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CHAPTER I

INTRODUCTION

The concept of the boundary layer was first introduced by Prandtl
(Ref. 35) so that approximate solutions could be obtained to the Navier-
Stokes equations which describe the behavior of viscous flow around
moving bodies. This concept allows one to divide the flow field around
a body into two parts. In the external part the effect of the viscosity
of the fluid is neglected and the Navier-Stokes equations reduce to the
Euler equations. In the other part of the flow field, which 1s near
the body, the viscosity has a strong influence; but other terms in the
Navier-Stokes equations can be neglected to give the classical boundary-
layer equations. As a result of the simplification of the Navier-Stokes
equations to the boundary-layer equations, the pressure change normal
to the wall across the layer is negligibly small. Therefore the pres-
sure in the boundary-layer equations is replaced by ‘the pressure at the
wall as determined from the external inviscid fluid problem. With the
tangency boundary condition applied at the surface of the body, the
solution of the Euler equations therefore gives the pressure distribution
on the body, and hence the pressure gradient is known in the boundary;
layer problem.

The presence of a boundary layer on a body effectively increases
the thickness of the body by an amount equal to the displacement thick-
ness as far as the external flow is concerned. Since the layer thick-
ness is small, the pressure field of the thickened body and of the body
proper are practically equal in subsonic and low supersonic flow. How-
ever, at hypersonic speeds the boundary layer cannot be neglected in
solving the Euler equations for the external flow about slender bodies.
Since the displacement thickness 1s a function of the pressure distribu-
tion along the body and the pressure distribution is a function of the
effective body shape, there is an interaction between the boundary-layer
problem and the external flow problem. Therefore, the Euler equations
and the boundary-layer equations must be solved simultaneously.

If s formal approach is applied to approximate the Navier-Stokes

equations (technique of inher and outer expansions as applied by

-1 -
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by Van Dyke (Ref. 41) to a blunt body) the classical boundary-layer
equations are the first approximation to the Navier-Stokes equations
for the boundary-layer flow. The second approximation to the Navier-
Stokes equations for the boundary-layer flow introduces the effect of
the displacement thickness. Also the following second-order effects are
introduced: longitudinal curvature, transverse curvature, slip, tempera-
ture jump at the surface, entropy gradient, and total enthalpy gradient.
In this paper only the boundary-layer flow downstream of the leading edge
of & sharp flat plate will be considered. For a flat plate the longi-
tudinal and transverse curvature effects are zero. Since slip and temp-
erature jump at the surface are mainly important near the leading edge,
the boundary-layer flow is considered only after & small distance from
the leading edge. For a sharp flat plate there will be a nearly straight
shock wave from the leading edge and hence the entropy gradient will be
small. The stagnation enthalpy is constant across the shock wave and
hence the total enthalpy gradient is zero. Therefore, the predominant
second~order effect will be the displacement thickness and this will be
the only effect considered in the interaction between the boundary-layer
and the external flow.

Before the interaction problem can be solved it is necessary to have
a satisfactory method to solve the boundary-iayer equations with an arbi-
trary pressure distribution. Since similarity methods are only applicable
for rather special pressure distributions and integral methods only give
approximate results, the numerical scheme of finite-differences is em-
ployed. Several finite-difference methods for the compressible laminar
boundary layer existed when this work started. Baxter and Flugge-Lotz
(Ref. 1) modified the boundary-layer equations using the Crocco trans-
formation and then used an explicit finite-difference scheme to solve
the resulting equations. This method is not completely satisfactory due
to the small step-sizes required for ensuring stability and convergence
of the finite-difference scheme. Kramer and Lieberstein (Ref. 21) have
solved essentially the same Crocco transformed equations except an im-
plicit finite-difference scheme has been used to eliminate stability
problems. Still the step-size must be sufficiently small to ensure .

convergence of the numerical solution to the exact solution. In their

- 2 -



paper there are no comparisons with known results or any indications of
the validity of the method. A definite disadvantage of methods based
on Crocco's equations is the fact that the methods are not applicable
when the boundary-layer profiles have 'overshoot." Veloclty profiles
with overshoot occur for certain cases of heated walls with favorable
pressure gradient and this effect becomes even more important for boundary-
layer flows with helium injection. Due to the above considerations,
Fliigge-Lotz and Yu (Ref. 11) investigated an explicit finite-difference
scheme to solve the boundary-layer equations for the physical plane.
However, this method did not prove completely satisfactory, especially
at high Mach numbers and with a heated wall. Under these conditions
the step-size requirements were so severe that 1t was impossible to ob-
tain stable solutions.

Since the available numerical solutions of the boundary-layer equa-
tions were not generally adequate, a major part of this paper is con-
cerned with developing a new method. A satisfactory method will be one
which is not only stable, but one which has a grid size such t hat compu-
tation time is reasonable. Two main implicit finite-difference schemes
are developed. Since the boundary-layer equations are analogous to the
heat equation as far as stability is concerned, an implicit scheme using
the boundary-layer equations in the physical plane was used initially
in order to have stability as the heat equation indicates. One of the
better ways to solve the heat equation is the Crank-Nicolson method
(Ref. 8) which has a smaller truncation error than the implicit method.
This method actually is at the dividing point between the explicit and
implicit schemes, but is always stable for the heat equation. Due to
the complexity of the boundary-lasyer equations, it is impossible to as-
certain with assurance whether a Crank-Nicolson type of scheme would
always be stable. In order to improve the grid size requirements, and
thus have a practical method, the second difference scheme investigated
is of the Crank-Nicolson type.

Especially for hypersonic flows along insulated walls, the velocity
profiles vary almost linearly over a large portion of the layer except
at the outer edge where there is a large change in the velocity gradient.

For accurate results a particularly small grid size is required near the

- 3 -
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outer edge. The immediate conclusion is that the grid size should vary
with distance from the wall, but this is rather inconvenient. Therefore,
the coordinate normal to the wall should be stretched to obtain smoother
Profiles across the boundary layer by using the Howarth-Dorodnitsyn
transformation. This was done in the second scheme investigated.

In both of the implicit finite-difference schemes developed in this
report the derivatives in the boundary-layer equations are replaced by
difference quotients such that linear difference equations are obtained.
If the usual procedures are followed for replacing the partial differen-
tial equations, nonlinear difference equations are obtained. Hence, one
has the extremely involved problem of solving forty to sixty simultaneous
nonlinear algebraic equations at each step along the wall. In order to
make the implicit method feasible, the difference equations have been
linearized, which then requires the solution of a large number of simul-
taneous linear slgebraic equations. These equations are of a tridiagonal
type and are well suited for solution on a digital computer. A wide var-
iety of boundary-layer problems has been solved to indicate the useful-
ness and accuracy of the two methods investigated. The problems used for
the verification of these methods either have exact solutions or have been
solved numerically by other procedures.

Since the above finite-difference schemes have been developed,
several numerical methods to solve the boundary-layer equations have
appeared. Wu (Ref. U42) has used an explicit finite-difference scheme to
solve the boundary-layer equations in the physical plane. The Howarth-
Dorodnitsyn transformation has also been used by him to improve the sta-
bility requirements for the compressible boundary layer. However, the
transformed equations as given cannot be used for a flow with a pressure
gradient; this fact is not clearly indicated in the report. Another
method which combines the Dorodnitsyn integration scheme with the
Pohlhausen approach, has been developed by Pallone (Ref. 34). The boun-
dary layer is divided into a number of strips (4 or 6) parallel to the
wall and then the boundary-layer equations are integrated from the wall
to the various strips where the velocity and enthalpy profiles have been
approximated by a polynomial. This method reduces the partial differen-
tial equations of the boundary layer to a set of ordinary first-order

- -
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differential equations with the coordinate parallel to the wall as the
independent variable. This method looks very attractive as the proce-
dures to solve ordinary differential equations are highly developed.
However, one would question whether this method converges to the exact
golution as the number of strips is increased, since a polynomial is being
fitted through a large number of ﬁoints to represent the velocity and en-
thalpy profiles. For this situation, the polynomial can be greatly dif-
ferent from the exact profiles between the fitting points. An interest-
ing numerical method for solving the incompressible boundary-layer flow
has been presented by Manohar (Ref. 29) and the ideas can be extended

to compressible flow. The author develops from the boundary-layer
momentum equation end the continuity equation a third-order nonlinear
partial differential equation and then replaces the derivatives in the
direction along the wall by difference quotients. This results in a
nonlinear ordinary differential equation which must be solved across

the boundary layer at each step downstream. An iteration process is re-
quired for the solution since two boundary conditions are given at the
wall and one at the outer edge. The problem of iteration would become
even more difficult for the compressible boundary-layer equations as
there would be two boundary conditions at the outer edge.

A large number of people have investigated the displacement thick-
ness or pressure interaction between the boundary-layer and the external
flow. A complete discussion of this problem with a review of previous
contributors is given in Hayes and Prohstein (Ref. 1L4). All of the prev-
ious methods of solution have either used perturbation or approximate
methods to solve the Prandtl boundary-layer equations with the pressure
gradient in these equations determined from the effective body shape.

In this paper the same problem is investigated using the new numerical
scheme developed for solving the boundary-layer equations. The tangent-
wedge formula is used as the solution to the external flow field and hence
the pressure distribution is known once Fhe effective shape of the body
(geometric shape plus displacement thickﬁess) is given. Starting with

the initial profiles across the boundary layer, the boundary-layer equa-
tions are solved with the pressure at the next grid line iterated until

the assumed pressure equals the pressure determined from the tangent-
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wedge formula. This process is repeated as one steps downstream until
the desired distance has been covered. A comparison of the numerical

results is made with the "strong" and "weak" interaction theories and
experimental results when such are available.
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CHAPTER II

MATHEMATICAL DESCRIPTION .OF THE COMPRESSIBLE
LAMINAR BOUNDARY LAYER

In this chapter the equations for the laminar compressible boundary
layer are presented along with the necessary boundary conditions. The
equations are nondimensionalized, which results in using quentities of
the same order of magnitude better suited for computations. The
boundary-layer equations are also modified using the Howarth-Dorodnifsyn
transformation, which results in equations advantageous for numerical
computation when the flow is hypersonic. Since the boundary conditions
require that the enthalpy and velocity be known at the outer edge of
the boundary layer, the necessary formulas are presented to calculate
the exterior flow, provided the pressure distribution is known. Finally,
the characteristic values of the boundary layer (shearing stress, heat

transfer, and displacement thickness) are defined.

A. The System of Partial Differential Equations

1. Differential Equations. The flow of a compressible, viscous,
heat~conducting fluid is mathematically described by the continuity,

Navier-Stokes, and energy equations plus the equation of state, a heat-
conductivity law, and a viscosity law. For flows at large Reynolds
numbers, Prandtl (Ref. 35) has shown how the Navier-Stokes and energy
equations can be simplified to the boundary-layer equations. If it is
assumed the Prandtl number and specific heat of the fluid are constant,
the classical boundary-layer equations for steady, two-dimensionsl,

compressible flow are

Continuity (p*u*)x* + (p*v¥__ =0 (2.1)
dpe*
. »* = - —— * .
Momentum  p¥udur . + p*viu - It (u*u* ) (2.2)



M

Energy dp *
‘pe A o 1 B
N Ry ¥ | o R ve— ** = (u*i* .
prurix . + p¥vii g = T ot + 55 (n*i y*)y* (2.3)
7-1
Equation of State p* = p*¥ R* T* = ~== p*ix (2.4)
Viscosity Law p* = Pr(i*) (2.5)

The starred quantities have dimensione and the subscripts indicate par-

tial differentistion. The independent variables are the space coordi-
nates x* and y* which are parallel and perpendicular to the wall,
respectively. The dependent variables are the density p¥, the wvelocity
components u* and v* which are parallel and perpendicular to the wall,
respectively, enthalpy i* and viscosity u*. Hence, we have a system of
five simultaneous equations and five unknowns.

The two original momentum equations beceme, after the boundary-

layer simplification, equation 2.2 and the following result

Op*
3% =0 (2.6)
Thus the pressure in a direction normal to the boundary layer is practi-
cally constant. This result has been used in equations (2.2) and (2.3)
~where the pressure at any x* has been set equal to the external pressure
pga Also, from the equation of state the result is obtained that p*i*

is a constant, or the following relation can be written

o = (o¥ 1¥)/1% (2.7)

The boundary-layer equations given above (2.1 - 2.5) are valid for
a curved wall provided there are no large variations in curvature, and
the boundary-layer thickness is small compared withihe radius of curva-
ture of the wall.

2. Boundary Conditions. In order to obtain & unique solution to -

the partial differential equations of the boundary layer it is necessary

to satisfy the boundary conditions of the problem under consideration.
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These conditions are shown schematically below.

I
=
*

u*(x*;Yg)
\a.d #*( ¢
Lt__..———-—' u* ! (X ,yg) ig

T7 7777777777

Boundary Layer
Region

b .2
Xy

u*(xI)Y*FUI u*(x*,O) =0
V*(XI:Y*)=VI v*(x*,0) = 0
. 1*(X§:Y*)=1I 1*(x*,0) = i;(x)

T (e,0) = (1% )

The velocity and enthalpy at the edge of the boundary layer are deter-
mined from the shapel of the body by using inviscid flow theory and
are discussed in Section E of this chapter.

The conditions of no slip and no suction or blowing are teken as
the boundary conditions at the wall. Hence, the two velocity compo-
nents u* and v* are zero at the wall. The third boundary condition at
the wall dependes upon the thermal state of the wall. The temperature
of the wall can be specified, which means the enthalpy along the wall
is given. An alternate condition at the wall is to specify the heat °
transfer which determines (ai*/ay*)w a11° Finally, the parabolic 'f:ha.ra..c-
ter of the differential equations requires that initial velocity and
enthalpy profiles be known at x;. Thesg'initial profiles are obtained
from analytical results which are applicable to the problems under

coneideration.

lIn the classical boundary-layer theory the shape of the body is
teken as the geometrical body. When interaction between the boundary-
layer and inviscid flow is considered the shape of the body is the
effective body (see Chapter 5).

-9 -
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3. Viscosity Law. A formula for the viscosity of a gas from the
standpoint of kinetic theory of gaseslis Sutherland's law, which is

ot/ = o (1%/7%)3/2 (2.8)

The constant S* is taken as 216 or 198.6 in this work in order to com-
pare results obtalned with other reports using these values. Based
on newer experiments the value of S* is 198.6.

Another viscosity law which is used in many analytical solutiéns

to the boundary-layer equations is the linear law, which is written as

ur/ii% = CT*/T* (2.9)

The constant C 1s usually determined by matching the viscosity at the
wall as given by the linear law and Sutherland's law. This results
in the following value for C:

T* 4 g% .

e
C =1/T;/T; T:"TTS—*- (2.10)

Using the relation

i* = c; T* (2.11)
gives the above viscosity laws as a function of enthalpy.

B. Nondimensional Form of the Differential Equations and Boundary
Conditions

1. Nondimensional Quantities. It is advantageous to write the

differential equations and other relations of interest in nondimensional
form before numerical computations are performed. The following non-
dimensional quantities are defined so that all quantities are of the

same magnitude.

AIéutherland's Hypothesis assumes that the molecules are hard spheres
with a weak attraction between them and this force falls off rather rapid-
1y with distance. The resulting viscosity law from kinetic theory has B
the constant S* which 1s a suitable empirical value. This law is valid
over a certain temperature range (Ref. 19).

- 10 -
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a. Variables appearing directly in the differential equations:

u = u*/cg

= v# 1/Reg/cg |

2
i*/cg

<
l

oy
]

©
i}

p*/o¥

b=
I

= w*/u} (2.12)

2
= p*/(p* c*°)

o
i

®
[}

x*/L*

]
i

y* Reg/L*
with

[y
[}

o = 1/(7-1)

b. Quantities describing the behavior of the boundary-layer
flow:

* qfRex/ (0% cx°)
a*[Rex/ (o c*%)

c_* s*/cg2

Py (2.13)
c * T*/c*2

P (o]

o
*1, */(p* c* c *
h Reo/(po c¥ cpo)

-
]

Yo
n

62}
n

=]
]

oy
]

(2.13 cont'd. on next page)



(2.13 cont'd)

k = k*/(c ¥ p¥) -
(o]
c_ = c*/c * =1 )
1B L N
= k = o ¥/kt = ¥*
Pr=c/ u/ c¥ u /k* = Pr
R = R*/c_%
pO

In the above quantities the subscript "o" refers to the conditions

at the stagnation point or reservoir of the exterior inviscid flow. The
length L* is some characteristic distance of the problem and the Reynolds
number, Reg, is defined by

* - ¥*
Re* = c* L pg/ug (2.14)

2. Boundary-Layer Equations. Since the viscosity is a function

of enthalpy, the viscosity in nondimensional form can be written as

w=f(1) (2.15)
The derivative of the viscosity can be written as

af
by=qr i, =14 (2.16)

Using the nondimensional quantities as given in (2.12), we can write

the boundary-layer equations (2.1 - 2.3) as

Continuity (pu)x + (pv)y =0 (2.17)
Momentum +pvu_=-p' + fu_ + f' ui 2.18
puu, + pvu 1 vy vty (2.18)
2 f f' .2 -
= up' _— —_— .
Energy pui_ + pviy =up, + f uo+ 5y 1yy + 55 iy (2.19)
14
Equation of State p = peie/i =57 p/i (2.20)
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Viscosity Law

f = cli where Cl = Cp.e/ie
(Linear) 14 s/m
£ =C | °
1 S iw;'.i.o+ S:go
1, 1+s/t,
c =T T/ ssm (82)

e w e e

F 1+ 8/T, 3/2

f = —p (i/1))
1710 + S7TO 0

1/1 + 3 s/T
£ o ° (2.22)
21(1/1o+ S/To)

(Sutherland) <

fl

\.

3. Boundary Conditions. The boundary conditions become the fol-

lowing when the nondimensional quantities are used:

a. Outer Edge of Boundary Layer

Y=Yy » x2x o ulny) =u(x)
1(x,7,) = 1,(x) (2.23)
"b. Wall
u(x,0) =
y=0 , x>x v(x,0) =
i(x,0) =1,
or
1y(x0) = (1)) (2.24)
c. Initial Profiles
u(x,,y) = uy(y)
X = xi ’ ye S y S 0: v(xiJY) = Vi(y)

- 13 -



C. Howarth - Dorodnitsyn Transformed Boundary-Layer Equations

For some numerical calculations it 1s advantageous to stretch the
coordinate normal to the wall. The appropriate stretching is accomplished
by using the Howarth - Dorodnitsyn transformation

X

g

n= SJ ody (2.26)

0

In order to transform the boundsry-layer equations (2.17 - 2.19) the
following relations between the differential operators in the 0ld and

new coordinates are usedr

o _ .9
FT A

Also, a new velocity is introduced and is defined as
V=mn_u+pv (2.28)

The boundary-layer equations (2.17 - 2.19) become the following in

the transformed plane:

ug + V=0 (2.29)
w, + V vy = - pé/p +F U * F! iﬂ U (2.30)
uly + Vi = upl/o + F uf],»f %; fon * = 1% (2.31)
where F = pu=p,i, (n/1)
Fr =37 = 0.1, 3 (/1) (2.32)
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Of course, the equation of state remains the same, but the viscosity

law gives the following relations:

r
Fo= peiecl
(Linear Law) <
F' =0 (2.33)
"
f‘F _ peie 1+ S/To (i/i )1/2
1 171+ s7'1?_0 0
(Sutherland Law) <
o F s/'ro - 1/10 2.3
R s 3
s/To +1/1

In order to determine the physical distance normal to the wall, y, the
transformation (2.26) is used to obtain the following:

n

.

n
(1/dan = (/) § (1/1) an (2.3
0 0

D. Exterior Flow

The following quantities will be given to describe the exterior
flow and fluid properties:

M, T, 7, Pr, and S.
Since we know the above quantities, the following formulas for an

isentropic, perfect gas can be evaluated independent of the shape of
the wall on which the boundary layer is located.

Y Mw/1/1 + 2 M (2.36)

A
p, =M+ T (2.37)
1 =1/(7-1) (2.38)
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1 =1, (1+220) (2.39)
The next exterior flow quantity that must be determined 1s the pressure
and pressure gradient along the boundary layer. The method to be used
to determine this pressure depends upon the problem under consideration;
hence, 1t will be discussed along withthe problems considered in later
sections.

Now the following formula for an isentropic, perfect gas can be

evaluated using the previously obtained results above.

o1 1/2
1- (p/p,) 7
Up =Y, |14 (2.4%0)
7-1
2 Mi
iy =1, - 1/2 ui (2.41)
1
op = (1/1,) 77 (2.42)
TO
T, = —— (2.43)
1 52
e
1+ s/T
by = —————— (ie/io)3/2 (2.44)

1@/1o + s/To

It should be noticed that the contribution of v, in equation (2.41)

has been neglected, which is consistent with the boundary-layer equations.

E. Boundary-Layer Parameters

1. Shearing Stress. Since the viscous drag of a body moving through

a fluild is dependent upon the shearing stress at the wall, this is one
of the boundary-layer characteristics of interest. The shearing stress
at the wall in the physical plane is

T e n, @ (2.45)
w
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and in the transformed plane ls

= o by G (2:46)

Rather than the above parameter, usually the skin friction and Reynolds
number sre combined to give one of the following characteristics to

describe the boundary-layer shear stress at the wall:

21
W X
CoafRe | = — (2.47)
£ X Y Pe He He
where 21;
Cp = 5 (local skin-friction coefficient)
p* u*
e e
uk x* p
Re_ = —EE;r—-ji (1ocal Reynolds number)
e

In the case of interaction between the boundary-layer and the external
flow, the following parameter is used to describe the skin friction
and is used for analytical results in Ref. 1lk.

3 2M°3°'r
CoM = o X (2.18)

w
f = 2
Py Uy ‘v Reg

2. Heat Transfer. In aerodynamic heating analysis it is necessary

to know the heat transfer between the boundary layer and wall. The heat
transfer at the wall is related to the enthalpy by the following formula:

o, --5 @ --4£& (2.49)

 Again, there are more conventional parameters -to describe the heat

transfer at the wall and one is

% -
StdRe =1 2.50
e, l/:pe . (2.50)
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where
h* .
St = (the Stanton number)
* ok ok
pY vy cX
*
h* = —a (local heat transfer
T* - T %
T* - T % coefficient)
or
h = —3
T = 1aq
7-1
iad'ie (l+—-2-,rM§)

The adiabatic enthalpy, iad’ is the value of the enthalpy at the wall
when there is no heat transfer (insulated wall). 1In order to obtain

the adiabatic enthalpy, it is necessary to know the recovery factor r.
For the laminar flow along a flat plate at constant temperature the re-
covery factor is taken as 0.845 when Pr = 0.72. For some other types

of flow the recovery factor is unknown. In these cases the Stanton num-
ber can be based upon the temperature at the edge of the boundary layer,
Te’ and then all the adiabatic enthalpies, i

the above relations.

ad’ 8re replaced by ie in

For the problem of interaction between the boundary-layer and the
external flow, the following parameter is used to describe the heat

transfer and is used for experimental results in Ref. (13).

3
3 M. d

[eo]
oM = -
[ (io'iw)1’Re3

3. Displacement Thickness. For problems in which interaction be-

(2.51)

tween the boundary-layer and inviscid flow is important, it is neces-
sary to have the displacement thickness to determine the effective body.
The boundary-layer displacement thickness is defined as

Ve
% = S‘ 1 - 20y (2.52)

* 0
Pe e
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A nondimensional displacement thickness is used in calculations as de-

fined below:
Yy

e '——1
¥ = S 1-2 d ——\Reg 5* (2.53)
- Tu L °
0 e

In the transformed plane the nondimensional displacement thickness be-

comes
ne

% = S\ z—e (i/1, - u/u,) an (2.54)
0

- 19 -



CHAPTER III

NUMERICAL SOLUTION OF THE BOUNDARY-LAYER
EQUATIONS WITHOUT INTERACTION

Since the partial differential equations governing the flow in the
boundary layer are of parabolic type, they can be solved stepwise down-
stream starting with initial velocity and enthalpy profiles and using the
boundary conditions. When the finite-difference scheme is employed, the
derivatives in the partial differential equations are replaced by dif-
ference quotients, and this results in difference equations. To con-
struct the difference quotients and equations it 1s necessary to divide
the flow field into a gr;d or mesh. First, the velocities and enthaply
across the boundary layer at the grid points which are a small distance
downstream from the initial profiles are computed using the velocities
and enthalpy given by the initial profiles. When the difference equa-
tions are solved in succeeding small steps downstream, the flow in a
region of the boundary layer can be determined.

There are numercus ways of constructing difference quotients, but
there are two general classifications: explicit and implicit. When
the explicit scheme is used, the resulting finite-difference equations
can be solved for the unknown quantities at one grid point at a time.
However, to obtain stable numerical solutions, the step-size downstream
must be less than some critical value. With the implicit scheme the dif-
.ference equations for the unknown quantities at a row of grid points are
‘solved simultaneously. The downstream step-size for the implicit method
‘requires»no restrictions to ensure stability; however, the step-size
must be sufficiently small for the numerical solution to closely approxi-
mate the exact solution. Obviously, the implicit scheme is mathematically
more complicated; however, whenthe difference equations are linear, a di-
rect method of solution (an algorithm) can be evolved. Due to the repe-
titious form of the explicit and implicit finite-difference calculations,
the solution is well suited for digital computers. The best method for
a computer is determined from the consideration of computation time
needed rather than the mathematical complication involved or the step-size

required. The implicit methods usually require more computation time per
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step, but allow larger step-sizes downstream than the explicit methods;
therefore, total computation time by either method can be a minimum for
e particular problem.

The essentisl points of the explicit method of Wu (Ref. h2) are
presented in this chapter for convenlence of comparison with the impli-
clt methods. Also the equations are presented in a slightly different
form which is valid for boundary-layer flow with a pressure gradient.

The equations given by Wu are only valid for zero pressure gradient since
the density at the edge of the boundary layer has been assumed a con-
stant while applying the Howarth-Dorodnitsyn transformation. The ex-
plicit method is presented only for the solution of the boundary-layer
equations in the transformed plane (after the Ho&arth-Dorodnitsyn trans-
formation has been used). In the explicit scheme the derivatives normal
to the wall are replaced using quantities from the known profiles. There-
fore, the momentum equation gives the velocity, u, and the energy equa-
tion gives the enthalpy, i, directly at each grid point (except at the
edges) one step downstream from the known profiles. The quantities at
the edges of the boundary layer are known from the boundary conditions.
The velocity, V, is determined from the continuity equation and then

the above procedure is repeated at succeeding steps downstream. Wu

has indicated that the continuity equation in his method is treated in

a particular manner. The derivative u, is replaced with a backward
difference quotient and the resulting equation is integrated using the
trapezoidal rule.

Two implicit finjite-difference schemes are presented in this
chapter for the solution of the nonlinear boundary-layer equations.

The first scheme 1s the usual implicit one which uses backward difference
quotients for the derivatives parallel to the wall and is called Method I.
The second scheme is of the Crank-Nicolson type which uses difference
quotients of a type to reduce the truncation error and is called Method II.
Both Methods I and II replace the derivatives normal to the wall in such

a manner that unknown quantities are introduced. Also, the products of
the derivatives are replaced with linear difference quotients to give

the possibility of linear difference equations. However, to obtain

linear difference equations, it is necessary to linearize certain terms
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obtained from the partial differential equations. In the process of
linearizing the momentum and energy equations, only the velocity, .u,
and enthalpy, i, appear as unknowns in the resulting difference equa-
tions. In both methods these difference equations are of the same form
with only the coefficients depending on which method 1s being used.
Therefore, the manner of solution is identical in both cases with the
appropriate coefficients used for the two methods. Since at the first
grid point away from the wall the two difference equations have six
unknowns and the boundary conditions at the wall can eliminate two
unknowns, there are more unknowns than eqQuations. If the two differ-
ence equations are introduced for the next grid point, there will still
be more unknowns than equations. There will always be more unknowns
than equations as all the difference equations are added for the grid
points across the boundary layer until the outer edge is reached.

Using the boundary conditions at the outer edge with those at the wall,
one obtains a set of difference equations with the same number of un-
knowns as equations. This set of difference equations is actually a
rather special system of simultaneous linear algebraic equations. Due
to this special form an efficient method of solution for computers is
available; and using this method, the difference equations are replaced
by suitable relations useful for computation in this chapter. This
method .essentially introduces six new quantities which can be determined
directly by using the boundary conditions at the wall and then stepping
across the layer. Then, using the boundary conditions at the outer edge
and these six new quantities, one determines the velocity, u, and en-
thalpy, 1, directly by starting from the outer edge and proceeding to
the wall.

As in the explicit method the continuity equation is now used to
determine the velocity, v, or V, across the boundary layer. Two methods
are used to write the continuity equation as a difference equation. The
first one is the same as that used in the explicit method and is called
Method A. The second one replaces the derivatives with difference quo-
tients such that the truncation error is of higher order and is called
Method B. By repeated use of the procedures outlined above and presented
in this chapter the boundary-layer flow at succeeding steps downstream

can be determined.
- 22 .
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In the methods of solution of the boundary-layer equations dis-
cussed above it has been assumed that the boundary conditions are well
defined. Of course, at the wall they are well defined if we assume no
slip as the velocity u will be zero. The velocity v or V 1is
usually taken as zero, except when there is fluid injection and in either
case no difficulties are introduced. Also, either the temperature or
heat transfer distribution at the wall can be easily handled. However,
at the outer edge the velocity and enthalpy are known from the inviscid
flow pressure distribution, but there is no definite location of the
outer edge. For the boundary-layer equations in the physical plane or
after the Howarth-Dorodnitsyn transformation the velocities and enthalpy
approach ‘the inviscid flow values asymptotically. There are two methods
that can be used in applying the outer edge boundary conditions. One
way is to pick & line which is parallel to the wall and is sufficiently
far away from the wall that the outer edge boundary conditions are
valid there. Since the boundary layer is normally thickest at’.the down-
stream 1imit of the computation, an estimate must be made of this thick-
ness. This method is inefficient as too many steps are taken across the
boundary layer where the layer 1s thinner than the maximum thickness.
The second method, which is used in this paper, determines the edge of

' the boundary layer by finding out when the quantities determined across
the layer become nearly a constant. By testing successive values of
the quantities calculated across the layer, it is assumed that the .edge
is" reached when the two quantities are the same to a certein number of
decimal places. The number of decimal places required is easily ob-
tained after some experience, and this question is illustrated in
Chapter 4 with numerical solutions. With this method the number of
steps across the boundary layer will vary as the thickness varies.

It has been assumed that initial profiles of velocity u and v
or V and enthalpy i are known. Obtaining these profiles is a ser-
ious problem connected with all the numerical schemes for solving the
boundary-layer equations. Since only a local solution is required,
the problem is considerably simpler than solving the boundary-layer
equations for an arbitrary body. Some of the profiles available and
the ones used in this paper are discussed later in this chapter (Section D).
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Also discussed in this chapter is the stability of the difference
equations with respect to round-off error and the convergence of the
numerical solution toward the exact solution. The numerical formulas
used to determine the boundary-layer characteristics of shearing stress,
heat transfer and displacement thickness are also .presented. Finally,
the chapter is concluded with the computer program used to solve the

boundary-layer problem.

A, Difference Quotients

In constructing the difference quotients, the sketch below is use-

ful for reference.

A ¥ ]

k e

v 4

e
]

It is assumed that the functions H(x,y) and T(x,y) are known at a, b,
¢, but unknown at 4, e, f. 1In the following sections the difference
quotients that replace the partial derivatives are given as are the
higher-order terms. The higher order terms are obtained using a Taylor
series expansion and are shown to indicate the truncation error intro-
duced when the first terms are used to replace the derivatives.

1. Explicit. 1In the explicit method the partial derivatives
are evaluated at the grid point "b" and the following difference quo-
tients are used:

. .
g?fi=_;e__i-%mn 4 (3-1a)
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H - H
%:c_gAy_é_%Aye}Im+... (3.1b)

—§= ¢ ) a-EAy H + . (3.10)

All the quantities are evaluated at point "b" unless indicated other-

wvise, and the truncation error is of order Ax or Aye.
2. Implicit.

a. Method I. This method .evaluates the partial derivatives
at the grid point "e" since an implicit scheme is desired. The partial
derivatives are replaced by the difference quotients as indicated and

all quantities are evaluated at point "e" unless denoted otherwise.

XA tEMXH t .. (3.22)

5 = iy -z &Y Hm+ . (3.2v)
2, H,-2H +8H
812{= f = d--l—éAyaH + .00 (3.20)

In the following, difference expressions for products of derivatives
are given. They are chosen such that in the products the unknown quan-

tities appear linearly and their use can lead to linear difference

equations.
2 H -H
OH\ - c a
5 - . [(H, - H,) + 2(H; - Hy)]
2 .2 1 2
+ Ox ny -3 N'g Hy Hyyy + e (3.24)
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g%g'f; ——Zy— (T -T_)(H Hd) + (Hc-Ha)(Ta-Tc) + (Hc-Ha)(Tf-Td)]

2
+ H_ T T H + H T + ... .2e
o Xy "Xy ( Yy o yyy Yy yyy) (3 )
The truncation error in the above difference quotients is of the order

of Ax or Ay2 and is the same as the explicit method.

b. Method II. This method evaluates the partial derivatives
at the grid point "k" since the Crank-Nicolson type of difference equa-
tions are desired. The partial derivatives are replaced by the follow-
ing difference quotients:

STt X Hg + o (3.32)

? =1TZ\.T (Bg-H, + HoeHy) - 5 & Pexy ~ o Hyyy * - (3:30)
3°H
a_y2=-2A—y—(H-2H.b+H + Hy-2H +Hf) BAx B lamrzﬂww
(3.3¢)
BH2 —L )(H.-H (H2 H H L 2'H H
3y uAy2Hde+TxyyXXY'3Ayym+
(3.34)
%g.i =_z_y_ [(H,-H_)(T-T,) + (Hy-Hp)(T,-T,)]
1,2
- g (Hy Txxy Xy “xy & Cxxy y) )
-lAy2(HT +T H__ )+ ... (3.3e)
[3 Y vy Y vy
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The above difference quotients are chosen because the unknown quan-

tities appear linearly and can result in linear difference equations.
All the quantities are evaluated at point "k" unless indicated otherwise.
The truncation error in this case is of order Ax2 and Ay2 and is of

higher order in Ax than in the previous cases.

B. Difference Equations

The following sketch shows the designation of mesh pointsl in the
physical plane.

Ay

n+2

n+l

m,n

m-2 m-1 m m+l m+2

— XSMAX  —————— vy = (n-1)ay

If the Howarth-Dorodnitsyn transformation is used, one has a similar
lgrid in the transformed plane; but x and y are replaced by ¢ and
Tm, respectively. It is assumed that the velocities, u and v or V,
and enthalpy, i, are known at the grid points in the mph column and un-

known at the grid points in the (m+l)¥h column.

lThis notation is different from that which has hbeen used in pre-
vious reports (Ref. 1 and 11) on finite-difference solutions of the
boundary-layer equations. This change in designation of mesh points
was instituted in order to be comnsistent with the subscript notation
used in the Burroughs 220 Computer program.
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1. Explicit. The transformed boundery-layer equations are used
for the explicit method since the stability requirements are less severe
than when the physical-plane equations are employed. The boundary-
layer equations (2.29 - 2.31) become the following when equations 3.1

are used:
- [ . p '
u =u_ _ o+ -Vu-p/p+Fiu +Fu (3.4)
mel,n = Cmn T n e nn LY -
A ! .2  F FoL2
i =1 +25 (w14 up /o +Fu 1o + 5=
m+l,n mn " Uy g < on e nTPr am T Pr m,n
(3.5)
: v A
vm.+l,n = vm+1,n-1 VY (um+l,n " Ym,n * Ymil,n-1 T um,n-l)
(3.6)

The partial derivatives at (m,n) have not been actuslly replaced in
order to keep the notation as simple as possible. However, they are
readily determined from equations 3.1 since they do not involve any
unknowns.

2. Implicit. The two implicit Methods I and II are quite similar
and will be discussed together. As indicated previously, the derivatives
in the boundary-layer equations are evaluated at the points "e" and "k"
in the two methods and correspondingly the partiel differential equations
must be evaluated at the same place. Notice in equations 2.18 and 2.30

that there are terms of the following form:

ffo)id
Ty (&)
i
where "i" is "e" or "k", depending on the method. If the derivative

is replaced by the difference quotients as given by (3.2a) or (3.3a),

the above expression becomes



Expressions of this type will be nonlinear in the unknowns and, of course,

the difference equations will be nonlinear also. Using a Taylor's .ex-

pansion, we can write 'I‘i as
T
T1=Tb+Ax(§£)b+... (1 =e)
1 oT
T1=Tb+'2-Ax(&)b+... (i:O)

Therefore, in order to have linear difference equations, the original

- expression is written as

o (BB (R
1 DX = v X

where terms of order Ax have been neglected as indicated in the above
expansions.

Using the above linearization technique and the difference quo-
tients (3.2) and (3.3), we can write the momentum and energy equations
(2.18 - 2.19) or (2.30 - 2.31) of the boundary layer as the following

difference equations:

(2<n<N-1 and m>1)

Alm,n “m+1,n-1 + Blm,n u'm+l,n + Cl n um+l,n+l * Dlm,n ‘2+l,n-1

* Elm,n im+1,n + Flm,n im+1,n+l = Glm,n (3.7)
Aem,n Um+l,n-l + B?m,n umﬁl,n + sz,n um’+‘l,n+l * D2m’n m+l,n-1

* Eem,n im+l,n-'i + FEm,n im.+1,n+1 = G?m,n K3'8)

where .the coefficients vary, depending onwhether Method I or II is
being used. The coefficients for Method I, which result from equations
(2.18 and 2.19) with equations 3.2, are the following:
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Method I (Physical Plane)

2f

A =L (-pv+ £' 1 -= (3.9a)
lm,n 1 y AY
qul ( )
B = PU + —= 3.9
lm,n . &y
of
c =L (pv - f' 1 - == (3.9¢)
lm,n 1 y N
D =f L u (3.94)
m,n
m,n
F = - f! L, uy (3.9¢)
m,n
2
G =peu - M (pl + £ u, 1) (3.98)
m,n .
and
A, =2f I, uy (3.10a)
m,n
B, =0 (3.10b)
m,n
C, =-2f L uy (3.10¢)
m,n
2f! | 2f
D2 = Ll (-pV + B iy - m) (3-105.)
m,n
b,le ( )
E = pu + 3.10e
2m,n BrAy
2f! of
F, =L, (pv - P 1y - PrAy) (3.10¢)
m,n N
2 £ .2
sz i = pul + Ax (u p, - f U - 1y) (3.10g)
)
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where

L) = Ax/(2Ay) (3.11s)
Ly = (I g - 1y ng)/(2A9) (3.110)

u_ = (u -u
¥y ( m,n+l m,n-

1)/ (26y) (3.11c)

In the above relations all the quantities are evaluated at the grid point
(myn) due to the linearization. Without the linearization all the un-
subscripted quantities would be evaluated at the grid point (m+l,n).

The coefficients for Method II, which results from equations
(2.30 and 2.31) with equations 3.3 are the following:

Method II (Transformed Plane)

- v . oF '
A =L, (- v- &t F i'n) (3.12a)
m,n
i (3.120)
B = 2u + —= 3.12b
1m’n An
v_ 2F o
¢y = L, (v - 5 F i'n) (3.12¢)
m,n
D, =F' L, uy (3.124)
m,n
E, =0 (3.12e)
m,n
= - ]
F =-F L, ug (3.12f)
m,n
]
G = 2u Uyt At (-2pe{p - Vu, +F uﬂﬂ) (3.12g)
m,n
and
A2¥ . = 2L, F u, (3.13a)
44
B, =0 (3.13b)
m,n
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C, =-2L,Fu (3.13¢) m
m,n |
5 2F 2F! -
Dzm’n =L, (- V- =8 * §¥— iﬁ) (3.134)
hFLz . |
E = 2u + 3.13¢
2m,n Perﬂ
2F 2F'
F2m,n =t (v- PrAn - ?;_ iﬂ ) (3.13f)
, F
Gém,n = 2u im,n + At (2upe/p -V }n + 5 iﬂﬂ) (3.13g)
where
L, = At/(2 an) (3.14a)
iﬂ = (im,n+l - im’n_l)/(2ATI) (3.14b)
Yy = (um,n+1 - um,n_l)/(EAn) (3.14c) '
2
inn = (im,n+l B 21m,n * im,n_l)/An (3.144)
2
Uiy = (U a1 = 2 Uy g )/ (3.1ke)

In the above relations all the quantities are evaluated at the grid point
(myn) due to the linearization. Without the linearization all the unsub-
scripted quantities would ve evaluated at the grid point (m+l/2,n).

Two methods are used to replace the continuity equation and will
be called Methods A and B. The following sketch of the grid will be
useful in the description of these methods of writing the difference

equations.
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y
\ m,n+1 m+l,n+l
| ,n m+l,n
f iy 1 (e
Qy X h 4 €
4 [m,n-1 m+l,n-1
fe— A X

Method A evaluates the derivatives in the continuity equations at point

"g" and uses the backward difference scheme for x-derivatives. The dif-
ference quotients are

(pv)m+l,n i (pv)m+;ln-l

(pv)y NG + %ﬁ Aye(pv)m + e

]

(pu)x 5%5 [(pu)m+l,n B (pu)m,n + (pu)m+l,n-l-(pu)m,n-l]

- 5 Mx(pu)  + .. (3.15)

The continuity equation (2.17) becomes the following when’ the above
difference quotients are used.

(Physical Plane ~ Method A)

A
(pv)m+l,n = (pv)m+1,n-l - E%; [(pu)m+l,n-(pu)m,n+(pu)m+l,n-1_(pu)m,n-ll

(3.16)
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For Method B the derivatives are evaluated at point "h" as shown in the
preceding sketch. The difference quotients used in this method are

(pu), = §%§ [(pu)m+l,n N (pu)m,n + <pu)m+l,n-l B (pu)m,n-l]
+ gy o (o) + F AT () + e (3.17)

(ov) = [(pv)m,n - (pv)m,n-l + (pv)m+l,n ) (pv)m+1:n‘1]

&l

1 2 1 2
+ g Ax (pv)xxy + 55 AY (pv)yyy + e

It should be noticed that the truncation error in these difference
quotients is of higher order in the x-direction than in Method A. Us-
ing the above difference quotients gives for the continuity equation
(2.17) the following:

(Physical Plane - Method B) -

(pv)m+l,n = (pv)m+l,n~1 - (pv)m,n + (pv)m,n-l
(3.18)

- %g [(pu)m+l’n - (pu)m,n + (ou)m+1,n-l - (pu)m,n_ll

The continuity equation (2.29) in thée transformed plane becomes the

following for the two methods discussed above.

(Transformed Plane - Method A)

- An_ - -
vm+1,n = vh+l,n-l T 2At (um&l,n Y“m,n ¥ Yn+1,n-1 7 Ym,n-1

(3.19)
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(Transformed Plane - Method B)

v;r1+l,n = vm+l,n-l B Vm,n + vm,n-l

(3.20)

An
T At (um+l,n " Ym,n T Ymel,n-1 um,n-l)

C. Method of Solution

In order to solve the difference equations either in the explicit
or impliecit form, it is necessary to have the boundary conditions in a
form suitable for numerical computation. The velocity and enthalpy at
the outer edge of the boundary layer are known in the case where there

is no interaction and from (2.23) become

Uy N = ue(x) (3.21a)
fox = te(®) (3.21b)

vhere N 1is the number of grid points across the boundary layer. At
the wall the velocity is zero and the other boundary condition depends
upon whether the temperature of the wall or the heat transfer is speci-

fied. These boundary conditions are written as

Vi, 1 0 (3.22a)
Uy p = 0 (3.22p)
im’l = iw(x) (3.22¢)
or
oi
qw = %I-' (gy—)w ~ ZA;&P—I'- (im,z - im,l) (3.22d)

The approximation for the above derivative in (3.22d4) is rather crude
and this point will be discussed later when an insulated wall is con-
sidered. The other condition that must be given is the velocity and
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enthalpy profiles across the boundary layer at the start. The determin-
ation of initial profiles is considered in Section D.

1. Explicit Difference Equations. The method of solving the
explicit difference equations (3.4 - 3.6) is apparent. Since all the

quantities on the right side of the equations are known from the ini-
tial profiles, the velocities and enthalpy are calculated directly at
each grid point across the boundary layer. After starting at the wall

the calculations proceed until the velocity wo and enthalpy 1

1,n m+l,n
are sufficiently close to the velocity U, and enthalpy ie determined
from the external flow. Then the profiles across the boundary layer
are calculated at succeeding steps downstream until the desired distance
is obtained.

2. Implicit Difference Equations. The method of solving the im-
plicit difference equations (3.7) and (3.8) is the same for both impli-
cit difference Methods I and II. Of course, the coefficients in the

difference equations will depend upon the method being used. Obviously,

the difference equations cannot be solved directly as in the explicit

case, but one has the problem of solving a large number of linear alge- -
braic equetions. The system of algebraic equations is of a special

type since a large number of the coefficients in the complete system

are zero. DBecause of the special form of the equations, the following

relations exist (see Appendix B, especially equations 1hib):

ey (2) (3)

Uny1,n-1 = Kmel,n-1 ¥ Foel,ne1 Yl t Koel,na Tn+l,n (3.23a)
- n(3) (2) (3)

%HLndf- i+l,0-1 ¥ Pmil,n-1 Ymel,n * WLHJ-%HLn (3.23p)

When the above are substituted into the difference equations (3.7) and
(3.8), the following is obtained:

B* u + E¥ i = G* - C u - F i
1,n4l 1 m+l,n+l -
lm,n m+l,n lm,n m+l,n lm,n 1m,n m+l,n m,n ’

(3.24a)

- 36 -



B* u + i = G* - C u - -F i
2
m,n m+l,n em,n m+l,n Qm’n Em’n m+1l,n+l 2m,n m+l,n+l
(3.2k4p)
where
2) (2)
Boem h K +D L (3.258)
Yyn  mpn  tmpn MOl Tl melmel
2) (2)
B -3, +h K +D, I (3.25b)
2m, n 2m, n 2m, n ml,n-1 2m, , ml,n-1
E* =E + A x(3) + D L(3) (3.25¢)
m,n lm, n lm, n m+l,n-1 lm, n m+l,n-1
EX =E + A K(3) +D L(3) (3‘25(1)
m,n 2m,n 2,m, n m+l,n-1 2m,n m+l,n-1
* - _ (1) . (1)
i Glm,n Alm,n Km+n,n-l Dlm,n Lm+l,n-1 (3.25e)
x - - Q) (1)
% Gem’n Aemln Kpel,n-1 Dzm,n Logl,p-l  (3+257)
Solving equation (3.24a) and (3.24b) for Unel,n and 1m+l,n glves
)L (@) 3)
Yml,n " Km+l:n * Km+l,n Ym+l, 0+l ¥ Km+l,n im+l,n+l (3.268)
_ (1) (2) (3)
im"'l;n = Loel,n * mel,n Ymel,nel T Lmed,n im+l,n+l (3.260)
where
(1) . . B - "
Km*'l;n =0 (cf Bf - 6} El)m,n (3.27a)
SN TR (3.270)
m+1,n 172 1 "2/m,n .
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o~ T B (3.27¢)

(1)
Lm+l,n A (BI GS - B3 G'I)m,n (3.274)
18 4 (C, B - B¥ C,.). (3.27e)
m¢l,n 172 1 "2/m,n
(3) A (F, B% - B*¥ F,_) (3.271)
m+l,n 172 1 "2/m,n
where
A= l/(BI Ef - Ef Bg)m,n

After we apply the boundary condition at the wall (3.22b), equa-
tions (15B) in Appendix B require the following:

Krglz = Krflei = KE’{ =0 (3.28)

Similarly, the boundary condition (3.22c) and equations (15B) give

L(l) =1
m,1l w
Specified wall temperature (3.29)
(2) _ ((3) _
Ln,1 = Imy1 =0

while boundary condition (3.22d) gives

L) M

ml =~ " Pr W

Lrgei =0 Specified heat transfer (3.30)
t4

(3) _

Lm,l =1
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Now the necessary relations exist to solve the implicit finite-difference
equations, but the method needs toc be clarified.
(1) () ((3) (1) (2) (3)
The quentities Kﬁ,n’ Km,n’ Km,n’ Lm,n’ n’ and Lm,n can be de-
termined across the boundary layer by using the following procedure:

(a) Perform the following steps at the first point away from
the wall:

(1) Calculate A\, By, C, D, E;, Fy, and G, from
equations (3.9a -3.9g) or (3.12a - 3.12g).

(2) Calculate A,, B, C,, D,, E,, F,, and G, from
equations (3.10a - 3.10g) or (3.13a - 3.13g).

(3) Using the results from the previous steps and the
boundary conditions (3.28) and (3.29) or (3.30),
calculate Bl*, Bz*, El*, E2*, Gl*’ and G2* as
given by equations (3.25a - 3.25f).

(4) Using previous results, calculate K(l), K(2)’
k3 1) 1@ ana 103) vitn equations

(3.27a - 3.27f).

(b) Now the procedure outlined in step (a) can be repeated at the
second point away from the wall using results obtained at the
first point. The above procedure is repeated until the boun-
dary layer is traversed and all values of K(l), K(a), K(3),
L(l), L(2), and L(3) are determined.

Now the velocity, u, and enthalpy, i, are determined across the
boun@ary layer, starting at the outer edge. Knowing the K's and L's
across the boundary layer, we can use .equations (3.26a) and (3.26b) to
solve for the velocity and enthalpy utilizing the boundary conditions
(3.21a) and (3.21b) at the outer edge.

As yet the continuity equation has not been required in order to
calculate the velocity, v or V, due to the linearization of the 4if-
ference equations. Before the computations can proceed downstream,
the velocity, v or V, must be determined across the boundary layer.
Starting at the wall calculate the velocities v or V from equation
(3.16) or (3.18) for the physical plane and equation (3.1k4) or (3.20)
for the transformed plane, respectively. Now the velocity and enthalpy

profiles can be determined at succeeding steps downstream.
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D. Initial Profiles

In most of the problems solved using numerlcal schemes, initial pro-
files are obtained from similarity soclutions of the boundary-layer equa- .
tions. However, Wu (Ref. 42) has proposed the following type of initial
profiles for leading edges or stagnation flow:

(1) The velocity u and enthalpy 1 are freestream values at all
the grid points across the layer except at the wall.

(2) At the wall the velocity u 1s zero and the enthalpy corres-
ponds to the wall temperature.

(3) The velocity V 1is assumed zero at all the grid points across
the boundary layer.

Since this method would be very advantageous for starting numerical
computations, it has been investigated further.l

To study the possibility of using the Wu type initial profiles, the
boundary-layer flow from the leading edge of a flat plate at Mach number
9.6 was solved using the explicit method. A linear viscosity law was
used so that the results could be compared to similarity solutions which -
were obtained from Low (Ref. 26). The displacement thickness of the
boundary layer has been used to show the influence of using Wu type ini-
tial profiles on the numerical solutions. The displacement thickness
along a flat plate for two sizes of mesh normal to the wall, An, and
two sizes of mesh parallel to the wall, A¢, is shown in Fig. la. It
seems that the numerical solutions can be close to the exact solution
at a sufficient distance downstream if the proper step-sizes are chosen.
However, simply reducing the step-sizes does not always improve the re-
sults.

In the Wu type initial profiles it has been assumed that V 1is
zero at the leading edge, but the similar solution gives V equsl to
infinity. From physical consideration the assumption V = O is reason-

able; but from the mathematical point of view, the similar solution

lIt should be mentioned that such profiles are not correct for stag- -

nation flow, e.g., as the mesh size approaches zero. For incompressible
flow at a stagnation point the displacement thickness is finite, while
the Wu profiles would give zero for this quantity.
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£

Figure 1. Flat Plate Flow with Wu Type Initial Profiles at the
Leading Edge

- 41 -



is correct. In other words, the boundary-layer equations are not valid
near the leading edge, which is well known. Therefore, in the next
test the velocity, V, for the initiael profile was assumed at all grid
points across the boundary layer equal to the value given by the simi-
larity solutions at the outer edge and at the first step from the lead-
ing edge. At the wall the velocity V was assumed zero as usual. The
influence on the displacement thickness by assuming V <finite at the
leading edge is shown in Fig. 1lb. In this case the numerical solution
agrees closely with the similar solution.

From the above discussion it is concluded that Wu type initial
profiles can give reasonable results if the proper mesh sizes are chogen.
Even better results are obtained when the velocity V 1is given the
appropriate value rather than zero. Since it is difficult to ascertain
the required mesh sizes and velocity V, the Wu type initial profiles
must be used with extreme care.

To obtain initlial profiles it seems better to use similar solutions
rather than the Wu type of initial profiles. There are three types of
initial boundary-layer profiles which should be sufficient for most
practical problems. The three types are flat plate, wedge, and stagna-
tion flow. For a complete discussion of similar soclutions of the boun-
dary-layer equations, see Chapter 8 of Hayes and Probstein (Ref. 1h).

For supersonic speeds with an attached shock wave, the flat plate and
wedge profiles are the same (i.e., constant-pressure profiles). For

the case of Prandtl number 0.72 and the linear viscosity law, the ini-
tial profiles are easily obtained from Low (Ref. 26). When the Sutherland
viscosity law is used, the initial profiles can be obtained using Crocco's
method of solution as applied by Van Driest (Ref. L0).

For two-dimensional stagnation-point flow the profiles that are
available are based on the assumption that Prandtl number is one or a
linear viscosity law is used. Since the boundary-layer equations for
the stagnation point reduce to two simultaneous nonlinear ordinary dif-
ferential equations, it is possible to solve these equations numerically.
Because these equations are of a "two-point boundary-value problem"
type, they are tedious to solve, but the Sutherland viscosity law and

Pr = 0.7 can be used.
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In the verification of the implicit finite-~difference scheme,
initial profiles for the flow along a flat plate are used. A linear
viscosity law is assumed since the profiles are easily obtained from
Low for this case. In order to obtain the profiles in the notation of
this paper, certain relations must be established with Low's results.
Where the derivation of these relations become involved, the procedure
is presented in Appendix A. The necessary relations to obtain the
initial profiles in the physical plane are the following:

y = Qae(n,,) (3.31a)
u =-§- u, £ (g ) (3.31b)
=4, 8 (%) (3.31c)
v =2§—2 Ler(ng ) e(p o) =F (o) et (g )] (3.319)
where
8( o) = Moy * Zéi W Ir(n ) +K Is(n, ) (3.322)
8 (g = 1+ 75 M, x() + K sy, (3.320)
K = 55718 (i—: - 1) - ZE g (0.8u77) (3.32¢)
v=2 i: ZZ (3.324)

The relations used to obtain the initial profiles in the transformed
plane are the following:

N =0y Q Moy (3.332)
‘ u = % u, f'(nLow)_ (3.33pb)
1=1_ g (o) (3.33¢)
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pe ue Q '
V = -—'n?—— [Tllow f (nlow) - f(ﬂlow)] (3.338)

Some of the initial profiles are given in Chapter 4 along with the

numerical problems solved.

E. Stability and Convergence of the Difference Schemes

All of the difference schemes presented in this paper are consistent
or are a formal approximation to the partial differential equations. A
scheme 1s consistent if the difference between the partial differential
equation and difference equation goes to zerc as the mesh size approaches
zero. In other words, the truncation error goes to zero as the step-
sizes go to zero, which is easily seen from the difference quotients
used in the various schemes. The faster the truncation error goes to
zero, the more accurate is the difference approximation and more likely
is the numerical solution to be a good approximation to the exact solu-
tion. However, consistency does not imply that the solution of the dif-
ference equations tends to the solution of the partial differentisl equa-
tions as the step-sizes go to zero. For this to be true the difference
equations must be convergent. For equations of the boundary-layer type,
there is no completely satisfactory mathematical analysis to show the
convergences of the difference schemes. Fliigge-Lotz and Yu (Ref. 11)
have made the most significant investigation of the convergence of the
explicit difference scheme. The convergence of the difference equa-
tions can be studied numerically by varying the mesh sizes. This type
of verification of the convergence of the difference schemes is pre-
sented in Chapter IV, along with the numerical examples solved.

Since there are round-off errors in the computations, the numeri-
cal error between the exact and numerical solutions of the difference
equations must be investigated. This problem is referred to as the
stability of the numerical scheme. By making several assumptions and
using the von Neumann method of stability analysis, we can obtain an
approximate estimation of stepssize for stability. Previous experience
(Ref. 1) indicates that the momentum equation dominates in determining
the staﬁility of the boundary-layer equations. Therefore, only the
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momentum equation will be considered for the stability of the boundary-
layer equations. If the pressure gradient term is assumed zero and a
linear viscosity law is used, the momentum equation (2.30) in the trans-

formed plane becomes

uu§ +V uy = F uTm (3.34)

Next it is assumed that the mesh is sufficiently small so that the co-
efficients in the above equation vary slightly and are considered con-
stants. The above equation then can be written as

uu§ +V u, = F U (3.35)

where the bars indicate the quantities are to be considered constants.
If the derivatives are replaced with the explicit difference quotients
(3.1) and the von Neumann analysis is applied, the usual stability re-

quirement is obtained

Stability Parameter = -2—-11-% <1 (3.36)
u Ay

The bars have been omitted because the local values of the quantities
will be used. Since the velocity is smallest near the wall, the first
grid point away from the wall will give the largest value for the left-
hand side of the inequality (3.36).

The flow along a flat plate at Mach number 9.6 has been solved
using the explicit method with a grid size large enough to cause in-
stability. The calculated displacement thickness is given in Fig. 2
where the instability occurs at approximately ¢ = 0.05. Also shown in
this figure is the stability parameter (3.36) at the first grid point
away from the wall. The value of the stability parameter is approxi-
mately two when the instability occurs, rather than one as relation
(3.36) requires. Besldes the assumptions mentioned previously, some
of this difference can be attributed to the fact that the known boundary
conditions at the wall improve stability (see Ref. 15).
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Since the simple analysis above gilves a reasonable estimate of
gtability requirements, the same type of analysis is now applied to the
second implicit difference scheme. Substituting the difference quo-
tients (3.3) into the momentum equation (3.35) gives the following dif-

ference equation:

% Ymed,n-1 T P1 Ymel,n L Umed,nel T4 Vmpnel t 1 Ym,ntT1 Umne1 =0
(3.36)
where
a = dl = =T =g (3.37a)
by =1+2s (3.370)
c; = f; =r-s (3.37¢)
el = -1 + 28 (3-37d)
and _
r = —-g—V_A (3'388')
hu An
F At
S = (3’38b)
2u An

Applying the von Neumann method of stability analysis, we substitute

u = e IBY | Jomix eiB(n-l)Ay into equation (3.36), and letting

tE = ean) gives

ipAy
1Ay

-ipAy
dl e + el + fl e

-ipAy
al e + bl + cl e

U
1

. e + (d1+fl) cos PAYy - i(dl-fl) sin BAY (3.39)
b, + (al+cl) cos BAy - i(al-cl) sin BAy

Using relations (3.37), we can write the above as
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1 - 2s5(1 - cos BAY) - i 2r sin BAy (3.40)
€ =T ¥ 2s(1 - cos PAy) + 1 2r sin BAy 3 .

The above can be written in the following form:

(1L-2)@+g) -06° - 12
- 3.41
: 1+ 4)° +6° (3-4)
where
g = 2s(1 - cos PAY) (3.k42a)
6 = 2r sin BAy (3.42p)

The condition for stability is
lel <1 (3.43a)
or el <1 (3.43b)

From equation (3.41) the following is obtained:

2 _ (1-¢)2 (1+¢)2 + 26° (l+¢2) + 6)+ (3.44)
(140)° (1+2)° + 26° (149)° + &

le]

If we consider the case when u > 0, then g > 0. If g =0, then equation
(3.44) becomes

2
le]® =1
for all 6. If @ > O, then the following relations exist:
2 2
(1+¢)” > (1-9) (3.45a)

) :
(149)° > 148 (3.45b)
Using these relations with (3.44), it is easy to see that
lgle <1
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for all 6 when @ > O. Therefore, the implicit Method II with u > 0 is
.stable regardless of the mesh size as shown in the above analysis. The

numerical examples investigated in Chapter Iy corroborate this result.

F. Formulas for Shear Stress, Heat Transfer, and Displacement Thickness

The formula for the shear stress in the physical plane at the wall
has been presented in equation (2.45), but now it is necessary to ex-
press the derivative in this expression numerically. The velocity u

near the wall may be expressed with sufficient accuracy as
2 3
Uu=% ¥+ ¥y +737 (3.46)

Taking the derivative of the above with respect to y and setting
y = 0, we can write the formula for shear stress at the wall (2.L5) as

T, = “'w 71 (3'1‘1’7)

The value of 7, can be determined by evaluating equation (3.46) at the

1
three grid points nearest the wall and solving the three resulting equa-
tions for 7,. When the result for 7, is substituted into equation (3.47),
the following is obtalned for the shear stress at the wall in the physi-

cal plane:

My

T = Ty (18 u, - 9 ug + 2 uh) (3.48a)

An expression for the shear stress at the wall in the transformed plane

is obtained in a similar manner from equation (2.46) and is

T, = ;%ﬁ (18 u, - 9 ug + 2 uu) (3.L48b)
The formula for the heat transfer at the wall has been presented in
equation (2.&9) and again it is necessary to replace the derivative.
If the same procedure is followed as above, except the velocity is
replaced by the enthalpy in all the expressions, the following formula
is obtained for evaluation of the heat transfer at the wall in the
physicel plane:
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K,
q, = BZizﬁ? (11 1) -18 1, + 94, - 21)) (3.49a)

The corresponding expression for the transformed plane is

F
q, = EZEE§E (114, -181,+9 iy-214,) (3.49p)

In order to determine the displacement thickness as given by equation

(2.53) a trapezoidal rule of integration is used. Since u 1is zero at
the wall, the dimensionless displacement thickness in the physical plane

can be written as

_ 1 ieu
6% = Ay 5 + 1l - ETTe (3.508.)
= e .
J

Using the trapezoidal rule again, we write the displacement thickness
in the transformed plane as given by equation (2.54) as

~ 1 N i u
* - i { = - .=

B% = A7 lw/(21epe) *3 Z i (3.50p)

e J= e e/ .

dJ
To determine the displacement thickness, a better integration method is
Simpson's rule which gives the following relation in the transformed
L ]

plane:

i .
— 1 W i i u 2 i u
5% = = Af| —— + _; E = + = = (3.50¢)

3 peie P e J= e e 23_1

G. Computer Program

Due to the lengthy and repetitious nature of the implicit finite-
difference schemes for solving the boundary-layer equations, the problem
was programmed for the IBM 650 and Burroughs 220 digital computers. The

flow diagram for the basic computer program for the explicit difference
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scheme without interaction is given in Fig. 3a. For the implicit finite-

difference schemes the explicit subroutine for u and i , as
m+l,n m+l,n

indicated in Figure 3a, is replaced by the subroutine for computing

and i, using the implicit scheme (see Figure 3b). The flow

um+l,n l,n

diagram can be divided into many subroutines, as shown in the diagram;

however, some operations are not as clearly separated as indicated.
Glven below is the computation procedure which will relate previous

formulas with the flow diagram.

l. Program Constants. This consists of computing various parameters

which are used frequently but do not change. Also computed are
u,P,, i, and T from equations (2.36 - 2.39).

2. Compute Pe and pé . The pressure and pressure gradient are
m+1 m+1
computed at the points m+l. The formulas or values for these quan-

tities are given under the specific problem being solved.

3. Compute Exterior Flow Quantities. The exterior flow quantities

u,, i, P,y T, and p, are computed using formules (2.40 - 2.4L).
L, T < 0. This is a check to be sure that there is no laminar
separation.
5. Compute u and i . The velocity and enthalpy across the

m+l,n m+l,n
boundary layer at mesh points m+l are calculated. For the method

of solution and equations used, see Chapter III, Section.C,2.

6. Test for Edge of Boundary layer While Computing u and i. The

following test that is described is applicable only when the veloc-
ity and enthalpy of the exterior flow at any x are independent of y.
In the implicit calculation procedure it is necessary to know how
far to calculate the K(i)'s and L(i)'s (i = 1,2,3) across the boun-
dary layer. The typical variation of K(l) and L(l) across the
boundary layer is shown in Fig. 4. At the outer edge of the boun-
dary layer these quantities become independent of the distance

away from the wall. Therefore, to stop the calculation of the
K(i)'s and L(i)'s (i = 1,2,3) after the boundary layer has been
transversed, two consecutive values of K(l) are compared to see if

the difference between them is less than some small quantity e.

The value of € 1is determined by the desired accuracy of the
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10.

calculations and is discussed further in Chapter IVwith the numerical
examples. If the difference between the K(l)'s is less than ¢, the
difference between two consecutive L(l)'s is compared with e. When
this difference is also less than €, the computations proceed to

the next step. This procedure applies for computations in both the
physical and transformed planes.

Add Uy and ie at Edge of Boundary Layer. This portion of the pro-

gram adds U, and ie at the mesh points beyond the last points com-
puted. This step is required so that the number of mesh points

across the boundary layer will not decrease by one at each step

downstream.
Compute Vm+l,n or vh+l,n' The velocity v or V is computed

across the boundary layer using equations (3.16 or 3.18) and equa-
tions (3.19 or 3.20), respectively.
Test for Edge of Boundary Layer While Computing v or V. This

time the test for the edge of the boundary layer is simply to have
the same number of mesh points across .the boundary layer as for the
u and i computations.

Compute 5% and Wall Quantities. The displacement thickness, ©*,

1s computed from the appropriate equation of (3.50a) to (3.50c).
The wall quantities T, @nd g are computed from equations (3.48)
and (3.49), respectively. The shear stress parameter Cf'f Re
and heat transfer parameter St‘VRex‘ are computed using equations
(2.47) and (2.50).
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CHAPTER 1V

ILIUSTRATIONS OF THE IMPLICIT DIFFERENCE
SCHEMES WITHOUT INTERACTION

The results for a variety of boundary-layer problems, using the
implicit difference schemes developed in the previous chapter, will now
be presented. Although Implicit Method II is superior, it has the dis-
advantage of using the transformed plane. Since Implicit Method I
solves the boundary-layer equation in the physical plane, it is inter-
esting to consider examples solved by this method and understand its
features. Four problems are investigated using Methcd I, and two
problems with Method II., In addition, the flow near the leading edge
of a flat plate is solved by both methods.

A. Implicit Method I

Five problems were solved with an IBM 650 computer using Implicit
Method I, which solves the boundary-layer equations in the physical
plane. The first two problems involve the flow along a flat plate where
the initial profiles are at one reference length from the leading edge
(xi = 1.00). 1In example one the wall temperature is assumed constant,
but with a value such that the wall is heated. The second flat plate
problem assumes the wall is insulated (zero hest transfer). In both
of these examples a linear viscosity law is used so that a direct compari-
son can be made with similar solutions of the boundary-layer equations.
Then in example three the flow along a wall with a ramp pressure gradient
is investigated and is compared with numerical results of Baxter. Since
Baxter uses Sutherland's viscosity law in this example, the present
example uses the same viscosity law. To study the influence of the
viscosity law on the boundary-layer solution, the fourth example con-
siders the flow along a flat plate with the same conditions as example
one except Sutherland's viscosity law is used. Finally, the flow near
the leading edge of a flat plate (x = 0.01) is investigated, since this
case will be considered with displacement thickness interaction in

Chapter V.
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1. Flat Plate Flow With Constant Wall Temperature. The boundary-

layer flow along a flat plate whose surface is heated and temperature
is constant has been investigated by Fligge-Lotz and Yu (Ref. 11). An
explicit finite-difference scheme was used by Flﬁgge-Lotz and Yu for
solving the boundary-layer equations in the physical plane. For this
example the numerical solution became unstable after a few steps from
the initial profiles. Also, the solution to this problem can be
obtained from similarity results and is readily obtained from low
(Ref. 26). Since the similar solution is based upon & linear viscosity
law (Eq. 2.21), the same assumption is used in the numerical solution.
The following fluid properties, exterior flow, and wall quantity,

are used for this example:

M =3 . (4.1a)
T* = 389.99°R (4.1p)
y = 1.4 (4.1c)
Pr = 0.72 (4.14)
S* = 216° R (k.1e)
Tw/Tad =2 (4.1f£)

The pressure distribution has not been discussed previously. For a

flat plate without interaction the following relations are used :

Pp_=7"D ' (4.2a)

p, =0 (k.2p)
As a consequence of the above relations, the exterior flow quantities
at the edge of the boundary layer are the same as the corresponding
quantities at the free stream conditions. The initial profiles are
obtained from equations (3.3la - 3.31d) and are shown in Figure 5.

This problem has been solved with Implicit Method I and no stability
difficulties are encountered. In these calculations step -sizes up to

one hundred times greater than the size employed by Yu have been used.
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M

The velocity profiles u and v and the enthalpy profile 1 obtained
from the numerical solution, after ten steps downstream of the initial
profiles, are shown in Figure 5. The similar solution to the boundary-
layer equations at the same distance downstream is also given.

In the numerical computatlons the parameter ¢ and the step-size
must be chosen. In Chapter III, Section G.6 the computer program test
for the edge of the boundary layer was discussed and certain quantities
had to be less than €. The value of € was determined by decreasing
its magnitude until there was no influence on the displacement thick-
ness. For this problem € = 0,00001. Several step-sizes have been
used to solve this problem. The effect of changing Ay and Ax on
the boundary-layer characteristics is shown in Figures 6 and 7 respec-
tively. These characteristics were obtained from equations (3.48a),
(3.49a), and (3.50a). The boundary-layer characteristics, as given by
similar solution, are also shown in these figures. For the range of
step-sizes investigated there is very little influence on the conver-
gence of the numerical solution to the exact solution. It should be
noticed that the scales in these figures are greatly expanded and the
differences between the numerical and similar solutions are actually
very small. Since the initlal profiles are only accurate to four
decimal places, there are initially errors in the boundary-layer cal-
culations and characteristics. These errors appear to decrease as the

computations proceed.

2. Flat Plate Flow With Zero Heat Transfer. At the wall either

the wall temperature or the heat transfer can be specified. Since the

previous example considered the specified wall temperature, this example
takes the case when the heat transfer is zero (insulated wall). This
example is the same as the problem in the previous section except for
the wall boundary condition. The fluild properties and exterior flow
are given by expressions (4.la - L.le), and the relations (4.2a - 4.2b)
are also applicable for the pressure distribution. The initial profiles
are shown in Figure 9 and were obtained from equations (3.31).

The wall boundary condition for the case of a specified heat
transfer is given in equation (3.224). The values for the coefficients
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(ﬂ

L) 1) L3)

w17 Tn.1’ Doy’ due to this boundary condition, are given in equation
) ) J
(3.30). For the case of zero heat transfer, this boundary condition

gives the following results: '
tn,1 = im,e (. 32)
1) =0 (1.30)
Lé?i =0 (4.3c)
Lé?{ =1 (+.3a)

As previously mentioned, the derivative in the boundary condition (3.224)
has been replaced by a rather crude approximation. By using two mesh
points beyond the wall in writing the difference quotient, a better
approximation for the derivative is obtained. For an insulated wall

the following relation results:

L 1
i = =1 -=>1 L4
m,1 3 'm,2 3 'm,3 ( ) -
If n 1is set equal to two and o is set equal to zero (boundary
)
condition 3.22b) in equations 3.7 and 3.8, then w 3 can be eliminated
)

from the two resulting equations. As a result of these operations, the
following equation is obtained :
(BlC2 - BC

ot (ch2 - D.C,)

oC1 1,1+ (ByCp - EC

l)m,2 U, m,2 “m, ) l)m,2 1,2

+ (FyCy = F ol )y o1y 5= (6105 = 68D 5

(4.5)
Substituting equation (4.4) into the above equation (4.5) and

rearranging gives:

[3(F1Cy - F0) = (DyCy - DO )]y o 4y = (68 - &1Co) 5 -
+ (B)Cy - DLy )y o Uy o * [(ByCy - By J+M(FICy - F0 )] 5 1y o (.6)
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IlllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllIllllllllllllllllllllllll.l!:

By comparing coefficients in the above equation with equation (3.26b),
the following 1s obtained:

(1) _

Ln,1 = A (60 - G1Co)y 5 (k.Ta)
(2) _

Lpp =8 (BCy - BC )y o (k.70)
L(3)=A [(E,C, - E.C,) + ¥(F.C, - F.C.)]

m, 1 1 172 271 172 21/ ‘m,2 (4.7c)

where
/8y = [3(FCy - F Ly ) - (DyCy - DO )Y o

The flow along an insulated flat plate has been solved using the
different boundary conditions (4.3) and (4.7). In Figure 8 the wall
enthalpy is shown when the two different boundary conditions are used,
and the similarity result is also shown. The profiles across the

' boundary layer at x = 1.10 arz shown in Figure 9. The numerical solu-
tion with boundary conditions (L4.7) are compared with the similar solu-
tion in this figure. The boundary-layer characteristics for the
insulated flat plate are presented in Figure 10. The numerical results
with the two different boundary conditions are compared with the similar
solutions in this figure. From these results it is apparent that
boundary conditions 4.3 are indeed crude. Therefore, to approximate
the enthalpy gradient at the wall it is necessary to use at least three
grid points as was done for the boundary conditions (4.7).

3. Ramp Pressure Gradient. In order to investigate the influence

of the boundary-layer pressure gradient term on the numerical solution,
the flow along a wall with a constant wall temperature and a ramp
pressure gradient is considered. This problem has been solved by
Baxter and Fligge-Lotz (Ref. 1), using an explicit finite-difference
scheme with the Crocco transformed boundary-layer equations. The fluid
properties, exterior flow, and wall quantities are the same as the first
. example and are given in relations (4.1). Since Baxter uses Sutherland's
viscosity law (Eq. 2.22), it is also used in this example. The pressure

and pressure gradient are the following
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Figure 8. Wall Enthalpy for Insulated Flat Plate (M_= 3.0)
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P+ % (x - l)2 pmui (x>1) (4.88)

el
If

5 (x - 1) p_u’ (x> 1) (k.8b)

o)
1]

for the ramp pressure gradient case. Flow along a flat plate is assumed
upstream of x = 1, and the initial profiles given in Figure 5 are used
to start the calculations. Rather than use equation (2.40), the small-

disturbance form of this equation was used. The simpler equation is:

u =u |1 - —;;E (o_/p, - 1) (4.9)

In the finite-difference solution Ay = 1.0 and Ax = 0.001 or
0.0004. The latter value of the step-size was used by Baxter in order
to have a stable numerical solution. The parameter € used in testing
for the edge of the boundary wa- increased to lO-u for this example.

The boundary-layer characteristics for a ramp pressure gradient
are given in Figure 11. The shearing stress parameter was obtained from
equations (2.47) and (3.48a), while the heat transfer parameter was
obtained Zfrom equations (2.50) and (3.49a). The displacement thickness
parameter is the ratio of the dimensionless displacement thickness at
any x to the value at x = 1.0. The displacement thickness is obtained
from formula (3.50a). The step-size must be the same size (Ax = 0.0004)
as used by Baxter in order to have reasonable agreement with his results.
Since the boundary-layer profiles are changing very rapidly, the trun-
cation error is more important than stability considerations in deter-
mining the step-size. As the truncation error in Baxter's and the
present method are of the same order, it is not surprising that the
required step-sizes are approximately the same for this example.

It should be remembered that the initial profiles are based upon a
linear viscosity law, while the numerical results use Sutherland's vis-
cosity law, Near the start of the computation of the boundary-layer
characteristics, the influence of changing the viscosity law can be

seen in Figure 11.
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4, Flat Plate Flow With Sutherland's Viscosity Law. In example 3
the initial profiles were based upon & linear viscosity law, while the

numerical computation used Sutherland's viscosity law. In order to
investigate the influence of such a procedure on the boundary-layer
characteristics, example 1 1s solved agaln using Sutherland's viscosity
law,

In Figure 12 the variation of viscosity with enthalpy for the two
viscosity laws 1s 1llustrated. For a heated wall and large Mach number
the linear viscosity law becomes a poor approximation for the more exact
Sutherland's law.

The boundary-layer characteristics for this example are given in
Figure 13. The results for the similar solution with a linear viscosity
law are from Low (Ref. 26), while those with Sutherland's viscosity law
are from Van Driest (Ref. 40). Two step-sizes were used in the numerical
computations and these results are presented in this figure. The
boundary-layer characteristics which are obtained from the numerical
solution with Sutherland's viscosity law tend to approach the similar
solution from Van Drlest. The computations with the small step-size
seem to be approaching the results of Van Driest faster than the other
numerical solution. As this type of problem is considered again in
Section B example 1 of this chapter (See Figure 20), the computations

have not been extended further downstream.

5. Flow Near the Leading Edge of a Flat Plate. This example
considers the flow near the leading edge of a flat plate when the free-
stream Mach number is 9.6. The linear viscosity law is used so that
the results can be compared to the similar solution easily obtained from
Low (Ref. 26). The following fluid properties, exterior flow, and wall

~quantity, are assumed:

M_ = 9.6 (4.10a)
T* = 82.34°R _ (4.10b)
. y = 1.4 (4.10c)
- Pr = 0.72 (k.10d)



-——— Sutherland Viscosity law
(s = 216° R and M= 3)

— — — Linear Viscosity Law
(M =3 and Tw/'l‘ad = 2)

2.0 !-—

Figure 12. Viscosity laws
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(ﬁ

S*= 198.6° R (4%.10e)

Tw/Tad= 1 (4.10f)

The wall temperature is specified by equation (4.10f) such that there
is no heat transfer in this example. The pressure distribution is still
given by equations (4.2) since this is flow along a flat plate. The
initial profiles are obtained from equations (3.31la - 3.31d) and are
shown in Figure 14, In this problem the test for the edge of the
boundary layer uses € = lO-h.
In this problem the initial profiles are taken at X, = 0.01 and
the calculations proceed to x = 0.10. This 1s equivalent to starting
at x; = 1.00 as done in example 1 (Section A.l) but continuing the
computations until x = 10.00. Therefore a relatively large step-size
is required if the finite-difference scheme is going to be of any
practical value in this example.
Two step-sizes have been used to solve this problem and the
boundary-layer displacement thickness is used to illustrate the resulting .
solutions in Figure 15. The similar solution is shown in this figure
also. This figure shows that the grid size is too large and hence the -
truncation error has significant influence on the results. As the grid
size Ax 1is reduced, the solution appears to be converging to the
similar solution. When the numerical solution is to be sufficiently
accurate, the required grid size would become prohibitively small.
Another factor has been introduced which requires the grid size to
be small in this problem. In order to approximate the profiles as shown
in Figure 14 with sufficient accuracy, it is necessary to have a small
grid size Ay near the outer edge of the boundary layer. Shown in
this figure 1s the numerical and similar solution at one step downstream
from the initial profiles. The numerical solution is greatly different
from the similar solution near the outer edge of the boundary layer.
The problem of reducing the truncation error and of increasing the
step-size near the outer edge of the boundary layer reguires going to
Implicit Method II.
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Similar Solution (Low)

o Numerical Solution
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Displacement Thickness for the Flow Near the Leading
Edge of a Flat Plate (M; = 9.6
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B, Implicit Method II

Three examples were.solved with a Burroughs 220 computer using
Implicit Method II, which solves the boundary-layer equations in the
transformed plane. The first example is the same as the last case
considered in the previous section. This example illustrates that
Method II has a much smaller truncation error than Method I. Other
effects studied in this example are: the two methods of replacing the
continuity equation, integration formula for the displacement thickness,
value of € for test at edge of boundary layer, iteration of the solu-
tion at each step downstream, and type of viscosity law. In the second
example the flow downstream of a transpiration cooled region is investi-
gated. The wall in the region of interest has iw/iad = 0.5. This
problem and the insulated wall case have been solved by Howe (Ref. 17)
using the numerical method of Baxter and Flugge-Lotz (Ref. 1). The
insulated wall case has been solved by Pallone (Ref. 34) with another
numerical method. This example allows an indirect comparison between
these numerical methods for solving the boundary-layer equations. The
third example illustrates that the implicit method can be used to solve
the boundary-layer flow along a wall with a variable temperature. The
specific case considered is a wall with a "hot spot" as this problem
has been solved by Baxter and Fligge-Lotz (Ref. 1).

1. Flow Near the Leading Edge of a Flat Plate. The same problem
as givenn in Section A.5 of this chapter is now investigated. The dis-
placement thickness of the boundary layer is used to illustrate the

influences of several parameters in Figure 16. In all parts of the
figure the similar solution of the boundary-layer eqaations is given to
indicate the desired result. In part (a) the result using Implicit
Method I for this problem as given in Section A.5 is presented for
convenience. Also in this part of the figure the displacement thickness
is shown for the case when the problem is solved in the physical plane
but with the difference quotients used in Implicit Method II. By using
the new difference quotients, the truncation error has been greatly
reduced. However, when the profiles are examined for this solution,

the numerical result still has some error near the outer edge.
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In Figure 16b the influence of transforming the boundary-layer
equations 1s illustrated. The displacement thickness, as a result of
solving these transformed equations, does not seem to be improved.

This numerical solution does epproximate the similar solution profiles
closer than the physical plane solution, especially near the outer edge.
It should be remembered that all solutions have used Method A for the
continuity equation. In Figure 16c the influence of using the two
methods of replacing the continuity equation is shown. When Method B
is used with Implicit Method II the best numerical solution of the dis-
placement thickness is obtained. For this case the numerical profiles
are 8 good approximation for the similar solution results.

Several other items that have a smaller influence on the solution
of this problem have been investigated. In order to illustrate the
influence of these items, the displacement thickness is divided by the
similar solution displacement thickness at the corresponding value of
x. This displacement thickness ratio is given in Figure 17 for the
various cases studled. The numerical values have been connected by
straight lines to clarify the figure. The first item investigated was
the influence of the integration formula used in evaluating the dis-
placement thickness., The displacement thicknesses computed, using the
trapezoidal rule (Eq. 3.50b) and Simpson's rule (Eq. 3.50c), give
essentially the same result for this problem. Since Simpson's rule is
a better formula in general and is only slightly more complicated than
the trapezoidal rule, Simpson's rule is used with Implicit Method IT.
The influence of € on the displacement thickness ratio is shown in
Figure 17. From this figure it is impossible to ascertain the better
value of € to use., To study the effect of € further, the velocity
profile near the outer edge is given in Figure 18. This figure gives
the velocity profile at x = 0,125 for the numerical solution with
two values of € and the similar solution is also given., This figure
shows that the smaller value of € results in a velocity profile which
is a better approximation to the similar solution.

Returning to Figure 17, another item that has been investigated is
the effect of iterating Implicit Method II at each downstream step.

In order to obtain linear difference equations certain quantities at
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(m + &) were replaced by known quantities at m. (See Chapter IIT,
Section B.2). After the boundary-layer equations are solved as usual
for the unknown quentities at (m + 1), the equations are resolved with v
the quantities at (m + %) replaced by the average of the corresponding
quantities at (m) and (m + 1). By iterating in such s manner, the
truncation error should be reduced. This is the case as illustrated in
Figure 17 where the solution was iterated once at each step. Since this
iteration almost doubles the computation time, it would be equivalent
to halving the step-size downstream. The results for the displacement
thickness ratio for this smaller step-size are given in Figure 17.
Although this result is closer to the similar solution than previous
cases considered, it is not as close as the iterated solution. However,
the iterated method has a small oscillation that does not occur when
the usual method is used.

The comparison between Implicit Method II (Transformed Plane)
and the similar solution is now completed by considering profiles and
shearing stress at the wall. For this comparison the results are
obtained by using continulty equation Method B with € = 0.00l,
Ax = 0.0025, and An = 05000232880l The initial profiles in the trans-
formed plane are given in Figure 19 and are obtained from equations
(3.33). The numerical and similar profiles at x = 0.125 are shown
in this figure. The two velocity and enthalpy profiles obtained by
both methods agree, as expected from the displacement thickness results.
In Figure 20 the shearing stress at the wall from the numerical solution
is given. This was obtained from equation (3.48b). The shearing stress
from the similar solution with linear viscosity (Ref. 26) is presented
in this figure for comparison with the numerical solution. Since the
initial profiles for the numerical computation were determined with a
linear viscosity law, the same law is normally used in the numerical
computations. Here, however, the numerical solution has been performed
with Sutherland's viscosity law and the result for the shearing stress
is shown in Figure 20a. The skin-friction parameter for this example

l‘I‘his number for An occurs as Afr,, 1s taken as a convenient -
value in determining the initial profiles from equations (3.33).
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