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in th-1 report a simmary is given of the vork done diuring

the second year of a Research and. Development Stud on Sturss-Strain

Cheascteristics of Shells and High Explosives.

In the summary of the first year's work. it wve pointed

out that the ordnance design engineer, in common with all engineers,

is often reqcuired to develop systems for which analytic design

procedures are not available and he must consequently call upon his

resovrces in the art of design to carry through his assignments .

A analytic procedures based on general physical lai-m are developed

for ordnance problems, the engineer is able to move from the art of

design to rational design. and. consequently to perform his work more

efficiently and precisely.

The basic purpose of this study has been to investigate

e-nd develop rational procedures for the design of artillery shells

During the two years that this study has been underway, the

follovdig reports have been prepared:

TR 1-1 Experimental Procedures for Determining Shear and

Dilatational Viscosities of Shell Filler Materials By
J o W. Dunkin and R. C. Geldacher, January 1959.

TiR l-2 Axisymmetrical Buckling of Conical Shells Under Inertia

loadIng. By A. C. Eringen, April 1959.

TR 1-3 Stress Anslysis of a Thin Cylindrical Shell with Flat
Base. By A , C. Eringen. April 1959.
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T 1=4 Longitudinal and Tor"siona-I Vibration of Inter1nlly Demped
Cyl-Indrical B&ra witoh Attached Msses. By, J. W. flunklzp
May 1959.

,, 15 A Procedure for Computat4on of Stresses in Flat Base
Shells. By No F. Jordan, J. C. Samuels, J. Wo Dmkinp
and A. C. ErIngen, July 1959.

T-P 1-6 On the AxIsymmetric Displacements and Stresses of a Long,
Uhick Cylindrical SheUl Under Axisymnetric Loads . y
A. C. ErIngenp M, M. Stanislc, and R. J. Jezlk, July 1959.

TR 1-7 Stress Ana.ysis of a Thin. Cylindrical Shell with Flat Base
and Springy Filler. By L. V. Kline, August 1959.

Til l8 Vibrations of an Accelerating Visco-Elastic Rod. By
A. C. Eringen and J. W. Dunmkin, July 1959.

TE 19 Stress Analysis of Flat Base Shell Filled vlth a Springy
Velocity Damped Filler. By J. C. Samuels, February 1960.

T15 1-3 Approximations for Semlng a Flat Base Shell from Titanium
to Steel. By J. W. Dumldn, A. C. ErIngen., and R. C0

Geldmacher, February 1960.

TR i-10 Thermal Stresses in Coneent-wic Sperical Iayers0  By Mo Mo
Stanisic, A. Co EPingen, and R. J. Yeziks February 1960o

TR 1-l, long Cy!idrical Shell with Visco-Elastic Fillero By A, 0 C
Eringen., February 1960.

TR 1-12 Expermental Investigalion of Visco-Elastic Properties of
Filler Materials. By J. WV Dunkin and T. M. Roach Jr.,

February 1960o

TR I1-3 Measurments of Gun and Shell Straims During Firing. By
R. C. Geldmacher and T. M. Roach Jro, February 1960,,



General Technology Co.•poration

TR 1- 134 Finml Report (Phase 1) Research and Developw-,nt Study on
St•'ess-Stvain Characteristies of Shells and High Explosives°
By R. C. Geldmacher and A. C, Eringen, February 1960.

TH 111 A Simplified Stress Analysis of Two-Piece Shell with Flat
BaseP By No Fo Jordanp A. Jones,. and J. W. Dunkin•, Augustis96o o

TE 1-15 Calculations on the Axisymietric Displace entz and Strains
of a Longp Thick Cylindrical Shell Under Axisymmetric Loadso
By R. J. Jezik and N. F. Jordan, -y 1961.

R i1-6 An F2lstic Plastic Analysis of a niln-Walled Circular
Cylinder under A.ially Symmetric Loading. By A. Jonres

A. C. Eringen, and M. M. Stanisic, MI•y 1961o

TR 13l7 Procedure for Development of a Digital Computer Program

for Flat Base Shell Analysis0  By Ro Co Geldmacher and
T. M. Roach Jr., June 1961..

TR i118 The Deformation of Filled Shells During FirIngo By R. C.
Geldmacher end T. M. Roach jr., July 1961.

TR 1=19 Summary Report, Research and Development Study on Stress-
Strain Characteristics of Shells and High Explosives0  By
R, C. Geldmacher and A. C. Eringea.9 July 1961o

The 21 reports listed above along with previously reported

investigations [1)p [s1] [3], []4, [(5] represent an integrated

approach to a study of stress-strain ch-racteristics of shells and

high explosiveso The over=all problem is one of considerable

complexity and stbs-tantlal progress has been made and important new

anlyrtical tools are now available to the ordn=nce engineer.

Nuymbers. in sque brackets designate references list-ed at the end
of this reporto
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A cokmlete exp arl-mntal and theoretical elastic anelysis

hes been made of the flat base shell and a procedure for programming

the analysis on a digital computer bes been proiridedo 7his work is

contained in TR 13;, TM 1-5, TN 1-3, W 1-4s TR 1-13, TH 1-17, and

TXR 1-18 The engineer, therefore, now has techn-iques for thorough

anslysis of his designs and with the digital computer procedure, a

means of analyzing his deslgas in a matter of minutes. With these

new tools he should be able to develop end items which will be less

costly to produce and which will perforim their intended functions

more effcienutayo

Excellent progress has also been made under the present

contract on three principal remaining problems, namely: the

behavlor of filler materials, the interaction betwreen filler and

shell, and yielding of the sheUl in the vicinity of the rotating

band.

Xn the present report a svmmaxo7 is given of work done

undser thie curtrent contract extension. Wei includes procedures

for using the digital computer in flat base shell analysis, the

study of yielding of shells in the vicinity of the rotating band,

stauy of the interaction betn.een filler and shell, preparation of

design curves for thick wall tubes with ring loading, a simplified

stress analysis of a two-piece sheJl with flat base;, and considera-

tion of the desirability of securing a triaxUal test machine for

detenminng filler properties.



GeneaI T~c 101OZ~Y Corpoxnation

DIGITAL COMPUTEP PROGRM FOR ANP-AXSIS
OF E1PRT~ FIAT, RAISE SIPOIT

The analysis of flat base shells presented in TR 1-3

(April 1959) has been developed in TR 1-17 (June 1961) into a

step by step procedure for digital, computer calculation of

elastic di-spcementts and stresses in the shell val-ls and base.

The engineer need only present geonetry, magnitude of

loading, and. materlal properties to the digital computing center

in order to obtain a complete anelysis of his shell design.

At the present time only. the analysis of an empty shell

has beem provided because exarlmental work concerning the effect

of fillers is still in progress However, all steps in the

comkutation which are common for both filled and unfilled shells

have been put down in anti cipation of the time when the experi.

mental work wtll be completed0

The geometry of the shell and distribution of loading

is shoi-n on page 6. In this figare, Pg 9is ga pressure., is

band pressure, and kw is the filler rmstoringg force.

The alavasis of the problem requires the simultaneous

solution of the three differentilO equations for the cylindrical

bays and the differantial equation for the base. In the process

of solving these eqpations. it becomes necessary to solve a set

of 14 simulteaeous algebraic equat4ons of which three axe non-

The solution of the 14 equations is obtained by memns

of a procedftre Vwich begins with the inversion of to .1 by 11
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matices from. which Ea approximate value for the 14 required

quentities may be obtainedo Once the approximete values have

been obtained., a cylical process is used to refine the

approydmations

YIELDI= G OF SHELL iM VICINY• OF ROTATING BAND

There is substantial evidence that standard shell designs

yield in the vicinity of the rotating band during firing [1, [53°

There is further evidence that such local yielding is not necessarily

detrimental to the performance of filled shells slne fillers do not

ordinari".y constrain the deflection of the shell walls even when

large deflections occur (see TR 1-13 and TR 1-18).

Thus., an analysis of yielding in the vicinity of the

rotating bend Is of considerable Importance to the ordnance engineer

since it would permit him to develop rational designs that could

Incorporate local yielding in a wy that could lead to a reduction

in the amount of material used in the manufacture of shells.

In TR 1-26 is presented an elastic-plastic analysis of a

thin-vblled circular cylinder under axially symmetric loading. The

arnalysis asstnes an incompressible media, a condition of plane stress.,

a stress distribution as shoinm on page 8, and a T-esca yield criteria.

A non-linear differential equation is obtained and is

simplified by means of a perturbation technique which assumes the

yielding to be localized and loading to be near the yield load.

-7-
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AssGen61 Stress DiGtribntion

Some results frma ths theory are shown on papes 9 and 10,, In
tlkse curv~es t-he zero abscisse-1 corresponds to the pozsltion off

The curJe~s on page 9 show the elastic-plust-ie int6erface

.for. veriouls l. fns In the regions above and below tie pxLixs of

c=-vrs having the sawe parameter ej, yield-ing occurws; the region
betueen cox-responding etudes is ellastic° 11he pearameter c represents

a .small incroease above tbe Icad. P. at which yloe3A&U beg•mso mnuss,
P 0: po(1 C ) where P Ir. the aatuml line load applied to the mid.

surace of the cylinder and measured in icrmnds per inch of

Assume r ference
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T-r value of e for a particular load P mar be maculatod from

2

whe-re P is defined above and

h t-Mckness of shell

R radius of shell (to neutral axis)

CIO yield stress in simple tension

The ordinates of the cuves are in terma of z/h where z is the

distance from the neutral axis of the shell to the point in

question.

The deflectlon curve of the steel and the irdth of the

plastic region for various values of e is shown on page 10. The

ordinates are in terms of the quantity 3 flw where p and P have

beau defined and P

w shell deflections positive inwrd

E3
D 9

E Youngs modulus

11 -l



General Technoloey Corporation

MM -AMTXrON WNWJ MET SMAL~I £TIM InZtN-

Reports W 1-7, TR 1-9, TR 1-11, TR 1-13, and TM 1-18

are concerned idth the interaction betmeen shell and filler0 These

reports present theoretical. and experxental work concerned t.;ith

vmious approaches to the analysis of shell-filler systems°

The work done during the present contract extension has

been experimental and is reported in TR l1-8. Earlier., measurements

during firing, were made of shell strains in the vicinity of the

rotating band for a series of filled and unfilled shells; this work

was reported in TR 1-13. The filler used in this earlier stu•dy W

a I"X s t•mlento The maxlmum she3ll deflections as calculated from

the measured strod=s were on the order of . 0 08 inches for both filled

and unfil'ld shells and it was concluded that the filler gave no

support to the shell walls.

The experlments suimarized in the present report vere

pe7-formad as a continmation of the earlier work briefly described

above,, Specifically, the purposes of the present work were: 1) to

develop techniques for masuring shell strains under conditions of

full accelerwtion; 2) to initiate a study of the behavior of shell

fillers under conditions of full accelerationt 5) to compare the

shell -wal deflections of filled and unfilled shells under

cond-itons of greater deflection than in the previous series of

measurements.0

The materials used in the experiments are listed belo.w:

1) Shell: M101 machined to the flat base form showm on

page 14. The initial di•mensions of the shell are shoun on page 15.
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A photograph of the modified shell Is showrn on page 16o The

rotating band was not modified.

2) Filler: Inert filler D.

3) Gxm: Modified 155 mm MI how-itzer described in 'TR 1-13,

a photograph is shown on page 37.

4) last-ruments: Shell strain measurements were made vusig

SRA4 C-7 electric strain gages. Chraber gas pressure was measured

with an EFW- pressure gage installed in the breech block, Balanced

bridge circults were used with both the strain gages and the pressure

gaSgeo Bridge output wms received by an Electronic T)be Corporation

for channel cathode ray oscillograph equAipped with high gain D.C.

aTklifiers. The cathode ray traces were photographed by mewns of

a General Radio 35 mm strip ceamera.

A series of eight shells was fired. To circumferential

strain mesaurements were made on the Interior of each shell directly

under the mid-point of the rotsting band.

Four shells were fired at high and four at low velocity

and accelerlion0  In each group of four, two shells were empty and

two were filled. By provwiding special support for the ae lead

wires inside the shell, it uas possible to obtain measurements at

accelerations corresponding to muzzle velocities of 1700 feet per

second.

A table of maximum strains, maximum deflections,

corresponding gas pressures, and corresponding velocities are

shown on page 18.

-13
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The therma.l coefficient of expansion of unit filler D

-as, not on record at the Arsenal but is estimated to be approxi-

mately 3(104) inches per inch per degree centigrade when

averaged over the applicable temperature range. The shrinkage of

the radius of the filler as it solidified vas estimated to be on

the order of .05 inches.

In the-table on page. 18 the strains e end e2 are those

meazsurd on the interior of the shell. The magnitude of the

strains indicates that the shell in this region was well into the

yle.ing range, The maximum deflections of o016 inches are tvice

as great w in the earlier series of measurementso

Since the shell deflections are considerably less then

the estimated shrinkage of the filler, it is not believed that the

filler ga-e support to the deflected shell and this is verified by

the mewurements on corresponding filled and unfilled shells.

D&SIGIN MMSVFS FOR TBICK WALL TUDBES WI RDNG LO-ADiIG

The determination of the displacement and stress field in

a homogeneous, isotropic, elastic, circulwr cylindrical tube subject

to axiosymmetric external loading requires the solution of the

blharmonie equation

9 0
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siubj3ect to baaundry cond-itions

a rz(rpa) se(r) on r a

a(r,b)a (r,b) vpO on r b

ere

a 2

and a r(r,z) and a rz(r.,z) are the raldial1 and longitudinal

tangential stress components at a point with cylindrical coordinates

(r,z) and r e- a and r - b are the extermal and internal surfaces

of the eyl1inder. In the case of radial band loading a(r) is

prwesribed and T(r) 6 0

The stress components axe -calculated by

2

a 2v~) 6
ea azr r

a T )2r 7 OsP

[I- 20 V - 7
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wihere v is Poissonxs ratio0  The solution of the problem (valid

for srntll deformations) is possible ; hol'mverr, it leads to compli-

cated expresstonos As a consequence, a siipler method, devised for

mofateoly thick cylinders, has been d-velnped0  This method is

described in M l-1•5•

It is believed that for cylInders having thickness to

average ralus raMio greater thank 1/5 the results of TR 1-15 would

be adequate for all engineering purposes0  Moreover, the theory of

elasticity method ouvtlned above camnot be applied to cylindrxical

Shells of finit lengths;, while the simplified method of approach

can be u•ed for this purpose,.

Caleu1lations maLAe from theoraetical results are presented

in TR 1-15. Three forms of loading were used. a concentrated ring

load, a ua.Torm preosure actIng on the Infinite left-hand portim

of the she.ll and a uniform, pressure confined to the region [H- S, a

On the si aZ9 the- st-all.

iEarluer the problem was treated by this method. However., the
results obtained required heavy computer work and, therefore, the
soluti•.on obttned was abandoned in favor of the method of approach
presented In TR 1-3.5 Watertown Arsenal report WAL No. 893/172,
brougw.ht to our atteantion recently, deals with the above approach0

The solution of a similar problem for a. visco-elastic cylinder using
the elast•icity method is given in our TR 1-11. Computcation woek
carried out In the Watertowm Arsenal report Is for shell thicknesses
that are thicker than the range valid for the analysis In TR 1-l15
ComparlAson vith the Watertown Arsenal report was made by extrapolating
their data, to a thinner shell (see Fig0 15, TR 1-15)0

-2.1-
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F o r. each type of loadingr dlmensionless ratios involving

the radial displacement and dimensionless ratios involving the

circvmferentlal strain are plotted against distance along the axis.

In addition to the graphs. tables awe also presented which contain

precise values of strain or deflections at various pointso

In ell calculations, the followng material constants,

pers-aters, and defined quantities were used:

Youngos modulus E a 30 x l06

Shear modulus G e 12 x 106

Transverse Shear Constant k 0 5/6

Poissones Ratio V t 0o3

Shell thickness h

Width of rotating band 2qo

Radius to middle surface

of shell d

Longitudinal distance
along shell axis

measured from origin

i F3(l 2) 11E (2

-22
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"Conceated WIT Load
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i

Sample tables and curves are shown on pages 23, 249 25,

26,. 27p and 28'

SMI•?LIED ANTALSIS OF TWO-PIECE SHELL

An analysis was made of a two piece shell described in

Picatinny Arsenal drawings AA-38-61 (Base) and AA-38-33 (Body;, Rear).

Tnis analysis is reported in T1- i4.

Simplifications were made in the geometry of the shell in

order to make it more amenable to analysis. The simplified shell

is shown on page 30 The region Indicated by P represents the
C

threaded section which joins the pieces . P and P represent gas
g b

and band pressure@ respectively. The loadings P and P on the
g b

outer section of the shell are tremsmitted through the threaded

section to the inner section.

The general procedure followed in the analysis involved

obtaining solutions for the separate shell pieces and then equating

deflections at the threaded section to obtain a complete solution.

Iii this mnner the value of P at which yielding would begin was
b

establishedo

Stresses due to band pressure were solved for two casest

ne-glecting the base, and including the base, The results are shown

S29!
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* Ratios of Stress to Band Pressure at lnside of Outnr Shefll

-041fcglectIug Base

A .Considering Base

-2,
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on page, 31o L thIn s set of curves the orig!n of coordinates

U, at the left-hena edge of the ban.Ld seat,

Stresses in the base due t gas presure were clculated

foro four dfferent conditions of edge support° In addition, the

effect of f-ler support upon the stresses in the beme -

considered and correspaandimg cmlacatlons made.
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DISCGSSIOU

With the completion of the present phase of a Research

ament, Stud on Stress-Strain Characteristics of Shells

and Mgh _1!posives, considerably more insight has been gained.

ip-to the behavior of shell-filler systems.

The general plan of the study has been directed towalrd

ulti•mctely giving the shell designer analytical and experimental

tools which xill enable him to produce rational designs.

The anaZlysis of shells and shell-filler systems is

complicated by several factors, principal among which are: the

inability to 0 ecurate3y obtain rotating band pressures from

theoretice1 considerations, the yielding of shell walls in the

vicirety of the rotating band, the lack of inforvation concerning

the dynamic behavior of filler materials. and the lack of

information concerning the interaction between shell and filler.

At the present time the most reliable 'way of obtaining

band pressures is by measurtug gu&n tube strains. Since this

informition is always after the fact, i.eo, it is not available

before a. shell is designed, it is highly desirable that further

effort be expended to develop analytic techniques for deducing

band pressures associated with particular shell design. Whis

problem involves consideration of the gun-band-shell-filler

system and; while complicated, it appears that a successful

solution can be obtained.

Yielding probably occurs in the vicinity of the

rotating band In most current shell designs and except for

09 5
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cae's -where. the accomPanying, defor-mat-on caulses; a malfuntion

In an inter-nsJW1- carr device,ý such yielding may be corsids-red

a peart of 'goodl" design. However,, at the prmesent time. the

designerchas no idesa whatsoever of the amount of yieldilng pres'ent

in Ms desipn It seems quite reasonable,, on the baszis of the

present st-Ldy, that, ths local yielding, could be Used to

consideramble adralatgn% MIT a, rational enaplysi 'ere available.

For this reason work was begun on an ana-lytic treatment of this

Tim effCect of strzeln rate on Tiller properties bas been

foxmflate~d theoretically ino terms of a visco'tlastlc Solid.

Soluttlona have, been obtained for the care where thue filler is

not constrainoc? along its sides and for the case of a suddenly

applfed. ring of pressure. Expartiamntal techniques havie bean

designed and instUmments builts for mauigthe materlial1

propert;Ses required in the anallysis. It is not certain, on thet

basis of firing strain measurements made urp to the present ti-me,

that filler, behavior is mark-edly affec ted (i~e.,, material

P7propeties markeldly different-) duimng firing. However,

exper-Imenstal techniques have now been devreloped to the point

whe~re tirls question can be ansvered and conti3nued effort, should.

re nit in a snceessftl conalusion0

Measu-rements to determine the inutermactlon between shell1

end filler have resulIted In the conclusion that even shells

hzving- quite thin walls very probably receive, In the region

of terotating, bpand little, If vany, support from a filler;
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in factp it is doubtful whether in mnay designs the shell actv.2lly

deflectz enough, to apply any loadd at all to. the filler. On the

other hand it seenas probable that Vhe baýse receives considera-le

support from the filler and may, therefore, be of considerable

importsnce In the design of the. bsuse. This effect will reeeive

farther S "m YO

One of the Importent objectives of the present study was

to establlsh whether the Arsenal should contract for the const'ruco

tion of a triaxi-l tester to be used In connection with filler

m.ateria oIt is felt that enough infoxmationa has now been obtained

upon whieh a reccundation can be based, and it is recommended that

such a &m•-.ce not be pwrchesed. Tais recommendation is based on the

follo'ing cozidewntions: 1) the bulk properties obtained from.

t-leadi-a testz cannot be incorporated in anaelysis based upon the

theory of elastilityo There is, therefore., no vay of incorporatIng

in F- genzeal anzalytic proce6M. ar, infoimation obtai-ned iLn tis way.

2) Analytic procedures for the case of a visco-elastic cylinder

accele-rated fxom one end and a viscoooelastic cylinder subject to a

ring load have been obtained . An inexpensive prototype of sa

irznttr ent for mewasrimg the viscosity of filler materials has been

construntedo 3) There is evidence that fillers mqy be modelled as

visco-elastic cyllnders accelerated from one end. 4) Experimental

technicques ha.e been developed for measuring shell. strains during

high acce3ezratlos; these techniques may be adopted to measuring

filler deformt:ion during firing.
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It should be mentioned that t'-iaxia tests mae for the

purpose off ir Vestigeating the viSco-pea-stic behavior of materials

have importMnt rapl•cationo Hoiever, it voui•d not appear that

such a ftnation presently would be of gm'at use to the ords-nce

engtneer
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