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FOREWORD

This report was prepared under Contract Number AF 310(6102)-21916, Project Number 5703,

Task Number 55040, to present the results of a study of very-long baseline radio tracking

systems with baseline ranges of 200 nautic~al miles to 31000 nautical miles.

A BST RACT

An analytical investigation .of 2.00- to 3, 1000-nautical- mile baseline radio tracking systems was

conducted. The evaluation considered the use of the systems in tracking and guiding earth

satellites and lunar spacecraft, Representative error models for several tracking systems

wex-e formulated and compared. The comparison showed that systems which measure slant

range onlycontain fewer Eourcies of error. A tracking system simulation employing computer

programs and a high-speed digital computer :is described. Use of the tracker simulation to

depict the error model of a range-only tracking system, together with representative space-

craft trajectories is, discussed. The results of the tracker simulation are presented for a
system including survey (tracrker location) errors and a ystew ,..t.hout survey -rrors. The

comparison of these results shows that the survey errors are the limiting factor in the per-

formance ot long-baseline tracking systems in the measurement of spacecraft position and

velocity.

An analysis of a geodetic satellite method of survey in the tracking system is presented. The

method considers the problem of determining the distance of each tracking station from the

earth's center of mass on an oblate earth.

An evaluation of tropospheric propagation effeots o- the. radio measurement of slant range is

presented. A technique based on regression analysis iZ described for determining the amount

of the error in the measurement of slant range. Th-c technique is suitable for highly accurate

automatic real-time calculation of the correc!'ion for tropospheric propagation effect.

i/,u.
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SECTION I

INTRODUCTION

1.1 GENERAL

This report presents the analytical results of a six month's evaluation of radio/radar track-
ing and guidance techniques. The objective of the study was to analyze the capability of long
baseline, earth-based radar systems for tracking and guiding vehicles in cisluiar space.
(Short baseline systems and angle -measuring systems, e.g., azimuth and elevation of a
"tracking" radar, have not been considered in this study.) The primary mission of the long
baseline systems is to track and guide manned and unmanned lunar-orbiting vehicles and
lunar-landing vehicles. A secondary mission is to track and guide earth satellites and near-
earth spacecraft. The minimum accuracy objective in guiding these vehicles is to attain a

spherical error of probability (SEP) of one nautical mile for ranges up to 10, 000 nautical
miles, or an SEP of 1/10,000 of the range beyond 10. 000 nautical miles. However, a review
of operational requirements for 1965-70 cislunar vehicles indicates that an order of magnitude
improvement in the guidance accuracy is desirable (SEP = 1/100,000 of radial distance from
the earth). To accommodate variations in the performance of the spacecraft propulsion and
flight control systems, the tracking accuracy must exceed this guidance accuracy require-
ment.

1.2 STUDY SCOPE

The baseline length considered in the study was restricted to distances of 200 to 3000 nautical
miles. Analytical models representing the radar tracking systems were formulated for
ground station complexes to measure the following basic parameters:

(1) three ranges,
(2) three range sums,

(3) three range differences, and
(4) range rates.

In addition, hybrid systems were considered which employ combinations of these basic para-

meters, e.g., one range and two range sums.

A tracking complex measuring three ranges is the most fundamental of these systems. In this
systemthe distances R1, R2,and R 3 (Figure 1) are measured separately. This is accomplished
by measuring the time lapse in propagating a radio signal from station T1 to the spacecraft and
back to T1, by measuring the time lapse in propagating a second radio signal from station T 2

to the spacecraft and back to T2, and similarly forthe third distance. The spacecraftposition
is the intersection of the three spherical surfaces determined by the three range measurements.

1



AE61-0061 CONVAIR -ASTRONAUTICS

13 February 1961

Ir a range sum system the spacecraft location is determined from three sets of measurements
of the time lapse in propagating a radio signal from one station to the spacecraft and then to

a second station. Thus, the measurements represent the set:

RI + R2

R2 + R3

R3 + 111.

The spacecraft position is the intersection of the three ellipsoidal surfaces determined by
these range sum measurements, see Figure 2.

In a three range difference system, a signal from the spacecraft is received at each of four
ground stations and the times of arrival of the signal are noted at each station. From these
four time observations three independent time differences can be formed which represent
the set of three range differences:

AR1 c t 1 -t4
AR 2 c t 2 -t4

AR 3 c t. - t4

The spacecraft position is the intersection of the three hyperbolic surfaces determined by
these range difference measurements.

In analyzing these systems it was assumed that: 1) in the measurement of position para-
meters, radio signals are propagated over the appropriate paths and one or more "clocks"
are used to measure the elapsed time on the paths; 2) the range rate is derived from the
Doppler effect on signal frequency; 3) the signal reflected or retransmitted at the spacecraft
was undelayed or delayed by a known amount. These assumptions permitted a maximum of
flexibility and realism in depicting error models for the tracking systems and in analyzing
the errors in tracking typical spacecraft.

The geometrical figure involved in locating a spacecraft relative to three ground stations can
be visualized as a tetrahedron with the vehicle at the apex and the three stations at the cor-
ners of the tetrahedron base. However, in describing the motion of a spacecraft, it is
necessary to relate its position to the earth's gravitational field. This, requires that the
position of the tracking stations be known, relative to the earth's center of mass. This in
turn, establishes a second tetrahedron whose apex is at the center of mass The situation is
represented in Figure 1. From the figure it can readily be seen that acquiring accurate
knowledge of spacecraft position and motion entails an accurate knowledge of the three co-
ordinates of each station, as well as the three slant ranges from the stations to the
spacecraft.

2
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Figure 1. Tracking System Geometry
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1.3 STUDY METHODS

Since the primary objective of the study was to evaluate the performance of tracking systems,
analytical techniques were employed to simulate, with the aid of a high-speed digital com-
puter, the tracking characteristics of the systems. hi the simulation program the tracking
system geometry was represented in a geocentric coordinate system. The location of each
tracking station was depicted In this coordinate system, as well as spacecraft position and
velociLy data. Thus, che computer program simulated the situation which a real tracking
system would have encountered in tracking the spacecraft from horizon to horizon. In ad-
dition, the program included provisions for calculating the partial derivatives of the space-
craft position and velocity with respect to tracking system parameters, such as station longi-
tude and latitude, slant range, and radial distance of the station from the earth's center of
mass. The partial derivatives were then combined with estimates of probable errors in the
tracking system parameters. In combining the probable- errors from the various sources,
mathematical methods were employed which accounted for the presence (or absence) of cor-
relation in the errors. In this manner, the tracker simulation program computed the prob-
aLle errors in spacecraft position and velocity that would result if these errors had been
present in a real system.

The tracking systems of the study involve several special problem areas in common. These
include the problems of establishing the accuracy with which: 1) coordinates can be de-
termined for each tracking station, 2) corrections can be made for tropospheric and iono-
spheric propagation effects on the system measurements, and 3) "clocks" can be synchro-
nized at the several stations. Surveys of classified and unclassified literature relating to
these common problems were made. Also discussions were held with specialists to deter-
mine the current and near future state of the art in these subject areas. Detailed studies
were undertaken in the areas of tropospheric propagation and in satellite methods of sur-
veying the tracking system. These studies were pursued in rather considerable detail be-
cause of their special importance in relation to the performance of long baseline tracking
systems. Detailed description of the work performed in this study is contained in the follow-
ing sections of this report.

5/6
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SECTION II

THE GEOMETRICAL TRACKING MODEL

2. 1 TRACKING MODEL INTRODUCTION

The tracking analysis is based on a model of the earth, its atmosphere, and on selected
spacecraft trajectories. The model chosen for this study is the result of an effort to

represent as realistically as possible the tracking parameters which go into the error analysis
without including refinements which would be cumbersome mathematically while contributing
nothing essential to the final results.

The physicale model includes the International iSpheroid and circular equatorail orbits. Although

a spherical earth model would suffice for the present analysis, future advantage to this ap-
proach is foreseen in its use as a subroutine in programs involving non-equatorial orbits.,
Data from a lunar trajectory, available in Convair-Astronautics files, was also used in the

physical model.

A new and simple atmospheric model using a spherical earth, was developed to replace the

flat--earth model for expressing range errors due to atmospheric effects as a function of
elevation angle.

The details of these model features and the coordinate systems employed arc explained on the
following pages. Concluding the section is a short discussion on the limitations of long base-

line tracking systems in providing coverage for low--altitude satellites.

A glossary of symbols for Sections II and II is presented in paragraph 2. 7.

2.2 COORDINATE SYSTEMS AND ROTATION MATRICES

The computer program used in the analysis of tracking system performance employs several
sets of coordinate bystcmk. These coordinate systems are all right-handed orthogonal

systems with their origin at the earth's center of mass. One system is associated with
position and motion of the sp-acecraft. A second system, rotating with the earth, is associated
with each station of the tracking complex. The third system, also rotating with the earth, is

oriented with two axes in the plane of the equator and one aligned with the earth's axis of
rotation. Each of these coordinate systems is illustrated in Figure 3. The more precise
description of the directions defined by the axes of these coordinate systems arc as follows:
1) X", Y". Z" are coordinates which rotate in such a way that X" is through the missile. X'"
in the plane of F and V, and Y'" is perpendicular to X" and Z": so as to form a right handed
system, 2) Xn. Y •. Zn arc coordinates which arc fixed with respect to the rotating oarth.

7
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Figure 3, Coordinate Systems Employed in Tracker Analysis

8



CONVAIR- ASTRONAUTICS AE61-0061

13 February 1961

Zn' is in the direction of the normal to the spheroid at station n, and Xn' is in the direction of
east and Yn' in the direction of north at station n, and 3) X, Y, Z are coordinates which are
fixed with respect to the rotating earth. X is through the point on the spheroid having zero
latitude and zero longitude, Z is the axis of rotation of the earth, and Y is normal to X and Z
so as to form a right handed system.

All geometrical computations in the computer program were performed in X, Y, and Z
coordinates. Several short subroutines were provided to rotate the vector position and
velocity of the spacecraft into this system. (These coordinate transformations are required
because the available file of spacecraft trajectory programs are expressed in several different
coordinate systems.) For the present treatment, however, it wili be understood that tra-
jectory data is given it X4 ', Y4 %, and Z4 ' coordinates. Five three-by-three rotation matrices
will be employed in all:

M5= [X * and Mn= ['t lyr 'Z n = 1, 2, 3, 4

M1, M 2 , and M 3 are used in internal computations, M4 rotatesF' and V' into ? and V, and M 5

rotates r and V into F" and V".

2.3 THE OBLATE EARTH

The International Spheroid was chosen as the geometrical surface of reference for use in this
study. Trackers are located by Latitude and longitude coordinates on the spheroid and by a
vertical coordinate, h, along the perpendicular to the spheroid. Figure 4 illustrates the
coordinates involved.

The following relationships providc a means of computing the required functions of either ,i
or 0! given one or the other.

sin 4s
sin q5=

b4
(sin2 p, + _' cos 2 (,)1/2

a 4

Cos 01
Cos o'b

a4(CO2 . sin2 (,)1/2
b4

*Denotes matrix transpose

9
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Figure 4. Oblate Earth

II

sin 6 sin d)
4

(sin2 t a 2 1/2
+- encs 6 )b 4

Cos -y = eos 6
b4

2 b 4 2 1/2(ens2 0 + 4 sin2 6)

a

The equatorial radius, a, is 20, 926, 428 feet, and the polar radius, b, is 20, 855, 969 feet.
Using the center of mass of the spheroid as an origin, the vector position of tracker i is

X. r. cos d) cos X + h Cos 6 cos k

y Y -r cos (I' sin X-lh cos 6b sink

Z. r sin 0 h. sin 0
L 
1  L 1

] 0j
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Given target position, F-, then,

X X

-f= Y M M4" f M 4 Y'

The range vector R. is
1

- "1

si I

Z 7- eqasZ.ontn

1

2.4 THE ATMOSPHERE

In order to simulate tracking errors, it is necessary to have an atmospheric model (see

Figure 5 below) because radio waves passing from a vacuum into and through a medium of
index of refraction >1 undergo bending and decrease in velocity of propagation. According to
Snell 's Law, for V =V ( A ) (a function of p alone)

st its equals a constant
p

In practice, the effects of atmospheric refraction are taken into account in the range computa-
tions, ordinarily using a standard atmosphere.

in a study of tracking errors, however, one is dealing with residual effects after the correc-

tion has been made. Consequently, it is not necessary to employ an atmospheric model of

greater complexity than that necessary to represent the residual errors.

Although the functional dependence of range errors on elevation angle is seldom taken into

account in studies of this nature, its effect is well recognized. A flat-earth model with

atmosphere of uniform index: of refraction and thickness is generally ased with considerable

success at Convair-Astronautics. Figure 6 illustrates the fla t -earth model,

11



AE61-0061 CONVAIR - ASTRONAUTICS

13 February 1961

Figure 5. Ray Path Bending

! (X, YZ)

-- ---- --- --- .i]iii~ i!::ii:ii i -i; .................. .... ..••• ; • • ::* ::::•:•;• :•• :;• :••••:::::::•••••• :ii
:::::::::::::::. . ........::!:.iii..... ............iii... ....... .... .........•..:•;.•i•iii•;~iii•;!!•:•:iiiii!~i:!!•;;ii•~i]ii~• ;;iiiiiiiii:•!ii!i•i i;•!ii!••ii;!!•~ii----------ii i! i!i!iiiiiiiiii i i~i

:::::::::::::........:::.....-i;;ili;;.. ... ... .........t :
--- -iY i ---------I---

Figur 6. la... rth........tm sb i Model



CONVAIR- ASTRONAUTICS AE61-O061
13 February 1961

A missile at (X, Y, Z) is observed from tracker i at (Xi, Y., Z.). The electric path from
missile to tracker has a portion of its path 1 1

L = H csc E.i I

within the Ptmosphere where the speed of propagation is (c - A V) and a portion outside the
atmosphere where its speed of propagation is c. Ignoring the slight effects of residual bend°-
ing, the time delay in traversing portion Li is

L
AtVi 2

c

and the corresponding interpretational error in Ri is

A R. L. -AV

i 1 C

2
For the flat earth model, aR. becomes simply

1

2 2 2
H R. p csc E i1

2 . 2

where P p2 is obtained empirically. Pi2 is the variance of Ri due to propagation

effects for a zenith observation at tracker i. Expression (2-1) behaves well except in the
neighborhood of c i = o, where it expands rapidly. An expression based on a spherical
earth model which behaves well for all values of E i and which computes easily has been
developed. (Figure 7 illustrates the spherical earth model.)

The expression is:

L. = (ri2 sin2 E + 2r, H + H2) 1/2- r. sin.C1 1i 1 11

A R. L. A__V
1 1 C

and for the spherical ear-th model, a 2 becomes
Ri

22 2 F(2 .2 1/2 ]
R = c L (A sin c + 2A + 1) -A sinc

1 1

where 2A - -1 1.
ap

2
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The elements Op. 2 and Ohi 2 are the variances of Ri due to propagation effects at tracker i

for zenith and horizon observations, respectively, and are obtained empirically. As a matter

of interest, the value of H corresponding to this treatment is

S 1 Pi 2r. ap2
L rh ,2 • 2 2r i -•hi 2Ii = P 2

H Ll

Figure 7. Spherical Earth Atmospheric Model

2.5 TRAJECTORY DATA

Eight equatorial orbits and one lunar trajectory were simulated on the Convair-Astronautics

IBM 7090 for analysis of two equilateral tracking complexes.

2.5. 1 Equatorial Orbits

The gravitational field of the International Spheroid is:

GM -C a * 2 a1 ~35 .s4 1 sn20+g1 - - (3 sin 4 - 1) + C 2 • sin 0- 10 sin2 +

r L r r 4I]

14
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For an equatorial orbit the latitude, 4- 0, and

GM ag e = 2 + C 1 -2 + C 2 :

r r r

where C1 = 0.0016382

and C2 = 0.0000045.

For a circular orbit, go = K'M w;2 r, and

3= a a aC ] r rad2/see2c
2• K- 5 - 1+ C2-

r3 1 i r2 2r]

-6
where K = 1.5361686 x 10-.

This equation was used to compute eight circular equatorial orbits at altitudes of 100, 300,
600, 1000, 3000, 6000, 10, 000, and 19, 324 nautical miles. The magnitude of the orbital

velocity was computed:

v = r (cc- w )

where cc and n are the angular velocity of the satellite and tracker complex (rotating with
the earth), respectively. The satellite velocity with respect to tracker net is then, v. For
19,324 nautical miles elevation, w = S2 , and the satellite remains stationary with respect
to the trackers. This is the so-callni "2: -hour orbit".

In the analysis of tracking satellite orbits the set of trackers were located as shown in Table 1.

Table 1. Location of Trackers in Analysis of Tracking Satellite Orbits

T P _ h

1 00 9.65067890 1492.3 feet

2 8.37746420 - 4.8081969c 0.0 feet

3 - 8.3774642° - 4.8081969° 0.0 feet

The coordinates were computed so as to give an equilateral configuration of precisely 1000
nautical mile base-line length and so that in the "overhead" case:

R1 = 2 E 3

E = C11 2 3

15
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and a parpendicular from the satellite to the plane of the tracker triangle goes through the

centroid of the triangle and also through the center of the earth. Tracker locations were so

chosen to provide a simple spot check on all quantities computed, which, in the overhead

case, are rapidly done on a hand calculating machine. They were also chosen to give results

which would depend as little as possible on geometrical parameters other than elevation angle

and radius of orbit.

2.5.2 Lunar Trajectory

Data were taken from a simulated lunar trajectory in the Convair-Astronautics files, starting

from launch at Cape Canaveral on January 23, 1960 and terminating in the vicinity of the

moon. Thirty-four points, comprising two complete passes of the vehicle from horizon to

horizon, were computed. These points are evenly spaced from t = 0. 331 day, (r -

379. 30 megafeet) to t = 1. 774 days, (r = 1012. 14 megafeet).

In order to lend realism to the lunar spacecraft tracking simulation, tracker sites were

chosen as shown in Table 2.

Table 2. Location of Tracker Sites for Lunar Spacecraft Tracking Simulation

X x h

Haiti 720 20'20" 18° 30'00" 24 feet

Guatemala 910 3010011 14049'00" 7657 feet

Alabama 850461401! 32° 52'59" 59 feet

These sites make up an equilateral triangle, exactly 1200 nautical miles on a side. In this

case, however, the orbital points correspond to fairly unfavorable tracking geometry, in

order to simulate the performance of a non-strategically located tracking system in tracking

a typical lunar mission. (It is obvious that any three given tracker locations can not be

optimum for all future missions, thus this case is considered to be more realistic than an

analysis in which the tracking system is shifted around so that the spacecraft is continually

in the "overhead" position.)

2.6 LONG BASELINE SYSTEM TRACKING COVERAGE

A characteristic disadvantage of long baseline systems is the limited coverage provided to
near-earth spacecraft. The requirement that the spacecraft be in view of all three trackers

simultaneously may be stated as follows:

'ri •0! i = 1, 2, 3

16
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If tracking is limited by other factors, such as tropospheric propagation effects, toIelevation angles greater than Ethen the conditions become:

1i rR sin E 0  i = 1,2, 3

Fiiure 8 illustrates the effect of these limitations for equilateral tracker configurations of
baseline lengths of 200 to 2000 nautical miles. The height of Ghe satellite below which
tracking cannot be provided, is shown as a function of the system elevation angle tracking
limit- For example, if tracking below 10 degrees elevation angle is not permitted and the
tracking system baselines are 1600 nautical miles, then tracking can be provided for
satellities above 300 nautical miles.

Another way of viewing this coverage is shown in Figure 9 for systems tracking down to the
local horizontal. The figure presents the percent of the circular orbit path covered for a
satellite passing over one of the tracking stations and bisecting the opposite baseline. Here,
for example, a 2200 nautical mile baseline system can track 15 percent of the path of a
satellite orbiting at an altitude of 1500 nautical miles, or correspondingly, for a duration
of 22 minutes. The coverage, depicted in these two figures is the maximum coverage that
can be provided for equilateral triangular configurations. Less coverage would be provided
for satellite or spacecraft passing to one side of the tracking system.
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2.7 GLOSSARY OF SYMBOLS

a = equatorial radius of earth

b = polar radius of earth

C = velocity of light in vacuum

hi = height of station i above the reference spheroid

H = model atmosphere thickness

Li = slant range path in model atmosphere to tracker i

Ni = separation of geoid and spheroid at station i

ri = vector from earth's center of mass to station i

ri* = length of vector fr'om the earth's center of mass to a point on the spheroid below
A

station i

Ri vector from station i to missile

r = vector from earth's center of mass to missile

V = velocity of missile

0! = gc;ocentric latitude of station i

q•i geographic latitude of station i

Ai = longitude of station i

1q unit vector in the q direction

Ti= tracker i

p = radial distance from center of earth

V = velocity of electromagnetic propagation

C1 = elevation angle of missile aL tracker i

w = angular velocity of missile

Q = angular velocity of earth

20
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SECTION III

ERROR ANALYSIS

3,1 GENERAL

Errors in spacecraft position and velocity result from errors in the quantities which go into
their computation. These errors are usually small enough to be treated as differentials, and,
as such, their squares are ignored,. Thus, any system error, Lai, may be propagated into an
error in spacecraft position, 6rt, and velocity, Lv, by

axk
A~x 8a1  Bai

Ar= Ay~ =sai ay AV= Aý AŽa1

A~ZJa 8ai t~

adai

The partial derivatives are a measure of the sensitivity of tracking errors to errors in ai and
usually become very large for certain portions of a trajectory, ordinarily near the plane of the
tracker triangle.

This section contains a discussion of the system errors, the geometrical partial derivatives
and their formation, and the statistical considerations which are! involved in arriving at a
meaningful evaluation of tracking precision., Several significant achievements were made in
this particular phase of the study. One is the demonstration of equivalence of a broad category
of range, range sum, and range difference hybrid tracking systems insofar as their errors
are concerned. This advance eliminates, the need for individual analysis of the enormous num-
ber of combinations of Ri, (RI + Rj), and (Ri - Rj), making it possible to design a tracking net
and also leaving the designer, relatively free to consider only those hybrids which are advanta-
geous from the standpoint of hardware implementation and operation.

A second important re:sult of the following analysis is the establishment of a proper set of
ground rules for handling the correlation of range and range-rate errors. This leads to a far
more realistic representation of tracking precision in two important regions - near the hori-
zon, where elevation angles become small, and in deep space, where ranges are large. In
both cases the overall tracking accuracy estimated from results of other studies of this subject
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(which neglect the effect of correlation) is insufficient to recommend the long baseline system.

But in both cases the proper treatment of correlation in range and range-rate error's clearly

shows that tracking errors are only a small fraction of those presented in prior reports by

other organizations.

A third contribution which shows great promise in the field of tracker design is the develop-

ment of a new analytic in'thod of optimizing baseline length so as to render maximum tracking

precision for particular missions. The procedure is only outlined in the present report and

illustrated, by a single ease study, owing to the fact that it was initiated late in the contract

period.

An analysis of a 4-tracker, three range difference system is presented in the latter portion of

Lne section. The model corresponds to the situation in which an uncooperative obj~ect is

tracked by measurement of arrival time at four ground stations of a pulse or other identifica-

tion signal emitted at an unknown time from the object itself.

The final part of the section describes the computer, simulation of the tracking model and dis-
cusses the numerical results of runs made for eight equatorial orbits and one lunar trajiectory.

3.2 THE ERROR MODEL

Several reports on tracking errors which have appeared as the result of prior contract awards
have been examined in the course of a general survey of the literature on this subject. In all

cases which have come to our attention, the errors dealt with were errors in range and range

rate, and no consideration was given to the correlation which exists among them. If this

assumption were true. deep space guidance from earth-based trackers would be virtually im-
practical. Entirely erroneous results are likewise obtained at low elevation angles. It may

be that the following equation is true:

2 2~ (2~ _! 2)R 2 U2+ (2 02 )f2( l)
or R -- 0o0 n ( k k b

o" + ) R (3
t t in

nn2

but U 2 ,2
x xY xz

2
0r (7 (U

YX Y YZ is not equal to

ZX ZY Z'

(5 -1
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ax ax 8x x 2 a 0 Z
an1R _an2  aR3 1 R I -R1 BRj aR1

aY ay aY 2 ax aY 8z

anR1 R 2  aR 3  0 2 R 2  E)R BR2  anR2

az a E z Z cr 2  ax by BZ
an-1  anR2  BR3  0 Hu3  BR3  BR3  8R3

as is generally assumed.

In the study, rather than deal with three range errors and three range-rate errors as though

they were uncorrelated, 27 individual system errors are considered. They are, at trackers
1, 2, and 3, respectively:

a. timing At 1 , At 2 , At 3

b. timing Ath, Atb, Atb

c. propagation Ak 1 , Ak 2 , Ak 3

d. propagation Akb, Akb, Akb

e. frequency AfI, Af 2 , Af 3

f. velocity of light Ac, Ac, Ac

g. zero set AS 1  AS 2, -AS3

h. east tracker coordinate AX1 AX;, AX3

h. east tracker coordinate AX 1  AX 2 , AXI
i . east tracker coordinate AXb, AXb, b

I II

j. north tracker coordinate A Y1  AY 2 , AY3

k. north tracker coordinate AYb, AYb, AYb

1. vertical tracker coordinate AZ 1 , A Z2, A3

m. vertical tracker coordinate A Zb, a Zb, A Zb

These 27 errors are assumed to be independent and uncorrelated. In practice there are 27
standard deviatiors involved in the final covariance matrices of position ard velocity of the

spavecraft. Howvever, the results presented in this report assume that equivalent equipment
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and timing are established at each tracker site, that the same methods are employed in mak-
ing the atmospheric corrections, and that all locations are surveyed independently with the
same methods. Under these assumptions the standard deviations of equivalent quantities are
equal:

art. at
1

,CF. = of
I

us f as 1, 2, 3

or , k '

or ' oY,

i

X Z'

2It is for this reason that the typical variance and covariance terms, oX and or XY, as discussed
in paragraph 3.7, contain only 14 distinct variances,ura. 2 .

3.3 SYSTEM ERRORS

"The factors contributing errors in the radar measurements of tracking systems are depicted
in generalized notation in Figure 10. The slant ranges to be measured by the system are de-
noted by P.1 , R 2 , and R3 . The tracking system is assumed to measure, via the radar signal,
three sets of slant range sums, Ri-Rj; for example, I 1 ++B2 , R 2 + R 3 , and R 3 + 1 1 . The
error model analysis shows that in general the ranging error is composed of contributions
from five factors: timing, propagation, frequency. velocity of light, and zero set.

The timing errors, Atirepresent the inaccuracy in synchronization of each of the clocks within
the system. In addition, there occurs a timing error, Atb, of the system with respect to a
master clock (not a part of the system). Clock synchronization by radio propagation methods
alone is not feasible because of the lack of accurate knowledge of the propagation path and
propagation velocity, and, thus of the .elapsed time on the path. Radio methods, however, can
be used to maintain clock synchronization once it has been established. In the method de-
scribed by Reder and Winkler, stable clocks at each of two stations are initially synchronized
by physically transporting a third stable clock between stations. Radio signals in the VLF
band are then used to compare the time rate (frequency) and phase of the station clocks, thus
locking the clocks in synchronization. A clock synchronization of a few tenths of a micro-
second was achieved.
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In the computer simulation the values

St = 1.0 m icrosecond

and g tb = 1.0 millisecond

are used for the uncorrelated and correlated timing errors at each tracker.

A strong disadvantage to range sum or range difference measurements is immediately evident
in the term, C(Ati-Atj). If the time difference is of the order of one microsecond, a range
sum error of almost 1000 feet results. However, it is sometimes possible to devise a clever
procedure which nulls the effect of this error on computed values of missile position and ve-
locity. For example, the three measurements

(R1+ R2 ), (R 3 + R1), and (R13+ R2)

may be used to compute R1 as follows:

R1 = 1/2 (R1 + R 2) + 1/2 (R3 + Hl) - 1/2 (1 3 + R2 ).

Ignoring for the moment errors other than c(Ati - At.), the error AR 1 in R1 is:

AR1 = 1/2 c (At 1 - At2) + 1/2 c (At 3 - At1 ) - 1/2 c (At 3 - At 2 ), AR 1EO

Similarly, AR 2 and AR 3 may be nulled if all available range sum measurements are combined
in the proper order to compute R9 and R3.

The second and third terms of the errors in range sum are very small, being proportional
only to range-sum rates. However, no ingenious method of double-path cancellation can im-
prove on the range-only measurement, for which i = j and the first term cancels identically.
The cancellation is due to the fact that, for a range-only measurement, travel time along path
(RI + 111) is taken from a single clock.

The range sum error due to uncertainty in the speed of signal propagation within the atmos-
phere has already been introduced in paragraph 2.4, Section IH. An extension of the discus-
sion is necessary, however, when three range sums are employed to compute inissile position.
Atmospheric irregularities may vary greatly in extent and configuration and, consequently,
introduce a certain degree of error correlation for the three ray paths, R1, R2, and R3 . Not
a great deal is known as a result of experiment because, ordinarily, atmospheric profiles are
run individually: and an experimental study of the correlation coefficient requires simultaneous
proliling over a large region. It is possible, however, to make an intelligent estimate, based
on what we do know about the atmosphere, Obviously, the correlation coefficient for two
range measurements approaches unity as the baseline between the trackers approaches zero
length. It approaches a consi-:.nt as baseline lengths become very large, the constant being
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determined by the "goodness-of-fit" of the standard atmosphere employed in correction of the

range measurements for refraction effects. In general, it may be said that the propagation
error has a component, ki f ({i), which is entirely uncorrelated for i = 1, 2, and 3:; and a
component, kb f ,(Ei), which is wholly correlated, kb having the same value whether i is 1, 2,
or 3. Referring to the notation of paragraph 2.4, then:

k 2  •k2 cp2
ki + kb = 9 for i = 1, 2, 3.

For the computer simulation, which uses baselines of 1000-1200 nautical miles, the values:

( -pi 1 foot

chi = 30 feet

uki 2 v kb 2 = -k2

are considered reasonable.

The velocity of light and signal frequency, act as scale factors in the sense that the error in
range they produce is proportional to the range, itself. A tracking network may be designed
to use one frequency from a single oscillator,, or three frequencies from individual oscillators
at .each tracker. In the former case resultant range errors, are totally correlated an-

Afi Af
_ __ . i = 1, 2, 3.

In the latter case the error equality does not hold, but in either case the standard deviations

of scale factor are assumed to be

Ufi = Cf i= 1, 2, 3,

on the reasoning that equal equipment must have equal probable errors in output. The velocity
of light, however, can have but a single error, and the standard deviation in scale factor
is uc. It is quite fortunate that this is so, because at lunar distances range errors due to an
error in c may be several hundred feet. If they were uncorrelated they would produce uncer-
tainties in vehicle positon greater than those of all other system errors combined. Total
correlation reduces their effect to insignificance. The values used in the computer simulation
are:

uc = 3 x i0_7

f 10-87
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The error referred to as "zero set" may be regarded as an error introduced by the equipment

calibration at each tracker or may be used to represent any uncorrelated error in range which

is independent of both the tracker configuration and the position of the space vehicle relative

to it. The value used in the program is

as1 = as 2 = us 3 = us = 10 feet.

Figure 11 lists the corresponding errors in range-sum rate (Ai + RH). Clock synchronization

and zero set errors produce no errors in range rate, because in all cases the range-rate

errors turn out to be time derivatives of the geometrical quantities involved in the range

errors.

3.4 SURVEYING ERRORS

By far, the largest tracking errors are introduced through lack of knowledge of the tracker

locations. This will continue to be the state of affairs for some time to come. Even though

programs now being developed for the geodetic use of artificial earth satellites are carried

through as swiftly and efficiently as possible, there will be a lag of months or perhaps several
years before an organized, first-order reduction of satellite data can be concluded. Until this

is accomplished one must continue to rely on the methods of classical geodesy.

Latitude and longitude in an isolated spot are obtained from a zenith observation at a known

time. The principal lateral error in such a means of location arises from lack of knowledge
of the direction of the local vertical with respect to the normal to the spheroid at that point.

This deviation of the vertical is a deflection caused by mass anomalies, especially those in

the immediate vicinity of the astronomical observation. Lateral errors of many thousands of
feet may occur if nothing is known about these mass anomalies. Fortunately, however, sev-
eral methods are available in the literature for computation of the deflection of the vertical

from local gravity anomalies. One which is more easily applied than the others is "A New

and Simple Method for Calculating the Deflections of the Vertical from Gravity Anomalies with

the Aid of the Bessel Fourier Series" by Chuji Tsuboi, Proc. Japan Acad., 30, (1954), No. 6.

The precision of this computation is limited only by the extent and accuracy of gravity cov-

erage around the station. Provided the above procedures are employed, it is not unreasonable

to assume that lateral position on the earth's surface may be obtained with a standard devia-

tion of 100 weet, in areas where gravity coverage is good and the gravity anomalies are not too

irregular. The figure:

aX' = aY' = 140 feet

was used for all tracking simulations.
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Since the same mass anomalies enter, in differing degree, into the deflection of the vertical

of all three trackers, there is a certain amount of correlation among the three errors in lat-

eral location, even though no direct tie may exist in the measurements. In the case where a

direct cross-country tie is made between stations A and B, the location errors at starting

point A are carried directly to B with an additional error incurred between A and B. Thus,

the very important problem of error correlation must be examined from the standpoint of the

method of survey used. It is not within the present scope of this study to analyze specific

problems of such nature, but (as will be seen in the results of the tracker simulation program)

the errors in tracking due to correlated and uncorrelated survey errors are quite different

from each other and are an order of magnitude more important than all other sources of error

combined. A more detailed analysis of the surveying problem is suggested as the most prom-

ising means of improving the accuracy of currently feasible long baseline tracking systems.

In the tracking simulation, correlated and uncorrelated lateral errors were arbitrarily set at

100 feet each:

aX'= aX'. = Y= uY! = 100 feet.
b V b 1

At any one station, therefore,

UX'n = (aX'. 2 + aX'j2) 1/2 = 140 feet, and

aY'n= (UY'f + aY'2)1 /2 = 140 feet.

Uncertainties in the vertical coordinate of a tracker are quite a different matter. Errors in

elevation of tracker with respect to the geoid may be neglected, but the distance from geoid to

spheroid undulates, due to the same mass anomalies in the earth which cause deflection of the
vertical. The variation, however, Is much smaller. For widely separated points in the

western hemisphere the value,

uZ'i = 25 feet

is a good approximation.

A relatively large correlated uncertainty,

aZ'i. = 200 feet

is present, almost entirely attributed to doubt as to the exact value which should be used for

the equatorial radius of the International Spheroid.
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3.5 ERROR MODEL EQUIVALENCE

In formulating error models for specific hybrid tracking systems, it was observed that the
same error terms appear as in the pure three-range-only model. This suggested that an
equivalence of some sort might exist which would allow the results of the range-only error
analysis to be applied to a general hybrid tracking system.

It was found that such a reduction is possible and that the pure three-range-only system is the
most accurate member of the family of long baseline systems under consideration in this
study. This is demonstrated in the following paragraphs.

Three equations determine the target position:

2 2 2 12
R2= (X- XI) + (Y- Yi)2+ (Z- Z)

R2=(X-X 2 + (Y - Y 2) 2 + (Z_ Z2) 2

2 2 ( ~
R = (X - X3 + (Y ' y3)2 + (Z - Z3)2

The solution for X, Y, and Z is given in Appendix 1. While it is not necessary to have this

solution in order to perform the error analysis, it is necessary to know what equations are to
be solved. In the hybrid case the measurements are S1, S2, and S3, which are ranges, or
sums and differences of ranges. The general equivalence proof is given in Appendix I for any
linear function of R 1 , R2 , and R 3 : Sm = Sm (R 1 , R2 , R3 ), but for discussion purposes the

case:

S1 = (R 1 + 112)

$2 = (R1 + 113) (3-i)

S3 = (R1 + Ri)

will be used, so as not to confuse the equivalence by generalized notation. Equations (3-1)
represent a range sum hybrid which has been suggested for study. Figure 12 illustrates the

hybrid system.

A single transmitter, at tracker 1, is employed. Trackers 2 and 3 are receivers only. A
signal is initiated at T1, travels ray path R, to the missile or spacecraft, and actuates a
transponder which starts a new wave front from M. One ray returns to T1 and completes
S3 = (R1 + RI). Two other rays travel paths R2 and R3, completing S2 = (R1 + R13) and =

(RI + R2).
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M

S 2= R1I + R 3

S3= R1I + R 1 R 12R

S 1l= RI1 + R 2 T

T1I

T2

Figure 12. Hybrid Range - Range Sum Mode

The simplest solution for X, Y, Z is obtained by solving first for R 1 , R2 , and R 3 and using

these in the pure three-range-only solution.

R1 = 1/2 S3

R2 = S1 - 1/2S 3  (3-2)

R 3 = S2 1/2S 3
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The equivalence is found by direct comparison of the errors in R1 , R 2 , and R 3 as found by

equations 3-2 with those which would have been present had the pure three-range-only combi-

nation been used. By the error model in Figure 12, the range only errors are:

AC A f1ARi=AtiR+AtbRi + (kb+ki) f(ci) +-cR ---i R+ 1/2AS.

The errors deriving from (3-2) are:

AR 1 = R 1 (Atl+ Atb) + (kb +kl) f(Q1 ) + ("_ - 1)R 1 + 1/2 AS 1

c ~ R1/2AS

AC A f 1

AR 3 = c(Atl - At 3) + R3 (Atl + Atb) + (kb + k 3 ) f(E 3) + 7- R 3  R y 3 + 1/2 AS 1

If the system errors in timing, frequency, and zero set are referenced to tracker 1, At 1 = 0,

f 1 f and AS = AS; and the pure three-range-only errors become:

611 = Ath k, + (kb + kj) f(c 1) + A C R, - AR 1 + 1/2 AS,

Ac. A f Af 2
ARZ = (Atb+ At 2 )R 2 +(kb+k 2 ) f(c 2 ) +-- R 2 -- -y- R+ 1/2(AS+ AS 2 ),2c f f2 32)

Ac A6f Af 3
AR3= b 3) -( ) -- + -R3

R3 (Atb + At3) R3 I (kb k3 (3 3 f -f3

+ 1/2 (AS + AS 3 ). (3-3)
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The hybrid errors are then:

ARI = ARbIl+(kb+kl)f(El)+-Rl---Rl- 1/"AS1
Ac Af

AR 2 = -At 2 + AtbR 2  +(kbk2) f(E 2 ) +-R 2 ---A-R 2 + 1/2AS,

2 =- ct2 At A2+ (b cfR

Ac At /(34AR 3 =- cAt 3 +± tblR3 + (kb+k3) f(c 2 ) + CR 3--f- -- 3 +1/2AS. (3-4)

In tabular form, the comparison between hybrid errors, equations (3-4), and the pure three-
range-only errors, equations (3-3), is as follows:

Table 3. Error Comparison

ERRORS IN THREE-RANGE-ONLY ERRORS IN HYBRID SYSTEM WHICH DO NOT

SYSTEM WHICH DO NOT APPEAR APPEAR IN THREE-RANGE-ONLY
IN HYBRID SYSTEM SYSTEM

R none none
Af 

2

R2 H2 At 2 - • R 2 + 1/2AS 2  - c At 2
f2

Af 2

R 3  R3 At3 -- R 3 + 1/2AS 3  - c At 3

I ~f 2

The terms - cAt, and - cAt 3 which exist for the hybrid only, may be well over 1000 feet.

The range-only terms, R2At 2 and R 3 At 3 , are of the order of a few hundredths of a foot, even

Af 2  Af 3

for range rates of 25, 000 feet per second; the terms d R2 and- R 3 are of the order of
f2 2

15 feet at lunar distance for -108 ; and the terms AS 2 and AS 3 are of the order of
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10 feet. Since these errors are two or more orders of magnitude less than the errors of the

hybrid case, it may be concluded that a detailed analysis of the hybrid would simply demon-

strate its inferiority.

A similar model comparison for errors in range rate shows that the pure three-range-only
A f2 •A f3

system contains errors -R2 in R 2 and - k3 in Hk3 which do not appear in the hybrid.

f 2 f3
However, these are only of the order of 0. 01 foot per second. The very slight superiority of
the hybrid inmeasuring range rate does not imply that it measures missile velocity with
greater accuracy, because the system cannot obtain a good measurement of velocity without a
good knowledge of position.

The demonstration that tracking errors due to errors in station location are identical for the
three -range-only case and for all possible range sum and range difference systems involving
no more than three trackers, is given below. The equation:

AX ax' AX1 - x + -XX-Ax 'X
ax, ax I EXL2 +ax; 3

ax ax a1)X aX X
+ -Y!AY' + -ayy + -AY

1x 2) 31

+ -AZ' -AzaZ' 8;Z

gives the error in the X coordinate of the target due to the three components of error in

tracker location at each ofthree trackers. Similar expressions can be written for AY and
AZ.

Using the notation in Appendix I,

AX' AY'7 Az'1 11

72 r 2z

AX' AYV 41Z'
3 3 3

Since P) , Pp , and Pr contain no terms involving hybrid range sums but, instead, have terms

in R' ,R21 RW3 it is evident that the analysis of tracking errors due to uncertainties in tracker
location for hybrid systems measuring range sums or differences is exactly the same as for

the range-only case.
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3.6 THE GEOMETRICAL PARTIAL DERIVATIVES

If X(R 1 , R121 R3) is a function of three variables, R1, R 2, and R 3 , and if these are functions
of i other variables, ai, then:

ax =ax
0 1  E BR2  ax R 3  (-- =+ + (3-5)

8ai 81R1 Bai BR2 Bai 8R3 8i

Similarly, if k (RI, R2, R3, iRl, k2, 3) is a function of R11, R2, R3 , R1, A2, and k 3 , and
if these are functions of the same i other variables, ai, then

'3ak Bk aR2 x ak 3  ak 'l1 ak a2 ak 3]k3-- + ----- -I- r+

EB ai 0111 Bai 8112 Baa 0113 ca1  BR1 Bai  OIR2 Eai  0113 8 ai

(3-6)

In expressions (3-5) and (3-6), X may be replaced by Y or Z and 3k by Y or Z to obtain the
corresponding partial derivatives. The variables ai are the 27 quantities whose errors are
listed in paragraph 3. 2.

A complete list of the partial derivatives used in the analysis appears in Appendix I. Their
use in forming the covariance matrices of position and velocity of the spacecraft is developed
in the remaining portions of Section III.

3.7 STATISTICAL CONSIDERATIONS

The 27 errors, Aai, considered in this study are treated as uncorrelated. If this is the case,
the variance of a position or velocity parameter P is:

2 2ai 2 (3-7)

and the covariance of two parameters, P and Q, is

i (p - \i Y O _ 2 (3-8)

The coordinates X, Y, Z, X, Y, or Z may assume the positions of P and Q in these expres--
sions. Typical variance and covariance terms, for P = X and Q = Y, are expanded in
Figures 13 and 14. Although the assumptions of equal equipment and methods of tracker
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2 2
location allow the expression for U'x to be factored into thirteen terms in cai , it should be

noted that rx 2is the sum of 27 terms, (LX ) 2 a . Simil2
ai3a1  S arly the expression for aXY

is the sum of 27 terms, (2X) I(5 a) caa
2 .

In the computer simulation both covariance matrices

X crYX r ZX uX crYX caZX

22 x2Mr = IXY •_ ZY and M t= u Y *•" urZYj

LUXZ YZ VZ

are formed by a relatively small number of matrix operations and not by the enormous
number of scalar operations which equations (3-7) and (3-8) might imply.

The importance of correlation in range errors, A R1 , A R2 , and A R3 may be illustrated by a
consideration of the term in aX2 which expresses the effect of uncertainty in signal frequency.
The pure three-range-only model uses three transmitters, and, as in Figure 13:

aXf2 = at-- 2  R, 2 + ) 22 + R2
2  + R 32(X-3 2] (3-9)

(three uncorrelated frequency errors).

Had a means been devised for using a single transmitter, or should the three frequencies be
related in such a way that they are all equal but subject to a common error, A f, the frequency
terms in cX" would have been:

2 2Fi x
oX = at RI +111+ R - + R (3-10)

The great difference between these two terms is simply illustrated by an "ovcrhead" case,
with an equilateral tracker net and the spacecraft directly over the centroid of the tracker

triangle, (see Figure 15).
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=2 [2 aIxJ)fa3Y\. /ax \/a\+Y (aRx'

r./x\ lax a Iax 1F_ (a _ /Y'.( \
+aI ,[1 1)+R +R k2R21(2 + 23 3)) (R j jR
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Figure 14. Off-Diagonal Term in Range-only Covariance Matrix
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The necessary partial derivatives are

a x ax ,Dx R R
a R 'a R2 bR3b b

Sa Y aY VI- R V 3 R 2V3- R
TRI i R2 MR3 3 b 3 b 3 b

a' Z a Z a z R R R

'R a 2 a3-3 (9R 2  3 / 2 1/ 3b)/2 (9R2 -3b2),/2 (9R2 - 3b2)1/2

Substituting the partial derivatives from (3-11), in (3-9) and (3-10), (3-11)

2 2 2 2
rX 1 0, 0Y 0, and crZ =,f R

for the case of three correlated frequency errors; or

2 2R4 2 2R 4  2 1 2 2ax : 2 f - cy, = 2uf - and uZ - -f R

for the case of three uncorrelated frequency errors.

Using the values cf = 10-8 , R = 1. 5 x 109 feet (lunar distance), and b 6 x 10 feet

(1000 nautical mile baseline). the results are

UX = 0

ay = 0 (3 correlated frequency errors)

0-Z = 15 feet

0X - 5300 feet

.•Y = 5300 feet (3 uncorrelated frequency errors)

( Z = 5 feet
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The comparison is even more striking if one makes the mistake of treating the error -L as
c

uncorrelated for the three range measurements. In this case the results are as follows:

Correct treatment:

rX= 0

cy = 0 (A.-c equal for Rl, R 2 , and R3 )

SZ = 450 feet,

Erroneous treatment:

aX = 160, 000 fýet

uY = 160, 000 feet (ignoring correlation in range e--rors)

uZ = 150 feet.

The preceding results demonstrate the importance of a clear understanding of the nature of
equipment errors, of the uncertainties in the physical constants involved in tracking, and, by
extension, of the errors in tracker location. Especially important is a knowledge of the de-
gree to which these errors are correlated. The latter subject may become highly involved in

the case of any three specific tracker sites, but the mastery of it is absolutely essential to a
correct evaluation of the corresponding precision of tracking which may be expected.

3.8 BASELINE OPTIMIZATION

It has not been possible during the term of the present contract to advance the study of base-
line optimization to the degree desired. To do so will require functional expressions of the
degree of correlation of system errors at trackers 1, 2, and 3 in terms of baseline length.
Once these relationships are generated, the optimization problem is quite simple. Following
is an example of a routine carried out for minimization ot the cross-range c.mponents, aX
and cry, of uncertainty in target position for the "overhead case!", R1 = R2 = R3 = R.

Figure 15 and the partial derivatives in formula 3-11 apply to this case. Considering only
ao, cf, a-k, a-kb, and crc, the expression for ax 2 in Figure 13 reduces to:
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2 8x ( ax ) (_ax ] 2 [ou2 2 2 2]

+ o 8 R 2  8R3 + VR3 sC R

S2 2 2 2 2 2 2

aR aR + af R + A sec E
Substituting for the partial derivatives,

yx 2 
=2,~ R , 2 + f2 R 2 , uk2 seec2 ]cY 2. (3-12)

Similarly,

2Z 2- F 2 (~ 2 3R bL+3r2)fl2 +( i~ 3Ok 2 )sc j(l

whereRZ = a -2 2 g (3-14)

2 2
2 a + r -2arcosa3

and sece 2 2 (3-15)

r sin a

Several criteria may be used for error minimization. The two considered here are

(a) 
10 = ,0 - 2

(b) aX2 = y rZ2

Both conditions (a) and (b) may be met by substituting equations (3-14) and (3-15) in (3-12) and
(3-13), then performing the indicated eperations:

0 aX2

(a) •a• - 0

(b) aX2  _ rz 2  = 0

The solution of each of these equations requires a short iterative process, but this represents
no difficulty on a digital computer.

Figure 16 is a graphical illustration of the solutions for (a) and (b) above in terms of baseline
length, u X or a Y, and a Z. For spacecraft altitudes in the vicinity of H = 650 nautical
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miles there is little to favor one criterion over the other, but for H > 650 nautical miles, con-

dition (a) gives the minimum S. E. P. and for H <650 nautical miles, condition (b) gives the

minimum S. E. P. In the latter case,

S.E.P. = rX z cZ

because the confidence region is spherical.

The foregoing analysis is not intended to represent more than an introduction to the study of

baseline optimization since surveying errors have not been included, and these are the most
important for long baseline systems. For shorter baseline systems, the need for more ac-

curate surveying is more than offset by the fact that correlation in survey errors for the three

trackers increases rapidly with decreasing baseline lengths, and other system errors, such as
in relative timing, assume greater importance. The present study has not been direc:ted in

such a way as to reveal what baseline and what instrumentation provides best tracking under
present state-of-the-art conditions, but an extension of the foregoing methods will certainly

throw a great deal of light on the subject.

3.9 IMPROVEMENT COEFFICIENTS

In systems design there is a continual etfort to improve performance, and the question may

come down to how well a given system might perform if D dollars were spent on reduction of

the system uncertainties in the most efficient manner. The answer to this question depends
on the definition of performance, but performance will normally be rated in terms of certain

quantities to be found in the covariance matrices of missile position and velocity at a

particular phase of a mission, for instance:, immediately prior to an anticipated guidance
maneuver. In principle, it makes little difference to the systems analyst what the critical
quantities are. It may be that the measurement of Z is the controlling factor (as in a soft

landing), or the CEP (as in an impact problem), or the SEP (as in rendezvous). The

criterion selected may, be any arbitrary function of the elements of the two covariance
matrices without changing the essence of the solution., The following treatment assumes that

X is the critical quantity and, consequently, that u X is the measure of performance.

One may write: an expression for AUX in terms of i changes in system uncertainties Alvai,

j :l i0 a.

Acxz= EX 1 A, Da.
8usa. 8 Da. J

j=1 j J

where Da is the number of dollars spent in reducing the uncertainty in a . The: restriction

must hold that

S1Da D (3-C)

4 1
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The partial derivatives, aaj , are generally available in graphical form or may be gener-
3Da,

ated. An example is aj & - - the beat frequency at each transmitter, divided by the signalf ,

frequency. In this case craj = a f, and the hardware designer should be able to supjAy at least

a curve which defines 2(f, the improvement possible in oscillator calibration as a function of
8Df

the dollars spent in doing so. For the sake of the present discussion, let us assume that all

partial derivatives 8aa3 are obtained in this way and expressed as truncated power series in
MDaj

Daj.

The partial derivatives 5 are part of the computer simulation output. In the case above:
Oaaj

SaX Of 2x x \2 X 21
R- 1R) + R±22 R2I

Oaf ax [ 1 RI +2 c 3\

which can also be written as a truncated power series in Df. These are the quantities re-
ferred to as improvement coefficients.

The condition that D dollars be spent in the most efficient manner possible may be stated:

81AX 0 a2 LU >X

8ADaj 0ADaj2

This expression, including (3-16), gives 4 equations in i unkmow.ns, Daj , which are then
solved for Daj , the number of dollars to be spent in improving Cr a.

If the foregoing procedure has been used per'odically throughout the development of a system,
it will continually optimize hardware design in terms of dollar value. If it is applied late in
the design period, it will show where money has been used inefficiently. In the latter case,
the optimization would have to be rerun with:

A Dak = 0

for those components, ak, on which development had been carried beyond the point of maxi-
mum return. Figure 17 illustrates the improvement coefficients as a function of geocentric
angle.
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3.10 PROGRAM OUTPUT

A general flow chart of the over-all computer program is illustrated in Figure 18. The start-
ing point in this program is the selection of tracking station (locations) and the spacecraft tra-
jectory to be tracked by the system. The program computes the partial derivatives of
spacecraft position and velocity with respect to the tracking station coordinates. These par-
tial derivatives then are combined with estimates of the probable errors in station location
(survey errors) and errors In the radio measurements of the tracking system. The result of
combining these error estimates with the partial derivatives is a set of covariance matrices
which represent the confidence regions for spacecraft position and velocity.

This set of matrices is then used in a subroutine to form a set of improvement coefficients
which describe the sensitivity of the confidence regions to reductions in the system errors.

The covariance matrix output is also used in a subroutine to form station relocation improve-
ment coefficients which provide a measure of the effects on the tracking system performance
of relocating one or more tracking stations.

Many figures of merit may be used to measure the reliability of a given tracker complex for
some point on a given trajectory. For a specific mission, it is desirable to choose a special
figure of merit which best evaluates the expectancy of successful performance. Generally
speaking, errors in some of the components of position or velocity are less important than the
others. For example, the problem of soft impact on a planet requires more accurate knowl-
edge of the component of position along the trajectory immediately prior to the terminal guid-
ance maneuver than of the two cross-trajectory components. However, since the mission
objectives of this study are very general, the program output has been made rather general.
It is as follows:

a) Covariance matrix: The covariance matrix representation is used to describe a
confidence region for the terminal points of the v;:aor position and velocity of the
missile.

or X crYX ac r2 arY* crZX

My= rXY crY2  aZYj Mt= crXYk cr 2  aZYj

L, XZ uYZ acZ2j [ ku. crz c,2J

where: 22 ax ( ay 2
X aai XY c aai ; \I

i i

etc.
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Since it is customary to speak of "errors" or "probable errors" in X, Y, Z, , 4, Z, rather

than their variances, a more convenient expression of tracking accuracy is output in the form,

VF= IYI Vj= aY

where the six elements are standard deviations in the components of missile position and

velocity.

A third figure of merit is the quantity

C 1= (X2 2 + 1Z2)

and

r= (a2 + cry 2 + lo2)1/2.

The values of these are invariant with respect to coordinate rotation and, hence, hold also for

the eigenvalues of the co variance matrix. The two values are intimately related to the S. E. P.

and have been called simply the "probable error" in position and velocity. If

aXK= uY = aZ or c-K = cry = 0rZ , the relationship is

(S. E. P.)r -C

(S. E. P.)+ - w
'Therefore, these are also part of the numerical output.

A fourth figure of merit is the description of the ellipsoidal confidence region in terms of its

semi-axes. When the covariance matrix is rotated into an orientation such that its off-

diagonal terms are all zero, the diagonal terms are referred to as eigenvalues.

The square roots of these,

-XE, c-YE, aZE, or c-X, crYE, c-ZE,

are the semi-axes of the ellipsoidal confidence region of position and velocity, respectively.

The elongation of the ellipsoid along one or two of its axes is considered to be a poor charac-
teristic, since the S. E. P. is generally only slightly less than the longest axis of the

confidence region.

48



80000

7200 . ..-..

640 -0

4800 -

1400

1600

800

00NN

240 - L-

700 000 50. 400 300 200

° 11



CONVAIR - ASTRONAUTICS

00- -- t,

IsI

-T--

GECNTI ANL -

Figure 17. Improve t C
- ] I- I ---------------------------

Iad G

, ! 
2

I - \ . _ - -I !- I-_-" -

40° 50 0 20° 10° 0 o 10 0 20 3--- 0"7- 4 0-- 0o 50° ?0 -•7 0o;

GEOCENTRIC AN(•E-
Figure 17. Improvement Coefficients vs. Geocentric Angle fo]



CONVAIR - ASTRONAUTICS 
AE61-0061

13 February 1961

-----

I Ix .,o,0l I1 1/1

I L ! t

Vax,

-and ax

I------'77-------I---

, 000 b -. -

100 0o 100 200 300 400 500 To 700

GEOCENTRIC ANGLE

Figure 17. Improvement Coefficients vs. Geocentric Angle for a 10, 000 N. MI. Orbit

49



AE61-0061 CONVAIR- ASTRONAUTICS

13 February 1961

b b. -m

0C
cn, M

LAJ LU .

C3c = . D 2c

:E - b2

IFFF-

-e4 -M WI

Q LL. C.3-
co "=nil Z-I

LL..
0 bz b

co) CM

CC I

50 
C



CONVAIR- ASTRONAUTICS AE61-0061

13 February 1961

The fifth figure of merit used is the radius of the sphere of equal volume:

(R .S.E.V .) = (u E aYE cZE) 1 /3

(R. S. E. V)-r (UkE aYkE ZE )1/3

These quantities, however, tend to give an optimistic error value if there is great dissimi-
larity among the eigenvalues, even though for:

UXE= UYE= UZE or crkE= UYE= UrZE

the R. S. E. V. is equal to the S. E. P.

Frequently the situation arises in which a particular tracking system fails to meet accuracy
specifications or in which it would be highly desirable to increase safety factors. For this
purpose a set of "improvement coefficients"

Baux auM

_ ai guY aai BaY
ai 100 9aga at 100 Dural

DaZ 8aZ

a8 at a cai

are computed for all measurements, ai. The elements are the changes of standard deviation
in X, Y, Z, Xk, Y, and Zcorrespondingto al percent- change in aai. These coefficients are
useful in pointing out ways and means of Increasing tracking precision, as demonstrated in

paragraph 3.9.

The program output can be summarized as follows:

r - The radial distance to the spacecraft from the earth's mass center, in millions of
feet.

v - The spacecraft velocity magnitude, feet/second.

R 1 , R 2 , R3 - The distance from the spacecraft to tracking station 1, 2, and 3,
millions of feet.

E 1' c 2, E 3 - The line-of-sight elevation angle to the spacecraft from tracking station
1, 2, and 3; in degrees of arc above local horizontal.
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aX, Uy, a Z - The standard deviation in spacecraft position in the coordinate direc-
tions X, Y, and Z, feet.

Uk, a4rk, ac - The standard deviation in spacecraft velocity in the coordinate direc-
tions X, Y, and Z, feet/second.

EX, Ey, EZ - The semi-major and two semi-minor axes of the ellipsoid of probable

error of spacecraft position. The X, Y, and Z directions are not specified, feet.

E:k, Ejk, E2 - The semi-major and thc two semi-minor axes of the ellipsoid of

probable error of spacecraft velocity. The X, Y, and Z directions are not specified,

feet/second.

Cp/=3 uaX 2 + uy 2 + Z2 - radius of the equivalent spherical error of

spacecraft position, feet.

C,/ý3-=•3 1 9X2 + ay2 + UZ2 radius of the equivalent spherical error of

spacecraft velocity, feet.

1/3
R. S. E. V. = (E•xEyEz) - radius of the sphere of volume equal to that of the confidence

region, feet

3.11 THREE RANGE DIFFERENCES

A system which measures only the arrival times of the same phase at four stations and com-

putes three range differences was examined. A station at sea level with zero latitude and
longitude was added to the equatorial complex already described. Standard deviations in X,

Y, and Z were formed for the same equatorial orbits used in the three range system. The in-
put standard deviations, coordinate systems, units, etc. are Iht! same as assumed for ihe
three range system. Details of the computations are described in Appendix I. The results of
this examination are included in paragraph 3.12.

This system, in theory, could be employed to track passively a transmitting but uncooperative
vehicle traveling over the complex. However, as the graphs indicate, the distance to the tar-
get formed this way is very poor, at the present state-of-the-art in the area of time-
synchronization. For positions of the vehicle nearly over the central station, the direction

can be determined to 0. 4 milliradian for ranges to 10. 000 nautical miles.

Improvement in the synchronization of clocks over long distances (1000 nautical miles will

reduce the errors somewhat, but it is not until the time error between stations is of the order
of 10-9 seconds that the system approaches the accuracy of the range-only measuring system
(whose clocks are synchronized to 10-6 seconds). The degree of improvement is illustrated

in Figure 19, which presents the standard deviation in X, Y, and Z as functions of the timing

accuracy.

52



CONVAIR-ASTRONAUTICS 
AE61-0061

13 February 1961

VEHICLE IS 10,000 N. MI. ABOVE
CENTRAL STATION

100,000 L

TIMING ERRORS -TIMING ERRORS

IDOMINATE 
S'IBORDI NATE

10,000...

r:It

94 1,000 . .

100

100 108 0-10 10

STANDARD DEVIATION OF TIMING ERRORS (SEC)

Figure 19. Tracking System Improvement vs. Time-Synchronization Errors

53



AE61-0061 CONVAIR ASTRONAUTICS

13 February 1961

3.12 Tracker System Simulation Results

Using the analytical techniques previously discussed and the digital computer program, a

tracking system employing three range-only measurements and a tracking system employing

three range-difference measurements were simulated. The results of these simulations are

presented in Figures 20 through 37.

The first five figures depict the results of using a three-range-only tracking system for meas-

uring the position and velocity of a spacecraft on a typical lunar trajectory with launch from

Cape Canaveral. For the chosen trajectory and tracker location, the spacecraft was visible

for two intervals in the transition from the earth to the moon. The first two figures depict

the errors in position and velocity with realistic values for the surveying errors. The third

figure depicts the spacecraft position and velocity errors for the same tracker configuration

but for which the surveying errors have been reduced to zero. The remaining two figures of

the first fivc depict composite root-sum-square errors for the lunar spacecraft. These re-

sults represent the ultimate which can be obtained with this type of system by improving the

surveying techniques.

The next ten figures depict the same general results for a three range-only tracking system in

measuring the position and velocity of earth satellites. The first six of these ten figures re-

flect typical surveying errors. The remaining four figures assume the surveying errors have

been reduced to zero. In these satellite figures the circular orbiting satellite yields position

errors which are symmetrical about the centroid of the tracking triangle. However, the

velocity errors are not symmetrical about this central point because of the vector nature of

the satellite velocity.

The remaining three figures depict the results of a tracking system which measures three

range differences. The position errors to be obtained with this type of system are extremely

large in the Z component. This reflects, principally, the errors of time-synchronization

among the tracking stations. A value of one microsecond was assumed.
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SECTION IV

SURVEYING OF THE TRACKING SYSTEM WITH AN EARTH SATELLITE

4.1 THE SURVEYING PROBLEM

One of the most critical problems associated with any precision tracking system is that of
establishing the accurate location of the tracking system complex in some specified coordinate
system. Determination of the location requires a geodetic survey with an accuracy commen-
surate with the accuracy requirements of the trajectory measurement system.

Using classical geodetic techniques, the best accuracies attainable over line-of-sight dis-.
tances are of the order one part error in 400,000 of the distance measured. Over land and
water areas, such as the island chain southeast of Cape Canaveral, the highest accuracies
attainable are approximately one part error in 100, 000. (At distances of 1,000 nautical miles
the accuracies would amount to approximately one part error in 20,000.) In the case of re-
mote island areas such as Ascension Island, the error in location would be approximately 300
feet. This degree of error would require an extensive gravity survey to determine the deflec-
tion of the local vertical. Since survey accuracies of approximately one part error in 106 are

necessary to meet the stringent requirements for some of the operational systems, it is clear
that classical geodetic techniques cannot furnish the accuracies required for the location of
precision tracking systems.

The "new" geodetic survey must be an "absolute" survey, in tile sense that the vector position
of the tracking system with respect to the earth's center of mass must be determined. This is
rcemq rcd because the -earth' S gravitational field is the dominant field affecting orbiting vehicles:
Thus, it is necessary to accurately locate the tracking system in the earth's gravitational field
to facilitate accurate trajectory determination and prediction.

The survey problem has several phases which can be considered somewhat independently.
These phases include the selection and determination of a common coordinate system that can
be established accurately at each station. Such a system may consist of spatial directions
determined from star field observations. Another phase of the problem is that of determining
the vector position of each tracking station relative to the earth's center of mass and thereby
the baseline lengths. These phases are discussed in the following paragraphs.

As suggested by Convair-Astronautics as early as 1953 and by several authors (Reference II-1,
-3, -4, and -6 in Bibliography), a technique based on astronomical reference systems, in
combination with electronic and optical measurements of artificial satellites, is best suited to
surveying long baseline systems. The fixed star system is the most stable absolute reference
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system in nature, Artificial satellites photographed with the fixed star background can be
utilized to obtain terrestrial data, including the tracking site coordinates on the earth with
respect to the fixed star coordinate system.

In this method, the vector positior of an orbiting vehicie is determined with respect to an in-
dividual tracking station. The position is obtained from range measurements of the tracking
system, in combination with angle data obtained by photographing a light flash on the vehicle
against the background of stars. The locus of a set of these vectors describes the vehicle's
orbit with respect to the individual tracking station. In general, the orbit will not be a conic
section, because the gravitational field of the earth is not a pure central force field but has
superposed on it effects resulting from the earth's oblateness and from gravity anomalies
(non-uniform distribution of mass within the earth). Taking such effects into account, the
orbit of the vehicle can be determined by using numerical integration techniques: Cowell's
method, Encke's method, or by semi-analytical methods that describe the deviation or depa:-
ture (as in Eneke's method) of the actual orbit from some assumed reference conic section.

A method for determination of the earth's mass center from the orbit observations is de-
scribed in the following paragraphs. In essence, the actual orbit is reduced to a two-body
(conic section) datum orbit. This is done by determining the deviations and subtracting them
from the actual orbit. (The deviations are obtained from the perturbing acceleration by the
methods indicated in the prior paragraph.) This materially reduces the complexity of the
mathematics required for the determination of the earth's center of mass by reducing the
problem to one for which there is an analyLical solution.

4.2 DETERMINATION OF A DATUM ORBIT

Because of the earth's gravitational attraction and the convenience of describing the motion of
a spacecraft in simple mathematical expressions, the earth's mass center is the natural
origin of any flight-path geometry. Therefore, any method of spacecraft tracking has to refer
all position data to the center of the earth's mass. Since tracking is accomplished from
stations on the surface of the earth, it is necessary to know the location vector of the earth's
mass center with respect to each of the tracking stations.

The orbit of a satellite in the vicinity of the earth is influenced by several factors, but the
earth's gravity is the primary agent in prescribing the orbit. All other influences, such as
the gravitational effects of the sun, the moon, and the planets, are of perturbing nature and
are fairly small. The gravitational field of the earth is fairly well known, from gravimetric
and geodetic measurements as well as from astronomic observations. An approximate ex-
pression (third and higher order terms have been omitted) for the earth's gravitational field
is:

-k [12±1-6kg = -e r -2 k1 +2 (1 - 3n sin2@ -e. -6knEcs
-2(13ino) sine cos o

r r r
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From this equation we can see that a body moving in this field experiences a large accelera-
tion, on which is superimposed a small acceleration. The large acceleration is the Newtonian
component of the earth's gravity. (A Newtonian force field is generated by spherical shaped
homogeneous or concentric homogeneous masses, and the magnitude of the force is inversely
proportional to the square of the distance from the sphere's center. Since the earth has an
ellipsoidal shape, its gravity field is non-Newtonian, but can be considered as being composed
of a Newtonian field and a rather small perturbing field.)

Satellites moving in a Newtonian field obey Keplers laws, i.e. follow elliptical orbits. Slight
deviations in the earth's mass distribution alter its field from theWNewtonian.ond, therefore,
cause slight deviations from the Keplerian orbit. A theoretical investigation of orbital charac-
teristics in the earth's non-Newtonian field has been made in Appendix II. Differential equa-
tions describing the perturbation from Keplerian orbits have been derived (equations 11-52,
11-53, and 11-54). Solutions of this set of equations can be utilized to find an unperturbed
(datum) orbit from the pertxrbed, nonelliptical orbit. With sufficient data describing the datum
orbit the center of the earth's mass can be computed.

Suppose both range and direction data arc obtained from a single station to five points of an
orbit. If the elapsed time between successive observations is determined, sufficient informa-
tion is available to solve the sets of equations 11-52 to 11-54, Appendix H1. Figure 38 illus-
trates the situation. Point B is an earth station and S1, S2 ... are orbital points at which
photogrammetric observations have been made. From these observations the vectors
r 1 16.1, r 2 6.2', ... are known with respect to our astronomical coordinate vectors, Ia, eb, ec.

Since the orbit is a three dimensional curve, the five points S1 ... S5 will not lie in a plane.
If the perturbing vector, ASi, is subtracted from each of the vectors r 1 eSl, r 2 es2,..., anew

set of five points, S'i (i = 1,2, 3,4,5,...), is obtained which describe an unperturbed ellipse,
the datum orbit. The earth's mass center is the focal point of this ellipse.

Finding solutions of the perturbing vector,

Ari + e(4-1)-Si-er. Ari1  0i Api+ e Aq.i

is the first step in the process. The components Ari, Api, Aqi are solutions of the set of

simultaneous differential equations (11-52 to 11-54 in Appendix II) which can be written in terms
of t1 , the time elapsed between the first and ith observation, and the parameters p, E, X OA
and a of the unperturbed ellipse. That is,

Ari= Ar (ti, p, E, XOA, a)

APi= Ap (ti, p, E, XOA, a)

Aqi= Aqi (ti, p, E, X OA, a)
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Where:

p is the semi latus rectum.

c is the eccentricity.

X OA is the true anomaly angle of perigee, and
a is the inclination angle of the plane containing the ellipse.

Since the four parameters of the ellipse are not known, a convergent iteration process may be
applied, using the five observed points S1 ... S5 to obtain an ellipse which best fits these
points. This method yields a set of elliptical parameters, Pl, e1 , X0A 1 and ai, from which
a set of five perturbing vectors,

-'ESiI = e il Aril + TOil APi + e 6ii Aqil;

and a set of five new points defined by

Sil= ri esi- ASil, i = 1,2,3,4,5

may be computed. These five new points can be used as new inputs for a first iteration in
finding a more refined second set of pramreters, P2 , E2 , XOA2 and 0'2. In this fashion, re-
fined values of the ellipse parameters are obtained, provided that the method is convergent
with a reasonable number of iterations, V. The criterion for convergence is given by

lim (Pv+l -V .- • 00(v+IPv

lim (Ev+i - Ev)

lirn (Xv+1 - Xv).p0

urn (av+l -v

If reasonable convergence is found after V = N steps, then the set of vectors,

SiN- riesi - A SiN, i= 1,2,3,4,5

will define five points which are points of an unperturbed ellipse.

In applying the iteration process it is necessary to select a criterion for choosing a best fit to
the five (or more) data points. Several methods are possible, but for purposes of discussion,
we will employ the method of least squares. The best fitting plane of the datum orbit can be
described by a unit normal vector, nv, and a magnitude, N, along the normal vector.
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The distance of the point Si (v) from that plane is denoted by di (v), defined by the equation:

d (v) ( n-v) N, i= 1,2,3,4,5

In order to find the three unknowns, namely the two direction cosines of the unit normal vector,

Hv9 and the magnitude, N, the following expression must be minimized:

2 di (v)] P Minimum
izl

Consequently, three equations are obtained by writing the partial differential of the above
equation with respect to the three unknowns and setting each expression equal Lo zero. We
shall not proceed in writing down all the equations but only indicate that a linear equation in
three unknowns results. Solutions of this equation yield the directions and magnitude of the
vector, N-1Iy, which defines a plane, p (v), containing the ellipse of the Vth approach. The
projection on the datum plane of the five reduced datum points Si (v) . . . (9v.) finally defines
the points of the ellipse, of which the parameters Pv, c v' and X OAV, can be obtained. The

inclination angle, a v, of plane p(, is given by the expression:

7r

a = - arc cos (n-v . U

ppwhere 7Up is the unit vector pointing towards the celestial north pole. The unit vector "p ecan
be expressed with respect to the astronomical coordinate systems, ea, Wb, , with an accu-

racy of at least 0. 1 sec of arc deviation, which is sufficient in connection with the perturbation
problem.

So far, determination of the coefficients, A ri, Api, and Aqi of equation 4-1 have been de-
scribed. Now we must consider how the unit vectors Weri, P i and F)i can be expressed.

Fortunately they can be represented by using data obtained with conventional geodetic methods.
For purposes of computing the correction vector we can use the local geocentric unit vector,
U, which can be obtained by reduction of plumb line observations and represented with respect
to the astronomical coordinate system. Errors due to local anomalies of the order of 15 sec
of arc can be expected. This error can be ignored as far as the perturbation problem is con-
cerned. Furthermore, for the earth's radius, R, we may use the distance based on the figure
of the international spheroid. The error introduced by R is expected to be in the order of
± 100 meters and can also be ignored. The value for R can be obtained from:

R = 6378388 (1 - 0.003367 sin 2 + 0.0000071 sin 2 2 ) + HB,
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where p 'is the geographic latitude and HB, the altitude of the station above the international
spheroid. Thus, the unit vector Ur, can be obtained from

RW+ ri-si
eri = I Ru + riesil

To justify the assumption made in using inaccurate figures in R and WT, we must investigate the
errors to be expected. Under the assumption of 15 sec of arc lateral error and 100 meters
radial error, the maximum lateral deviation of the unit vector, Ur-, is less than 15 sec of arc
under the most unfavorable configuration. This corresponds to a 'lateral deviation of 7.3 mm
(0.29 inch) for Ari = 1000 meters (3300 feet). The result indicates that the assumption made
by introducing less accurate figures on R and U is tolerable.

By means of the unit vectors, Fr, and Up, the remaining unit vectors, e-el, and -j ' can be
obtained from the vector equations:

eri x epeo= 
i X

a Aand

e r (5j - Fi)
e ei: l e--ri= Juri X ix

The unit vector, Up, has already been introduced, it being a vector parallel to the earth's
rotational axis. Both vectors are therefore represented with respect to the astronomical co-
ordinate system at the tracking station.

4.3 LOCATION OF THE FOCI dF THE ELLIPSE

Applying the techniques described above will obtain a set of five points, Sin (i 1, 2, ... 5),
of the reduced orbit. The reduced orbit points, Sin are points of the desired ellipse whose
focal point is the earth's mass center. Since it is known that five points lying in a plane define
an ellipse, the center of mass of the earth may be determined, using the five data points ob-
tained by the method described in the prior section. To facilitate the solution, the data is re-
ferred to a coordinate system as indicated in Figure 39. Point S'in shall be the origin of the
coordinate system with the t axis passing through point S'5. The 77 axis is perpendicular to
the : a-xis. In this coordinate system the equation of the ellipse can be expressed as follows:

2 2
t +A72 +B4 +±Ct +Dn =0 (4-2)
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Figure 39. Earth Radius Determination at Station B
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The components of the five points S'1N to S' 5 N in that coordinate system are:

S 1'1N (Q 1,, (), 7-- 0(); ;S'5N ( k-- I K5N - 7SIN ' n = 0)

1 i (ý i N -- Si 1 ) F(S5N -SLN) i = 4

S'iN -5 -I2,3,

T i--• (giN - glN)2 -(KEiN - 3-1-N) "S-5N - 9{SEI-1N) (4-3)

Hence, the coefficients A, B, C, and D of equation 4-2 may be obtained by introducing the
values of ý i and n i as defined by equation 4-3 and solving the resulting set of four linear
equations.

From the values of the four coefficients, A, B, C, aad D, the magnitude of the components of
the ellipse :focal points may be computed as follows:

2AC-DB 1 AC2L+D 2 + BCD 2
2F AC-B2 1 4A- B 2  (A2-2A+ 1+ B2)1/2+A- 1

Y- 4A-7B2  'V 72 4 -B

2D - CB 1 B(A2 2A + 1+ B2)1/2-A+ 1

4A - B2  2 4A -B, 2

These components are defined along the unit vectors:

SrN - S1N S5N -N SI N

S JS5N -S1NI' or = 5N -9S N 1 N

where 7Nis the unit vector normal to the datum plane.

The center, of mass of the earth can finally be expressed with respect to station B in the a.-tro-
nomical coordinate system as follows:

'B--r 1+ e- k F + e 7fF,

where 'F1 is the vector from station B to the reduced datum point, SI.
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The magnitude of vector rB is the distance of B from the earth's center of mass.

So far only five orbit points have been considered in carrying out the computation. This has

been done in order to exhibit the basic principles involved in the method. Actually, more than

five points will be necessary to obtain high accuracy. But the computation must be performed
with five points out of whatever number of points are chosen. The number of solutions ob-

tained for the vector of the center of the earth mass is of the order:

N(N-l) (N-2) (N-3) (N-4)

120

This is the number of possible combinations of Nobserved points, taken five at a time. The

average vector of all solutions will be the most probable vector of the earth's mass center.
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SECTION V

TROPOSPHERIC PROPAGATION EFFECTS

5. 1 INTRODUCTION

This section deals with the contribution to the over-all system range errors by that portion of
the atmdsphere known as the troposphere. In long-range precision tracking of objects in
space, one of the sources of error is the uncontrollable (and sometimes unknown) variation in
the value of the propagation velocity which causes ray paths to be retarded and to bend. This
results in a difference between apparent distance (as measured by radar or other electro-
magnetic techniques) and actual or true distance.

Corrections for the variations in propagation constant have been the subject of study by many
investigators (see Bibliography, part III, for references cited). In general, corrections for
the effect of tropospheric refractions have been based on determining the index of refraction as
a function of altitude, h. In most work the index of refraction, TJ is replaced by the refrac-
tivity, N, defined as equal to ('n - 1) x 106. The value of N is usually determined by measure-
ments of meteorological data (barometric pressure, relative humidity, temperature, etc.),
either at ground level or as a function of altitude, utilizing information from radiosonde bal-
loons, airborne instruments, etc.

Knowing the value of the refractivity at each altitude, it is possible, using any one of several
mathematical techniques, to calculate the range correction at each incremental altitude and to
sum up these various range corrections to get the total range error for a given refractivity
profile. The range error will, of course, be a function of elevation angle, increasing as the
ray path approaches the horizontal.

Changing meteorological conditions on different days, in different climates, and at different
seasons of the year cause the refractivity index and the range error to vary significantly. The
values of the refractivity index can change over a range of approximately 200 to 400 N-units at
the surface, resulting in a variation in range error of 20 to 25 percent at a typical tracking
angle of 45 degrees.

The Tropospheric Range Aberration Study was conducted with the following objectives:

a. to determine the magnitude of the Tropospheric Range Aberration (TRA), *

* Note: See Glossary at the end of Appendix MI for listing of all special terms used.
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b. to determine a reasonable method of providing corrections for these aberrations, con-
sidering the accuracy obtainable from various corrective systems and the cost of the hard-

ware required to implement these systems,

c. to determine the magnitude of the residual errors for the system chosen,

d. to decide whether the techniques selected are adequate to obtain the results desired in

the over-all tracking system.

5.2 SURVEY OF APPLICABLE LITERATURE

In order to avoid needless duplication of effort during this study, an extensive survey of the
related literature was undertaken. The literature reviewed is listed in part III of the Bibliog-
raphy (Section VII) and is presented to serve as a ready reference source to others inves-
tigating aspects of this problem beyond that considered in this study. The objectives of the
literature search were two-fold: 1) to determine which investigations by other organizations
were directly applicable to the current problem, and 2) to determine the extent to which other
investigations had already attained solutions to the problem.

The following preliminary conclusions were drawn from the literature survey:

a. A real-time correction as a function of elevation angle is mandatory.

b. A real-time correction as a function of weather information (either the total profile or
surface values of refractivity) is a desirable feature for a solution of this problem.

c. No work had yet been done by other investigators which was directly applicable to simple
real-time correction computations (all previous results required either tabular or graphical
look-up or extensive calculations of Integrals).

d. The probability looked promising that a usable relationship could be found between total
range aberration and parameters that are available from the ground.

5.3 CALCULATION OF MAGNITUDE OF TROPOSPHERIC RANGE CORRECTION

Saastad and Forbes (Reference 111-62) have derived by ray-tracing methods an equation which
was considered most useful for calculating the tropospheric range aberration for this study.
This equation assumes a knowledge of the value of refractivity in increments of altitude above
the station and assumes that the atmosphere is composed approximately of spherically strat-
ified layers.

The equation was chosen over the mathematical techniques of other investigators, primarily,
because it does not involve calculation of the local angle of elevation in each layer of the
atmosphere, determination of the total bending, etc., and thereby avoids much of the com-
plexity of other solutions. One result is that this equation ignores the contribution of range
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error caused by the path which the ray pursues through the troposphere. This contribution is
very, very small in comparison with the range error contributed by the delay is passing
through the troposphere (due to the index of refraction being greater than unity).

Should it be desired to apply these techniques to precision tracking of targets within the at-
mosphere (below 100, 000 feet), it would be necessary to recalculate the values, taking into
account the error due to the curvature of the path, since this error would then become a
larger percentage of the total range.

To implement the investigation, the following equation for the incremental range error was
set up on the IBM 7090 digital computer:

7TRj +0 [++ Vj-2 ] 12 2 0 1/2ATRAj = po 277j Lo 1 - 0os

Pj ~712 co2 o 1/
p 002 J 0

where:

TRAj = incremental tropospheric range error for the jth altitude increment (feet),

71j = index of refraction at bottom of jth altitude increment,

P0  = mean radius of earth (feet),

Pj = geocentric altitude at bottom of jth altitude increment (feet),

Co = elevation angle of the ray path at the surface.

This equation was solved for 89 altitude increments from sea level to 200, 000 feet. The pro-
gram was arranged to accept the following variables as input:

a. a reference, or "mean, " profile of refractivity vs. altitude, based on any chosen value
of surface refractivity,

b. ray path elevation angles,

c. a set of perturbation values, chosen so as to introduce super-refraction layers, ducts,
etc., into the mean profile.
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The program then summed the incremental range errors, starting from the highest incre-
ment, so that the total error was obtained for any site altitude down to sea level. A limita-
tion of this calculation is that it does not include a test for potential "trapping" of the rays.
(Trapping of radio waves is a phenomenon which occurs at low ray path elevation angles when-
ever the initial gradient of refractivity is greater than some critical value; this value depends
on the initial elevation angle.) It was assumed in the study that the initial elevation angle of
the tracker would never be less than a few degrees above the horizon, since due to finite
beam-width of the antenna, multipath problems, etc., zero-angle tracking is not practical.
Thus, the probability of a ray being captured by a duct is remote. Furthermore, it was felt
that the preý;ence of ducts would not invalidate the result of this study, since, under ducting
conditions, should the gradient actually be high enough to trap a ray, no return would be ob-
tained from the target; therefore, no erroneous data would be reported by the tracking system.

5.4 ANALYSIS OF REFERENCE PROFILES AND ARTIFICIAL PROFILE PERTURBATIONS

5. 4. 1 Reference Profiles

R. R. Bean and others working at the Central Radio Propagation Laboratories (CRPL) at the
Bureau of Standards have worked extensively in the field of devising suitable reference pro-
files to describe mean values of radio refractivity as a function of altitude. Admittedly, there
is no such thing as a true reference profile, since a mathematically expressed profile would
give results which differ from atmospheric conditions of any actual day. However, the var-
ious "standard" and "reference" profiles serve a very useful purpose in determining the
effects of the atmosphere through mathematical calculations. At CRPL two types of reference
profiles have been emphasized. They are: 1) the CRPL Reference Atmosphere - 1958, and
2) the CRPL Exponential Radio Refractive Atmosphere.

5.4.1.1 CRPL Reference Atmosphere - 1958. The CRPL Reference Atmosphere - 1958 is
the closer approximation of the two CRPL profiles, yielding a better relationship to actual
atmospheric conditions and altitude. However, it is not as straight-forward to handle mathe-
matically as the exponential profile. The 1958 reference atmosphere is composed of three
segments. It assumes that at 9 kilometers the refractivity will always lie within h 4 N-units
of the value N : 105 and describes the atmosphere above that altitude by a simple exponential
decay to zero at infinite altitudes. At low altitudes this profile assumes that the refractivity
decays in a linear fashion to 1 kilometer, with the amount of decay being determined by an
exponential function based on a surface refractivity. At intermediate altitudes (between 1kilo-
meter and 9 kilometers) the CRPL reference atmosphere decays on an exponential, appropri-
ately chosen to join the low-altitude segment to the value of N = 105 at 9 kilometers.

5.4.1.2 CRPL Exponential Radio Refractive Atmosphere. The CRPL Exponential Radio Re-
fractive Atmosphere assumes a single exponential decay of refractivity with altitude. For
certain calculations this single exponenti I. is an easier expression to handle mathematically
than the Reference Atmosphere. However, for extreme values of surface refractivity this
simple exponential decay results in values of refractivity at the higher altitudes which depart
significantly from values which are encountered in the actual atmosphere.
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5.4.2 Perturbations

Part of the "unreal" aspect of any reference atmosphere is the fact that the existence of ducts,
super-refractive layers, and other deviations of the atmosphere from smooth mathematical
curves is not taken into account. Bean and Thayer (Reference 111-27) give a classification of
various types of N-profiles, in terms of the characteristics of the profile. Table 4 is a re-
print of a table from the Bean and Thayer report. Illustrations of each of these actual types
of different profiles for a single station are given in Appendix III.

In order to investigate the effect of ducts, refractive layers, and other perturbations, the
equation for calculating actual range as given in paragraph 5. 3 was set up on an IBM 7090
computer. The values for il in this equation were taken from the expressions for tropospheric
profiles given in Table 4. The two CRPL reference profiles were programed into the com-
puter in such a way that perturbations equivalent to those observed in the literature could be
added to the reference profiles. The objectives of this work, then, were to:

a. determine the tropospheric range aberration (TRA) for each of the available profiles,

b. determine (by suitable modification of the profile) how this TRA was affected by pertur-
bations,

c. determine to what extent the TRA could be minimized by locating the trackers at high,
dry sites,

d. investigate the degree of agreement between the available reference profiles of re-
fractivity, and

e. investigate the correlation between TRA and the accompanying surface refractivity (Ns),
A N (the change in refractitivy in the first kilometer), and the grad-N (the initial gradient in
the refractivity-versus -altitude curve).

Reference profiles based on an Ns value of 330 N-units were used in the perturbation analysis.
The value of 330 N-units was chosen since it is considered to be the world-wide mean value of
sea-level refractivity, No.

5.4. 3 Results of Range Calculation on Artificial Profiles

The tropospheric range aberration for an elevation angle of 45 degrees is plotted in Figure 40
for each of the artificial atmospheres tested. Points 3, 2, 4, 5 and 6 (through which a smooth
line has been drawn) were the CRPL-1958 reference atmospheres, based upon different values
of surface refractivity. This line demonstrates the correlation between Ns and TRA in an un-
perturbed atmosphere. Points 26, 25, 24, and 23 are the various typical atmospheres
described by Buck, Shipper & Kline (Reference II-34). The close adherence of the line join-
ing these four points to the line joining the CRPL reference profile indicates the good agree-
ment between the two sources of data. Point 21 is the Millman (Reference 111-55) profile
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describing a typical wet day, and point 22 is the Millman profile for a dry day. Herj again

the points lie within a reasonable distance of the extrapolation of the CRPL reference atmos-

phere curve.

The various perturbations of the CRPL reference atmosphere are described by pointa

numbered 11, 14, 9, 12, 10 and 13 through which a long-dashed curve has been drawn. The
perturbations on the CRPL exponential reference profile are described by points 19, 16, 17
and 18 (connected on the graph by a short-dashed curve). It is immediately apparent that the
sets of data describing the artificially perturbed atmosphere are not in very close agreement
with the data obtained from the unmodified reference profile or the average profile described

by Buck and Millman.

The values used to inject the perturbations were taken from the available literature and are
considered to be typical of the super -refractive ground layers, surface ducts, elevated ducts,
and combined gradients actually found in nature in low altitudes. However, examination of the
complete profiles resulting from the application of these artificial perturbations disclosed
that, at altitudes of 9 kilometers and up, the perturbed data departed seriously from physical
realism. The departure, in general, was such that the total area enclosed by the refractivity-
versus-altitude curve was reduced. This, in turn, reduced the calculated values of the total
tropospheric range aberration (TPLA). Plotting these points thereby increased the scatter of
the data (note that all artificially, perturbed points plot appreciably below the remaining group
of points) and resulted in concealing the correlation between TRA and surface refractivity, Ns.

5. 4. 4 Preliminary Conclusions

At this stage in the investigation several preliminary conclusions were evident:

a. A more accurate description of perturbed profiles would be necessary in order to deter-
mine the true spread of data.

b. For relatively low-accuracy tracking systems which do not track below 20 degrees
elevation angle, it would be possible to make a fixed correction for tropospheric range ab~er-
ration which would result in relatively small residual error.

c., For precision high-accuracy range trackers or for systems which are required to track
at low elevatiuo angles, i.e., a few degrees from the horizon, the variations in TRA from
profile to profile become much more significant and would require additionai c•i--rction
beyond that supplied by a fixed correction.

d. A suitable means of determining the correction for the more accurate tracking' systems
would be to use a least-squares-fit for a straight-line function relating TRA to surface re-

fractivity. Before a least-squares-fit could be determined, however, it would be necessary
to obtain more accurate: descriptions of the, various types of perturbed profiles,
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5.5 ACTUAL PROFILE DATA

When the significance of the preliminary conclusions was realized, efforts were initiated to
obtain more realistic expressions for perturbed atmospheres. Convair was fortunate in
obtaining data ideally suited to this purpose, through the courtesy of Bradford R. Bean, Chief
of the Radio Meteorology Section of the National Bureau of Standards, Boulder Laboratories.

These NBS data are in the form of decks of punched cards describing actual profiles-of-
refractivity versus altitude for each of the six classes of perturbed atmospheres. The profile
data were taken from weather station records at thirteen widely-separated sites and include
one profile of each type for each station (except that no sample of combined gradients was
available for Ely, Nevada). Table 5 gives definitions for the six different types of profiles
obtained for each station.

Table 5 identifies the various weather stations which were used to supply the profiles-of-
refractivity versus altitude. It can be seen that a wide range of geographical conditions is
included within this list. Fairbanks, Alaska at 64. 5 degrees N is typical of an arctic climate;
Truk Island at 7. 28 degrees N is typical of an equatorial climate in a maritime air mass;
Santa Maria, California and Miami, Florida are typical of coastal stations; while Denver,
Colorado and Ely, Nevada are typical of stations in mountainous regions.

The characteristics of the six types of refractivity profiles as measured at Truk Island
are plotted in Figure 41. In the lower left corner of the figure are two lines representing the
slopes of refractivity which define the difference between super-refractive profiles (slopes
greater than 100 N-units per kilometer but less than 157 N-units per kilometer) and ducting
profiles (slopes greater than 157 N-units per kilometer).

Using the 77 profiles from the 13 different weather stations, the IBM 7090 computer was
employed to calculate the values of total range aberration at 0, 10, 15, 45 and 90 degrees.
The resulting TRA values are presented in Table 6, quoted to four significant figures. The
associated values of surface refractivity, initial gradient of refractivity, change in refrac-
tivity in the first kilometer, altitude of the station and ratio of TRA0 to TRA90 are also con-
tained in the table. Subsequent calculations at 1. 0, 2.0, 5.0, 30 and 60 degrees allowed
calculations of additional error values.

The wide range in values of the ratio of TRA0 to TRA 90 (the ratio of horizontal range error to
the zenith range error) should be noted. It is seen that this ratio changes over a 2-to-i range.
It is obvious, therefore, that any relationship, such as the cosecant function of elevation
angle, cannot hope to give the right answer when the angle function is multiplied solely by the
value of the zenith error. (See further discussion of this point in Appendix IlI.) It should be
recognized that the values of TRA0 through TRA90 shown in the table are the accurately cal-
culated values obtained by means of integrating the total profile with the IBM 7090 computer.
These are not the suggested corrections, which will be introduced later in the report.
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Table 5. List of Meteorological Stations Used for Actual N(h) Profiles

APPROXIMATE

STATION NO. STATION NAME APPROXIMATE LOCATION ELEVATION (ft)

99999 Truk Island 7. 28°N, 151.516 E 3

Caroline Is.

12839 Miami, Fla. 25. 45°N, 80.15VW 13

14764 Portland, Me. 43.41-N, 70. 18•W 66

24240 Tatoosh Island 42. 38 - N, 124.720 W 98

Cape Flattery,
Wash.

23236 Santa Maria, 35.460 N, 120. 25 0W 233

Calif.

13742 Washington, 38. 55-N, 77. 00 W 289

D.C.

26411 Fairbanks, 64. 50 0 N, 147.50VW 433

Alaska

14834 Joliet, Ill. 41. 320N, 88.05V 587

13983 Columbia, Mo. 38. 58-N, 92. 20%W 780

12921 San Antonio, 29. 25 0 N, 98. 30OW 797

Texas

24011 Bisimarck, N.D. 46.50-N, 100.48VW 1657

23062 Denver, Colo. 39.450 N, 105.000W 5378

23152 Ely, Nevada 39. 15°N, 114.530 W 6260
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MODIFIED GROUND LAYER PROFILES

Ratio
Station Ns Grad N A N Hs RatRA

Number N-Units N-Units/Km N-Units/Km it TRA0 /TRA90

99,999 388.5 142.0 62.5 3.28 50.27

12,839 376.5 150.0 59.0 13.12 49. 73

14,764 357.5 143.0 80.5 65.62 49.43

24,240 336.5 133.0 68.5 98.43 45.93

22,236 340.0 112.0 51.5 232.95 44.86

13,742 344.0 143.0 48.0 288.70 46.59

26,411 313.1 132.0 47.1 433. 00 44.84

14,834 390.5 130.0 77.5 587.0 50.63

13,983 367.0 110. 0 56.5 780.90 47.55

12,921 366.0 135.0 65.0 797.0 49.34

24,011 322.5 131.0 58.5 1657.0 46.48

23,062 266.0 135.0 44.0 5378.0 44.74

23,154 280.0 130.0 38.5 6260.0 44.31

MAXIMUM SURFACE PROFILES

99,999 400.0 102.0 70.0 3.28 47.67

12,839 391.5 30.0 59.5 13.10 43.28

14,764 375.0 74.0 75.0 65.60 43.96

42,240 343.0 42.0 46.5 98.40 41.30

23,236 343.0 23.0 51.0 233.00 40.91

13, 742 391. 0 87.0 67.5 288. 70 46.50

26,411 343.5 47.0 48.0 443.00 41. 73

14,834 390.0 80.0 85.5 587.00

13,983 383.0 42.0 73.0 780.90

12,921 377.5 67.0 53.5 797.00
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Table 6. Summary of 77 Profiles Evaluated

Ratio

HNs Ra0ti TRA0  TRA TRA TRA TRA

N-Units/Km (ft) TRAt/TRA 9ft) (ft) (ft) (ft) 4 9t

62.5 3.28 50.27 441.93 49.20 33.52 12.41 8.790

59.0 13.12 49.73 427.69 48.02 32.76 12.14 8.600

80.5 65.62 49.43 413.37 46.68 31.85 11.81 8.362

68.5 98.43 45.93 370.47 45.02 30.72 11.39 8.065

51.5 232.95 44.86 376.78 46.94 32.01 11. 86 8.398

48.0 288.70 46.59 386.59 46.38 31.62 11. 72 8.296

47.1 433.00 44.84 345.78 43.06 29.38 10.89 7.710

77.5 587.0 50.63 427.78 47.28 32.22 11.93 8.448

56.5 780.90 47.55 396.88 46.64 31.82 11.79 8.347

65.0 797.0 49.34 407.89 46.23 31.52 11.67 8.266

58.5 1657. 0 46.48 354.89 46.64 29.09 10.78 7.635

44.0 5378.0 44.74 291.67 36.39 24.83 9.20 6.518

38.5 6260.0 44.31 302.56 38.90 26.00 9.64 6.826

70.0 3.28 47.67 420.72 49.40 36.66 12.46 8.824

59.5 13.10 43.28 382.21 49.40 33.67 12.47 8.830

75.0 65.60 43.96 382.83 48.62 33. 17 12.30 8.708

46.5 98.40 41.30 340.95 46.10 31.45 11.66 8.255

51.0 233.00 40.91 339.48 46.37 31.618 11.71 8.292

67.5 288.70 46.50 397.59 47.86 32.614 12.08 8.550

48.0 443.00 41.73 342.38 45.86 31.27 11.59 8.204

85.5 587.00 47.60 404.84 47.59 32.43 12.01 8.505

73.0 780.90 43.75 376.49 48.09 32.79 12.15 8.604

53.5 797.00 44.30 373.53 47.19 32. 15 11.91 8.431
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Tabli

MAXIMUM SURFACE PROFILES (Continued)

Station Ns Grad N AN Hs Ratio

Number N-Units N-Units/Km N-Units/Km (ft) 0 9

24,011 350.5 60.0 44.0 1657.00 43.01

23,062 289.5 30.0 39.0 5378.00 40.70

23,154 280.0 52.0 42.5 6260.00 41.21

SURFACE DUCT PROFILES

99,999 402.50 330.0 72.50 3.28 31.51

12,839 379.50 205.0 65.00 13.10 39.54

14,764 347.50 322.0 67.50 65.60 28.33

24,240 337.00 253.0 70.00 98.40 24.96

23,236 337.00 140.0 48.30 233.00 35.16

13,742 336.00 378.0 65.00 288.70 29.55

26,411 305.00 135.0 34.00 443.00 34.73

14,834 337.00 228.0 54.00 387.00 34.20

13,983 365.00 355.0 74.50 780.90 32.03

12,921 375.50 155.0 61.00 797.00 44.01

24,011 341.50 485.0 82.50 1657.00 28.63

23,062 254.00 165.0 45.50 5378.00 34.81

23,154 267.00 247.0 49.00 6260.00 28.34

COMBINED GRADIENT PROFILES

99,999 393.50 142.0 64.00 3.28 50.62

12,839 358.50 125.0 55.00 13.12 46.02

14,764 342.00 132.0 45.50 65.62 45.33

24,240 323.00 132.0 57.00 98.43 44.96

23,236 330.00 100.0 79.00 232.95

13,742 370.50 139.0 73.50 288.70

26,411 307.00 130.0 34.50 443.00
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Table 6. Summary of 77 Profiles Evaluated (Continued) 2
Ratio

AN Hs TRAto TRA TRA TRA TRA
IN-Units/Km (ft) 0ft,...) 90 (ft) 10 (ft) 15 (ft)_45 (ft)

44.0 1657.00 43.01 348.21 45.28 30.87 11.43 8.096

39, 0 5378.00 40.70 282.20 38.74 26.42 9. 79 6. 933

42.5 6260.00 41.21 273.07 37.01 25.25 9.36 6.626

72.50 3.28 31.51 274.67 48.78 33.24 12.13 8. 715

65. .. 13.10 39.54 332.53 47.02 32.06 11. 88 8.408

67.50 65.60 28.33 227.79 44.91 30. 63 11.35 8. 038

70.00 98.40 24.96 202.43 45.19 30.86 11.45 8.108

48. 30 233.00 35.16 296.55 47.13 32.14 11. 91 8.434

65.00 288.70 29.55 236.47 44.65 30. 475 11. 30 8. 00'

34. 00 443.00 34.73 274. 79 44.14 30. 13 11. 17 7.911

54.00 387.00 34.20 274.53 44.81 30.57 11.33 8.025

74.50 780.90 32.03 269.31 46.95 32.03 11.87 8.408

61.00 797.00 44.01 370.24 47.06 32.07 11.88 8.412

82.50 1657.00 28. 63 225.33 43.92 29.97 11. 11 7. 869

45.50 5378.00 34. 81 227.94 36.44 24. 90 9.248 6.547

49. 00 6260.00 28. 34 185.28 36.46 24.89 9.233 6. 535

64. 00 3.28 50.62 443.04 48.97 33.37 12.36 8. 751

55. 00 13.12 46. 02 386. 05 46.82 31.95 11. 85 8. 388

45.50 65.62 45.33 371. 11 45.72 31. 19 11.56 8. 185

57. 00 98.43 44.96 350.97 43.60 29.74 11.02 7.805

79. 00 232.95 44.27 351. 81 44.31 30.26 11.22 7. 946

73.50 288.70 49.28 415.28 47.12 32. 12 11. 90 8.425

34.50 443. 00 43.69 350.63 44.74 30.55 11.33 8. 024
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Table

COMBINED GRADIENT PROFILES (Continued)

Station Ns Grad N A N Hs Ratio

Number N-Units N-Units/Km N-Units/Km (ft) TRA /TRA

14,834 340.00 140.0 59.50 587. 00 45.56

13,983 346.00 140.0 55.50 780.90 45.66

12,921 359. 00 136.0 44.00 797.00 47.01

24,011 318.00 143.0 47.50 1657.00 46.46

23,062 286. 00 133.0 56.00 5378.00 47.21

LINEAR MINIMUM PROFILES

99,999 383.60 82.0 64.0 3.28 44.57

12,839 333.60 28.0 38.60 13.10 39.41

14,764 315.00 39.0 39.00 65.60 39. 82

24,240 315.00 38.50 38.50 98.40 40.44

23,236 323.50 41.50 41.50 233.00 40.33

13,742 297.50 29.50 29.50 288.70 38.87

26,411 291.00 33.50 33.50 443.00 38.84

14,834 309.50 36.00 36.00 587.00 39.57

13,983 309.50 35.50 35.50 780.90 39.81

12,921 301.50 31.5C 36.50 797.00 39.11

24,011 295.00 35.00 35.00 1657.00 39.75

23,062 237.00 23.00 23.00 5378.00 37.30

23,154 249.50 30.50 30.50 6260.00 39. 19

ELEVATED DUCT PROFILES

99,999 373.50 117.00 51.50 3.28 4
12,839 360.00 62.00 54.00 13.10

14,764 345.00 64. 00 56.00 65.60

24,240 326.00 40.00 51.00 98.40
20

23,236 339. 50 50.00 73.50 233.00
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Table 6. Summary of 77 Profiles Evaluated (Continued)

Ratio TRA TRA TRA TRA TRA1N1H TRA0/TRA90105 59

N-Units/Km (ft) 90 (ft) (ft) (ft) (ft) 45 (ft) 90

59.50 587.00 45.56 347. 37 42.55 29. 04 10. 77 7.623

55.50 780.90 45.66 392.22 47.57 32.59 12.13 8.589

44.00 797.00 47.01 389.43 46.32 31.58 11. 70 8.283

47.50 1657.00 46.46 358. 11 43.01 29.35 10. 88 7. 707

56.00 5378.00 47.21 324.47 38.29 26. 15 9.70 6. 872

64. 0 3.28 44.57 394.36 49.48 33. 73 12.49 8. 847

38. 60 13.10 39.41 329. 19 46.56 31. 79 11. 79 8. 352

39.00 65.60 39. 82 316.25 44.31 30.24 11.21 7.941

38.50 98.40 40.44 315.38 43.55 29. 71 11.01 7. 797

41.50 233.00 40.33 326. 68 45.20 30.85 11.44 8. 099

29.50 288.70 38. 87 300.30 43.13 29.43 10.91 7. 724

33.50 443.00 38. 84 295.86 42.50 29.01 10.75 7. 616

36.00 587.00 39.57 312. 10 44.01 30.03 11. 14 7. 885

35.50 780. 90 39.81 309.47 43.39 29.61 10.97 7. 771

36.50 797.00 39. 11 305. 16 43.53 29.71 11. 02 7. 802

35.00 1657.00 39. 75 292.57 41.08 28.03 10.39 7. 359

23.00 5378.00 37.30 241. 79 36.14 24. 68 9.15 6.481

30.50 6260.00 39. 19 244. 35 34.29 23.74 8. 86 6. 234

51.50 3.28 46.46 389. 16 46.82 31.93 11. 83 8.376

54.00 13.10 42.64 359. 85 47.07 32.13 11. 92 8.438

56.00 65.60 42.17 354.95 47.00 32.07 11.88 8.415

51.00 98.40 41.04 323.32 44.01 30.02 11.12 7.877

73.50 233.00 39.19 347. 50 49.14 33.66 12. 52 8. 865
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Table 6

ELEVATED DUCT PROFILES (Continued)

Station Ns Grad N L N Hs Ratio
Number N-Units N-Units/Km N-Units/Km (ft) TRA /TRA

-0 90
13,742 350. 00 55.00 51. 00 288.70 37.32
26,411 328.00 37.00 62.50 443.00 41.64
14,834 320.00 38.00 47.50 587.00 40.09
13,983 307.50 37.00 33.50 780.90 39.76
12,921 335.50 7.00 37.00 797.00 40.31
24,011 314.50 37.00 39.50 1657.00 40.14
23,062 278.00 58.00 64.60 5378.00 41.95
23,154 255.00 46.00 29.50 6260.00 39.39

CRPL REFERENCE PROFILES

330.0 46. 10 46. 10 0 41. 00

300.0 39.0 39.00 0 39.20
350.0 52.0 51.60 0 42.30
400.0 68.0 68.10 0 46.1

295.0 30.0 29.50 0 --
359.4 39.0 39.00 0 --
230.0 27.0 26.40 0 35.29
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Table 6. Summary of 77 Profiles Evaluated (Continued)

A N Hs Ratio TRA TRA TR.A TRA TRASTRA0/TRA90105 59
Units/Km (ft) 0 90 (ft) (ft) (ft) 15 (ft) (ft)

51.00 288.70 37.32 311. 11 46.53 31. 75 11. 77 8.336

62.50 443.00 41.64 330.03 44.27 30.20 11.19 7. 924

47.50 587.00 40.09 320.25 44.60 30.43 11.28 7.987

33.50 780.90 39. 76 307. 59 43.14 29.45 10.92 7. 735

37.00 797.00 40.31 326. 01 45.11 30. 79 11.42 8. 086

39.50 1657.00 40.14 316. 79 44.07 30.06 11. 14 7. 891

64.60 5378. 00 41.95 272.62 36.30 24. 76 9.17 6.497

29.50 6260.00 39. 39 253. 36 35.86 24.49 9.08 6.43

46.10 0 41.00 334.57 45.61 - 11.52 8.159

39.00 0 39.20 307.62 43.80 - 11.08 7.847

51.60 0 42.30 353.53 46.75 - 11.80 8.356

68.10 0 46.1 406.11 49.39 - 12.44 8.809

29.50 0 -- 302.54 - 11.12 7.872

39.00 0 -- 359.71 - 12.21 8.643

26.40 0 35.29 248. 70 - 99.53 7. 046

2
4
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The reduced scatter in Lhis data, as compared to the data calculated from artificially per-
turbed profiles, should be observed. The range from maximum to minimum tropospheric
range aberration at 45 degrees is 8.86 feet to 12.49 feet. This represents a range of approx-
iniately ± 17 percent, substantially less than the 38 percent obtained with the artificial data.

5.6 CORRECTIONS AND RESIDUAL ERRORS

5.6. 1 Potential Correction Techniques

There are many possible correction techniques available for reduction of tropospheric range
aberration effects. The particular technique to be used is determined by the system accuracy
required, combined with an appraisal of the expense of collecting and processing the neces-
sary information needed to obtain the required accuracy of correction.

The following parameters are available for use in describing the range correction (at differing
rates and degrees of accessibility in a practical sense):

Ns - surface refractivity - available continuously from weather instruments or
refractometers

No. 1 - refractivity at 0. 1 Km above the tracking site - available continuously if tower-
mounted instruments are used

N1  - refractivity at 1.0 Km above the site - available continuously if tethered bal-
loons are used - available periodically from radiosondes

Hs - station altitude above sea level - known

N(h) - profile of refractivity vs altitude - available periodically from radiosondes

FF - form factor of profile; (FF(N(h)) = Ndh) - available periodically

AN - change in refractivity in first kilometer, (AN = Ns - NI) - available periodically

Grad N - initial gradient in N(h); Grad N = 10 (Ns - No. 1) - available continuously from
tower instruments - available periodically from radiosondes

During the preliminary stages of the investigation, it appeared that a real-time correction
for variations in refractivity as indicated by accessible surface parameters was not only
desirable, but was readily feasible. Table 7 lists eleven different possible combinations of
parameters in an approximate order of increasing difficulty of implementing the
corrections.
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It should be noted that any type of correction mechanism must be handles in two parts; one
part for deterraining the correction required at the zenith and the horizon, and the second
part for determining the effect of changing elevation angles. Table 7 presents some different
methods for determining the zenith and horizon corrections.

Evaluating some of the errors for different methods of correction shows that at 45 degrees:

a. The type 1 correction yields a maximum error of 2.45 feet, or 21.8 percent.

b. The type 2 correction (involving fixed corrections for site altitude, H8 ) yields a 0.429-
foot error RMS, or 3.8 percent.

c. The type 7 correction (involving real-time surface refractivity) would give an RMS error
of 0. 378 foot or 3. 1 percent.

d. The type 9 correction (including initial gradient of refractivity, Grad N) would give a
residual RMS error of 0. 361 foot or 2. 98 percent.

Time did not permit analysis of the residual errors resulting from combinations involving the
Form Factor, as discussed in type 6, 8 and 10 of Table 7.

5.6.2 Residual Errors

Having observed that there is a fair degree of correlation between N., Hs, initial gradient,
and the total tropospheric range aberration, it was felt that a multiple regression* analysis
of effects of TRA upon Ns plus one or more of the parameters mentioned in paragraph 5.6. 1
would be profitable. It was expected to show how much of the tropospheric range error can be
compensated for, and the relative complexity of the necessary hardware to implement the
different correction techniques.

An available computer program was used to determine the various regression coefficients.
The data for the 77 profiles was fed into this program to analyze ten different combinations of
the desired parameters. The coefficients for the ten possible regression equations as deter-
mined by this computer program are given in Table 8.

* When a scatter diagram (see for example Figures II-4 and 111-5 of Appendix III) shows that

some pair of variables (such as TRA and Ns) are connected by a physical law, the use of re-
gression analysis enables the nature of the physical law and the degree of correlation between

the two variables to be determined. The solid lines drawn on Figures 111-4 and 111-5 represent
an approximation to the actual physical law connecting in this case surface refractivity with
total range aberration. Since the two variables are connected in an irregular manner, the
points are scattered above and bulow the line, rather than falling ideally exactly upon it. Re-
gression analysis provides a systematic technique for estimating the unspecified constants
which define the slope, and the axis intercepts of such lines (known as regression lines). The
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There are three regression equations shown for each combination of data, since the analysis
was carried out for the zenith ray, the horizontal ray, and an intermediate ray at 45 degrees.
It should be noted that this table shows the deviations and the probable errors for only that
part of the correction which is based upon profile characteristics, i. e., the error due to the
function of elevation angle has not been included in this table.

It can be seen that as the number of factors employed in the regression analysis is increased,
the accuracy of the results improve. This is illustrated in Table 9. For example, a com-
bination of N. and Hs gives a sizeable improvement at all tracking angles over a correction
based on either H. or Ns alone. However, the additional factors used in the regression
analysis do not improve the high-angle accuracy significantly. For tracking at low elevation
angles, it can be seen that the inclusion of a gradient of the N term gives a quite significant
improvement.

It is felt that the small increase in accuracy obtained by adding the change in refractivity,
A N, to the total equation is not jubtifited in comnparison to the additional cost of measuring
this parameter. Accordingly, it is recommended that corrections for tropospheric range ab-
berration be based on the regression techniques shown as No. 7 in Table 8. This technique
involves the use of information on H. (station altitude), N. (surface refractivity) and Grad N,
(initial gradient of refractivity). The value of Grad N is most reasonably obtained by re-
fractometer measurements taken at both the top and bottom of a tower a few hundred feet
high. For the purpose of analysis, it has been assumed that the initial gradient was obtained
by measurements at the top and bottom of a tower 100 meters high.

It is recognized that one assumption upon which this regression analysis was based is that the
effect of the various parameters upon TtA is cumulative in a linear manner. It is, of course,
possible to investigate regression equations in which various powers, cross-products, or
other functions of the variables involved are considered. Time did not permit such an analy-
sis, and it was felt unnecessary, in that the low residual error shown by the selected analysis
appears to be quite adequate (0. 1527 foot out of 11 feet total range aberration at 45 degrees).

equation of a sample regression line of y on x is y' = a + b x, where the regression coeffi-
cient, b, and the y - intercept, a, are obtained by mathematical techniques described in
standard works on statistical analysis (e. g. Statistics Manual by Edwin L Crow, A. Davis
and M. W. Maxfield, Section 6. 1).

If the variable in question depends linearly on several factors, it is possible to use a similar
technique known as "multiple regression" to obtain the coefficients of an equation connecting
the unknown variable with the various possible valucs of the known parameters. Such all
equation would be of the form:

y'=al+blxI +b 2 x2 + bkxk.
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Ai Bi Ci Di Ei
Ft. Ft. Ft. Ft. NUMERIC

0 1 -12.2995 1.03429 0 0 0

2 -28.3630 1.17897 -. 288777 0 0

3 -39.4063 1.24814 0 -0.0083089 0

4 -16.3821 1.08598 -. 313435 -0.4103691 0

5 352.5533 0 0 0 -0.0156675

6 -0.7315 1.00282 0 0 -0.0008640

7 -57.587130 1.2601972 -. 29377172 0 +0.002162169

8 -58.0675 1.30668 0 -0.879378 +0.00128141

9 -38. 1414 1. 15416 -. 313709 +0.357433 +0.00149554

10 6.9658 0.9S029 0 0 -0.00548438

450 1 3.9197 0.0219649 0 0 0

2 3.85795 0.0225212 -0.00111025 0 0

3 3.53372 0.0250101 0 -0.0118626 0

4 3.57206 .0247401 -0.000521839 -0.0097923 0

5 11.78435 0 0 0 -0.000428648

6 6. 94167 .0137463 0 0 -0.000225728

7 6.8249427 .014274744 -0.00060313458 0

8 6.67650 .0151516 0 -0.00406704 1

___________ _____________I
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Table 8. Coefficients in the Regression Equations
TRA(C) = Ai+B iNs + Gi GradN+Di AN +Ei H

Ci Di Ei STANDARD PROBABLE PARAMETERS
Ft. Ft. NUMERIC DEVIATION (Ft.) ERROR (Ft.) INVOLVED ACCURA

0 0 0 42.52 28.88 Ns 8

B8777 0 0 34.12 23.33 Ns, Grad 4

0 -0.0083089 0 41.55 28.41 Ns AN 9

13435 -0.4103691 0 33.90 23.34 N AN, Grad 2

0 0 -0.0156675 50.13 34.04 Hs 10

0 0 -0.0008640 42.51 29.06 Ns, Hs 7

)377172 0 +0.0021621694 34.01 23.41 N, Grad, H 3

0 -0.879378 +0.00128141 41.52 28.58 N, AN, H 5

L3709 +0.357433 +0.00149554 33.85 23.46 N, AN, Grad, H 1

0 0 -0.00548438 42.44 29.02 N, eHs 6

0 0 0 0.3740 0.2534 Ns 9

M0111029-5 0 0 .3610 .2468 N, Grad 8

0 -0.0118626 0 .3513 .2401 N, AN 7

00521839 -0.0097923 0 .3490 .2402 N, AN, Grad 6

0 0 -0.000428648 .4293 .2916 Hs 10

0 0 -0.000225728 .2273 .1554 Ns, Hs 4

0060313458 0 -0.00021951529 .2212 .1522 N, Grad, H A

-0.00406704 -0.000215806 .2234 .1538 N, AN, H

-;2
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Table 8. Coefficients in the Regression Equations

TRA(E) = Ai+ Bi Ns + GiGrad N+ Di AN + Ei Hs

Ei STANDARD _PROBABLi PARAMETERS RANKING
NUMERIC DEVIATION (Ft.) ERROR (Ft.) INVOLVED ACCURACY DIFFICULTY

0 42.52 28.88 Ns 8 2

0 34.12 23.33 Ns, Grad 4 5

9 0 41.55 28.41 Ns AN 9 7

0 33.90 23.34 N A N, Grad 2 9

-0.0156675 50.13 34.04 Hs 10 1

-0.0008640 42.51 29.06 Ns, Hs 7 3

+0.0021621694 34.01 23.41 N, Grad, H 3 6

+0.00128141 41.52 28.58 N, AN, H 5 8

+0.00149554 33.85 23.46 N, AN, Grad, H 1 10

-0.00548438 42.44 29.02 N, eHs 6 4

0 0.3740 0.2534 Ns 9 2

0 .3610 .2468 N, Grad 8 5

3 0 .3513 .2401 N, AN 7 7

3 0 .3490 .2402 N, AN, Grad 6 9

-0.000428648 .4293 .2916 Hs 10 1

-0.000225728 .2273 .1554 Ns, Hs 4 3

-0.00021951529 .2212 .1522 N, Grad, H 2 6

-0.000215806 .2234 .1538 N, AN, H 3 8
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Ai Bi Ci Di Ei

Ft. Ft. Ft. Ft. NUMERI(

450 9 6.70714 .0149171 -0.000482349 -0. 00216536 -0. 0002154'

(Corit.)
10 5.58353 .0173015 0 0 -0.00047360

90Q 1 2.76495 0.01557 0 0 0

2 2.72141 .0159668 -0.0007827 0 0

3 2.49212 .01772721 0 -0.00838491 0

4 2.51902 .0175376 -0.00036619 -0.00693216 0

5 8.34175 0 0 0 -0.00030414

6 4.91351 .0097313 0 0 -0. 00016049

4. 8318364 .010101051 -0.00042202•68 0 -0. 00054

8 4.72861 .0107114 0 -0.00282726 -0.00015357

9 4.75008 .0105471 -0.000338093 -0.00150431 -0.00015334

10 3. 95474 . 0122398 0 0 -0M 00033870
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Table 8. Coefficients in the Regression Equati

TRAA(c) = Ai 4-Bi Ns +Gi GradN+Di AN+ Ei Hs((

Ci Di Ei STANDARD PROBABLE PARAMETERS
Ft. Ft. NUMERIC DEVIATION (Ft.) ERROR (Ft.) INVOLVED AC

-0. 000482349 -0.00216536 -0.000215477 .2203 .1527 N, AN, Grad, H

0 0 -0.000473660 .2953 .2019 N, eHs

0 0 0 0.2658 0.1805 Ns

-0.0007827 0 0 .2567 0.1755 N, Grad

0 -0.00838491 0 .2498 0.17084 N, AN

-0.(10036619 -0.00693216 0 .2483 0. 1709 N, AN, Grad

0 0 -0. 00030414 .3042 0.2066 HS

0 0 -0.00016049 .1614 0. 1104 Ns, Hs

-0. 0004220238S 0 -0.00015614152 .1573 0.1082 N, Grad, H

0 -0.0028'726 -0.00015357 .1588 0.1093 N, AN, H

-0.000338093 -0.00150431 -0.00015334 .1566 0.1086 N, AN, Grad, H

0 0 -0.00033870 .2091 0.1430 N, eHs

21
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Table 8. Coefficients in the Regression Equations
TRA(c) = Ai +Bi Ns + Gi GradN+Di AN+ Ei H. (Continued)

• 11".=.11D PROIBABLE PARAMETERS RANKING

NUMERIC DEVIATION (Ft.) ERROR (Ft.) INVOLVED ACCURACY DIFFICULTY

-0.000215477 .2203 .1527 N, AN, Grad, H 1 10

-0. 000473660 .2953 .2019 N, eHs 5 4

0 0.2658 0.1805 Ns 9 2

0 .2567 0.1755 N, Grad 8 5

0 .2498 0.17084 N, AN 7 7

0 .24bij 0. 1709 N, AN, Grad 6 9

-0.00030414 .3042 0. 2066 Hs 10 1

-0.00016049 .1614 0.1104 Ns, Hs 4 3

-0.00015614152 .1573 0. 1082 N, Grad, H 2 6

-0.00015357 .1588 0. 1093 N, AN, H 3 8

-0.00015334 .1566 0. 1086 N, AN, Grad, H 1 10

-0.00033870 -.2091 0.1430 N, eHs 5 4
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Table 9. Residual Tropospheric Range Aberration After
Various Atmospheric Corrections

(1 a value in feet)

PARAMETERS USED

IN CORRECTION TRACKING ANGLE' ,

90° 450 00

Hs .3042 .4293 50.13

Ns  .2658 .3740 42.52

Hs & NS .1614 .2273 42.51

HS3 N; & /IN .1588 .2234 41.52

HS, Ns & Grad N .1573 .2212 34.01

H5 , Ns, NN& GradN .1566 .2203 33.85

5.6.3 Methods, of Implerrenting Correction

5.6.3. 1 Digital Computers. As has been nientioned previously, it is possible to utilize a
large-scale digital computer to determine the tropospheric range aberration. This calcula-
tion may be done on the basis of integrating a known or an assumed profile of refractivity vs.
altitude and solving the ray-tracing equation appropriate to the elevation angle in use. If this
is to be done on a real-time basis, it requires a very large computer capability. A technique
that has been used, therefore, is to pre-calculate the corrections for a large number of
profiles and to store the results as a function of elevation angle and profile type. The stored
results are then extracted as needed by the tracking computer, using a table look-up tech-
nique. Since there are an infinite number of profiles, with an infinite number of perturbations

possible on each type of profile, to obtain a good approximation to the proper correctinn by
this technique requires a prohibitive amount of computer storage capacity.

5. 6.3. 2 Analog Computers. The techniques of performing the range aberration correction
which seems most suitable involve the determination of TRA (0) and TRA (90) by regression
techniques, and converting these two values into a TRC (c) by utilizing an angle function (as
described in paragraph 3. 1 of Appendix IID). This technique lends itself to utilization of
simple, straight-forward analog computer techniques. The constants a, b, c, and e and the
values of Hs in the regression equation can be set in on manually adjusted potentiometers
since they never change for a given station. The variable inputs to the analug device would
then be the value of the elevation angle, the value of surface refractivity and the value of
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refractivity at 0. 1 kilometer. From the two values of refractivity, N. and N0 . 1, the initial
gradient of N for entry into the regression equation can then be readily determined. Two re-
gression equation solvers are required, one to provide TRA(0) and the other to provide
TRA(90). The accuracies required in a correctihn of this sort are well within the capabilities

of straight-forward analog computing devices.

5.6. 3.3 Profile Data Acquisition. The usual method of obtaining information on the profile of
refractivity vs. altitude is to employ radiosonde balloons or rockets. From the meteorolog-
ical data obtained from the radiosonde, the refractivity index may be calculated at each data
point. The current expression for this conversion is one given by Smith and Weintraub
(Reference II-63):

77.6 +4810T (

(The terms used in this equation are identified in the glossary at the end of Appendix III.)

Instead of converting the humidity, temperature, and pressure data acquired by meteorolog-

ical instruments into a calculated index of refraction, a microwave refractometer (see
paragraph 5.6.3.4) can be used and leads to a more direct solution of the problem.

it should be remembered that under the recommended method of performing the correction, it
is completely unnecessary to have detailed information about the profile of refractivity at high
altitudes. This data would only be useful in case the alternate correction technique employing
"form factors" is to be used, or in the event that this work is expanded to utilize periodic

form factor information plus instantaneous surface data.

5. 6. 3.4 Refractometers. The most straight-forward method for obtaining information on
surface refractivity and initial gradient of refractivity is by the use of a microwave refracto-
meter. The type developed by C. M. Crain (Reference IV-4) at the University of Texas, or
the slightly different type now being used at the National Bureau of Standards at Boulder,
Colorado, are both suitable. Reduced to its essentials, the Crain microwave refractometer
is a pair of microwave oscillators whose frequencies are determined by electrically identical
resonant cavities. One cavity is sealed so that the frequency at which it resonates is not af-
fected by changes in atmospheric conditions. The second cavity is vented to the atmosphere
and the pressure, temperature, and relative humidity changes in the atmosphere are reflected
by changes in its resonant frequency. The difference between the resonant frequencies of the
two oscillators, then, is a direct measure of the refractivity of the sample of air in the vented
cavity. Suitable microwave refractometers have been manufactured and sold by the University

of Texas (Dr. Straiton); the Aerial Electronics Co., Fairborne, Ohio; and Boulder Scientific

Co. at Boulder, Colorado.
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5. 6. 4 Residual Errors

An error analysis was made for the recommended correction technique. The analysis

assumed that the regression employing N., Grad N, and H. is used to obtain TRC (0) and

TRC (90) and that the Bowers expression is used to convert these two values into the correc-
tion at intermediate angles, TRC (c). Table 10 shows the residual error in terms of absolute
feet, and in percentage of the actual required correction. The last column of percent error

is the root-mean-square value of the magnitudes of the 77 differences between the aberrations
(as calculated by profile integration) and the corrections (as calculated by the approximation

method described), divided by the aberration for each profile calculated.

Table 10. Residual Range Error (TRRE)
After Recommended Tropospheric Correction

ELEVATION ANGLE TRC MEAN TRRE PERCENT ERROR
"1E" (degrees) CORRECTION (feet) RMS ERROR (feet) RMS (percent)

0 334.07 33.27 10.80

1 38.27 13.75

2 12.93 8.38

5 3.39 4.52

10 44.52 1.01 2. 30

15 30.37 0.61 2.02

30 0.36 2.64

45 11.26 0.22 1.93

60 0. 23 2.64

g0 7.97 0.15 1.94

A histogram 3howing the distribution of the percent errors for each of the 77 profiles at five

representative angles is shown in Figure 42. It can be seen that the extreme error is less
than eight percent down to an elevation angle of 10 degrees. From Table 10 it was seen that
the root-mean-square error is less than '2. 4 percent down to the same tracking angle. The
tendency toward "skewness" in the data (which is most apparent at low elevation angles) is
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caused by the calculation technique, in that the regression equation tends to underestimate
large corrections and overestimate the small corrections. This leads to a preponderance of
percent errors having the positive sign.

5. 6. 4. 1 Expected Performance. The 77 actual profiles tested are not a statistical sample of
average weather conditions. The class of ducting profiles represent conditions which occur
only a small fraction of the time. The "MAX" and "LIN" profiles are for extreme values of
N. and will enclose a large population of profiles having intermediate values of N,.

For this reason the results of an error correction technique based on this data will show a
greater RMS residual error than should be expected when the same technique is applied to the
general run of weather changes encountered at any one tracking site. The quoted errors,
therefore, are to be treated as being pessimistic and conservative.

5.7 SUMMARY, LIMITATIONS, AND RECOMMENDATIONS

5.7.1 Summary

The above effort may be recapitulated by the following statements:

a. The magnitude of the tropospheric range aberration has been examined for 77 represent-
ative profiles covering a wide range of geographical and meteorological conditions. It has
been observed that for low elevation angles, particularly, the range of aberrations is so great
that it is impractical to attempt a correction based on a mean or average value of the aberra-
tion.

b. The dependence of the aberration upon surface-accessible parameters has been examined,
and a significant correlation betvween TRA and G13Arad N, and Hhas •beefon'd.t

been determined that statistical regression techniques leading to a linear equation utilizing
only these parameters provide an adequate correction for tropospheric range effects without
requiring knowledge of the upper atmosphere.

c. Justification has been found (see Appendix III) for a recommendation that whenever pos-
sible, tracking sites be located at high altitudes in a dry climate.

d. Consideration of the effect of changing elevation angles and of the effects of diurnal and
seasonal variations in the weather lead to the conclusion that a real-time solution for the

tropospheric range correction is required.

e. A proposed correction technique has been presented which is readily applicable (by means
of straight-forward analog computing devices) to a practical tracking station. This technique
leaves a residual range error due to tropospheric effects of less than 2. 5 percent of the total
aberration down to a tracking angle of ten degrees. This same technique still gives reason-
ably adequate correction at tracking angles below ten degrees.
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5. 7.2 Effects Not Included in This Study

Ionospheric effects have not been studied in detail in this initial phase of the study. The

magnitude of range aberration at micro wave frequencies due to the ionosphere is a second-

order effect compared to the tropospheric range aberration. Consideration of potential cor--

rections for ionospheric refraction should be included, however, in any extension of this work.

The range-rate effects of turbulence and "blobs" or inhomogeneities in the atmosphere have

not been included in this study.

The mathematical analysis used for the tropospheric aberration dueb noL include the slight

difference between a straight ray delayed by the troposphere and a curved ray which is bent,

as well as delayed, by the atmosphere. (This effect has been shown by several investigators

to he negligible in comparison to the total TRA, )

The possibility of ray trapping in an atmospheric duct was not included in the integration

process used to obtain the values of TRA employed in the regression analysis.

Calculations have not been made for the reduced corrections required if the target being

tracked lies within the troposphere. It has been assumed that all targets considered during

this study were above 100, 000 feet altitude.

All calculations have been made assuming a spherically stratified atmosphere. This ignores

the fact that, at angles other than the vertical, the ray passes through an atmosphere which is

somewhat different from the profile above the station where the weather data was obtained.

Bean and Cahoon (Reference 111-14) have shown that, at elevation angles down to about four

degrees, this effect is entirely negligible.

5.7.3 Recommnended Further Efforts

At the end of the study contract period several promising areas of investigation had not been

analyzed. It is recommended that an extension of this effort be undertaken to include the

following:

a. Current efforts to provide a profile form factor (utilizing weighted segments of the pro-

file) to obtain TRC (0) should be continued.

b. An investigation of the improvement in accuracy obtainabie by utilizing a combination of

profile form factor data (taken at periodic intervals' and real-time data on the changes in sur-

face parameters should be undertaken. Acquisition and analysis of a large number of time-

spaced profiles, for a statistically significant number of other stations should be initiated.

c. The computer program for the statistical regression analysis should be re-examined to

determine the feasibility of including the effect of cross product and other second-order terms.
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d. Additional work should be expended on improving the functional relationship between
elevation angle and tropospheric correction. This would involve deriving the equation in such
a way that the errors could be matched at 90 degrees and 10 degrees (instead of at 90 degrees

and 0 degrees), or a derivation which would include a weighting factor to accommodate the
increased contribution of the low-altitude part of the atmosphere at low elevation angles.

e. The range error contribution by ionospheric effects should be evaluated, and suitable
correction techniques developed.

f. The error in range-rate due to atmospheric turbulence and 'blobs" should be investigated
in some detail, and the resultant error contributions included in the tracking system model

analysis.
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SECTION VI

CONCLUSIONS

6. 1 The major conclusions to be drawn from this study can be summarized as follows:

(1) For the baseline lengths considered (200- to 3, 000- nautical miles) and the current
state of the art in the area of time synchronization (1.0 mnicrosecond), tracking sys-
tems which measure only range yield significantly greater accuracy in tracking cisluna
spacecraft than can be attained by systems which measure range sums or range
differences.

(2) The effect of inaccuracies in surveying the location of the tracking stations of a three-
range-only tracking system produces a significant degradation in tracking accuracy.
In other words, a tracking system surveyed-in with the best of classical geodetic
techniques shows errors in spacecraft position which are an order of magnitude larger
than those of the same system with zero survey error.

(3) The employment of a geodetic satellite for surveying-in the tracking system appears to
offer a significant improvement in surveying accuracy and thus in the over-all tracking
accuracy.

(4) The residual RMS error (after real time correction) in the radio measurement of slant
range (due to tropospheric propagation effects) can be made sufficiently small to be
negligible, e.g., less than one foot at slant range elevation angles down to 10 degrees.
The residual RMS error can be kept to less than 13 feet for elevation angles down to
2 degrees.
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APPENDIX I

ERROR MODEL EQUIVALENCE

1. 1 REDUCTION OF TRACKING SYSTEMS TO RANGE-ONLY EQUIVALENTS.

The demonstration of error model equivalence in generalized notation proceeds as follows:

The spacecraft coordinates are X, Y. Z, and the tracker coordinates are:

Xn, Yn, Zn n= l, 2, 3.

Then, the missile position is determined by the equations

Rn2= (X -Xn)2+ (Y -Yn),2 + (Z - Zr) n=, 2, 3

If sums or differences of ranges sufficient to determine (X, Y, Z) are measured, then they
are also sufficient to determine all Rn, which may usually be found by linear equations

Rn = anlSl+an2S2+an3S3 n=1, 2,3 (I-3)

Now, since X = X (Rn) and Rn = Rn (Si, 2, 3)

ax ax 8RI ax OR2  ax 8R3as = R+ - -- - m= , 2, ,3 (1-2)
m 1 8 8m BR2 8 Sm OR3 3 

5 m

Also, if ASm is an error made in Sm,

a +m •Sm a Sm '
ASm=-•R1 ARI1  R- AR 2 ±+'R AR 3  (I-3)

In OR AR1  OR2  AOýR 3  "

and if AX is an error in X

AX=- AS 1 + OXaxs As3  (1-4)
as, 1 2 2 a
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Putting (1-2) and (1-3) in (1-4) we get

a H ax aR1  ax A R2 ox a R3

(0XRI T aR 2  Si T3 881)

(as 6 R1 + aS 6sR2 + as, a-/(sl a R2  a R3  )

-+ 8R 8

( ax DR1  ax aR2  aX BR 3
-s+ )

+ R1  + +- 5S2 R3 T

a S 3  3as3 .(- 1 .R1  + AR2 aR3

+ FR TS3- + ;;R2 ý'S3 R3 DS

1aR @R2 AR2 + @R- 1 (R-5)

Differentiating (I-1) with respect to Sm we obtain

8n anm m= 1, 2, 3 n= 1, 2, 3 (1-6)

and

asmT ji -= bn (1-7)

where brm is the number of Rn paths in sum Smn.

Using (1-6) and (1-7) and rearranging (1-5)

ax a
6X= A R1 aR1lbll + a12b12 + al3bl -- AR2 (a 2 1b2 1

a22b22+ a 2 3 b 2 3) + aX AR 3  (a 3 1b 3 1 + a 3 2 b 3 2 + a 3 3 b33)+aR3

aX AR 2  (allb21 + a1 2 b2 2 + a1 3b 2 3)D Rl1

3X AR3 ( allb3 1 + a 1 2b 3 2 + a 13 b 3 3) +

1-2
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a- AR1  + + a22b1 2 + a2 3bX3 ) + - AR 3  (a2ib31+
aR2 2

b... + ab.• Ax R (aalb1n + a32b12 + aa3b13) +
a22b32 + a23b3s) a R

a.X AR 2  (aalb21 + a32b2 2 + ar2(-8)
a R3

However, since (I-1) must be an identity, we may formulate the relationships between anm

and bnm which must be true to make it an identity.

These are:

allbll + a 1 2 b1 2 + a 1 3 b 1 3 = 1

a11 b21 + a1 2 b22 + a 13b2 3  0

a11bs1 + a12b32 - a13b33 0

a21bl, + a 2 2 b 1 2 + a2 3 b13 = 0

a21b21 + a 2 2 b2 2 + a2 3 b2 3 = 1

a21b31 + a 2 2 b3 2 + a2aba3 = 0

a31bl, + a 32 b 1 2 + a 3 3 b13 = 0

a31b21 + a 3 2b 2 2 + aasb23 = 0

a31b31 + a 3 2 b3 2 + a 3 3b 3 3 = 1

Putting these in (1-8) we obtain

A X 6R X 6R +-X-AR
aX AR +1 9R 2 + AR3 (-9)

which is exactly the error expression used in the range-only case.

Therefore, all tracking systems of the type which measure range, range sum, range differ-
ence, or combinations of these just sufficient to determine missile position may be reduced
to range-only equivalents. Consequently, in all hybrid systems of this type the range errors
associated with electric path are identical to those of their range-only equivalent.

I-3
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1.2 THE GEOMETRICAL PARTIAL DERIVATIVES

The geometrical partial derivatives required to compute MF- and Mt may be formed by simple
vector-matrix operations involving the following 3 x 3 matrices:

R =[RI A2 AS

R=

1xI. A1  o 0

SX' 0 R2 0

0 0 IX6 R3

0y 0 0. -R 3 ]

lz'1 . Rl0 0

Sz0 1Z 20

o 0 Z3 R3

FR1 0 07

T= 0 R2  0

0Lo R3 j

-R1  0 0

UT 0 ]h2 0

0 0 R3

[v vv=V V

• Denotes the transpose of the matrix

1-4
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0

WX0. V 0

0 0 o l-y . V o

• V 00
WZ= 0 1Z . V 0

With these matrices then the partial derivative of missile position with respect to ranges 1, 2,
and 3 is__

l 0 8 /R2  8 R3

8Y aY aY
PR =R-T = 8R1 aR2  8R3

aolz aR2 aR3
The partial derivative of missile position with respect to east coordinate of trackers 1, 2,
and 3 is

ax ax ax

PR = -I 1 Ts, By aY aY

a z a z a z
a XB2 DR

a x7 ax2  a x

E8Z 8Z 8Z

1-5
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The partial derivative of missile position with respect to north coordinate of trackers 1, 2,
and 3 Is

ax ax ax

a; a 2 a3

P = -ly DY aY a Y

az az az

The partial derivative of missile position with respect to vertical coordinate at trackers 1,
2, and 3 is

ax ax a
0z, a z` az/

Pr - R-1Sz @aY &Y aY
zaz a Z2 a z

az az a zazi 8z z

The partial derivative of missile velocity with respect to ranges 1, 2, and 3 is

ak at ax

a R1  8 R2  a R3

aY aY at

DR1  nR2  NR3

The partial derivative of missile velocity with respect to range rates 1, 2, and 3 is

V R-1T aY a* ak

aR1 R2 aRI

DR1  aR2 DR3

1-6
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The partial derivative of missile velocity with respect to east coordinate of trackers 1, 2 and

3 is

F 
a 

a Z

K -

lxi ax 2  aX3

VA~~•Y R- IVP. .a y -a
=• R- - ~wx'-vrx --= YZ • o-W

1

aZ az az
a

The partial derivative of missile velocity with respect to north coordinate of trackers 1, 2

and 3 is

ax ax ax
a Y axý atY

R-1 W, - PO a atY aY,

Vr -' [wy'-Wr] 0Y bY 3

8z azi az

The partial derivative of missile velocity with respect to vertical coordinates of trackers 1, 2
and 3 is

az, azý azý

aZ'1  az' az'

1.3 THE REDUCTION OF TRACKER MEASUREMENTS TO CARTESIAN COORDINATES
IN REAL TIME

The mathematical methods employed in the computer program for simulating tracker per-
formance are directly useful in the real-time coordinate reduction of an operational tracking
system,. The application is outlined in the following paragraphs.

1-7
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The cracking configurations under consideration measure a 1 , a2, a3, a 1 , a2 and a3. In all

systems, the rate measurements are range rates, that is:

ai = Bi (i = 1, 2, 3), determined from the Doppler frequency shift at the receivers.

The systems considered here measure a 1 , a 2 , and a 3 , where

a 1 = bl B I-b 1 2 R9 + b13 R3(-10)

a 2 -=b21 R1 + b 2 2 R 2 + b23R3

a3 ýb31R1 + b 3 2 R2 + b33R3,

or in matrix notation,

[a11  R I- (I- 1a)

The solution of (1-10) for Ri (i = 1, 2, 3) is therefore given by

R 2 =B-1 a2

R3_ _a3_

The matrix B is formed using equation (1-10) and the definitions of ai (i = 1, 2, 3) so that for:

1. Three Range Only,

B = identify matrix;

2. Three Range Sums (transmitters at all sites);

B = 1 1 ,and

0 -

I-8
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B-1= .5 -. 5
L-.5 .5 .5-

3. One Range, Two Range Differences,0 0
B =1 0 ,and

B01 -1

B-1 -1 0

1 0 -1

4. One Range, Two Range Sums,1 0 0]
B= [ 1] , and

L1 0 1j

1 0 0
B"1 = 1 1 0

-10 1 .

The locations of the three trackers are assumed to be given, from surveys, in some coordi-
nate system, and are denoted T1, T2, and T3.

The unit vectors, (see Figure 43)

12 -=72 1 = .r 2 - 1

1'2 - Y1l b 12

T 3 - 71 73 - If1

I13 - F1I b13

= 4x l17r1 4 x
are formed as constants of the tracking system. Next, the reciprocal vectors of these unit
vectors are formed and stored:

1-9
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T1

Y

R1I R7

T3

Figure 43. Non-Orthogonal Coordinate Relationships
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_ T 7x T-

x x

x x

Since the type of measurements made have been determined before tracking commences, the
values of the elements of B- 1 are stored in the memory, so that as measurements commence,
R 1 , R 2 , R 3 , R 1 , R 2 , R 3 may be immediately computed from equations (I-11) and are availa-
ble for real time reduction. From the law of cosines the quantities:

R12 _ R 2  + b 1 2 2

2 b 12

R12 _ R 3
2 + b 1 3

2

2 b 13

S(R
1jR 1 - R2R2),b12

b3(1R1 1k1 - R31R31).
b13

are determined.

Then the vector position and velocity, Y and V, which have components (X, Y, Z) and (±, it,
Z) respectively, are given by:

X = X' Ux+Y Vx

Y =X' Uy + Y' Vy

Z=+ [R12-x2-Y2]

x 'ux + 'Ž'

=X' Uy + Y' Vy

- (RllR 1 -Xk--Y )

There are thus thirteen scalar equations to be solved (with this method), in real time.

I-11
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1.4 ERROR ANALYSIS OF A TRACKING COMPLEX WHICH MEASURES THREE RANGE
DIFFERENCES

With the addition of a fourth station to a three-station tracking complex, an un-cooperative

space vehicle, (if it is transmitting a suitably modulated signal) may be tracked and its
location determined. The three time differences between the time of signal reception at one
station and the times of reception at the other three, converted to three range differences,
yield a unique solution for the vector position of the space vehicle

The measurements are therefore: Di, D2, D'3, where

D 1 = R 1 - R 4

D2 = R2 -R4

D3 = R3 -R4.

in the computations outlined, the same coordinate systems and notation are used as in the
three-range-only analysis. Likewise, the same uncertainties are used, e.g. , ac
arising, from uncertainty in the speed of light, :ot , dependent upon the ability to synchronize
time between stations, etc. The covariance matrices in spacecraft position resulting from
the tracking process and from the survey of the tracking sites are computed, formed sepa-
rately, and added together t~o obtain the system characteristics. Assuming an input position
Y , and velocity, W, of a vehicle, the partial derivatives of the coordinates with respect to
the measurements are formed as follows:

ni = ? (i =1, 2, 3, 4)

Ri= magnitude of Ri (i = 1, 2, 3, 4)

Ri =Ri + Ri (i =1, 2, 3, 4)

1R - 1R4 =

1 R2 - 1 R4 = P2

1R3 - 1114 = P3

F-aX aX ax

P D1  3D2 a D3  [ P1, P2' P3

a Z az a Z
,3D1 D D2 3D 3

1-12
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The assumed system measurement error model is:

Af = Ac D1 8iD ar + D3

I 8D (¢ • 2 +D2 ( 8D3 J

+ (t3 [(c + A,) --- 3] At 2 [(C + f 2 ) 32

+At 3 fr [I+R - A t [(c +~4

+ 'A t ( - k) a- + (R 2 - R 4 ) -- + (R3 - R4)
I 19D1 ~ 8D28D3

* kb f ( .1) - f (- 8 7- ' + - f ( E By
b L 1' 4)) aD1  f 24 D

+ ( f ( E 3) - f (E 4))

+ kj [r f (Ei) + k2 f {E2)

+ k3  f (3) -k 4  [T f (E 4)]

where

ax ax ax
9D, 8D 2  8D3

BY BY + aY

8DI 8D2 8D 3

8z az &Z

&D1 3D2 3D3

and f (E) is of the same form as in the three-range-only model. The 1 (i = 1, 2, 3, 4)

are formed by

i = v' fRi"

1-13
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Before finding the expected value of a, note the following nomenclature:

[Dji
5I = , D= R2 - R4

LDkJ - h4J

f (E 1 ) f (E4)-

f(AE) -- (E 2 ) f (E 4 ) : also,

any diagonal matrix with elements a 1 , a 2 , a 3 will be denoted

0 a ] 
{ail

Then the eovariance of A 7 (due to the tracking operation) will be given by:

gX2 [-XY axz]
•--c'A =cyX u y2, 0ryz/

L ZX 0Y orz2J

p [72 "r 1* + yt2  (C R+)2 f 2tb 2

crkb f -f'. }]+ kb2T(€ &) + ,uk2 If2 (C i) I P

4 [ c(t 2 (C + p4)2 + rk 2 f2 (e4)] TT .

In analyzing the errors contributed by the survey of the tracking system, two covariance
matrices in 7 are formed, one arising from the totally correlated errors between stations
and the other from the totally uncoirrelated errors. The equations relating the position of the
vehicle to the locations of the stations are:

(Di - R4) 2 = (X - X,) 2 + (Y - Y,) 2 + (Z - Zi) 2 , (i = 1, 2, 3).

• Denotes thc transpose of the! matrix

1-1.1
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Forming the partial derivatives of these equations with respect to all the rk, *¶€, X k
(K = 1, 2, 3, 4), and using the relationship

R4 2 = (X - X4)2 + (Y -Y 4) 2 + (Z - Z4 ) 2

&R4
to eliminate the terms of the form &R4

one may compute Pi, given by:

= [ (i =1, 2, 3, 4).

The variances in ri , @i 4i (i = 1, 2, 3, 4)
are:

2 from the input (1 =:1, 2, 3, 4)
U ri

2 aN 2

U qt i2 (i = 1, "2, 3, 4)

2 0E 2o•xi =(i=,2,34.

ri 2 cos 2

Therefore, the covariance, Mh arising from survey errors is given by:

MA = sum over i = 1 to4of

Uri 20 10 2

1-15/16



CONVAIR -ASTRONAUTICS AE61-0061

13 February 1961

APPENDIX II

DETERMINING THE EARTH RADIUS AT THE TRACKING SITES
BY USE OF THE ORBIT OF AN EARTH SATELLITE

2.1 BASIC EQUATION OF MOTION

The potential of the earth's gravitational field can be expressed as follows:

U = fMM + B (1-3 sin 2e) + P(re,)] (0,-1)r 2r

where:

M is the mass of the earth,

B and A are the moments of inertia with respect to the earth's principal axes,

f is the gravity constant,

r is the distance from the earth's mass center,

and e is the angle of latitude.

The term P(r, 0, (p) represents the higher-order harmonic components and local gravity
anomalies.

If the time of observation is limited to a relatively short period (less than 30 minutes) the
term P(r, e), )) may be omitted, because its integrated effect over the interval is small.

The value of the coefficient B-A = 0. 001106a 2 (a = equatorial radius) has been internation-
ally adopted, so that, equation (II-1) can be rewritten, using fM = 3. 9871175 x 10 4 m3/sec2,
as:

3.987 117 5x10 14 + 2.250 x10 i 2)U (meters2/sec2) r 11 + r2 -(1-3 sin 2 )(11-2)

r [ r 2

II-1
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For the sake of simplicity we introduce the abbrcviation:

fM = k = 3.9871175 x 1014 m 3 sec- 2  (11-3)

B-A
2-" = n = 2.250 x 1010 m 2  

(11-4)

The gravitational acceleration of the potential field (II-1) is the gradient of the potential
function,

if = grad U (11-5)

Substituting 11-3 and 11-4 in 11-2 and taking the gradient, in spherical coordinates, the
gravitational vector can then be expressed as follows:

kr + (1-3 sin 20)e _e6kn sinO cosO (11-6)

where: Tr is the unit vector in the radial direction and e is the unit vector in the meridian
plane, perpendicular to the radius vector.

The motion of a satellite moving under influence of the gravitational field (equation 11-6) can
be characterized by the following set of equations: U

"-r 2 - r 4  2 cos 2 e = -_k 1 +. (1 - 3 sin2e) (11-7)
+ 2i~ + e 6kn

rO + 2i-6 + rA 2sine cos Eo = sine cose (11-8)

r• cose + 2i cose - 2r• 0 sine =0 (11-9)

This set of equations is non-linear, and rigorous solutions cannot be obtained by elementary
methods. In this report an attempt is made to solve this equation by means of perturbation
methods.

2.2 UNPERTURBED SOLUTIONS

The gravitational vector (equation 11-6) can be considered as being composed of a primary
term, which is the Newtonian force field, and some fairly small terms which distort the
Newtonian field slightly. A Newton force field is generated around a mass point or a
spherically shaped body having either uniform or concentric mass density distribution.
Such a field has concentric, constant-potential surfaces with its center coinciding with the

center of the sphere. Equation 11-6 represents a Newtonian field for n = 1/2 B- A- = in

11-2
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B-A
accordance with the definition. The term which sometimes is referred to as "mechan-

ical ellipticity'" is a fictitious distance corresponding to the radius of gyration of the diffe r -

ence in the moments of inertia along the polar axis and an equatorial line. This distance is

about 3. 3 percent of the earth radius. Since terms containing the factor n enter the right

hand side of equations H1-7 and 11-8, only small deviations will result from an orbit based on

the Newtonian field. The orbit-theory of a body in the Newtonian field is well established and

known as the Keplerian motion. Keplerian motion is therefore defined by equations HI-7,

H1-8, and 11-9 when n = 01 so that:

"Y-rb 2 - rc 2 cos 2e. = k (II-10)

r 2

re;6 + 2i + r2 sin ecos eo (fl-11)

r , cose +2i$ cosO -2r 0 sinO =0. (11-12)

Solutions of this, set of equations are obtainable by means of elementary methods. (Despite

the fact that we know the solutions to conic sections, we do not hesitate in finding solutions of

equations 1-10 to H1-12. The expressions gained will be used when the perturbed problem is

treated.)

Equation 11-12 can be! integrated immediately after division by r; cos e, yielding the result:

r 2 l, co0 2 0 =:C (C1-3)

where C represents a constant of integration.

By means of equation 11-13 the quantity ý in equation 11-11 can be eliminated so that:

C2 sine
rO+2j + -2 o.

r 3 co, =30.

A solution to this equation is:

2 -C 2 (1-144)
cos 2e

where K is another constant of integration.

Equations (11-13) and (11-14) together represent Kepler's first law which, of course, can be

obtained in a simpler way when different coordinates are used. Kepler's first law says:

11-3
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A mass point moving in a Newtonian field moves in a plane such that the radius

vector sweeps out equal areas in equal time-periods,

This result can be expressed by:

r 2  =c' (H-15)

where i represents the angular velocity of the radius vector r. Figure 44 shows the
orbital plane cutting out a great circle on a sphere of reference whose center coincides with

the center of mass of the earth. The nodal line common to the orbital plane as well as the
equatorial plane is the y axis of the cartesian coordinate system. Angle YOS is the true

anomaly, X ; angle YOT is the angle of azimuth, 0 ; and angle TOS is the angle of latitude, e
The inclination of the orbital plane, with respect to the equatorial plane, Is the angle C,
measured at point Y.

For the spherical triangle YST the following three :relationships exist:

tan q = cos a tan X (H1-16)

cos X = c o(Cos P (11-17)

sin e = sin a sin X (11-18)

Differentiating (11-16) with respect to time and using (11-15) and (11-17) yields the relationship:

r 2 ý cos 2 E = C' IcoIs a (H1-19)

Comparison with equation (13) shows that:

C = C' cos a (1I-20)

A relation corresponding to (11-14) can be obtained when (11-18) is differentiated and

introduced into (11-15):

1 1
2X = (11-21)

1 cos 2

cos 2 e

lI-4
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Figure 44. Orbital Cutting Plane, and Reference Sphere

H1-5



AE61-0061 CONVAIR - ASTRONAUTICS

13 February 1961

which, on combining with (11-14) yields: (
K = V (11-22)

Next we have to solve equation (11-10). Introducing (11-19) and (11-21) into (II-10) yields the
following equation:

i- C' (12 cos 2 a ~C2 cos 2 a 1 -k

r4 cos 2 0 r 4  cos 2  J r 2

or

C12 kr" -- + -- =
r 3  r2

Multiplying by dr and integrating, results in:

dr 1 2kr-C' 2  (
dt r C

Together with (11-15) the last equation becomes:

dr = .r ý -2kdr = 2kr- C'2  (11-24)

Integration of (11-24) results in:

Pr° 1 + f Cos(Xo - XOA) (11-25)

the analytical expression of a conic section, where (p = parameter of conic section,
E= eccentricity, X O= angular distance of apogee.

A

2.3 PERTURBED PROBLEM

To determine the effects of small perturbing forces on satellite motion we can introduce in

the radius vector, io, of the unperturbed motion a small incremental vector 2--. The 6

H1-6
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radius vector of the perturbed case thus becomes:

re + Tr* (11-26)

Let us introduce the unit vector Fr- in the radial direction and eLR a unit vector perpen-
dicular to the orbital plane and rewrite equation (IH-26) as follows:

S= erro + 5 r ar + ro air (11-27)

According to (11-25), the quantity ro in this equation is the radial distance and is a function

of time. The incremental vector K--r has to be perpendicular to Tr since total differentia-

tion of the identity (ýr)2 = 1, yields the dot product 2 (Ur" - Lr) = 0. Figure 44 shows the

incremental vector Z- in relation to the instantaneous orbital position. (11-2)

The incremental component ro Ee--r can be resolved along the unit vectors e and e- of the

local spherical coordinate system. in this fashion we get:

ro Aer = ee roAe + e ro coseoA . (II-28)

Equation (11-27) therefore becomes:

r= erro + erAr + eero AE + e 0 rocos E)0 A L (H-29)

This result exhibits all three Incremental components of the difference vector between the

perturbed radius vector and the unper•trbed (ellipflt orbit) rndiih, ventnro We sbll note- that
equation (11-26) has been considered at the moment, t; therefore, Lime is an independent
variable of all quantities in (H-29).

In order to get the three incremental components, we have to find Ar, A 0 and A q as a

function of time. These three quantities are controlled by equations (11-7) to (11-9). The
three variables of these equations can be written as follows:

r = ro + Ar (11-30)

e= e0  +4 0 (11-31)

' 0= ') 0 + A ' * (11-32)

11-7
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These three terms substituted into sets of equations H1-7, 11-8, and 11-19 (the solution of H1-9),
result in the desired set of equations for the new variables A r, A E, and A@. Because of the
small order of those quantities, we can ignore all terms of the order higher than one. The
equations in a r, A e, and A0 therefore will be linear type differential equations.

First we introduce equations 11-30, 11-31, and 11-32 into H1-19 and obtain:

(rO +Ar) 2  [o+0 (At)'j cos 2 (O +Ae)A C crscr

Expanding all the binomials and ignoring higher order terms:

0 ro2 cos 2 e0o I [02 (Acp)) +2ro 04 ArJ cob eo

- 2sin 0ocos 00 ,orog A e= C'cos a (11-33)

Equation 11-19 is also valid for the unperturbed system, consequently the equation:

Sr2 cos 2 0 = c cosca

reduces 11-33 to the relation:

rcosE (A)*+2 cos e Arr 2 r sine E e = 0. (H1-34)
o 0 00 0

Before we introduce equations 11-30 to H-32 into equation HI-8 we multiply 11-8 by 2r 3
and obtain:

(r4 + 2) 4.2 12kn
e 2r 2 0 sinOcose0 - sin ecose

We can substitute ( by means of the solution of (11-9) which happens to be identical with
(11-19). In this way we obtain, after performing some small identical transformations:

r492 + C' 2  cos02 6kn fd(sin2O) + C 2  (11-35)
cos 2 (

Now, introducing equations 11-30 to 11-32 into 11-35, we obtain:

(r4 + 4r 3 Ar) 2 (AE] + c'2 2c a
o)Io + o2 2L 0cos (e + Ae)

6kn (s- i + CAr
6 n r

0 0

II-8
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or, taking into account only linear incremental terms:

4.- 2 2 2 3 2
r e. + 2 cos S (1- 2cos E) sine A 0) + 4r e Ar

cos e
0

4f hin 2  C' 2  (H-36)
+2r E) (Ae) = 6kn f +

0 0

The unperturbed solution obeys 11-14, which can be rewritten as:

#2 2
4 2 C Cos a

r 0 + cos2  - (11-37)
0 0

which, on combining with 11-36, yields a second relation between the incremental quantities:

20 cos 2tane aE + 4r e 6 r + 4r 4 (he),
0 0 0 0 0

= 6kn ]d(s ne°) (11-38)
0

The left hand side of equation II-38 can be easily integrated. By means of 11-18 and 11-25

we obtain:

J dsro 2 sin a f1+ 6cos{ X oA} d (sin2 X)

sin2 a sin2 X2 2
s + ssio + -- sin2 a o - x ) d(sin X )

P p J'o 0A 0

sin arI2 E l 3 3 ) 1-9
s sin X - -±2 cos X cos X - sin X sin X(

p o0  3 OA 0 OA

Equation 11-38 therefore can be rewritten as:

C2 2 3 - 2 4
C cos a tan e A 0+ 2r 0 Ar + r "

o o 0 0 0

(11-40)3kp i2 sn2o--"(2 3 3o)
3 sin 2cos X cos X - sin X sin X

P [ 0 OA 0 OA o

IU-9
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A third equation can be obtained by introducing equations 11-30 to 11-32 into equation 1I--7. Ifn
this way we get:

o 00; + (•)"-(r 0+ 5 r) O°+ 2 e. (AE))

+ r 2 + 2( cjcos2 eo (1 tan e A 0)=

r 0 )r 0
k 1?

After expanding the bracket expressions and ignoring higher than first order terms we obtain:

. 2 2 2 2r -- r eo - r 4' cos eo + (Ar) -4 Ar - 2r 4 (AG).

.2 2 2 .2
cos EoAr - 2r ý o°s Eo (A4)" + r 4o cos EB sin Eo Ae

k 1I (1- 3sin2 0o) 1 + 2 I 2n (1-3 sin2 e) Ar2 2o 3 2
r 0 r r j r

+6Lr--sine Cos el Ae
S4 0

0

Since the quantities r , 0 , and 4' obey equation 11-10, the last equation reduces to:
O 0 0

(r2cos 2 %) 6 r - 2r 6 (AG)

o oP 0

2 '

-2r (P cos o (64p) + r 42 cos o sinO AO =
0 0 0 0 0 0 0

kn [2Ar si2 eJ
4 kn 1 - 3 sin 2 o 0 -44r (1-3sin ) - 6 sin 0ocos o Ae

r t o
0

2k
+-- Ar.3

r
0

H1-10
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4Ar

The terms 4,6-r and L e are << 1. Therefore we can bring this equation to the form:
4
0

- 2 2 2 2k
L, " r) + e t Er- 2r ((e)

0 o 0 -0 -) 0 0
r

0

2 . 2

-2r $ cos e (A) + r $ sine cose Ae
0 0 0 0 0 0 0

kn 2
kn (1-3 sin e ) (11-41)

00r

In equation 11-41 we must specify all the coefficients containing derivatives. By means of
11-19 and 11-21 we obtain:

2 2 2 C't2

6 2+ ( cos e 4 (11-42)o o o 4
r

0

" C cos 01
r 0 1- 2r (1143)

o cos e
0

C2 Cos 
(a-44)

r cos e
0 0

and on combining these equations with 11-41:

( r) - 2k 1 + cos
r cos e

2 - 0

+ Ae C C2 Cos 2-- tg e 6e - 2 CC - (AO)" (11-45)3 2• 0 r
r cosO 0

0 0

kn4 (1 - 3 sin2 0).
4 0

r
0

II-11
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In the same fashion we can reduce ]1-40 and 11-34, which yields: •

'2 2
'2 2 20 cosa

C cos a tane A e + - (1- 2 ) Aro r
o coseO

o

2 -scos •
+r C 1 2- (AsO)

00o 2

cos e
0

3kn *i2 -i2 31
sin- -s a sinX (2 cosX cos X -sinX sinX

2 0 OA o)] (11-46)

Finally we obtain from 11-34 the modified equation:

(A =2 Cosa tane A9 E 6 (11-47)2 2o r
r cos 0cas o

0 0

which on combining with equation 11-45 obtains:

( ,A r)" A r -3 2+ kro 2 roSCo, - T2cos- 1
222a'k4

C2 Cos )A E) s (1- 32sin 1Eo (-48)
3 2o4 o

( or o rr cse o ros

Now we can introduce the incremental component of perturbation in the direction of the local
meridian circle. This quantity shall be denoted by A p. Next, we define the incremental
component Aq, parallel to the equatorial plane. From 1I-29 we get the relations:

Ap = r 0 AO (11-49)

Aq = ro 0cos 0o4 0 00(-50)

3-12
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Differentiating equation H1-49:

(~p)" 60 +r (LO)'o 0

or

1 r"

(A = e (Ap). . (61-51)
r r

o o

We can modify equations 11-46, 11-47 and 11-48 by introducing 11-49, 11-50 and 11-51., Equation
11-48 changes to:

2k C 4 cos & 2C' tanXo(
r - r - 2 kr' 2 r 2 tan/ r0)

0 0

3 '2Co ! a 2C o tan - AP____ -- (1 - 3sin 2G) (11-52)

r s 0 r tan0 r
00 0 00

and 11-46 becomes:

'2 tanx tanX
2 tr + r C - (Ap)

r tan, o tan )0 0 0

12 2 tan X 1 P
+ - cos ,a tan e - rr C'-? p

Er 0 0 0 tane 9

3kn s2 rsi2 C 3 3
-- sina [sin X - 2 (20osX cos, X -sin sin X 0 (n-53)p o 2 OA o OA 0J

This is a set of linear differential equations between the two components of perturbation Ar

and Ap. All the coefficients involved are functions of time, since the quantities Xo, 0 0 ,
and ro are known functions of time. From equation fl-47 we obtain the incremental component
a q directly.

t

-q = C' 0 o t oAp- Ar dt' (11-54)r -cos 0--f 3 2
o o r Cos 0

o 0

11-13
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.e and &r are solutions of Eqs. 11-52 and IU-53, and therefore functions of time. We finally
come to the conclusion that finding solutions of Eqs. 11-52 and H1-53 is the essential part In
finding the perturbing components.

Since we have to express ro as a function of time we obtain that function by integration of H1-23.
ro

t-t dp 2kro _ C'2 [kro+C'2] -AV2:kp - C'2 ý3k2

roA

Squaring roA this equation turns out a third-order algebraic equation for rt:

2kr.3 + 3C,2k 2 ro- [C'2 + 9k 4 (t-to + A)2] = O (11-55)

which can be solved for ro in terms of t. The parameter A is given by:

A- 12 2kroA- c' 2  [kroA + C'2] (11-56)3k2

where roA is the! radial distance at t 0 (or X0 = 0).

According to 11-25:

roA-= 1+ Ecos XoA (11-57)

Now we can express x0 In terms of r0 by means of:

X 0(t)~ O+ arc cos CE rJt " i (H1-58)

where ro(t) is a solution of 1-55.

Finally, the angle 0o can be! expressed with respect to time according to 11-18:

0O'(t) = arc sin sinn, sin XoA) --2 [2t)

+ --- -1) Cos X OA1 (11-59)C ro(t)o

11-14



AE61-0061
CONVAIR- ASTRONAUTICS

13 February 1961

Equations 11-55, 11-58, and 11-59 exhibit the fact that the coefficients of the differential equa-

tions 11-52 and 11-53 are functions of the parameters E (eccentricity), p (parameter of the

ellipse), a (inclination angle of the plane of ellipse), X oA (true anomaly of reference line with

respect to perigee), as well as, t (time), the independent variable.

2.4 PERTURBATION OF A CIRCULAR POLAR ORBIT

Equations 11-52 and 11-53 become linear equations with constant coefficients for circular
polar orbits.

The circular polar orbit is characterized by:

ir
a 2 1 6 0, p ro=constant

2 1rro2
C - r (T revolution time)

k = goR 2

t
=o = 2r T (11-60)

(Assuming that we consider orbit perturbation starting at the equator plane.)

Equation 11-52 simplifies to:

(A r)'* gR 2  ( 4jr 2 r0
3  47r(

r 0
3  2T2goR2/ T

=_ gR n 1 3sin22r4) (11-61)

and equation H1-53 to:

T 3goR 2 T2 nsiin2 2 (11-62)
Ar+4 (Ap) 8r 2 ro 4  T2

This set of equations (11-61 and 11-62) can be solved by applying elementary methods. Com-

bining 11-62 with 11-61 yields the linear equation:

11-15
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4(r 2  
- Ap 4(47r2)4/ 3Tn (Lssin22r4) (11-63)(•P) •T2• ) ( goR2 ) 1/3 T1/3 16 T - I-3

If we consider the orbit to be circular at the equator plane, in other words Ap = (ap)' = 0 at
t = 0, then we obtain the following solution of 11-63:

p(4 2)1/3 -e1- 
7(47 ) n ir+ 32 _eOr t-

2r - 3/2 (goR2T2) 1 -8

13 7r/3 4 t 45v 13 4 )3/2 4v+ L_ 2 - l; 8 sin - t (H-64)
4'2 T 8 (11wr-B8) k2 ir T AA 1-4

By means of 11-62 we get for Ar:

Ar- (4r 2'1/n 237r- 96 + (3 r)v27
2(goR2T2) 3 18 (3w -8) (11 !- - 8) (3wt - 81

3 29wr - 32_ 2 -,r t
8 11-B cos2 t (T-65)

From 11-54 we get:

Aq= O (1-66)

This result leads to the conclusion that a polar orbit remains a polar orbit if the only pertur-
bation is that due to the ellipticity of the earth acting upon the satellite. One comes im-
m-ediately to this conclusion on considering the fact that no force component perpendicular to
the polar orbit plane exists. Figures 45 and 46 show the components A r and A p of pertur-
bation vers as time for a number of diffcrent orbits.

11-16
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Figure 45. Radial Perturbation of a Circular Polar Orbit
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APPENDIX mI

TROPOSPHERIC PROPAGATION

3.1 CONTRIBUTIONS OF SURFACE PARAMETERS

The investigation of the possibility of making fixed corrections for tropospheric range
aberiatibn (TRA), based on single parameters such as site location, surface refractivity,
time of day, or season, led to the conclusion (as presented in the main body of the report)
that a tropospheric range correction (TRC) based on a combination of data be employed.

The following discussions of these separate effects have been included in this appendix to
support the fundamental conclusion.

3. 1. 1 Effect of Station Height

Early in the investigation it became apparent that the optimum location for tracking station
sites would be at high and dry locations. This conclusion was reached for several different
reasons.

World-wide values of surface refractivity versus altitude are plotted in Figure 47. This
figure is taken from a report by Bean, Horn and Riggs (Reference 111-19) of the Central
Radio Propagation Laboratories (CRPL). It can be seen from the figure that the range of
mean values of surface refractivity between different stations tends to decrease as the
station elevation increases. It should also be noted that, since the absolute value of the
surface refractivity is lower, and since there is less total atmosphere above the station,
there is less tropospheric range aberration to be considered. In paragraph 3. 2 of this
appendix the diurnal and seasonal range of surface refractivity at a given station is also
found to be less for high-altitude stations.

The required tropospheric range correction versus station elevation for several different
values of elevation angle (E) is plotted in Figure 48. The calculations for these curves were
based on the CRPL reference profile having the world-wide mean value of sea-level refrac-
tivity, N.0 , equal to 330 and assume that the atmosphere above any given station would cor-
respond to that portion of the atmosphere lying above the reference profile at that altitude
intercept.

II1-1
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Figure 48. Tropospheric Range Aberration vs. Station Elevation
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Having calculated the tropospheric range aberration for each of the 77 profiles supplied by

the National Bureau of Standards, the rather close dependence of TRA upon the elevation of the

station, Hs , was immediately apparent. Figure 49 is a scatter diagram of the total range

aberration for each of the 77 stations plotted, versus Hs. It can be observed that there is
reasonably good agreement between this figure and Figure 48. The vaiues of the actual

TRA at 45 degrees seem to be about one foot greater that the values of the TRA as calculated

for the reference profile.

The refractivity, N, is composed of a dry term, D, plus a wet term, W. Bean and Ozanich

(Reference 111-24) quote these as being:

D _77.6 
P

T

3. 73 x 105 e. RH
W=

T 2

Where: P is total atmospheric pressure in millibars

T is temperature in degrees Kelvin

es is the saturation vapor pressure in millibars

RH is the percent relative humidity

The dry term depends chiefly on altitude, while the wet term depends on the type of air mass
above the site. To reduce the total refractivity and its variation (which will then reduce the
aberration produced in the troposphere and the errors in any chosea correction scheme), it
is desirable to reduce both the dry and wet terms. Choosing a site having a dry climate the
year round is, of course, the best way to reduce the TRA contribution of the wet term.

Many authorities have pointed out that the amount of stratification in the atmosphere is much
greater below 5, 000 feet altitude above mean sea level. Since the variations in refractivity
are much less below this altitude, the conclusion may be drawn that for a reduction in range
errors due to tropospheric effects, trackers should be situated at sites chosen to give the

highest, dryest climate possible.

3. 1, 2 Effect of Surlace Refractiv-ity, Nq

Many workers in the field of tropospheric propagation have suggested that the correlation
between tropospheric range aberration and surface refractivity is a satisfactory means of
obtaining (at least as a first approximation) an appropriate correction for tropospheric
effects. Figures 50 and 51 give a scatter diagram plot of the values of the tropospheric

111-4
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range aberration as a function of surface refractivity for each of the 77 sets of profile data
that were examined. It is seen that the correlation ,of the needed correction with N. is very
pronounced at low elevation angles, but that there is still quite a sizeable residual error.

The solid lines drawn on the graphs of Figures 50 and 51 represent the regression line of

TRA upon N5 . The RMS residual error when N. is used as the only means of predicting
tropospheric range aberration is 42.5 feet at 0 degree-elevation angle, 0. 374 feet at 4:5

degree-elevation angle and 0. 266 feet at 90 degree-elevation angle.

Bean and Horn (Reference I1-18) state that a mean value of surface refractivity Ns for
stations at any altitude may be obtained by using the formula:

Ns = 330 exp (-0. 03222H)

where Ns is the mean surface refractivity at an altitude, H, in thousands of feet, and 330 is
the world-wide mean sea-level refractivity, No. A closer approximation to the value of NS
for any particular station can be obtained by replacing the 330 in this equation with a specific
value of No as a function of location as given in Section 2 of Reference 111-19.

Having obtained an appropriate value of N. for a station at a location under consideration, the
approximate value of the tropospheric range aberration can then be obtained by reference to

Figures 50 and 51 which give T'RA as a function of NS alone.

3.2 EFFECT OF CLIMATE

There is a large amount nf information in the literature showing the variations in the index
of refraction as a function of geographic location, time of day, and season of the year,
Coupled with the dependence of TRA upon Ns, these variations show that it is necessary to
include a correction for tropospheric range aberration as a function of either the climate and
time of day, or as a function of the instantaneous value of NS.

Figures 52 and 53 are taken from a report by Bean, Horn and Riggs (Reference 111-19) and
serve to illustrate typical variations to be expected at different seasons, times and locations.

Figure 52 gives data for Miami, Florida, and shows that the range of surface refractivity
goes from a low of 288 in January at 1400 local time, to a high of 397 in August at 0200 local
time. Reference to Figures 50 and 51 shows that this will cause a predicted variation i:n

TRA at a 45 degree-tracking angle of 10. 25 to 12. 65 feet. The lower portions of this chart
show that the range of N. deviations with time of day are greater in the winter months than
in the summer for this station.

111-6
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Figure 53 shows the seasonal and diurnal variations in Ns for a high-altitude station (Colorado

Springs, Colorado). Again, reference to Figures 50 and 51 shows that the minimum value of

N. of 213 in April at 1400 local time would give a 45-degree TRA of 8. 6 feet. while the

maximum value of 302 in August at 0200 local time would give a 45-degree range aberration
of 10. 6 feet. Comparison of this data with the data previously quoted for the sea level station
shows that the higher and dryer site locations not only give smaller tropospheric range cor-
rections but also give smaller variations in the corrections required.

From these figures it may be concluded that the seasonal and diurnal variations in the surface
refractivity (and associated tropospheric range aberration) are large enough to make it
desirable to include a real-time correction for changes in surface refractivity whenever
precision range radar tracking is required. The rate of change of refractivity (as judged

from charts such as those in Figure 52) is great enough to show definite advantages in the
use of a real-time correction for N., as opposed to manual fixed corrections that would be
made on the basis of intermittent measurements of its value.

3.3 EFFECT OF ELEVATION ANGLE ON TRC

Figure 54 shows the variation of the tropospheric range aberration for the CRPL Reference
Profile-1958, as the elevation angle, E , changes. The vertical bars represent the spread
in TRA for the 77 different actual profiles tested. :For all but the crudest range tracking
systems (limited to tracking angles above 30 degree2) a real-time correction for TRA as a
function of c is required.

3. 3. 1 The Cosecant Expression

Several means of accomplishing this elevation correction have been considered. The sim-
plest way would be to use a cosecant-potentiometer pickoff on the tracking antenna, where
the zenith value of correction (TRC9 D) is then substituted in the following equation:

TRC (N, E) = TRC 9 0 (N) X ss5 c.

This cosecant expression gives a reasonably good fit to the data for elevation angles above
15 degrees. It was compared to the results of the IBM 7090 calculation for the CRPL

Reference Profile-1958, based on N. = 330, and gave less than one percent error for this
one profile down to e c 15 degrees. At lower angles the error rises rapidly, being 2. 1
percent at 11 degrees, 10. 3 percent at 5 degrees, and 109,.5 percent at 1 degree. In Figure
55 this data is plotted against elevation angle. The circles and crosses are equivalent data

for two representative actual profiles.

II1-9
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The cosecant expression assumes constant ratios beLxeen the values of TRA (0") and TRA
(9T). As has already been seen, these ratios are not constant. The ratio of TRA ((f)/TRA
(90r) varies from a minimum of 24.96 to a maximum of 50.63 over the 77 actual profiles that
were tested. The primary reason for the inability of the cosecant expression to handle this

situation is that the cosecant expression assumes that the atmosphere is homogeneous, and
that it lies uniformly over a flat earth. This, of course, is not true, so that a better function

of elevation angle, f (c), is required.

3.3.2 Bowers' Expression

The following function of elevation angle was dornvod by Dr. Robert Bcvers, of the Cotvpir-
Astronautics Flight Performance and Guidance Analysis Group. A brief version of his
derivation is contained in paragraph 3.3.3 of this appendix.

YfE02 _-g E0 92TRO (E) =\2EE 9 /sin 2 E +1 - ( _0 E _0 sin c

where:

E0 = Tropospheric Range Correction at c I0

Ego - Tropospheric Range Correction at E =9

E = Tracker elevation angle

This expression assumes that the atmosphere is spherically-stratified over a curved earth.
The percentage difference between this f (E) and the IBM 7090 calculations for the two actual
profiles having the largest and the smallest ratios TRA (CP)/TRA (9(0), acd for the CRPL

Reference-1958 profile based on N. = 330 is plotted in Figure 56.

The Bowers1 expression gives a much better fit to the real function of elevation angle than
does the cosecant function, primarily because it "forces" the error to be zero at both ends
of the function. (Note the 10:1 scale change between graphs.)

Due to the fact that the atmosphere is not homogeneous, and because a low-angle ray spends

a greater percentage of its atmosphere transit-time in the lower, denser layers of atmos-
phere, this f (c) departs significantly from ideal performance below 10 degrees. Attempts

to correct this by weighting the contribution of the lower parts of the atmosphere, or by
fitting the expression to the data at Ego and El 0 (instead of at E9 0 and E0 ) have, to date,
resulted in expressions of such complexity as to be unsuited for real-time elevation angle
correction.

III- 14
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If the effects of angle are to be completely minimized, other, more complex techniques can
be employed. A "table look-up" solution employing a digital computer has been suggested,
with computer-interpolation of values between closely-spaced, pre-calculated tabular data
for various profile types. The expense and bulk of this method is not felt to be justifiable
in most cases, since the error due to the angle function is a small part of the entire residual
tropospheric range error.

3. 3. 3 Derivation of Bowers' Expression

In determining the tropospheric range correction (TRC) as a function of elevation angle, E,

it is desirable to obtain a reasonably good approximation function, so that the integration of
paragraph 5.2 of Section 5 need not be repeated for every profile at each angle.

A first approximation often used is the cosecant expression:

TRC (e) = TRC(90) esc E

This relationship assumes:

a) the atmosphere is homogeneous and has some effective thickness, t, and that

b) the atmosphere lies over a flat earth.

Since neither of these assumptions is valid, the errors in the cosecant expression rise
rapidly at low tracking angles, (see Figure 55), approaching infinity as c approaches zero.

An expression which forces the error to be zero at both the zenith and the horizon has been
derived by Dr. Robert Bowers. An outline of that derivation follows.

Figure 57 illustrates the geometry involved. This relationship also assumes that the actual
atmosphere can be replaced by an effective, homogeneous atmosphere of effective thickness,
t, but includes the effects of earth curvature.

By the cosine law:

2 + p2 - 12
COS 'P = 2PoP

Cos 2p0  p

and: o OR Po + I sin e

oQ p

111-16
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Therefore:

,2 + (2 p. sin c)1 + (po 2 - p2 ), = o

and, by the quadratic formula (since p = po + t):

(c) ==I/posin E+ 2pt+t2 - po sin e

Equation 111-2 gives an accurate expression for the straight-line path length through an
atmosphere of effective homogeneous thickness, t. Since the effective thickness is not known,
and since it varies-from profile to profile (note the 2:1 range in the value of TRA(0)/TRA(90)
in Table 6 of Section 5), equation II-2 must be manipulated so as to eliminate t.

The zenith correction, E9g, is, given by:

h at N = 0

E90 = TRA 90 = 10-6 1N(h) dh = kt (111-3)

h=0

Where the variable, k, is defined as:

k E90
k = (11-4)

t

If we make the approximation that the correction, TRC (e), in the assumed homogeneous
atmosphere of effective thickness, t, is proportional to the path length traversed in this
fictitious atmosphere, we can write:

TRC (c) =-kQ (c)

= k I77(oifýc )2 +2P~t +t 2 - sin e] 11

At the horizon this reduces to:

Eo =TRC(0) =k 2 Pt + t2] 12= kt [to + 1] 1/2 (111-6)

E= Eg0  -+ 1/2 (Ila-7)

Substituting HI-4 into 111-5 we get:

TRC(E)=E 9 0 [ V ) 22 +t-o ± 1 - •sin] (+11-8)
t t1 

1 -1
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Now, momentarily introducing the ratio, M, and observing each of the following relationships

with the -aeveral ,different terms of 111-5 and III-8;

=(ý 
Po 1) 1/2

Mt= +/ (III-9)
Ego

M2+1 (!I-)
t

P'o M2 - 1 E0
2 _ E, 0

2

t 2 2 E9 0
2

P o2 FE0
2  E9 0

2  2
S. ..... (M11-12)t2 L 2 E9,02 I

Now substitut.-Is M-10, M 1.1, and 111-12, we oitain

2 /E 2 E 2E2 2 E02 2Ego1
TRC(,) =Eg0 1 0 902 2 + 0  E -C E9 0+ sn-c

2 E 9 0
2 .E. 2 E 9 0

2

E0

Which, on factoring -9 0 from within the brackets gives

2R1~E (E - E90 2  2 ý (E0 2 E9 0
2  (1-14)

TRC()E : oE0 2- E 9 0  sin2/ + 1- Sine (I/-4

If we now define:

A E0 - E9 0
2

2 E0 E 9 0

we obtain the desired function of elevation angle in the form:

TRC(E) = E 0 [ i ,(A sin r) 2 + 1- A sin ] (c11-16)

The quantities E0 (the correction required for the horizontal ray) and E9 0 (the zenith correc-

tion) may be determined by any suitable technique ('such as regression equations on surface

refractivity and initial gradient, or upon form factors, etc. ). Equation 1"/-16 is easily

adaptable for use in a simple analog computcr.

111-19
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The lack of rigor in the above equation is the assumption that the atmosphere behaves as
through it were homogeneous throughout some effective thickness, t. As can be noted in
Figure 62, the ray spends an increasing percentage of its time in the low-altitude section of
the profile as the elevation angle approaches zero. It Is proposed to extend this type of
analysis to a stratified atmosphere in an effort to reduce: the 6-to-20 percent error 'incurred
at very low angles (around I degree).

3.4 VARIATIONS ALONG A BASE LINE

Because of the nature of the tracking system model used to analyze the over-all system er-
rors, it was desirable to obtain quantities representative of the correlated and uncorrelated
components of tropospheric range aberration as a function of base line distance. As has been
seen in the section on the effects of climate (paragraph 2. 1, of this appendix), the tropospher-
Ic range aberration fluctuates widely with the time of day and the type of air mass over the
site. It was felt, however, that working with mean values of surface refraetivity would gi,,
an indication of the magnitude of the variation in TRA to be expected between two stations
along a given base line.

Figures 58 and 59 were taken from a report by Bean, Horn and Riggs on Radio Refractive
Index Climatology (Reference 111-19). Having plotted a typical 2,000-mile base line diagonally
across the United States on, each of these figures, the values of mean sea-level refractivity
(N0 ) were then plotted on Figure 60. Also plotted on this figure is the value of surface re-
fractivity (N.). The value of Ns for the! chart was obtained by using the relationship, N.
NE = N0, exp (-0. 1057h), see Figure 47.

Using the, values of NS from Figure 60 and the relationship between NS and total range aber-
ration, as given in Figures 50 and 51, the upper (solid) curve of Figure 61 was plotted. This
curve shows the expected mean value of tropospheric range aberration for an antenna-pointing
angle of 45 degrees. The lower curve of Figure 61 is a plot of the values of deviation of N8

as taken from Figure 59. The dashed curves surrounding the mean value of TRA in the upper
curve are the 1-sigma variations in range aberration corresponding to the indicated varia-
tions in surface refractivity.

The root-mean-square variation in the values of Ns on Figure 60 equals 311 N-units (around
a mean value of 313 N-units). At 01 degree elevation angle this corresponds to an RMS varia-
tion of 31 feet, out of 335 feet total range aberration. At the zenith this corresponds to an
RMS variation of 0. 5 foot out of 7. 6 feet TRA. If the correction to be applied for tropospher-
ic range effects were to be based only on average values of N., these figures for RMS
variation could be used for the uncorrelated part of the error. Most of the variation in TRA
shown in Figure 61 will be compensated for by the more complete correction technique now
proposed. It seems logical to assume that the uncorrelated portion of the tropospheric ef-
fect is that part of the aberration which is not completely compensated for by the correction.
As was: shown in Table 9 in Section 5 of this report, the residual error varies from 0. 12 foot

HI-20



AE61 -0061
CONVAIR - ASTRONAUTICS

13 February 1961

00

0

flI

IR1-21



AE61-00,61 CONVAIR - ASTRONAUTICS

13 February 1961

: A'I

C)~I

va

;77

tni

A 
.

111-22



CONVAIR - ASTRONAUTICS AE61-0061

13 February 1961

>I

- 0 --.

-P 4

t '"

10 C)

i~ W0

-4

0 -4

p44

_ o
If 0

S9INn-NNI N aNy N

IHI-23



AE61-0061 CONVAIR -ASTRONAUTICS

13 February 1961

cc

*w z

D Pk 0

U9 S

0

9-

o -1
*~~ Z -

Lo en

-~~~~~ý - --- - - _

E- - *o.-

4o .9oz0

9,;;ooe1%c

IHHANI SMEOG S IV O~tgUVallNII 1'H2dS~~ll

D*N 9 0g

1*1-2



CONVAIR -ASTRONAUTICS E61-0061

13 February 1961

at the zenith to 29. 3 feet at the horizon, both values being mean values of the magnitude of the

residual error. A more useful estimate of the uncorrelated portion of the effect is that, at

the zenith the RMS residual error is 2.02 percent, while at the horizon it is 11. 87 percent.

3.5 FORM FACTOR

It can be shown that, at a 90-degree elevation angle, the tropospheric range aberration is

given by:

top of troposphere
TR = go N dh x 10-6TRA9 0 = dxO

surface

If a plot of radiosonde data for N vs. h is integrated (by use of a planimeter, etc.) the value
of the required correction, TRC9 0 , can be readily determined in the field.

3.5. 1 Vertical Form Factor

Since it is a straightforward matter to obtain the integral of N dh, we have defined a vertical

form factor (VFF) as follows:

N=0

VFF NE Ni Ah x10- 6 =E 9 0

N =Ns

The value of VFF can then be used in place of E90 in the f(E ) expression for total range
correction at angles other than the zenith.
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3.5.2 Horizontal Form Factor

It is desirable that a means of obtaining an equivalent expression for EO for substitution in the
f ( 1 ) expression (paragraph 3. 2) be obtained in a manner analogous to the vertical form
factor (VFF). At the present time the possibility of providing an arbitrary weighting factor
for various altitude increments of a radiosonde profile is being investigated in order to obtain
a horizontal form factor (HFF).

3.5.3 Combinations of Form Factor with Surface Parameters

The total tropospheric range aberration depends on the instantaneous values of the complete
profile of refractivity vs. altitude. The complete profile is very difficult to obtain at fre-
quent intervals and is impossible to obtain in real time or instantaneously. Changes in the
value of this profile are due to variations in the type of air mass above a station and to
variations in the temperature, etc., at the ground. The most significant changes in the
tropospheric range aberration are due to changes in the lower portions of the profile. These
changes can be inferred partially by evaluation of surface refractivity and initial gradient of

refractivity.

It is considered probable that an evaluation of TRA in terms of form factors (as determined by
radiosonde information taken at spaced intervals, perhaps four times a day) will initially be
subject to much less error than determination of tropospheric range aberration based upon
surface refractivity and initial gradient, alone. This error will gradually increase with time
as atmospheric conditions progressively change. Since surface refractivity and initial
gradient can be obtained on a continuous basis (indicating at least the direction of these pro-
gressive changes) it would seem feasible to attempt to combine the effects of periodic profile
data with the effects of instantaneous changes in the surface parameters.

3.5.4 Proposed Future Efforts

It is proposed, therefore, that an extension of the present effort be undertaken to permit an

analysis of an error model of the following type:

TRA(t) = A(FFo) + B (Nst - NSO) + C (grad Nt - grad NO) + D Hs

where.

TRA(t) is a total range aberration at a selected angle at a time, t, following the time
of radiosonde ascent,

FFO is the form factor obtained from the radiosonde at time zero,

Nst is the surface refractivity at a time, t, after the radiosonde ascent,

11-26
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NSo is the surface refractivity at the time of the radiosonde ascent,

grad Nt is the low-altitude gradient of refractivity at the time, t, after the radiosonde
data was obtained,

grad No is the initial gradient p-esent at the time radiusunde data wak jbtained, and

Ho is the altitude of the tracking station.

The coefficients A, B, C and D are the weighting factors to be determined by
regression analysis.

To perform this type of analysis requires refractivity profile information which is not present-
ly on hand. The data must be obtained from a statistically significant number of stations and
be taken at a succession of time intervals. The form fautor to be used can then be evaluated
from a profile chosen at time to, and the differences in the surface refractivity and refrac-
tivity gradient can be evaluated over a time internal, t. The regression analysis would then
be performed by utilizing values of TRA by accurate integration of a complete profile taken at
time t 2 . The errors in the result would then be evaluated by comparing the regression-
equation calculated corrections, with the actual integrated tropospheric range aberration,

obtained from a profile taken at some intermediate time, t 1 .

The profiles used in the current effort are not profiles taken over a span of time, as would be
required for the proposed analysis. It has, however, been determined that the necessary
number and type of profile information is available from the Central Radio Propagation
Laboratories of the National Bureau of Standards at Boulder, Colorado. Arrangements have
been made to obtain the required number of profiles.

The technique to be used following such an analysis would be to determine, from a radiosonde
profile, the value of HFF (the horizontal form factor) using appropriate weighting coefficients,
the value of VFF (the vertical form factor) using simply the integral of N(h), and the instan-
taneous values of N. and No. 1

A small, relatively simple analog calculator would then accept as manually-set inputs the two

form factors, NSo, grad No, and the fixed coefficients, A through D; and, as analog variables

the values of Nst, No. (t) and E t. From these factors it would calculate the appropriate

value of TRC. Any of the appropriate functions of elevation angle could be readily employed.
The resultant information would then combine the advantages of real -time sensitivity to
weather changes plus the increased accuracy obtainable by using complete profile refractivity
information, rather than refractivity information related to the surface alone.
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3.6 ARTIFICIAL TROPOSPHERIC PROFILES

It was felt by the present investigators that since the relationships between surface refrac-
tivity and angular bending, and between surface refractivity and signal strength loss have been

established, it was worthwhile investigating the degree of the relationship between surface
refractivity and total range aberration. In order to test the above hypothesis, several avail-

able expressions for refractivity as a function of altitude were investigated.

The following equations are arbitrary expressions presented by various investigators as

describing typical profiles of refractivity, N, vs. altitude, h.

Average Profile, by Fannin and Jehn (Reference 111-42)

NA = 542.9 + 4.8544h- 100.859 /h + 3.9187

(OS h_ 103.87)

where h is in thousands of feet.

Wet-Day Profile, by Millman (Reference 111-55)

NWL = 338-1.55 x 10h + 4.09 x 10-1h2- 6.96 x ]0-3h3

+ 6.16 x 10-h - 1.584 x 10-h5

(0E h_< 32.8)

-h
NWH = 338 e 2 5

where h is in thousands of feet.

Dry-Day Profile, by Millman (Reference 111-55)

NL- - 262 - 7.65 h + 8.55 x 10- 2h2 4.56 x 10-4h3

+ 8.64 x 10 -7h4

(0 •< h • 32.8)
-h

NDH - 262 e 25

(32.8 • h <_ 200)
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where h is in thousands of feet

Hot Moist Air Mass Profile, by Buck, Schipper & Kline (Reference 111-34)

NHMA = 654.693 + 7.053 h - 131.540 v'h 74.1

(h in thousands of feet)

Medium-Dry, Warm Air Profile, by Buck, Sohipper & Kline (Reference 111-34)

NDWA 586.981 + 5.884 b - 114.064 h +4.1

(h in th6usands of feet)

Moist Cold Air Mass Profile, by Buck, Schipper & Kline (Reference 111-34)

NMCA = 495.199 + R.854 h - 86,993 Vh + 4.1

(h in thousands of feet)

nry Hot Air Mass Profile, by Buck, Schipper & Kline (Reference 111-34)

NDHA = 431.987 + 2.433 h - 67.89 Y + 4.1

(h in thousands of feet)

In their paper (Proceedings of the IRE, 47 No. 5, May 1959), Bean and Thayer describe the
following, 3-segmented atmospheric representation, which has been titled "The CRPL
Reference Atmosphere - 19581 (Reference 111-28)

Low Altitude (O_!h<5hs + 1 Km)

NL (h) = Ns - (h - hs) 7.32 (e + 0.005577Ns)

Medium Altitude (h. + 1_< h • 9 Km)

( - h- hs-1)

NM (h) = N1  e 8 ( Pt illN 1
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High Altitude Cn Ž 9 Kin)

11H (h) = 105 e -0.1424 (h - 9)

where:

h = height in kilometers

N= Ns + A N = Value ath hs + 1

N =-7.32 e 0.005577 Ns

Ns = Surface Refractivity

In the same paper Bean and Thayer present their "CRPL Exponential Radio Refractive
Atmosphere" which, although it deviates from physical reality at high altitudes, has the ad-
vantage of being straightforward to handle mathematically. The mathematical expression for
this exponential reference atmobphere is:

NER (h) = N. e -Ce (h hs)

where:

Ns N5
Ce = in -N = in Ns + N

and other terms are as defined above.

All of the preceding profile descriptions are for relatively smooth variation of N vs. h. In
order to simulate effects of super-refractive layers, surface and elevated ducts, etc., as
listed in Table 4 in Section V of this report, the perturbations in Table 11 were applied to the
two types of reference profiles.
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Table 11. Perturbations*

TYPE INFLECTION POINTS N

1. MGL 0 ft 0

2, 000 ft -46 N-units

at higher values -50 e - 22h x 105

2. MAX 0 ft +64

Maximum Surface 8,000 +10

18,000 + 0

-3.*22h x i0.5
3. LIN None -100 e

Minimum Surface

4. E.D. 0 +62

Elevated Duct 5,200 +20

5,600 + 5

10,000 + 0

5. Duct 3 +65

700 0

*Applied only to reference atmospheres, and only with unperturbed values of Ns 330 at

sea Jevel.
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Table 11. Perturbations* (Continued)

TYPE INFLECTION POINTS N

6. Comb 0 0

1,500 -32

(MGL + E.D.) 5,200 -20

5800 -60 e -3,. 2,2h x 10- 5

*Applied only to reference atmospheres, and only with unperturbed values of Ns = 830 at

sea level.

Figure 62 illustrates the perturbations that were applied to the CRPL-19.58 reference atmos-
phere. The various artificial atmospheres that were tested are listed in 'Table 12. The
CRPL 1958 reference atmosphere was tested over a wide range of elevation angles, while the
other atmospheres were tested at a limited number of ray-path angles.
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"Fable 12. List of Artificial Profiles Tested

RAY PATH
CASE SURFACE ANGLES IN
NO. PROFILE PERTURBATION 4  REFRACTIVITY DEGREES

1. Bean & Thayer None 330 From 1 to 15 de-
Exponential grees in 2-degree

increments

2. CRPL Reference, None 330 From 15 to 85

1958 degrees in 10-

degree increments

3. CRPL Reference, None 300

1958

4. CRPL Reference, None 330 10, 45

1958

5. CRPL Reference, None 350 10, 45
1958

6. CRPL Reference, None 400 10, 45
1958

7. CRPL Reference, None 250 10, 45

1958 (Surface Alt.

5000 ft.)

8. CRPL Reference, None 300 10, 45

19&d (Surface Alt.
5000 ft.)

9. CRPL Reference, MGL 330 10, 45, 45

1958

10. CRPL Reference, MAX 394 10, 45, 85

1958

11. CRPL Reference, LIN 230 10, 45, 85
1958

12. CRPL Reference, ED 330 10, 45, 85
1958

13. CRPL Reference, DUCT 395 10, 45, 85

1958

14. CRPL Reference, COMB 330 10, 45, 85

1958
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Table 12. List of Artificial Profiles Tested (Continued)

RAY PATH

CASE SURFACE ANGLES IN
NO. PROFILE PERTURBATION* REFRACTIVITY DEGREES

15. CRPL Exponential None 330 10, 45
Reference

16. CRPL Exponential MGL 330 10, 45
Reference

17. CRPL Exponential ED 330 10, 45
Reference

18. CRPL Exponential DUCT 395 10, 45

Reference

19. CRPL Exponential COMB 330 10, 45

Reference

20. Fannin & Jehn, None 343.2 45
Average

21. Millman Wet Day 338 45

22. Millman Dry Day 262 45

23. Buck, Schipper & Hot Moist 388.3 45
Kline Air

24. Buck, Schipper & Medium Dry 356 45
Kline Warm Air

25. Buck, Schipper & Moist Cold 319 45
Kline Air

26. Buck, Schipper & Dry Hot Air 294.5 45
Kline

* See Table 4, Section V of this report for definitions of terms.
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GLOSSARY OF TERMS USED IN TROPOSPHERIC RANGE

CORRECTION DISCUSSIONS

Ai= value of constant used in regression equations

(subscript when present indicates type of regression)

B1  = value of coefficient of Ns used in regression equations

Ci = value of coefficient of grado N (the initial N gradient) used in regression

equations

Di = value of coefficient of A N (the refractivity change in the first kilometer)
used in regression equations

A N = change in refractivity in first kilometer above the tracking station

Ei= vlue of coefficient of H. (station altitude) used in regression equations

FFH = horizontal form factor - a means of evaluating the effect of a particular
profile of 'IN" vs "lh" upon tropospheric range aberrations for zero elevation

angle

FFV = vertical form factor = f N(h) dh x 10-6 feet (a means of evaluating a
particular profile of N vs h for its effect on range aberration at the zenith)

E0 = the tropospheric range correction for a given profile, evaluated at an
elevation angle c = 00 by any of the several correction techniques presented

T = temperature in degrees centigrade

TRA = total range aberration for general case

TRA( E ) total range aberration at tracker elevation angle indicated by subscript

TRA0  = TRA at horizon

TRA9 0  = TRA at zenith

TRCi,E tropospheric range correction to be applied.
subscripts (if present) mean:

i = method used for determining the correction

E = tracker elevation angle at which correction is used
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TRdEi$,E tropospheric range residual errors after correction.
subscripts (if present) mean:

L = method used for determining the correction having thi' .,i

f- ý tracker elevation angle at which the residual err,,r is* "

£90 the t upospheric range correction for a given profile eval isaed %I Vl., ienith
( , 40) 1y any tof the available teohniq'es presented

tracker elevation angle

Grad N initial gradient of N vsi h (redratietvity vs iwetght) profile, i ?I u- .1 ;.r
kilometer, (tf•el iu equal to change in tofracitivlt) in ob, ast I 'nmueter
for this report)

8is height of trawkinL Mlatluti 4iL- 'it4-h-%Il, let'

1 ( c ) a funotiont of t111vuti~v ray pall, iuai;th Ithiuugh 0tI 49114iiph; :'i0

-t' %tj 'rltUlt 1  I It %I, T

71 11lntsn uit rofil..tm i I ' ~ t

N ,u:fraetivlty (in N-until) - N - ( It, 1)

N8  - urfa4' i-r•tfruit.i4 y A4 ilsAtiiiai l* MH.i, Nýui;sil

N (h) refra'ctiits ulufi tilnynlt I. , 1' 4In , .,..._i;

No rvfr%1at1vitv ait Mt'4 lvuvl

No N,4  exp - ii. tid...,..h er-, 1cf, i tie ktlluh,-e

NO. I rnfractivity -it ii. i kil .dnn h, 11wil iiia i aiil•-

N1  rcfractk ity at 1 ain above the tracker

P i geocentric distance to bottom of a.tmosphrrc layer "t"

P 0 mean radius of earth

20,877,130 ft
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