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FOREWORD

'l'hI report deals Aith both the thnrPiil and experimental phascs .f an iuveaigaLion of
the stability nf externally-pressurized, ,as-lubricated bearings.

The analysis, presented i. Interim' Report No. I-A2049-4, has been extended and comple-
mewe.d lv additional material ;n Appendices 2 through 7 and ;b ncludod in this r'port for the
sake of completeness. Detailed descriptions of apparatus, instrunjnt,, and experi'-:.::- .re giveni
and are suppiemented by .5igures, containing $raphs drawings and photogaphic records.'

The theretical 1,reditii-s of the present and of earlie- analyv.os are compared with ex-
perimentd results, areas of further research are suggested and recommendations are made for
utili'ing the rcsult.- -if th- present investigation for desiv". ,,urposes.
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1.ABSRACT

The s4ubject of this investigation is thc stability of externally-pressurized, gas-lubricated
hvri,-:;...An anabvsis is made which t.c.atr: the rlow within the gas film on a distribited, rather
tha.n on a lumped parameter basis. Rectangular and circular bearing configurations are considered
an'i the effect of several parameters on stability is investigated. Results of the present analysis
are compared .-1.4 contrasted with those obtained from earlier, simplified theories. The experi-

~ctlprogram pursue,; here is guided by tF'e analvsi,. An apparatus is debigned, constructed
and instrumented to provide for the variation of governing parameters and for the accurate deter-
m~ination of their critical values. Comparison of theory and experiment ;,- made and the validity
of 6ieoretical assumptions. relative to the experimental modol, is discussed.
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I...I I~r~~t~l ~n I1I~t~dProblems -Review of

P ri t it irtre

.. "t", q, 'S col'.atpr and niaclear tchno lizz have precipitated a renewed
i iiii~ hiahriivation. Git lw'iric.gs ire lirivg successfully inerporated in Svsteima pre-

:iitL dI, tis J -i;% utilO.a lul~rjcant, unit rolling elements To quote contrastinA examples
I.;h dI II I - Ii. I~ I tX5I !-a~ vf een ws,4 for sindll tudliue ro tot&. drfiven and supported L),

I 1.a' ui II.? i .a- a.lls., at vf-r% !iw temperatures in ga~ liq~uefaction machines. Thley have
IIi, tuI" el . - *'ihl if ca rocope ittlprt in inertial guidance devices, as sensinig elements

aw~ilu.r' ul I, 'i%,-frction i gides in acceleromneters, dynamsometers, vibration tables and
t rie wiiiiirisioiments. It, nuclear re.ictorts. gas bearings have provided a soluition for
'.a~ieuI andi isulmd ems. in which iadiodctive gasem fuirnish the only available lubrication

Gas. 1wierns n a lie iroaci I cI assi tied in to two types:

d. el f-,-it i .,ii1 in %%h ici the loud capacitY is induccd tltrough the re~ative motion

1..i ~iin~ll~-1 nusur~cu learini,. which rckl for their load capacity of! an external
p wuaops~trcv.

('it-r 'iffivajhv encountered in applications of gas bearings is their susceptibility to
.elf-excitel .ibrationi-. In unstable, self-acting bearings, the center of die rotating journal may
-aier ilesirilie a cloi eul path within the cleoince circle, or follow a spiral path until surface
contact antiilestru. tin titke place. This tv1.c of inst abililty, generally referred to in literature as
"whiri". occurs4 also with incompressible lubricants, but appears to be particularly troub~esomne

will- vases. it ha., heen the subject of numnerous theoretical and experimental inVe'.tilldtiflns

!''. :7, :1. T), to, ti. 12. t2flt, hat its rnechanism is not yet fuliv understood.

Thie sut! je't of the pre-,eiur inv e ,ti gationr is an instability, associated with externally-
1pressurized bearinus and soinetinues referred to as 'uir" or "pneumatic hamnmer". It is fre.
quentdY enciountered in valves. regulators anul other elements of nreumatic and hydraulic control
sy -ems fg, (), 12. 13. 11,$.;. 161. inrh ;s closely al~ied to such seemingly unrelated phenotnena
as self-excited vibratioe.. of fuel injecters 117. i7l aud prefsie reducers P121, axial auto-oscil-
lations of steani-cusliioned turbine rotors [.Fi7! and violent pressure fhuCiUatiOns in fun-ventilated
chiambers 1 IS 571. The "pneumnatic hanni-r" in external lv-pressuri zed bearings is not associated
w.ith the steady, relative motion of surfaces, nor greatly influenced by it at moderate rotational
speeds. If. however, the amplitude of v.ibratio~n becomes excessively )Rrged in relation to the
clearance, surfaces mutv irontact and scoring, or comrplete destruction ensue. Moreover, even
relauti'.ely ui~nute aatui-oiurllatiuuns cannot he tolerated in applications involving sensitive instra-
;ueunts, or in~rtiarl inlidaice devices. On the other hand, mnlees die selection of geometrical and

t Numli-ra in turuulets ref-r to bibiliougraphyv.

2
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a~,'r,4b ' .~- - o.,Iivatie iinclrstandin., of the phyvsical l,,challism of
it.. AJ*.I that tilt mrn oiii lie unqtt'le in aii!, *,r -art of the contemplated

TlW 11. I~rD"',AI wl,,ervct: in irxternalmv-pre..iuiri7.cd thrust and journal heatrings by
[2t~ . ~' ,.,. '.. J , I'iOtt arti la( ks [251i. Vmscher, Cheuv,4sni and Full.-

- i 5:i a3, i. I rr'.% Cro(rierk ai Kt"rr rAWj. * Si i oes andi %;itleY [321 and many

Qt'' !b -f.~bdisl li cerir-6cal C'i teriaL for sptecific bearing configurations used in
.:o'rtmiI vuio v, AX nimiler ,,i in~e_,tji.t,Ars have speculated on likel , causes of instabiliti arid

11.1e rtl, .1 .: J~e~l~-. isoih*n nlis(rvaition. .ir onf intuition 126, 30.31% 331. The

rr. t -,e! l!it fS of file 1 ,en.na, 11 n eas lbri aii were l;.,en independlently by
£' i.l-.i, anI Steri.,;i:t 3 .Ali,. cin3 ,idered the instal, litv of it sim'ple, air-lubricated thrust

iV*.3i ti. illi i3k Iicliirki [2. .0, ,,ho -onc-nirated on the klnamics oi externultv-pressuriZCdA,
~.r-Ilbri, attd i,,urn.l leiro. -au.hnn the inititI Pccntricity toi he small and motion to lit

'ma o51 si ngle tteiree of fre3 .dLie. %lore recent!v. L icht f7l extended the an~aly sis to multiple-

ti!. jmrnal !eariic... .issurIinL planit- m.,i O3fl nfilet i(,urain'ttiil. in ain eccentric equilibrium
13-133i. RIuldel-11F1 ff] c'.nsaredl file sthi~of a eircari!rust iix:aring and obtainied digital

onlj at er -iition-, f )r the33 nonlinear, 133impeCd, flu ill3viaiic efluatiomns. His concla sior s were in
,ILrl'crrient wii Ilinte ,3-E'l ineori ied analyses, alt

1.. t3aI computer solutions We" ecssail
iitilt, ttO a in!i.er of ,pecifiv oss

ii, anak3 -3s refer' to in tile precedinig parr.3'ils were .if the lunuped -parametcr type
rel jeil 'If, .rbitrirv. it priori assumptions with3 rerard to variation -~f p'-'sure pe-ifile led flow

nthe beairinac 3lCeialac'e. [he o,iictl~vc in idkinu these assunmptions Wa1S to p3ermnit a simple
fornimLition of thme probe I.i.ndl to i.i-li., the use of partial differential equations in tlhe mathe.
iaiical itescrptia of tile fluid..Ivnaniic phenomena occurring in the bearing clearance.

2.P-'poi3 e andl O'itline of the l'resem,! lovestiL'ation

liet-ause if file large numbier of pairameters whiich influence tlhe stability of externally-
pressuiriz.ed llearinsi. and biecause of the (omplemzitv iwnouced through nonlinelarity, the present
in vesti gal iin is restricted to a pertumrbation. analysis. The lim~itation that pertuirbation analYses
give necessamrv ciditionF' A instability, not sarit ent conditions of stability, is recognized,
iLat liaieariz..tion hi-. frequently provided a good first anrr,xiniation in the solution of fundamente'

problems of fluid dknamics. Moire specifically, analog anti digital computer studies of pneumatic
controls iinicate that resuilts- (btt'inedl from !ineariid equations often compare very favirabl '
..itti exiw! solutions riO, 521. %ome encouragcnment mav also be derived from the fact that anailog
soliitiom's of non-linear equations for a bearing using ani incomlpressiblle lubrirant, but gc ometri-
cally identical with the niodel limpcsed in3 this investigation. were in good agreement with results
obtained from their lineariz-ed -qu; o-nts fill.

Results if ;rviolus experiments, reported in) reference [1, agreed only iludlit~e-.vt with
theoretical predicti,-n., of simplified analyses f 1. 51. It wans felt that, althoughL the ! la-phified
anialyses explain. 6i the basic aspects of the physical nmech~anism of pfnemiatic hitimer" ist gas

f2, 31 reco3gnized that dynamic chances in pres . ure-profile depended on timte rates of boundary

3
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-ioni- fact, it pirin aissumptions withi regard to pressure-profiie variation and 'mass contin-
!i! .lpia to hikxe little justifica~i. - particularlY for corfigurations in which the surface cor-

rejindcifn it, the slot Cous~titiatCs a large feiaCtioa -f Lhc tutd! bering area. Equally question-
A:vare the resuilts if simplified ana!,vses, according to which stability is not influenced by the

In the ttieliqtical part *:f tie pre-tent irvestiviition. while retaining the method of small
pettar . .ml'a ;;ailwr of -iipi ihiag ; ssunip;ions, tlhe noiaatenti foW 'n the bearing clear-

* U :, trcatcd ,it t conin~iuous, rather than oin a lumped basis. The fluid-dynamic phenomenon
in thei -lot is dest-rilte~lit a pairtial differential equation. *hc latter is reqietoraifth
1biiand:r c:.:tition tit the o~uter beariniz perimeter and to be cnmoatible w'th the continuity
equotioin for a centrall' litcatel. itariab~c-vlurne recess, and also with the equation of motion of
11t.~ biii StIA'it analvses aire mtade for axial motiou ut parallel-surface thrust bzarings.
llectangu!ar atnd cir--ulr eonrieurations- a rio considered and siability boundhiaies are obtained to
sha% the effevt of several. ii. Irt~.t driniZ parauetcrs ad to slhuw how dUe results compare
wit h those i lit in ei fin i Iunilpe lparaiet er theocries.

In the expris.entas' 1-art of the gprpsent ~.,si.~t te bearing is circulaantdtia

III aeimetrv tit thie theorefiral itodel. 'lii, 'irface hoandedl by the pierimieter of a centrally.
lo.k.ueiI. ailju.table.s laiit. rrevs .constitutes a sioul

1 fractinn of the total bearing area, in order.
lio nder the ;,- e",o ,f fl-iidl andI magnifv the trapping and squeezing effect in the slot, Provision
A .t~~ in~ ilt ti vyin t'.e hbe~irinv ma~ss without altering the lead. in order to observe the influence

oif mis,, un stailuI tt

t Se. also Appendix 2.

tt Schematics, diawialts ad phantographit of actual thrust plate& are ishowun [a igutes 1. 7, 8, 13, 19
ad 20.

4
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1, ti~.. .ualio,, .re Or.I- ithe -ectongulair and cir-cular
ivrsIth i qt~ttOnSapplicaible to both geometries are denotr

!,,v Avm ! vd by the l tter -a-' re fer to the rectangular gevmetrv. while
k c lie letter "b.. reftir tthc circular geometrY.

1 at~, ) thr-igih 1 ) irv those developed by G. 1. 'lavlor and P. G. Saffman F 11. who
j--t;c--ttd uori-re,.sihiit% effect- at low ioxnOld' number. One case thev considered consisted

t0-.rt h* ,.- sep tratetl l a ecirrow Pir gap -heni rotation was accompanied by sniail
wpittude.,' iii!, it in in lte axiat direction. ity contra-it, the present investigation concerns

it lf 'i-i, onset *if .. lf ited os~illations4. It d~iffers alsn because. in the abscr-Ce of rots-
::i- lii fl:- is idii .d1 eA .on- -f an external pressure source connecte' to an internal, vani-

it i.. .-. urred tha~t forces due to inertiai are sniali compared with those daie to viscous
stri-s-' and tOiat the pri.-sire gra~fie~st :. 0J.r. tranv. 75ae direction of the slot :: negligible. Thke

huh ofecul~u~n'in the anticipatedl frequency bard width can be considered arbitrarily
ha ~ ,n iithc maca itude of the gal) %iudi. 'I-(- mean flow velocity in the annulus

tan tie A-t I.iinvd fr,ni die reduced \av icr-Stokes equati on ao- .L Ln i s

12pt a x (

Since lite uimen.,ion of the annt,'us sepisrating tie metallic surfaces is small in comparison~ItWI -hc linear dimension. 'f.the slot, it is teasonable to assume that conductivity prevents any
appreciable vatrition in tenuperature and that the relation

I constant (2)

represents the thermodynamic process to a sufficient degree of approxinastion.

tlatii a! contninedh in tit -"e-tjii wa% p;e~uent,,d at the 23rd National Conference o; the Apied Mfrchani.
Dlivisin, AMF Pmea 1 9601, an I was puld.thed utt-er the t;-e "A Study of the Stability of i ternaliv

.-...-..... .. usa.is., journa, ,,i A1 isier "ueeftsnies. Viot. L17. No. 2.
June 1960, lp. 250t-258.

5
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cnhtnu~ty equation then becomies:

o I
(it) (piU) 0

re

O f Cqudltiuns (1) and (21) in the conttnoity ecynatinn ('s yields a dynamic lubri.
C aifi jUatlin

1~ ~ a 10 (dt ~(b

r Or\ r Of

I'he b tsi .s,.umptions m14 the derivation of these equations are given in Appendix 6.

Iquat.'on (4) must satisfy the boundary condition

N Itt0 - Pat (5b)

Wx,t0) a (5b)

aend be compatible with the equation of motiont:

d2H _ f'I,- P)dx +F0(a
d t2 2X ,(P ,- p r) + F (t (rr

{ p*~ro) +2n, (Pr- 0 hr F~t) (6b)

in which F(t) -is the excitation function.

t T.- effect of external dssepiatt it, "pgiiy sall

6
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III .1dd-i nn. the- .ont in 11 It% eqa 1,j,n oif t I.I variable-volulne rece-;s is i~s follow s:

tt

1.1 expcss.irg dce .;tantities oin tho right hand side of equation 7). it is at-unw'd that the
Ii.: -an 1;c trea~ed as quamsi-s.tem.,d I hesretical and experimental in~e-rtigations of pulsating
f 1;. thr".:A irimces i~cre c.dus'ted by % Schaht:-Grunow 1 416.1 who discussed the conditions
under %i cin ItanLin.fls.,is s)% f.ts could be evalsaited froms mtead ' -f'iuw equations and gave
,I teria for their app]i tr milit% 'I.. eiprec; tO.v left Lsssi .isie sdCt equaitioni ( 7). it is necessar-, to
*3e-Crtle exrne -;a;c ~.::- s..si'tt.l with s.in~ultaart,ti. chargiung and dischmarging ot

~rible~'cunctc..tainer. In tiis- Dresert analYsis it w1! be :is umed that fluid properties
:hr:-ui.Anut thc recessw volume are :ror~nn at nv inst.intof time and that time process mat; be ade-
quatel': detcribed by the prensure-uls-nsitv relation P py - constant. The quasi-static charging
and dischargirng of an adiabatic container. for example. mriv be considered as isentroric to the
first degree of approximeation. perf. ;msxina af entering gas being assumed1. Ixperiments con-
(JUL tedl bv Shearer f191 and 5k in.'r a-.. uainer 1 56 1 also indicate that, for relativel y rapid rate-;
of stlsarmiic and, discharging. the Assumptt..n P pY constant is reasonable. The effect of %%axm
propagation, heat tranafer and irreveibAilities. associated w~ith the processes of chtarging and

sicaneo, fixed and %.iriable volumse containers. canno~t alsa *vs be neglected I 51 ..53. 54, 511
lfove.er. asuptio-is identical eith those made in implementing equation 17) have been. frenpaentl
and suscesssfuill e.'.'oted in related problems. in the field of rineumatic controls anti rsL'ulators

01 ~.ConseqtentY. the quantities appearing in equation (7) are expressed as follows:

"H - r -P (9 b)

Ile flow through the baipply unaazte con he oprooims:md elnimm..y by a quadlrantr o1 an elips.. whenever
P. / I onsiderably *!-sve thme a'~i aI-presmmre tal;s. T 5i., in Ftiepper'ns approximamtion. and is rnn-

V enieot for ctimpottiatmmrI purposes,.
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2 X 7 (~SII~p7 (10.)

%%hil(' tie pressure-.lensits. relation for the recess volume iqj taken asi:

In the rexct step th~ ert~~r jt

p . P

P. Po Pr(12)

H.-H, h

utv! Ltieir derivatives are intruducd. Neglecting their squares and cross produc~ts as quatilies of
hiaher order, we obilain insteaI of equations (4), (6) and (7) a set of correspondinag expressions.

'Ihe nor.!inear. partial differential equation (4) is teplaced by one which is linear, but
contains variablet coefficients.

Thus in terms of perturbation quantities we have:

If... (13a)

rX n 8
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' rc e ua t inn e i i ontai.

m - 2 r . pdx + f(t) (14s)

--d2h = p . 2P f(t) (14b)
4t 2  

, RI

it, ~ ~ ~ ~ ~ ~ i i n~;. t~t t t , /I b n e,

i quation 17" reduce. to

h i h (K + S).- +K6 a IPr * b 0 5a)

t.t
((IC ()P + C L(1L05b)

4Sr r '2

in V icf. tile roefficientq N; rd Ci represent the quantities listed in the following:

.'. .
\"II ~ 1to

2 _2P. W.
+ 1K6) -_(e)

p --- A

3 x~x ~ (16a)-

1 in AJich(I)~o P-lx = [-~2 + Ao(x-Xr)] 1

A - -

QI

all x ,
A\
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IUI, la. \W

CI (a2 0 ~ 11_

0 P.

r- 6Rr( l, _ ___-. B.

\d -'> r " .B "- to

) rRr

Solutwuns oi equation (13) must satisfy equations (14) and (iS) a. well a. de boundary covdition

p(X, t) W. 0 (1b)

p(1,t) -0 (iT )

The fii.qt s rae. derhdiive in eq uation (13) €ca,' be eliminated b, means of the followiug

sub,aituion:

p 2J

pa -- - (13.,)

ro P .(r P,+B

iutrodueinlt the new variable i, into equations (13), (14) and (15) we take die l,,place transform
under the naaunption of initi-'! rest ,unditionn.

10

P(X 0 I (17a)
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0 (t

(h) ~~ I- i~dt

17 ~ P h (19b)

in

12 2(?a

2 2 2 ( 2 (20a
110 Anf 1ie \ro"

12n 2 (20b)

Fhquation (14) trmnsforims to-

rS h 2\ 2(XX)
ms - :.L (V v ______- 'z f~(21a)

21_1 1.('2

L 0 ~ Rr
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V (K,- i.T) (O-I 01f .22a)

- HP,,, \ ,z'P

If (R" Pro t Pro f (-,"-c. (: ) y~l__ ( c.,_ - .cS (: '/ o, -~ 1a1o s r /Ht 0 :'-'b)

.. %e btrn replaced by means c the identity

rr

A,,

C6 . (23b)

'Finally%. tile brundlar, condition (IM) trantsforms to '

I ) 0 (24a)

V V(R.s) 0 (24b)

Furthermo.re. by intgrdting eqjition (1;) between the appropriate limit-s. we can replace
t1f InteL'ral in "r.,.tion (12). Far this purpose we have:

z 2- t (21A

Jr.. r.. .. i-,- F," rI -l" - ?'

. ,., ' r /i  ,  V d/  ' ,

a~ ~~i [> )ir Tr~- ?h

12
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P ~ Ir(261))

L ~' - - r' (r) 2b

If .1 ini ii4.ieprndrii ;.hjlions %hich atinfv the htomnpeneous rart of the differen-

1 ~rp"- V.(rv,,1y -V,(P)V,,(r) (28b)
r r, v" -H -- ' -

are -I.,n sniutiori% h~i%;ng the foIlo~ing prnpertie-4:

O(z. Z) 0

2(' P2  -O( 1, P 2)
in tat to 0

(z, z crnstantt

I ~ ~ ~ ~ ~ ~ ~ 1 1;"- 10rntkui o i.. V,~,y- ft' (%)v i a conmtant.
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!i(. ri I

' •- rd (29b)

h. ,.,!mitr,,J ,f U",.:.IC tie bounJarv cowdition (2.0 cmi tire. be written as:

Z , .ZI (30a)

n() ! F,. are ,-trrninA.d fron. equations (21) and (22).

I .nlg .,l.,ti,,n (27) adi ,.ul.titulinu into equation (22) the boundary values of a" and its
derivative% obtained by differentiatirn of equation (30). we have at our disposal two

.ilaltneou, equaticn . for the determination of A(s) and (s). The "two by two" de-
ter:,in.,nt ffn fro, the co.fficient, of the humogeneoua parts of these equation& is, then
set equal to lero. The location in the complex plane of roots of 'this characteristic equation
determine, the %tablity of the bearing. The characteristic determinant referred to in the
fore ,ring is am f,, I1w :

II,' ltrnn.k.ian 0 M..rnn4-ordr Jhfferential equation, haing th,' forn. Y f(x)v 0 ism constant.

14'
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Stability boundary EvlKaluation of Critical imiting) Parameters

Further progress in the analysis depends on a lrirowledge of the. nolutions yand )Iof
the honiopeneous part 4f -. uatior. (19). 1U.,en with such knowledge the location of roots in the
cwnpl-x plane of the characteristiL equation (310 might be very involved. Our interest lies in
*iass-,;r th limiltiMe 'vaiue of r'errain 'oeqring parameters which influcnce s-tability. Within
limits of applicanhiiity -f our elueitions. Ae are guided in tile expected range of their magnitudes
b%1, resultq obtained! bv -n-ans of a-simplified anal 'sis su-marized in Appendix 2. Different so-

* 1j,roathes were ..oplovel (-r the rertangular and rircular geometries andJ ise are described in
ul,,t follows:

a. liertanaular (;eoiitrN

T[he homogeneous part of equation (19a) is

v z V 0 (32 a)

Two, indepenl'ent solution%, which involve liessel1 ftinctions of order t2/3, can be written as [601:

z~~T' (33a)

in which 2 3 cr,.;esponds to I and - 23 to I.

!'he series representing tht Bessel function ,( (2 i A 2) can be written as [611

2 42

t and 2ikA' 2  14i3 3

the first four terms of the expansion of ,,and ybecome

3 3 2 1 z " 0 + 2 Z 12 O S) 3 (3 5a)

17
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(4 ~ .!2 2 /2 29/2 3
V! i7z7~ (ts" + -z (f S) +- z (CS) 3a

litese truncated series are 6~en isubsntituttd*into the expression Q(Z, 4) in (25a) and the
der:, ati, (d(. iit:)(z, 0) evaluated witl, z and assuming the boundary values of P 2 and

I'in the ord-or indicated in the components of the characteristic determinant (31a). In forniugat
the rxpre.sqion.. fnr thc ,fore-ruentioned derivatives of Q, we retain in all subsequent multiplica-
tions. divisiotis. and] so on, terms' of order 8" and lower. The. assumaption that highner pcwera in a
way be neglected. because of the relative smallness of their-coefficienta, in justified post factua&
by noting rhe. magnitude of the coniplexc-conjugate roots s. - ± i co of the characteristic rt-We to
which thc determinant (31a) is thus reduced. The coefficients of this cubic and those obtained
b%, means of the simplified an.ivis ini Appendix 2 are not the same. The effect of this difference
in res'ilts is~ hest illustrated h'Y reference to Figure 3 and thc table of results in Appendix 3.

bt. Circular (eometrv

In thi... vase computer soLutions for a set of discrete values of a iW, on the axis of the
im I~siir:z-F %ere nbtained. The probable range of values for o, was dictated by predictions

b -don tk~e simplified analysis and by taking into account the difference in the results of the
tV. a)nalyses for the rectang'ular case. Stability was assessed from physical conditions rather than
piroved. If we write

rol 0, 2 og

then the homogeneous pitt of equation (196) becomes

+ ., Ia (37b)

.he %olutioum of which

=J C~ W4 + it~1 (C) (38b)
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' '6-tv th'- r.'.eietalk Chosen bc-und.an. conditions

(39b)

I .e net of equ~vtionn~ rrreqponding to (1-1b) is

6., +-

dfl'I :he bnundairv conditions (36b) become

0~(l) OH 6"1)0

'.',IIt io of equiations (41b), stisfying the conditions (41b) were obtained for a fixed value of f'i
aind a met of values of the parameter

121AR2
a = - -

by niears of tIidigital. computer. Those shown in Figure V7-1. Appendix 7, correspond to the
Val~ue of a 0.093.
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..i i;o., n p..irti to expres.. nun erically the derivatives

m~' -- -(42b)

6- (1 iz II1

et the ne;: nv L'eonie trv and the parmime ttrs P,,. P * 1vynod ,: b specified. One

" i tfin e-tpres- the can %%idth. P . as a function of the supypressure, 1), by simply equating

di, ,ut fl,-% thr,mvii the slot anod the. inflo%% through the nozzle. tAhen explicit expressions are
,ubl~t itutel f.r qunintitie, shic+~;n~ttt the elements of the determinant (31b) and a is also

~p''~d.th " I' u~ rn~aedparameters ire the recess depth, 3, and time supply pressure, 1".
h.fact. the ch .ract eritic eq uatLion ass 'mica tihe forin:

i n %%1 i .indi- a re niumericaml const.ints I lien' fore. given a. tb. problem reduces to finding
,icc tfic %alue. 4t 1' and (51 ior almach the real and iniamcnarv' parts of equation (43tb) vanish

Ilime experinmental cninterp:t't nf this procedure in to maintain the ambient and recess
pressures coinstant anti to set the gap width by varying the supply pressure. IT(he recess depth
is then increas-d 4.rd i. value on the threshold of instability mo nomted.

Critical recess depths and supply pressures were determined by trial arid error. The
miethod is illustrated bs a numerical example in Appendix 4. and in the corresponding Figure A4-1
for a = 0.OF00 A Plot Of Rand W., against P, . showini; Ithe points of intersection of loci
cmorrespon ding to a - 0.093. is contained in Figure 4. Results of the present analysis are shown
nod conipared with those bitsed on the lumped-parameter theory in Figure S.

20
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~~ 2 f i' ,eVr.,i "irta parameter.. on the staLili t% of t ir rvctanitulair
licrP ,ne finds t'cason!.'il good agreenient hetw een resdlts bused

I 'ml ot i-prrtmncmer thcories. ziithmif~h the- Liter theorN tend:; to predict
r-- J4110 %hji' are either erraive ni th, pressure drop acros-.

Vs iat ,Iftsail, or sit .htik opt ini.tic. when the pressure difference is
f~v - c pariark% good for O~lues of the pressure parameier bet%%cen 0.10

A -a~i s~r,-- ifferetices in ti-e erdt' %- 10mi

-- 1"t ',hel tie I- PsN width is decreased by a factor oif t%%o, the allo%%ible
r11 el- ! uh'.s that tie critical recess volume remains ossentialhv unaffected

l, j 1 vr utcr,, b n factro legh (Cwi,e esr%- II and H il F'iure 31.) lc falw
f ii6 n i- dipprtormarl a hs paigt than merayim he rbta ese atea auppd inozretr'~ t, ii. ete ha% -the ades feto osrn h odcpciyadsai tq

*a,-f dte ,erin , ,, tl*~t staLili ation is often a compromise in the selection of impot tant

i unlwr -if cieuitions xcre alsok carried out in order to. investigate the effect of bearing!1 n .1t.1ilit~ ' n incr- mt" in rna~s by a factor of 'en shtowed that the effect was generallytzhli for il'ose rectIngv!:r -- -rn.etric,. , t.. cL.roidered. The effect was greatest forthe configuration corresponding to curve 11. Figure 3. characterized by a relatively, long slot anda reitivell small suvply no?,le. At a value of the pressure parana ter of approximtately 0.04,
k r th, tenfold increase in mtas-t had the effect of reducing the allosAble recess depth

On the otier hand. as shian in Iigure 5. the mass had a significant effect in the case ofthe circuLir bearing peomctry. particularly at lowt values of the pressure parameter. Ait 11 - P1r!
t 1e, for e% -nmple. an' increa:se in mass bi, a factor of 3.25 reuiulzed i 0pretdcep

if; dvallowable e( depth. 'fideato results based on lumped-parameter tht'orecs wasalosaiic.intl. greatzr thiin ior the rectangular configurations, particularly in the cas or the
smallest miass. it:urve lii. Figure 5.)

1 hie stawler the nws% of a bearing, the greater the rate of response of the bearing tend.-to Le l~e tlwn the response rate is large, the gas in each volume element becomes partlytra-pped. rathter than swjlieezed out. This, in turn. causes the film "stiffuess'' il tLife annulus toiflerrost, arii permit greater "compliance" of a deeper recess without compromising stability,.Aliten the mass is I-arge, the changes l pressure and density approach the qluasi-static condition.and the forepmting t'ffeus t, re reversed. These two cases are illu.atratcd diagramniatical aind inan evawgrrate.l wanner 'it I *igure 6 for the conditions of a heavily (a) find lightly (b) loadedhearing. In' the circular bearing the surface correnponding to the arnilii, ronstitutes 9)6 perce nt
.f16 tn- .-az. , -i~ic otosid tie re:ess periphery where the gasl density ishighest. If the boundary nontion is relatively rapid, the gas cannot readily escape from the slot.
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I ti~ f ti, .e irftuer' of wass .n ,taiitv is more pronounced in the came of t6e circular
bet, inlz. ar Y1~. e. mv~n orinp~ curves 1. IT and Ill in Figure 5. It can also be seen,

thA ie w i ir,.e.- . .!h. .,treelunrt beterr, results oi the present and .4itplifird analyses
ii~ ~ ~~~~~~U '. '.Itde hfw, i-nC aerly 1 niasi-static..ll.

;, .ltt~pI ied. iitpa.l-raineter anal. -i is baised (in assumptions of tinasi-static cl-de'-

mid c.ttnt and ifiws na prop1 erlk account fnr the eff-ct of mass nn the rate of
w him .l f- t. tLt-n the incinualit. ( %2-7). %ppendix 2. i% vwritter explicitlYt

tiii o,tntit. n! ca ! in the ls1, .... inator. on both ,ides. so that the stability condition is in-
6 ,rcad 4 f i.t s-. Ii houzI per!. p. de fi cien t froin lite quantitative point of view, the simpliifiedc,

lii~ef~irietr ~ 1.. pjei. 2. -zi-e ati 'clicit relationships between other parameters
Jiti tft. th,.. -,,livf the licarinti. Th'le inequalitys (U~-8). for example. can be tnritten as-

1/ I
- - II (7)

in%0ihet~ hvical bnerireaton oftheaoeieuaiyi sfllw.'. ef ieo n

equi~t 17) epesetsa e.age n eces rsur ca, e br i ai hnei a itec

Itfolrie tharet ting taiia clondcti nd lovn lwitthen abcm: ~ p .Terih ieo

i;oequiality 17.) re1.resent% it change in pressure caused by slow, quai-static displacement. the
- -1. a~n~.rather tiiii gas-trapping effect.

.~ .is.$'. IIl22
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: I. UIn ,.r~d 'u;" ai % of 1h linret icaIi relo ItS

n .ni v-.,~ 'i~iii ~iicl seaits the flow within the gas film in .i thrust bparing on it

c.it.. r.itlvr t6, in1 "tiowrid.."i~. It sliois tiat %witihin the linmitation imposed upon the
if , . i aI.%th~rcii i ierzit ions, the foll oing pare meters or comb i nat ionso p aranh-

tur, .uild h~e viiipvizedi or mi iimi-in order to insure stahiilitv:

0 . 11 l,"i. t.. 1. 'uunply ,i.,.ile dianiet-'

*. ilfrui.- [etou'i'ii .uPjpi% am rect-, . 2. 1 en.'th of annulus

ri--i 3. Xrea ratini of annular and Po~cket

I. ffI.Lti f noas, *if ut-arnE regions

Ctoii.,, Il-,u. concludeu from results of eimrl ier, simplified analyses ( 2,3.6 1 %hich show
vi-i tijalitati~e auiriemiint %ith the present one, that high gas temperatures and adiab~atic condi-

icW n ill -i ran t fat t, i nflunenci ng the sitability of e sternaiv pressuriz-il bearings is
tic interiut i- 4'tf tile ti,tal 'as-toraIue rapicitinre with the finw-regulamting u .racteri. i., 'if -1

Fie - tipl' re~trictir ainid . variable annuli;s. The ratio 1. mig. where 1. is the Liad end the

SIf tic I-ea.rinL'. also0 influences stability. D~eeper pockets can generally only be tolet,,tcr' f!.
%,ir% iwernire Fircs-re drops4 acrosi the suppl 'y noli'ic. The limiting depth increase. vit he

ni./IV diamecter atnid ,ecrease% ith the length of the a nulus. as well as with the mass of the
iieaini. *1 lw.- treisis are Eiihstratrd in F~igures 3 lint; 5.

The .,lvantaue of recess.ed pockets. chaawis. wr wroovo% i-i that they increase the load
i! tatit- Itiffnew%. TIhe recess perimeter also provides a larger area of admission into

Owi inniilus. thicrelo reduciing entrance velocities and preventing shotcks [ i9. 2.211. These ad-
vantiucs. hin'c.nilist lie %%eighed very ciarefually in the light of requiranients diktatedi by
sfalhiliti' ciod;Lions.
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I'e 111.in i.jlij.. . * in...- .iit thI test apparatus wire the fol!owing:

T., ii.r~, :ianamni llatrwes and ri gi i well as hirrdness and tealsabiyo

loI I pr, ;J 4i a.~ preci. e aligniment. and ..f .ccurate methods for checking the par-
-a .1 imvi v'id separaItion of tho bearing surfaces.

0 To 'If "Viii it an to an axiaml d ;rect ion with minimum friction.

ilIi lat e1~ a arlevnmleak-proof cavsiltv in the center of one thrust plate and to
-providle ifor precist. adjustn.9r t and accurate measurenment of its derpth.

r T hrnih mieans4 of apply' ing a "ons!.*nt, non-massive, axial load which would not be
aff,-tte4 i' the *noti-,W'of the bearing.

P1o dlesign f'.r rnuiinitim rigidity of the en!;re structure for the purpose of in imizirg de-
flert ion-4 ind prev.enting a condition of 5) stem esonance within the anticipated fre-
n'tien- libandl width oi osc illations.

Z) .- 1)r,% id. .- itic vihriti.,n pick-ups and ssms ciated electronic and photographic ap.
paratils in order to detect, measure and record amplitudes of oscillations which are

ill in -'nparis.nn with the nlagnitu~le of the equilibrium gap width.

1.) 'To furnish awell !"-1ilateil. relatively clean and moisture-free air supply. To select
pressure gaiuges, manometers and flow meters for the purpose of determining

the static characteristics of the test bearing.

li1- tet earing assembly drawing is shown in Figure 7. The sturdy construction of indi-
vi dal part%; and of the entire structutre, particularly the plate. and columns, is self-evident. All
inenibers were machined to extremely close tolerances, subjected to proper heat treatment and in-
spected prior to, ileiring. and after msnaitfactuire and na1embly. Ilc upper thruzt Platc 0't C'uld be
;tligned I me Ins of three 2 inch diameter, 48 threads per inch, adjusting screws®2 and becurely
bolted to the supporting columns 0 . The lower thrust plate was integral with the shaft @ .
Iloth thrust faces were chrome plated and lapped flat to the o'rder of 1-1/2 interference bands of
moino'hroniatic sodium light (approx. 20 x 10-6 inches). Final inspection, usming 6 inch diaiacter
aptit..! fdis, %hiowod that the convexity of a symmetric and almost circular central region of both
plates did not exceed one interference band up to approximately four-fifths of the 5 inch diameters.
'iaree sensing probes ® .'t an air gauging system, incorporated in the upper plate, were equally
spaced along the perinieter of the thrunt face andl lapped together with it.

An exact .ieterniinution of deflection. and modes of vibrations of the thrust plates wits not
attempted because of the complexity of the problem involving thick plates, supported in a mannier
described in the foregoing. A conservative estimate, based on approximate plate theory, the

t Cijrcki numabers caresppond to titas- in rigure 7 and refer to sasetsbly composems.
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s; .ibijile 'U; ,ort ai..ri the column pitch circle diameter and'a coicfltiiteil 500 !.b.

''~' i*!- he Ae iof the venter of the upper thrust plate with rrferenec to it. edge
oa f i. the -dr .20 % 10"' inthes. The deflection of the lower thrust plute. i n which the canti-

ingia sulijet ted to isressurvs wfiich in that region approached the Amb;eut
bi.

1Ie ite ly ble in cmnpirriton.. It w:-s coutluded. therefore, that load dfctns
a~iii Ii.cii.t ntJn~.fect oin the slight, initial convexity of the surfaices.

Pvthv'ir of ihi~rtiong of plntes, even in approximnate form, is very complex. On the as-
i tl at t 

011 . ill of the lotest mode of.vibrationn ould he estimated from tile

= ( E t2  ~ ) /

in sh ich a is a co~nstaint dep,-nding on the method of support, F i, Young's rniulus. the
l'o;--.'.. ratio. jP the mass density of the metal. r and t the radius and thickncss of the plate.
IIo. 1"sest fiequ'eacv 4a.4. etimated to be of the order of 104 radians per second and, consequently,,
vii ide ribli higher thii. the anticipatei frequency band width of auto-oscillations.

HlI lie upper. thrij.t plate, Figure 8,contained a centrally located recess, the depth of which
(Mid k %trid .Y ieinsofit liingpiton(aand a *,!vneter adl xtirtg screw @.Three

4d fitt',l "0" rings served ats sliding seat.. The piston could he locked in any desired posi-
t;an andl the. recess depth viaried from 7ero te, 3,,4 inches. Air was supplied through a 7 16 inch

diauriuetcr. dlrilleid durt in the upper plate. It flowed into a chamber, the -,'olume of which comprised
th'--seailedl s,ce between the -0" rings and the bore of the piston, Figure 9. Thle flow restric-
tion be~tween this chamber anid the recesi was effected by means of a short, bell-mouthed, 0.055inc imete~r nozzle @. t The drawing f an auxiliary piston (Figure 10), showys a 0.0135 inch
iliaoieti-r pres.,r ta. lcte .iI2 ncs from the piston center. The tap was connected -

thrighan ntrna dut t agauge whic 'm indicated the static, equilibrium recess pressure at that
point. In the modified version of the piston, the pressure tap was centrally located and plugged
wheai dynaic tests were conducted.

'lle driawing of[the shaft and lower thrust plate is shown in Figure 13. The shaft was hol-
lokw s-, -tht the movable mass corresponded to 2' Ila.. The weight could be increased to 45 lbs.
b. attach ilig a 20 lb. bronze disc to the shaft, midway between the 3 inch journals. (It will be re-
called that theoretical stabili:,. loci were constructed for masses corresponding to weights of ap-
proximatelvy 13.9, 253 and 45 Ib%.) Rigidity requirements, however, preluded a less niassive shaft
and thrust plate constructioii dud no provision could be made to obtain experimental data for the
smi~allest ii .. -tihe i !r. dianictui, o: rcular area of the plugged end of the shaft provided a sur-
lace expiosed to th-' pressure of the loading cylinder @ by means of which the thrust load was
applied to tli! bearing. !mpulse turbine liuckets were milled in the shaft to provide at high speed
drive for exptrirnental work involving rotation which could be conducted upon the completion of

In a modified, tater version of the Piston, t,rovision was made for reolaeeM-l. nf a tI,.~*o..i' ... 4, 0or 121 "oulles. In epi~h ease the total cross-sectional tlidt arra was% adjusted to give approximately cal-
culated rat,-s of inss flow (see Iiue I and 12,.
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ti. e if the .n1veStigatol.t The site, conCentricitv, roundness and taper of the shaft jour-
ks , foll-i to a!! within tolerances specified on drawings. T'he total indicated runout of the-

trrrust fa( e with, respect to the journals, me~sured on a Z-"4 inch diameter, was less than ti.002
I iLe Nhivft -as baii.ced to within 0.0009 5 inch-pounds.

T[he problem of restraining the motion of the shaft and the loser thrust plate to a purely
.ixial ,Jirection iv by eans of low-friction gides was solved by niountirtg the shaft in eir"0na11A

1 're-..orized, ar-liilrcateil journul l'earings G2 . There were two main reasons tar this tiype of
la, 1 .upport. Fijrst, the iinal ' sis was predicted on the assumption that external dampinj; was

nealihibe. sinve priniary interest was only in those stability parameters associated with th hear-
tug itself. Sec ondlY, from the practical point of view. it was desirable io simulate as far as pos-
sitile a method of gas hearing support which could he eventually applied to small turbines, cami-
pressors or centrifugers. A drav.ing of one bearing is shown in Figure 14. Trhe main feature of the
&-~sign %was a set of six, grooved, centrally located and equally spaced pressure pads. Air was

~.jpidto the pads through 0.016 inch diameter, brss orifices 6 hw aFiue1.*
purpose of the grooves was to minimize the storage volume of each pad, while extending arel a-
rl~elv u~niform. high-pressure area to the outer perimeter of the grooves. The net effect of this ar-
rangentent contributed to the stability of the bearing and produced a steep ioad-deflectinn charac-
teristic. igure 16. Needle valves"20 were placed in drilled air ducts leading to alternate pads..
11 'e fi.*'non of the needle valves was t allow for controlled misalignment of the shaft within the
limits of the hearing clearance. By var ' ing the pressure in irndividual pads, an excellent inethod

mem.Iinin finAl .idjuatinents in the alignment of the thrust surfaces was provided, furnish-ing im-
psOern.nt on the high degree of parallelism already achieved by mneans of the levelling sercws;

The hearings were driwel-pinned and bolted to the supporting memherf prior to final ma-
chining, during which both hearings and the sleeve of the loading cylinder were ground to size ;n
one operation. The grinding operation was perfarmed with a degree of precision which made it

1-beto zqpan all three bore" with a single p1ng gage. barely 0flonni inces a.maller than the
noniniuni, ijeasured bearing diameter. All grooves were indicated or the grinding machine and
their depth varied from 0.006 to 0,007 inches. The orifice inserts, needle valves and the Punnular

supply chamber of the bearing were sealed by means of "0" rings.

It wR- estimated that a bearing stiffnestt of 3 x 105 to 5 v 105 pounds per inch could be
realized when the journal was in the concentric Position. With the hearings and the shaft assumed
as a spring-mass systenot v ngt'o l!egrees of freedom, approximate values of tuequenciev of
natural mnodes of vibrations were calculated by considering a pivoting motion of timc shaft about
one bearing, the other journal being acted upon by a spring. Thle "con strained" freqaencies, p,
..re given 6.Y (581:

k .... L. 1/2

th-groove. at the end of the shaft were intended to suppress inotability (whirl) doe to hydrodynamic
forces in the clearance of the loading rylinder -sleove.

f t'l he slope of the load-deflection curve is sometimes referred to as the "stiflfness" or note oairectly. as
the "static Ptiffa,-ss". (See IFigsre 16.)
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in t < is the spmn itIaIth between the bearing~. the distance from the chosen pivot to the

centei oif nO.' t e -;haft. 'K tic- stiffness, m and I ,,the mass and moment of inertia of the

shatft i.-oit ' r~.I h,- estimated natural freq1 uencies F~tr the 25 lb. shaft were in
th:. order of 3 10' i X 101 radiians per ..e and and could bi substantially reduced, or raised,

V. u -vn -i
t si, ruir-siir. It was, con( luded, thetefor-c, that in the absence of appreciable

ulai.e an I moii,its in plarirs passing thrugh the shaft axis. the pitching motion of the shaft

.iii n the ci earan e ii f the jouarna i learin us woulId he relaively' small in compmrison with the anm-
1 icu'le 01 axiacl oi-cjiliioiis.

lThe Ioaincg cldr (~i" von,,isted of ia ',-1 2 x 3-1 *2 inches press ure vessel attached to

lowr indof he;u;itI..rt in irut titre.. A constaint pressire maintained in the cylinder and act-

ig oil tijica raim, ',twhaft pirotrudling tliroiig the cvlinder slC;!%e, balanced the load applied to the

lower thnist plat,.. ix sm1il armpltudles of oscillaition. volume chan : as would be negligible in

compa~rison with 151 vi:.Wc 4c.. 1.- of cc lotiidr displacement. The cylinder pressure would renmin
es'.entiaillv constan't, unless the frequency of oscillation produced a condition of accoustic re-so-
nanee in the rhlaciher, in which case the shap~e and volume of the cylinder could be altered accord-

inglY. [he c % I in dr 1 ovidei a iiiiple method, ,f npplying a * ~itii.nounmassive load to the test

Ilhc lioir ;nds oi the, :1 incc imm-e i. c :, .-f the test rig vitie press-fitted into a 2

inch thick plate "-% in wh ich ire of the ji..' .~rc wri.- ,ic.eJ. 71e up per ends of the

coliins were 1ociite' acm! boltedl In a .similair 11l.,ie k .. e1.i" thz second jniirni~d heiring.

The ciciinin loc;mt ing holes in both ia swere jip bnreJ nic' The c.uiicnarici ty and square-

nes., of the columns and Iocatiu"4 bosses were indliested from the ti:a4i of i!eprerision Lirriuder aft-
er the bearings aind the hiyre if tec %,aiding cylinJer %lcc,.e wcre finished to0 bkice. '11a ;2xTsemhlv

was bolteid to anmasstive and %ec - ri15i6 tripod. [hie ivei 'ht oif the entire structure was approximate.

1 - 7510 Its. In -the coucrse jf experimectaticn it was fonn ne':essary to interposte relatively soft
isilittors Icetween tie tripod ail the foundation floolr. The reascin for doing so is discussed later
in !!-i text. A schiematic oif the diir -sippl% systemn is shown in Figure 17 M-1i.8i,-irlis of tent ap.
parn-ut. its Ltiiioaciits and of iu'dliaev eliipr'lvent are sh'iwn in Figures 18 through 25.

2 ln~tfuliwa.mmt_- -- P e rm.n i nce dridl CA Iibrationi

it. Air (;uiuge-i

The threefolii function of the air gaugitig system,. briefly referred to in the foregoing sec-
iowais (a) to facciIitate the m-Ngnnmeiit rt thruist surtuces to a high degree ot parallelism, (b) to

measure the eqs iiriiiri gapi width, fin, andi (t ) ti prov ide it quick andi direct method of calib!ating
thle primary capacitance prohe without disturbing its initial position and offset.

'Ile well-kniwn methc i...Iof merasuring smidl displacements in ternis of pressure utilizes two
flow-. rcsti'ir i:mv pla~ced in seisa constanmt, will regulated pressure source and ruitible presure
indicaitojrs. Air enters an interiemiate clianibe- fromi a const.cit pressure reser-voir through a small.

fixe4 (or adjustable) orifice. The variation of pressure in the interniediate chamber is recorded

anii drprn~pi on the supply prpssure level, as well ats the relative size and flow charact eris tics of

2-
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thI. rt .stri tors, The -,cz~~Iflow .Prea of the second rcstrictor is made to var' - ith dis-
ll~mn.so that resistance ito flo~w it famished b v a slot, or a circumferential orifice formedItow-e the sairfavvs of the -n! prnbe and~ the displaced mt-.mbcr.

, r a fixed orifice size. tie slope and rurvuture of the pressuse-displacement -harcteris-
,i,- depend aminly on the ,.iie and geometrv of ti-e proke restriction, and n the magnitude of the

siipi r-qwre hecli .racteri-f~cs are nonlinear and exhibit an inflection point, in the neigh-
t in-wal l or a tti if1 -A illed cylinder. In the latt-r rse, the rest, Ltiua between the probe and
If .! ... 'oher hit, ;I, form ofta narrow, radial slot rather than that of a circumferential

nrifire. k'! r -i'r factors bein-_ rC'i.al I asint-like. var~ahle restrictor produces a higher sensitiv-~~filill ~ ~ 0 riii Slifil lhf' . ol .ll-fl~I tir:FPeimplarement .haruicte istict. Ilia effect1,d-to ai more prfotiflne-i inii~ecv - 6-ous I ec in a at.-ow slot thqu in a circumferential

It %as. considered thdt alow suppbv-pies.4ur gAuging 5% stem, integral with the upper
hile t e, woufld 1,ie rn advintage i'ver oiimervi..l; ' daild~bt Units, sihich generall ' operate

at soph,-pre;:sure levelsI of thirty to sixty pounds per square inch. Trhe system was to be c~ven-":;t4 Inco)rpotrated ito dte test rig assembh, with probes rigi-ly mounted in the upper thrustplate atid lappedi in the plane of the thrust surface. A well regulated supply head of two to threekevt of water could bt. obitainefl hy means of a standpipe, with the execes" air in the supply reser-
tlir heing allowed to esrape at the end,l f an immersed tube. It was also desirable to avoid the

i....tof reaieyhiebh vckocity probe jet4 v,,7oiateJ sith high pressure system~s, sincetfifi ;,f inpelhett niit h ive iillvle ..... ! dad~ii .in ,sniblv minor efet of heat
t,, Jifr o'n thc accuracy of mneasurement. 

fet

An estimate of oIrifice :tnd pi-nh, dimensions for ai low pressure sysiem was made by asaun,.ing the flo% to be in':-onlprestiible. ffinietsionless presesure.d implacenment charecterituics wr oh-tained It ' equaiting the it,fiaw through the orifice to the nutflow through the probe restriction, can-,.'ered either an;9 (a) a narrow, radial slot or (b) a circunierential orifice. Results of these pre-liminary calculations used in establishing approximate values of deqign parameters are shown inFiguire 26, which also contains a schematic of the supply' head regulator.

Thte effect of changes in birometric pressure on gap width 'measurement tLould be estimatedfrom equations; (8) and (9), the flow through the orifice and probe restrictions hcf.g eaeziiallyanalogous to that through the bearing supply nozzle and gap. The gap width is then given by:

(pP p _ 2 ) 11 2

t~~eti..t.l. .~~ i~,~th .e"sul"'diPlacem en t chract erstic of an air itaupte are essee.tially ini-.r !ta e. w-hic% apply i. lffll-.iilalvement rrt41Cti~tctl of exterually pressarized, gam
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h, andt'Pt no, rehr to the absoiute values of the supply, intermediate and am-
1-. it priosst:res of tht air gauge system, and K is a ,ntnn, Taking the logarithm of both sides
Of h. 'Npre..i-, and ditfere, inting, the aluximate error in gap width measurement, associated

a .'ings ,if t \ P in bit. metric pressure, is:

All, Al.

110 61

-h.ere in die la.st 4,ep it ai a,,sumed that the pressure differences are sensibly small, e.g.,
r ~l'at - l-). A change of + 0.5 psi. relative to the barometer reading dring cali-

briti.n. s,,-ihf cause an error of 7 0.5 perceat in the measured gap width, less than 10 n icro-
in, h .;

Initial difficulties were encountered because of supply pressure fluctuations caused by the
surface tension of bubbles, forming and breaking away from drillings at the immersed end of the
tubs. This was circumvented .) inserting a damper in the form of a series of perforated discs in
the reservoir end of the tobe and reduced the ripple to an almost imperceptible magnitude, relative

to.. smi'allest manometer scale reading or 1 '10 of an inch. The supply pressure was adjusted to
a steady, constant value of 39.2 inches o-f wattr by varying the setting of a fine, long taper needle
val e

The calibration wah performed in steps of 0.0001 inches over a gap width range from 0.001
to 0.002 inlhes. Square, I x I inch precision gauge blocks, having a dimensional and parallelism
-',eranc or I mi~roinches, were used for this purpose. Two blocks, differing in thickness by a
multiple of 0.0001 inches, and a third block were wrung together. The step gauge created in this
fashion was then wrung together with the lapped thrust surface, the 3tep extending from the edge
of and overlapping the entire probe diameter. (oee schematic in Figure 27.) The probes were
spaced 120 degrees apart and located 1/4 of an inch from the edge of the upper thrust surface.
The blocks were taken apart and reassembled after each round of manometer rcadings for all three
prnb'-, This was repeated 21 times for each probe and everyone of the 11 calibration points, a
•otal of 691 manometer readings. The gauge blocks were assembled at random and it was reason-
able to assume the arithmetic average of 21 manometer readings as the most probable value cor-
responding to the nominal dimension of the step gauge offset. The curvature of the pressure-dis-
placement characteristic in the experimental range of gap width was very slight. The maximum
diffcr,:n c in any set of 21 manometer readiags wis less than 0.4 inches of water. At a represent-
ative sensitivity of 0.15 !nches of water per 10,5 inches displacement . this was equivalent to
2.7 x 10-"' inches, or less than 3 percent of minimum gap width in the experimental range. Least-
square-fitted calibration curves, Fl..,res 27, 28 and 29, were considered adequate for gap width
measurement to an accuracy of 1 to 2 percent.

b. Vibrometcrs - Primary and Auxiliary Probe Systems

The validity of assumptions made in the analysis increases if the amplitude of motion is
small in comparison with the equilibrium gap width. For reasons arising from practical considera-
tions, such as the impossibility of insuring perfect isolation, ideal rigidity of structural members.
absolute steadiness of air flow etc.. the feasibility of detection and, above all, meaningful inter-
pretation 0t amplitudes in the order of 100 inches was doultful. It was arbitrarily decided, there-
for... to regird amplitudes of oscillation in the order of one percent of the gap width, or to 0 5

iiches, as small.
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* ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ S s .it.,. -ti1-iii. .1L n~i.. piiit ii,. shown in the right .,itle oif IFigure 30

-- Jit. i ti111 fir'i 'if J .,im\:Ii~tr\ jir-1 "-.t. t.. detect tratnserse nittiC- if vilbrutions

*1'1, iiit I.- 11ilOw .itii r'imitmi if tin. hatft. It 'tviis of ctourie, (dsirable to reduce
i 1 w 1- I~, ,11 1 ei.....!, it! I~ ar-ul~i teJ ,iio warve % rrdesignedl %% th this o j c

.1 !it, ,i,-t .;f !ir;ie t . .I ,i 'lifferii; rrirlciiles. ITheir )iteratio~n, perforin-

Illtl~ %a. .ri,iIld pr -lie , iiamii -. C, is s.iwiiv -liittel atiron- one of the 'two Ilal~ncing

t1,1ir 4f in ii,laiii ien lirdw ii' mitrcei if biiirie e'~citattiiif %%as a V50 K.C. oiscillator

(fi ilt i-1t- 1~ 1%. m~wl iI.i -iiilv ier fir -ltit''i-ireiiint. The iiat-of-Fstlance voltage

Iiei . i.i ii lit,, ,~I .. p i'*!Ii ttil- -W It.i %itriatltl.. tailied resistor in the cathode circuit
of Ow, .1iln Ii flt itlie, I, !it-ti- f i au~ttijjr '.% it( L jitiid iing anr a ttenuat iotn ipI to 50 deci

liii- in sit1 -, ,r Ili I,.,-. It~. lridl C1111l11 IW- ltiii ~ in mans of capoacitors, C~ I nd .,
.iii.I the" 1.11ii li i-i I. i .tirii I, tit,-' ,~li i rei nvie. [lie fre. vy -r -i-- of .. ~ tile

ill-:'iti,-'lt. I-iuli- :11. \.It, flit ft-ti 1). 1I., irniintils 1 2001 uci awl.. tii.refrr. inore titan .adc-
t! it f,,: m .i-iit, i~.t Ilit -itt ipiti-1 iti0-~ 10,1 pn iniY witt. ITe oui put of the ins~rutient

--it it lit- I t .ii... iof a dual tiai-r prt aidiifii'r tif tie c~athiode av nscillost-ope.

'1I , r, ititI, .I if i r lioI i .it i t i Iu %k % i it i ton _'. i itI I ti t rirunm if 0.05% ni to 20v con .tnt .t variable
% - iter itituifrti'i. *lt' rijtivn- ren;Itnni i4 ilit' i iliiiiiptwpreltnilifier unit (T'ektronix, tvpe
-2. in.I livil-tirm- pri.iijlifit'r. Itfle 53t ,.; 5 ..I- Ide, iblk diwn -it 5 megaci cle.,,eimside'rably

hiiplir thi that if ;it-I-. ieldei :i 'triui-:t.

'hut jrimari.ni .P.. I- 4ti 2 1. t ~iitedi f it I t-in( I iamrete~r. bras,. disc, miounted in an

in-,tiali n sleeve. Ihi' disc- an-- ste~e asijli~ were piressed into, the opening of a 4.5 inch long
jirulip h'.!+,r andla I e- 1ip.t ia.ri with it,. a~in. I lie Ini f the i.,uiler, sltich also served as part
oif thei titter hli, -1 -- ' ri--d !. 

.
:!. :. t.*,v tsi;ir tliruJ,i pldate hI) nians of at spltt coilet and a

gri ppinot u- kimp. Aiiitrithi raio freuien -%, il fior coitril tiljisted tii approximatel% line third of
inis-iii.'t' i l a pre uipifier voiti-:i il efileititin settintg iif I Volt per centinmeter, the sensitiv-

It% -iirresp-itrdeI' tit I , enltin.'tir %erti.-ill ien.-ct-tini per 10' inchEes displacenent when viewed an

the dilia of ii' titile i- a s .- ilii.opt '[i'i l.cvi nise le vel alntd drift at ti isetting,
after an )l~tii e h-mr %-.am; il. loco iil. t..tso ti e ii irder -if 0.0.5 tit Oil volts. [he max~imunm rotint
teimiperattre vi tril in hlirine -,, ;,* :i I rim sits lietiveen 71 and 77 dlegree% Fahrenheit. The probe
leah wais ittI-heI-t' -u r.-snt %tris- vottht pit ki-up indl relatively short, in order to mnini-

nlixe cuptitince inl littrldl. -lh thi!i of the. pi;bc. Vor !;,is reastin also. the thickness of the in-
sulating sleeve (the i'itric c in itaiit .if 2) san, to.] itcli~ ondti, therefore, large in compariso~n with
th e initial. 0.003 :i1 ,ff. lw.ee it'n ,-. I Iintch priobe iifsu anti thei liower thrust phitc.

lxi loing the pa.. ilIt iio.ea:t of rit snirf~mies . tie probe was t'alihratitel in three posi-

tinrQ tr~'" ...i.. *.;I . . .. tlie expeli.tia flurige if galt

widtthst. T~he calibiratioin siit li-firnieu. losing the iii gatgis its it stiilliil. Thie fdiifiition
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.ur\-.-irv .mn iri ii~res 32. 33 anc It. Fvon their appearance it could bie concluded that for
ce~dji,,l.. .4 !.i~mn, vorder of I % lo-' inches to 2 x~ 10-5 inches, no large error would

lie iii uirreil iv. asswui~in . line arit% in the reigh bahood of null poi utis uniti a airlsitiv'i. alu of I

'liii scil iiiaiic iiaeram~rof [iie auxiliarv instranient Mlecker, Delta Unit 002-1 and Mlonitor
I nilt %1,221 slw, tOe apicitance probe. C. mnounted in one of the positions along the shaft.

1. io giiiipiuient o)f tlhe 5 uStif 0 a tube, cuntaining gast under reduced pressure. rhe tobe
i, t.i,g between two externdl eOectrodes ronnected to a 250A KC oscillator. The excitation
msciI a liim;-wus dis har!:e, so ti'.ut the two internal electrodes of the tube were in contact with

tile Plaii..i oif 0:- ;1111/ell vas. Ainy a;ynimet-v in the spAciniv of the electrodles would give rise to
a potential dififerenice jutyoec, the internal electrodes, caused 6v the migration of tlectrons. The
ifff-tt .f iu,--netrv couldl also lie produced by changing the magnitude of the sensing capacitor,
C,~. relaiti;u tv. tie balancing capacitor, C,,, both shown in the schenatic diagram of Figure 30.
The operation of the auxiliarv probe, C_. was baqed on this principle (621. A cathode follower
pn'videdl a luw% .. *p dance outpot at the preamplifier termiinal., and a filtering network eliminated
the fraction of osc illator excitation passed through the transducer.

The transduc-er, probe, mounting bracket and calibration fixture are shown in Figure 23.V
Tlw. probe and the balancing capacitor were mounted very' close to the internal tube electrodes and
all leads were reiatieiv short in order to niinimize the adverse effect of stray capacitances on the
output and frc.,iuenvv response of the instrument.

The frequency response of the auxiliar ' instrument, Figure 31, was flat to approximately
300) eps. 0.5 decibels dtown at 4100 cps and, therefore, quite adequate in the anticipated, experi-
mental frequency band width. The calibration curve of the auxiliary probe, Figure 35, displayed a.
greater degree of nonlinearity than that of the primary probe. The sensitivity in the neighborhood
of the nuil point was appi.'vxiatety tJ.02 volts per 10-< inches displacement, representing 0.4 cen-
tiimeters verticali deflection per 10~ inches displacement on the cathode ray oscilloscope di.apldaV
at the highest preamplifier sensitivity setting of 0.05 volts per centimeter. The observed noise
lev.el wits of the order of 0.005 volts. Since the maximum sensitivity of the auxiliary probe was
considerahly less than that of 'the primarv, the monitoring test of lateral shaft vibrations was con-
ducted under conditions of axial oscillations approximately twenty tim.es as large as the ampli-
tudes of self-excited vibrations observed in the course of stability experiments.

c. Pressure Gauges, Flowmeters and Regulators

The supply, recess andI loading piston pressures were measrcred by means of two, dual
bourdon tube construction, eight and one half inch dial diameter, absolute pressure gauges. The
gauges were graduated in steps of 0.1 and 0.2 psi over their respective ranges of 0.-100 and
0-150 psia. The ranges were covered in approximately two revolutions of the pouinter. The scale

!.da mirrored surface reflecting the fine blade of the pointer to eliminate parallax errors and the
size of the smallest subdivisions permitted reliable estimates of readings to the nearest 0.05 psi.
The necqs,,rP . .- ;- t;I...A. ,hy tl- -- 2-t...s ! a precis',n mcrcu-":
eter, a duplicate of a Bureau of Standards reference bathmeter. The acruney of the pressure

t Argon or Neon
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gauges was gIuaraLteed to be within 0.02 percent of full scale deflection, representing 0.027 per-.
*1 fotr~ tio, 0-100 psilt gauge and 0.0411 percen! [nr the 0-150 psia gauge at 73.5 psia, the lowest

test rcaidNug. The , scales ',.err hand drawn to match over one hurndred calibration points. The hys-
ere si -4, ick lash and "lead 7one" of the pressu~re gauges v ze entirely negligible. As an addi-

tu.-nal check, the gA-uges were c!)nne -ted to) the sat e pressure! source and their readings compared.
No perceptible difference was observed in the range from 50 to 100 psia.

* Flow measurements were performed, using at variable area flow meter (rotameter) in con-
jtua' tion woith u colibrated. bellows type gas meter. The position of the rotameter float was regis-
teied alon~g tie scale of the 600 millimieter lung tube fer any particular setting of the b,.aring sup-
pl pLY l' ur". With this setting, maintaine'l and the position of die rotameter float uncianged, the
fl.,w was dliverLed to) the Ras meter. The iotameter thus merely vr.-ved as a secondary, indicating
instrument, while the actual flow rates were-determined fronti the gas meter reidings. The calibra-
tion of the gas meter was performed bt'y means of an inverted-tank-type gasometer of 20 cubic feet
capncity. usted as a standard by a local utility company. Five calibration runs were made after
the final adjustment of the counter mechanism, at at representative bearing flow rate of 5 cubic
feet per minute, refe'rred to) standard atmospheric conditions. (Approximately four revolutions of
the five cubic foot counter.) 'Ihe differences in the final positions of the gasometer displacement
indicator were negligible in comparison w ith the toia: disPlacement. The spee 3 of the counter,
approimnately ane revolution per minutte, was slow enough to enable the observer to estimate the
lmsitio of the pointer, relative to a predetermined mark, at least within 6 degrees, or better.
Ihis, in terms of displacement, corresponded to approximately 0.5 percent of the gasometer vol-

utMeC.

'rt ;,.iogmeter float was ope~rited in thne upper !:al foft!:e tu.-. Slight oucillations of the flaat
we're observed in the uppermost tube region, but their peak-to-peak amplitudes were of the orderof

to 3 millimeters, aq compared with the 600 nillim-ter length of the tube. An etmeof2to 3
percent dccuracv in flow measurements obtained in the course of experimentation appears to be
reasonable.

The pressure reulators ubed in the test-hearing air-supply system, Figure 17, were capa-
ble of maintaining a downstream pressure setting within 0.1 psi over their entire flow range and a
25 psi variation in delivery pressure. One regulator was installed ahead of a 7.5 cubic (oot air
storagwe tar4 aid individual regulators were placed in the eupply haces leading from the tank to the
loading cylnder, test and guide bearings. The performance of the regulators was most satisfac-
tory and pressure settings could be accurately maintained, with drift not exceeding 0.05 psi over
periods of two to three hours.
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1. 10,i111. I'S

Ow~ alru iitediior '.ii.s iriihoj 0h- .-... in, of lbearing surface. alignmnent. Thle 25 lb.
S;.fi%,I, Iti inllo'ile llr ,uirl b l,irtoca, i tile, upper tl~riust plate placed on the coi-

.t~r~ i'''.~. I,-f '.eriiriIiti 4f tl:i- li,,rinu wa, er -s rlieckeil and! adjusted to with-.
in u-11tii il-it,- 1 - ti:ri,tl erli -- !!.--nt lw-r'.i t int' parallel aLigonment b ' meruns of level.

re%, li *iir .- i aini s- tired i.i d~ie I..,n S an addlitional check of parallelism,
Mte. i, a.,~ prr,,ni. % pa ni-r. apr .vintate!v. 1.- i0-1 incites thick, was lightly

1I: iTl bet .. .... I th i 0:1,1"t -t ti!r- ~v . rt,* . angular intervials along their perim-
etur. %lani', r rd ii, .i, *.;r anfe mly, -re registered for each position. Trhis was re-
1w.1iei nlile linies zr,. :!,. .;0 ii uic av,-racc, i f read~in ' s for u-ich position was taken. An identical
te:si -as coizi ow; ,ith ai .pacer 1.53 % 10' $ inch-s thick. In thte process of sampling, the spacer
"-4, inIiii, hi ai 0 ii1i.~, Ili. fiirce. at an averalze distance if tw-) inches from the bearing
-ite1. Ih ' gide L, I.. .. ei~ i-CiIi fin iliw apart. v. eie pressurized and the'ri stiffness in the
concentric pirn.I- cgure 16. is in the order of I x ItO~ pounds per inch per ibeering. Any mis-
a, olinment, ti, refi ri. m, .! lo, the ,nn of filie small clIamnping force, would be negligible. The

rt if 4i ta!; tiz~ntrnt test ire swnin F'igure 36. in which the circularly spaced nomhoers re-
fir to. wvvra, cii aniii eter reml inc of vacii Noi. I obtained withi both spacers. By referen ce to the
calhbia.tii,n czr ,in V, ljuri 27. it c-an he. seen that the( thrust surfaces wiere parallel within one
percent iof the elii lriiia, cap widthis. that is inc~lined undier an angle in the orner of 4 x IT') de-
giees,. 'le sh,:t~ thrust face li. A total indlicate I runout ,of 0.00012" relative to 'he journals and
the alignm~ent %siulil have bieen iestros ' %i, haid the shaft ,-eei .illowed ti drift in its guide hcarings.
An all it inn 3 anti t wirefore, wais furnished bv rpeans .f two opposed and! narrowly spaced
air jets, iinjingia.. ,n d light, thiln fin, attulhed to fte! shaft c:uilr. (Ste Figure 18. fur-'exaniple.)
'Iii aiignmIlentI wits ti iis pirforin el1 sith the shia ft aiintai nedl in tie same pos itioin relative to the
guide bearinas.

* 1. he analysis was basedo on the existence 4f in ess *entiai~l uniform pressure plateau, ex-,en~oi oxr ie ntieonc inch idiameter recess area. It wats pontuh.te~taa oga h e
ceer ep Arc::;:c .. c arge. the effec:ts oi the ai, jet issuing front theO.O55 inch diameternozzle and! the acceleration of ?he fluiid as it enteredl the slot %ould he local and detract little
from the recess volne conceived ats at const ,ant pressure reservoir. Since the *stAbility boundary
for critical recess depths ir, the order of 10- inches w.is of particulldr interest, the question which
presented itsel f wats the degree to which the fort g'ifig suppositions were valid for recess depths
AMMller than the nnz J thrut diamee,, r and * iinparahile in, imagnitude with the bearing gap width.
The follning srissibilitijs deserved careful cia!sideration. (a) For r% -- I &d(IN the rvlindrical
ea hounded b 'y the nozzle iliarneter and its pronjrctiiin on the lower thrust surface would replace

the nozzle throat a, the c,-ntrolIling restril tion. (!)) Ile recess, its depthe sufficiently reduced,
could act an an inward extension of the bearing A.ip an.' virtually cease to function as an interme-
diate reservoir. (c) ne accelerating floiw tit the diverging region adjoining the nozzle exit could
attain supersonic velocities, followed by- shock andl a transition to the plreudomiinantly visco~us flow

* interterence frinves observed under optical flats indicated that -ch 1.5 to 10-5 to 2.0 x 1A*
5 
plteconvexity waq quite cncentric and at~~ thna in shape that of a surface of revolution. Pacral ~ien,or inclinationu, th-refire routld be tE hl of in reference to the circular basea of those elevations.
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re gi iti in thle sIt 1. 21s. 2 11, . situation analo~gous t that Wig iCH 1idt it in a duct fell bk i

r .WIscondl 11(ted. il %%hi ci fil- load andI a repre'sentat ive value of five sn oplY iprie.re.
I1.i. %%r lie I d con -t t nt. wit j e fle recess wit s be in g reduced in deptit from a ref Iat fiv I%.I uarge

ille. liI ll objetiv I'Cof filet tea t %%,Is It, determine the ''cut-off'' point, at wich d any fuirt her reliuc -

l"min l-thlWiUI cautse ." change in the steady-st ate flow pattern and pressure distributioln.

P-;~ - i.1 t!., ii 1,i li( om panii bv by, ea.ii Iv d etectale andf measurable departure from il de initial

"al 'ttinig. l' ii~f this test, presented 'in Figure 37, idicate that. flor a cent-.;!! los1cated.

1 ill, 11 dia-t o.'r. -?I the' ctut-ff, pointt recess dfepthm of G~.010 incies.

Since ftll itica! stahilit% iidr.."llttr w as tile '.olurne. rather than the depth of tile recess,

Si1- (-u anmp u ' if 1 a remnedv wits to surrelnd fiill, nozzle ". it by a 0.137. inch dfiamneter,

0.0)2t) incies deep cavit~ (See Figure 22, 'his, however, did not provide an entire% satisfactory
ilicn, since for small critical %oluInies thle delineation bietween %lat an

1 
recess bcecanme rather

'iI-. for this reason, and fiecause thle linear dimensionits of tl. - restrictor ii~ffuence ftte degree

if ii(I-:eadliress ill pulsating flow, thec pistons were renilaceci hy' fllfied -;:rsilon, Figure 11, whuich
inicorporaited into r haingen I Ie. gtuil ItIi p! e-nozlIe plates. file p)lates, Figure% 12 and 23.. con tainted

-either four, nine, or twef'.e sImlrt, ilell-nlouthed nozpzle.,. eqoail * spaced on a 0.5 inch diameter eir.

le'. T heir total. cross-sl'ctional throat area %its later adijusted to give a flow characteristic ap-

Icrc~iiiating file calculated one witfhin tile exp~erimnental range of pressure ratios. The twelve noz-
,Ie plate Was used in the cona lUllilg exflerililerts. lit at supply pressure of 87.5 psia. a redluctioln

reiea-re dlepthl fl
1

.
5 

0.008 inches. the l"cut-offV" point, to 6,.006 ;ncies. was acconmpanied In' a de-.

lr1.11.i ill gap Width ii the order otf two percent onl~y. 'lic effects of decrease in recess liepk ohtn
gccp wiidth for sioizle and mlultiple nozzle feedlers are conmpared in Figure 37.

The' calculated load capacity of the test bearing, based on the assumptionfs (if lamninar flow
;m ftll clearance, negligible entrance effects an~d uniformits of : .es'curi in the recess, varies ill-

most Ii near lY With ft-~ recess pressure andf is independent of tie supply pressure.

In oircler ft ascertain the extent to wich the actual coniditions cocnfornied to t1lis idfciliza.

till,. it test was condiucted in which (a) the load was adjusted to matintain at constant recess pres.
suIret lof 73-1 ., ia. or (hi the lo1ad1 was held con staInt alt thle calctulatedl value if 1,72 11I. anlId i-

r--- p resslirtT wits a 111w el to seek its own level . lThe result (If tills, test is piresentedi inI ,-

Ir" :38 anl indlica tes tllat in calse Oia) an intrease of the supply, pressure ftl 9)5 pa wits a(coM-
(Iin ied b%- it .1 percent redluction in loald capacity. witereais in casme 41)I a tpercent increase in re-
(I'55 pressuire was observedl. Thlroughout ft lis test the recess depth was larger than the Cyilt-olff"

%,tillle, referreif to in the preceding paragraphs.

The Ifesirabfili tY of nlginigniizing dfifferen ces between the actual and~ theoretical, mteadif -state

hlealring chiaracteristics iwas of c.lrisidlafile imlportance withl reference to1 the injiss fl.-.s rate. sinice

its part ia IlIr ". iy~itli respeC t tit gal) JIwidlth andl flpessure, equation (16b). playleld an imlpoirtat
tole in establishing the limiting values of stability parameters. Prefinminary flow mecasuremnents in-
dlicatedl, that in the experimentanl range of pressure rat ills tlie overall dfischi.rgi. coe'fficient. uigit~

t pressaire lap centrally Rnatc.tev.'- 4-.pth 5 0.010 inrhra.
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im/, estpl1 jr*trici,-r, '.aried a plir ... tn-atell% froji 0.78 to 87. The toti"l dir tot area wits

Own~ :reais- k a Jpro xim tc .t) percent. in order to narrow down th-c gap between actual and

Xlaiss flo.w rates i'crr' deternilned in dic r-oge of suppl v pressures fromn 73 t,, 9.5 psia, with

.1 , mitlit lotad of 172 b.,. the cal culated %alue corresponding to At recess ressuire of 73.5 psia

Mid ai ie't *ressue if L 1.7 psia.. applied to die test bearing. (A condition analogous to that

1m1der a hit m stabi i t' %%~5ere conduc tedl.) Th'le recess d epth was almays -naintaincd at it value

gr!'ater thin the *'ut-ii point referred to in the preceding paragraphs. T1 he mass ;low rates in

if..- e\).'rimen iii range if supplY pressures, obtained with shghtly increased nozzle dianeters,

%,r,, Ot t-, 97 permcnt 4f tie Ea
1 culated values, whilhe deviations of measured gap widths were in

0irr ;i f iim' pervemt. Rlesults, of natss flow and gap width measurements are preselite-1 in Fi-g-

urvs :;() and to. i'Le beatiing Rteynolds number, N is

#.. i ure tl. Vtass flow rates and' the lie 'Ynolds nunmber obtained in a supplY pressure
riang.' for a hearing lr.&l of 222 lb. dndl corresponding tr a stambility test conducted under reduced

loaii monitioins are given in Figures 42 andi 1:1.

It seemed high ly unlike ly that absolute. one-to-one correspondence between caicul~iced and

M toldI. stead ' -state vaiues of pressure. gap widths, and flow rates could be sinmultameoi, 3%

a, hii-etl throughout the experimental range. It was considered that, in the preemice of slight de-
%ii-!iions in several static bearing characteristics from those of the ide-ilized model, a fair compro-

mIise was ream l,ed. od~. that the deVidtiont, were of a reasonuble order of magnitude.

2. Preliminary -Stability Tests

Initial dlifferences in calculated and actual, static bearing cliaracteristics and subs equent
nmodifications incorporated in the apparatus, were described in the preceding section. These mod-
ifimatjons, and at number of additional changes. were also dictated by evidence gathered from re-
sults of simultaneousi'* conduztcd. preliminary, dynamic tests. The preliminary tests furnished
a-nriderAhlc informatioaa, of iitetesL ins itbelt, and u~efuI' froin a practical point of view. In this

sec-tion An account of preliminari- experiments is presented in a logical sequence, not necessarily

in tile #,rder in whirh they were conducted.

The dvnamic experimpents, with the exception of one comparison test, in which the recess

prcssurett was held constari, were conducted under constant load conditions. Rtesults of static
tests indicated that, in the latter ca 'se, deviations fro:it predicted, static bearing characteristics
appeare.d to b.. less pronounced. Moreover, since the-recess pressure could be measured at one

point onl,-v there remained the uncertainty of its distribotior. in the entire recess region, wheleas,
on the other hand, the load could easily be set and heldi constant at a predeterminmed value.

t Fins rates were calculated for a 0.055 inch diametk. nozzle. The single nozzle was replaced by twelve
........ C 0-1'9 iucl i. P pronlolteiy it.uim,. inche".

tt A. mneasured by a tap locatedi at a radial distance nf 0.344 inches fromn the center.
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ltt't,t se re (ssssltct-,il ir. tiC fill Oi ig meallnet The load w*as nPil ied to the beat-intt
i. ~-.w .,.jpp f-,t eif .. ar, ii C niinei valuIe. Th e rectess depth was then in acreased

41 't _i! icali. unitil il liii,afig. be~ailiC uns'table. In certainl cases tileprcdc
I.' re i...*:1 le( v~ 5I- S C0Was -et a ndl the sapp!% pressure increaisedI (or decreased) verv

.~r~~isd~s. is tiut' thre'shosld if inst,,hilit~ lie axi.,i osc-illations Were detected by t;.e primary

T ii t i, ;Itl,1 pl, nil %i',Wed Ir the imp a;v off ti: e cathbode ray oscilloscope. Photographic rec-
f sn p (itl. i.: ., f'.,:an ris o f (iss c at *ins Were- madle for a number of runs. As sinsul tane-

.itn pre ssusk det ermined.ij sg en slytaste~ fI ,%w rates andi gap Widths its miade for points

I I j..j j ste %ii ait -if lifie stlitIii boundarv. Ti, s bsusmdary was alway-"s approache.d by pro-
fruis tse stiblle region toi the unstable region.

I'lie, first. pr1l isilinars stasbil it% test wass performed. using a plane-faced pi- *:on and a cen-
[flk kwat-il. 0.) inch 'liasiietcr supply, rssstl e. lRe-sults of this test are shown in Figure ti.

~r:,srn.iti-n in flie lowser branch osf the ~s~eassociated with the reduction in recess

'leptl blowsi the *csat-off'' point (see Figure 317), jpr'vilesl yet another, valid reason for modifying
the piistin .ino. fin-lls replacing the single nis, zle feed Lf, a mn'.t iple-nozile supply system. '111P
ii1-lier Isslifilii* stIalsai its Iounularv constituted a marked departure from the~ predhictedl. single-

~.s eillisna.Ii;is tr'.nil persisted if, all srsssernttexpe-rinments.

Fi 'Lzre 1.1 cointains results obtained % ith a modified piston, having a secondarv, fixed Vol-
time rectess. lout retaiining a single, central k-locatedf spls no/.zle. It can he seen that the un-

si'rs'ni-in ct cliseil1 h lse curse corresponding to a constant load test was smaller thans the
ssni-taslik re~uion biiundeid b.% the locus obtained when tlhe load was adjusted in order to maintain af
k..555tint pressure a: , tap, located 0.3.34 indies froni the recess center. Both curves were marked
.I file uabsence of tie sharp transition observed in the case of the plane-facei pinstont, but cohtiti-
'fell tos IisjilaY t%%o dsiaracteristic br-inches. separated bys the point at which their slopes became
in f inite,

ksead r.% st.,bi lit% experiment was conductedl in parallel witlh previously described.
static its, the objective of the latter being it) assess the reliabilitv of the asqumption that the
recess pressure at constant losad was not appreciably affected by changes in the supply pressure.
It wast observed that when the 0.0135 inch diameter, 0.125 inch long pressure tap (see Figure
!M -orr.t- thi- re-o Lso u relative! large, closed to.lurnefl, an effect, which could justly be

sde sced s iw !..,st ems is. was present. 'With the bearing stable at a particular setting of supply
pressure ;sssd r-ecess dlepth. the supply pressure was increased' veey slowly and gradually, partieu-
lar , are being exercised to avoid disturbances which might be large in comparisult with those ran-
lounlY prouduced and daiy s present in the fluid, foundation and the surrounding atmosphere. Under

thosie condition-4 it was pnssible to increse the supply pressure considerably- above the value at
whbichs the bearing became unstable if jarred, displaced or subjected to a hIarp impact in the avial
direction. TRe supphi! pressure was thent reduced to a level at which the bearing became stable
again. Ait this leve.l, instabi~t-y couild no longer be induced, regardless of rate and inagunitudle of
the disturbance. Idlentical effects could be observedi with the supply pressure held constant asnd
the recess depth being varied quasi-statically. With an isoulated recess volume (e.g., closed pres-
sure tap), no hysteresis effects were present, si least no measurabir differrnce- in limiting values

t is to be noted that in Figu?e 45 the ordinate is t!,'- qe-an recess depth,thtsterses li-ilidd

by th~e r.-ess toeauha n h uc~i olfs.dvie

ttCensisting of drilled pissage-;, b(iucs and ut
'e voluile of tlie 1lurdon tube,.
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'4 ~sli is .ss.s~-,ir. s.~ : I.II .~: . .. .ls''rs.tiii.if this ratheir reisirltabr. ptienorieion
ir'~Lssr i: i.,ri Po'. It i. rvili 'I~s. *. th.ot iOw re'gioni --instahle if disturbed'" is quite

O*-s tp ii! remrsain in thei stt if unrstale eqsuiliisrii if all ilis-

1:1 the isrisisri t If e11issiperinients *l.sc:ribidil) to) this poinrt. thi' eirlols..i %%,was rather

fisltir dii: issiosltii e tt ofp~K si t iring pierforiancr e. Siilsefluent tests, although

Iiii Ar.I~sIlii"I': -IsIl i,. ar, pri..o-rti' in tii seition rrnder the iwaitrg 'if trl:snr',
%-r- irriI sIIt k, I ! Ili rsI I, --n atc' rcurat, div

1 precision of rrnea~urcsrrents. Closer spnac

it viil sIo., %.vs re-orjes aind thle dleterm'inaition oilfir-ne~ntic- of zauti- isscilia-
rsi.slsif rsl'taiIilits - .'utrjibuti' to tilt- detectiorn awl. rkisi.a'ii of certain triiulj,-

I. W lw%, wri i,,.inhe.rrr Ii ins t itst rig .rni siib-eiierst iniprolienzi'nts :11 Lirre latiiin between

"ii Isili ts I.. iinsi. ri i. iilrained %A ith iiat is i' Ie supp ly nozzleI, plan c-favcd pistoin, under con-
ltrr l".rd t 1-2 11))inlii~is f~r' i. 177 . lot and 11.68 x 10- lb..see- in effective bzearing

1mJis" 'ari . ir sri',ed i i I .i ii c ri,1iir is i tl preic ed results in Figure t_7. Mleasured and predicted
tri ticr! irqus t-, i. i. , I . .frituni s* .sstic iatedi wit!h linsi ti ng va lue s of prranseters on the
iil-ircd l irishlds 'if italiaili tt an,: their carlciulateid equivalenits. fair wichk tile riiots oif the chair-
,iiiieristi: sliiri (1l1 iii tiit- axis of rnraginari.'s acre N - tiLi c , are presented! and conipared
in Fii re Wt. lie -i t, '4 .i tc- t (i.ndi utt-d under reduceii iiiall (222 I[h) ciondit ions are Shownr in
lVi .isi la. II ti sIi litinil-iries refrred to in thre foiregoiing. altiouirgh similar in shape toi those

,.sssiin I- i-,mrrrs t I. 15 -trial 16. islriiliiteii %vt anothier. unusual propert% in regions ideniiteid b.
*ii'..s-n si n all ircrtirsent fiturci. This peculiar trendi iii all loci, chiractrerie hi inflecticri
;ssint, inds abirupi tr vlinses in ci.ri-at isre of curreni in cariala I at frequencies betitseen 220 anid 225)
a 1 indic ating tire existence 'if resonance in the s!,sten].

Is, ii '.t iir n si rs lit' in tlie ('ire goi ng, a riajiir source of isc repan cy betwieen thecaon
aini! n'\lie ri 55ieflt. nmight %--el! Isai gcotne un not ii ci if critical v salue's if suppihs presosure and~ recess
dirpth iiid iii'r actron-1 at imore a idekI spliced Intervals. Fortunately *ilso, frequencies werere
i rileil in pa ra~i I .1ih iit hir mea suremlents..so) thFat tit loc I'al I. brupt tranrsi tion s in several itni bi I-
it I') sisri liili i~i.i'ent ifiv r'laiC, tlse .. as' u-~ I n.f approirsimatelIy 220-225 c ps. Tlhe prelIim ninn rY

il ~ sCtc ti indimil ;a tosns sieralle irea. of lua itative and quantitative ilissigreenen! between
pureidicteud and cperirienniI ro' ults, fair iii excess of what irright havec been anticipated on the basis
iif ciuripari son Ire tueen cal cu lat'.. ;id wcttvI. sta tic bearing charaicteristi cs. '[*hecre renraineil tiile
purobhlemui f iii'tictin c' piossibile suirces of trouble inher'ent in tire experimrental apparatus lanid tire ap-
pl icuit' .i correct!v ccrreasri brefoire final esirerimpnts could ire conducteid. Specifical 'I, Iit wais
vs-iiiti at t-ii t)i iii' iIf.% pa.rts ;anil cioimponen ts of thie test rig itsmerrbi v respionsilie fair tile exist-

en cc of re'sonna nce it part iciiilar frequen cis -if auto-use 11lsltiiin indi (br) t-) investigate prossiblie in-
tr'ct, Ii" et rrii the- rriiitin iif tile hiearing andul i:i flows in ri'gtiliti. i, supply lines, guiide bear-

irntile lisauinf C% ri mlii. "

t I'ls,- Of If. ive btsirirru r *' iiur'ei's or tht- 'hift andii lawie? thrust iluau' .1rs'i'iljly (Atruiiutrly 2r) 11i
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3.ticlading St-,6il it I.perirnents

iblis section l.-gins id: lte tiescription of prepara tory testand adjustments of the experi-
llt'Iita. appariatus wit ich preecdpd and %ere of oonsiderab!e importance in the final. ekperimental
pha~se. 'f the investigation. It contains a detailed rcport of concluding experitivnts and ends with
to1 account of tests. performned as a check :if repeatability of results.

It was suspected that the singular trends aw-44. -iated with frequencies of auto-osc illationsa
in dLe neigh borh onod -f 220-225 cps, were caused by reso-nancve of the entire test stand, considered

;sore large rmoss ' Ipproximatel v 750) lb %eight). supported on an elastic foundation. 'Ile possi-
hl~ity of ex'citing one of the graver modes of vibrations in the massive, tupper thrust plate was
highly tnli kelv, h't roujldl "t be entirely excluded, because of the rather indefinite manner of sup-
port ont three coumis md levelling screws.

Tlbe test bearing assenblv was bolted to a very sturdy and rigid tripod (see Figuzre 18 for
example), inounted directly on an asphalt tile covered, concrete floor. Crude deflection meosure-
nients. using a dial indicator and the experimenter's weight for the applied load, yielded 4 nadtural
frequency for the test rig niass and the clastic foundation of approximately 230 cps, a value ex-tremelty close -o the narrow Eand in which the inflection points aad rapid changes in curvature ofstability loci were tobered. In order to mceasure the natural frequency of this mass-spring system,ts5 %ell its the response of the upper thrust plate, it was decided to utilize the floated shaft as a.: iseimnic miass and the primary capacitance probe as the sensing element of a vibrometer, provident-
I %, though inadvertently incorporated in the test rig desism. A very inmate, axial load wats appliedto the shaft tlirust plate and balanced by' the pressure in the loading cylinder. This furnished thedesired "soft" suspension for the floated mass and a correspondingly low, damped natural fre-quency of less than I cps. The base of the tripod was then pressed down and released, while theresponse wits recorded by means of the oscilloscope camera. As anticipated. thei recorded fre-
quencv was approximately 220-225 cpa.

The cause of the observed singularities thtus firmly established, the entire test rig struc-ture was mounted on isolators. A record, obtained in a manner similar to that described in theforegoing, showed that th 'e natural frequency of the isolated structure was 15 cps. A further, ef-fective reduction of isolator stiffness, such as cotili bp ahtained with aq Julius susp--sion, forexample, or a sizeatble increase in mass, was not feasible becausie of physical limitations.. Theresponse of the upper thrust plate was also of interest. The plate was struck a light blow near thecenter with a small hammer, and the resulting truce of the cathode ray oscilloscope waii rec:orded.'le frequency observed an this "see was approximately 730 cpa, twice as large as the maximumfVV( 1uenU, Of ULO-0106114:1Ui1" enCoULiert, in till experiments, but considerably lower than the mag-nitude estiamated in the design phase of the apparatus.

Photographic records of frequency measurements described in the preceding paragraphs arepresented in Figure .50, in which I represents the trace obtained with the structure resting on thefloor, It is the rcsponsec f the upper thrust plate and Ill refers to the structure when mounted oniaolar,.,a. 'Ihe uneven appearance of traces is due to the fact that, with relatively low pressuresapplied at the extremities, the shaft drifted cui tinuuuanly in the axial direction, producing corre-spunding changves in the eleetontat~e field betwee-n the Penh- ftn4 the ".Zeismic mass". 'Me a--cillations of th e upper thrust plate. 11, tire superimposed on the trace produaced by vibrationb of thetest rig structtwe on isolators, both induced by the light hammef blow.
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mh ,icluiding stabi lity~ e periments were conducted with an isolated structure, so that
tile ratos 4 lowest. observed frequencies of auto., cillations and tile natural frequencey of the as.
semb1% -isol,t y~stcm %v-cr in the order of 11:1. Hearing alignment, kcakproofness, zero settings
or .istrtiment%. ctr.. were chcclcd. A low frequency generator, the trian.'islar'wave:
outpuit of wh i h was used as z;marker no photographicr records. was checked against an electronic,

diiacounter :tnd rmini~ to be stale and accurate sithin 1 percent in the S00-1200 cpot hand
width. Particularly greatt c-are was taken in recording readings of the recesis depth dial indicator
and of pressure gauges. Pressure readings were corrected to the nearest 0.05 psi for head loss
he, .ven the measuring station and the point of admissiun to 'he reservoir, upstream of the supply

,t,1c.In approaching the criticdl r--QR Jtpth on thc threshold of instability, the piston was
I~icked so' that final setting was made hv -Pry gradually cvroin,; a 6ubstanitial amount of fric-
tional resistance, in addition to that offered by four sliding "O"-ring seals. Whene*.er the stabl-
itv out dary was approached Y va ryiiz the supply pressure, the regulator vontrol wasadjusted in
a manner, for which, perhaps, the most apt description would be "creeping"

It will be reralled *1
'~t the %tuobilitv analvsia wn.- Iwed on linearizvcd equations of motion,

imp lying anbutg "'her things that. in the course -f tI,- experimental part of thiis investigation,
torIM small amplitudes of osfillation, possibly one percent of the equi'librium gap widtfL,.wouldhv nbe observed. Now, since soirces of smm~ll, random disturbances were always present in

the fluid, !he fouodiation and the surrounding atmosphere, more or less well defined wave foiras ' 4
bearin~g response. with amplitudes of the order of microinches, were always obsenved on the dis-
play of the cathode raY oscilloscope. On the other hand, no signifirant growth of oscillat;,'n was
noted for very large chenges of supply' pressure and recess depth, until their values approavited a
re!,ian in whi, hi relatively minut!r chanizes in either parameter were accompanied by' an abrupt in-
crease in thle amplitude of ;ibration. In this narrow transition region the amiplitude of vibration
was modulated by irregular "heats". Their incideuce, relative to the frequency of oscillation, oc-.
cartedi at mnore frequent intervals for large values of the critical recess depth.

P'erfect discontinuities and ideally defined boundaries seldom occur in physical problems.
Nevertheless, the transition in ariplitudes from the microinch noise level to magnitudes approach-
ing the gap width itself was invariably accomplished by changes smaller than one percent of the
stability parameters designated as "critical". Thus the stability boundary is sharply defined.
Otherwise stited, the amplitude of oscillation reiaied very small and its rate of change (slope)
with, recess depth, a constant supply pressuret, remalined essentially zero, until both changed at-most discontinnousfe' in a narrow region, the amplitude becoming very large and its rate of change
(slope) almost infinite.

The concepts and ideas contained in the preceding paragraphs can be summarized Icy stat-ing (a) that amplitudes of the order a)f 10-5 inches were small compared with the bearing gap
width, (b) tno-t the available instruments were capable of detecting and measuring amplitudes ofthe order of 10-5 inches and, 1ilozeover, Wc that the order of magnit-ide of 10'S inche5 was not -very critical as a rironof limiting vallies of recess depth and supply pressure at the inception
of instibility.

t Alteratively, with supply pressure at zox'stsan recess depth.
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The f-revo'1ng stoterneit iay lit tubntantiated lb referring to Fiagures 51, 52, 53 and 541,whi'he M~uitritte the abrupt t.'resition ;v, ampli*tude tzrowilh when approaching the boundary from the
.table' side. 1)%inc ~ r~ reasin qr e-epg) the recess deptlh at several settings of :"z =upI pres-

* slice. ['lie 1,e .htgah in each row were obtained with long exposure times and slow sweep
1"he~ ' .iiim '11te clealr!% 4.c irregular "beats" referred to previously. The upper photo-

graph,. di:.plai , % %ae forms of auto-oscillations in randum time intervals and were obtained with
Sa~eci ,.tes *,ree thoumsandl fties faster than corresponding photographs in the lower rows.

Sitahilitv boundaries anti frequenc determination~s, obtained in the cusirse of concluding ex-
peri ints, ar pinreiibd irnd comrpred .%ith predicted results in Figures 55 and .56. Ai correspond-

inst tabulation o~f experinmental <lata is% included in Atppendix 4, following the table of calculated
results. P'htographiic records of frequency nie..u; ements are Shown in Figures 57 and .5. In the
presence (if irriular beats, described in the foregoing paragraphs, particularly at large values ofthc recess dhciai. the tittermination of critical parameters was unavoidably subject to judgmaent of
the observer. 'Ihe procedure followed by the experimenter wis to observe- the Ersicc on th- cathode

roscilloscope while adjustinag the recess depth, without noting the reading of the recess depth
Jial indicator. Thle objective was to avoid bias in selecting the point at which auto-oscillationsee%%ere estimated to have reached amplitudes between approximately I x 1O-5 to 2 x 10"s inches.
An alternative metho;d was used for a number of points in which die stability boundary was ap-proached by %arying the supply pressure instead of the recess depth, thus providing a check ointhe reliabilite, of measurement. In the latter case, the attention of the experimenter was focu-sredon the( oscilloscr, ne display without observinmg thc piressure gauge reading until the critical point
5,it!- determiinedl. No significant differences were noted, regardless of the manner in which the, sta-lbilit ,e boundary wa% approached, indicating that results were reproducible according to the select-ed criteirion, as well as rather insensitive to inexactitudes involved in its selection. Severalmeasurements were repeated oil days when the barometric pressure- and the ambient (room) temper-attire were slightly higher, or lo--r, but the, observed differences were- negligibly small, It istiatated that the repeatability of limiting stability parameter measurements is at least %'thin I to 2'percent of readingm obtained in the course of conc-luding experimental runs.

'he very' substantial and, in this rAso, rather encouraging qualitative and quantitative dif-ferences in results of preliminary and concluding experiments were attributed entirely tu the iso!6-tion of the test riti structure, since no other ehairges were effected in the system. On tlie otherhand, all static and dy namic experiments seemed to indic.ive that, under certain conditions, eveaminute changes in system characteristics had an enormous effect on the stability of the bearing.In the final phase of thise investigation, therefore, the experimnents were accom,,anied by numerouseand important secondary tests, with the objpctive of (a) discovering possilble causes of remainiing
diverveneies Ihetween iehoenr, and experiment, particulaily such as isigls. have accounted for di~edoule-valuedaess of qtabil'ity loci, or, failing this, (b adding weight to the reliability of the con-lading experiments. Those secondary tests will now he described.

Ail experimentally determined stability boundaries were double-valued and exhibited an"upper' branch, not predicted by the present analysis. Although no ca !culated data were avail-able for recess pressures other than 73.5 psia (corresponding to a 472 Ilb load), a stability testunder reduced load coniditions (222 lb), cursor 1.. mentioned in a preceding section. wa carriedout. The el-1.-1 1-.4 S... J I ,o( .,.. ascertaining whether the double-
valuetdness would also persist in the case of a locus corresponding to ]ewer Reynolds number,
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~ qua!ititi,- ~ Of results ii, Figures 55 o'cd 11), or Fig-

w- l' and~ v), i n tinwith reference to* Figures% 'I and 42, ceryindicates the pretspn..
"up~nnper bruinclhes' in In06 tnnrrespondiing t,. different ranges of the Reynolds number.

\e~t. effec~ts of eisaliwnient were investigated. This investigation was accomplished by
b 11nnnithnnnls. hrst. the constraint of the shaftt was renioved and the relative positions of the up-

ln4 :1--.'r' - .- n.,.ered. Thlese changes proenced a very sabstantial -nisalign-
!1t )~ n tine run-out of the lower thrust surface with respect to the shaft journals.oAlthnousg%-mmir 'lfftien Ps in limitine values of suppl% pressure and recess depth were notd osg

-ic.ir.t chane in thc trr., of the . 1 bility boundary was observed. Simiilar conditions, prevailed
0:' vn the rotor wis Lrmught up to a speed of approximately 2500 rpm, by means of an air jet direct-

ed onto tine turbine wheel buckets. In the second misalignment teLst, th~e supply pressures of the
upper and lo wer guide bearings was varied in such a manner as to tilt the shaft within the limits
of ;- rnq . !-mnc,'. In aul(iiP to nn,;alignnne't, the accompanying effect, in this case, was to
chaunge ther "stiffness" of the guide bearings. No substantial changes in stability characteristics
were observed, except when the supply pressure to one, or both bearings, was reduced to the ex-
tent ,hich precluded their functioning as effective guides and constraints, or when metal to metal
tnnntiw: between thne bearing~s and journals was established.

E~xperiments corriticted with the isolated and non-isolated test rig asmeinbly not only dean-
onntrair,d l)cal effects in the vicinity of the resonance point, but also the presence of large differ-
ences in liniitiniz values of stability narameters for frerpiciuie uf iicipient auiu-obcillain Von-siderably removed from the critical. 'Ile existence of other critical frequencies in the experimen-
tal band width and the effect cjf small vibrations of the upper thrust plate could not be entirely dis-mnsed. It was, therefore, derided to stiffen the upper thrust plate. T7his was accomplished by
platcing th~ree 3 4 inch diameter jacking screws boetween the column-bracing, upper plate and the
upper thrust ri!ate (see assemvbly' drawing Figure 7) in positions straddling the columns and as
close to thne bearing center as a feasible. The jacking resulted in a slight amount of controlled.symmetrical deflection. It was known, however. at that time &at no significant changes in %tahil-
ity characteristics were associated with a moderate *degree of misalignment. The rigidity of theupper tbrust plate thus considerabnly increased, Ieasurements for a series of pie viously estab-
lished, experimental p,.ints were repeated, without, however, any appreciabledepartures having
been noted.

In the analysis, as well as in the course of experimental investigat. Is, it was postulatedthat the load, and consequently the pressure in the loading cylinder, remained co:istant at alltimes. Accordingly, the design of the loading cell was such that fractional press ire changes, as-sociated with motion of the shaft, were to be of the ord-.r of smallness of the displaced it, totalcylinder volume ratio. (Approximately 10-6.) There existed the possibility, how, Cr, that thelower end of the shaft, acting as a pinton type source, gave rise to a complex, stationary wavesystem. If wave reinforcement occurred, the effect could he apprecial-e and divergence betwrenthe theoretical and the physical models signifi -ant. The possible presence and influence of res-onance in the chamber conidl be con firmed tie tls-% by n!!t-*-- - - 1,.~, aJ Voi~, i

t Two jets imupinging on each side a guide fin, mounted on the "haft collar. See Fir 18
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C.j~ii~r ~.jple titilta.etl~i.iibitb tile c~ s nder wav~s fitted with a stnall

.itiil'ipe anid tiir fiilJN itti i-~tern inc'reftents up lit three quarter-, of the total voilume. X.1

-igniiicii tl;tti". i fo.'". irrei,'m estabilishied results were obsetveul

Ilie uitl Ill lit f ine. itiiet ,1 tit .1re..,itre stiptil~ reser.,ir depends on thle ab-
.1tv of pusai.mn ri;it thrtitit the siilpic rv. trictors. ile likelihoodI of propagation aud,

p.-iilih. ipf ji -ic tiott if pre' .sutre dii inrce A .iireaii of tlte su pply nuozzles could not be di s

miissed. I a firtiriti . f,5 . i s itiic sit and sensitive pressure pick-ups. or hot vwire

ii,, tiirnret-r'.. in ther immlelia e vit iit,, of tie i., entrance and exit would have involved sub-

.tantia jOtiitnuw!e ilil -14-i grn iA elaboirate. adi timio I nstrimnentirt.ri. Subsequent investigutiofls,
therefore. Aere* I iitttl I- a seris .if ,jimple di ek . intendedl to locate possible sources of tr 'ouble

ii it, air sitl pilt '%tt. It is. 1 teriia jt . b ti- useful iindi instructive to render a brief account of
tie if titi sIej- t-tiin in thi -it.le-himting'' prort-ure:

at. X It%, cuic f it jeum I chambter wul , in stilledi at a point where the supprly line was
joint! tit lie uppter thn, ililte (set- isse'~bl.% ".-wing, in Figure 7), in order to incredse

tile t )jtti ithei suppk rt'serv: :- =d pr.o idc a zonie it- which small fluid disturb-
anies , mid be dik 5 ipittrl.

It. Re compfrtssatr Aait shuit off so n~atit uinsteaiuness 4flc originated at the source
of the stipll 'it hile rectlirls were recorded. Thie capacity of the main supply reservoir
was st1ricintIv large tit tmaintain :i cotnstart supply pressure in a time interval rerpied
t" ;i.. fru "n'.o or se veral nea surcoc n ts

I Since itabilities of pressure regtulators and. pncuntuttic valves are simnilar in nature to

iosccurringz in ex~ternlil liressiriletl btearings, trhe regulators and Wuves, placed in
series in lines supplying the bearings ant leatding cy linder (see Figure 17). were ad-
justed for var *vin g tiegrics of pressure drop across the nietering elemeutw. Various set-
tings were made anti a tnumbtier tof mteasuremients were repented.

None if the bire-gptiai meaxrcs hadl an effect (tt the stabilitY chatiacteristics of the test
hearing.

%alid coi-iparisimb between theoretical and experimental results could only he made if the
pitcli itg (uckLingi, iit.tt tof Lte sha~ft jiertiaiiii snii in coitparison with the amplitudes of axial
oscillation. In !he couric of several preliiiinarY antI final runs, the :axiliary capacitance probe
u-qs .mo-inted in dlifferent pii i r ,uad and along the shaft, hut no measu.-able amplitudes were
detected. Prehiliirv ' %rculatiurt, c~irrieI tout in the dlesign !.base of tile apparatus, in which the
shaft anid the guide bearings were considered as ti simrple, two-dlegree-of-freedom -system, indicated
that the slower mole of vibration could possibly be excited by rei.iaof ato-oscillation in
the upper range a.' te experinmental baind wtlth. P iguic W9 shows results of a vibration test, in
which the auxiliary zapaeitance probe was locatedl in a positiont where large an.plitude' at ire-
ifuencies closr to that of the fi-, mrde could at, reudihi be observed. Since the sensitiv:ity of
the auxiliary probe itids conruiternbly less than that of the primary probe, the gain of t:ae primary
instrument was decreased andI the amplitude of ituto-oscillations increased to 4 x 104 inches. ap-
pr,,virately twenty timtes thle value observed onl the threshold of instability. 111i8 permitted at bet-
tar comparison t,) be drawr bctweer. tnplitudies ot axial ond pitchinp. motions. The frevivirne of

tAlong the six Inch outer diameter of the shaft thrust plate.
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awo-'iI1 ai,l was P.~ varied from 3.5 to 200 cps.. 'fhe second photograph in Figure 59 show4
la~ anitThlplitsidf p4~ittching whi.-h was ahserved. nrcuir~isg at 2091 rad/sec (333 cps), It ix

*~li'd~ ~ t*-atit nie're than two moiles could be excited, that the shaft mould perform small,
-. 'rntions w'thin tl,,. lim:its~ of bea.ring clearance, or momientarily rotate and transdlae, but

V. t nic-s~saril in the plane of the capacitance probe. Nevertheless, Figure 59 shows the largest
amplitude ratio (app'roxima~tely 1010:1) ever observed in any of the monitoring positions and there is
fitit- +,uht. thcref'.re. that thw *i~erall effect of pitching was a very minor one.
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are hiizhesf. In tis i e.Jon. %a.b- of A obitained fr',m file present ,analysis represent a consid-i
er. bI i mpro iiimiit % Iw n 'n'pedathosli.'e predicited from the simplilied, lumped-parameter
th.'orv. Osee I 'ia~turf 10 Its tie pressure dropi icross the supply neozZd decreases, the deviation
4f rwpirical iiir~ es fron their edcl tiniulvaleita Iici'rnes mo~re pronounced. Beyond the

points of %ertical taingent-v neilier qudftitat i e nor qualitative agreement exists.

11 i r iril to slope. eitiviri tal ('iirx'es and th.',se predicted from she present analysis agree --

fain', %ell ix er at L',nsi(Iirale part Of the. experiniental range. The same Situation does not bold
true- for-the sinLije lncas obtined front the simplified theory. The present analysis~ predicts
,oni..vrxattvt siafe) linits. %hiireas the simplified analysis gives values which are either too high
Or t.... l .%~'moist significant imiproavemient, introduced through the refinements incorporated in
the ii tihit~.irritrapproach. is that the present analysis gives' a correct interpretAuion with
regardl to inflint e of the effecti-ve bearing iiiass on stablity, a fact to which experimental results
lend unequivocal support. As eriipiasizied previously, one of the major shortcomings of lumped-
Ijiieter ,,nailses is that they preict the %tame locus, regardless ofmagoitude of the heairg

It is inte-resting to note that for the larger mass, agreemient between predicted and experi-
miental lI.i in Fi ture . is better and extends over a larger porition of the curves. It is more than
prolable-tlat. as the bearing mass increases, agreement between predicted and actual results pro-
art-ssi velv improves. This 'inference mar be particularly important. becau~e in. actual applications

one 11iiiht exp"ct eonsidleraly higher than 0.075j 0.10 weight to thrust _09os Since from a prac-
- ic-al point ot 'tee, one is us ual lv interested in -safe depths" of the ordej of 5 x 10-3 to 20 x 10-'

inches, it is encouraginir to note that is is precisely in this region wherei pedictions based on the
prv-,il tiwily'is constitute -4 consilera IIble improvement ini comparison with those based on simpli-
fiedl analyses.

2. Ilemorks on the Relative Validity of Th eoretical Assumptions and Their Applicability
Ton the E~xperimental Model

The present investigation included both, analysis and experiment. To tihe investigators,
who, have engaged in this doal undertaking, lulls the difficult task of accounting for disagreement
in aress where it exists. In what follows,, an attempt is made to inquire into likely causes of
divergence between analytical predictions and empirical results, particularly the single and
double valuedness of the respective stabilitv loci.

It will lie recalled that the dynamic lubrication equation (4) was required to satisfy a
boundary c, ndition at tile outer hearing perimietei ..nd to be compatihle with the continuity equation

TI The bearing maqsbecomes P sigiicant stability parameti r in presence of appreriable, ext-trust damping
outy. (See Appendix 2.)
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171 of the vaiable-vnlump recess. Now, in implementing the continUit ' equation, it was assumed

throauell 01f. Suiaiv .-oz.zle. 11 . and lte outflow along the perimeter of the recess-,

-d!--1ii vr. 'I - juaai-steadi. The quasi-4teadv approach has bt-n successfull em-
in i! ~.. ir~rn~ .n~Ilichacin of fixed and variabjle-vnlunie c% lidrs,inrerh

t- 11- t.. mic -,e pneumatic controls. A typical exauuple is the work of Shearer W9. The

flta% irouj orIifiv. undler pulsating downsostreami conditions, has been investigated. bh tluhi ret-

ii!.''a esuerenittI. % Schultz-(,ru,-!..v L 61, lie sugatcsted, that limits of applicabiiity of
vtut - iuea.ti-uu-, rould he assessed from the reciprocal of the Stroulial number:

t

I Average velocity

to. Period of pulsation

(I= Orifice diameter

it i retli relate!d in uridimensional. in viqcid flowv to the ratio of local and con veulise

-j( k,-rati.,n it-Ylqlinvnt.s. 11U i le concluded, that ior V'alues of 6 > 510. the steadv-

a,.a ~viel-Id at urate values of instantaneous fl,,w rotes 1!nd the effect of local arcel-

01atri a %%ds a1. -d i i hI c. X lhou dfi miax! mam vaue s of 63 obt ained in the course of present experi-
lv-ts aIvrt !airver that Ill S. !.iainitoide s of 61iv w.c gencralIv coimparale with 110, and thus not

.iuffit jentlc far removed frani a transition zone, in which the effect of pulsation maY have been
SiLunificunt. Other investigators discovered that pulsations propagated upstreamt of the restrictor

and Lave rise to complex save patterns and pha~ie relations on either side of the orifice f47. WR.

The adequacy. of considering iiifio% as quasi-steady is questionable. at least in certain
ran!es of pressure, frequency and Leom etricat parameters of the sYsteml. In. the limiting case, when

P, P approa chies thme crift 'dl rat
io. no pressure piulIses propagate ilp stream of the rt s ,'l e throat.

it one assunies. honwever. that acofustic equations hold when 1r Ts., approaches unit~ ', thie theory
of horns, to Iaih the snmalv nozzles hear a geomeltrit-al reqenmbanue. prcdlicts dlefinite phase
relations Let-Aeen pressure and flow .at the throat 16-41. The existence, therefore, of appreciable
time lies carnnt be entir--!v dismissed. in which case the as 'cued, "in phase" perturbation
relation, %%I = C 3Pr, mwn b- deficient.

If lac nowv direct our attention to the outflow from the recess, the entrance effects, associated
isith fluid acceleration and flow separetion at 'lie sharp edge of the perimeter, die further com-
plicated by the variation of the area of admission to the slot under dynamic conditions. Ilere.

1411
the use of equation (M), e~g., % 2 (constant) If"P ' implied not onlY that the outflow could

" rI

lie considered as judsi-steady, hut also that there was no transition and that a viscous, lamlinar
flow regimue became at once established as t;.e fl-oid entered thle slot. Consider also the case of
small-amplitade vihration when the recess volume is large and the pressure fieviiiiinn. r

to becnme very small in comparison with p, the perturbation, pressure in the slot. In fact, due to
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the Iralpping and siueeiinL .if the fluid in the slot, maxima Of p are likely to ocrur close to the
itt',,s j,*ri,,s.ip, ,iore the gas is relati~,.iv de-nse. Thbis may cause large variations nf the

pt-rturlbation pre-s.-urt, gradient in the immediate viciniti, Of the recess and, in turn, induce aprre-

viable fluid iwt eler-ititn and tkcricrati,a in the region of admission to the slot.J Moreover, the

lincariz a exjiressio,. wv., 4 C P r - C 6 rreapa.spnding to equation (9), does not take

into) aIcc,tlft thet com~iplex phienomiena occurring' in the neighborhood of the recess boundary.
Di ,vtof results ai beitue ipartl% to he cunt,ltiv discrepancv involvedinepsigth

differenteI - '2~ 1 corre spondling to the righihand side of the continuity equation (7).

Next, we consider possible shortcomnings of assumptions involved in the mass accumulation

termi on the left-hand side otlie conitinuity equation (7). lfwe nowfocus our attention on the inter-
ndi profvesses tccurriaL within the variable-volume recess, such as the- impingement. deflection or
dlisintegratiuon Of jets and the interaction between decelerating and accelerating liaid streams,
the ;A11 sical picture defirs mathemratical description. lrnvoidably, therefore, it becomes neces-

sarv !o rewtirt to simnplifying assumptioins. or poistulutes, suCh ats uniforinity of "average" prop-
erties at ariy instant if timnr. The latter assumption was made in the qualitative analysis of
periodlic charging itt.

1 
ti ;harging Of the variable-volume recess9 in Appendix 5.

i.raunted the highci' gree of o versimpl ifi cation in fo-.alating the problem, the analy sis of Ap-
penthii ; neverthcees suggzests that the pressulre and! density in the rpees kir- not in phase. N'uner-
it atl rxomiirles. indicuitei however, that no appreciable time lag is involved, so that the process
ia.v be rt'asonali)1, well tiescrihled by P nconstant. Although the exponent. n. is then not a
ftunction o~f time,- it dies deoiend on a dimensionless "charge" parameter. Q W 0 /prjV7 0co, in

pro,' % t ~ o refer to the equilibrium flow rate. the rece ss gas den ity and the recess
volumre. antd f., is the circular frequency of oscillation.

Con.,iieraible numerical discrepancies between theoretical and experimental results cou *ld be
accoutntedl ftir by selectiong more ~representative" values of the exponent n. but it is by n means
imiplied here that an explanation for the double valuedness of experimental loci could be supplied
by assigning to n vilties tOther than y 1. 1 ;n the recess, oir otlier than n - I in the slot.t

It is co.i 'te that the incrtia forcc.i in the slot were small in :omnparison with viscous
forces. Although no definite, analytical proof his been furnished to support this contention, the
derivatioin in Appendix 6 suggests th~at the neglect of inertia contributions in the bearing clearance
may not lie very serious, anti that the dynamic lubrication equation(4) is a good first approximation.
Nloreover, in the presen-e of significant inertia effects, one would expect the disagreement be-
tween predicted and empirical .-esults to be greatest at relatively high fretquencies of oscillation.
whcreas cxat-tly the opposite is indicated by the experimental evidence.

In the foregoing disctission, an attempt was made to probe into the more qitestiOnalile alspects
of the present analysis. A critical inquiry would be incomplete and one-sided, if one Omitted to

t An analogoin condition i's illustrated diagrammatic illy in Figure 6a., showing a prt-n.:iv risig;-na,
instartanecus presgure profile anti positive gradient at the edge of the reces.

11 tin tie %lot. li/pr conm,..nt wan; the assumed relniin. See also Appendix 6.
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cx~ieiie lll:Ie e*.piientii modiel and the lprocedure for possible ilericien.cies and iniherett

5. artre-forrr. Lo%. I %.vver. the nhjoero ii s .'cn slary tests. descri bed in tIe e ct:ion "Con-

tihin:iiL! >LZII xTrririrent-,.* hive iikirrosed dlown considierarbly the nc t ( siear'hi fo~r a ft-as-

[lit, turning point in the expirimental phase of this investigation: was the disc.,verx' of reso-

nantl v inl the sYstem. lIolation of tke test structure nut only altered the shape of stabi liti Ici near

11e0.11I. p.Z int -. but a Is, disla1ced the curves, in a1 iirectior, effecting cniralbttrercea-

me c' ien th eorv ind e xpir inien:. Thie extent to which actual nmotion departs fromt the ideal i-

/_ .11 4i. an .r iiri.np. .ri -degree-,f-reedomr system. !,or s Iici perfect i sol ation, aliso lute

.,m;- aio ,nc e if external danipitI are .e assumied. is ni'-st difficult to assess. One need

1111 ti on d th~at 10'1 inches represented 10) percent of what could lie meaningfully inter-

pre-ted in the present v if trecha~ni el and] electronic noise. Since the capacitance eauge meas.
ureai the riehative. int~t, udirp!ar.ne -nt of bearing surfaces at a point, it provided no

inifiirnnitiiin with, regard to the absolute motion of itiundaries. \or was it feasible to furnish a

w-eti0! isolated aind immobile reference frame for external miounting of capacitance probes.

Tie extension (if the simplified analysis of Appendix 2 to a danpeA1, two-depcs-of-frcedoii
steisuirested the possibility of at double valued stabil ity- locus. An approximiate value of the

critir al daini ratio %%as estimated from Vigure 140 Calculations then indicated limiting %-alues

of critical recess depth on the upper branch of the locus to he of the order 10 inches, as corn-
jiired rith 10-1 inches in the case of experimental resoilts. TUhe simplified anal 'ysis. nnf course,

iiendh, ink% .iu'litative support to the existence of double valued loci and niay tredict grossly
exagizerateci resuilts in this region. It is not unlikely that the extension of the present analysis.
to includie tire effects of elastic and damping properties of the entire systemi, would result in
muore realistic preflicii-ons of critical values of stability parameters. At any rate, one cannot rule
iiut tiiat the divergence between theory and experiment was due to appreciable motion and accom-
pan Thg dissipative effects in the supporting structure, whereas perfect rigidity andi motion of
inc hoindnry only were Itypothesized for the idealized model. The importance of considering the

mrotion of the supporting structure was stressed it, .-ctnt rripeir by Tsai r52i, who investigated
the stability of a simple, pneumatic pressure reducer. The author stites in the introduction:

Xls,,, tire vibrations tif the mounting structure may induce undesirable oscillations in the re-
ducer. To 'Obtain a comiplete picture of performance, one must therefore inveqtigate the dynamic
characteristics of the reducer and analyze the problems of its natural frequency and stability."

Of equal importance is the extent to which the actual, steady-flow pattern conforms to thut
which has been postulated for the idealized model. The flow of compressible fluids in narrow chan-
nel., and in externall, '-pressurized bearings, in variuus Reynolds and Mach number regimes, has
been the sobject of numerous, theoietical and experimental investigations.tt The Re.:nolds and Mlach
numbers corresponding to tine flow range of tie present investigation were sensibl% atstli, and
deviations frcim calculated, steady-flow bearing characteristics we:re of the order 2-.5 percent.
Nevertheless, once oscillation i's started, the inflijence of entrance phenrana on stability may be-
come of far greater significance thiin their effect under static conditions would seem to indicate.

t Trace of decayingr vibnratian of structure when ma -ted on isalators.

IT epresentative examples may he found in refrreace.s D19, 20. 21. 22. 23, 24, 27, 311. A rather complete
list is ronnained in a bihiingraphy by F.ll. Sciulli, reference [441.
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11wi fii0%' patt-rt in Iit-en tr sitre re t'.r tlt de~, I i utrr to tile idealization of tile ex I) rt-

rutittiI ii..it lit thle f!,.I ?roinn ithie siha.rp e ng- of tine, rev e~ a pearahion taileC riece and the "Ttt id
i-- I.~rr .. rirr id.1i V. rtc\ f(rnt:r breati thne contraction. %IcGinn 1 31' obttained sirearn-

iiw, i-n -it.. fwa~t er fir,% il it ..i .rvpvderd. raial di tfa 4er by trres of dve fi lamnts, an.d re-

trie itIn!.~~i itca Il.- %ti t es fttrnierl dot n at eaH of the separaion point. R:rrs f22!.

itii .ni ar. ilerutit tratvel tie tvxj tent'rv of pre ssure diep1 ressitonsa in tihe entrance irone% ttf several.

pa~l(-sutrfmi e lisi t ii figritatir, it for %.iri,)t a jress ar rut ro and slot width. *rhe i er n.r Ids
tiainii er in lisre e x p r ii nt! itof 'Nlf I.Gi I II Sire " isais rif ine amne order as that in the present

( trisilr a viltratirin. iitiietl ki I raitii disturanrce aind
1 ccirrnrranved fly chanurs of pre%.

sire ri 'riin itth in il runcit reurrin. Ti %i brat jun w ill cause aC.l ternate elongation and conntratrt;-n
if tire I ra.%r irIiorimii itf tke iorte r iir. Thie ntl fin fro -i the recess depends tin tite i~ idth

if tire i' fec Iti- fii i a ra. ral I: t titn on lt ti a jil it tire lot, Tire ampl itude rind phase reltijo n

iktt aCci. liW si.t idI all 1114 1rid vidthi if th ie contIraction maY not be it simple one, and tine rcpi e-

srr'.t rn i4 tire jn-4;antit.ln i flow r~itc 6% tire axirressiofl r2 = 4cnnfdaat) i131 n":r..ti lead to
rr

tirnsinicraitic error C,onc.'j :ii-hI irls* an atlreiabjnlie arriount of energy. wiick would otherwise be
isisaittti in :h ir ce.- of ar acif-llstrireri otscillatioin. Islat. insteard he ab"nrired thrrough en.

!rnc it.I.'ses. T ile ent ran ce /iote itv i tii ii prridte atn internalI dampiig mechranisnm and have at
satrii iiirr effert tir 0-t haritl'. ',iocre vittianne pirrnotrrena acere not contsider'ed iii the analysis,
lieritinmai, predtict in.triuilitv iii rer.iirns airicir ex;ierinirents *r'.:w to het 4tanile.

On tihei othrer it nii. as trie foillii as tih- lit er bran ch iif at locu s and departure From predicted

re-stults incre~iss the iicv nitlil an nil~w nondwii i d.i itiire ase. w) that entrance effects brecomre less

;rrrnotincedi. up tio the 1 rttiit itt vertical tartirerrin if tile locus. '1ltcreafter, the opposite hrolds true.
It artaild lie itt ctiisisl1ent I. r.rr. trt attrribt i he mal i rrn caruse of divergence of results so Iely to

r'ientr' eff-cts, extcet t i t hat dii -r dij.rt-r.irrl iar irate been a contributing factor.

In thiis sectiont. a nrlinittr tif likii i, lini t b rr nrerns prven source!F of divergence between
tier envyi al anti erpiriral ri-sir ts. h ive been di ,seirsa i. 'i litrr ui tire obtserved di screparncies tmay

hanve been at cunririrtlir result if de r lfit-irnnila invortlved in the theoretical assunmphions, ae

well its those inherent in tire experirimental apinrraa. tire frost pirtliahle sources nf erm- which
supgesl themiselves arc:

A! tlnn' .u...si-ateddrV floiw reptresentatioa and of tire pisutulatin
or uniformi protiertics in e-tlrressingr the cnntinrrjtv equation of the vaiible-valume re-

I). .%r tlpre,- italie effevt itf tire relati '.c rmiition itf tire bearing surfaces. assomciateul with

imperfe-o isolation andi or the distriburted. elratic and damping peoperties of the Sup-

portingz structure.

c. The. presence rif entrance effects in tire etrperirirentA. model. contrasted r tii neglect
in the presentl analysis.
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vII. C:O\ I.1I)RN(; II'MARKS AND llECO\IMElIEDATIO'

It i)t'. be.n dem,,n,,trated that the dynamic lubrication equation (I) gives a more faithful
rpre.entation 'f the efiet is of partial trapping and squeeztig of a compressible fluid film in a

tin ,ad narrow slat than could hitherto be obtained with the aid of arbitrary assumptions with
rv,,trd to the flaw and the presstre profile. Moreover, the present results have been obtained

,, .... ,. . .,n n factors. it ha- al,- , een shown, both theoretically and experi-

, % , that the bearine mass has a significant effect on stability and that stability is en-
hi,'nced ly lecreasinu, thei bearing ma.... A., a consequence of results of the analytical and the
v\pcri:uental phases of thi. investigation,, it has been possible to assess more critically the

earlier, honped-pararne ter theories.

Exnerieace Lained in the course of experiments has shown that the response of the bearing
.an be greatly influenced by the method of mounting, indicating that in actual applications the
mass and the elastic and dampin,, properties of the supporting structure may have to be considered
in tarmulating the stability problem. Stability has been shown to be extremely sensitive to minute
changes of certain bearing parameters and system characteristics and quite insensitive to others.
lIe, experimental results have also substantiated the validity of the linearized approach in the
atalysis. since, in regions designated as "stable," no self-sustaining oscillation could be in-
,:.,.1... "arrI,-.,; of ftle magnitude of disturbance.

There arc scveral areas in which the present rese-arch could be further extended and sup-
plemented. The stability of bearings cannot be treated as a separate problem and must be dealt
with in conjunction with other aspects of an entire system. It is not always possible, however,
to formulate the equations of motion of a complex system in terms of distributed parameters.
Even after such formulation, it may be impossible to obtain solutions. Moreover, system consider-
ations aside, the distributed parameter approach may also become too involved for more complex
bearing configurations. Clearly, therefore, a more rational method uf lumped-parameter represen-
tation would be desirable.

The present analysis suggests an approach in this direction which merits further consider-
ation. It will be recalled in the case of the rectangular geometry, that in the series representa-
tion of the functions yI and yll we capitalired on the smallness of the parameter e and neglected
higher order terms of the expansion. When the first four terms of the expansion are retained, the
characteristic equation reduces to a polynomial of the third degree in s. On the other hand, it baa
been shown in Appendix 2 that the characteristic equation obtained from the simple analysis is
also a polynomial of the third degree i. i-. Since both equations are of the same form and differ
only in their coefficients, the results of the present analysis may be helpful in devising a
rational method of cot'elation of the distributed and the lumped-parameter representations. In the
case of the circular bearing, it may also be reasitle to obtain solutions y, and Vyl in the form of
series expansions in terms of the small parameter, 12!, r 2/Pro 11o2, which characterizes the
equation (19b). It mai, then be possible to represent the characteristic equation (31b) by a poly-
nomial ins, following a procedure analogous to that which was employed in the case of the rec-
tangular bearing configuration. A correlation rf coefficients in the characteristic polynomials of
the nresent and simplified analva, wnsld eiv the advantape of r,.!at;ng tbh - iw, erm.

of ordinary, rather than partial differential equations.
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It %,,,icc, I.. d'.iracici e,, relain thte quasi-steady flow representation in future %tahilitv, Ilt .,1sf, . f t,- 'e 4 Ow .nt -; it, of Stich 11 aipl)rcatch. Nevertheless, in certain flow
t .. it :11,V ick -cmly liet V es.cr% to w.cdlifv the micthemwtical description of the charging - dis-hia- isia pr-, v- of lariableh ccc, i ,ms in i 'ecrin us. ierhacs, as it first step in tills direction. it

t,1i i lit- u s , fi I ic t,-triic i m- tihi tir.tm im e.;c d, i".. e of c'impi kami,,I anti f o crfices. in . icanner
clln-iUcLis to Jecri 'cti cts in the ac cu.,ic' tielcry . Al better understanding of the phenomuena
mcc'urrn in tie enrtn4 .. r, ui n cf a sicl is i ,S needed, before ai attempt is inade at an improved
l.ail ma.ti( .ai dscrili,i' of fluid iI in lrt entrance zone. A study of streanline patterns and
ci 'crt,,x fccrnati:tnIs 4ili,,iice i iad.. sh ' lite ,o ncndarv cucillates in the transverse direction of
tlc 'sit. \ .in-,tc time !ec.rird f fla. ; t,...s ronti he nbtaincd vithc tie aid of a high speed
cuarmcra. usi a n,." cthcmrjic. met hcds similar to those employed cy owlcGinn [351 for the case of steady
fliw if catcr in the 'ntr.nc ite itf ,i sirp-edged, radiai slot.

Advmace con.iderctcon has been given to iuture experiments which would involve rotation
of the shaft. For this purpce,. an u ir-criven turbine has been incorporated in the design of the
shaft. details of %hich are shc wn in I'cgurn i i. T!ie etfect on stability and other rotor character.
istics due to pressur. c:radients. induced tlrugh centrifugal forces and surface misahigntnent, is
,,f cos.siderall. inte4-st and should be studied. Also, additioncl stabilitu, loci could be obtained
for various pressure ratios anh types of supply restrictor, under rotating, or non-rotaiting con-
cliticns. Thce e'xperein~ental alcparatus is capable of providing a great deal of valuable infornation
and can also lie lmdified fccr the purpose of experiment'ation with other hearing configurat;on.. It
i, recccmnend., therefore. tc.at full use he maide in the future of the c-::sting fceilitv.

Final. since the simple getmetries considered in this investigation are frepiently en-
coiuntered in prac i.al qpc. i rations . and since .nod igreement exists in regions whcich are of in-terest, the ;crccgr.cmcina of it digital computer, to provide design data for a representative range of
parameters. is warrantt and recommended.
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IX. NOMENCLATURE

MAIGFIRST UNITS
S'iMII MENINGAPPEARANCE

A, 4.1niva1leLi" arca, defined in Appendix 2 A- n
A, Recess area A2-1, A5-6 0n

A Cefficiegi,, (p,2 2) /2lslb/
2~ ~ atX -Xr 6 b/n

A ) Complex function, defined in text 30

110 Coefficient, - (p ro2 P6 tIg 6 b/n

CCoefficient. defined in text 15b

CDamping constant associated with mane M, A2-10 lb-sec,'in
Appendix 2

.cp Specific beat at constant pteasure A6-4 in2 /sec4-017

ev Specific heat at constant vnlumc in 2!sec 2 -oF

d.N Nozzle throat diameter 8 in

e Base of antural logarithms, 2.7..............16b' NO dim.

F(t) Forcing function 6 ih

f(t) Perturbation fn rcing fliection in text, (H(t)/H* in 14, WA-7) lb, (No dfi-.)
Appendix 6)

l'unctin of a and P., defined in text 431' in

If Bearing gap width 1 in

If. iBarine oq wth,eqii t .- 12n

hBearing gap width, perturbation, H - 1,12 in

ho Bearing gap widtli ?erturbation amplitude A5-6 in

Pressure integral, defined in text and expressed 26b', A1-3 lb
in Appendix I

i T33a No dim.

H1 essel function 33n NO 'dim.

K Spring constant associat'ed with mass M, A2-10 tH/in
Appendix 2

K 1 ..6  Coefficients, defined in text 158

k Thermal conductivity .
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'l IIIit-W %FANINCFIRSTUNT
~ ~llW)I ~WAN1NCAPPEAIIANCF INT

Hait ndin text aind in lpp'ndix I (R [rI-. .t-7 b (in)

Ma 'i kermIg suipport A2-10 II'.: 2,/in

-ti i sm nia..s-vonient of brari& A2-4 lb.-Rec 2
,'

%i ,i la s~- cotencft or recests voliumie 7 lb-isec2/'in

eIwrine ma %!,i vabiv. or effertive bearinz 6 lb-mec 2'in

l'res~.are ini Ieuriniz gan ab. I lb,/in2

ric n (ambient) i'ressoire, ab-. r lb/in2

Pressure in bearing gap, abs., equilibrium 6 lb/in2

lit lressiire in bearing recess, dbt. 6 lb/in2

P.n Prequre in bearing recess, abs., equilibrium 6 ib/in2

1) Suppi pressure, abs. 8 lb/in2

p Perturbaition ressure in bearing gapt. P - P0  12 lb./in 2

PrFerturbation pressure in bearing rpecess, Pr- Pro 12 lb/in2

UComplex function, defined in test 28 No dim.

"Chiarge" parameter, defined in Appendix 5 AS.-l1 No dim.

it Radiuh of bearing 5b in

fr Iladiiuc rf recess 6b in

Gas constant, C - cv B j 2/gec 2
_0F

r liarlial coordinate lbin

S Complex Variable 19 i/sec

T Temiperature, abs. A6-4 OF
To lemperature in bearing gap. abs.. equilibriumi 8 O

t Time 3sec
U. Velocity funit~ions, defined in Appendix 6 A6-15 No dim.

Component of velocity. in the x and/or i-direction A6-1 in/sec

M ~ ean velocity in the x and/or r-direction 1i sec

I lEA~ept i0 Appeedil 3,inWihP r-.roith rirbtopenuenthreesidthsbcit
'"is omitted. nwihP rPrintepIetriinpesrintercs nthshcit
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F IISI' NT

V cI "NI~ot tions. defined in -%ppen di- A A6-15 NO dim.

Ite,'-N . 11111 A in3

Pre!-uri, varjiab~. de~fined in text 18

Br eirgi gas n..as:. flow; ratc. cqujljbrium 16, lb-sec/in

Rate~i of eaj nflow thrnuali supply norzle l7sc i

V.,, lIoii* *r oA from reczess for outflow from 7, A5-1. WA-4) lb-sec/in

Ihea.i n g)

Vlci'fun ct ions, defined ii Apnendix 6 A6-15 'No. dim.

V~elOcit.. ronponent in the~ 7-direction A05-1 in 'sec

Perturbationi inflow, W -we A5-6 lb-eec,'in

t Ur b, t~I t ., ",nf, 0 A 5 3. lb-sec'in

X Hal~f width of rectanmuI.. !.arina 5~a i n

X t alf sidilt of rectangular recess 6a in

C,,ordinate la in

v .1 Solutions of homrogeneous part of equation 19 28, 32a, 3-b

Submsitution v'ariable, z =P.2  IS lb2 in4

zCoordinate .A6-1 in

(:ompresqibilk prameter, 14. ~R 2 /p",112 37b No dim.

P at )2 R
/3 Parameter.I loge Rr 37b, A 1-3 No dim.

14Parameter, 1I./B ,H10  AS-6 No dim.

yRatio of specific heats. r I C 8 No dim.

Recess depth 10 in

8, Critical recess depth 44b

C:oefficient, I text 20a in6-nec/lb0

Rp - P.! /

Dimensionless amplitude, hj110H, Apedx5A5-6 No dim.
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F'il. S" UNITS
SY\IIffI. I !E.ANING APPEARANCE

Paramctcr, II*/H - lR, . *\ppertdix 6 A6-7 No dim.

l)ummv variable, corresponding to z P.2 29a lb2/in 4

4 Coefficient, 12,/l/t0 2 2($ lb-sec/in4

0. Temperature fanctions, defined in Appendix 6 A6-15 No dim.

AI.... Coefficients, defined in Appendix 2 A2-4

, Coefficients. dfind in Appen',.iv 2 A2-17

p Dynamic visc,,iut. 1 lb-sec/in2

V Kinematic viscosity A6-7 in2 /sec

Dimensionless radius, r/R. 37h No dim.

77 Constant, 3.141... 8 No dim.

Pressure functions, defined in Appendix 6 A6-15 No dim.

p Dummy variable, corresponding to r 2lb in

p Gas density in bearing gap 2 lb-sec 2/in 4

P, Gas density in bearing recess 10 lb-sec iin 4

Pro Gas density in bearing recess, equilibrium 11 lb-sec 2/in 4

a Perturbation density, Pr - Pro A5-6 lb-sec 2/in 4

61,11 Real component of Y1,11  38b

61,11 Imaginary component of y1.11  38b

6 Phase angle, defined in Appendix 5 A5-36 No dim.

0/ Phome angle, defined in Appendix 5 AS-37 No dim.

- Circular frequency of forced vibration AS-6 1/sec

- ln.,iginary part of a, 6 aProlo2/12pRr 2  37b 1/sec

ijc ratical frequency, cortesponding to a = a c  37b I/sec

and 8 = 8
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SU'BSCRlIPTS AND OPI'RAMIS

~ Ml~ i~vi~i~ 'inFIRST

APPEARAINCE

11miosplieric, oru.niint .5

C:riticail 44h

e Equivalent A2-1

SOrdering subscript (also isentropic, Appendix 5) 16, (A5-20)

M. Amplitude of perturbation, Appendix 5 A5-36

r tic ccss kind recess boundary 6

aSupply 8

0 E~quilibriuim condition' 6

D D~ifferentiation with rrspect to w t. Appendix 5 AS5-12

()Differentiation with respec' to t 7 t. Appendix 6 A6--8

()Differenliation with respect to t. Appendix 2 A2-1

niffereniistion with respect to z . p02 . text 19a, 32a

U)Differentiation with respect to x and r (or e - r/R,), text 13, (37b)

(-)Laplace transform of variable 19

(- Dinmensionless quantity A5-6, A6-7

(%l ean value of quantity .I

M P!f~r~~e tar-.n. 46-
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APPFNDIX I

THE PRESSURE INTEGRAL. ,i.t

In the integral

f P.(r) rdr (Al-I)
r

ir %hich

S r)
P (r)  = Pro I -i log e  " (A 1- 2)

and

'p 2

= \P/ (A1-3)

log -

let

2p2 = r 6 2  (A 1-4)

The quantities under the integral sign then become:

Po= P'o

rp2 2  (A2

P 2

ro

dr- It # eR~J1 a &at'

ilThe method employed here i. deriving an expression for -9 is Identical with that coutained in referencef27
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9.) that.

p. ~ -9( 4R)
2 ro L2e- 2 dO& WA-6)

Integration by parts and introduction of the factor 2 hen yields:

2 P,,, (R)

in which

(AW-8)

&(R) -

Values of the probability integral

Je di

are listed in standard mnathematical tables. The integral can be used in determickug the load '
capacity, I., of the bearing:

1. jnT 2 P (A1Pt ' -9)

i ro r /

A good approximation of the load capacity, L, may also be obtained in assuming a linear
pressure profile. (See Figure Al-i.)
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APPENDIX 2

SlIMPLIFIED STASITITY ANALYSFS

In tile simpiifed approach to the stability problem (~2,5I, the flow in the slot is treated in
termq4 of lumped parameters, and die dynam ic pressure profile at any instant of time is assumed to
be similar to that whic'h weuld result if the bearing load were applied statically. In the case of
the !'ircular bearingc. a further simpliEfrion is made by assuming a linear profile along the annu-
lus. (See Figure Al-I. Appendix 1.)

Thle perturbation equitions, which correspond to equations (13), (14) and (15) of the more
exact analyIsis. can then be expe~qoed in terms of the variation of gap width, hi. and of the recess
pre:3s41re. r d o* os

mh Ar pr 4 Pd5 + f W) AeP + f(t) (A2-1)
An

X]h + 2i - X4h - ( 3 + K5)p, WA-2)

Aarea over recess

A.8 area over annulus

Ae="equivalent" ares

the explicit expression for A, being:

21

C+ 2
P P2f t jt

2(1) + (-)+ 1]
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while the Coefficients Xi are as' follows:

2X ( Fo P

2( 3

2X,Ho 2_ __ _

+ p

( 2 - P
?\1 w p

I W2\ 3W

0P~ H0

ap) 0  o2 p 2
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2 r! ,3 _V + 2

31

F- 2 Ho 0(Rr)
2  2

A. o -J

Combining equations 1A2-l) ad (A2.-2) we obtain:

"+ (A"X ) +(A XI +(A A i, = g(z) (A2-5)

T he ci nrnrter lst c~ .qI~ililr t ja a l i rs +A 2 s 2 +A s+A 0 
(A2-6)
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and ,tabilitv cnnc.itinnq rerlrre that all coefficients Ai he positive, and that

AI A2 > A,. (A 2-7)

I.c inoalit% ~(A.2-7) rtduccs to:

> (A2-8)

A2  A3 + 5

from which the rritical recess depth, indicated with broken lines in Figures 3 and 5, was calcu-
CiteJ.

It is to be .oted that the coefficients Xi are analogous to the coefficients Ci and Ki in

the more exact analysis, but that there is no one-to-one correspondence, except for A3 and X

Next, consider the relative, axial motion of two thrust plates, one integral with a rotor, of
of mass m, the other with a support, of mass M. resting on isolators, or on an elas.:,: foundation.
At associate %oith the supporting structure the lumped elastic and damping constants, K and c.
'or -he resulting, two-degrees-of-freedom system, ihown diagrammatically in the appended Figure
2-1. the following set of equations may be written:

m -AeP r = f(t) (A2-9)

%I + c1  + Kx1 + A, p, = 0 (A2-10)

Xlh +.X2Pr +Xh +( X3 + S)p 0 (A2-1I)

in which

h = -x 1  (A2-12)

Applying the Laplace transtormation to equations (A2-9) through (A2-11), and assuming initial
rest conditions, we obtain:

A, 
-

2 - -r - -- (A2-13)m m
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(S - (A 2).1.

x (, -s/ > = P(A2-15)

a i rt.tr i, ri-tit- dhetorwinit. corresponding to the set of eruations (t2-13) tm.aagh %2-15) is:

- .- -h

2 0 (i +- I nI ¢ 2-16" ,

1 
-

c
Cb

V In

'1it chart cterittic equation is a qaIinti c

A 8
5 

*+ .%9 + .\,., A, AO2 0'
5 ~ (A2-17)

in which the coefficients, are as follows:

As = X2

%= + (k3 + AS)

'A3 = f.+ A, 2 + (\ 3 + X52. + (B + .),k '0 O2-18)

2= 
2 (x +A )+ Cbx ( +(H+b)l 4

A. 
= b(0 2X + K.

4

6R

A 1'

/+
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\ ;ti!out loss of generality, one mav assume that .15 > 0. The necessary and sufficient
cnriti3ns that Al1 roots of the (uintic have negative r,-al parts and the systm be stable can be
statedl.,, follo.."

4 O (A2-19)

%0\3\3 4 - 5 2 (A2-20)

, - \ 4 (Ap, _ 4 .) A2 A2 > (I (A2. 21)
"\'1 2 2

,4 - - "" - E(A - A4 At 2 + (A3A - A
2 A,)A 2  > 0

0 0 '%1 (A2-22)

. - Ao A.$ > 0 (A2-23)

Since A. A4 and A. are generally positive, it is sufficient to examine the signs of A2 ,
and 

21

Two points in the latter part of this analysis arc of particular interest:

a. If the damping coefficient. c. is zero, the stability conditions of this system are identi-
cal with those given in the inequality (A2-8) for the case of a rigidly supported
bearing.

b. Since A N2 is the only coefficient contat uing the recess depth, 8, as a parameter,
the determinants A3 and A4 yield a quadratic and a cubic in 8. Conm'qIntlv, onhilcp
in the case of the undampcd, rigidly supported bearing, more than one value of %e may
correspond to the saiat value of the pressure parameter, Ps-Pro/Pro.

In the foregoing analysis, it was assumed that the extetnal dampinK for tlhe rotor, ot mass
m, was negligible. This, indeed, would be the case if gas bearings were employed as a means
of lateral suppor., .......... u7,-.... one, is *uvolved in adding a damping
term, - ci 2 , t. the left hand side of equation (A2-9).
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''" .) *I)IFNDI1X 3

V '! 'V!! !V - T.Ml: OT CAT CtA.Tl) 11 STI T-TS

2){ -- 1in'
247

P t =14.7 psia

P - 88..2 p. i

M -1.65 x 10"  lIb-scc 2 ';,.'unit length.

1 .730 Faba

2.65 x 10 Ib-sec/in 2

-. c'c =1.4
Py

1. 2X, 0.2 in; a 7.5$x 10= in2

11. 2X r = 1 in; a. = 7.54 x 10- 4 in2

Ill. 2X - 0.1in; ON -! 6.86 x 10i t in2

Note: :' refers to results of the simplified analysis.

p ', , p -p>o)p, I I' b< '
I, 1 -1romro c '

SIa -ad 10- 3  inx 103 inx 103

II
72.5 0.217 4.93 1.90 2.21
7.I n. 76 4.82 2.65 2.9S

Rn.o 0.103 4.35 5.75 5.64

3.2 , 0.060 3.75 11.8

85.0 ! 0.-0376 3. 19 1 22.6 15.0
II_

72.5 f .217 4.72 3.5 4.10

7..0 0:176 I 4.61 5.17 5.63
80.0 0.103 4.16 12.0 11.0

41,2 0.060 3.58 26.2 19.1
A. n 0.0376 3.02 _ .1 29.7

[:72.5 0.2,7 F 3.26 7.45 1 P.55

80.0 0.103 2.89 24A

83.2 0.060 2.51 52.5 39.8

85.0 J 0.OA76 2.16 lot.0 62.0
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APPFNlE 4.

"i f ,i i i *' tc * ; R. I ) - I Ii I ,:10 I UI' N O F C R IT IC A L
1F.CESS DI.TIiS. '.AIHIATION OF CALCULATED AND

F'XPERIENTAl R1SUILTS.

hvn ,vpli 'it eipressinn of the coefficients V ; in equation (16h), are substituted into the
tiar.icteristic determinant (lb) and the cnniplex variable, a, is taken an equal to ;c, the latter
i-1z Lc %ritten as:

2I I1 I F22 22

itoo__- -_- - P( )
2 I's

( -21

Gn~~~ 12 1 2a

I,,,

R at

) - (1.1)

. IIIt

_~~~ ~ V I ., ,:d

/

/
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I;ti4i M- 42)

(71

and

1Q L( j 6 1 + i -i~ I~u .
-oLl -+01* 1

.(1.5) li -- (A4-31

S(1.1)r11.i0I

In the foreaoing expressions:

1 2 R 2 c

S1'

loge
r

= r P0(rrdr (App f idic 1.)j

and . V) are the ,ariables in equation (40b). solutions of which, for discrete values of a
r. J fmw j3  0.596481. are tabulated in Appendix 7.
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I rt the bearing gcometry and the rarameters Pa,, Pro, T0, y and p he apeeificA. The gap
witth. I1. cain then he v-mrPreisd in term.% of 1 . the sunmly w eur-. by ea.otinwr th, ,etpet,y.
stte mums.-fln%% rat through the nozzle and throuph the slot, e.g.:

o I - /,,,1

(iven a. the unkno, n parameters which appear explicitly in the characteriali.- determinant
ar. I' and 6. which must be selected in such a manner as to reduce aimaltaneously to zero the
real and it; aginary parts of the characteristic equation. (e.g., 9! - 2 - in equation 43h.)

This eduction was accomplished by trial and error, as shown in the following sample
calculation.

Sample Cau".-tion

Given:

m = 6.77 10-2 lb-sec 2/in
'1 - 05;n

R1 2.5 in

P =t 14.7 psia
Po 73.S pin

T 53 I0 Fabs.

- 2.47 x 10' ;,n2/sec 2-F

M = 2.6.5 x 10- Ib-sec/in2

L.et

a = O.050O

aand assume 7.6pi
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lIw

.12. ltl1

and from 7 hevndi " ae:

5) -0.4772

,1(5) = 0.9151 011(5)= 0.8906

F-'rom egquatinn (0,i4-3 ) have:

2 -- (,I) -. .261 , 20,202

2- = 0.4860- i0.3788

c()
2-- (1.1) = 0.5312 - i 0.1378

Fquation (A4-5) yields:

= 0120p 0-4 - 1 = 0.6019 x 10- 5

so Aat

f = 0.4096 Y 10- 3 W = 0.2465 i0 - 8

l2 17 0.1825 x 10 "

II - 0. 1351 x 10- 2

and

(all) 0.3082 x 10- 12



THE FRANKLINT INSTITUTE'- Liboraures for Research am! Deelpmew~

Y-A2049-12

.d. C.i.d'eeiimnapt (%4.-1) trier' tiecomr?:

I i0. 15 77

6 ,.P.620 10f i 0).5983

t 1I, -0.86,10 x li.-1 
- i 0.4060 x 101

12 0.12M 0- - i03',71 x10'-1 i0.26" x 10
2 58

P,. 12,) 1 1 i. 2020

o. -f.7,oQ jo -i0.237 - i0.2644 x 1028

1)60 101 i 0.5601

(.j 011812 1 '0 4 i 0.2143

f 0.1812.- 10' i 0.26-M

Vor a =0.050 and P - 79.6. the characteristic determinuant W-1A) reduces to:

1 .0tlA 0368 2.279 (A -0.3639)

.6
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iie~uit of.Mirpilar caiel.ulions for other values of P I re a" follows: I
81.0 0.3724

80.0 A. 3273' 0.3675

79.8 0.3455 0.3655

79.6 0.3668

k 'I'd" ' P, '* for a 0.050, is shawn ip tl'e appended Figure A4--l.
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0380

Na

0.370

+j + t
0.360 ~~

o0.350
zr

0.340 E J . LL

-I 12i = 0. 5000 10-

0.330LOG R/Rr

-LB-SEC
2

0.M0 ~ 0.6477 z10 N .

79.6 79.8 80.0

P, -SUPPLY PRESSURE (PSiAl

IG A4-. O/MERMIArIT/N OF TME CRICAL RECESS DEPTH Mf = 0. 050
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TOfULA ION C A I.CULATEJ 1 FSLLTS

'ill !'T 0XI. SIS

A'l! "t' . I % 2R1 3.5in

12R r  I in
- - in N 10J .0 - 3

' . IN _ _ __ I = in (in = 0.2.37, 10-  in<

1. ni.lb-se-. - 14.7 psia
,o i " I i l i i.. r - , , ;

~ ~ 113 1
l 21.. 95. 181 Fab.

s .- i 2 0 0 o .85 1 2.65xI0- 9 lb.secii. 2

83.3 1 0.133 83.5 1.90 c
8i:.4 0.135 1 78.1 1.94 y p -1i
it.2! 0 .14 49.0 2.24 v

I1. r . 6.477 10-2 lb-sec 2 'in
9 .08ol 26.50 0.334 SIMPT.IFIFD ANALYSIS

7n.6 A.0P2O0 36.1 0.8.15
0 .025 117 1.2 P, - - C.

A u 0 0 9 6 6 .1 16 1.3 3 s I "" c

8II 0. i lr
)  90.1 1 . , rad

8_.2 0.118 54.6 1.67 pi- in x10 - x
8 0.127 .15.4, 1.75 sec

83.1 0.131 i1.6 1.79 7. n 0.0204 158 1.05
83.6 0.137 36.6 1.84 80.) 0.0834 42.0 1.76
81.2 0.116. 31.1 1.(.9 85.0 0.157 1 23.3 2.07
85.2 0.159 I 25.4 1.97 90.0 0.225 15.2 2.25
87.1 0.18:- 18.1 2.09 95.0 0.293 . 10.5 9.37
89.6 0.219 12.3 2.19
-91.8 0.219 I 9.09 2.27
9:.8 0.276 6.96 2.32

1l = 11.68 10- 2 Ib-sec2 ,in

18.1 0.0626 273 0.769
.4 0.1( ,50.8 1.29

82.4 0.121 39.9 1.36
88.4 0.203 13.8 1.62

.o! . o.22. . 9.60 1.68

7)
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T I'PU NiIO oF" FPEPI.'FNTAT, RFsT'r.TS

21: I in

i'%ekxe 0.0167 in dimn. notles (Total throat area = 0.263>, 10-2 in 2)
1 172 1, ('I heoretical load at P 5 Pt = 73 .5 psia)

I. na t77 01 t l.7-1 psia; T. 5370 VI'bs.

I1f. t i1..i~i . 10- Ib. ec " 
in: Pt 14.63 psia; 10 = ,' J6 abs.

I 11I- --i j' wec J 6s ' °
c WC. uc'

pia in 1l0 rad see psia in x 161 rad,'sec

71 2242 q6.45 6.1 1713
. 7.7 2227 9.5.15 6.9 1706

I8-.I5 1.3 2214 94.35 7.5 1699
93.4 8.3 168":.13 r. 1 2185 93.4 8.3 1684

91.15 10.7 2153 92.45 9.2 1676
13.0 26 91.45 10.6 1647

on. .1 16.8 2076 90.50 12.5 1621
89.50 23.5 1987 8950 14.7 1590

:)2.7 1884 88.50 17.7 1552
87.Su I.0 1802 87.50 22.2 1515
86.50 50.0 1727 86.50 29.3 1471
86.05 69.0 1689 85.55 38.2 1421
85.75 89.5 1610 84.55 49.1 1362
85.71 122 1487 83.55 62.5 1313
86.051 1 '6 1424 82.60 84.5- 1 123986..!o 17n 1380 82.10 107 1179

207.7, 20 1330 81.60 147 1094
89.50 211 1307 81.60 ?06 1055Vt. 1.1 274 ! 12770- 82.10 M 929

93..15 293 1232 82.60 335 91095.15 302 f 1334 8.3.55 405 873
97.10 308 . 13416 84.55 451 864

85.55 487 857
87.50 4: 1 66
89.50 I 590 73

91.45 620 903
93.45 635 908

.45 6.40 9371
0740 MO 970

A0I
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APPF:'nX 5
icr; C~. P"i\ Ai jl)l1S C il GI C

OF A\ VARIATILF -VOLT ME R.ECESS

The purpose Ofi this appendix is tn~ ;nve!.tigate, at hnrst qualitatively. tWe aa-uty-tte
.s~t-t- ti-at tle process (if alternate charging and Jiscagi 4 the variable-volume recess

jid tie renresciitcd bJPitropic pressure-density relation P py =constant to a reasonable
deL'rve 01irroHt lin

In the ((,ure J experimentattion. .malli amplitude auto-ose', latint; and sine waves have
bee n viv..u i Iin ult~n .iusk and c~mi'parrd on the display of thle cathode ray oscilloscope. Ob.
servnd diffrrenves in save form %~ere slight. 11.e blhall consider, therefore, the Caqie of prescribed.
siniisoiAdal niotc,.n of one bearing surface and. making at series of simplifying assumptionsa. similar
to tho..e in %ppendix 2. Utili7e the energy equation. instead zaf resorting to ain a priori assumption
of th.* :lrrsure.d-nsitv. relation in the recess4 region.

- In what fol ows. pertinent equationt, sill be de..cboped and linearized. Resulting perturba-
titin an-plitUies ;)f pressure and density, as well as phase angles, will be related to those obtained
is len P 1 -constmnt. Numerical examples will be given for parametee values corresponding to
reprP..entative pomnts ot ie dmbtlle vali-., experimental stability locus 1, Figure 55.

It %ill be assumed that perfect mixing of the entering gas occurs, but that fluid velocities
in the region X r re negligible and properties uniform throulghout at any instent of time. Adiaba-
ticit% and eqviatlitv of temperatures T and T of initially steady flow will also be assumed (e.g..

Ti Tr.ua.si-s lo rtead lowean perturbations will be expressed identically as in Appen-
ixiplying the qdiseyflwadlumped parameter approach to the ptoblem. The fluid

%%ill be treated as a perfect gas with constant specific heats. e.g.:

P p
- i1' - c -C Y

SO thlat

1P

h~cT.-U -

wnere it i ti' internaii enerav -,nd h the enthailpv.
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I be cont inuity and energy equations for the system shown in Figure A5-1 are as follows:

%I v h-"~i = (P%,) + Pr dV, (A.5-2)
5dt dt

* i%%hicb can be w~ritten as~:

W1 W2  Pd VI + d1 p, WA-3)
cit * 'dt

P r. 1, Viy d (A5-4)

The following dimensionless perturbation quantities are now introduced:

+ W 4 ir

11 r -',+ p = P MO + F) A-5

Pr ~ =toT (55

Let also hT be prescribed as: h
hi h sin ct 11 F sin eot: - «1 <

0
0 0 T

Sa, L~aL (A5-6),
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\lso., a in .ppczidix 2.. ,r take;

I ,. ., .!

A3 -- = j- A3  A3 5 -

- T- r

Pr 2

A4  2)T -/ -= Ai.4  3 x =

a. ,

Pro ' Pr

2 2

• I - . - .A~-A (AS..8)

equations (A5-3) aad (.5-4P yield:

LV

A Q A - 4  Ain 3 ~ ot(Sb

in which

wI.o
eain an 5- 4 y niteldi:eetainwt erc t iesa estmj

dtF Q74 e idios A-

Q Wo
pro /r'c

"lo

--n. "' dn,)te,4 differentiation with res4pect !n dimensionless time, t.an . dt = ' t<J

83
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*In operational form. equatin1 (A-R-0) and (A5-10)ae

(I +0) j 1)f. 0 (A~512)

D9+0 ,~t -Dp + X4) sini (A - 13)

()n tiep other I[an. ml a~suimd relation

P, C%' (5-14)
Fro \prol

=Y (A5-15)

so thAt equation (A7)-3),. with the aid of equations (AS-8) and (A5-15), reduces to:

- p + QAfi= -QX 4isinF - fitcosF (A5-16)

(! P+Q;0 ii - e(jp)O ~Q 4 siJ (A5-17)

()peratioL; on equations (A5-12) .1n1d (A5-13) with (D) and (D) + Q), followed by subtraction, and
operation with (QA) an~d (1/y I) + 0), followed by addition, yields the following net of equations:

PW ~fl+ Q (p 4 4 ) D + (21 4 e

ou nl± (I f+ Q2j I
= .[(2A4 f1+i(D~A1 ] (cos~ F 4 sin F) (A5-18)

R4
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A Q" A 4I~ y J'

J 'J

- - ,I ,.)91
i  

q) 4

si sini)

! ( i - ,, ,.; ),, - ,
• . , jJ ) , -

~~In tue fre='rwn *-TIt.,n9 the ,.ul,,..cri1. " dennte the is entropic relatinn a.-.sumed in oht.a!-.'
"" ' . i ,t.m,i,. \-1. ,,ad . refer , to the. innu~gindr part of a comnplex qunut iti.

9h, l~d -' l pre , ur, mnd den, i:,, re.i-,nses t, aj lmnioidal di.splacement input.

, r,. ,.. - f,,i.lt

- .-..... I\ -)l

( ; Ij r
- 7
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A 
--Y

___ __ __ _ 3;n t (A.3-23)

2) -

.mn.. on the kis;- .4 .is.sumption k '-5- 1 t1. from,, equation (A'-151

.- rr-itns, for F and ;77 contain 6ei paranmeters e. y, A4  qf and Q., of which E

I!A, are cons tants and \ is fixed for an% given set of presEure ratios a 'P and P '
note. .)n(,, 1.aii. the f-rm 4. the paranmeters / and Q:

5+ll

and

P'rior to solving equations (.\5-21) through (A.5-24) for a set of numerical valtinS. it is Of
interest to coomrider the asvtnptotic behavior of F and ii for limnitinig values of the "chrrge"
p ranletr QI. Ae ;hall (onsi-:r :hi- ca,cK %%hen:

(,a) Q is a vcry laie nur ber

and (b) Q is a vcrv stnali nmher

.iic , crnain4- finite..
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I -_t an N-5-22) reduce.,to:

=- -;1r .t'. A-5

A

- 4-A =- . (A.!26)

P or ro a , (A -27)
LI ~ Pro ~

Acnote that equation (4.5-21) also reduces to:

X 4

=.= -~ sin t (A5-28)A

but since the ass-unption ([), r~ (Pr'P,,P' prescribes the Piand 2F relation, we have:

F- Pi or 2 (A S-29)
O3 P ro

In case (it). the following conclusions can be drawn:

1. The prestiure-density relation is nearly isothermal.

2. I he pressure and density are in phase and both tr 1800 out of phase with the dis-
placement i Fe~uin T . (e.g. increasing with decreasingga-it.Ilcofcen

is a measure of the "tt stiffness". TIhe phyeicsl significeince of the foregoing isthat, if the motion is very slow qnasi-static), or if the mass flow rate is relatively
larre and th. *-. Cn~tnt 4f 6le recess region in relatively' d..i! tL~o1C WU
nearly isnlhe rrrallv.
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o, - in, reuc i

p e yjnt (W-30)

P )r
or a

I 1ii~n(v-)-23).tls. reduces to-

iii= - ( ift (A5-33)

-th.,t identjrj ".s in equatioen (A5~-32):

~y or - = - =a -4
ai Pro

which %%as the assumed reiation.

In case (b). the following conclusion% can be draw~n:

1. !'he pressure-density relation is nearly isentropic.

2. The pressure and densitv are in Phase and both are 1800 out of phase with the dis-

placement K~ = isin T (e.g., increasing withi decreasing gap width.) The coefficient

110 V,

8+10 0 V

is indicative of the "dynamic stiffness". such as wouldJ be the case of gas in a closed
cylinder and piston sy stem. urndergoing isentropic compression or expansion. The
physical significance oi the :orcgoing is that, if the motion is very fa.,t, or if the mass
flow rate i- relatively small and the recess mass content is relatively large, the chaingc6
occur nearly iscritropically.

sit
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In correia e 6e analylis with experimental results, the numerical examples were selected
i, :orresoond .-%roxin ate!v to two po~nts of the experimental stability locus 1, Fi0'ae 55, fur
hicli nie d- ire as folliws:

I 1 2

I. ,91.5

,r 75.9

PAt psia 14.7

I-,, I- at . 537

l lb.Sec 2 in' 0.5722 x 10-6

lb-secin lox 10-6

fll, in 1.64 x 10- '

A in,2  0.7854

a - 1.933 (A5-35)

A. - 2.078

- 4.011

A4  - 3.000

y - 1.4 (1/y = 0.7143)
_ 10- 1

8 in 13 x 10
- 3  275 x 10-

3

, ad/sec 2125 1280

VS  in 2  11.50 x 10-3  217.3 x 10-3

Q. - j 0.7153 6.2C4 x 10-2

/3 - 0.1120 5.929 x 10- 3

89
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r . f), sin(T- t ) c ,-, .o-,792 int f1 621cosT) 1
O. 16.Ilain 0 - *" ...2 "0

-0.67,02

- 18 11 
113 .  E 166.60

,,sin( t d ( - (1.5291 sinT ...2. _ T) 1
.i t, .; - - 0 .12 18- l.3201 (v1-:17)

1 a 1 - 22. 870 157.1

0.57FI

- 9.7 (\-38)

l :;in(F-'>) - c(-0.7135sinT...0.1386cosT)

0.138 5
tan c i  0.38 = - 0.19-43

-0.7135

6 = 1800 - 1 0 = 1690 (k5-39)

P'm1 - ()7269
1 _

j= Pm = 0.5192

- = 2.4' (A5-40)

i -u' - 11.90 (A5-41)

90

4i
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pe2.

- ,. in( -6 - (-, ).'(QI 1sinT. 0.22f8co, T) 1
2.468

(5-42)

C' 20SF

=,-,, s n(F- = e(-0.0611 sin t + 0.1625 cosT) 1
tan L 2.660

- 0.0611 (A5-3)

180°-69.t °  110.6

= 0.1765

1.50 (A-44)

4 m sin(T-6 i ) (- 00923sin T+0.2322cosT)

0.23 22 e.51
[an d i  -- 0.0923 - -2.516

= 180°-68.320 = 111.7 (A.5-45)

, 0.2 499

1.
= 1  0.1785

. - .= - 0.4°  (..-46)

k" 1 ! .10°  (A. 5 -47)

I'

i9
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,paion oi r--iL~ot ex.lnplP. I end 2 slows that peessure-density phase angles are
!,, l I' IB'1 IO to!,v~v '.. jd len the assumed relation is

tr r -iIr fl. th r Ac itt il prrssar, hi - in phitse.

I.'W 1 . the *a1cL, io. pressueis. approxi:-,atclIY 2.4-and that between densities 11.9".

lo c\.iwp i 2. flic- aor'~pi:nle ire %vi small: 0. 1 and 1. 1' res1,ectivelv.

Aile l an:c n rvlativvl% smnall. so that all densities and pressureb tire *a..most in

I I i. ~ "B p.ri~.tt ;.O~lh!,i it i ticrest its .1 c~iterion otf vailidity of the isentropic

- 7. J.01 and = =.0 (A5-48)

Ui

= 122 as coimprered with Y 1 . to (-9

In examnple 2 the raltio'- are:

- 1I 02 andI 1.01 (A5-30)

- =1.37, as compared ith - 1.1 (A5W-51)

In the foregning c--arnpies. all parameters were iiot;ical. uith the eception1 of the fcc-
pie. des and td'e recess volumes. The ratio of the former was of the order 2; that of the latter

of the order 1 20. Significant!Y, as alight have been anticipated from physical considerations.

tile pressure and density amphitudes of example 2 were htsely 1~3 of those in example 1.

For a sufficiently large volume, pressure and density changes in the recess, associated
with small but finite motion, could becorne negligible.very diffcrent candition, of course, would

prevail in the bearing gap. due to the combined sqllee sing and trapping of the fluid het-wccr the

narrowly spaced hnadarie-.

ftes ilts of calculations of exampkts 1 and 2 are illustrated in Figure V-Y-2.

0)2
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LPa I I

P/'=, P, pP
Mr Vrr

L
Iw, Lw1

I PS,,PS, TS 'I

r1G. A5-1 SCHEMATIC DIAGRAM OF VARIABLE-
VOLUME BEARING RECESS

93

ItN

/i

, i . . .-- " ..... '2 ....::'...



T HE F RAN KL I," I N S TITUTE *Laboratories for Research and DeveLopmeit.

I-A2049- 12

1~66.6-1

/ rr

EXAMPLE571.

b / EPmi

E EXAMPLE 2.

F!C.A5-. AWPL UOF AN PHASt'ReLA !1ONSOF RESURC ND E,#sl/

E~04

\- Now imi



TH E FRANKLIN INSTITUTE .Laboratories for Resea:vh and Deve,%pmet'

I-A2049-12

APPENDIX 6
MBI Pl yION OF~ TIlE DPYNAMIC JIP1RICATION EQT'AtION

purp~ 4 tii~ ppendix is to show that the difforential equation (4) of themintt
1 -o, nieiuate lescription of fluid.-dynaniical phcnontena in the bearing slot. provided orders

i:nit::ii ,r chractarist ic jitranieIwi-f.-;fil:P ce'r:a. rcquirenients. Thle developmient follows
the :ethpd if I- Ir'.l 15 1 %ho employed a small-parameter technique irn the derivation of

It %, ill 1w j-I,med ti~t fle uid obeys the perfect gas law and that the specific heats.
'.i~cosit i~nd tlierniat canductivit% are constant. Continuity and constancy of temperature of the
li.itindrie, %%illi., Ibe aissurned. In the range of presQures and temperatures considered, the fore.
pHn-, assurnptiirsi. %fe reasonable for gas flow in a narrow slot between metallic members.

Themmentuni. continuity :id energy equations. stated in cylindrical coordinates, for
aial.-r~neric. iarninar mogtion. and the cquaticrn of state are [ 651:

08 Pi dt P wd( !.u- W - - .!.i + d
"1t 'ir il z / r :rr dr r d

-!j~ + -it - a
2u (*6)

j2 r Br r2  dz2

m~w nw R P _1 od d u~("I I i . o tdz 3i rkr

. - ~ 1 w _B+ (A6-2)
l 2 r Or dz 2

0'0 + 4. (rpu) + i.(pw) =0 (A6-3)
r Oz

rPP ( fLa22K IW IT_(LP nu LP ~W ap) .. r i
24 " r"1 O

- PT (A6_5)
p
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in ;.' b ,. - ' 11 - 'V' 
Y  -'1 are c',aistant.

\t Z :it W 0

z I(t); "i (A6-6)

,it
T1"

IP':in-, reference quantitie, with ( ) and dirrensionless quantities with (-, the follow-
in. set of %.,riahie. f rn id:

I ' - rn ,.:,*

'I-" T
fP,

2,.

I * U 1ll(t), whe,c M,,) is f. (1)

r -% %. here 1. 1; - it,

I2

I L, t

f., -+ _

1 I

w, where t
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, ,.. \

' "i7) F "Vjj) p. _"i I

1,, ,. fure,,,ing - is th( small parameter used in developing

tht dnamic lukivcation equations,

In transforming the equations of fluid ajotion into their dimensionless equivalents, the
f,di,'sing relations between derivatives hold:

,t _0 • t -0
.or I O -z

,'r I. dz Ot

.-- . . f . 0

0, fdi* 't f Or

s') Iii: (A6-8)

8 1 ba
2  1 a2

ar 1. T Rr 2  j2 -.2

a I a a 2 1 a
j'z f r 0! 0z2  2

_____ ____ _2 a~\t f ay/

in %hich (. d * d
dL L2  dt
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'1 i~r ehm,-n.ic,eqs "oil of equaitions' (\t-1 through (A6-5' then is!

* 1 +~ 7II I ~
Or IF 1 I ft 07

u,'U i il t I I-u A6-{"2 F F. - ' " F2 ) 2 ) ('6

I. a , r d f jZ2

?:F ',1 _ r .. .. + - w6-1)
Sf 07 r ur

I +

2 w2  
)\2]

u +3* (.%6-12)

=l --"T C_ 16 - 1.3

p

'1 lie boundary conditions are:

At Z -0 ff w=0 T=1 1
At . ; =0f (A6-14)
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4 on Jicr nw solution.s of ecauaI;vns A.6-0. through (\6 whi'h can be expanded in
77:: n.

€ 
ti c: sm:.,l I ranm ter', i t, a ,, ..,

f t
0 - .'F ..f t  ..

2

_ (:\6-15) t

1

Th functi,ns apearing in equation (A6-1;) depend in general on , a and z and are in-

!,,irndn .r ,)f 'l he zeroth order iunti6'rgs are made to squrae the boundary values iA6-141, so

I:it ,t;proxia:,oin:: fintion- of hi her order vanish at the bo'Indaries. e.g.:

',, . 0 , = _U .... 0

0o =I; 0,, = 0, -O
i 0

(A6-16)

Xt o 2 ....

-TO? =, : " ... 0

Substituting the s@ries (M6-15) in equations (A6-9) through (A6-12), the zeroth equations

o f + 2 (A6-17)

,-r rm tit t iering m two Are taken Riner etponeoti oi t in the diiferential equations dmeri,, ,.
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1 - ± , (A6-18)f dE

, . ..-- ti.;, 7, (F. T) only, the continuity equation (A6-11)

, 7 - I - (A6-19)
O00 0

" ,m~it!e enegv equaith ' ( \6- 12):

k c,T l 2 1 t0, ,
c, f2. j1

2  f" \ze/ F" at
1 ' 2  

4 " ' ' 0 2 F . + "
T2 ;-z + t- (A6-20)

-A ,:ere :n the penultimate step. use was made of equation (A6-17).

Integration of equation (A6-20) wit. respect to' F gives:

Sk Cp'' I ?  i 2  r2j "2 °

ko 7- + + ZF(F, + G(F, T*) (A6-21)

and. applying the boundary conditions (A6-16):

f2  i0  k CpT - L2
F" ; -L d 7 " (A6-92)

2 C " PA ,*2

an that equation (A6-2.) becnmes:

+, 1 - C( A ;:2 )[ I )f2 dpT7 2 ft (A6-23)

1o
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LeWe reference e"ct.corre.sponding to thr t'd-l' condition wh en f I, . quatian (A~6-23)

F., .rtt i nii ~n

N. - , P __ (A6-25)

2 <I ore may assume that to the first degree of.

aipproximnatiLon

0A-26)

ihich k~ eruiv.dent to the aassumptioa made in equation (2) of the main text, e.g., P/P constant.
I quatin. \6-10i thern %.!Lces to:

- ..- ~ ~ 0 I) ~ ~- -i = 0(A6-27)

lot.-aration of equation AS'~ -17) v.ith respect to 7 yields:

r2 j 2  j F
Mir EA F) + B(r, F) (A6-28)

an~d application of bountary condiituons (A6-16) give.:

f 2  i,
7 ~ . . B 110 (A6-29)
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s') tha-i

Y-Z - _ F f, _ 0 (A6-31)

and integration hetaecn the limits i - 0 and - 1 yields:

I3 a (..r 12 (f% A-2
F- iiF a / • at

%hich is the dimensionless equivalent of equation (4) of the main text, when it is assumed that

is a gond aipproxiniati,)n o(

The error involved in neglecting higher order terms of the expansions could be estimated
only if zeroth solutions %ere available; through substitution in the initial equations, for example.
It is self-evident that the degee to which zeroth terms of e-expansions approximate the actual
functions depends on magnitudes of other coefficients which appear in the dimensionless equa-
tions of fluid motion. A! part.cular importance is the magnitude of f which characterizes the
effect of boundary motion.

It was tacitly assumed in taking Taylor's equation [I i as the starting point of the analysis,
and ,iul,s.qm nll implied in the linearization thereof, that f was arbitrarily small, In doing so'
one wjb encouragel b the fact tho: equation (4) of the main text is exact in the limiting case,
whenever:

_ dwith- finiteI.-4' .o, ith" i v* dt

or

I1*--, 0 , with "" ( ) nit.

102
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API'ENIMX 7

'I XlBF %IMN OF O(M*'l'0lR ct')IJi'TIONS

iii. , tkontain. a tabulation of cOnputer snlutions of the ,et of simultaneoub
uahr.. ri'i01,'; ,,i,.: t m 1! l miund:rv conditkon (tib). The solutions are for a lixed' value of

1: (.10,h mIot, ;nl fir discret values of the p:r::metor e?. The ranxe of the indetendent var;hle

i I . . and tihe int rval sie is A - 0.1. "!'h. runmeical method employed a.; th .t
-- ;, r aml Iliku.,il,- and i, tained in "unici .nalysis", Kaiser S. Kunz. MdcGraw-Huill

1 "oin is to ;Ie used in 'reading the tables. '[he first digit is zero if the

number i' positive and is a ninqs sign. ii the number is negative. The necond and third digits
, foi r , . n, %lhvre n is the exponent in I0. '[he remaining digits represent a decimal,

,hilth nist be multiplied lv 10" in torier to read the required numbea.

/
/
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3F 3

2 _ _ 2 _ _ _

0I 0

1 2 3 4 5 1 2 4 5
r//Rr r/R r

2 21

ir

o 0

1 2 3 4 5 1 2 3 4 5
r/Rr r/R r

IG. A7-I. PLOT O.F COMPUTER SOL UTr/ON.1 OF EWUATIONS 40bp FOR G=0.093
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