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i‘ THE XTSPENSING AND EEHAVIOR OF CHAFF IR SPACE
- by
l ~ 4. H. Henson and J. W. Craig
“ N
'g 1.  INTRODUCTION N

Chaf{ has been ured extensively during the past two decades for
estahlishing airborne radio scattering targets. The principal advantage
of this m&terizl is the very high echo ares per unit weight. Heretofore
chaff employrzent has been confinec lazgely to the lower portion of the
earth's atmosphere. With the advent of man-made satellites and other types
of space vehicles, it becomes wortlwhile to consider some of the problems
associated with the use of chaff above the earthis atmosphere.
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II. SCOPE '
This memorandum deals primarily with investigations conducted at IRL

1 in two areas of the space-chaff problex. First, an experimental study vas

- made to determine some possible methods of dispensing chaff at very high

- altitudes. Secondly, the behavior of chaff vhen dispensed from an earth

i satellite in a circular ordit was investigited.
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’

Many uses for chaff in space have bsen suggested by groups throughout
the country. Some rossidle applications include scatter communications,
i countermessures, and decoys. It is not the intention of this paper, however,
to deal with the uses of chaff in space or the quartities nccessary for the
various applications.
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III. REQUIREMENTS FOR A VERY-HIGH-ALTITUDE DISPENSER

The tasic requirements for i very-high-altitude dispenser are as
follows:

(1) The dispenser must separate the chaff into individual dipoles
without mutilation.

(2) The dispenser must give the dipoles pre-deterxined velocity
with considerable presision.

For chaff to be most effective as an electro-magnetic reflector, it
is secessary that the cloud be composed of individual dipoles, not groups
or clusters. When chaff is dispensed from a fast-moving vehicle within the
earth's atmosphere, drag forces tend to scparste the chaif clusters into
individual dipoles. Outside of the earth's atmosphere, the drag forces
available for dipole separation are very small. Hance % is nezessary to
use some other means to assure efficient separu.tion of the chaff dundle.

The velocity given (o tne dipolus when chaf? 13 Jdispenzed within .he
earth’'s atmosphere can be varied over a wide range and still produce a
cloud of reasonable dimensions and dipole density. If the veloity is
small, wvind currents will disperse the chaff. If the initial velocity is
large, the excess kinetic energy will be rapidly absorbed by the air. In
any event, the cloud will retain finite dimensions for some appreciable
length of time. On the other hand, :haff dispensed above the esrth's
atmosphere (but not in orbit) will retain ihe dispensing velocity indefi-
nitely. 1If this velocity is iarge the cloud will grow to iremendous
proportione and become quite diffuse in & short time. If the dispensing

ASD T% 61-37 -2- S1WWRK 251%
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relocity is smsll, the bloom time* will be excessive. For cheff dispensed
from & vehicle in orbit, the magnitude and direction of the dispensing
velocity will determine the rate of growth of the earth chaff wi'.t as well as
the maxiwuw dimension (vidth, depth, etc.) of the belt. More will be said
sbout the behavio., of orbiving chaff in later sectione of this report.

#The time required for the cloud to reach useful sise.
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EXVERIMENTAL INVESTIGATION OF DISPENSING METHODS

A. Yapor-Pressure M-ihod

1. General ceecription:

This technique utiliszes the rapid vaporization and expansior
of fluids to achieve the initiai 2:pole separation snd small velocity aif-
fercntial desired. The actual mechanics of the operation consists of
soaking the dipoles thoroughly with the desired fluid and packing them into
a digpensing chamber. After gll excess fluid is drained of?, the packrge
is then Immediately ses'ed under atmospheric conditions. When it is to be
dispensed, the fluid-sosked chaff is thrust from the dispensing chember into
& vacuum. This vacuum causes rapid vaporizsation and consequent expansion of
the fiuid. The vapor flow imparts velociiy to the dipoles and the pregence
of fluid between individual dlpoles ensures good dipole separation.

2. Scope of experimental work:

The experimental vork was limited to observation of dipole
separation and measvrement of ciocud velocity as a function of fluid vapc-
pressure and chaff type. The fluids used renged from Dow Corning
200 silicone fluid, 1.0 centistoke viscosity with a vapor pressure at
ambient temperature of 2.7 mm Hg, t0 acetone, which has an anbient temperature
Vapor prasgsure of 229 mm dg.

Four types of aluminum and ore of glass chail were used in the
experimertal work. Aluminum chaff sige ranged froem 0.75 x 0.016 x 0.0005 in.
to 4.5 x 0.25 x 0.0005 in. The length and diame.er of the glass dipoles were
0.75 in. and 0.002 in. respectively.

ASD TN 61-37 h- 61WWRN 2515
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3. Description of test equipment:

The tell jar {volume approxirately 3 T ) and oue of the
election devices used in these iuvestigstions are shown in Figure 1. Figure 2
is a cross section drawing of the ejecticn apperatus and shows the method of
executing chaff ejection. The chaff ir exposed to the vecuum by & dowrward
dix . .cwent of the enclosing cup. This movement is accomplished by pulling
on © = tenter rod shown in ¥y ure 1.

.
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it should be noted tlat two different types of chaff containers
vers emploved. These containers are gshown in Figure 3. The upper container
vas used wita the 3/L" length dipoles which vere packed axially. The lower
contair :r vas used with the + 1/2" length dipoles which were packed circumfer-
entially. IZoth containers were cex!mmed for radial che!r ¢jection.

yoerws .
e Y
Focmrwu b

A jictorial recording of each test wvas made with a rastax

e e et a0

camers. -
h. Test procedure:

The chaff to be used in the tes’ was bathad snd cleaned

- thoroughly in the fluid involved. This was done tu remova the chaff lacquer
T coating which is soluble in most of the fluids under considerstion. (This

. procedure was not aecessary for the 4-1/2" charf which has no lacquer coating )

‘ g !E After the bvathings omerution tre chaff wvas v~ ked into the
appropriate chaff container. It was then soaked tuoroughly with fluid, the
«.cess fiuld poured off, and the contaliner sealed ‘mmediately. The loaded
crntainer vas then placed in the bell jar.

1 bemvme .
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- e S AR




(

—a——
[P

H

‘ﬁ SPECGL

i

i ' ' f BELL JAR
f oy

1

|

| - FIGURE |

: TEST SET-UP BEING USED IN VERY-HIGH=ALTITUDE
i CHAFF - MSFENSING STUDIES
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(a) CONTAINER FOR AXIALLY PACKED CHAFF.

(b) CONTAINER FOR CIRCUMFERENTIALLY PACKED CHAFF.

FIGURE 3
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Care vas taken to prevent radiant heating of the fluid and
chaff from the high intensity Fastux lights during the tests. All the tests
vere run at bell-lar pressures of lese than 0.10 mam Hg. Precautions were
taken to prevent pressure lesakage around the O-ring seals of the charf
conu‘iner.

S. Data reduction:

The Fastax filz of the tests wvas first studied gulitatively
vith a 16 ma movie projector to observe dipole dilperiion and separstion.
It vas then studied quant ‘atively frame-by-frame to determine dipole veloc-
ity. Basically, the velocity was determined by measuring the change in
dtameter of the cloud for a given number of. framen. Knowing frame speed and
an appropriate dimensiondl scale factor, the average dipole velocity could
Ye readily calculated. )

6. Regults:

The principal results of the experimental investimations are -
given in Pigure k. Note that the dipole veiocity is approximately linear

yxtb‘la.. In plattins these data, seversl very irregular points have bee:

omitted.
. A complete d.u;:ri.ption of all tests is given in tabular form
in Appendix A. )
The results ?f Figure 4 stated in equation frrm sre:
Ve2.03+ 0.039!0‘/%—
ASD N 61-37 | o a9e | S1WWRN 2515
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The coefficients vere determined from a least squares fit of the experimental
points in Figure 4. It should be stressed that this is strictly an empirical
statement. It is approximste, and is krown to lLold only for the vapor-
presgure range of the tatle in Appendix A. It should be used with caution
outgide this range.

Figure 5 18 i print of geveral frames of film from Test X
vwhich employed methyl alcohol as the ejecting fluid. Figure 6 (2 pages) is
& similar print of Test W vhich employed no fluid. Note the great difference
in the behavior of the two chaff clpudo.

The frame speed for both runs was approximately 2300 “rames/sec,
but only every tenth frame was printed. The horigontsl bar appearing in
Figures 5 and 6 was used for calibration in (he determination of aipole
velocity.

7. Limitations:

The use of fluid vaporization to dispense chaff is limited to
very low pressure or high-altitude conditions. It is necessary that the

- ambient pressure be very low compared to the vapor pressure of the.fluid

in use.

Since vapor pressure varies radically with fluid tempersture,
knowledge of temperature conditions at the time of dispensing 1s nscessary.
The unevaporated fluid is cooled during dispensing as vaporization takes
place. However, the conditions in the test chamber and in space are eu.en-

. tially the seme in this respéct. ‘he radiation loss to spece during the

very short dispensing period is negligibdle.

Dipole separation may be imcomplete with a fluid of relatively
lov vapor pressures. In the tests using 1.0 centistoke viscosity Dow

ASD TN 61-37 -1- ' 6IWWRN 2515
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CHAFF EJECTION USING METMYL ALCOHOL AS EJECTING FLUID
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Corning 200 Silicone fluid (vapor pressure about 2.7 mm Hg at T2°F), some
dipoles stuck together in clumps of three or four.

This method of dispensing is not applicadble to low-frequency
"rope” type chaff. Other specialized methods of dispensing will be necessary
for this variety of chaff. :

B. ) low-Pressure Gas Dispenser

Another method of chaff dispensing investigated involved a low-
pressure gas dispenser. This dispenser consists of a glass cylinder packed
wvith chaff and pressurized with low-pressure air. The chaff is dispensed by
shattering the glass with bullets fired by high-pressure air as shown in
Pigure 7. : '

Pigure 8 shows cne o the dispensers designed and built at DRL.
Several units were test ! but sealing difficulties, particularly at the ends,
vere encmmt.ered. The project wvas disccatinued in favor of concentration on
the vapor-pressure method. ' ’

C. in Di ]

The spin dispenser is & mechanical device for ejecting eud Qispensing

- the chaff, as showni in Pigure 9. Three dispensers of this nature vere

designed and built at Defense Research laboratory snd installed as "piggyvsck”
equipment in & Thor missils rcie-cone. The rissile was fired from Cape Cama-
veral in January of 1960.. For a complete description of tlis experiment and
the associated equipment see DRL AF Technical Memorandum ¥o. 50 (Con-

tract .A! 33(616)-5164).
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V. THEORETICAL INVESTICATIONS OF CHAFF BEPAVICR IN SPACE

A. Scope of Study

Theoretical studies have been limited to the behavior of chaff
vhen dispensed from a vehicle in a circular geocentric orbit. Frcm curves
and other information included herein, it ic easy tc determine the effect
of the 3 .ansing velocity on certain pertinent chaff clolld parumeters. Of
particular interest is the time required to form a complete belt of chaff
around the eartkh.

B. As ions -
In the theoretical analynis the following assumptions were made:

(1) Drag on the dipoles is negligible during the pericd of
interest. This will be true if the orbit is sufficiently
high above the earth.

(2) The dispensing velocity is imperted to the dipoles instan-
taneéusly. Experimental results from the vapor-pregsure
study show that the velocity is obtuined within a few
milligeconds.

(3) The simplified two-body equations are suffiziently accurate
to descridbe the orbit of the dipoles. This will be true s0
long as the orbit is near envugh to the eartk thei the

. attrection ¢¢ the moon, sun, and planets can be neglected.
The effects of eart.l;. obl'.o.teneu are also negiected.

(4) Photoelectric and magnetic effects are negligible.

AsD ™ 61-37 -18- GIWWRN 2515
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C. The Elliptical Orbit

i’im 10 shovs ar ellipse and defines sowe of its important
properties. The path of a particle in orbit about the earth is an ellipge
vith the earth at one focus. A circular orbit is a special ellipse for
vhich the eccentricity is zero. (A diacussion of orbits can be found in
any good bsok on mechenics.)

Some of the more important relationships tor simple two-body systems
are given bdelow.

oo e R R e L S
feand PR wmp S M DU T e

(1) a=3 vhere g = ¢°R2 = constant
2kh
(2) e = /1 + == = Acceleration of gravity at surface
% : n % of earth-it/sec®
: (3):-1/2\:2.;‘-, R = Redius of earth - £t
2 (Mb::‘). 8 parti- E = Sum of kinetic and potential energy ]
i dlax : per unit wess (<O for ellipse) !
) (%) Vasu'g-%‘ h = Angular momentus per unit mass
'(5) T = v&? 1 = periodic time - sec
(-2=)
D. Dispensing Effects

1. Preliminary Consideration

Consider a vehicle in a circular geocentric orbit capabdle of
digpensing chaff with a velocity AV relative to itsel? in ull directions
N sirultaneously. (See Figure 11.). After dispensing, each dipole will have

#Mhroughont this discussion, the subscript O wherever used refers to the
corditions of the origimal circular orbit. The subscript 1 refers to the
orbital conditions produced by Nll and so forth.

L. P

!
b
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FIGURE i
LIMITING DISPENSING CONDITIONS
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its total velocity vector changed in megnitude or direction or both. Bach
diyole will theoretically be transferred to a unique elliptical orbiv.

It is di.’ficult to define as a function of time the shape and
size of # group of orbiting dipoles vhen dispunsed in the manner described
in the above paragraph. In order to simplify the problem, only the dinen-
sionkl limits of the chaff cloud vere studied. The AV's of the directions
shown in Figure 11 establish ¢he maximumm dimensions {width, depth, etc.) of
the chaff cloud. It is now vortiwhile to consider in Ca2tail the effect of
these limiting A7's on the orbit parsacters.

2. A‘Il and NIE

The time reguired to "belt"” the earth as well as the maximm
depth of the belt are determined by &/, and &, Pigure 12 shovs qualita-
tively the effect of Nl and dl2 vith regpect to the initial circular orbit.
A &ipole ejected with velocity &V, vill have a total velocity {ismcldiately
following ejection) and energy per unit mass less than that of the dispensing
vehicle. On ths other hand, &2 increases the dipole velocity and energy per
unit mess. The vector additicn of v, te the various AV's shows cleariy that
all and Na produce tho extremes in dipole energy change. Sirce the puriodic
time is o fimetion of % only, 8?1 and NZ also produce the extremes in
periodic time (See Equstion %). It is these extremes in the period tha’
deterzine the time récuired for the chaff cloud to "belt” the earth. It
should be roled that the orbital plane of dipoles dispensed with Nl ard Nz
is the same 85 thet of the dispensing vehicls,

Using Figures 13 and 14, 1t .s posaitle tu Getermine the
nuader ‘of orbits as wvell as the tiuc required to foru a camplete earth belt

ASD ™ 61-37 -22- GINWRR 251¢
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INITIAL CIRCULAR
ORBIT

VELOCITY IMMEDIATELY
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FIGURE 12
QUALITATIVE ORBITS AFTER PERTURBATION
FOR &% AND AV
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when the chaff is dispensed with AV limits shown in Figure 11. It is
interesting to note that n (Figure 14) is a function only of & and
not R 0-* )

The use of these curves can best be explained by an example.

e pmoe ey pERg P

uiven
&V = 30 2t/sec (determined by fluid vapor pressure)
R, -R= 6 x 106 feet

From Figure 13 for circular orbits

£l

v = 22,800 £t/sec

PR RS W ERREINGEE MO T O YT TIOREN Ly AR O MY SN T FEIEINEL 1 0K ISP \TROPIIN BN RO NOWTS |

E 1°s71b000ec
o
§_§ Then von-é-?m-o.ooua
[ From Pigure h ;
i
i s ]} 1
nz 125 ordbits
i %
i 35 - 1,004
: o
3
?{ - te-l.OQ‘b(TltOO)aT"-JiOm

Time required to belt the earth
-nzfanzu‘%ﬂ' = 258 hours

- From Bquation 1 it is readily seen that &/. and N,‘, also

o e

o

i

-

. 1
© determine the maximum depth.of the chaff belt. This thickness is given

J—

#For a proof of this and for verous derivations, see Appendix B.
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by 2 (12 - 31) as shovn in Pigure i2: This parameter is plotted in Pigure 15

L 3
as & function of %"l Amin tie use of this curve can best be explained by
0

[! an exarple.
4
L Given (from above example)
i
&
: ;: = 0.00132
E R =6x10% 420,905 x 105 gt
E i From  Maure 15
2(a_-a)
) —zi——L = 000105
i ' ;
, ! ' 2(s, - &) =0.0105 (26.9%25 x 105)
| ‘ = 28-25 b 4 10“
t. . = 53.5 miles
11
L.

P S Y
[T

Figure 16 shows qualitatively the result of L and &, vith
respect to the initial circular orbit. Note that the apse lines of these
two orbits are shifted by plus and minus 90° from the dispensing point ¥
It is easily shown from enerc considerations that these orbits 4o not pru-
duce the maximum cloud depth nor the extremes in orbital period. The
orbital plane of dipoles dispensed with &, and at,‘& is the same as that of
the dispensing vehicle. !

-

,wvnm.

* aomoe

O Ry
[ georreees BN arverter

‘ w\ﬂw’

T Bee Appeadix B Tor derivetions.
##8ee Appendix B for proof.

ATy
o= S e
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JURSIRSUV o  —— e,

INITIAL CIRCULAR
ORGIT

o

VELOCITY MMEDIATELY
AFTER DISPENSING:

VELOCITY IMMEDIATELY
AFTER DISPENSING:

I 8 ) W WA A GRPRET SO A TRIT R I T NE KA KNS AR S TR SR IRTRA A CET | S A WY

i 'voz +N’2' ’voz +Av‘! .
i Y ot Vol - O*
e Er=- * 37
; E >Ep E>Ep
h= ho h= ho

EARTH

| =t

| ey

3 FIGURE 16

QUALITATIVE ORBITS AFTER PERTURBATION
FOR AV AND AV,
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The maximum vidth of the charf belt is determined by Av and
"6‘ ngure 17 shows qualitatively the effect of thes. dispensing velocitieu.
The principal result is to rotate the planes of the ordits, although other
orbital charscteristics are also changed. However, from simple energy con-
siderations it is readily seen that AV5 and Blé do not produce the maximm
depth of the delt nor the exiremes ir ortital period.

From the lower curve of Pigure 15 it is possible to determine
the maximum wvidth of the belt.* An example will readily explsin the use of
this curve.

Y LT YOI
Ty pewm e PN T

oo

Given {from previous examples)

é"f = 0.00132

 gromsiom

30.264258106f.t

et

Figire 15

»
|

N
-_— = .m
RO

M = .0026 (26.%5 x 10°)
= 70,000 £

b el ]

= 13.2 miles

W AN
pamiep  pumeq  pumy ey

#3ee Am B for derivation of the équntion.

Ve 2d
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VELOCITY IMMEGIATELY
Li AFTER DISPENSING :

EDGE VIEW OF ‘/ 7 4 avl
2r ORBITAL PLANES % ¢

twwa

— -0
X 2 * T2

]

EARTH

! Wﬂw'

VELOCITY (MMEDATELY
AFTER DISPUNSING:

DISPENSING POINT geodo , &V

IR
el |

EARTH

o e amwa 1 S i S B
¥
¥

INITIAL CIRCULAR ORSIT

FIGURE 17
- ' QUALITATIVE ORBITS AFTER PERTURBATION FOR AVg AND Avg

A
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5. Other Considerations

It is int2resticg to consider the result obtained when the
chaff is dispensed from the ortital vehicle without a velocitcy compornent
parailel to the original velocity vector. (All AV's are equal and perpen-
dicular to the original velocity vector.) After dispeusing, all dipoles
vill have the same energy and hence the same period (Equation 5). Instead
of forming & belt, the chaff cloud will grow and change as a function of
time in some peculiar cyclic manner, repeating this cycle each orbit. All
the chaff will theoretically arrive back at the dispensing poixit at the
same time. Thus as A\'l, AV, , and all cther velocity cruponents im‘ullel
to vo approach gero, the number of orbits required to produce an earth nelt
approaches infinity, as indicated by Figure 1k,
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VI. CONCLUSIOHS

(1) ‘The vapor-pressure technique is very effective for separating
dipoles in a space-like environment.

(2) When dispensing fluid-saturated chaff in & low-pressure
environmsent, the dipole velocity is arproximately linear with the square ¢
root of the fluid vapor pressure.

(3) Chaff dispensed omnidirectionally from a vehicle in a circular
geocentric orbit wili form a dbelt around the earth.

(4) Chaff given a uniform dispensing velocity perpendicular to the
original circuiar orbital velocity will produce s chaff cloud which grows
and changes in some cyclic manner. The cycle will repest once each orbit
and the cloud theoretically will not form an earth belt.
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APPENDIX B

Dofinition of Terms and Nomenclature used in Text and Appendix A
NOTE: Subscripts 1 through £ refer to &V's 1 through 6 as defined
by Pigure 11 of text.

- Ceosar*vic orbital constant = &, = 140.99187 x 1011‘ f‘t:j,’sc:c2

Orbite.. period

Total. specific energy of orbit

Dipole or vehicle velocity in the original circular orbit

Dipole velocity after ejection

Radius of cartn

Ro - Radius of original circular orbit measured frou the earth's center

AV - Velocity perturbation relative to the dispensing vehicle

n - Number of orbits necessary to form a ~hsfr iclt aromud the et 1

a8 - Semi-major axis of elijptical orbit

r - Radius of a point in elliptical orbit

6 - Angular orientstion of a point in orbvit measured counterclockwise
from the apse iiune of the orbit

-~ Becentri iy of orbit

- Specifi~ angiler momentum

« Semi -minor axis of elliptical ordbit

- Maximum ~loud width

- Angle tzueer 4 the orbits ~f dipoles dispensed with AV5 and AV6

an? the origine) ordi-

h 4
’<°<N-§
'

4 X o P a
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Derivation of n Bxpresgsion

!
|
"E
;
‘
:

4.2

POy pmewy  pEg WSS qmeW PR

i

prmmay pent

R 5D W I T 90§ RRVERE LTS

Pommy GERMe QM VR e

]

S eyt

(2)

(3)

(%)

(5)

Applying (4), (€), and (7) to (3) and (5) ard noting that
|e.v1‘ = INI2| = AV we obtain:

2

% = -

2" (22 )P
E, = 1/2 v,

Vl = Vo - AVl

2 ..
vZ.zv ave ol

(3') B =

¢2V0!.'+AV2

(5') %, =

Note: from (3) and (5) that! zal < | Ex‘
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Therelore:

B>n
AC the instant the earth cheff belt is complete

(8) ny%, = (naﬂ.)s'1

e BRI EEHN ISR TSSO A KNSR TR
PANG  JNRR  E) WY PRRD e

Solving (8) for n,

e

e |

b
B

(9) ny =

Then substituting (1_) and (2) tuto {9) 20d simplifying ve obtain:

- IPYY
e
Va0

¢ 1
(9)na=————37§———

P

]

oo
Pt renas

L
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i
e 4
-
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te
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oI 08

pewm gy peaent

SRR W AASEN,

e

S¢ havony
b emwd
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II. Proof of Generality of the "n" vs %—‘l plot

o

Consider two sets of dipoles denoted by subscri~ts & aud b. Assupe
they are ejected into orbit such that:

oa ob

and AY‘ =k Avb
AV. Nlb
or = V—-
oa odb

Then fivan (9') of I in the appendix:
1
]
1
Tl
En

The number of orbits required to belt the earth . s G:teminedbyAvl
and AV, From equations (3') and (5°') of I iu the appnix:

a"ls”‘

(2)

-?0‘2-24 A om

!h =
(3)

N

w 2451 Al 2
A-V +2v “'g’ma
2

o 2
.',ob -2VbAVb*AVb

—————

i

rlo

"

(%) -ob +2V, N+

Ep ™ 2
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Substitute (1) into (4):

e

2 . 2'
2{0\!0‘ -2V AVa"AVa -32
: 203 ‘

Ep =k Ea
(1) ( 2 z»J

E =k2 ‘oa +2V°‘AV3*AV5 =k22:

b v

Substicute (4') into (2):

1

1
(2') nb = 3’5
kesh‘ .,
kzx‘,_,a ;
s AV,
a b
or "'b = n. for ‘-,:: - -‘-7;-;
ASD ™ 61-37
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IIT. Derivetion of Equetion for Dimensionless Maximum Oloud Depth Parameter

From bagic central force orbit equati:as:

Then the @aximum depth of separation between the two orbits is given by:

. L 1
2oy -eyf = {Bz ) 31)
or

i 1
2(s, -a,) =2 -
¢ 1 ( V.2 -2v av-ar vof"#evoav-? )

(3) 2( ) Yo &
2 -8 = Y ———y—
2% [v.2 -2V V-0 | v ?:evc_av-u.” ‘

Now note that:

R = -£-
o va
o

Then the dimensionless maximum cloud depth parameter is defined mas:

2(.2 - ‘1)/Ro

and fs given by:

a2 -2y




IV. Proof of Apse Line Shift forr Lipoles Dispeused with ANB and AH@

The parametric equation for an elliptical conic section is given by:

a l1+dcos O

or solving for cos 6:

('Y con0={1 - ea)

ale
-

But ¢ is given by:
2

- 2
{2) €= 14'—;5-

and: (3) & =55

SO SO S O PP MR s SISECRR RS LOYR NI IS RSN S I © RO RN I RO g

et by

suvstitute (2) and (3) into (1').

2
-~ h—ur
(1") cos @ =
rfl-+ 2‘9
ut.

Then at the instant of velocity perturbation:

%) r= R, - -25
Y%

and for dipoles dispensed with AV3 and !-?i;‘

TR Y RS SETVIIEON PRONTROZNETL IS KNS 4F P SREL Y B
T | i ] oy pny ey J— —— [ oy oy oy fommy oy [ P_— [ . oy ey S f

(5} [ovg| = |awy | -

(&) iy - ARRARY S
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(M B =12vC -2
s 4 o

() & =1/2

2
v -

RO

Applying (4}, (5), (6) to (7) and (8) we fina:
v 24 af

(9) By =x, =

[+

2

Sinc> the angular momentum is unchanged by the velocity perturvation

(1o)h-v°a°afﬂ;'

Substitute (4), (9), and (10) intc {1"):

"Ro
- %
(1" )cos 6 =
(Ve+ar) VR
R f1+2 R
or cosO:EOsO
vo
or Ost%'
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V. Derivation of Equation for Dimensionless Muximum Cloud Width Parameter

! Maximum cloud #idth mey be expressed by:

(1) W =2bsing
vhere
(2} ¢ = Tan

[ —

-1 AV

Yo

| somp

vhere oV = 'Av5l = 'AY6'

(3) v -c/l-cz

‘ . B
(s} 142 :

i 5) \/v.d2 saFf R,

| Spe

m
F i

o
[

s 2 §

-

-
a2

t (6) B =1/2 ‘voausvz’ - b
2 (<]
53 -vo2 +
i R or E = 5
» %;E
(7) &« =L~ =
s o oy2.aF
b
[ Substitute (5) and (6) into (k).
2
(') e = (&)
VO
!
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Substitute (7) and (4') tinto (3).

Sudstitute (3°) and (8) into (1).

4V

‘/2
vo‘ vo-ua

(1') 2w =

Define the dimensiorless maximum cloud width parameter . °:

B

Dividing (1') by R, ve obtain:

RO

2
v, - &
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