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"ABSTRACT

I " The, behavior of footin.s subjected to time-dependent forces is the subject,

bf continuing research. The arproach to this research ,is twofold: Theoretical.

and experimental. This interim report I.s concerned with the expdrimental

results and comparisons to the theoretical anproaches.

Two- and three-dimensional footings on Ottawa sand were loaded

dynamically using the loading apparatus and instr•.mentation developed forA,.•'

this program. The two-dimensional experiments permitted observation of

the behavior on loose, and dense sand subjected to vertical, inclined, and ec-

] , centric dynamic loads. The th.ree-dimensional experiments provided force-

time and displacement-time records of the behavior on dense sand of vertically

loaded footings.

These experiments demonstrate'that the theories developed previously

.I on this program are not satisfactory. They also indicate the direction to be

taken in future theoretical research.

-In an attempt to consider additional soils, California sand and claire

were studied. A series of static lovdings of three-dimenbional footings were.

conducted on California sand. Stati c and dynamic lo.ads were anplied to two-,

dimensional footings on clay. It was -ntablished that the static loads were

truly..static by experiments conducted at low rates of load.tn•.

, , A

PUJ3LICATION PEVNI" " .

j. This report has been reviewed and prved.

Colonel. IUSAF
' enuty Chief of S taff/Opprat.oen -
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I PREFACE

I This is -the second interim technical report on Contract No.

AFZ9(601)-561k, Project 1080, "Design and Analysis of Foundations

for Prot.ective Structures". The objective of this research program is

to investigate the problernes associated with the design and analysis of

I foundations for pzotective structures subjected to dynamic loads from

Snuclea,r blast.. The currerzt project, initiated.at Armour Research Foundation

in February 1960, is, to . layrge extent, a continuation of research done

on an earlier contract AFZ9(601)1161 of the same title.

. The firmt inzteriAh rpport, dated September 1960, covered

I the technical work up to'that date: This publication reports the research

conducted since that time.. In this rqpbrt, the primary.technical results

are collected into appendices, .whi'ch, will s•bsequently be incorporated

into the final report.

Personnel contributing to the work described in this report

include C. J. Costantino,. A. Humphreys, K.E. McKee, R.D. Rowe,

f S. Shenkxnan, anid E'. Vey. . The author thaczks Mr. C. Wiehle and

Mfr. H'.'Mason of-Air Forc6 Special Weapons Center for their criticisms

I and suggestioris which have materially aided this project,. ..

.. .* . ij . *..*. . * .~ * ..

.. - *: *~ ** . * . . i . . j..-
'I °
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-Chapter 1

INTRODUCTIO'N

A. General

Protective construction has in the past few years become E problem

of substaiitial interest to the structural engineer. The foundations forisuch

structures presented particularly dffficult'probrems since there w;s littre "

information available. This publication reRorts. on a co'ptinuing.research ""

program conducted at Armour Research Fouidation dealig •viti J'the des.ign

and analysis of foundations •or proilatcveostructures subjected to dynamic

loads from nuclear blast•.U. .Specifically, this report covers the research

"done subsequent to thift reported in the Interim Technical Report dated Sep-

tember 1960. " "" •
* a.: . * e

The rekder is assumedito be familiar with the results of previous

ARF research in this technical area. The results of the original study, con-

ducted under Conteract No. AFZ.9(601)- 1161, are summarized in AFSWC

TR-59-56 (8) . More details regarding certain aspects of the research under

that contract are fo.4nd in thb three phase reports: Phase Report I, "Recom-

mendations for Full-Scale Tests", issued October 15, 1958; Phase Report II,

"Bibliography on Foundations*Subjected to Dynamic Loads", issued. Decem-

ber 31, .1968; and.,Ph'ase Report III, "Interim Technical Report"., issued

January. 31, -1959." Research under the present contract 1AkFZ9(601)-2,561) up

to Septrember I '960"has bien previously reporteZ1.(l2)* "*

For all prActical purpbses, ARF research into the behavior of

foundations subjected to &yparnic loads has,.reprdsented. a. contin'-uin'g. effoit..

There has been no repetition of pre-vious research; although this report has

been written to make it readable wvthout supplementary references. Practical

*0

Numbers in parentheses cite references listed as Appendix H.

ARMOUR, Rd*SCA'ICH FOUNDATION OF ILLIN01IS INSTITUTE OF TrC'I: OLOr.Y
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detailed technical presentations are confined to the appendices of this report

"with the inai•n body limited to a general presentation ok results, discussions, r
comparisons and conclusions. .

B. Technical Objective

'!To Investigat.e the problems associated with the design and analysis-

of foundations for protective structures wvhich are subjected to dynainic.loads

from nuclear blasts"'is the general objective as stated in'the contract. This
definition is, naturally, quite broad; therefore, the technical direction of

* the program must dependon more special technical obJectives mutually ac-

ceptable to ARF and the Air Force. 'Under the current contract, considera-

tion is limited to spread footings as contrasted with more general t'founda-'

tions". During the original project it was postulated that, at least from a

qualitative point-of-view, foundations could-be divided into spread footings

.and pile foundations. The assumption was that the behavior of all footings

could be explained in terms of these two, idealized, footing types or some

combination of them.

With regard to the spread footing, the primary research goal has

been to achieve an understanding of the behavior of footings on arbitrary soil

to an arbitrary time-dependent force. The method of approach has been a " "

combination of experimental and theoretical research. The theoretical- re- '

search has attempted to develop analytical .models which would satisfactorily

explain the footing behavior. The experimental research has been directed

toward proving or disproving the suitability of the analytical model. In ad-

dition, experiments have been designed to obtain qualitative information to

aid:in modifying existing anal~ytfcal'approaches or in developing new approaches.

C. Discussion of the Problem

Literature-.on he behavior of footings under dynamic loads is quite

extensive. Almost without exception however, this literature relates the be-

havior of footing.s' ubjecte4 to periodic sinusoidal forcing functions. For this

ARMOUR RESEARCH POUNDAtI.ON 01- ILLINOIS INSTITUTIS OF ILCHHOLOGY

S.o - 2 - ARF Project No. 8193-15

Second Interim Report



class of problem the soil obviously must not fail; to a large extent, the

case reduces to the determination of an effective mass of soil for inclusion

as part of a mass-spring system. Although the problem of footing vibration

is one of fundamental'importance, it is of relatively little significance for

dynamic.a]ly luaded footings used. in protective structures. Footings for

protective structures are subjected to forces having an arbitrary time-

history which may be a. single farce pulse as contrasted with repetitious

small force pulses,,

Various analytical approaches have been suggested in connection'

with footings for protective structures. These approaches are, in general,

based on modified static approaches and are justified only by engineering
Intuition. The author knows of a single previous prog'ram which included

experimental studies of the behavior of footings subjected to dynamic loads.

In 1954, Massachusetts Institute O±" Technology conducted limited static

and dynamic footing tests (6) (7). Currently three other agencies are

testing footings subjected to dynamic loads: Naval Civil Engineering

Laboratory, Port Hueneme, California; University of Illinois, Urbana,

Illinois; and Waterways Experiment Station, Vicksburg, Mississippi.

For information covering these programs, the reader is referred directly

to these agencies.

The present research projeot has provided quantitative data

relating to the behavior of small footings subjected to dynamic loads.

Vertical loads applied to 'footinis on limited soil types provided.the

bulk of these experiments.' Suf'fcient datahave been collected to allow

conrparisons to the analytical approaches which have been developed.

The results of these comparisons ar& discussed later in this report.

D. Report Organization . . .. . . .

The main body of thip report is primarily descriptive in .

nature. Chapter 2 reports* on'thb i'esults of the research which is

presented-in greater detail' in the appendices. Chapter 3 considers the

theoretical approach which has beeh developed to predict the behavior

of footings subjected to dynamic loads. Chapter 4 is devoted to

interpretations of the experimental results and comparisons of these
to. analytical predictions. Chapter 5 presents the general conclusions

ARMOUR RESEARC1 FOLI:DATION OF ILLINOIS IS'lT UTE OFC V r T 14 n ir nI c. Y
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•and indicates" the direction for future research.. •"L

The appe~ndices deal with specific aspects of the project.

The first Bix appendices deal with various phases of the experimrental •

S Sprograrn, while Appendix G contains a nomenclature descriptive of the oo
notations uised throughout this report•. Appendix H lists the references. * "£
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V
"Chapter 2

EXPERIMENTAL RESEARCH

.. A. General

"This chapter reports the experimental research conducted during
"the period covered by this report. Details of this research are presented

"in~the six appendices to this report. In compiling this chapter, liberal refer-

"ences are made to these appendices. In discussing the experiiniental re-

search, the limitations and questionable features are considered along with

the successes and advantages..

B. Dynamic Loadihg Appaiatul and InstrumeAtation " '*

Appendix A, by Mr."S.. Shenkhnani, describes the apppartus dev'elopd :

at ARF for applying "dynamic fotce*, .-This pneumatic-hydraulic lo4ding de-.

vice wascfescribed in.less.cornplete-fashion in the earlier rep6rt on this.
"' proj~ct"(1.4) Basically, this apparatus applies a timd-d~pefdent forpe'to • . .

prrovided1.4. to pliesae themh-t
. the footing;,instrumentation Is provided to the appl•eforce-tinie

history ani5 resultant.dis'placement- time history of'thd'fo"tn'g.. The ARF

. • dynamic lbaaer proved to b'e quite satiufactory, 1ubstAntifal range. of force-

time history could be achiived by alte•ing the controls t.sed in the setu-
... Some parameters, sulh as tle rise-lime, were not varied .oxi this program

J. 'since only the rapod rise'tinie was desired, although-thb dquipment has pro-

"visions built into it .°rothis purpose. ,Moreover, sinoe .only generai]:require-:.

* ments of forddtime'*hispries were plac'ed on the equipneht, whibh could beo* .' 9 "
•.readily. monito'red by shitable instrumentation it was pog~sibole t. construct ..

9•• . °" 9 .. 9 . 9

" the. dynamic' loader with h.. striking simpliciity c6ridubive to teliabre operation.

,q, •wpiDlnmensional Dynamically Loaded Fbotings ".." " "di. construct-

..Th A1RF dynamic.loader was used to apply concentric vertical, eý-

centric. vertical, and inclined firces t footings on ýoth
loose'and-dense OittWva sand. Preliminary work on tkese experine.ns. . .w"a

A AR-fOUR "R S•ARCK FOUNDATION u . ILLINOIS INSTITUTEL OF T GCHNOLO 9; Y
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described in the p'revious report on this contract (13). By using the glass-

sided container, it was possible to obtain "before" and "after" photbgraphs

and high speled movies of soil failures. The experiments conducted, techniques

employed,- and typical results obtained are presented as Appendix B.

The high-speed motion pictures provide a tool for' improved.

quali.ti.ve understanding df the.footing behavior., The films theimselveso

as well as.sequenced photographs printed'from. them, permit observation

of the complete motion of the footing. Displacemient-time dAta, of course,

can be measured directly from the filrb. The peak and the general trend.

' •of the applied force are also available although quantitative results are of

questionable value because of the interaction of the footings with the sides

of the container. For this reason, the two-dimensional experiments'provide.

primarily qualitat.,ve data.

*D. Three-Dimensional Dynarnitally Loaded Footings

Quantitative'experimental. data were calected for small three- -,

dimensional footings.: Thoese experiments were conducted in th. 4-ft x 4-ft

x 3-ft box used during the o.iginal progran. D~namic. loads were applied

by dropping weights and.by using ARF pneumatic-hydraulic loader. Details of

these experiments are contained.in Appendix C. fbecause of recording system

• "" response limitations, the force-tinge bistory associated with the dropped

weight could not be satisfactbrill recorded. Alternate recording systems.cguld

have been incorporated into the experimental detlip but iuch modifications

were not considered'justified for the current program. Consequently
the dropped-weight experiments werd.termilated.

JAx gene.ral,. the results op'•he dynamically loaded footing

experiments were satisfactory. Prior to the experirments reported in

Appendix.C, a series of experiments was conducted to learn to control

the apparatus 'and to get some indication of the magnitude.of the responses

whdich could be'anticipated. -,'The results of this preliminary work have no

quantitative meaning, and hence are not reported.
* p

q M n'SUP... .5 EA R C H. UFOUHDAT!ON O r I ILLINOIS I INSTITUJTE OF T ECHNOLOGY
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E. Statical.y Loa~1ed Footings on California Sand

The Naval Civil Engineering Laboratory, Port Huenemne, Californial

has initiated an'.experimental prograrm using their Blast Simulator to apply

dynamic loads to footings. The soil they are using is a local sand; herein

referred to simply as California sand. -. The initial infor.mation r~equired

for this comparison regards the behavior of small footings loaded statically

when the soil is California sand.

"Suitable quantities of California sand were shipped from the West

.Coast. The' sand box (4-ft x 4-ft x 3-ft) was filled with this sand and a

limited experimental study was conducted of footings loaded statically..

The i esults of this study are reported in detail in Appendix D. Essentially,

the problems were the same as those observed for Ottawa sand. The total range

of values for the angle of internal friction, 1 , was 42.50 to 48*• with an

average of approximately 46'. While this range of variation might

be tolerable, small changes in . inv(lve lar-ge changes in bearing capacities,

hence the bearing capacities show a wide.range of values.

F. Effect of Loading Rate for Footings Placed on Ottaya Sand

S StfStdies were* nitialted to determi..ne hový rapidly a laid may le

applied and still be considered as being static. Particularly, the question

was whether loads applied by using hydraulic jacks could be considered

•'. ,* .2 static. The results indicated that the behavior of a footing loaded by means

of a manually 6bntrolled hydraulic Jack was comparable to that of the

footing subjected to'a inuch lower rate of load application.'(The downward

speed of the top of the proving ring wds kept at 0. 00053 in. per minute).

These experiments did shed some light on thle behavior of soil below

Sfootings when shear su'rfaces have formed. Detailb of these elperiments

are reprted in Appqndi% E. '. •

* /

4 .•.• •
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. *~~~ANAL~YTICAL RESEARCH ~ * 4.

A. Intrbdu'ction .. *.4 *

Th prviu chptr 4u~eleie 4~h 4p~ ,reot h

expeimeta;studies conducted ihi.the abil laborajory since the list report:

Waltityor lacjk thereof, of the theoreticeal app~rqaches -dev&op~d during . the

*. course of this project. In this chapter the theory*!. %summrnize4 with spe~ciaf

i~tpniontothe'assunr.ptions made. ýnd the. resu~ilting holutio~n:* Th& followini..,

chpe cons. 4 sthe'comparison of cxeerimerital and analytical resil1 t. :
3.% Bi. tatic 14a~ring .Capadities

.* *: The literature provi'des many analylbs for~foolin~ fai ure's dadsed**

3 by shear failure -in the abil beliow 'the -footing. (Note that s~ttlementi cails ed

by 4 , mresiil of t1~e soil due: to 16n ura~tion.load applications *,r of:

*#tl 4 * 1asthe~ iince thei loads of interest have' duzations of t~ie 6ideri of

4 .scondsa) *-A* 'n~u~bbr.6ftheo~retical app~ogLhes considered during this rj

* . ect 4are dciitable for .predictink. tIre b~earing4 ýapaiiities of foot~ngs' subjectedt to

44444 * static loads% The.:theorV 6fprasticity', as'iiscusied ip'the pr'evious report'(12) .

- . inruuies genexal me~ods gi-appr5&ch fo-ls poles Frths

il~oehosu~sed folisai odn':~~~hler general, but. i i~l~je r pne s,%

3 .".~normally used In soil me~hapics. 1A.the final rebo't (8) ýon t~h

ect, 4two. one-sided failvire and onk two.-.si*deA failure solutions wel-e Zid'cusved, .

Th*n-ie alr modes -discussed w~ie AndegpIb'.s (lazialyAt's' nd a .

*1modification of Krey~s (4 nyis 'Foi the 4two-sided or syfailt

Iure OptternAs, Terzaghils (11)(18) ior~nula was agsed. *.

. These three approaches have been found tfo give'qirmilar (withinx 10%.

*.ac o. . values Tor the`bb~aring clapacity.. Over the range of ?aranietersa
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of interest, Andersen's formula gives a load capacity which is essentially

that given by Terzaghi's formula.(17), and Hasson (4) dpmonstl-ated that- his

formulation of Krey's method gives capacities sinrilar tb those given by

Terzaghi's formula. It was also demonstrated expe'rimentally, in connec-.

- tion with this research, that the bearing capacity appears to be essentially

independent of the type of failure,, i. e., one-sided'cr symmetrical.

For s9tatic bearing-capacity'analyses performed in cQnnectln with

this research project, Terzagl-'s formula was normally accepted. The ap-

• proximate formula developed by Ter;zaghi for infinitely long footings with

,, " rough bases is: 3
where A*DN --ic.BN,, (Nq1

(z
where A= footing area (ft

* B footing width (ft), • "

* c hesion.(psf),

D -depth of burial (ft), . . • £
sP tatic bearing capacity (ib), .

" density of soil (pcf), 3
"angle qf"interna friction of the soil (deg).

The quantities N "N , and N 'are dimensionless bearing-capacity factors,"*.. ths,.~o .ca epotda~
.. . *depending only on the angle of inteornal friction, •, The value of each of

" these factors, can be plotted'as a function'of % -'Auch.plots are given by

" Terzaghi (17) and. Terzagh.l aný Peck (18). For square or circular footings,

thle aR•proximate ko-mula is modifiAd by empirical'coefficients.

" . Comparisons between this approximate formula and the experimental

,*• esults .fave been gene:ally satisfactoryh eCtually, because the density of

""the sand in the three-d.imensional experiments .Was higher than had been ob-

. . tained in the laboratory, the formulb, was used in reverse to obtain the angle |
of internal friction-for the Ottawa and Californta sands. The results obtained

* * . 9
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in this way were consistent and represented a reasonable extrapolation of the

values for the angle of internal friction consistent with values obtainea by

more normal soil mechanics procedures for these soils at lesser densities.

"3 IC. Behavior of Footirxgi Subjected to Dynamic Loads*

* , This section summarizes the analytical models which have been

S. considered. Sufficient detail will.be presented here to make the discussions

in the next chap~ter understandable. NollessentilrL details and derivations are8 t .• 8

* 3 omitted.

' The behavior.of footings subjected to dynainic loads was treated in
,,•, . the original program () by what might be termned an "lengnee rlig approach". *

This approach was based on an extension to tirne-depend&nt loads o.

Andersen's (1) work relating to one-sided failure of the soil beloyl th'efoqt-

ing. Major assumptions introduced by ;his approach were: .... 8 8

i. 'The failure surfact under dynmmic loads wilýt'be the same as

- 'I ! that deterreiiined for a similar static force considering the'initial

value of tbe overpressure to bb applied as a static overburden.

ii. The resistance offered to xnoverrent Ii rigid plastic in 1prm•

i. es settlement and loil compressibility are not conpidered."

iii. The maximum plastic resistance equals the static resiatance

"determined ahalytically, assuming the failure';urfacee considered

Are the same as in item i above.

iv. The oqehavlor of the soil is gcqverned by the parameters " Y

and odwhere '% -and c may thems.el'vei be functions of many 'param- *

eters relating to the soil'and to the conditions of. loading:. • •

By consideririg the rnotion of the failure mass o• soil, *a differential equation

was established'for the dynamic behavior. Solutions of this equation a,.ow

*1 prediction of te hedisplacemqnt and the in7estigatlon of Inerstl% effects.-

The dynamic equation was developed using the shear shrface loca-

• Ition (r) and static load capacity (Ps) determined by-the statid analysid to

ADM• OtU R RP• ARC4 rOUNDATION OF ILLINC0 S 9IN.STITUT.•$ O-F .TECWNOLOqY
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.. 2
define the failure.rnass of soil. 'We emphasize that the determination of the I
static data. should be based on the'best estimate for the: soil properties, i. e. ,

the properties.sh6uldbe selected to incorporate the influence of the variables

involved. ' (This would include effects such as the rate of load application, etc.

"The static data, r and P were tabulated in Appendix B of the report on the

original project (8). "

The.equation governing dynamic behavior is given by:

I•t+R(Q) =1'(t) (Eq. 2)

W'heife "

.* .. ) =rotation of soil mass, $

"4. *d = /dtI = acceleration,

I= rotational inertia,

R(Q)= resistance as a functionof Q,

Ml(t) = time-deopepdent moments. .
If rotatipn about the center of the failure circle is considered, the 3

terms in equations 2 can be written as:

I 0. 4397 r + (D r2 ) + 0.78540r(•.•.D) . "(Eq. 3)
•G -B Zr

•9 .-Zr) 1 •

"R(").- * y " 6. r 3 +1(? +D)' tan .t- (Eq. 4)
* L . **

* I. MI•( - lO!F DI IP+U1061-f3] -YD-rB°
Mt) -P + - - (r +DD) .r (Eq 5)... .. rZ-( D " ".•. .* (r, ( * -J2(--

• . . . ,r e . S
o.1 . • • ••3

= ,='tan L 0..424 (r +D)
g = gravitational constant " "

.B = width o"footing,5

r = dimension defining 16&ation Of failure surfaces,'"

". D = depth of burial ,f footing, ."".
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Z1otati6n of soi ,n.ass.about p~int C, "

-)P"(t) =time- dependent.forct s ipplied'to fo~ting, '
10 P static capacity of'foot!,ng,.

X o tan: -

Y uri.i -weight of soil. •

A Applications of the the6y'of ýlasticiiy to predict.the behavior of

footings subjected to dynamic loads was also nidtiated . as naw' of this proj ect.

U . .. 'Hodg .<5p consideved.the problem for a material which.exhibited an ideal

, rigd-plastic behavior. An alternate mathematical appropch wav published

S"*.by Spencer (16)% The pla'sticity approach is limited'in s~veral respects.

The idealizajon of the 'material properties raises serio ubts regarding

"I the applicability of the" solutions to real soils. In addition, the complexity

"* of the solutions arp such that, at least for the present, these approaches can

not be expected to yIeld readily useable results. In spite of current limita-

! .•• tions• the plasticity approaches may offer-the only practical means of ob-, . * to s,*°

U taining a complete understanding of the phenomena irivolved. Por our pres-

. .' .ent purp~ses, h6'wever," the plasticity approaches are of little direct useful-

".ne@s and will essentiAlly be neglected.
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•. ~Chapter 4

COMPARISON OF FDXPERIMENT.NL RESULTS

W.ITI4 THE THEORETICAL APPROACHES

A. Introduction

In .the previotis chapter the theoretical approaches were discussed

in general tbrrns: The modified soil.mechanics approaches are based on

certain common assumptions related to rigid body behavior of masses of

soil. The resultini dynamic approaches therefore all asstune the same

form. For.this rea'son, it is possible to establish, in general, the

. suitability of this type approach within certain limits. For this purpose

6 . he one-sided failure re'ode and the resulting dynamic equations will be!

ui'ed.

* , ° . The experiinental results used for this comparison are'the three-

* ".nimensional footings on Ottawa'sand. The experinr.ental procedure's, the

. *`sults, .etc. are presented as Appendix C. The measured force-time and
displacement-tirn4 records which.were obtained are of interest here.

"Figure 1 presents the curves obtained for three static experiments*

using 4 in. x 4 in. footings and are reproduced from the report on the

original project (8). Figure 2 shows an average curve for this size

footing based on the three experiments plotted in figure 1.

B. Initial Approaches -

As indicated in the previous chapter, the theoretical approaches

are based on the assumption.that the resistance to dyn.amic loads is similar

to that for static loads. " .he initial attempts tointerpret the. data were

. therefore', based on this assumption. By using the measured force-time

curve from dynamic experiments and resistance curves based on the static

information, it is relatively simple to calculate the displacement-time

history which would be predicted by the analysis. This analytical result

could then be compared directly with the measured displacement-time

history. These considerations dictated the selection of the displacemerit

as one of the quantities to be measured.

The first attempt to analyze the data obtained from the dynamically
load'ed three-dimensional footing was based on this approach. There is

AQMPOUR P E [ARC H FOUNDATION Of INLIN0S I N TITUTE OF TECHNOLOGY
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little merit in reciting the type of modifications considered to make the "I

8static rrsistance-displacement curve suitable. It.ks sufficient to say that

there was rn reasonable modification which reoulted in a calculated 3
aispiacernent-time cu.rve even resembling those recorded in the

laboratory. . .

At this stage it b~came obvious that the resistance displabement

'for dynamic loads bore little resemblance to that for static loads: The

assumption that these cur-es could be related to each other in some

relatively simple way was shown to be in error. The analytical approach

w.g fevisBd and t~e dat;% acalyzed in a different fashion as is discussed

i'th.follov.ing s9ction. r .

C. Analysis of Data "

a The analyticil approach aidopted used the measured force-time .

and. displaceement-tim'e records .to determine the associated resistance-

" .'displacement relationship.. Ab an intermediate step this procedure

required Zetermination of the acceleration-time.history frorp the

dis~lhcement-time retcords. Because of the sensitive nature of this

dete'rmination; the.analysis was vi~wed with considerable trepidation.

Normal good practic avqids any procedure based on finding the second

derivatives of experimental curves. Unfo'tunately, by the time the *
necessity for this procedure was established, it was too late to permit

modificatioh of the experimental procedure to incorporate measurements

* of the acceleration directly.

". : Consider a linearized equation of motion of the form:
." m+R(x) = P(t) (Eq. .6)

"where " ' • • .

• = dquivalent masse a

""x vertical dispfac ient,

a .... •x 'd x/dt. vertical acceleration, .... •

• R(x) = restistante as. a function of v'ertical displacement, .

P(t) = applied'.ertical force as a function of time. 5
Note that this eqttation asisumes a constant mass, a resistance . "whi1ch" is'depe "n only

w s nd'ent Gnly.on" the displacement, and a force'wlich is a fuhction

A Q.M OUR RPSLARCI FOUNDATI10N OF ItII NO I% IN5IIT t R or. t"ECHNOLOGY
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U . only of time. From the rmeasured results the experiments provide

F(t) directly and x as "L function of time. Assumning that tbe'masas;, m,
" .an'be determfned, e~quation 6 can be solved for R(x) using the aeeleratton

* determined.from the x(t) data. .. "

F R) F(t) -. mx .. ..

This equation'shows that at each instant the resistance,: •R, dep.en4s on the

applied force, .he mass, and the acceleration, .

In the fihst attempt to apply this approach, four experimeh'ts,
*' P27, P261 P29 and P30, were considered in detail. These records

were selected since -they were similar in natture and had all produce.d

substantial displa'cements. The records of these four experiments

were analyzea utilizing the accelerations computed from the displacement

curves. Figure 3.shows points obtained from these analyses. The fact

that the points on the R(x) curves for these four experiments are so well
i ~grouped wag encouraging - a single curve can reasonably be drawn through

the points. On the other hand, the variations of the points from a single

experfrment are indicative of inconsistencies introduced by determination

•IF •3of th4'.acceleration. When alternate time intervals Were used for b

determination of the acceleration the variations for a single experiment3 . werý as si'gnificant in magnitude, but showed no consistence with earlier

results..

This rocedure was subsequently carri.ed out for eighteen experiments "

for which both the displacement %.nd force data w6re satisfactory. Table 1

indicates the expqriments considered. Table 2 shows an example
U * (for Ex. No. P3.).of calculationsrmade. IT this example, 5-miec tim •

intervals were selected aill values for displacement and force were rea4. • •

fr6m the recorls'at t.tnterval. -The maps, m, used was 0. 0223 lb sec /in.
based on the mass of the footing added ±o thd soil in a half cylinde" having • "

radius and lengths' aqual to the footing dimenhions. This relatively a'b.itr'ary ".
determination of the .mass was investigated'by considering possible'

variations -- for all prictical.purpose4 however, the inertial term is

negligible over the range of possible values. •

"3 'Figures 3 through 7 show the resistance-displaceeneht curves '

AI M.OLJR RESEARC. FOUNDATION .OF ILLIN'OI, INSTITUTE 'OF TECH*NOLOGY "
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computed in this fashion. .The average static resistance-displacement '

(Fig. 2) is redrawn on each of thp.e figures. The arrangement of the •

experimentp on each of thb fAv. figures (3 - 7) merely atterhpts to

collect those having approgimately the same valuea of the resistance.

. Observe.that.there is little resemblanoe between the static and dynamic 3
curveg and. more significantly, between the curves computed based ,n

the d"namic'experiments. This contrasts with the uniformity demonstrated
..*y:the four results plotted on figure 3.

"While. much could be written regarding these calculated resistance-

displacement-durves and their meaning, it is sufficient to say that they " .
demonstrate the inappropriateness of using the static resistance, directly

* or with ansimple modifications. This means that the assumptions on

which the dynamic solutions have been based.are not satisfactory. The

type of dynamic analysis attempted, therefore, cannot be expected to :!
provide solution. •* C

The development of a more suitable approach was not attempted

duringathis L•rogram. Certain observations from the dynamic experiments,

however, indicate the direction such a development must take. From :

the displacement 'records, both velocity and acceleration appear to

start at zero. In terms of the previous dynamic analysis, this implies

that the computed initial resistaxkce is approximately equal to the initially

applied force. Such behavior is certainly not to be expected from a rigid . ""

mass subjected to e4ernal forces as postulated for equation 3. This 3
behavior is of the type observea for a compressible mateial. The geheral .

dir.ection'of the" theoretical work will, therefore, consider the combination " 3
bf stress wave propagAtion and shear failure in the soil.

S I
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• • ";- ":SUM.AARY

S .The gendr.l approach fiorn the inception of the project has made

Iise bf a double attack:* theory and' experimentation. The theoretical studies

have been used as the.basis for planning the experimental pla'iing. Conversely, ".

the experimental studies.have servied to issess the validity of the theoretical .* 9 ."S l"i r+ I

approaches and, in addition, px ovided a qualitative basis on.which pew thqories

could be developed. . . • ......

Most of the research reported herein i associated with the axprimental

• studies- The theoretical reseairch completed earlier in theprogram wa.s used

as the basis for planning these 4r-•ent9. The experimental results have

been analyzed and compared with ava•1•b>. +heories. Detailed write.ps ar~e r ..

included covering the experimental pre-cedor&,. ý 9ults and evaluatlonv. .

The studies to date provide rmuch'information '.,ardlng small . * *

footing behavior. The research relat..nto Jýehavior u naK] ,t tic loads

verifies, in general, classical ohear su face approaches. One. %.-ed .

and symmetrical failure surfaces were.wobserved and the b.•aring capac.Atds "

have Veen co;related with those, calculattod frorn standard, s-All mechanics

equations. In the original program (8), dynamic loads were linmited to . *

I dropped weights. This teehniqae provide,.:[ qualitative information ar.• :

limited quantitative data-for thie footingsotisted. From these e'er • ,r

differences were observed in the mode of of Lirniiar footings

subjected to static and.dynamit. loads. To obtain further v:iormation, a . " "

3more general type of dynamic loading was required. The equipment.

* " developed to pro'ýide these loads, along with the data 4wohich have been . .

.obtained, are consider fully in this report,.

The experrmentle demo+nstrate that the analytical approach suggeste.

for predictions of b1phavior -o! dynainically loaded fqo'tings is not satisfactory. -.
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• ." Table I

.".PERIg~TS USED FOR ANA.IýYSIS

"U "' Eperimei', Peak .. Figure
UE. meForce. • with R(x)•• No%.. ' : ~lib) (Fig. ,No.).• '

" . .P7 "? 6I : ' " ' 8. . .. 5'" . " 5 "5 .

*I Plo 397 6
P2. 51476-

.5 ÷ ll " : 76 ' • 7 " " *

. * • e •

P27 1.9.

5 "*i • P28 . 148 3"

- * • PA2 ".123 ** 3
St • •

*:PAO *7* 168. .* 3

* .e •

P32 11 5, Q

*ý9 . .23 6

: . ~P42. 270 .:.

* 1 '" 1. . 332 6

AU R M. U R. RE E R H F0UN.TO F ILLIN ' TITUTE O

*2 1

*" " • S ' " 5 . •"".' " .. .o."P 3 .' . " , " 3. S . . . ** • *

.• • . ° 0 " 303 .• 6

5. . .•.T0 " .•
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Table 2

CALCULATION$ FO, EXPERIMENT NO. P32 i 3
Tim. Force, F Disl., x(m sec) (lb)" (in) O!n./rnsec) .(in./m se•,h. (in./$ec, (lb) T F

0 0" 0
S• ~0. 00232'" " *

5 72.58 .0.0116 -0.000116 -1.16 -2.587 75.17
. O~.0O017"4.

.10 101" 0.0203 • +0. 000120 +120 +2. 676' 98.32 3
. 0.00234

s15 83.80 . 0.0320 +0.000228 +228 +5.084 78.72
* 0. OP348

20 .98.76 0:0494 . -0. 000348 . -348 -7. 760 106. 52
• • o0:o00174.

25 * 86.04 "b.0581 * +0.00G468. +468 +10.436 75.60
0.00408 "

S30 87.54 0.0785 -0.000236 -236 -5.263 92.80
•42r 009o0.00290

35 94.2r 0.0930 -0.000116 -116 -2.587 96.86
S0.00232

40 82.30 0. 1046 +0.000004 + 4. . 0.089 82.21
30.00234

45 . 84.0.52 0 000004 - 4 -0.089 84.64
, • • a oo ..00232 [

50 87.55" 0179 0.000348 -38 ;760 95.31
•.00.0005855 74.82 0. 1308 +0.40023Z +232 +5.174 •69. 65 .

.60. 80106 0.1395 +0.000004 + 4 0.009 79.97 .

65 8 .55 " O . 1 83 . 00 176"
65 84. 55 0.143 • -0.000352 .- 352 -7.850 92.40*o

0~

70 .74.82 0.148.3 0 0 0 74.82 • 5 P.

0 . ".

75 -56.86 0.1483 -0. 000352 -352 -7.850 64.71
" -0. 00176 • 3.

80 11.22 0.1395 -0.002088 -2088 -46.562 57.78 . .
5 : . -0. 01Z20.
05*0 0.0785

. .. .•
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".' . . •APPENDIX. •

Y DYI'JAMIC LOADING APPARA•TUS AND I'STRUMENTATION

-b y *.b * Shenkmnan

""As part of the projel t it was necessary tq design-an

apparatus. sufta1~re for applyknIX dynamic loads to a smnall footing, as

i o we"' aS to select the -appr•.priate instrumentation. .The design of anU • apparatus capable of applying a M6ad with specified time history presents

.a very difficult.prob.ler. However,* if one is satisfiediwith 'a load which7

possesses only gen;ral characteristics,.the task is simIjý4fied. For

excample, if one's interests lie .in a type of load characterized by aU •eV~hf
very fast rise tim.; (les than! oun millisecond) and a correspondingly

"fast decay tirniej a dropped weight may solve the ekperimental problem. *

For this project IA was decided that a load having a rapid'

rise time with a gradual decay time would be most suitable. This general'

form would be associated vwth blast oa~ing from eithe'r a nuclear or

high explosive detonatio -&" actually the transmission characteristic

of the structure supported b.• an actual footing would produce a much more

complex loadijng form. The geheral Blast loading form was selected

nevertheless since it is relativel,.si.ple azid may have some relationship

to'the correct loadinpg.. . • • .
-= .To produce" this type of loading, a high pressure source was "

iuse with a quick opening valve, which permitted air- to travel through an
"air cylinqer actuating a piston. Results 6btained ythis method showed a

m ioderaely fast rise time (on the order df ten' millis t,-.fds) but a decay time

time that was undesirably shorL.

"A simple modification of this* 'quipment, Incorpirating a hydr-aulic* systpm rathar" thar~te air, yielaed'rest ts which.are quite satisfactory in

both zrise tilne and d~iratioh of loading. The dynarniic loading apparatus finally
developed ,pplies dynamic loads ýharacterized'by a: rise time on the order of

i * .* .. . •
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two to five. milliseconds; a slow decay, determined by.the length of time ..

the solenoid is actuated; and a sudden decay-to zer6 forc.e (apprqximately

five milliseconds) after the hydraulic valve is closed:

•The apparatus as sketched in ffgure A-I consists of a nitrogen .S. |

bottle, capable of delivering 2400 psi; an air pressure regulator; an air

accumulator, a hydraulic accumulator; a solinoid operated hydraulic

"valve; and a hydraulic cylinder. The over-all apparatus is shown in
figure A-Z and a detailed photograph of the hydraulic" system iI.figure A-3.

""*Operation of thezdynamic loading device is relatively simple.

With the hydfablic valve closed, pressure is released from the nitrogen

bottle into the air accumulator and the lower portion.of the hydraulic

accumulator. In this nay a prp-determined pressure is built tip in the " 3.
* . fluid behind the hydraulic valye. When the valve is opened a dynamic load

is applied to the piston. " . .

A Barl]sdale, a. c. solenoid, 3-way, hydraulic valve is used as

a flbw control. The valve, in a normally closed position, provides a re~turn
of oil to the res'ervolr without opening needle valve A (Fig. A-l). Upon

completion of a test, the oil transferred to the hydraulic cylinder was .

* returned to the accumulator by opening needle valves A (to supplemeit

the oil flow tfirough the solenoid valve) and C and .restorink th4 piston.

rod to its pre-lokded position.

* Instrumentation for dynamic experimenfs on three-dimens-ional
footings'consisted of a Lockheed Electronics Model WR7S high sensitivity

force washer and a Llnear Variable Diffelrential Transforner (henceforth • 3
referred to as an LVDT). .. The force washer, custom-built by Lockheed •

to required specifications, has a linear range of 0 to 1000 pounds. Load

sleeves, provided with the washer, connect t; the footing beneath the

wvasher and to a steel ball above! the washer. The ball acts as a roller

* between the hydraulic cylinder pistonerod and the force washer.. 3
The displacement of the footing was recorded by the LVDT,

which measures the movement of the piston rod relative to the cylinder --

the assuYnptinn being that tl~is rpeasurenrent represepits the displacernent
"of the cen'er of the footing. As shown in figure A-2, it was connected . i
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I to a strip of steel cantilevrered off thWe cylinder piston rod.

Dynamic recording wvas accomplishel on a Cons'blidated Electro-

Dynamics Corporation recorder. The CEC oscillograph is a stripI chaz!t
.recorder with a one-millisecond response time.' A's shown in figure A-4,

* the recording system was rtin independently of thi solenoid valve. The

SGCEC recorder was permitted to reach full ruwqning speed (25 inr per sec)

before energizing the solenoid vilve.

: *I .nstrumentation for dynamic experiments in the glass box (fl) .

- was limited to high speed movie ph;tography. A 16mm Wallensak Fastax

. .camera, running at 2000 fr.ames" per second, was used for this purpose..

Film speed of the'camera was detegrmfned by timing lights which e._"osed

WI the edges of the,film. *A two-secona delay was usedto enable the camera

to reach full running speed before energizing the hydrqvulic. valve.

A time delay, incorporated lit the system, permitted the solenoid

valve to remain open for varying periods-of tim.. In this manner, -he valve

is controlled electrically for.a range of 13 to 70 milliseconds or manually

for any other period of time.. More accurate determinations of the length

of time the valve remained open may be made by observing the records.

Figures A-5 and A-6 are examples of force-time and displacement-time 0

histories obtained for'controlled openings of 70 and 13 milliseconds,

respectively. Figure A-5 shows the period of time froln initial rise of '

the force to the stairt of the sudden decay to be 77 milliseconds. Since

Sthe opening was set for 70 mnilliseconds, a close approximation f(or the

duration of the llading may be made from the original input. A more

" 1 peaked-type load (Fig. A-6) was applied when the solenoid rema4ned

open for 13 milliseconds.

The'apparatus may be further modified to etilninate.the sharp

decay in force. This is accom'plished either by capling the ofl return

in the solenoid or placing a needle valve in the line, thereby controlling .Ie
the rate at which oil will return once the solenoid is closed. . •

i ~Dynamic loading is not linited to vertical cor~centric applications..

Experiments have been conducted using the pneumatip-hydraulic loader, to

i produce eccentric and inclined loads. *An example 6f.an ihcliAed lolding
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setup bn the glass 'box Ia "sho.w'in. figure A-,. I "1n general the ARF .o

.pneurnatic-hydr~aulic" c!nanmic loading apparatus has p.roven e'xrenrnely7""
fl. exible a "to the'ype.i of loading outputsw•hich are •.vllable. ' ' •5
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• . ..APPENDIX B

I TWO-DIMENSIONAL DYNAMIC EXPERIMENTS

ON OTTAWA SAND

A glass-sided contaiher was constructed during t16 original con-

tract. .period (11). This container was used during that program for five

static loadings (GI-G5) and three series of dynainic loadings using dropped

weights (G6-G8). Subsbquent uses of this container have included footings'

U on cohesive soil subjected to both static and dynamic loads (Appendix F)

apnAad w rates, of loading for footingq on both dense and loose Ottawa sand

(Appendix E).

A This appendix reportg on experiments of.dynamically loaded foot-

ings on Ottawa sand. Since these experiments.represent continuation of the

original ;esearch using the glass-sided container (lexperiments No. GI-G8)

the numbering system has been maintained. Table B-I Lummarizes the ex-

periments reported in this appendix. In every instance the footings involved

are 3-in. wide and the soil is dry Ottawa sand. Movies of seven of the thir-

teen experiments have been provided. in two reels, both of which have been'.

supplied to the sponsor.

I In the previous interim report on this* project (12), sequence photos

were presented in figure E-9 for a footing on dense Ottawa sand (Experiment

* :I No. ,11) and in figure E-10 for a footing on loose Ottawa sand (Experiment

* No. G16). Figures B-i and B-Z show sequence photos for footings on dense

Ottawa sand 'subject to dynamic inclined (Experiment No. G19) and eccentricA •
1, i(Experiment No. G21) loads respectively.

Concentric.vertical dynamic? loads were applied by means of the

pneumatic-hydraulic loading device discussed in Appendix A. • For eccentric
loads, the piston rod was simply located in the appropriate position on the

5 footing. Special lbading devices (Fig. B.-3) were built for the inclined loads.
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, '7
These devices assured application of the inclined load at the center'of the I
battom of the footing. Figure A-7 shows the experimental setup with.dy- I
namic loading apparatus placed.to provide an inc]ined load.

The results of the two-dimensional dynamic experime.nts" are

-shown in thb photographs anck movies obtained from the experlmbnts. These

pictures provide a qualitative understanding .of footing behavior which is ea-

serntial in attempting to develop improved analytical models to explain be-

havior of.footing (8) when subjected to dynamic loads.
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APPENDIX C

- THREE-DIMENSIONAL DYNAMICALLY LOADED FOOTINGS

Three-dimensional studies Aere.conducted in the sand box used

during earlier research op this project,(9)(10). The box is'approiNimately

"• " 4-ft square and 3-ft deep. The objective of this phase of the research was'

to obtain quantitative information regarding the behkvior of small.footings sub-
I .jected to 'dynamic loads. The experiments reported herein were conducted

on dense Ottawa sand. Two methods of.load applicatioli were used in con-.

'I junction with the three-dimensional dynamic experimentse; dropped weights

and the ARF dynamic loader. For these experiments both theferce-time

! 5 " histoiy acting on the footing and the resulting displacement-time 'histolry of

the footings were: recorded. These•experimental results are.surnimarized

in this appendix. . . "

Vor reference, the experiments using a dropped we'ight were num-

I hbered sequentially with. the original dynamic experiments (10) where droppedU .' weights were used, i.e., D58 through D62: The experirAents condutted in

the sand box using the pneamattc-hydraulic loader were numbered Pl

through P46.

Dropped Weights

• I " -The five dropped-weight loadings are summarized in table C-1.
Figure C-I shows a trcEcb of a typical record for one of these experiments.

.- As illustrated by this example, the measured peak force is extremely high

and the time response relatively rapid. Actually, the measured response

,I t~mes were of the order of magnitude of the response time of the recording

apgaratus. Because ef this limitation, the droppeo-weight loadings were not

quantitatively acceptable, and this phase of the experimrental study-was halted.

Modification of the instrumentatiton system to permit accurate recording "of

3 I the imposed force-time data was not felt'to 6~e justified within the realm of
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the present project; rather, it was felt that the. technical effort would be

more profitably, expended in experiments utilizing the pneumatic-hydraulic

loading device. I
Pneumatic-Hydraulic Loading* • .

• The ARF pneumatic-hydraulic loading system de'spribed in Ap-

pendix A, serveacas the primary inethod for applying dynamic loads.

Table C-2 summarizes the results of these dynamic experilnents.

Th e remaining experiments were. conducted on 4-in. x 4-in. foot-

ings placed on the surface of dense Ottawa sand. Table C-2 lists the peak

'force and duration of the force, along with-the maximum displacements ob-

served on the records for each experiment. Figures C-2 through C-5 are

* typical records obtained for these experiments. Traces of the original rec-

ords have been used for clarity and ease of reproducibility. These four

recoras are typical and indicate the mode of behavior. * 1
9
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Table C-2 3
DYNAMIC EXPERIMENT USIN- •l"' PNEUMATIC-HYDRAULIC LOADER

S. ... - Time to
Footing Peak Maximum Maximum

xperiment. .Size Force Duration Displacement Displacement
No.* (in. x in.) (ib) (meec) (in.) (Mnsec) 3
PI "4x4 ".366 *1000 >'l > 64.0
P2 4 x 4 •340 >1000 Zl i . 70.7
P3 4x 4 303 . 1310 > 1 .68.8
P4 4 x 4 277. 249 0.989 82.1 1
P5 4 x 4 331 83 > 1 >63.8
P6 4 x 4 394 70 .1 >766.2
P7 4 x 4 299 44 0.276 33.8 1
P8 4 x 4 137 25 0.044 15*2 "

* P9 4x4 216 34 0.00 -
* P10 4x4 397 54 0.29 *50.9

* ..

Pl1 4x4 476 59 0.889 49.3 5
1 1I2 30 in. diam. 434 57 - -
P13 30 in. diam. 420 49 -
"P14 30 in. diam. 430 57 - 1
P15 30 in. diam. 459 77
P16 30 in. diam. 462 79 -

P17 30 in. diam. 377 76 -.
P18 . 30 in. diam. 531 . 61 -

P19 30 in. diam. 493 59 - •
P20 30 in. diam. 194 58 .

P21 " (Record spoiled) 3
*P22 30 in. diam, 203 85
P23 30 in. diam, 288 %78
P24 4x4 * 324 24 0.16 17.3 .

P25 4 x 4 " 546 27 0.260" 38.9
P26 (Record* spoiled) . 0 0
P27 4 4x4 159 • 814 1,0 67.8
P28 4 x 4 148 : 69 '0.937 59.8 .

* P29 4x4 123. 679 0.90 73.8I
P30 4 x 4 168 66 0.932 56.9

P31 4:4371 79 0,487 73.75
. P32 4 x4 112' 87 0.151

*P33 4x4 104 81. 0.046 42.2
, P34 4x4 103 84 0.012 16.7

P35 4x4 104 70 0,01*2 14.0 -

P36 4x4 x 4 101 80 0.012 15.5
P37 4 x 4 140. 71 0.012 15.3,
P38 4 x 4 366 , 90 2.0989 66.6
P39 4 x 4 334 73 0.893 62.9 I
P40 4 x 4 303 78 1100 69.6

P41 4 x 4 272 72 0.957 C6.4
P42 4 x 4 270 77 0,989 64.9 i
P43 4 x 4 272 84 0.152 64,3
P44 4 x 4 332 95 0,176 68.3

* , P05 4x4 341 122 0.150 71.2
P46 4 x 4 301 82 0.053 36.93
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" .. APPENDIX D

I "FOOTINGS ON CALIFORNL SAND

SDuring the original and current programs (8)( 12) most of the .experi-

• mental research has been done using dry Ottawa sand. Appendix F reports

i I ' experimental studies in which cohesive soils were considered. This appen-

* dix reports on experiments using an alternate cohesionless material, refer-

"red to as Califoinla sanr.. This material was stlected because it had been

used in a!series of dynamic plate bearing tests conducted in thle blast simu-

lator at the Naval Ci'vil Engineering Laloratory, -Port ;iueneme, California.

The sand was shikped from California specifically for use on thi• project.

Exptriments using the Cal-foirnia sand were limited to static load-

ings of thr'ee-dimensipnal footings in the sand box. The container had aver-

Sage base dimensions of 46.48 in. squale. The sand was placed in the box

in four layers, the bottom layer 12 in. the next two 6 in. "and'the top layer

I' 6. 56 in. Each layer was placed and vibrated uniformly over the proceeding

layer for 20 minutes using a 1-hp flexible shaft concrete vibrator. The sur-

*face of each layer was then levelled and the weight of soil recordedi Surface

densities were measured for each layer using the ARF' density scoop (2).

.A sand sample was collected each time an additional three inches was added--

samples were combined for grain-size analysis and triaxial tests.
-5. The Average density of the qand based on measuredweight and volume.

in the container was 105. 0 pcf. The surface density of each'layer after vibra- -

tion waq measured in four locations. These results were aver-aged and the

i average values are tabulated in Table D-1. In addition to the grain.size analy-

U ses of samples• collected as the container was filled, subsequent grain size "

analyses were made on samples taken from the surface, a 1Z-in. dApth, and

Ia 24-irr. depth iuf the container.at the conclusion of the.program (Fig. D-l).
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Table D- I

AVERAGE DENSITY OF CALIFORNIA SAND 3
Layer No Weight per Unit

Voluine, y (pcf)

" 1 101.4

2 105..5 "
* 3 105.2 * .•

4 107. 1.

• . .

"The line represents the average results of sieve analyses conducted on the

samples obtained during placing. As indicated by the notation on the figure, 3
the specific points are results obtained from sample* from various depths

within the container after the experimental program. Variations are within. 3
those anticipated from sample to sample; hence we conclude that repeated

* " vibration caused no significant vqrtical migration of various grain sizes. 3
"In an attempt to determine the soil properties six triaxi.l tests

were conducted. The qampl~es nsed had approximately t. 75-in. diameters
aud Vere eight inches high. The densities used.were the highest that could

be obtained'in a cylinder of this size. The results of these.triaxial tests are*

given in table D-2. Since'there is no apparent correlation betw.eernthe angle
of internal fridtion and the density or lateral pressure, the average values . !

S

"of density and angle of internal friction were used. Based on the limited ac-

curacy of thd density determination and past experience dealing with triaxial

tests of Ottawa sand, (2) , these values are assumed to kive, at best, an indi-

cation of the correct value.

Experimental .Re sults 3
.The experimental tech'niques represent substantial refinements

over those qsed previously onthls program. Figure D-Z shows two photographs
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of the exlperimental setup. A gear box attached to the loadihg frame was'

used to apply loads to the proving ring. This load was transmitted to the

* 3 footing through a ball bearing guide which guaranteed that there *were no

,n "�rn ens. The guide, along with the deflection gages, was. supported on a

• 3 . plate which, in turn, r~sted on beams spanning the sand box. Deflections

were measured at three points on the footing. In the following pages aver-

"" age values are dsed unless specifically stated otherwise. A grid of Ottawa

S.sand spaced 5/8 in. center to. center was'placed on the surface to simplify

observations of the surf~cp behavior.. .

3 * Table D-3 presents the results of this experimental series. For

each experimeAt the footing'size, bearing. capacity, bearing pressure, and

U surface density a're'tabulated. Table D-4 presents the average values for

0 each of. the footing sizes inrluded in the experimental series.

U * Figures D-3 and D-4 show the load-displacement'curves for

4- and 5-in. square footings respectively. Figures D-5,. D-6 and D-7 areI• photog'phs of typical footings after fa,'lure. " •

Analysis . •9*1 •
Preliminary analysis of the experimental data indicated poor

-I correlation. The reproducibility, as demonstrated in table D-4 by the ,
U * *variations in bearing capacities for the same size footing, is poor. Figure

I D-8 shows the ranges and average values for the three .footing'sizes. One

would anticipate from available analysis that an inclined straight line should .

go through the origin. Such a straight line is drawn bn the figure although the

* ! data woul.d not justify this type of curve. When.this was'observed during the,

• • experimental portion of the program, a total of eight 3-in. x 3-in. footings

3 were loaded in an attempt to improve thl reproducibility. Considerable " 0 -

attention was devoted to improved controls on the placement techniques in order

to increase the reproducibility. There was no noticeable improvement. At thisI "
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stage, an irvestigation of'the variations in soil properties was deemed nec-.

essary to explain the observed results.

Terzaghi's f6rmula (18) for square surface footings on cohesion-

1.ess soil is: 3.
qu "r 0."4"i.B NY "Eq. D- 1).

wherq:.

qu bearing capacity for squarý footings, psi

'Y = density of soil lb/in. 3 •"

B footing. dimensions"'

• Ny = dimensionless factor depending on 0 . . "

"a angle of internal friction. -

A plpt of 'Y versus • is Lhown in figure.D-9. •

By applying eqution D-1 -o find N and subsequently using fig-
* g

ure D-9 to find 0, the experimental results presented in tables D-3 aýnd D-4

can be used to determine 0. The values of $" would be 47 * (with a range of " '3
42.5 to 48*), 46' (with a range of 45' to 47*); and 450 (with a range of 44' to

46') for 3-in., 4-in., and 5-in. square footings, respectively. If we conlsider 3
tfe seriep of footings expertments as an involved method for determining 9,

* these results are quite consistent. The total range Is 42. 5 * to 48 * with an

• average value of about 46:. Comparison with the results of the triaxial test

on the California sand (Table D;Z) indicate that such result1s are reasonable

* for.the soil densities found in the sand box.

The reason for the 'inconsistent' experimental results is now ob-"

vious. Relative minor variations in soil properties can make major -differ-

ences ia the bearing capacity. This is demonstrated by considering the per-.

tinent portions of figure D-9. A change of 1 * will prcduce a change of ap- 3
"proximately 307o in the bearing capacity. Since no method of placing and

compacting the soil between experiments is perfect, one must expect major. 3
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variations between supposedly identical expiriments when using & sand with

a high value of •.

.3 The general shape -of the load-deflect!on curves (Figs. D-3 and

D-4) is of considerable interest. The first peak is associated with the
"bearing capacity and is the value discussed above. After this peak there

is a decrease in load capacity and, with yet increased deflectiony a rise3 Ito a second peak. For example, in Experiment No. CIZ the first peak

is 892 lb. , a subsequent drop to 645 lb, and finally an increase to 1387 lb.

For this 5-ihn square footing, the second peak was 55% higher than the

first and occurred at a displacement of 1. 55 ich. Note also (Fig. D-4)

that the load resistance at large displacements is fairly uniform for the
differend experiments while the bearing capacity is quite variable.
The latter observation could reflect the changes in sbil properties due to

Sthe loadlnzg (the properties aRproaching the same values independent of the

initial cdnditions) or the influence of the footing displacement.
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Table D-2

TRIAXIAL RESULT.S

Dens'ty Lateral Angle of
Denft Pressure Internal Friction
(pcf) (psi) 0 (degrees) 3
106.8 10 '41.1 1

102.5* 10 45.4

* .105.5 015 *044.4 *1 107.2 15 40.4

107.0 26 40.4

104.0 20 40.0

* Average . 3
105.5 " 41.95

. * There were large variations in the measurements
of the diameter for this specimen and hence the -
density is of questionable accuracy.
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Table D-3.

STATICALLY LOADED FOOTINGS ON CALIFORNIA SAND

Experiment Footing Bearing Bearing Surface Soil

No. Size Capacity Pressure Density
" o(in. x in.) "(Ib) (psi) (pcf)

I Cl 3x3 132 14.7 107.1

SCZ x3 Z30 25.6 108..7 .

C3 3 x 3 256 29.5 *

I C4 3x3 320 35.6 '.108.5

C5 3x 3 350 38.9 * *

C6 3x3 527.5 58.6 106.8

I•C7 3 x 3 506 56.2 "108. 1'•

* C8 3 x 3 403 44,8 104.8- 110.5

* C9 4 x 4  965 60.3 107.1

CI0 4 x 4 582 36.4 !06.5
* •

CIlI 4 x 4  730 '45.6 106.4 -107.7.
o0 S

C12 5 x'5 89*2 35.7 106.0 1 07.4

5 C1x 5 ý930 " • 3q. 1 •"10.8.3." 109.3

3 C14 5x5 1502 . .60.0 108.7 -109.

Surface density measurements not t2ken.:: "

U " N .

SD-7. '.
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.I APPENDIX E

EFFECT OF" LOADING RATE ON STATIC FOOTING BEHAVIOR

thet

"U During the course of the over-all program, a large humber of foot-

ings on sand were tested under "static" loading. There4 ere questions raised
as to whether, in fact, these loads were sufficiently slow to be considered

static. The limited experimental program described herein was planned to.

3 .investigate this question*a oa
During early tests, static loads* were applied through a hydraulic

jack with the total Mdad applied within five minutes. In more recent eperi-

* ments, a gear box was used to apply the load. This arrangement allows con-

trol within reasonable limits of the rate of displacement to which the footings

are subjected by controlling the number of turns per unit of-time. By me-

chanically controlling this loading ratA, it is possible to investigate the vari-

ations betyweer, "normal" and "slow" static loads. Consideration here was .

limited to cohesionless soils.•

The previous relort (13) o, this project describes controlled loade

ing rate tests for footings on both loose and dense sand. Two additiozdal ex-

periments were conducted to provide more complete'diata on footinj behavior

under controlled displacern ent (the down*ard speed of the.top of the proving

ring was )tept at 0. 00053 in. per minute). The load-deflection curves for *

dense and loose dry Ottawa sand respectively frbm these two experiitients. are

• shown on figure; E-1 and E- 2.

Figure E-1 for the dense Ottawa sand demonstrates the behavior

associated Wvith failure'under static loads. Each ppint represents observed

values; the straight lines connecting them, however,. are approximations.

' : Once significant displacement occurs (starting at approximately 100 lb).a

repeated behavior is noted.. The load increases with essentially no increase

in displacement until suddenly there is a finite displacement and an associated

SARMOUR RE5 LARCH FOUN DATION OF ILLINOIS INSTITUTE .OF' T6CHNOL*OGY

* •'E-I ARF Project.No. 8193-15.*.* : • • " • Second Interim'' Report

• .. ..S., . " ... . , . _S

•S. * ft



*reduction in load due to epninof the prbving ring. Undoer' c onditioni for U
,the controlled rate test, this stittering is a very real phenomenon. With

fewer observations th~e experirnentaliat could arrive at erroneous conclusions.

• !*

• For a footing on•loose sand (Fig, E-) loaded in the same way with

th• samd rate of load application (0. 00053 in./min) the behavior is consider-

ably different than for adooteng on the dense sand. In general, terre is a3

smooth curve relating the load and the displacement. Here again, all of the
P " eshownbsera ons t experimentalaret points. The figure does show a limit- "

ed number of points woere decreases in the -oad were assdciated with in!-

0 n

creased displacements. 3"
a The jumping observed for the controlled rate of loading -is undoubted-

ly a function of the rate of loading as well ap the density of the sand. For the

purposes of this project, it is "sufficient to note that, in spite of the jumping,

the values. and keneral shape of the load-displacement curves for footings on dry * I
• Ottawa sand are the same for the controlled rate tests as for the hydraulical-

"ly loaded footings tested in five minutes. It- is, there;ore, realistic to refer

to footings on sand loaded by a hydraulic jack as -statically loaded-footingst
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APPENDIX F

FOOTINGS ON COHESIVE SOIL

' H The major portion of the experimental studies conducted on this

we~search progi:aa deals with footings on cohesionless 'soil. In an attem'pt

to'broaden the experimental basis of th.e project, a series of tests were

cond'cted. with footings on cohesive soil. This appendix describes th*ese

experiments which were conducted on footings subjected to bQth static and

* ° dynamic loads.

Laboratory studi~s on cohesive sollh were limited to twodlimendional.

ex~eriments conducted in the glatss-sided container. *The decision to consider

only two-dimensional footings on cdhesive soils was based 6n a number of

*ii ' factors including: (i) the relatively small size of the glass-sided container

simplifies the proble-ms involved in soil placement, (ii) two-dimensional

studies allow more complete observation; and (iii) two-dimensional experi-.

irents are more directly.comparable with available theoretical *solutions.

"The undesirable feature introduced by limiting consideration to two-dimensional

footing is that the resulting data will be of limited quantitative accuracoy due to .

the edge effects on the two sides.

I ,'The initial constrdction of the two-dimensional container was described

in an earlier report on this project (11). In connection with the experiments3 Iinvolving cohesive materials, substantial modificationj of this container were

EK required because of the much increased loading. Essentially, it was necessary

3i Ito strengtheu the glass sides. This may be done in tHree ways: by introducing

an interrzediate steel member to reduce the span of the glass* by replacing the
F ordinary glass with tempered glass, or by replacing the glass sides by steel

S.. plates during load appllcation• All three of these techniques were used during

the cotfrse of tWe present study .It should be noted that since the two-dimensional"

, container.a'tteým!ts to simulate the plane strain situltion the sidgs ideally should

S. be rigid. Obviously this ideal is satisfied to a greater or lesser extent depending

on -the rigi~lity of the sides,

Another modification to the glass-sided container was the

"incorporation of a double thickness bf glass enclosing aplastic

"sheet yarked with grid-lines. These grids, w hidh rrnatdh those initially

* .. •i*I
S• . . 9
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placed on the. soll specimen, provide..a reference against which to observe

soil movements.

Compaction of the cohesive soils in the two-dimensional container

was the subject of considerable investigation.. A standard mechanidally- 3
operated compaction machine .(Soiltest Model CN422), designed to compact

soil into a 1/30-cu ft cylindrical mold, was dnlarged and modified to corn-

pact cohesive 'soil mixtures into the conta~iner to a depth of 18 inches. The

7: circular hammer Was replaced by a 10-lb rectangular hammer (4 in..x 2 in..).

that closely fit the wall.difnensions of the model box. A roller base was

added that enables the container to be passed under the hammer. in indexed
.% 0

increments until a cbmjlete layer of soil was compacted. By v.arying the

number of layers and number df blows per lays a given soil density was

obtained. The compactor mechanism always raised the hammer 12 in. above

•he~surface of the soil during the entire filling of the container. A photograph

of this setup is included as figure F-1.

As. will be observed in later photographs of the experimental re- m
sults (Fig. F.-4), in most instances, fa4lures took place along the boundary

between compacted layers. The appearance of thig effect was reduced by U
increasing the number of layer's (using thinner layers) and decreasing the.

numiber of blows per'layer. Nevertheless, so long as the soil is placed~and • "

compacted in horizontal layers, one.would expeqt the soil properies t" re-

S. "flect the method of placement. As a matter of fact, even in nature, the .. •
properties ithtst reflect the placement whiCh implies a layered.effect. Thi "

is undoubtedly a broad field for soil mechanics rmsearch, but for our pur-

poses the objective was only to avoid obvious discontinuiLies between the

layers. No attempt was made to establish the effect such discontinuities

might have on the soil properties.*

* 411 of the footing experiments connected with cohesive.soil are re-

"poited In this appendik. To assure uniformity and reproducibility, the co-

liesive materials'used for these inVestiiations were manufactured in the

,. ARMOUR, RESEARCH. FOUNDATION OF ILLINOIS "INSTITIJTF OF TECHNOLOGY
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S* laboratory from basic constituents. The results of an ARFsponsored pro-

g g am (15)were used in.select~ing the constituents "sed. Tables F-l•through-

F-3 present d•ta for thesoil constituents which arc used. For a more corr- "

S • plete discus'sion of the manufactured soilthe reade~r is referre'd to thle ARE

"research, .t ••

Static Experiments
a f

- A series of four prelimifiary experiments was conducted using a

S .nmartfuacturmed soil of fire clay, Ottawa sand, and mineral Oil. The particu-

ft . ft .* lar mixture has many questionable features because of the oil base. How-

ever, in establishing procedumes for placement and testing, the oil base of-
• !:• . p1fre ftdhne_~ erwre n.rtse wih nynglll, vrain .•.

fers distinct advantages siAce it is little influenced by~exposure to the atmos-

plfiere'and hente* c~,n be reworked and retested .with only negligible variations f t

o . [3 in its vxoperties. The data from these four tests were not'assumed to have

quantitative significance.

S... . Table F-4 summarizes these four experiments. The solid mate-

rials used in putting together this soil were 501o air-floated ball clay ( 95%0

ot I " Kaolinite) and 50% uniform Ottawa sand (20-40 Mesh). Light mineral oil

. (DTE 150), equal to ZL 176 of the total dry weight, was added and the con-

I. stituents mixed unifornly. Because the mineral oil does not evaporate, this

Smixture remained unchanged during its usage (15). The soil properties of

SI * ." this mixtqre are not'discussed, since there is no attempt to use these re-.
U. sults. in a qcuantitative fashion.

•. I.• a . ..
Knowledge obtained from these preliminary loadings led to increas-

Ing Ihe strength of the container, decreasing the density (weakening) of the

soil, and decreasing-thle width of the 'footings.

F igures F-Z and F-3 show typical experimental reaslts for cohesive

soils. This preliminary work was followed by a series of nine static'tests.

The soil used for these tests wag ball clay (957o Kaolinite) mixed with vari-

ous quantities of water. For all practicar purposes, although It was

ARMOUR RESrAACH FOUNDATION O• ILLINOIS INSTITUT O9 TECHNOI OGY
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mtnufactured, th~isis a natural soil, since it consists only of a natural con- :

stituent (ball- clay) and water. Because it is manuifactured from controlled mate-

rials, one might anticipate better rpeproducibility and greater c~ritrol, but

' fundamentally it is no less 'real'.than at specimen removed from the ground

and remolde'd. Compactlon was carried out in the same manner. as described

for the artificlal soils. Pince placement of the specimen represents a major

problem, four of the five specimens were reused by r'emoving the disturbed

portion of the soil and conducting a.second 'experiment on the'remaining soil...

Table F-5'sumrrarizes this series of niiie static-footing experiments.

The 1Atter 'A' after an experiment. number indicates the second loading using

t the same soil specimen. The specimens for.Ilater ex perments were pre-
Pared using more layers with a reduced humber of blows per layer.

During the course of this experimental work, special care' was taken

tc minimize loss of moisture. Two dishes of water were suspended near the
top of the soil container and the container sealed. The success of these'pre-

cautions is demonstrated by one of the dynamic experiments in which the soil .

specimen stood for one week with'a change in moisture content of approxi-

mately 16. 8.

Figures F-4 and F-5 are photographs of two of these static ldadings.

Figure F-4 showe elxperiment No. 3 with pronounced layer effects. Figure

F-5 shows experiment No. 5A %ýhelre the improved placement had reduced
the layered effects., .The results of the experiment.s listed in table F-5 are.

summarized in table F-6. Figules F=.6 and F-7 are typical.plots of the load I"
displacement curves for footings on cohesive -soil.

Dynamic Experiments a U

'A series of six dynamic experimenil, was performed for 'footings

on cohesive soil. Table F-7 summarizes the r'esults of this laboratory re-

search. Fig. F-8 shows experiment No. 7 where the footing has been.punched. .f~l1<
ARMOUR 12 rS FARC 14 FOUNDATION OF. ILLINOIS INSTITUTE OF TECIINOLOGY * 5
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into the-soil-much as.orle would expect for a pile. F'astax films of this fail-

ure are availabli on loan upon request to the sponsor. The soil.used for

these experiments was ihe fire clay--water mixture dis'cussed.in connection

with the static studies.

The first five dynamic tests were .performed on a single container

of soil. The full container had a moisture content ranging from 21. 1 to

* 22. 0%, with 4 wet density of 128.5 pef. iThe: first four.ilo.dings wereperformed

on this soil. Experiments No. 6 and 6A, produced no observable displace-

ment while the *movies indicated at the most "elastic;" behavior for 6B. After

one week, the moisture 'content, ws found to be 20.2 to 20.7%.. E 'periment

No. 6c was performed on this soil. The disturbed portioils of t soil were

removed and expeiiment No. 6D' conducted: The moisture.conteit after the

loading was found to be.20. 2...- • S

M The final test, 'xperiment No. 7, was- perforkied with a 1-in. wide

footing on a soil having a density of 147. 8 pcf and an average moisture con-

tent of 24%7. Figure F-8 shows the results of this experiment.

o

Comparison with Theory.

It is interesting to compare the maximum resistance from the static

ekperiments with the predictions which result fronxi direct application of the

beazting capa ity formulas for two-dlniensloial footings, The maximum
•bearing fpor a footing onea purely cohisive soil iroad be..-I •

- "
q V 0 c (Eq. F-1) "

where.
bearin • fqorbearing capacity • . . F .

C co'esio-', psi. ""

The maximum force" the footing can resist, P Is given .y

P 5.70 CA, (Eq. "F'?2)

where A .is the area of the footing.
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As part of the ARF sponsoredestudy of artificial soils (15) the un-

confined-cornpressive strength.was determined for-several values of the

moisture content and maximum obtainable density. (A curve of this data is

included as figure F-9, )' For cohesive materials the unc~onfined compres-
sive strength, qu. is equal to twice the cohesive strength. - Hence equa-

tlon F-2 can be written in terms of the unconfined compressive strength as

SP 2. 85 quA. •(Eq. F- 3).*1
S ~U U

Considering the nirie static experiments reported in tibles F-5 and F-6,

experimental results can be compared Cvith thedretical predictions (Table k-&).

In determining the unconfined compressive stress the average rrioisture content

.from table F-5 was used. The area for each of the kootings was 10.sq inches.
For moet of the experiments,, the com parison of theory with experi-

mental di.ta was disappointing. As indicated by table F-8, the theory'in 8 out

of 9 cases gave results over 50% less than the experimental values. There

are at least two possible'reasons for this discrepancy: (i) the experiments are

not truly two-dimemsional since the friction between the soil and the container

sides add to the resistance, and (ii) the soil in the container was at a muclb

greater density than sample. used for unconfined compresVflve tests and hence

would be expected to be a "stronger soil". Bdth of-these factors are undoubted-

ly present and contributink to the poor comparison. This assumes the theory

to be correct. There is always a certain skepticism regarding the theories,

.bdt in this instance, the experiments appear.to be re.oponstble for most of the

variations. .* .5.

'A number of other considerationa regarding experimental and analy-.

tical approaches could be introduced, but seem irrelevant to tfiis study. Both

static and dynamic tests of small footings condukted in tle laboratfory liave

given useful results both quantitatively and qualitatively. The experimental

dtfftcultiee, encountelred are understandable and could be overcome'in'future

iU.**°
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* 2
work. For example, in testing three-dimensional footinga, effects caused

3 iby the container sides can be eliminated. At any rate, the results of these

pilot experimnents are encouraging and will aid in coriducting future experi-

merits with cohesive soil.
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Table F-i

GHARACTERISTICS OF KAOL'IN..

Name: Florida plastic kaolin.

Supplier: Edgar Plastic Kaolin. Co., Edgar, Florida.

Soarc;: • •Edgar, Florida..

Mineral Content: Better than 99% kaolinite•. . . • ;

SPreparation: Airfloated.

"". Chemical Analysis:Aluminum Oxide 38.71 "
Silicon Dioxide 45" 91 * •
Iron Oxide 0.42
Titanium Dioxide 0". 34
Calcium Oxide 0.09 "
-Magnesium Oxide 0.12 "

"" Sodium Oxide* 0104S.... .. Potassi*um bxJ~d' 0 ..22""" i "
., ~ Ignition Loss* " 14.16 ,

Atterberg Limits: Liquid Limit -e 70. 2, Plastic Limit = 40,8 .

Plasticity In'dex 29..4, Shrinkage limit.=.'22' 8s

0 Particle Size: 30-40 micron 2 o"•
20-36 2 "• .10-2Q 4 *. .*.

5-10" 10
3- 5 *11a- 3 I
1- 2. 12 1/ "- .11

. .1/2-1 • 10
Less than 1/2 micron 38

•100

Specific riavit; 2. 66; 1

Color: White. * l

..
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Table F-2

. • CHARAC.TERISTIC$ OF BALL.,CLAY'~ I IntcyTenseiCa Co..... Ma........Ky
Nam'e: ." OM 4 Kentucky ball clay. .

• I • ]Supplier: g~en'uc~ky-Tenn-essee Clay Co. ,. Mayfie~ld, Ky.

3." Sodrce: Kentucky old -nine 4.

1 Mineral Content: Approximately 75%o kaolihite with the remainder
. illte,, montrrorillonite, feldspar, and quartz.

Preparaton, . S

-Chemical Analysis: Silicon Di~xide 51.72 /S" .Aluminunm Oxide 31.9q8
'" •*:ii!I[ .'.,• " " "Titanium Dioxide 152",

Iron Oxide 0.87
Calcium Oxide 0.21 •

* Magne sium.- Oxide 0f19.

SPotassium Oxide 0.89"
S'Sodium Oxide . 0.38

. Ignition Loss 12.24

Atter~~e~g 100.00 % mtZ2..

Atterberg Limits: Liquid Limit :- 62. 6, Plastic Limit r 31.3S:] .Plasticity Indix_ 31.'S, Shrinkage Limit 21. 6.• •

'Specific Gravityt 2.69. • . •
CP1 L Tan whe

or. Tanwhen dr, rnediun{ brown when wet-

F. AMT. . .Tan No. 1

Scn I " Repoi .7 .I inS •I, AR• U .~6AC • • AT* . • .
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Table F-3 i
CHARACTERISTICS OF OTTAW'A SILICA SAND

Name: Ottawa flint shot silica safid.

Supplier: Ottawa Silica Co., Ottawa4 Illinois.

Source: St. eter sandstone, Ottawa, llinois.
9 .

Mineral Content: Better •than 99% silica (SiOZ),

-*Preparation: Sandstone is blasated and mined. The sand is thei"
washed to remove the clay present and graded to
the desired size ranges.

o Particle Size: 98% between 0. 84 mm and 0. 42 mm.

" Specific Gravity: z. 65.. .

Color: Off'-white. •

Comments: Wefl-rounde4 parti~les..
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"u APPENDIX G

NOMENCLATIt RE

* ...

A ~ area.

B footing width

c cohesion

D * eepth of burial

g gravitational constant

M , *= moment

m = mass a

N, N,
c *q

tand = " dimensionless bearing capacity factors

P force

P static capacity
.•,q. z bearing capacity

.q• = bearing capacity of square footing

qu = unconfined compressive strength

S -•R resistance

r dit.tance

1! t time

w x water content

7 • *density of soil .

- angle

I " ." da 9/dt = angular acceleration

tan" (D/r-B) 9 '
I, f angle of internal friction. I •.
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