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FOREWORD

This work was supported dby the United States Air Force through .
the Wright Air Dmlopmnt Division (now Aeronautiosl Systems Division) '
under Contract No. AF 33(616)-6535. The contract wes initiated under
Tesk No. 70924, "Mathematical Research in Numerical )bthod- of coquun;
Higher Transcendental Functions.®

This report covers work conductod from October 1959 to July 1960.

A summery of other research conducted in this program is described
in *Polynomial Approximetions to Integral Transforms® by J. Jet Wimp,
WADC Technical Noto 59-311;. September 1959.

The author vishu to extend his grateful thanks to Ym,u L. Luke

for his meny helpful comments and suggestions during the proparntion of
this report.
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ABSTRACT

In this repowt ve' first determine rem-eicntationo for the Anger- w
Weber functions (J,(ax) and I[E,(ax) in series of symmetric Jacobi poly-

, nomials. (Thdse include Legendre and Chebyshev polynomials as special

i

casds.) If » is an, integer, these became expansions for the Bessel

function of the tirst' kind, eince Jn(ax) » Jo(ax) . Next, corresponding
representations are found for (ax )"Jv(ax) . Counvenient error bounds are
obtained for the Chebyshev cases of the above expansions. <

In the final section of the report we determine the similar typé
expansions for the Bessel functions Y,(ax) and Ky(ax) .
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1. Symmetric Jacobi Expansions of Anger-Vieber Functions

_ A function f(x) satisfying certain conditions (for these consult
[1]#) may ve expanded in the series

£(x) = f cnp,(,“")(x) ; =1€xS€1, a>-1 , | (1.1)
n=0 ‘ .

where Px(l‘x’“) (x) 4is called the symmetric Jacobi polynomial of degree n .
For our present purposes we shall use a definition given in [2]:

2PN (x) = (- P-R) %P [1-2)%R] . (1.2)
Also
1
Cy = bt f £(x) (12 ¢ p{&F)(x)ax (1.3) "
«l '
‘n2al '
h. = 2 M(n+a+l) ; @) = r'(”'*ﬁ) LY=o, (1.4)
. n! (n+¢+ %) (n+cr+1)¢ # r() °

* Using the representation (1.2) in (1.3) and noticing that all
‘derivatives of (1-x2)%®*D yup to and including the (n-1)st vanish at
x = £1 , we integrate (1.3) n times by parts to get:

1L
¢, = (2%atny)"t lf(n)(x)(l-xa)“+ndx . (1.5)

# Numbers jn brackets refer to bibliography at end of report.

This report was released by the author on 13 December 1960 for publication
as a WADD Technical Report.
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Consider the integral definition of the Anger-Weber functiocns [3)

, L4 ‘
J fax) + 1 fax) = % f LIVt fly L p) . (r8)
0 : .

When » is an integer o, (ax) coincides with the Bessel function of the
first kind J,(ex) [4].

Now differentiate (1.6) n times under the integral sign, sub-
stitute the result in (1.5) and interchange the order.of integration. (wvhich

. 18, of course, permissible). The inner integral is known [5] and after
evaluating it we have

1

x -(¢+ }.)
= (1) (m+1) (bn‘lt )-l/; e“’é {2_',‘1,&2} 2

ntot+ =

X J 1 (a sin plap . (1.7)
]

Use the power series expansion for the Bessel function in (1.7) and inte-
grate term by term to get

Cp = (;1)n [ v; +1 8in 2 ] an(v,¢,q) , (1.8)

where

Ag = act -, (1.9)

p(§.+ 21 +1) | r'(.'al . 22. +1) (n+2el+1), -

and R, is conveniently described in hypergeometric notation [6] as

WADD TR 60-902 e



B , ‘2‘
Ry(¥,ec,8) = 21"3[% + % , g- +1; a+n+ g , g + % +1, g- - g +1;- -:—] (1.10)

Equating real and imaginary parts of (1.6) and (1.2) we get

Jfax) = S a2&9x) , agxs1 (1.22)
n=0
5 | .
E (ax) = > Bp{%%)(x) , -1$x51 , (1.12)
n=0
whére
Ap = ARV, a,0)B,(¥) | (1.13)
By = AgRa(Mec,0)yn) (1.1¢)
and !
(<) cos 22!,11 even ,

f(») =4 Bl | (1.15)
(-) 2 sin‘-’é‘i, n odd ; ’

r B

(- sin % , 0 even ,

v =< (1.16)
(.)Tcosl’.!., n odd .
| X,
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' Vhen o = -%. s

NETES

‘Pn (x) = f’(m— %) (n!ta).l"r;’(x) ».B = 3,20, ,‘ 2(1.17)

vhere T (x) is the Chebyshev polynamial of the first kind of degree n .
Algo for this value of o, R, simplifies to the products of two Bessel

functions [7]. Vith o = - % , then (1.11)-(1.14) beccme

J,(tx) = f CpTn(x) , -1<x<1 , (1.18)
: n=0
Q0 ‘ .
Ev(”‘) = > Dylyp(x), -1Sx<1 |, (1.19)
n=0 '
vhere
G = €almy(2) Jap(D) M) (1.20)
' 2 2

D, = en"m(g’) Jw(%) vn(v)- ’ 1.21)
2 2 .

. and €, = [1,n=0;2,n>0] .
For integral » we have the expansions

Jak(ax) = io en.rkm(g) Jk_n(-;-) Top(x) , -1<x<1 , (1.22)
n=

WADD TR 60-902 4



Jope1(ax) = Zo' 20)4n+d (g-) Jen ( %) Toner(x) , 1S xS (1:29)
n={

and k-0,1,2 XXX .

Since

yxi

I(1z) = ¢ & 1 (2) . (1)

vhere I (z) -is the modified Bessel function of the first kind [a], ve may
replace . by is in (1.22) and (1.23) to get expansions for Iak(ax)
and Ipk+1(ax) . :

It -is important to note that, a.lthmgh the above expamions are .
valid only for x real and (x|€1, (1.6) is entire in & and » , and
hence ‘a may be chosen arbitrarily to yield expansions valid cviryvhere in
‘the finite complex plane,

The expansions (1.11), (1.12), (1.18), (1.19), (1.22) and (1.23)

are quite rapidly convergent, particularly in the Chebyshev casen, il

consequently the last four expansions are eminently suitable for Wie T
digital computers. BSuch series are usually truncated and rearranged ih
povers of x , although this is not necessary since T,(x) satisfies simple
recursion rohtiauhips [9]*.

Let - |€y| denote the maximm error incurred for -1$xS1 by
taking just N terms of any of the expansions (1.22) and (1.23). Using

: [13] and the 1n0qull:l.tiel

|Pa(x) €1, -1€x€1 (1.25)

(w+n)! >n!n!nax [#®,0%], n,n. integers not both zero , (1.28)

* "The Bessel functions required to compute the coefficients in owr expan-
sions can be systematically gemerated on slectronic computers with the
aid of techniques discussed in [10, 11, 12]. There are mumerous tables
available for hand calculations. ,

WADD TR 60-902 5



we may derive errar bounds for N>k , Far (1.22),

eyl T mled () R
. e, ls 2 1N e
a"-l(m) (K-k)! ‘°< N ) o (1.87)

and for (1.28)

| o [BH2 exp|2 £ (2) |

MLy (B!

Ie,ls

O

’»2311&&1;!!-&; l * M-’

For the cases Iak(nc) and Iny,p(ax), respectively, expla.l(%) | T

' . (1.-27) and (1.28) is replaced by exple.ac.éiﬁ) ' .

2. Expansions of Bessel Punctions of the First Kind

. Results in the previous section gave symmetric Jacobi polynimfl

. expansions for J(ax) and Iv(lx) for integral » . When ¥ ié nom-
integral, these ﬁmctimmmlmmm f\mctiau of x, Mitil
comnn:lcnt to study the entire function

: P(v+;)(n;,/2)'va(u) = of (y.-rl;'- Lf.. . | - (2.1) o

Ve qu. derive expansions for the above ofy * Cdrntptndin‘ oxjugim

for r'(v+1)(cx/2)"’ I(ax) then follov, as bofm, from (1.24)

We shall firlt need the fol].avim 1dnnt1ty.
s c:m c"“)" SR

4

WADD TR 60-902 . 6



where the generalized Jacebi polynomial of degree n , B%A)(x) may ve
defined as ‘

pl(faﬂ)(;).(n;d) eri»»~[&n,n+‘6t¥p’+1.;¢”4‘-‘1;%f% ] . (23

The following quadratic trnutcrn-tion of the Gaussian hncrgco-
metric function is given in [14]: _

T

n

1 | | .
% (1.:)2] - 2’1 [&,b;&i'b* -2]: ;2] | (2.‘). ‘

NII-‘

1 .
Let (1-z)2-x,a--n/2,b-n/2+a+% and c= az+1-u+"b+§.
in (2.4) Then ' ‘ ‘ '

2F1 [-n,&ad*'l; “"’l; -l - EXJ = 2?1 [- E Iy 2 +0C+ -]-' ;¢+131-12] ,(2.5)
2 2 L 2 2 2 . .
or, if ve refer to (2.3) and replace n by 2n (2.5) becomes’
%) (x) (2“*‘) 2fy |-nymras 3 1. ze1;00x ] (2.8)

and this 1s simply (2.?).

It

1z - (da" 7‘,]'") o | \
of1 ,[v+1; 7\(-2—)] = > AP (s) , - (27)
n=0 . :

- then

| | -y “
Ay - hnf o [ m.x(l*—')](l zf‘ (1+z) 2 g )(z) , (2.8)

WADD TR 60-902 7



or, eguivalently,

N
24,  (2.9)

Ay = () [ or1 [v+1. Alla) |, )“"‘(m)

nnx ol o1 :
(hng ) (2 f o’;EN+M1.—(l+z)](1 ;)“ u(1+z) ad'.:-', , (2.10)

-

2 (n+1)

(2n+cz+ 1) (n-o- 1)

. | (2.11) -

Now ‘expand the hypergeanetric function in (2.10) in its power series and
" integrate term by term to get

PN

(n+ac+ 1) (1!4»1)n

[n+ 1, v+n+].,‘n+¢z+ .;. ; A] . (2.12)

let o= (22-1) 1o (2.7) and K= ~a%/4 ; and use (2.2). Then

vhere
B, = (-ln(gslan 1Fo [n+ % ; P+o+l, 20+ &+ %‘ - 53] (2.1¢)

N7 (2meal ), (n+ %)

WADD TR 60-902 8



For the Chebyshev case " & = - .2:': and
ey 2 , . . ‘
Iy(ax) =(ZF) Zo Calon(x) , =1€x<1 ., 2 (2415)
. n’ P ' ' ’

where

C}j e (=) <a/4)"‘°
Y MBear). 1%

a2 . 3
[n+ - ‘ v+n+1,2n+l,- I— ] . ) (2.16)
Notice that when » = - i: , (2.14) simplifies. !_Llso,' since

J. 1 (ax) =(—7-°;§-) 2 cos (ax) . ‘ (2.17)

n

_we infer the expansion .

cos (ax) = S cupi5 D (x) (2.18)
nc0 . ‘ ’
o .yhere 1o, l
( )n‘rf22 ‘ <2n+af+ -)(2n+cr+1)
Cp = < J 1(8) " (2.19)
. . a+ = 2n+ cc+ -- )
- ) a2 2

- a formula which can be derived in a number of different vays,
Another interesting and quite rapidly convergent expression for

‘the coefficients in (2.13) can be derived by substituting the expansion (see
watson [13, p. 142]) :

WADD TR 60-902 9



. \ a\k 5 2k
: . =) . k(a)(l‘x ) )
Jv(a‘x)(gﬁ) ’)’(f)v % (&) 1’_+k:' »  (2:20)

for £(x) in (1.3). Employing a known integral formula [15], we have

-, i~ | a k
V-2 lﬁ(4n+2“+l)(2n*¢*l)c:: % @n,k(g) Iy+x(e)

B, = , (2.21)
a” (2n+l)¢ k=0 (d'*k*l)_];
2
vhere
On,x = 3F2(-2n,2m2 @+, T +k+1; &+1,2k+2 ar+2;1) . (2.22)

If the expansion (2.13) is truncated after N terms, we can
-obtain rough error estimates for large N by assuming that the expansion
converges rapidly enough so that the first neglected term is approximately
the error incurred. Using the relation

Cota) _ oA [1.0(1 '
?L(ﬁ:?%-n [1 o(n)] ) (2.23)

ve see that the 1Fp in (2.1¢) may be replaced by an exponential term.
Also

| §B®) (x)| < '2'2‘;“), -1<x<1 (2.24)

so for (2.13) we have roughly

22

e8N

{ M(2N2 a+1)
2AW2Z+ Y [7( o orit %)r’(rm_ul) P(+1)

1a)”*eN % 57
€ lrv

ley , -1$xS1 . (2.25)

WADD TR 60-902 10



3. Expensions of Bessel Functions of the Second Kind

The Bessel function and modified Bessel function of the second
kind are denoted by Y Wz) and K (z) respectively, and a treatment of
them can be found in [2, v. 2, Ch. I ] ¥ If D 1s nonintegral, then

1(2) = [ota(»m ] ™ {5,(2) con(wr) - i@}, (3.1)

and

K,(z) = él(- sin(v’l()J 'l{x_v(z) - Iv(z)} , (3.2)

80 for such values of ) expansions for the functions follow directly ‘#¥dm
the results of section 2. : )

If 2 1s an integer, it can be shown that
. l R I
Yelex) = 5 (ax)iog () + meg(ex) - L gax)  ,  53)

and

Kelax) = (-)"IT(ex)iog (&) - E 1*y , (tax) + -ck(iax) , (3.4)

where

k-1 |
1 om-k (k-m-1)!
w2 (?) _ :.' » k>0

: =0 . .
0, C k=0,

* This reference calls K (z) the modified Bessel function of the th&‘:‘ﬁ
kind.

WADD TR 60-902 11



and

) = 3 (P ()< Lytomar yaa)] (3.6)

o m! (k+m)! -

We assume the value of log(éﬁ) is known. Then, since expan-

sions for Jy(ex) and Iy (ax) were found in section 1, and since
Ny i(ax) is simply a polynomial in 1/(ax) , we need expand only the entire
part of (3.3), i.e., G.(ax) , in symmetric Jacobi polynomials.

Using the representation (3.6) as f£(x) in formula (1.5), a
straightforward derivation gives the series

lax) = S AR®D(y), a<x<y (5.7)

n=0

- where

[ (- J(avarer), (mears 1) § (< P(-k-2n),

ont2 e+l o (m k-n+l

n+a +1

O [ema)r pvn)] (3.8)

m! (k+m)!
4. Conclusion

The symmetric Jacobi expansions given 1n this paper converge,
in general, most rapidly when o = - % ) 1.e., for the Chebyshev case.

WADD TR 60-902 12



Another advantage gained when o = - %‘. is that the hypergeaometric func-

_tions occurring in the coefficients of the expansions in several cases
simplify considerably.

By using the same techniques expounded in this paper, expansions
of Bessel functions in Laguerre, and hence by a simple transformation,
Hermite polynomials can be obtained, but the convergence of these expansions
is vastly inferior to that of those derived here.

Since our expansions converge much more rapidly than the corres-
ponding Taylor's series representations, they will be of great utility as
subroutines for evaluating Bessel functions on digital computers. We
emphasize the need for calculating in the near future the coefficients of
these expansions, particularly for the Chebyshev cases.

WADD TR 60-902 13-
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