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Abstract

Wave propagation and random media are defined and the nature of the
mathematical problems arising in wave propagation in random media 1is descrihed.
The two principal types of methods for solving these problems - honest and
dishonest methods - are explained. These methods are first illustrated by
considering the geometrical optics of a random medium by one method of each
type. Some new results are obtained by an honest method and some errors in
a previous work are pointed out. Comparison is made between the results of
the two methods end the reasons why they disagree are explained. As a sec-
ond 1llustration of an honest method, an analysis of the reduced wave equa-
tion in a random medium is presented. Some known results are obtained in a
new way which is simpler than the usual one and which sppears to be capable
of ylelding further results.
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1. Introduction

Wave propagation 1s one of the means by which energy travels. 'Propa-
gatlon' 18 the process whereby the energy moves from one region of space to
an adjacent reglon, eand 'wave' is a gereral term for a moving spatial dis-
tribution of energy. The matter in the region of space through which the
propagation occurs is called the transmission medium. A random or stochas-
tic medium is a famlily of media together with a probability distribution
which specifies the probabllities of the various members of the family.
Thus wave propagation in a random medium refers to propagation in each mem-
ber of the family of medim, together with the probsbility of each member.
This probability, when associated with the wave motion in each medium,
characterizes a random wave motion.

Mathematically a wave motion is described by a vector-valued function
u(x,t) of the position vector x and the time t. As a consequence of the
physical laws governing the wave motion, the function u(x,t) satisfies cer-
tain equations. Usually they are partial differential equations of hyper-
bolic type and often of symmetric hyperbolic type. The transmission medium
is characterized by a vector-valued function n(x,t) which enter the coeffi-
cients of the equations. A wave propagation problem is that of determining
a solution u(x,t) of the equations which satisfies certain auxiliary condi-
tions. These conditions are usually initiel and boundary conditions. The
problem 18 said to be well set, well posed or properly posed if it possesses
a unique solution which depends continuously, in an appropriate norm, upon
the data given in the auxiliary conditions and upon the coefficients in the
equation.

A random medium is characterized by a femily of functions n{x,t,w) de-

pending upon a parameter w. Here w 18 a point in a probability space 9 in



which a probaebility measure d.P(w) is defined. Of course the function
n(x,t,w) must be measurable with respect to dP{w). If a well-posed wave
éropagation problem is formulated for the random medium, it has a solu-
tion u(x,t,w) for each w. This family of solutions describes a random wave
motion. The equations satisfied by u with the coefficient n(x,t,w) are
called stochastic equations - stochastic di.ffere_ntial equations 1f they are
differential equations. Thus in this case wave propagation in e randum me-
dium 18 part of the subject of stochastic differential equations.

The reasons for studying random wave propagation are exactly the same
a8 those for studying any other random phenomenon. There are essentielly
two such reasons. In the first place, we may wish to consider a case in
which the medium is not known precisely, but in which it is known to be a
member of a certain family of media. If we also know the probability that
it is any particular member of the family, we can determine the probability
that the wave motion is any one of the associated family of wave motions.
Then we can determine the expected or mean wave motion, as well as its
variance and other statisticas. This statistical information can be used
to estimate what is likely to be the wave motion in the case under consider-
ation. In particular some statistical properties of u may depend only upon
known statistics of n. When we consider many media, all of which are mem-
bers of the same family, we may expect the statistics of the corresponding
wave motions to correspond to those of the random wave motion occurring in
the random medium.

In the second place we may wish to consider a known medium with very
complex properties. Then the associated wave motion will also be very com-
Plex and its precise determination may be impractical. Certain statistical

properties of the wave motion in a random medium, of which the medium in



question is a member, may be less complex and more easlly determinable. In
other words, it msy be easier to solve the random problem. If the random
medium 18 appropriately chosen, these statistical propertles may be closely
related to the actual properties of the wave motion in the known medium
under consideration.

We shall see that there are two kinds of methods used to solve problems
of wave propagation in random media. These may be called 'honest' and 'dis-
honest' methods respectively. In an honest method the solution u(x,t,w) is
first determined for each value of w. This solution may sometimes be found
exactly and explicitly, but more often 1t is expressed in the form of a
series in some parameter, or as a sequence of iterates, or by some other
approximation procedure. In the process of solving for u(x,t,w) randomness
plays no role and therefore it provides no advantage. The second step in
an honest method is to compute the mean value of u(x,t,w), as well as its
variance and other statistics, from the explicit expression. In this step
randomness may have the helpful effect of yielding simpler expressions for
the statistics of u than those for u itself.

In a dishonest method randomness is utilized before u(x,t,w) is deter-
mined. For example, if the mean value <u> 18 sought, the original equations
for u may be 'averaged' to yleld equations for <u>. In such cases the aver-

aged equations also involve terms like <u2>'or <nu>, Dishonesty enters

through the assumption that <u2> - <'u>2 or Au> = <N>> or some similar
unproved assumption. The reason for making such assumptions 18 to obtain
determinate equations for <u>. Other examples of dishonest methods will be
described later. In sll cases probability i1s introduced before u is deter-
mined and an unproved assumption is made about some statistical property of

the random wave motion. The assumption usually simplifies the problem so



that 1t becomes solvable.

Dishonest methods have the advantage over honest ones that they simplify
the problem to be solved. As a consequence, a problem which can be solved
honestly only by a pérturbation method mlight be solved dishonestly without
the use of & perturbation expansion. Then the dishonest solution would be
applicable for all values of the relevant parameter while the honest solution
would be valid only for smell values of it. For this and similar reasons,
meny of the significent and non-trivial results in the theory of wave propa-
gation in random media have been obtained by dishonest methods. Many of
these results have compared well with experiment. Thus one of the important
mathematical problems in this field is to Justify the dishonest methods by
showing that thelr resulte, in some sense, are approximations to honest solu-
tions. A clear understanding of the circumstances in which this is the case
would permit the introduction of meny more useful dishonest procedures.

Most of the work on this subject has been done since 1945, having been
stimulated by practical problems of radio wave propagation through the atmos-
phere and ionosphere, sound wave propagation in the ocean and the atmosphere,
light transmission through the atmosphere, etc. The recent book by L.A.
Chernov[IJ contains a rather complete bibliography and an understandable
account of the present state of this subject. Additlonal material is con-
tained in the book by V.I. Tatarskiﬁﬂ. The related subject of random wave
motion in e non-random medium is surveyed by M. Born and E. Wolf [3’ Chap. lQ].
Some other work is contained in the symposium volumes edited by W.C. HoffmanEﬂ
and 7. Kopilﬁﬂ. Becauee of the complete bibliographies in these books, we

shall give relatively few references.



Physicists have studied extensively the propagation of waves through
random collections of dlscrete scatterers. A clear formulation of a prob-
lem of this type, together with a new dishonest method for treating it, was
given by L.L. Foldy[6]. This method w=s generalized to other problems by
M. Lax[y], who has also reviewed much of the previous work in this field.

Many problems have been treated by this method and others by V. Twersky[a].
9

Recently, J. Bazer[:] proved that for a one-dimensional scattering problem,
this method does yleld the correct result. I. Key and R.A. Silverman[iQ}
investigated the accuracy of another method, the single scattering approxi-
metion, by determining the extent to which randomness reduces the importance
of multiple scattering.

The next section describes how wave propagation in a random medium
applies to the problem of the twinkling of a star. In Section 3 we consi-.
der light rays in a slightly inhomogeneous medium,and in Section 4 we apply
these results to a random medium obtaining some new results. Werthen compare
these honest results with corresponding dishonest ones in Section 5, where
we treat a light ray in a random medium as a Markoff process. In Sections
6 and 7 we use the results of Sections 3 and 4 to determine the phase and
emplitude fluctuations of a wave in a random medium. Our results are exten-
sions of previously known ones. This completes our discussion of geometri-
cal optics in a random medium . In the final section we present a brief new
treatment of the reduced wave equation in a random medium, This section is

independent of the preceding ones.

2. An application

Before 1llustrating the techniques used to analyze wave propagetion in
random media, we shall describe e physical phenomenon in which such propagae-

tion plays a role. It is the scintillation or twinkling of a star. The most



appropriate theory of wave propagation to describe this phenomenon is geo-
metrical optics. According to this theory, light travels along certain
straight or curved paths caslled rays. These rays are determined by ordinary
differential equations in which appears the index of refraction n(x,t), a
scalar function which characterizes the transmission medium. This medium is
the earth's atmosphere in the present case, If n=l the rays are straight lines
which emanate from the star in all directions. One of them (really a narrow
beam) enters the eye of an observer who 1s viewlng the star. The direction
from which the ray enters the eye 1s the apparent direction of the star.
Actually n(x,t) differs from unity by a small amount. As a consequence, the
rays deviate slightly from stralght lines and enter the observer's eye from
slightly different directions at successive instants of time. Therefore the
star appears to be moving about its meen position. Its apparent 1ntensity
also fluctuates.

We would like to calculate the apparent direction and intensity as func-
tions of time. To do so it would be necessary to know the index n(x,t). This
is practically impossible because the variation of n(x,t) with time and posi-
tion results from the trubulent motion of the atmosphere. Consequently analy-
sis would sppear to be impossible. In the face of this difficulty we treat
the atmosphere as a random medium. The random medium must be so chosen that
1ts important statistical properties correspond to measurable properties of
the atmosphere. In this way we give up the possibility of calculating the
spparent direction end intensity at any particular time. Instead we can calcu-
late statistical properties of the apparent direction and intensity which may
be related to the actual temporal distribution of apparent directions and in-
tensities. We shall consider this example further in the next section. In

doing so we shall meke use of the fact that a ray traverses the atmosphere so



quickly that the index does not change significantly during the traversal.
Consequently we may assume that the index 18 independent of time in deter-

mining the rays.

3. Light rays in a slightly inhomogencous medium

Let n(x,e) denote the index of refraction of & rendom medium, which mey
be written as

n(x,e) = 1+ € p(x) . (1)

The quantity e measures the deviation of the index from unity. The Index also
depends upon a perameter w which we shall not write explicitly. We wish to

determine the ray x(s,e) which starts from the origin in the direction of the
unit vector U. Here s denotes arclength along the ray. The ray also depends

upon W, The equations which X satisfles are

t

(nX') = Vn (2)
x(0) = 0 (3)
X00) =%, B°% =1) . (%)

These equations have a unique solution which depends continuously upon n and Q
in an appropriaste norm, if n is continuously differentisble. Thus the problem
(2) - (%) 18 well posed.

To find X we shall determine its derivatives with respect to € at € = 0
and then express x by means of i1ts Taylor series in €. Thus we shall employ
en honest method, in the first phase of which probebility plays no role. Let

us first set ¢ = 0 in (2) - (4) and denote x(s,0) by 'io(s). Then we obtain

‘it',' =0 (5)
% (0) = 0 (6)

%1(0) = U . (7)



The solution of (5) - (7) 1s
; (S) = -IES . (8)

Now we differentiate (2) - (4) with respect to ¢, set € = 0, and denot.

ie(s,o) by'§e(s), obtaining

;;‘ =V u(?co) - Eﬂé -V u(—;co)J 325 (9)

':Ee(o) - 32;_(0) =0 . (10)

- -
The right side of (9) 1s just the component of Vi which 1s normal to x' = u.
Let us call 1t the tramsverse gradient and denote 1t by V&;;. Then the solu-

tion of (9) and (10) is

8
':Ee(s) - f(s-t) A u(dt)as. (11)
o

Differentiating (2) - (4) twice with respect to € at € = 0 ylelds
-»” _ ->. — . 2, _—-»'-»'. - _-»l—vi. >
xee(s) = 2(x€ V&)V& p(xo) Vp H (xo) 2xoxe 2 u(xo) 2x€xo v u(xo) (12)

-

X, (0) = Sc’ée(o) =0 . (13)

The solution of (12) and (13) is
8
% (s) =2 (st)|% V1 - 5V, 10T, WE2(Te V)V, ulat. (1)
€€ e T 2T T T
o

In the integrand, the argument of u is Ef. Thus to the second order in e we

have
2

(s,e) = X (5) + € X (5) + S X_(s) +0(e”) . (15)

<



4, Light rays in a random medium

Let us now take account of the randomness and compute some statistlcal
properties of x(s,e). ILet us begin with the mean value <§(s,e)>'which is
Just the sum of the mean values of the terms on the right side of (15).
Since ;g(s) = us is independent of p and therefore of w, <§o(s)> = us. From
(11), by interchenging the order of taking the mean value with integration

and differentiation, which we assume to be permissible, we obtain

&e(s)>,f(s-t) v, <u(t)> at. (16)
(o]

In (16) only <u> cccurs. We see that it 1s not yet necessary to speclfy the
probebility space Q, the measure dP(w) nor w(x,w) if instead we give <u(x)>.

We therefore assume that

<u(x)>=0 . (17)
From (16) and (17) 1t follows that

<§;(s)>-= o . (18)

To compute the mean value of §;e(s), which is given by (1k4), we must
know the mean values of certalin quadratic expressions in u end its deriva-
tives. They can be determined from the correlation function <p(§i)u(§2)>
which will also be required in later calculations. Therefore we assume that

it is given by
- -+ 2 - -
<u(xy Ju(x,)> = <w™> N([x)-x,[) - (19)
2
Here the mean square fluctuetion <u > 1s assumed to be a constant and the

correlation coefficlent N 18 assumed to be a function of the disteance ];i—;el

only. By the Schwartz inequality it follows that IN| = 1. Of course N(0)=1.



- 10 -

We also require that N'(0) = 0 and that N(w) = O. It follows that Nrr(O) s 0.
In eddition N should become small beyond a distance a which we shall call the

correlation distance.

From the assumption that <u2> is constant we have <VT u2> = VT<;12> = 0.
Thus the mean of the second term in the integrand in (11+) is zero. To com~
pute the mean of the first term we use (11) for ;:e and the first term becomes
t

8 2
ff (s=t,) (to=t;) [VTlp(ﬁtl) -VTEJ vTau(Ete) at.at, . (20)
[o I e]

- -
The expression in brackets can be rewritten as (le . VTe)VT2p(ut2)p(utl) and

since v'l‘l = = Vo when applied to functions of t2— tl 1t mean value is

2 \ > >
DXV ¢ V) Vgt -ty 1) = - < WTz[szn(ltz‘tll)] . (21)

2
If ve set |ty-t,| = r then N = N(r) and Vp, = V. Since ¥, N(r) is a func-

tion of r only, its transverse gradient is zero. Therefore (21) and the mean

of (20) are zero. In a similar way we find that the mean of the last term in

(14) 18 also zero. Thus only the third term remains and we obtain

8
F(s,€)> = Us -Te° f(s-t)<(VT w2 at + o(e”) (22)

(o]

To evaluate <(VT p)2>we have, since V.. N = - V. N and since VT2 N(O) =

yul T2
2 ¥Ax(o),
>
2 2 R —
(Y W>=<w™> Um Vi, Yy, N(le-le)
X.* X
1 72
= - <u2> VTQN(O) - - %— <u2> vzn(o) . (23)

2
Thus finally, taking account of the fact that V N(0) = 3Nrr(o), w e obtain

<X(8,€)> = 'ﬁ@ + e <u2> Nrr(0)52> + o(e5) . (24)
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From (24) we can solve for the length s such that a ray of this length

travels s mean distence L in its originel direction. This value of &8 1s

g =1 - e <> Nrr(o)L2 +0(e) . (25)

Equation (24) gives the mean location of the endpoint of & ray of length
s which starts from the origin in the direction U. This mean position 18 on
the straight line through the origin in this direction, which we expect to be
the case from symmetry. However, its distance from the origin is less than s,
a8 we also expect. The terms given in (24) do not suffice to compute <X(s,e)>
for very large values of e¢s. This can be seen by noting that for such values,
the mean position of the endpoint would lie in the direction 43, according to
(24) since Nrr(O) £ 0. This result 1s unreasoneble, as is the fact that the
mean distance from the origin to the endpoint would exceed s for very large
€s. We conclude that the approximation (24) for <x(s,e)> 1s not uniform in s.
Thus more terms in the series are required for large values of es. They in-
volve third and higher order correlation functions and moments of u.

2
Let us now compute the mean velue of E%(s,ei] . From (15) we have

[i(s,e{la =82 4 eal}’e(s):l2 +eo s_ﬁ-;ee(s) + 0(e3) . (26)

In writing (26) we made use of the fact that u -':Ee = 0. By using (11) and

(14) in (26) we obtain

5 8 2 B
2 2
Ez(s,e)] sl +e <f(s-t)VTudt> - 2523f(a-t)(va,)2dt + 0(ed) .
o o
(27)
The mean value of the third term on the right side in (27) has been computed

in reducing (23) to (24). To compute the mean of the second term we write it

as follows
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s B8
- 2 - -
<(x€) >= < f(s-tl)VTp(utl)'dfl- f(.sx-*ce)VT(uta)dt2 >
o o

8 8
2 - -
- f f (8=t b=t5)¥y, * Vipp N( [ty - Bt ,])at at,
(e 2 o]

8 8
= - <ua> ff(s—tl)(s-te) vT2 N(Itl-tel)dtldtz . (28)
0o 0

We now define r and Ty by
ty = +1/2 t,=r -r/2. (29)

Then (28) becomes, if we define N(-r) = N(r),
o 8+(r/2) 5
(%)%= - > f ' Es-ro)e- -ﬁ‘gl Ve N(r)dr dr
-8 -r/2
s 8-(r/2)

2
- <u2> f f [(s-ro)e- {1— VTQ N(r)drodr . (30)
o] r/2

Upon performing the integration with respect to T, and combining the resulting

integrals we obtain from (30)

8
b >
- 2 2 2 2
<(x€)2>= - <u™> f Vip N(r)[zg- - r8° + -—%—:ldr . (31)

0

To simplify (31) we note that

vf N(r) = or~t N.(r) - (32)
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With the aid of (32), we can rewrite (31) as

5 2 5
€2 <(_3;€)2>= - 62 <lJ.2> fNr(r)lé%- B 252 + %:'-E]dr ) (32)
o

Now (27) becomes

- 2 3
<|x(s,e)|2>= 82 - &2 <u2> [f Nr(r) . o2, hs” dr - 28 Nrr(o{] + o(e5).

5 or
o
(3+)
For values of 8 large compared to the correlation distance &, (34%) can be sim-
plified to ®
<|_:E(s,e)!2>z52- 2 <H2> 8 l—;- f rt Nr(r)dr - ZNIT(O)} + 0(e5)..(35)
o

Equation (3*) or (35) gives the mean square distance between the end-
points of a ray of length 8. Let P denote the tramnsverse displacement of the
endpoint of a ray of length 8 from the straight line tangent to the ray et its
initial point. Then equation ( 33) gives, to order e2, the mean square value
<p2>. For 8 large compared to the correlation distance a, (33) ylelds for

2
<p > . 14-(-:2 <u2> 33 o 5
<p>z-—-—-—5——-—-—fr N ar + o(e?) . (36)
o
By substraction of (36) from (%5) we obtein the mean square distance which
the ray travels along its original direction. For 8 large compared to a, 1t
is

2

<[t-x(s,€) |2> ~8

+ 2% P> N_(0)s + 0(e?) . (37)
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Let us finally calculate the mean square value of x'(s,e) - U. This is
the mean square value of 2 - 2 cos a.(s,e) where a 1s the angle hetween X' end

U. From (15) we have
& - D% = PENE o) . (38)

From (38) and (11) we obtain

8
2
<(x -3)2>=e2<<fvadD >+ o(eﬁ) . (39)
o

By proceeding as in (28) - (33) we find

5
(%' - _1;)2>= 2@ - <cosa,(s,e)>> - be? <;12> N(s)-l-sfr‘J‘Nrd{I + O(eB).

o]

(ko)

For s large compared to a this becomes

<(x' - 3)2>= 2Q - <cosa(s,e)9 n - el <u2> sf r"lNrdr + O(e5) .
o

(41)
If the 'right side of (41) 1s small compared to unity, we have
2(1 - <cos o) x <®>. Then (41) gives the mean square value of a.
The results (%6) and (41) can be written simply in terms of the ray dif-

fusion coefficient D which 1s defined by

0

D= - e2 <p.2> f rL Nr(r)dr . (42)
o

Then (36) emd (41) become

<> ::% Ds” + 0(e”). (43)

<a2> ~ Ups + o(e5). o)
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An incorrect form of (41) was derived by L.A. Chernov [},p.l?,eq.}i].
His method of derivation is thé seme as that glven here but he did not intro-
duce a small parameter € and expand systematically in powers of 1t. As a
consequence he made an error in going from his eq. (25) to eq. (26) on page
16. Therefore his result eq. (31) and his diffusion coefficient eq. (34)

pege 17 ere incorrect.

5. Light rays as a Markoff process

In the preceding section we treated light rays in a slightly inhomogene-
ous random medium by an honest method. We computed the mean values of some
quantities assoclated with the rays and obtained simple expressions for them
when the ray length s was large compared to the correlation distance a. Al-
though the results are correct, they are not useful for very large values of
8, a8 can be seen by examining them. We must conclude that the quantities we
have calculated in powers of € are not uniform in s.

To obtain results which are valid for large values of 8 a dishonest method
has been employed[i]. It consists in treating the rey direction ;'(s) as a
random function of the arclength s. The fundamental unproved assumption on
which the method is based 1s that 3'(5) is a continuous Markoff proéess.

Thls means that the probability that the ray has a given direction at s + ds

depends only upon the probebility distribution at s. Let us denote this p?o-
bability density by P(e,ﬁ,s). Then as a consequence of conservation of pro-

bability, P satisfies the Chapman-Kolmogoroff equation. The differential

form of this equation 1s the Fokker-Planck equation

2
1 1 <a >

P = | === (sin @ P_), + P lim . (45)
8 sin © 06 T 102 P | pg uo YOS

Here <n2> is the mean square velue of the angle o between ;'(s) and‘i‘(s-fﬁs)
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when x'(s) is glven. We have calculated 1t 1n the preceding section and it
1s given by (40). From (40) it follows at once that <«®> 15 of order (As )2
for small As and thus the limit in (45) is zero. However, if we use (U4k4) for
<°> 1instead of (40), and neglect O(e5), the limit in (45) is D and (45) be-

comes

- D
8 s8in o

P (sin @ P (46)

D
G)g ¥ sin29 P¢¢ )

It would seem to be inconsistent to use (44), which is valid for s
large compared to the correlatlion distance &, and then to let s tend to zero.
But this kind of procedure i1s common in applied mathematics. It cen usually
be Justified by interpreting it as determining an asymptotic expansion with
respect to some appropriate parameter. In the present case this is so and
the parameter is the correlation distance a. To show this we shall compute

la<bz.2> as a tends to zero, by means of (40). In doing so we

the limit of s~
first observe thet, from dimensional consideratlons, N ig a function of a-lr,

say N(r) = M(a'lr). Now (40) ylelds

n s7le w®> = 1tm be® 0% o7 aM(a"s) 10 k/w rta e (a7 r)ar
a0 a0
o]
~ -1
a’'s
= 4e2 <p2> s_l lim aM(a-ls)-a-s f x‘lnr(x)d{l
a0
o)
= he? <u2> f x_lM'(x)d.x . (%7)

0]

From (47) end (42) we see that for any s # O, (45)-l <a®> ~D as a tends to

zero. Then the limit in (45) is D. We now see that (46) 1s valid in the
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1imit in which the correlation distance a tends to zero. Thus the solution
of (46) is the leading term in the expansion of P for small values of a.

We have seen that the assumption that ;'(s) is a continuous Markoff pro-
cess leads to (45). When a tends to zero (45) becomes (46). If P is inde-
pendent of $, which is the case for all & if it 1s so for s = 0, (46) further
simplifies to

D

PB = m (Sin e Pe)e . ()4'8)
Let us now solve (48) subject to the 'initiasl' condition
P(0,6,6) = 8(e) . (49)

This 'initial' condition corresponds to the ray at s = 0 certainly pointing
in the direction 6 = O. The solution of (48) and (49) is expressible in terms
of Legendre polynomials Pn(cos @) as

P(5,0,¢) = = Z (2n+1)P_(cos @)e R(n+L)Ds (50)
P n
n=0
From (50) we see that P(w,8,8) = 1/4x so that for large s all directions be-
come equally probeble. From (50) we easily find

<cos 8> = e 2DF | (51)

Let us compare (51) with the result for <cos a> which can be obtained
from (40). We observe that q and © are defined in the same way so that the
two results should agree. However, they do not agree. Since (ho) was oOb-
tained by an honest method and (51) by a dishonest one, we might be tempted to
conclude that the dishonest method has ylelded an incorrect result. But the
preceding discussion in this sectlion shows that this i1s not the proper conclu-

slon. Instead we must recognlize that the two results have different domains



- 18 -

of validity. The result (40) is valid for small values of s while (51) is
valid for large values of 8. If we expand (41) for s large and (51) for s

small we obtaln agreement to two terms:
<cos a> 2 1 - 2D N <cos 6> . (52)

This agreement shows that the two domains of vaelidity overlap slightly. Of
course the question of whether the result (51) is valid at all, since 1t is
based on the Markoffian assumption, 1s not answered by these coneiderations.
The result (51) can be uged to determine the mean square distance be-
tween the endpoints of a ray of length 8. To use 1t for this purpose we

wrlte

<|x(s) |2>

8 5

<f SE'(tl)dtl- f-i'(ta)dt2>

e} (o}

L}

=
@

'(tl)-x'(t2)> dt,dt,

s 8
ff <cos e(tl,t2)> dt, dt,
0 0

8 8
ff exp(-2D|t,~t,|) dt,at,
(oo}

8 1 ( -2Ds> )
s-—5(1l-e . (55)
D opf

For smsll s this becomes

< EZ(B)]2> v 8° - —;— Ds” - (54)

[}
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The first term of this result does agree, but the second does not agree,
with (35), which gives the previously calculated value of <E§(s):lz> for
large s. That result involves Nrr(o) in addition to D, while all the re-
sults of the present method involve only D. We must conclude that the
domains of valildity of (53) and (34) do not overlap.

Let us finally compute <<§(s)-_ﬁ>2> by the present method. This 1s
the mean square value of the distance which the ray travels along 1ts ini-

tial direction. It is given by

5 8
<§(s)-_52>= ff <cos e(tl)cos e(t2)> de,dt, . (55)
o 0

By using (50) we finally obtain

>, v RN\2 8 1 -6Ds
Do - g (- )
SCORIELE o
- x 82 - 2Ds5 . (56)

The second form of (56) holds for small Ds. Its first term agrees with
(37), which gives the same quantity computed by the previous method. How-
ever, the second term does not agree.

By substraction of (56) from (53) we obtain <p2>, the meen square trans-

verse displacement of the endpoint of the ray from its initial tangent line.

It 18 given by
B 25 1 L o-2Ds . o—6D8
e T 2\83° "2 T1B

Ds3 . (57)

“~
~

il +

The second foxrm of (57), which holds for small Ds, agrees with (43), obtained

by the previous method.
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These calculations suffice to 1llustrate this method and to show to
what extent its results agree, or disagree, with those of the preceding

honest method.

6. Phase fluctuations

In geometrical optics rays do not occur individually but only in normsal
congruences., A normal congruence 18 a two parameter famlly of rays, all of
which are normel to some smooth surfac-. Every surface normal to the rays of
such a congrﬁence is called a wavefront. With every normasl congruence of

reys we associate a complex valued field v(X) which we write as

W(3) = AZ) M)

(58)

The possibly complex factor A(E) 18 called the amplitude of the fleld and
#(X) is called 1ts phase. These quantities are uniquely defined in terms of
V by the requirements that ¢ be independent of the propagation constant k
and that A depend upon k at most through a factor of a power of k. The pro-
pagation constant k 1s equal to 2n/x where A 18 the wavelength of the field
in a region of refractive index equal to unity. The amplitude A(i) may be
either a scalar or a vector. The real time harmonic field V(X,t) determined
by v(X) 1s given by V(%,t) = Re[}(?)e~iv£]. Here t denotes the time and v
the angular frequency of the field.

Let X = z(a,B) be the equation of a wavefront S,s i.e. a surface ortho-
gonel to a normal congruence of rays. We shall suppose that the parameters

o and B are s0 chosen that at ab,Bo the following equations hold

- =1 - - -1 —» - - -
=0, u=p;" 2, Ugm Pp" Zgy 2y XZg = U (59)

B B

- 2 ,- - =
(za) = (zB)ea 1, 2,2

P
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Here U derotes the unit normal to So while Py and P, are the principle radii
of So at ao,so. These equations imply that at “o’Bo the paresmeters a and B
measure arclength along the lines of principle curvature on So'

We denote 1T X(a,B,8) the ray normal to S, 8t @,B. Thus measuring s

from So’ we have
*(a,8,0) = Z(a,p) (60)
X'(a,B8,0) = U(a,p) (61)

The ray through a given point ? 1s determined by the values of a, B and s such
that

-

Yy = _}E(@: By8) (62)

Once these values are determined, we define the phase é(;) by

4(3) = jg n[ic’(a,a,tﬂdt -5 te fs u[Fep )] ot (63)
(o] (o]

We have teken ¢ to be zero on So'
To evaluate ¢ we must first solve (62) which we shall do by expeansion in
powers of e€. By using (15) we can write (62) as

—

Yy = io(a‘)ﬁls) + € ;e(aoﬁ:s) + o(ez)' (64)
Here ié(a,ﬂ,s) is given by
}6 = 2(a,B) + su(a,p) . (65)

Let us set € = 0 in (64) and denote the solution by asB,s8,+ Then by dif-

ferentiating (64) with respect to e and setting € = O we obtain

0=aX (& 5B 58.) + Be_ioﬁ(a sB_s8 ) + Be—ié(a sB 8

—’
%eXon %o’ Po?®o o’"0’ o o’ Po o) + xe(a sBr8,) -

o°"0" 0

(66)



By using (65) and (59) and the fact that 'ﬁ.‘ie = 0 we resdily obtain from

(66) the results

-z 'x (“ sB 8 )
o = Q O i [o] (68)
1+ sopl

7 X (a »B_,8_)
p = ———0 0 (69)
1+ sop2

8 =0 . (69)

We now use these results in 65 . Since }J. = ;].1‘ X4+ a X + B X for
( ) € ( € € O € OB)
€ = O, we ob‘tain

=3
s}

B(Y) =5, + ¢ f VMEO( @ Byt )]

o
f quch,a t] (t)- o e( °) (1 + tp] l)-’
l+ 8 pll o

—P———-——-x (s (1 + to Lz lat + o(e”) . (70)

l+s 02 B

We next use (11) for §§ in (70) end compute the mean value of ¢(y). A

lengthy but rather straightforward calculation ylelds

2 Bo
8
— 2 2 1 1 (o} 3
‘<¢(Y)> =8 +e <y ><°l+so + ‘32"'80) <—2— +f (I‘-SO)N(r)% + o(e”) .
o

(T1)

If Py and p, are both finite then, for large 8, (71) becomes

BF)> x 8,(1 + ) + 0(e?) . (72)



Thus the mean phase increases linearly with 8, as if the medium had the con-

stant index of refraction n* = 1 + e2<u2>.

The variance 0'21}(_3;)‘[ is glven by

- - — —> 2
cgEﬁ(y)J = < l}(y) - <¢(y)>] >
. 2 2 2
=< E°+ ef + 5 dee- <+ €f _+ 5 ¢€€% >+ 0(e”)
= 52<¢§> +0(ed) . (73)

From (70) and (73) we have

s 8
02[8(}’{] &2 /,70 < ch’o(tl):!ch’o(tzﬂ > dt dt, + o(e”)
0O O

s
(o}

2e” <p2> d[\ (so-r)N(r)dr + 0(65) . (74)
o

]

For large 8, this becomes

-]

GEP(}’)] x 265> 8 [ N(r)dr . (75)

In concluding our discussion of the phase @, we should observe that ¢ is

a solution of the eiconal equation

(v = n® . (76)
It is a solution which satisfies the boundary condition

$=0 on 8 . (17)

There are two such solutions which merely differ in sign. Thus the analysis

of thils section has concerned the solution of a boundary value problem for a
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random partial differential equation of first order. The anal; sis was based
upon the solution of the equation by means of the characteristics, which are

the rays in the present case.

7. Amplitude fluctuations

The amplitude A(X) also satisfies a first order partial differential

equation in which #(X) occurs. For a scalar A it is
V-(A%%) = 0 . (78)

ILet us seek the solution which has the prescribed value Ao(a,B) on the sur-

- -
face §_ glven by x = z(a,B). Thus

AEE((L,B)J = 2%(a,B) . (79)

These equations can be solved for A by the method of characteristics. Because
of ‘the special form of (78) the solution can be obtalned easily by integraging
(78) over a volume. Now the volume integral of the divergence of a vector is

equal to the surface integral of the normal component of the vector. To sim-

plify this surface integral we choose as the volume a region bounded by a tube
of rays, the wavefront So and another wavefront S. Since V% is tangent to the
rays, the surface integral over the tube venishes. Thus only the integrals

over the two portions of the wavefronts remain and we obtain

fAzlvdldo'- fA2|V¢|do'o -0. (80)
st Sé
In (80) 8' and Sé are the two portions of the wavefronts, do and dob are the
elements of area, and we have made use of the fact that V4 is normal to the
wavefronts, pointing inward on S and outward on §. Since (80) holds for every
cholice of Sé, and the corresponding S' determined by the rays, we can conclude

that
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2 2 dcro
AT| V8| = A%(0)|W(0)| 35~ - (81)
Here d.cto/dor i3 the ratio of corresponding area elements on So and S, and the
argument zero denotes 8 = O which corresponds to a polnt on So‘ Since

|| = n, we obtain from (81) and (79) the result

]\1/2 1/2

z (a, dor

AE’g(a,B,s)_-J = A%a, B) P) (&'&2 . (82)
_ n x(oc, B,s:y

To evaluate A we must compute dd/ do‘o, which 1s the Jacoblan of the map-
ping of So onto S by means of rays. This mapping 1s given by the function
*(ayB,8) with s having the constant value corresponding to S. If o and B
are defined as before at %y Bo on So, then along the ray through this point

we have

%g; = E‘ (a ;B ,8) X;B(GO’BO’B)] . (85)

a' 00

If we use (64) for x(a,B,s), (83) becomes

do -1 - - -1 = - 2
o, ~ I[(l“’l 8)Z+ X ] X [(4e7s)zgr ""xeB]l + 0(e7)

]

|(l+pils)(l+p;ls 2+ e[(l+pils)(—£ax ) + (140378) (%, Z,)]

-1 -1 Sl
(140]78) (140, 8) + e[(1+pl 8)u+(z X x

) + (431808 (R x 7, )]40(e%)

u

(1407%8) (1405"8) + e[(140778)Z SR (1+o576)Z_ % J40(e%) . (8)

B



Now (82) ylelde for A the result

A[i(a,a,s)].Ao(a,p,s) 1~ -;-[(14-9;15)'1 Eﬂo¥56+(1+pils)‘l LR
- u(-z')-m(;] + o(ee). (85)
Here we have introduced Ao which 1s defined by
A (0, 8,8) = 4%a,p) (Lee3le) "/ 2(1403%) 22 (86)

To obtain A at a fixed polnt, say —3;, we must insert for «,B8 and 8 in
(85) the solutions of (62). They are a+ €a  + 0(0.2), B* €B * 0(e2) and

8+ O(e2). Then (85) yields

7 = - [(reeste) 23 -1y 7 .2
Aly) Ao(ao,ﬁo,so) 1 2L(ZI.+;92 s) Zq Xt (l+p_.L s) 2, ¥eq,

- - -1 2
- p.(z)+p.(xﬂ + €A an’a€+ AOBBJ +0(e™). (87)
From (87) we find at once that

AT)> = A (ag,By8,) + O(e”). (88)

Next we compute the variance of A(;).
2 2 - 2 3
<A>—<A>=<E‘-(Y)-Ao >+ 0(e”) . (89)

We shall evaluate 1t in the special case in which Aoa,’ A°B= 0. Then after a

lengthy calculation, we find for s >> a,
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[»]
€2<'p.2>055A2 2 - o o 2
<A2>~<A>2= o L —L—-y—-]—'—- + 2 ——1'-+_..g..
12 5 py+8 p2+s pl+s Py+E

P P+ P P
+a[ LS 12 . 2:] . (90)

(p#8)°  (py#8)(pyts)  (pyhe)°

Here

Cmi [ (vs)zn(r)dr.: [ E’en - N:}dr . (91)

When p, = p, = p, (90) simplifies to

€2<u2>C53A§ 2
—— — + Bp + 2p . (92)

2 2 _
5(p+s)2

<A > - <A>

If the initial wavefront i1s a plane, p = ® and (92) becomes

2 2 -

<A> - <> 2 <u2> cs” Ag . (93)

Wi

If the initial wavefront is a point, p = O and (92) ylelds

2
<A2> >t = 53 <u®> cs2 2 2 . (9%)

The result (93) is the seme as that of Krasilnikov[;] while (94) is similar

1]
to, but not identical with, that of P.G. Bergmann[#i.

8. The reduced wave equetion in & random medium

Let us consider the solution u(;) of the following problem

Au + kPnZ(F)u =-5(%) (95)

m || S—I;—I—- ikn> | (96)

HEE
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Equation (95) is the reduced wave equation with a source term corresponding
to a source of unit strength located at the origin'; = 0. Equation (96) is
the radiation condition which asserts that the solution u describes outward-
ly propasgeting waves. This problem is well posed for a large cless of re-

fractive indices n(x). Let us assume that n(;) has the form

n(x) = 1 + eu(x) . (97)

Of course n, u and therefore u also depend upon the varieble w which ranges
over the probability space 9, but we shall not write it explicitly.

It seems reasonable to suppose that u can be represented ss a power se-
ries in ¢

u(;,e) = uo(§) + eul(;) + eeua(i) + 0(55) . (98)

Upon inserting (97) and (98) into (95) and (96), and equating to zero the

coefficient of each power of ¢, we obtain

bu + kzuo = - 5(x) ' (99)
. du
m x| *o -dku | =0 (100)
3 3| x| y
|%| » =
2
buy + kaul = - k" (101)
N Bul
lim  |x| = = dkuy= tkuu ) = 0 (102)
e 3| x|
%[ =+
2 2
Mu, + k7w, = - kep u - 2k "uuy (103)
. Bue :
Um |x|| —5= - lku, - ikpu, ) =0 . (1ok)
3|x|
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The solution of (99) and (100) is

. (105)

To solve (101) and (102) we apply Green's theorem to the interior of & large
sphere and assume thet the integral over the sphere tends to zero as 1ts ra-

dius becomes infinite., Then we obtaln

— 2 ikIX"-" - - e d
ul(x) =-l25; f < _.xll u(x')uo(x')dx' . (106)

In a similar way we can obtain the solution u2(3€) of (103) and (104), which

1s
RISPEeL

T W) 4 aulE ()] (107)

up(%) = E“ j

Let us now compute the mean value of u which requires the calculation of

the three mean values <u°>, <ul> and <u2>. From (105‘) , 8lnce u, is indepen-

dent of u and therefore of w, <uo> = . From (106), since uy is linear in p

- and since we assume that <u> = 0, it follows that <ul> = 0. To compute <L12>

from (107) we require <u2> and <uu,>. We assume that <p.2(3§)> = <p.2> is & con~

1
stant, and we compute <uu;> by using (106) as follows:

ik|x—x'| - -
e (x>>=—-f —_—_—-I—ql(x W(Z1)> u_ ()&

1k|x-x'
k< >f N(lx-x'l)uo(x')d.x

X S *> f © N(r)u JF)aE (108)
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In (108) we have introduced the correlation coefficlent N(|X-x'|) =
<u('i)u(3:")>/<u2>, which is assumed to be a function of the distance |§-3€'|
only.

The angular integration in (108) on a sphere of radius r can be per-
formed explicitly by making use of the followlng easily~-proved mean value

theorem which is a consequence of (99)

I‘_—l; f uo(§+_§)ds = uo(-i) E-E?ki 0<r< x|
] = = "
= u (%) sin k[X| f—i-lf-(gk—l.)- r> x| . (109)
When (109) 18 inserted into {108) it becomes
x|
<u(x)ul(x)> = uo(x)2k<u2>[f eikrN(r)sin kr dr
0
%
, om eIl k|| feaikrN(r)dx]
||
® ™
. -1uo(32)k<u2>l: f (25 )N(r) - f (eEik(r"r’El)-l)N(r)dx] .
° x|
(110)

For |X| > a, which holds at points many correlation lengths from the source,

(110) can be simplified to
(E)uy (F)> = p<u™>u () . (111)

Here we have introduced the constant B which is defined by

B = -1k f (2T )N(r)ar . (112)
(o]
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Now when (111) is used in 1t, (107) ylelds

2 v ik |[x-x!
m2(§)>= 11}; <u2>(1+23)j ___Ii‘_i_l_ (x . (113)

-3

Upon collecting our results we have
- e 2 — 3
<u(x)> = uo(x) + € <u2(x)> + 0(e”)

Lk (X=X |

- u ) + _,:ﬂ_(la,as f u (FNEE + 0(e?).  (114)

% -3

Although (1114-) glves <u> explicitly, it is advantageous to rewrite it as an

integral equation for <u>. Since <u> differs from u, by 0( e2), the differ-

ence between ea<‘u> and e2u° is O(eu) and we may write (1l4) as

k
- — 3
<u(X)>= u (x ———é‘—— (1+2a)f 3 <u(x')> ax' + 0(e”). (115)
If 0(53) 18 omitted, this equation becomes an integral equation for <u(x)>.
It is equivalent to the followling differential equation and radiation condi-

tion for <>

A> + k (n* <u> =-8(%) (116)
1m x| ga> 1kn*u) =0 . (127)
HIEPERLE

Here the effective index n* is defined by

(n*)2 =1 + (-:2 ¢2>(l + 28)

=146 ¢2> ( - Zikf(eaikr-l)N(r)dr> . (118)
(o]
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Our results (116) and (117) show that up to and including terms of order e2,
the mean value of u propagetes as 1f in a medium of complex refractive index
n* given by (118). This is the main result of this section. The imaginary
part of kn* is the attenuation coefficlent o for a wave in this medium. ‘From

(118) 1t is given by

o = 22 <u2>»k2u/\(l - cos Zr)N(r)dr . (119)
o)

This result sgrees with that obtalned previously by anéther method. [l]
The solution of (116) and (117) is

1kn* | x|

e

<u(x> = —
x| %]

. (120)

By comparing (120) with (105) we see that <u(X)> 1s given by replacing k by
kn* in uo(f). This same rule applies to all palrs of solutions u  and <u>
of problems which differ from (95), (96) or (116), (117) merely in the source

term. From (120) we have

(121)

The method which we have used to derive (116) and (117) can also be used
to determine m2(§)> and from it the varisance <\12(3?)> - <u(_i)>2. The quantity
<u> is often called the coherent wave and <u>2 the coherent intensity while
the variasnce 18 called the incoherent intensity. Since it should be clear how
to obtain an equation for <u2> which is correct through terms in 52, we shall

not carry out this calculation.
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