contradict what we have
just proved. Thus B¥* has a 1l-jump at a + 1.

This completes the vroof of Theorem 4.1.

It should perhaps be remarked that both of the possibili-
ties outlined in Theorem 4.1 can actually occur, in view of
the fact that one can pass through a class by interchanges.
Note also that our 1-jump, 2-jump terminology for a + 1 =1
is consistent with Theorem 4.1.

In the next section we give an application of Theorem 4.1.

5. AN EXISTENCE THEOREM

It was observed in [2] that for an arbitrary class A, if
€(a) is an integer in the interval Z(a) < €(a) < €(a), then there
is an A in 3 having a-width e(a). This follows from the facts:
(1) an interchange can change an a—-width by at most 1, (i1i)
one can pass through the class A by interchanges. For the

class ¥, the interchange theorem of Sec. 4 yields a stronger

result:

Theorem 5.1. For the class 9, let e€(a) and e(a+l) be

integers satisfying

(5.1) €(a) < e(a) < T (a),
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(5.2) ZT(a+l) < e(a+l) < €(a+l),
(5.3) 1 < e(a+l) — e(a) < 2,

for some a = 1, 2, -++, kK — 1. Then there is a B in 8 having

a—width e(a) and (a+l)-width e(a+l).
Proof. We first prove the theorem with (5.2) replaced by
(5.4) T(a+l) < e(a+l) - €(a+l).
Suppose that
(5.5) e(a+l) = e(a) + 1

for all B in W of (a+1)-width <(a+l). Then by Theorem 4.1,
B 1is not transformable by interchanges into a matrix of (a+1)—

width T(a+l), a contradiction.
Suppose that
(5.6) e(a+l) = e(a) + 2

for all B in % of (a+l)-width e(a+l). Again by Theorem 4.1,
B is not transformable by interchanges into a matrix of
(a+1)—width €(a+l), a contradiction.

This proves the theorem with (5.2) replaced by (5.%).

Four cases remaln:

T(a+l), <(a+l) = €(a) + 1,

"

(5.7) €(a+1)

T(a+1), €(a+l) = €(a) + 2,

(5.8) e(a+l)




(5.9) e(a2+1) = €(a+l), <(a+l) = €(a) + 1,
(5.10) €(a+l) = €(a+l), <€(a+l) = T(a) + 2.

If (5.7) holds, we must show the existence of a B in %
With (a+l)—width €(a+1) and a-width 2(a). In this case,
every B of (a+l)-width €(a+l) has a—width T(a).
If (5.8) holds, we must show the existence of a B in %
of (a+l)-width €(a+1) and a—width %(a). and, in case E(a) < ¢(a),
of a B in ¥ of (a+l)-width T(a+l) and a—width €(a) + 1. The
first of these 1s immediate, since every matrix of a—width
€(a) nhas (a+l)-width T(a+l) if (5.8) holds. For the second,
consider a B of a—width €(a) + 1. If B has (a+l)-width
?Ya+l), we are done. Suppose, then, that all such B have
(a+1)—width E(a+l) + 1, and consequently have 2—jumps at o + 1.
But by Theorem 4.1 and the remarks preceding the theorem,
there is an interchange transforming some such B into a matrix
of (a+l)-width T(a+1), whereupon the transformed matrix has a
l=jump at a+l. Hence there is a B of a—width &€(a) + 1 and
(a+1)—width €(a+l). _
If (5.9) nolds, we must show the existence of a B in A
of (a+l)-width €(a+l) and a—width €(a), and in case €(a) < € (a),
of a B in ¥ of (a+l)—width €(a+l) and a—width €(a) — 1. The
first of these is immediate because in this case every matrix
of a—width €(a) has (a+l)—width €(a+l). Consider a B of
a—width €(a) — 1. If this B has (a+1)—width €(a+l), then the

theorem holds for (5.9). Suppose, then, every B of a—width

€(a) — 1 has (a+l)-width €(a+l) — 1. Now there exists an
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interchange that transforms some B of (a+l)—width €(a+l) -1
into a B of (o+l)—width €(a+l). Then, by Theorem 4.1, there
exists a B of (a+l)-width €(a+l) and a-width e(a) — 1.

If (5.10) holds, we must show that there is a B in % of
(a+1)—width €(a+l) = (a) + 2 and a—width €(a). In this case,
every B of (a+l)-width e(a+l) has a—width €(a).

This completes the proof of Theorem 5.1.

It can be shown by examples that Theorem 5.1 1s a best—
possible result in the sense that there are classes 9 for
which one can specify three integers e(a), e(a+l), e(a+2)
satisfying the obvious necessary conditions, but there is no
matrix in the class having these as its a—, (a+l)—, and (a+2)-—
wildths, respectively. For instance, the complement of the
(unique) plane of order 3 has l-width-3, 2-width 4, 3-width 6, while
(1) = 2, F(2) = 3, T(3) = 5 for 1ts class. But there is no

matrix in this class having l-width 3, 2—-width 4, and 3—width 5.

6. WIDTHS AND COMPLEMENTS

Let A be an arbitrary b by v (0, 1)-matrix, and, for the

moment, designate its largest row sum by k. Define

(6'1) U-A(B)! B =0,1, =<, k, &

to be the maximal number of columns that can be selected from
A in such a way that the resulting submatrix has row sums at

most B. It was shown in [3] that the sequence (6.1) and the

width sequence for the complement A! of A,
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(6'2) EAy(a)J a = O: 1, ttt, Vo — k:

determine each other in the following way. ILet a be fixed in
its interval and let B be the least integer in 1ts interval

for which

(6.3) uy(B) =B > a.

Then, denoting this least B by B(a), we have
(6.4) eA,(a) =a + B(a).

On the other hand, starting with the sequence (6.2) and

fixing B, let a = a(B) be the largest integer in its interval

for which

(6.5) ¢y, (a) —a < B.
Then

(6.6)  u,(B) = a(p) + B.

Here we take eA,(O) = 0 and, if A has no zero columns,
uA(O) = 0.

If the matrix A has constant row sums k, 1t is clear that
(6:7) v —u,(B) = €, (k-B).

Hence, for constant row sums, the width sequence for a matrix
A determines the width sequence for A'. We summarize the

relationship between these sequences as follows:

Theorem 6.1. ILet A be a b by v (0, 1) matrix having
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constant row sums k, let A' be its complement with row sums

k' = v — k, and let ¢,(a) be the width sequence for A. Let

a' be a fixed integer in the interval O < a' < k', and let

a(a') be the largest integer a in the interval 0 < a < k

satisfying

(6.8) epla) —a < ¥ —ar.
Then

(6.9) gpar) —at =k —a(ar).

Hence the sequences eA(a) — a and eA,(a') ~ a' are conjugate

partitions.

Proof. By (6.4), eA,(a') ~ a' 1s the least integer B in

the interval 0 < B < k such that
U"A(B) - p >at,

By (6.7), this is the least integer B such that
v - eA(k—ﬂ) -8B >a'.

Setting @ = k¥ — B establishes (6.9).

It follows that the nondecreasing sequences
(6.10) eA(a) - a, a=1, 2, «++, k,

(6.11) €,,(a') —a', a' =1, 2, -, k',
Ai

are conjugate partitions of the integer
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{'

l(eA(a) - Q.) = aS':

4

(cgifat) —ar).

il ¢

a =]

To see this, construct a % by k' (0, 1)—array in which row a
contains eA(a) —a 1's occupying the last eA(a) — a vositions
(see Fig. 1). Then column a' of this array contains

EA,(a') — a' 1's; that is, the sequences (6.10) and (6.11)

are conJjugate.

—

kl

O O O O O O O

H =2 = O O O O N
H 2 2 O O O O W
= o2 P e Of
R S R N = =R RN

1

')
[
g

Notice also that row a of the array contains

uA(k—a) — (k-a) zeros, while column a' contains
uA,(k'-a') — (k'=a') zeros, and thus the nondecreasing
sequences

(6.12)  u,(B) =B, B =0,1, -+, k=1,
(6.13)  up.(B') —B',B' =0, 1, "7, k' =1,
are conJjugate partitions of the integer

) =) =T ) - B1)
6:—0 U-A(B - B) = B;O(uA'(B - B .
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Now let ¥ be the class of b by v (0, 1)-matrices having
constant row sums % and specified column sums. Since there is
a single matrix A in ¥ having minimal width €(a) for all a,
it follows from Theorem 6.1 that the complementary matrix X!

yields the minimal width sequence for 9 ', the Sequences

T(a) — a for 9 and‘z(a') = a' for N ' being conjugate. The

same connection also holds between the maximal width sequences

for the two complementary classes.

Theorem 6.2. ILet W be the class of all b by v

(O, 1)—matrices having constant row sums k and specified

column sums, and let A' be the complementary class with row

sums k' = v — . Then the Sequences
(6.14) eqla) - a. a =1, 2, «+-, V¥,
(6.15) € (a') —a', a' =1, 2, +--, k',

9’

are conjugate.

Proof. Suppose (6.14) is given, and let a' be fixed but
arbitrary in its interval. Determine the largest integer a

such that
ey(a) —a < k' —a.
Hence for this a, we have
(6.16) Eﬂ(a) —a<k'—-a'< Eﬂ(a+1) - (a+l).

Select a matrix A in ¥ having maximal (a+l)-width. fThen (6.16)

implies
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(6.17) eA(a) —a < k' -a'« eA(a+1) — (a+l),
and hence, by Theorem 6.1,
(6.18) eA,(a') —a! =k —a.

Thus the conjugate of (6.14) is dominated by (6.15).
Interchanging the roles of (6.14) and (6.15) in the

argument shows that the conjugate of (6.15) is dominated by

(6.14). But this implies that the conjugate of (6.14)

dominates (6.15). Hence (6.14) and (6.15) are conjugate.

Returning now to the class ¥, we have, from the 2-jump

theorem,

(6.19) €

a) —a) =0 or 1,

for B in ¥ . Using the conjugate relation between the

sequences e (a) —a and e ,(a') —a', it follows from (6.19)

B B!

that

eB,(a'+1) — (a'+1) —(eB,(a') —a') >1,a' =0, 1, *++, k'= 2

and hence that
(6.20) egi(a’+l) — eg,(a’) > 2, o' =0, 1, =+, k' = 2.

That is, the 2-jump theorem for % implies that jumps in the
width sequence for a matrix in the complementary class are at
least 2, except possibly for the last jump. The inequality
(6.20) is valid for a' = k' — 1 unless B' is a design, in which
case the left-hand side of (6.20) is 1.

The connection between the width sequence for the comple—
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ment of a projective plane and the existence of ovals in the
plane should be mentioned. Let B! pe a plane of order n. A
set of n + 1 points of B! is an oval if no three are collinear.

*
In the notation (6.1), B' has an oval if and only if
ug, (3) > n + 1.

The width sequence for B has n 2—jumps, the first Occurring at
a =1 (that is, eB(l) = 3). The location of the second 2—jump
spots the existence or nonexistence of an oval, since, by

(6.6), if the second 2—jump occurs at a, then

We know of no counterexample to the assertion that every

matrix in a class W with parameters
2
b=v=n +n+1, r =%k=n

has its second 2—jump occurring at or bveyond @ = n. One may
Speculate that the existence of "ovals' could ve established
for all matrices in the class W', and hence for planes. Our
efforts in this direction have met with no success.

Observe that the value @ = n is the location of the first
2—jump in the minimal width Sequence for W. We remark that
it 1s not true, for a general class ¥ with parameters satis—
fying (2.2), that all matrices in ¥ have their second 2—jump

occurring at or beyond the first 2—jump in the minimal width

*For a projective plane B' of order n, it is easy to
verify the inequality uB.(ﬁ) < (B=1)n + B. 1If the rlane has

an oval, then uB,(E) =n + 1or n+ 2, according as n is odd
or even.
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S

sequence. Indeed, this assertion 1s false for classes
contalning complements of Stelner triples, as will be shown by

an example in Sec. 8.

7. THE 1-WIDTHS OF STEINER TRIPLE SYSTE!IS

In this section, we specialize the class R to have

pérameters

(7.-1) b = Kigill, v=1 3mod 6, k=v-—3, pr-= LX:E%§X:§l.
Thus ¥ has parameters

(7.2) b, v, X' =3, v - Y5

and contéins Stelner trivles on v elements, that 1s, a
collection of triples that covers each pair of the v elements
Just once.

Zach matrix in 8 has v -k -1 =2 2-jumps in its width
sequence. If B' 1is a Steiner triple system, then B has its

first 2—Jump at @ = 1, 1its width segquence having the form

(7'3) eB(l) = 3, €B(2) = 4:"" €B(t—2) =t,
€B(t—l) =t +2, ¢+, eB(V_B) = V.

From the conjugate relation between the sequences

eB(a) -—a,a=1, 2, ***, v — 3, and ¢ ,(a') —a', at =1, 2, 3,

B

it follows that

eBl(l) - 1= (V—B) —-('C—Q) =v-t-1,
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and hence that the integer t 1in (7.3) satisfies

Thus the location of the second 2—jump in (7.3) is determined

by the 1l-width of the triple system B!'.

Theorem 7.1. The l-width of a Steiner triple system B'

on v elements satisfies

v —1
2 *

(7.5) e (1) >

Equality holds if and only if the triple system contains a

triple subsystem with varameters

(7.6) E:L‘"%ug‘?),V:V_l ?=3’;=V_17_2'

2 3

Before proving Theorem 7.1, we point out that (7.5) is a
considerable improvement -on the lower bound given by €(1) for

1
¥, since

(1) =<%>.

Proof. ILet B' have l-width (v+p)/2, p an odd integer.
Then we may take B' 1in the form

r‘ -
X3 0
(7.7) X5 ¥y
-Xl Y2—
—— —
V+Q V-—Q
2 2
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Here XB contains three 1's in ezch row, X2 and Y2 contain two
1's in each row, Xl and Y1 contain one 1 in each row, and O
is a zero matrix. The matrices X, have (v+p)/2 colunns.

Iet X, have x

1 4 rows, i=1, 2, 3. Then

v§v~12
)

v—1 v—D

){14-}(2-*-)(.5

(7.8) 2xy + Xp - R B
2v=p—=3 _ v=D
hxy + %, =T z

the last equation coming from the inner—oroduct restriction
on the last (v—p)/2 columns of B'. The unique solution of

this system is

_ (y=p—2) (v—p)
8 )

X
1
(7.9) (041
x, = 9:;%§z:21,
2 2
' —4v+3p .
> ol

Thus if p < -1, then X5 < O and hence we conclude that

(7.10) p > -1,

v—1

(7.11) e, (1) > 5=

Suppose that equality holds in (7.11). Then in the

configuration (7.7) with p = -1, we have X, = 0, and X, is a

3
triple system on (v-1)/2 elements. Conversely, suppose the

given triple system has a subsystem with parameters (7.6).

Iet X3 represent the subconfiguration and write
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(7.12) B' =

Then X cannot contain a row with two 1l's. Nor can X

contain a row of O's. For the column sums of X are (v+1)/4

V)

and

T+ vzl ) ggl _ (v~1%£v7§l N (v+ll§v—1) _ vﬁz;l} b,

Hence for the matrix B' of (7.12).

(7-13) EBy(l) = T .
This voroves the theorem.

Je remark that, given a triple system on v > 5 elements,
1t is always pvossible to construct a triple system on
v = 2V + 1 elements that contains the given one [4]. A second
remark concerns the configuration (7.7). The matrix Y, is
the incidence matrix for all pairs on (v-0)/2 elements, and has
constant column sums (v—p—-2)/2; each column sum of Yl is
(p+1)/2.

Some examples of triple systems and their l-widths are

tabulated below:

(a) v = 7. Unique system, €(1) = 3.




with

(d)

v = 9. Unique system
1, 2’ 3
1, 4, 5 2, 4%, 9 3,4,8
1, 6,8 2,5,6 3,5 7 4,6,7
1, 7,9 2,7,8 3 6,9 5,8,¢8
€(1) = 5. (The set {1, 2, 3, 4, 5} intersects every triple).
v = 13 Two d¥stinct systems. Each contains
1, 2, 3
1’ 4’ 5 2, u’, 6
1,6, 7 2,5, 7 4, 3,8
1, 8, 9 2, 8,10 b, 7, 9 T, 3,1
1,10,11 2, 9,12 k,10,13 W, €, 3 8, 5,11 6, 9,11
1,12,13 2,11,13 b, 11.12 7,10,1 8, 6,12 3, 5,12
In addition, one system contains %, 6, 10; 3, 9, 13;
5, 6,13; 5, 9, 10; the other contains 3, 6, 13; 3, 9, 10;

5, 6, 10; 5, 9, 13.

The set

both systems and hence

v = 15,

{1,2,3, 4,5 6, 7;

e(1)

intersects every triple for

= 7 for both.

Elghty distinct systems. One of these has l1-width

7, by Theorem 7.1 and the remark following its proof.

There 1s another that has l-width 9.

We describe it as

follows. Let
F00110 10000
000711 01000
10001 00100
11000 00010
Z=]0110 0|, E=/00001]|,
01001 10000
10100 01000
01010 00100
00101 00010
10010 00001
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and form the 35 by 15 matrix

O N
H O N (1
HNHO

Here I is the 5 by 5 identity. It 1is easily checked

that this is a triple system. 'e omit a proof that it

has 1l-width 2, except to say that the partitioned form

we have used to describe it 1s advantageous in making a

proof. It can also be shown that none of the eighty “

systems has 1-width 10 or more.

It would be iInteresting to have more information concern—
ing the variation in 1l-width for Steiner triples. In this
connection, we note that the triple system Jjust described can
be generalized. Take v = 3 mod 6 and set v = 33, s an odd
integer. ILet Z be the incidence matrix of all pairs on s
elements; it 1s not hard to show that Z may be arranged to

appear as

(7.14) z =| 2, .

where each Z1 is the sum of two permutation matrices, and

§21=J—'I:
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where J is the matrix of all 1l's. Let

(7.15) E =

=t o

consist of (s-1)/2 identity matrices of order s. Then the

matrix
Z EO
0 ZE
(7.16) EO Z
IITI

is a Steiner triple system on v = 3s elements. Does the

system (7.1€) have l—width 2s - 1 = 2v/3 — 1°?

8. SOME MISCELLANEOUS EXAMPLES

Perhaps the simplest nontrivial class ¥ wlth parameters

satisfying (2.2) 1s obtained by taking
(8.1) b=v>3 r=%k=v-—2.

This class has Just one 2-jump, and 1ts maximal width sequence

can be determined explicitly. It is

(8.2) €(1) = 2,...,E((%’-}l)=<%’->,€(<%’->)=<—;->+2,...,E(v—e )=v,

the 2—Jump occurring at <%>. To prove this, let the 1lnteger

v > 3 be written 1n one of the three forms

(8.3) V = 33,




(8.4) v 3s — 1,

]

(8'5) \ 35 "‘2:

where s 1s an integer.

for the complementary class %', that

(8.6) €(l) = 2s, 2s — 1, 28 — 2,

according as (8.3), (8.4), or (8.5) holds.

Assume (8.3).

has l1-width 2s. Let
011
(8.7) D, =101},
110
and form
Dy
D
(8.8) 2, )
D,

with Db repeated s times.

1-width 2s. H!

Suppose there were a matrix in
width 2s + 1.

I of size 2s + 1, and hence can be written as

» X
(8'9) { s
I b §

We first single out a matrix 1n
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By Theorem 6.2, it suffices to show,

H ' that

The matrix (8.8) 1s in ¥ ' and has

that had 1-—

Such a matrix must contain an identity submatrix
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with I having 2s + 1 rows and columns. Then the matrix Y
contains 2s + 1 1's, whereas the matrices X and Y together con—
tain 2(s-1) = 28 — 2 1's, a contradiction.

Assume (8.4). Let J, be the 2 by 2 matrix of l's.

Then the matrix

(8.10) " ,

with Eb repeated s — 1 times, is in ¥W' and has l-width 2s - 1.
An argument similar to the one given above shows that no matrix
in ¥’ has l-width 2s.

If (8.5) holds, the matrix

(8.11) ,

with D2 repeated s — 2 times, is in ¥' and has l-width 2s - 2.
AsS above, no matrix in ¥ ' has larger l-width.
A matrix in ¥ ' can be viewed as the edge—vertex incidence

matrix of a multigraph having degree two at each vertex. The

l1-width of the matrix is the minimum number of vertices that
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touch all the edges. Roughly speaking, the proof ziven above
says that to maximize thils number over all such graphs on v
vertices, form as many trianzsles (matrices D2) as possible.

Our next example 1s the one mentionz2d at the end of Sec. &.
It shows that classes corresponding to complements of 3Steiner
triples contain matrices with both 2—jumps occurring before
the first 2—jump in the minimal width sequence. Let the class

H ' have parameters

v =55 3543, k'=3,r'=(s—12s—2) .

(8.12) ba(ED583)(s-1)(52),

where s is an integer. Note that v = 1, 3 mod 5 according as
s =1, 2, 4, 5mod 5 or s =0, 3 mod 6, so that ¥ ' contains
Steiner triples on v elements. For the class ¥, the first

2—Jump in the minimal width sequence ?(a) occurs at
T I ' s(s=3)

1 oy [2] (8]0 [

brackets denoting biggest integer.

Let D; be the incidence matrix of all triples on s elements.
Thus D; is of size s(s=1)(s—=2)/6 by s. Consider the following

matrix in W'

]
v

(8.14) B




Here DS occurs s — 3 times and J is a matrix of 1's of size
3

(s—1)(s—2)/2 vy 3. The matrix B' has

(8.15) ugi(1) = =2, ug(2) = 2(s2), . (3) = s° 3s + 3,

wnence 1t follows Trom (6.3), (6.4) that the width sequence for

its complement B has 1ts 2-jumps at

(8.1¢)

and a, =

=5 — 2 3

@s

Ccomparinz (8.10) with (8.13) shows
these occur before ;-
Our final example is designed

can the difference €(a) — €(a) for

tnat, for s > 7, both of

to answer the question:

a class W be bounded above

by anything interesting? It is of course c¢lear that

(8.17) c(a) - TUa) < k' =1

for all a. The above example shows that equality can hold for

k' = 3. We now show that equality can hold for k' > 3.
Let DS, be the incidence matrix of all k'—tuples of s

elements, having (i,) rows and s columns, and consider the

class W' zenerated by the matrix
S
(8.18) B' = .. 5
‘.S
where Di, occurs t times. The class N ' has parameters
s—1
©19)  v=t(3), v=st ks (Gh),
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and we can satisfy the class inequality for ¥ by choosinzg t
sufficiently large. The first 2-jump in the minimal width

sequence for W occurs at

i st
(8.20) ay = [E,] =[W]'
We assume that k' divides s, so that brackets may be dropped

in (8.20).

The matrix (8.18) has

IN

(8.21)  ug.(B) _ {Bt’ 0o<pgK — 1

st, B k',

whence

a + t%f> 1f o < (k'-1)(t-1),
a + k' 1t a> (k'-1)(t-1).

(8.22) eB(a) ={

For s > k'(k'=1), we have

and thus
— - = 1
(8.23) eglay 1) = oy — 1 + k',
Since a, 1s the position of the first 2—-jump in €(a),
4 5 —_ =
(8.24) €(ay 1) = ag -

Hence equality holds in (8.17) for a = ay — 1.




RM-2CG0
55

REPERENCES

Bruck, R. H., and H. J. Ryser, "The Nonexistence of Certain
Finite Progective Planes,” Canadian J. Math., Vol. 1,
1949, pp. 86-93.

Pulkerson, D. R., and H. J. Ryser, "wildths and Heights of
(0, 1)-Matrices," Canadian J. Math., Vol. 13, 1961,

pp. 239-255.

, "Multiplicities and

Minimal Widths for (0, l)-Matrices,” The RAND Corporation,
Paper P-2272, April, 1961. To appear in Canadian J. Math.

Hall, Marshall, Jr., "A Survey of Combinatorial Analysis,”
pp. 35-104 in Irving Kaplansky et al, Some Aspects of
Analysis and Probability. Surveys in Applied Mathematics,
Vol. ¥. John wiley and Sons, Inc., New York, 1353.

Ryser, H. J., "Combinatorial Properties of Matrices of
Zeros and Ones," Canadian J. Math., Vol. 9, 1957,

pp. 371-377.

"Matrices of Zeros and Ones,'" Bull. Amer.

’

Math. Soc., Vol. 66, 1960, pp. 442464,




