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SECTION I

INTRODUCTION

In order to meet the demand for imnprove4 inertial guidance systems,

several new types of gyros have been proposed and arp currently under de-

velopment. Principal among these are the electrostatically and electromag-

netically supported gyros and the cryogenic gyro. 1 Th(ugh differing widely

in approach, each of these three types of gyro has one thing in common.

The improvement in accuracy is achieved by freely suspending the gyro

rotor in a nearly frictionless manner, reduring the external torques acting

on the rotor to a small value.

The cryogenic gyro, employing a superconducting sphere, stably

supported by a magnetic field, apparently would make an ideal gyro. Since

the sphere would be in a perfectly superconducting state, the normal com-

ponent of the support field could not enter the rotor, in accordance with the

Meissner effect. Thus, all of the magnetic forces acting on the sphere would

be normal to its surface, and there wouild be no error-producing torques.

In a practical case, certain undesirable torques do act on the rotor.

These are due to pressure of the support field on blemishes in the rotor' s

surface, nonsphericity of the rotor, trapped flux, and mass unbalance. An

order-of-magnitude estimation Qf these torques on the gyro performance

was made in a reportz by the Rand Corporation in 1957. This report con-I
cluded that, although an effective minimization of the tprques was beyond

the state of the art at that time, no fundamental difficulties with the basic

principle of operation of a cryogenic gyro were apparent.

A number of research organizations then began experimental work

on the cryogenic gyro. The program at Genera Electric has been described

'I
' More esoteric types, such as the nuclear gyro have not yet reached the

state of development of the three mentioned.

2 . H. Culver and M. H. Davis, "An Application of Superconductivity to
Inertial Navigation," U, S,. A. F. Project Rand Report R-363; January, 1957.
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briefly by a number of press releases issued early in 1960.

General Electric had had difficulty in stably supporting a spinning

sphere. 4 Their support apparatus places tie sphere within an outer housing,

the clearance between the sphere and its hquping being only 0. 3 mm. 5 When

the sphere is rotated, it mqves laterally with respect to the housing, even-

tually touching the wall. General Electric has attributed this loss of support

to imperfections in the rotor.

In August of 1960, the Jet Propulsion Laboratory issued a technical

release 6 concerning its work on the cryogenic gyro. The report is a de-

scription of the work done to achieve a magnetic support system suitable

for a cryogenic gyro. Although several successful oupport systems were

described, no attempt was made to operate any of the supported spheres as

a gyro. Subsequent to the issuing of the JPL report, a personal conversation7

disclosed that a solid niobium sphere had been successfully spun in a vacuum

for a period of approximately 20 hours. If the rotating sphere had behaved as

a gyro, its spin axis would have moved at earth rate with respect to the labor-

atory coordinates, returning to its original position at the end of 24 hours.

However, the angular velocity of the rotor remained fixed in the laboratory

system; e. g., aligned with the axis of the magnetic support coils. This

failure of the spinning sphere to behave as a gyro was attributed to the

presence of magnetic flux trapped in the rotor as it was cooled below the

critical temperature. This source of torque could e eliminated by elimi-

nating the trapped-in flux.

The London macroscopic theory of superconductivity describes a pheno-

menon which was investigated to determine if t could cause all or part of the
difficulties experienced by JPL and GE. A~cordi#g to the London theory, a

, See list of periodicals for press re easgs,
4 Private conversation with General Electric.

SChem. and Eng. News, February 1, 1960, 38:34.
I

6 Jet Propulsion Laboratory report, California Ipstitute of Technology, Pasadena,
California.

7 Personal conversation between Dr. Hardy (JPL) and Messrs. Harris and

Denman (RLES).



I rotating superconductor will have an induced magnetic dipQle moment. This

dipole moment is fixed in the same direction as the angular velocity of the

rotating body, and is produced independently of any other magnetic fields

which may be present. If the superconducting body is a magnetically sup-

ported sphere, the interaction of -the rotationally induced moment with the

support field will have two results: 1) the spin axis of the sphere will

precess about or align with the support field; and 2) the spinning sphere will

be displaced from its static position due to the interaction of the induced

moment and the gradient of the support field.

IThe forces acting on the sphere due to the spin-induced magnetic

moment cannot be eliminated by improvements in the state of the art.

ITherefore, it is important that an estimate of the effects of these forces

on the performance of a cryogenic gyro be made. The calculations described

in this report were made to determine the magnitude of these effects for con-

figurations similar to the apparatus used by JPL and GE. Thus, the results

of the numerical computations are applicable to existing experimental situa-

tions. The assumptions which were made to simplify the calculations did not

-3.lter the final results significantly.

The computations show that the effect of the spin-induced moment is

[ too small to cause the difficulties encountered by JPL and GE. However, if

the other sources of torque, e. g., trapped flux, are reduced to nominal

levels, these effects would be observable. This offers the interesting possi-

bility oi validating London' s rotating superconductor theory.

A section giving London' s theory for a rotating superconducting sphere

also is included in this report. The development is essentially that given by

London, except that it has been reworked in rationalized MKS units used

S throughout this report. Although the treatment is by no means complete, it

serves as a starting point for the applications which follow.

I
I
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SECTION II

THE LONDON THEORY FOR A ROTATING SUPERCONDUCTOR

The material presented in this section follows closely the development

given by London for the rotating superconductor. S However, the equations in

the London work, which were written in the Gaussian system of units have

been rewritten here in the rationalized MKS system, used throughout this

report.

In the rationalized MKS system, the London equations describing the

state of a rotating superconductor are9

e l o e
VA= -- 0, -, (1)V m mi

e e

e E()

e

where y is the velocity of the superconducting electrons and £ and H are the

electric and magnetic field vectors in the superconductor. A third relation

may be obtained directly from Maxwell' s equations,

VA = n e (y-o) , (3)

where v is the local state of motion of the superconducting body and n. is the

number of super-electrons in a unit volume. The displacement current is

assumed to be zero.

If the superconducting body is a rotating sphere with an angular

velocity, !, and a radius r, then

v = ~Ar.

8 F. London, Superfluids, vol. 1, p. 78, John Wiley and Sons,, N.Y., N.Y. (1950).
.9 m and e are the electronic mass and charge, respectively.
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Also, in polar coordinates with co directed along the polar axis,

VAv0  = 2(

VA (VAvo) = 0 . (4)

Eliminating H in equations (1) and (2) and using relation (4) gives

VA [VA(V-M)] = -O)(Y-z o) ;- Y- Le n (5)
me

e

This is the differential equation which must be solved to determine the ve-

locities of the super-electrons within the superconducting sphere. The

solution of this equation, in conjunction with equation (l),will determine the

magnetic field within the sphere.

Outside the sphere, the differential equations of the field are just

those for a vacuum,

7B. =o VAHi = o

Taking into consideration the symmetry of the problem, the field outside of

the body is assumed to be that of a dipole directed along the axis of rotation

and at the center of the sphere (r = 0). The assumed solution is

2m
H 0- coser 4 r 3

H0 m rsin 0 for r>. R (6)

H 0.

The constant, m, is the dipole moment of the field, and must be determined

from the boundary conditions.

In the interior of the spherer the solution for (v - Vo) is assumed to

- -
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have only a component since v° has only a .component;

IVo = wr sin 0

Thus, the assumed solution is

I V 0  = f(r) sine

or

vd = [r+ f(r)] sin e

Iwhere f(r) is the radial dependence of the velocity field within the sphere.
Substituting this into equation (5) gives the differential equation

fi+t . f,. ( +Pz) f = 0

r

the solution of which leads to the equation for v

A
v@ = [wr + - (sinh Pr- r cosh.r)] sin 0, r < R , (7)0 ra

I where A is a constant which must be determined from the boundary conditions.

The magnetic field within the sphere now can be determined by using

equation (1) and the solution for v4 ,. The, components of the field are

Hr -e [ + 2A (sinh r -Pr cosh Pr c O:

I
m e A r]t

H {2w, + [(I - PZrz)sinh Pr Pr cosh Pr sin

I H =0o

for r < R. The boundary conditions require that the fields outside and inside

- 10 -
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I the sphere be equal at r = R. Equating (7) and (8) at r = R gives two equations

which can be solved for the constants A and m. Only the, magneticl moment,

m, is of particular interest. It is given by

Rs3m rmeR W 1, --- cosh PR + 3
Le I R PaR z

Since it was assumed that the dipole was oriented in the samq direction as

the angular velocity of the rotor, this equation can be written in vector formI as
4wm R3  [ 33

M-rm e R- coth PR + - (9)I ie ~ PR P'RZ]

I, If the sphere has a radius much larger than I/P, and a relative permeability

of one, equation (9) can be simplified to the relation

I e l03e

I

I

- 1
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I SECTION III

PRECESSION RATES DUE TO SPIN-INDUCED MOMENTI
If a magnetic dipole is placed in a magnetic f#eld, it will experience

a torque acting to align the dipole with the field. The torque is given by

ST-mAB (11 )

where B is the magnetic field intensity andre is the magnetic moment of the

dipole. A magnetically supported superconducting sphere has a negative

magnetic moment due to the surface supercurrents. This moment does not

result in any torques on the sphere, the supercurrents being completely free

to move within the sphere. However, the magnetic moment induced by the

rotation of a superconducting sphere is fixed in the direction of the spin axis.

Thus, there will be a torque acting to align the spin axis of the sphere with

the support field. Depending upon the magnitude of the torque, the sphereU
I" will either precess about, or align with the field direction.

Suppose that we have a superconducting sphere, magnetically sup-

ported with the support field in the direction of the local vertical. Equation

(I) can be written asI
dI± juAB(12)I dt

where

is the angular momentum of the sphere, with a moment of inertia, I. The

I value of m was given in the previous section as

m
M e R3 6I 10'7 e

I Substituting this, and for L in equation (12), and solving for gives

I
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I

-. A B .. (13)
10'7e I

The, vector B, can be rewritten as

I
IbI

where b is a vector in the direction of the local vertical with a yet-undefined

magnitude. Choosing

me R 3

IL = b - - B
10"7 e I

gives equation (13) the. simple fOrm,

= _DAb . (14)I
A similar expression can be derived for the -motion of b about the. earth' a

I axis,

I = .kA_ (15):

where k is parallel to the earth' s axis of rotation with a magnitude equal to

I the angular velocity of the earth. A third equation is the obvious relation

I k = o. (16)

IIt also is apparent that the magnitude of the vector A is a constant,

dt

Since it then can be shown that

-13
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I
I A[ d + b)] = 0 ,(17a)

dt

and that the magnitude of the vector, (h.,+ h) is also a constant, the angle between

and (k + ]a must be constant. Therefore, the tip of the angular velocity vector

describes a circle about the L + b) vector in a plane perpendicular to the (k +b)

vector as shown in Figure 1.

Usin~g equations (14)-(16), the differential equationsfor the projection of 4.

on two vectors orthogonal to (Ic + b, i.e. (A .) and . + b), A(bA ) can be

written

dt
a

4 h (k+ WA A ] =.)c[I. (k+ )(kA ] , (19)]: dt'

where

+ .

The two vectors orthogonal to (k. + 11) are also shown in Figure 1.

It is apparent immediately from the form of the differential equations

that their solution is harmonic in time. The entire solution for W. from equa-

tions (17)- (19) is

AL k_ - cos 6 +sin 6 bAk cos t - +)AqkA i '.?

(2'0)

where 6 is the angle between a and (k + b). Thus, the spin direction of the,

sphere precesses about: the (]k +.b vector with the angular frequency,. X

X k bI (kZ+bz + 2bkcosb)'Z (21)

the angle being the-co-latitude of the location of the experiment.

- 14-
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If th-d inagnitude of .b were. zaoro, the .sphe r(., Would appear, in lab'xatory

coordinates, to precess at earth rate, k, about the earth' s polar axis. As

b becomes large with respect to k, the sphere precesses about an axis

almost parallel to b,. e. g. , about the local vertical. In this instance, the

sphere appears to be "locked in" with the support field.

Numerical values of b and X were computed for a case similar to

an experiment performed by JPL. 10 The simplified configuration used for

the computations is diagrammed in Figure 2a. A diagram of the actual

configuration used by JPL is shown in Figure 2b. In order to simplify the
computation of the magnetic field, the equatorial stabilizing coil used in the

actual experiment was eliminated. The support position for a 1/2-inch dia-

meter solid niobium sphere was found to be 7, 5 X 10- 3 meters with a coil

minf of 645 ampere turns. It was estimated from the JPL report describing

the experiment that the support position was 6.40 X 10- 3 meters with a sup-

port coil mmf of 1400 ampere turns. Since the field of the equatorial coil

used in the JPL experiment opposes the support coil field"1 , the total

magnetic field strength is reduced, Thus, the computed position and total,

I' field strength for the simplified configuration are in close agreement with

the estimates made from the JPL report.

The magnetic field along the axis of a circular loop of radiqs,.a,. is

given in cylindrical coordinates by12

I ± a21
B =0, B 7

P (a 2 +z 2 )/Z

For the configurations of Figure 2a. the field at the point corresponding to

the center of the supported sphere is 2. 08 X 10'2 weber/m3 , giving for b a

value of 2.09 X 10 . 6 radians/sec or 0. 430 degrees/hr,

10 Technical Release No. 34-100, Jet Propulsion Laboratory, California

Institute of Technology, Pasadena, California.
11 The mrrimf of equatorial coil is usually about 1/3 of the support coil mmf,

12 Smythe, "Static and Dynamic Electricity',' p. 971,P equation (8).

- 16 -I[
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Using this value for b in equation (21) gives a precession rate, X,
of 15.3 degrees/hr. Earth rate, k, is 15 degrees per hour and the co-
latitude, *, for Pasadena, California, the location of JPL, is 52 degrees

north.

The motion of the sphere can be described as follows: The spin
vector of the sphere will precess about a vector (I + ]) at a rate of 15.3
degrees per hour. If there were no torque acting on the sphere, it would
precess uniformly about a direction parallel to kand at a rate of 15 de-

grees/hour.

1Ii

I
iI
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SECTION IV

INTERACTION OF THE SPIN-INDUCED MOMENT WITH THE

SUPPORT FIELD GRADIENT

There are three forces acting on a spinning, perfectly superconducting

sphere supported by a magnetic field. Two of these forces are the support

force, and the inertial reaction due to a linear acceleration of the rotor. A
third force is the result of the interaction of the gradient of the support field

with the magnetic moment induced by the rotation of the sphere. This force

is given by

where n_ is the induced magnetic moment and B is the magnetic support field
flux density. Using the equation for the induced moment derived in Section

m
m eIR3

e

the force becomes

F, r)1= -- -. R' ( . ,() (22)

Here, the vector r is the position of the center of the sphere with respect to

the chosen origin. Thus, the fQrce equation for the supported sphere is

Z(r) + -(, 1.) + ma = 0 (23)

where F(r) is the support force and, ma is the inertial reaction.

Equations (22) and (23) can be simplified greatly if some assumptions
are made about the gyro configuration. Assuming that the support field is

cylindrically symmetric with a component, B in the direction of the local
vertical and, further, that the spin axis of the sphere also is directed along

the same vertical, equation (22.) reduces to
I

.m .Y '% .W z) e 3 W a •B( 4
i - ____

z1 0 7 e & I

-19-



Also, if there are no accelerations acting on the sphere except the acceleration

of gravity, there is only a vertical component of the support force. Equation

(23) then becomes

I F(z)+ F(w, Z)- mg- 0, (25)

which can be solyed to determine the position of the rotor as a function of its

angular velocity.

If the support magnetic field is produced by a circular loop, the sup-
port force F(z) is computed readily for a spherical rotor by using an image

method. Figure 3 shows a hypothetical support system using two circular

loops with opposing fields. This configuration is similar to the type of sup-

port used by General Electric in their experimental gyrb.. The geometry for

I the image coil also is illustrated for the lower coil. To determine the force

on the sphere, the size, current, and location of the image coil is determined

first. This computation needs to be made for only one of the two loops since

the solution can be modified easily by a change of coordinates to provide the

force between the second loop and the sphere. The total force is found by

adding the two solutions.

a Smythe 3 gives the equation for the force between two circular loops
as

+ + + (a- b) V+ ;2E(26)[(a + w)= +2i ' (a + b) z + '

where K and E are the elliptic integrals of the first and second kinds:,

respectively, with the modulus k given by

k' 4ab-

I (a + b) + 2

I The image variables, Ii, t, and b are given in terms of the coordinate z, by

" Smythe, op. cit., p. 281,, equation (2).

- -
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-a RR , .= (a ' + !b z i - .) 

a2 + z2 az + z 1 R

These relations are derived easily from the well-known relations between

the image and real loops for a sphere,

Rz I a
a Ro

and the system geometry.

Numerical values of F(z) - mg, computed for a 4-cm diameter niobium

sphere, such as is used by GE, are plotted in Figure 4. The other constants

necessary for computing the force were chosen to be

a = 1.9X 10O2 m

I 2 = 1.02 X 10"3 m

I = 633 amperes/coil

The support coil current was fixed by restricting the maximum magnetic

field at the rotor surface to be less than the critical field stre-.gth of niobium.

Thus, a current of 633 amperes in the coils produces a field strength of 0.15

weber/m' at the rotor surface. The critical field strength of niobium is 0. 2

weber/m Z at 4.2* K.

Now, solving equation (25) for wz gives

iaB 1 '

= (mg - Fz) ( Z)- 10e ) (27)
CIz mR 3

The magnetic field gradient, 8B /az, is found easily from the equation for
zlI the field along the axis of a circular lopp, as given by Smythe. ~

For two loops located at distances +2 from the origin, as i1 Figure 3,

j the gradient is

1 -22-
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Bz in3 La

aI 2 [a + -)Z] "/ 2 + Z) zJ,

Figure 5 is a plot of the solution of equation (27) for values of z ranging

from +3 X 10' 3 meters to -3 X 10- 3 meters. However, the ordinate and abscissa
reversed so that the graph shows the position of the sphere as a function of its

angular velocity. The slope of the line is -1. 25 X 10 " i meters/radian/sec.

Thus, an extremely high rotational speed would be required to cause a significant

] change in sphere position.

2
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SECTION V

CONCLUSIONSI.
The computations in this report were made to determine the extent

to which the presence of a rotatipnally induced magnetic moment would

affect a cryogenic gyro. Specifically, two cases similar to experiments

performed by JPL and GE were considered. The difficulties experienced

by the JPL and GE experimeters could have been the result of the inter-

action of the induced moment with the support field.

As stated in Section III, the magnitude of b must be large compared

to the magnitude of Jkif the angular velocity of the sphere is to "lock in"

Iwith the magnetic field. This criteria is not fulfilled for the case similar

to the JPL experiment, the magnitude of bejng only 0.430 degrees/hr.,

as compared to 15 degrees/hr. for the magnitude of k. Therefore, the

"lock in" observed at JPL was indeed most probably due to flux trapped in

the rotor.

However, it is interesting to note that the precession rate due to the

spin-induced moment is large enough to affect the gyro performance. Also,

this precession rate is independent of the angular velocity of the rotor and

cannot be reduced by increasing the spin rate of the sphere. One method

for reducing the drift is to increase the moment of inertia of the sphere,

particularly in a manner which would give a preferred spin axis. Another

method is to servo the support field so that it is always parallel to the spin

axis of the rotor. Since the torque which causes the precession of the sphere

is proportional to the sine of the angle between the field and spin axis, the

drift rate is reduced by keeping this angle small.

Finally, this torque is absent if the rotor is supported in the center

of a symmetrical magnetic field, such as is used by GE, However. the rotor

will move from the zero field position if the gyro undergoes an acceleration.

It then will begin to precess

As can be seen in Figure 5 (Section IV), an angular velocity of about

8 X 107 radians/sec is required to cause the rotor to move a distance of 0. 3

- 26



mm, the clearance in the G3I gyro configuration. This is a rotor speed of

1, 3 X 106 rps0 This speed is obtainable only with very small rotors and is

much faster than the speed of operating gyros. Therefore, it can be con-

cluded that the effect is not large enough to cause the loss of support as

found by GE. The small motion probably can be neglected in most gyroscope

applications.

One or both of the two effects, precession or displacement of a spin-

ning cryogenic sphere, might be used to demonstrate the validity- of the

London theory. The precession rate of a spinning sphere is certainly large

enough to be easily observable, but is easily masked by other sources of

torque such as trapped flux. Iviost of the same problems which affect the

cryogenic gyro would have to be solved before this type of experiment would

be possible. The other effect, the displacement of a spinning rotor, is

extremely small for the sphere size chosen for the computations in this

report, However: reducing the rotor size increases the rotor speeds that

can be obtained, and such an experiment may become practical. No compu-

tation of the speed--displacement characteristic of a small rotor have been

made yet. Such a computation should be made to determine the practicability

of performing this type of experiment.

27
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