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In this r*poat vs first determine repre~entations for the Anger-
Weber functions J,(&x) and E.(I) in series of syetric 'Jacobi poly-
nemials. (These include Legendre and Chebyshev polynmia s as specialcsis. ) If -0 n inleer, these be19e exp ons for the Bessel
function of tAe firt kind, since Jn(ax) Jn(aX) . Next, corresponding
representations are found for (ax)-'J (ax) • Convenient error bounds are
obtained for the Chebyshev cases of the above expansions.

In the final section of the report we determine the similar type
expansions for the Bessel functions Yn(ax) and K.(ax)
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1. Symmetric Jacobi Expansions of Anger-Weber Functions

A function f(x) satisfying certain conditions (for these consult

[lJ*) may be expanded in the series

r(x). 2: %CCPOC)(X) , -i- Xi , f>-1 , (1.1)
n-O

where P(Q")(x) is called the symetric Jacobi polynomial of degree n

For our present purposes we shall use a definition given in [2]:

2n.lPj*)(X) - (-)n( ) [ 2 ] (1.2)

Also

Cn Nhl . f(x)(l-x2 Pn xd 13

= 22 o- r(n+az+l) ))) r'(3+,)
n! (n+o+ 1) (n+c+l)c MC0)

Using the representation (1.2) in (1.3) and noticing that all
derivatives of (l-x2)o'+n up to and including the (n-1)st vanish at

x - ±1 , we integrate (1.3) n times by parts to get:

Cn (2nn'hn)1f f(n)(x)(1x2 )c +nd (1.5)
f.1

* Numbers in brackets r efer to bibliography at end of report.

This report was released by the author on 13 December 1960 for publication
as a WADD Technical Report.

WADD TR 60-902 1



Consider the integral definition of the Anger-Weber functions [3)

.1 7' 1CV)6ax8in 0

J.,a)+ i7eax . r in do - f(x). (1.6)

When V is an iiteger J,(ax) coincides vith the Bessel function of the
first kind 3.(ax) [41.

Now differentiate (1.6) n times under the integral sign, sub-
stitute the result in (1.5) and interchange the orderof integration (vhich
is, of course, permissible). The inner integral is known [5] and after
evaluating it we have

C.(_i)n(l+l)~ ( 2 ) f j e *V0 sin

X J 1 (a sin O)d . (1.7)

2

Use the power series expansion for the Bessel function in (1.7) and inte-
grate term by term to get

Cn- (1)n [con EL + i sin Xx-]AnRn(,cepa) (1.8)

vhere

1n: n (1.9)
r7(B + +1) +1) (n+2.+l),

and En  is conveniently described in hypergecmetric notation [6] as
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9 2 2 22 2 '2 2 1;
Rn(V cc'a) - 2 F4n+g'2 + +,z,1z~+ g (1-1.1o)

quating real and Imainary parts of (1.6) and (1.2) we got

n-0

nO

vwere

An AA N. cc n M(1.13)

and n

n
(- sin a, n even ,

21) +(1.1)

(..) si V7--, n odd

2.
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When cc 1

22

where T.(x) in the Chebysbev polynamlal of the first kind of degree DAlso for this value of cc, Rn simplifies to the Produacis of two bassel.
functions [7). With cc 1 . then (1U-11)becam

2

J(ax) 7 nnx j lxu
nwO

* E~ ~ 1' DnT(x),- x , (1.19)
nm0

i-'here

2- 2

*2 2

and C. - [1n--;2,n>oJ

Por integral V we have the expasmions

J2k(ax) - eflJk+D(.)Jk-n( .T 2 l(x) -1 x 1 1 (1.22)
n-0 2 2
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J2 k+l(ax) - 2k+n+l( Jk.n ()T 2n~l(x) ,-le-bx el (1"5)
n-0

and k - 0,1,2 ..

Since

v ri
J iz) 0 2e 3,z

where I,(Z') -is the 'modified Bessel function of the first kind [8], we my

replace a by Is, in (1.22) and (1.23) to get expansions for 2a)
and 12k~l(ax)

It-is important to note that, although the above expansions are
valid only for x real and lxj-<1 . (1.6) is entire In a and. V , and
hence 'a may be chosen arbitrarily to yield expansions valid searywbere-4-n
the finite complex plane.

* The expansions (i.11), (1.12), (1.18), (1.19), .(1.22) and (1.23)
are quite, rapidly convergent, particularly In the Cbebyshev casob% 1M
ionsequntly the last four epnions are eminently'suitable for '0 -
digital canputers. Such series are usually truncated and rearraflbi ka
powers of x althoug this is not necessary since Tn(x) satisfies simple.
recursion relationships [9]'

Let - 1JN denote the nxlua error incurred for -lxlby
taking just N terms of any of the expansions (1.22) and (1.23). Using
(13] and the Inequalities

ITn(x)lgl ,-leAx1l (1.25)

* (me+n)! !mlnmx [xPne] a~n integers not both aero (.6

' The Bessel functions required to compute the coefficients in our expan-
sions can be systematically generated on electronic CORXMintr with the
aid of techniques discussed .In (10, , 12]. Tbere are mumerous takbns
available for hand calculations.
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we May derive errOr bounds for N>k ' For (1.22).

'"* " '°O(I " a ..
• *M1I(W k)!(N.k):

and for (1.2 2

l & exlp 2°I
I~ 1  'e. 2 101 a -"

2' I( k+2 )WIk:l (N):I k)i

For the cases I2k(&x) an kk+l(ax),- rzeePeCtIvel, ezpI2A (,)
(1.27) and (l.28) in replaced by expt21 a(S)

2. Epnions of Bessel Functions of the First Kind
of Nontegisl Order

Results in the previous, section gave smtric Jacobj Polhamak
expansions for J.O(aX) and IEp(ax) for .integrl, V . When V, it' non.
integral, these functions are no entire functions at x and it Is
conwenient to study the entire function.

S0+ . (AL)

We will derive ei1ansions for the above o". Comepadins expasions
for r(V+l)(ax/2)-4 ' 1,,(ai) then follow, ap before, fftm (1.24).

We shall first need the following ifentity.

, PI 2.n+' (a , n '- '
'AD (2?)-..2)
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where the generalized Jaeobi polynomial of dlree n paePy)) ,my be
defined as

r ~ 22 2] 0

The following quadratic trafomton, of the aums sm h y orgeo-
metric function Is given in [14]:,

11

2l-Ez' baf+1 , 1ls2 2 : +l a +2 -2, [a, b;a+b+ Is (2.4)

Lt (1 zfmX au-n/2 b n/2 +cc+!, an c- oe+lma+b+-1
2 2

In (2,.). Then

2F 1 no+2 +lZ;M+1,- x] 2 (2.

r, if w refer to .(2.3) and replace n by 2n (2.5) becoms

, ..2 ) 211 [-on+Ct+ tz ; (2.6)

and this In simply (2.2).

if

o,,.[,,,A") 2 (= s
. P ) (2.7)
-ll 2 (a)n-O

then

2 2 (iz.)
(!+-- ] a) ,1 (2.8)

WA DD or' TB -0
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1+ 21

34 12 2f ](im +l( ) h ,(2.90)

and

2 2 (n+l),
hn (2.1)

Nov'expand the hypergecumetric functian in (2.10) in its power series Ad
integrate term by term to get

An *12-~+12~ (2.22)
CC++ !A)@J(+1)n 2 2~+,na

Let z -(2xkl.1 In (2.7) and -a2 /4 , and use (2.2). Then

J. (Sx) 1T B.Pka")(x) -1x1(2.13)
2 n.0

where

B - (f(F)2 n+ ~ ))+n+1,,2n+gC+ 1; -2](.4

Jf7-(2n+2cC+1)2n(n+e A
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For the Chebyshev case cc - and
2

where

C 4fl~/4)2 ? ~ 1
C a:i. : n -P+n+l,2n~1; -"] ('2.16)

n!r: nl 2 4J

Notice that when V- I (2.14) simplifies. Also,' since
2

J 1 (ax) 7(C 2X coo .(ax) (2.17)
22

we infer the expansion,

'Il~ (X) (2.18)

where1 1

n 7 2  2 (2n cr)(2n+ c+1X (2.19

a 2'2

* a formula which can be derived in a number of different ways.

Another interesting and quite rapidly convergent expression for
the coefficients in (2.13) can be deriyed. by substituting the expansion (see
Watson [13, p. 142])*
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'a= 2 .(' (f.2o))
k=O

2' 'J"O €n+' z))n 00* J,,a(-2 2.20)

Bna " (2n+1)= = klZ

2 z k!

icr (Fk+) 2 (2.21)

where

nk = 3F2 (-2n,2n+2rC+l,c +k+l; +l,2k+2o!+2;l) (2.22)

If the expansion (2.13) is truncated after N terms, we can
obtain rough error estimates for large N by assuming that the expansion
converges rapidly enough so that the first neglected term is approximately

the error incurred. Using the relation

,(n+tt) = po [+o()] (2.23)r7 (nP)n

we see that the 1F2 in (2.14) may be replaced by an exponential term.
Also

ipG) (x)l _(2nC 1, -l5 x_ 1 (2.24)2n /

so for (2.13) we have roughly

aT

IeNI% V+2 IX104-e e ' '9N r(2xN+2 e+l) ,9 rl s 1 . (2.25)

WAflD TE 60-902 10



3. Expansions of Bessel Functions of the Second Kind

The Bessel function and modified Bessel function of the secondkind are denoted by YV(z) and K.(z) $ respectively and a treatment ofthem can be found in [2, v. 2, Ch. VII ].* If I is nonintegral, then

Y-(z)- [,sin(VX)] -1 {V(z) cos(W) -. ). (3.1)

and

K (Z) = -[uin( i)1) "l$.(Z) -I(z)l ('5.'2)

so for such values of P expansions for the functions follow direct h7bn
the results of section 2.

If 1) is an integer, it can be shown that

Yk(ax) L Jk(ax)log(~ + Nk~1 (ax) Gka1

and

*k ikN''1(2ax) + k Gk(iax) (3.4)

where

1 k-i m k ( - - ) >7 : T o M, o
-Nk-(ax) m = (3.5)

k0 k-0

* This reference calls K(z) the modified Bessel function of the 'hirh
kind.
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and

Gk(aX) (Lv(k+ )++ f(m+l) (3..)
mO m(k+m)(

We assume the value of log (M) is known. Then, since expan-

sions for Jk(ax) and Ik(ax) were found in section 1, and since

Nkl(ax) is simply a polynomial in 1/(ax) , we need expand only the entire
part of (3.3), i.e., Gk(ax) , in symmetric Jacobi polynoials.

Using the representation (3.6) as f(x) in formula (1.5), a
straightforward derivation gives the series

Gia)- = Co., -l_<x<l , (3.7)
n=O

where

2n+2c+l MIO (M+ k-n+l)n++l

k+2m. [ k+i~l) j (3.8)+
X (!j (3..

x 2, m' k+m)'

4. Conclusion

The symmetric Jacobi expansions given in this paper converge,
1

in general, most rapidly when cc = - , i .e., for the Chebyshev case.
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Another advantage gained when cc - - is that the hypergeonetric func-2

•tions occurring in the coefficients of the expansions in several cases
simplify considerably.

By using the same techniques expounded in this paper, expansions
of Bessei functions in Laguerre, and hence by a simple transformation,
Hermite polynomials can be obtained, but the convergence of these expansions
is vastly inferior to that of those derived here.

Since our expansions converge much more rapidly than the corres-

ponding Taylor's series representations, they will be of great utility as
subroutines for evaluating Bessel functions on digital computers. We
emphasize the need for calculating in the near future the coefficients of
these expansions, particularly for the Chebyshev cases.
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