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Potentlal Flow about Bodles of Revolutlon

asd Syrmetric Two-Dimensional Formsl

by

L. Landweber

Abstract

A procedure for computing the potential flow about bodies of
revolution and symvetric two-dimensionsl forms in arbitrary states of
motion is presented. Solution for general motion is obtsined by super-
imposing the solutions of the boundary-value problems Tor the different
components. Technique consists of formulating each problem as a
Fredholm integral equation of the first kind which can be closely
approximated, by means of a quadrature formula of moderate order, by
a set of linear equations with a matrix having a atr‘ong principsl. di-
agonal, suitable for solution either by elimination or iteration. For
the general motion of bodies of revolution, three such integral squa~
tions need to be solved; ior the two-dimensional forms, solutions for
four potential-flow problems are required, two of which are obtained
from integral equations, the remaining two being obtained from the in-
tegrai equation solutlon for longitudinal flcow by conformal memming,

Method has been programmed for the IBM 650, an automstic
computer of moderate speed and capacity. The separate progrsms for
the body of revolution and two-dimensional forms arc presented and the
l%rk sponsored by tha David Teylor Model Basin under the BuShips

Hydromechanics Research , and by the 0ffice of Naval Research
under Coniract Noar-1611(01).
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application of computer-obtained. " results is illustrated with severnl
omples. A conoidera‘bly shortened and. somcw‘mt less accuratn procedure,
noe suggested for use ‘wheén an automa’ric computer 13 not avallable, is also .

. . "t

11lustrated in detaﬂ end comp_ared vith computcr-obtained results.

Introduction

— s
. .
A

A'procedure for computing the potential flow about bodies of
" revolution which are simultaneously translating at some angle-to the axis

of symetry and rotating .ebout a traos'verse axis Wwill be presented. For

a given hody the method consists essentiale of solving for three separ- ,

f :1 » . ate veloeity potentials, linear comb:.nations of which yield the velocity

*’.: s ' ’ ) - . .o potential for an ar‘bitrary state of motion. T

‘ - .: ’ The riwnericsl procedure for each of the aforementionea poten- :

- ‘ ) b ' .- o tial flow problens - consists of computing a me.trix of coefficients for a

._{% : : o . set of linear equa.tions, the solution of W‘nich o‘ives the valued of the

BiA ‘ : potentia.l or velocity at a fmite nuniber of pomts along the body. The . . : 1

labor of setting up and solving three seils of sim_ulwneous equationsg is 1

. .
R .
o P ' v
. ' . . R P

NN ' i . .
.E k S .redwced by the faeh that the matrices of the coefficients of the linear ]
4 i ; . . 1
e . Y. - - . )
.ﬁ ! o . ) equations are identlcal for rotation, 'and translation in a direction : 1
Fh verpendicular to the axis of symmetry, and that the operations performed . !
g
J B ) < .
1 - in obtalning the matrix for translatory motion along the axis of symmetry d
A B 2 . . T, ) g -
y , - can be utilized in obtaining the other sets of linear equations.
‘ N T ] - : A similar procedure can be formleted for symmetric two-
T 1 ) ‘ )

Ny Easas

ensionel forms, simultanéously'ti‘anslating at an angle of attack and

A

rotating about an axis perpendicular to the section. .In'this case the ,' 4
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general problen can we analyzed into four fundamental anes, viz, flows
corresponding to body motions parsllel and perpendicular to the plane
of symmetry, rotation, and circulation. By taking advantuge of the
theory of conformal mapping, the solutions for %wo of ‘hese problems
can be expressed in terws of a third, so that fcr only two of the cases
is it necessary to exescute the aforementioned nmerica.': operations.

It is well known that the Newann problem of potential theory,
as the present potentiahtlw’ problems may be clauifio:d, can be Tormu-
lated in terms of Fredholm integral equations of the second kind

2
¥
4

¥

] .
(2, 2, 3, 4, 5).” In geéneral these integral equations are singular, so

Dars mma A, e+

that their application to obtain numerical solutions heg resulted in
complex and tedious procedures. Less familiar i{s the fact the’ these
problems can also be expressed in terms of Fredholm integral equations
of the first kind [G}, with much simpler kernels. Posgibly the fact
that integral equations of the second kind possess unique solutions,
vhile those of the first Xind have solutions only if certain sdditional
conditions are satisfied, has been a strong deterrent to the applice~ g
tion of the latter type.
The practicability of iding integral equations of the first o

Rind has teon 4Alssussad hy the author in & previous peper {7]. It was ' |
shown that.even in-ocases vhere the integral oqmtion‘:dou not poesess
a solution, it is possible o satisfy the equation approximately. A

2l!unbers in brackets designate references at end of paper.
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good ciomple of this is von Kerwdls®s n_tg:tno(i {g] ‘ofi ohfuniu{;' the az:limltr ) . “
symmetric {low ahiout & bodx- aff rrovolu;:ionv by salving fm Integral equs~ -
tion of the first kind in which the unknu -{\:nction is the sltrength of

an axial distributlon of sources. A nei' ~d of solving integral equa-

- tions of the first kind by iteration [",7] has the additional advantege . ) o

that the error diminishes in a leasi-square sense, although the disagree-

A

able possibility existis that beyond some nth Ilteration the error msy
5 . accumulate and increase at°some point, even as the integral of the squarel
) q-'.' . 4 . . 7 of the error continues to diminish. HNevertheless one can obtain a uses

= - . -+. ful approximation even in this case, since the errors are cbserved at |

[

each step-and the calcvlations can cease vhen the error exceeds &n ac-~

-

3t v e S

‘cepteble value at-any point. .

.
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Yhen an integral eguation of the Tirst kind hes a solution, .

the thecyy [7] indicates that it. is possi‘:)le to find fungtions which - tos ¢

- [
e o R Sl el

- gsatisfy jzhe-e(';uation uniformly as closely as .éme desires. These fune~ .

LI
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pions will .converge to the desired Pfunction, hmze-vér, only if ,cqrtain-L

additional conditions.are satisfied. Uni’oréiu:utely the nature of these

.- . additional conditions is such that it is5 difficult to verify ‘in & prac-

tical case vhether or not they are satisTied. e~ s

P
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On.the favorable side is thc fact that these integral equa-

PO SN

3 . tions are considerably simpler than the .corresponding ones of the second

kind for the problems with which we ‘sholl be concerned. If these brob-

W+ S e o

lcms are programmed for solution by a digital computer, the former can
. ! bé processed with a éonmuter of maderate speed end capacity but the

' latter requires a computer of much greatér capacity. With some sacri-
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fice in accuracy, it is practlcuble to solve these potentinl-flow probe
lcms with the aid of a dosk calculator Lf the problem is formulated an
on integral equation of the first kind, but not if of the second kind.

Experience with a large number of boaies of revolution indi-
cates that, for well-rounded bodies, sufficiontly accurate solutions
can be obtained without difficulty by means of integral cquations of
the first kind. For bodies with sudden changes in slope and curvature,
or with local thumps, the method of integral equations of the second
kind has been remarkably successful [5].

The method employed in the prescnt poper is that of the inte-
gral equation of the first kind. PFive such cquations will be derived,
rme for each of the potential f{low problems mentioned earlicr. Mcthods
of solving these cquations will be described, and illustrated by several

examples.

Nomenclature

a4 matrix for calewlating derivative of a function

b, b:l. gemi-minor axis of ellipse or ellipsoid, b1 = 'b(xi)
e, e'1 ceccentricity or ellipse or ellipsoid, oy = e(xi)

iif)éif(:z: h(x), functions, T, = 1‘(x1), Gy = g(xi)’ hi - h(.xi)

g (x). g4 successiva apnroximrtions to p{x), LNEN-2 { xi)

g'(x), n'(x) derivatives of g(x) and h(x), g} = 8'(x;), b} = h*(x,)
- p(n)

h1 3 hi j corrected matrices

x(t, x), kyy kernel of integral ecquation, kyy k(xi, xd)

x'(§, x), ki'd suxiliary kernel, ‘ki'-J - k'(xi, xJ)

X
v - P TR e = g Ay~ P’ PO -
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-Ge

:'.E(g ) %)y K J awdliary kernel for ellipae or cllipsoid

n wnit vector along outward normal to gurface

» pressure on body relative to presourc at iniinity
r(x), Ty rodial distance from axis of body of revolution to

surface, r; = r(xi)

ry radial distance from axis for auxiliary ellipesoid
r, redius of circle into which profile is mapped
r, m mtg‘ ’:omor!:in surfoce of body of
’ arc length along body, mensured clockvise from
X = «1 for body of revolution, counterclockvise
from x = 41 Jor two-dimemsional form
u, v, v velocity components at a point of the fluid
L™ m °'.ox" mloitl velocity component along
‘o 'm fuctors o smiial Telosity componemt slong
Y veloeity veetor at a point of the fiutd
X, 7 8 réctemgular Cartesian ooordinates
;‘. xy sercs of Legéndre polynomial of order ¥
¥(x), N ordinates of two-diminsional profile, y, = ’(xi)
Yer Yoy ordizates of ouxdMary ellipss, Yy g = rg(x;) X))
s complex viriable 8 = x 4 iy
A, aren of Wwo-diseasional profile
A, kesmal; Litegrale for ellipeoid
€ Dy rernel -indagrals for ellipee
o, 3 mafrix for oaleuwlating integrals of a function

ln(x) error function eon"nponung to gn(x)




G(:), G,

I(;)) Inl(g)) Ii’ Ini
J(!)’ Jni(!)’ Ji’ Jni

P

Py(x)

' 1t (1')
Py Py By

b, g

R

Ry

Sgs Spgs Sy

Ty Tayr Ty

u

Uys Ups Uy

Ups Ugo Ug

1
J{J

U
Lo

28

}

..7_
rurfue ox ydy/dz
kerncl integrals, I, = I(xi) , cte.

scni-perimeter of profile ox meridian scction
Legendre polynonial of order I

first, sccond, and rth derivatives of PN(x)
So(x)i, (4, x)ex; @ = §x;)

distance from (§, 0) to point on body
welghting factors for Gauss quadrature formila
ﬁRJkid’ ete.

AEJRJ(::'j - xi)kij’ etc.

velocity vector of origin of coordinates attached
to body

components of U for axisymmetric body

componcents of angular velocity of body for
oxisyrmetric body

resultant velocity on body

tungential velocity component along body of
revolution in axial flow or two-dimensional
form in longitudinal flow

tongential velocity component Lor t{ransverse
flow along two-dimensional form or in mexidian
plane along a body of revolution

tangential velocity component for transverse
flow normal to meridian plane along a body of
revolution

velocity components of origin attached to two-
dimensional form

tangential velocity component along two-dimensional
form due to circulation
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Ulc’ u2c’ ch velocities tangent to cirele due, respectively, to a
velocity of =l in x-direction, -1 in y~dircction, and
anit circulation,

\78 velocity vector of a point on surface of body

v, component of V 5 8long outward normal to body
angle of yaw or attack

Y arctan dr/dx or arctan dy/dx

8,, Kronecker deltea, = 0 if { ¢ J, m L if 4 = §

15 complex variable, $= § + 19

1 imaginary part of §

) angle of cylindrical coordinates (x, r, @) for body
of revolution; angle from x-axis to point om circle
in conformel mapping

["RY components of velocity in circle plane

$ alternative desigoation for x in integral equation;
also real part of

e mass density of fluid

% velocity potential corresponding to unit value of U,

ﬁ' on auxiliary potential function

4, , ¥ factors of ¢, and §)

’

I factors of § and §.

*v velocity potential corresponding to unit circulation

W’ stream function conjugate to ¢’

w angular velocity of two-dimensional form

&S angular velocity vector of axisymsstric body

.4 ‘:"»{‘A'fr " “r

e T T L A T o T T T e T

“u"-“‘ ‘tﬁn“")
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r circulation

§ total veloclity potential

Formulation of Problem for Bodies of Revolution

It will be supposed that the x-axis coincides with that of the
body of revolution, that the body extends along its axis from x = =1 to
X = 41, and thet the x, y, z axes, vhich are fixed in the body, form &
rectangular right~-handed coordinate system, as shown in Figurs 1. The
equation of the body surface is expressible in the form

Ym Ax) oLB, 3 NUX) A0 (1)

vhere r(x) is a prescrided function, and hence the outwardly directed
normal vector n of the surface has the components

Le-ainy, ma et toyy, N = b coy (2)

vhere

Let U cenote the velocity vector of the origin, with components
Upy Upy smd Uy, and @ the anguler velocity vector of the bdody, with
componients ‘d‘, Us, vs. Then the velosity of a maint on tha surface of
the body is
V; = U + ax ﬁ,

vhere T, is the position vector of a point on the surfece, and the compon-
ent of the velocity along the normsl is

e~

N N
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Hence the boundary condition -for an im;;;n‘ca‘ble boundary,

Al Wt WA I W L M L Moda R T ML T St P b Ak i T Tl b B e P e M e L B N e Nl M C).[U\.u." Lo M i v

' -10- S .
‘ - U.% +-@- (gx 1) ‘ )
.“ ) .‘ = - .
i.n--u M)”U 018 cory + Uy ainG ey - (3)
. . . = (Ugain8-U,coed)( X cOty+niiny).
. Next let ¥(x, y, z) denote the velocity of the fluid, with

components u, v,"w, and § the velocity “potential. "I'hen ® is expres-

sible in the form- . - . :

. '@:E;u"‘ ,»m..v’#‘-—'ol . o (4)

where ¢, 1is the potential when ui = 1, and U‘1 = 0 for all values of
the index except } = 1, and the normel compenent of velocity on the

. %

surfece is .
m i=1 t In 5

‘e -

Y R I T
wm e L
yields, by comparing (3) and (5) and equating the coeffictents of the

correspoading velocity components, - o
3 vinr - 22 _ eoe iy .
I = AT, 3 = coedeoey, ;-?f_..MOucr
. a .
g—_t"=0, - 4"'-—-.@»0 (zmr+nmr) (5)_

2
—9-‘ = ot (oY +adiny)

SBince’ the ‘body is mov-lns through otherwise undisturbed ﬂuid, we also

, .

-
K

. .
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have the conditions
. [ . . “ . ’ . . . ‘
L SV $(w) =0 - 0]
Derivation of Integral Equations for Bodiecs of Revolution
. . Let ¢.’ be another function harmonic in the reg:lén exterior
. Lo to the given body and vanishing at inf:.mty. ‘Then Green's .:reciproca.l
) ‘theorem ;,1] gives ) ) .
S Jf.s,%‘ﬁ-m L @ .
g -« vhere 'the double intggra.l are taken over the surface of the body It
3 will be supposed tnat the ¢ are selected- of the forms:’ ,
ro. $ = 9/ (x,m), §! = L{%,7) e0n8, §!= dlix, m)me} "
LEL N . ) i (s)
3 T L=t (X,a!),uine, ¢"= ¢x (%, 1) c0n0-
: .
'3 . A. . Axial Motion ' ) )
E : ¥For ¢" ve may assume the doublet potential
% ' ' <
- ¥ - . By2 g Y2 N .
~3 ’ __ € s A P> X - 2
E ¢'= 25, - R= [( E) +a2] " (1) .
i which hes the corresponding Stokes stream function o
e
3 - - 2 . LT )
! . RS L
! ¥, = el . - . - (11)
3 In terms of the cylindrical coordinates (x, r, 9), Equation (8') now
} ‘becomes
E‘ . « .
2 ¢ )/l. = . :
- j l"(?o 311 + ¢, ) d“* 0 . (12)
3
) i_..._.- - :
3 .
1
Co _ _ _ —
B} -y :-n.»r—n— EaCiad u_-',;;-r: e Tl w— e ~ - — e o —— T - - g m

RS
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whére s 1s arc J.engtﬁ along a meridian section measured clockwise from

the point x = =) and 2P is the perimeter of the section. But, from the

ralations betweea an wlsmetric potential and its Stokes stmn

’ ) function, wz have - ° . L
! . , - . o n a"/ - a‘yl.’
o : A T ¥
P . . . _ -and hence, inte_grating by parts, we obtaiil
‘. . . .
e = [ W <y

. ' ", . }\lso let Uls be the velocity along the body when the flow 1s made 'steady

'R g L by superposing a uniféim stream of Onit velocity 'in ‘tha.negstive x- .
TR , P direction. Then | .

4y L i R

E. e AT . . .
4 b - S I - ¢ . 32‘ ) 1

13 o ! . ' e - Tt 3o ) .(13)
RS 2 .

. =) . -
;' A § - -Hence, substitnting for 34’, /34 “in the previous integral, we obtain
HEN ; from (12) T : ‘

% I.h ‘V\; 4 7 . 7’ -.'
N NERACRS >+n«». 114 =0
K (3
o L i
r £ or "
o ' 3 Ty, vida = (" tll’;( ng’dn) .
v ) Lt . C 4 Y © "jo'(" ,'z‘+'¢, . o (14)

But since

a(n"l') - i :a_{_p_‘f
dx on

A

the differential in i'.he last integral is exact and, as is easily veri-
fied, . - -
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=35
. ~ » ‘l * . - - »
3 . t alx-¥) ) x-k )
o A . R’ai‘ R3 ,M=-d(_-a )
< : _ THence, putting ds = dx secy, we obtain X
’ jU Au;y—n—dx_—z . . (18) 7
! N . . a F_"e(ih-olm integral equation of the first kind for the unknovn ;‘unctibn
Ul's(x). <

Saw g T A n % w
[

" B. Transverse Motion

The velccity poteniial (}2 saticfies Laplacé's equation

. 2 L.
2% 2% ; -d¢ 29 S
"SF+94=+aaa-*” Z el“‘o' - (e

By the method of separation of varmbles it is found thet 4:2_ may be

taken of the form . ) R
- ';¢,(x, 7,0) = ¢p(2,2) cond ST ()

where "T satisfies the equatlon :

.
. .
NSRS MRS, YR IN Y T L NERS Vigmen ¥ B Ine T of Y ¢

a"('l—‘i’r) + 32('/1.'47,.) _'_,_"é:(n¢r) _;_ 0

L - xr 2T TRt TR T
: vhich shows that r¢. is.a*Stokes stream function.
. Now suppose that & uniform stream of unit velocity in the
‘;. negative y-direction 1s superimposed on the flow. The flow becomes‘ .
; steady, and the veloci{-;y at the body 1s tangent to it, with the
j 3 velocity components in the directions of increasing s and @
{ e W
‘ -
¢ 5 1
i ; 3
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we may essume the-'doublet potential "
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or, substituting for ¢0 from (18), we obtain
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R¥ 4
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Then, applying the boundery condition (6),

RJ‘ 34

P4 1 atx-}) - -9
j,“d.&lz; + R? ]J"'

g i s N et B}

- {um)

(19) . -

.
»
. .
. .
. .
R «

» » ‘

» o S
T A N T P e e e e e v (et e N P Ty P e g P B Y R

VFTOREN YT

(20)

30 e

22 Jde -y

. 3 . . 2 - ;
U ; =_[_____z(x—§)+________n (t D7 - - Y
@ | R RS e :
ol !' . . . "
L), i . . < \‘
o) - ‘ X
o o
( - )
Py v N ’i
X : - \
¥ ‘
;‘}\\}}. . i I — - - P RS 2 e i
4’1}2} i ‘.
N i
f{: 3 . "
.
oR - ]
I. (I b
0‘ U - Il(v
i S S :-
i 4 ST b LA e o e vy - -
) £ - - R .. o ‘-_;;2:__“ e > :'43’1‘: » ,_":,:i‘
. r
?‘

A ."‘n\:‘-"i "‘A"'\ .
w
.2

‘"4{ h»"“

v"’\(‘”“ "Q\L #QT _J‘_J:\“}'\_\Cc* .‘*] .'7-'.:-»

w* e
!.‘

RAGSORN)

RS

W S o
S "-"C&’\'.f R AR P

RS O o ARy 4.\ ¥
\ () " a1
)_5'_""* 4 X‘ __L:Z



T

or, more explicitly, from Eq. (20),

.

I“ —~—[x‘ -3a" ¢ 2(: §)‘!.LTI]J; = -4 .'(z})

22"
A

1

‘ : ‘ . & Fredholn integral eqt,xatiqn of the first kind for the unknown function
Al | . e, : . :
o |- 5 . V2o - S o
N 5 o P o . " Once (21) is solved for LS from (17) and (18) the velocity

":q . potential and the various velocily- components are '
‘: .,:‘ . ‘; . . B .- . ) " N ) .

ERR A . $, = ¢ Web, ¢y = A (1~ Us) ) .
s . E e ’ N R - . . .

S - - o, s 4 . ; . )
wl 5o = Ly = 5 () v} e L !
&E BNy . . - * N .

L L . 428 o . L N {z2)
*J ! Z‘ (5 ‘ n 'a—é,‘ = -~ '(' -~ ll.z‘) Me , .
v . ,': g . d ‘ -
A RSN &)
. N SR - : 5
P © * . . . - . . .
AR f . . UZO = u” MB‘ t
€. . . : .
fo o g in terms of Uy and du /dx The latter can be obtained frow vy vy L
L L} . .
E ] i nwlerical or graphiccl differentiatton. -
o] § The corrgsponding expreosion., for ‘motion of the body in the
) ; z-direétion can be derivgd from (.22) ‘by replacing @ by © - Tf‘/z, viz

{3 2 oL - : :

o’ 3 3 . - -

» : $,% band, b= Al-i)

B R ¥ - . b - " M

! A ) - ¢3 - IMY__ _‘4; ({‘.“u) my]m&

P "’ 8 'E - ) .

i} _L e {1~ uze) eoe b (23)
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. = _d ¢ . . -
Uy, = - & (au, oy eme . o,
:} i " N ’ . . UJD = e u-u mﬂ *
q! )
L3 . .C. Rotationsl Motion = - o
- The velocity potentisl 4)5 also satisfies (16) and may be
. . assumed of the form - )
i ; ) . ' ¢5=IL¢R(2,IL)M& - . (24).
, 1 . ’ . et us asseme for t}; the doublet potential
i . .
R -4 ’
E § ’ _ NRawmd . _ - .
i *‘5 , | O R-" . FER {25)
3 d , in accordarce with (9).' Then, -applying {G), Equgtion {8).yields
S o T¢ a? 23)-da ——j (xmr-ra;mr)d& )
. : ' o R .An
: or, from (20), ’ '
G : ) 2 3p24 3 (x- ._"_‘:.) e (A g LR
g | j ¢R R,[R 3n?; 5) ]Jx = j Lo lxet ___2]“ (26)
AL ; . =& Fredholn integral equation of the first Xind for ¢, . For elongated
’ bodies & preferable form of the eque.tion is obtained from (25) by -
" writing e — . '
! 2 "‘*_3_ 4(4!§ RS . ]
+2 + (1 ] dx ;
. ' . . .
. = | _3xh! +lax(1 st)n. ».)]J' .
. . =1 RS 2R . ZR” dx s
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Dut from the identity :
AR N o R kAR (x-F) a2f(x-%y  3xat 32 (x- kM« 2t 2 ke
2y - B A Skl ]2 s l——~—— L1404 I
’ R ~R® X R T .
t 1 we obtain. \
] ; . J'{ 32/!. +[3x(x~§)/,_ "l d(}L‘)' dx 43 ' ‘_ : E
5 S n ' Y O ag® - aR3d dv- } = ) (28) N
. . * . e, 2. N :t;
I!ence,. from (27) and {28), we obtain B
: __ ' .u 3. P J( Y. ( 3
. ; . - _ 2 N s 29
] : ' J(é '») ;[R s (a- t) ] = - :{. reRarra ) 1
& M ‘
®
: . the desired 1ntepral equafcion, in which 4: +x is the unknown function. ‘}
: { -”'Z
L . The velocity potential and the velocity components are then given by 4
L : |
K ; the expressions 5
e & M . . -]
j b o- ) . . - N
r 1 - . ¢ = ny amd ; .
- t. . : . . .
5. . s o 3 4 L . .
3 Vo - -'_L.(/L.c}ﬂ} oty amd | . (30)
s P - . 5,4, .
g v J . . a¢ ’:
E - . " _L é‘ mé —
] b . AT g _ a
§~ The corresponding expressions for' rotation of the body about the z- [j
3 . i ax13 cen be derived from (30) by substituting O. - I for 6; viz 3
il .% by = = by coud : b
E -t . L .. i
A b¢‘ . d ' ’ y M
; ‘ % 52 = "{;("4«)- tory coelh - (31) &
K - T . N
% x Ga = Pynd R
. -t : : e : §
s , « . - -]
E 4 Formulation of Problem for Symmetric Two.-Dimensional. Forms -
F . Only the case of a two-dimensional form symmetric with respéct :
¥ 3 N - N
3 84
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to its chord will e cﬁnsidcrcd. '1’1th x-a:d..s will be token to coinc;ide
with the chord ‘and ﬂle_y-axiis‘ i)erpc;xd}culai' to it at its mf.dpo.{nt',

. with the chérd extending. from x =-1 ta X'= +1: ‘The equation of . the

upper half of the profile will be expressed in the form y.= ¥{x),

vhere y{x) 15 a prcs‘cribed fux;ction. '.men the outwurdly directed .

normal to the contour has 'bhe direction cosines (- sifiy, coey)

v

. vhere y = arcten dy/dx. Also let s denote are length along the upper
nelf of the préﬁle, measured counteiclockwises from the paini: X = 41,

and 2P the perimetev of the proﬁle. Then

2
o4

i

M =..—-mr

2k
m

24

24

- Ay

o
e

See Figure

" Let U, V denote- the- veloc:.t,/ components of the origin-of the -
"body and w the angular velocity ebout an axis perpendicular to :the_
section. It will also be assumed ‘that there’ is a circuletion I' about
the body. Then the components of the veloici{',y of a point on the con‘;o;rr

are U -~ wy end V +wx , and the component of the velocity elong the

normal 1s

Vi =

- Usiny + Vuﬁy +w(xcony+ Yyainy) (z2)

3No‘t.e that this- convention is opposite to that used previously for the
body of revolution. .
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oo . . The velncity potential & is expréssivle in the form
' ::. MR | . . . N i . « .
4, . . .., Q = Ué. ‘f‘ v¢z + w¢b_+ r(’y “ ) : (33) g . y
AR S i - *  Then the.boundary condition - . R ’ ‘ .
s ! ‘J . : ) . ) : a§ . . ‘- A: .
S oL = Lo - 51
, _ . ow L (. ) .
. 7! S ) ylelds the separate boundary conditions . - . i L
S I R 3%, 2 L vers i ainy . 29 £
. 5 - o :: -‘AAMI = C&¢ —_ = X toe A a4 4 S 3,
2 .i S .o n T 571& Tt 5a ryamy, sy=010s5 g,
. . . . * $
; F . 4
4 . g
) LT A Derivation of Integral Eg_uatio:xs for Two-Dimensional Forms B
1 . ? : . L 1t is proposed to solve these potential flow problema by . tA
P i determining 47 and ¢, from Fredholm integral eque.tions of the first . g,:
‘ - R
| ;( - - kind, and then o'otaining $, .and ¢, from. -9, .by means of some cnni‘oma]? . s
2 ¥ . . .
i mapping. theory.
] S © . A, Longitudinal Motion =~ - . < -°
-3 ¥ . - : . .o
3 ! . ’ As before, we begin with-Green's reciprocal theorem, but in-
: .
3 . its two-dimensional form, .
i
Do - R 34» = ! a¢ . )
’; F » . "fo 4’ ‘15 .I ¢ ds 7 \ *(38)
5 where ¢’ 15 another function harmenic in the reglon exterior to the
i contour and vanishing at infinity. VWhen ¢ = ¢ vo may assume for $’
: . .
f and its corresponding stream function Y'the Goublet tunctions . “
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p=E, Yo, ws(peyt, O “
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Then, substituting for 3¢,/on from (35), epplying the Cauchy-Riemann ) t

T . - " equation . ° . - ' } (]
. . - L ! : {
. - In . e _ %

L] ~ ! '1

N . and integrating the left member of (36) by parte, ve obtain 1

.t
Y

¥

72 g Pl aimyds = P"—-lds.
j!,Ds-ﬁisu J;," r’s.‘ "&4,36 )
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bl e A b A
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5708 e v g T alae)
I

d 7 1 SEE . Now let U denote the velocity along the body when the flow is mede ]
g 3 ' N i ) ) . ., . .
% - sbeady by superimposing & uniform stream of unit velocity in the

" negative x-direction. Then’

. -
231 UL e S TRCLd 325 | SR

E‘A k] Iy . - >
- g LA 1 -
A 3 N . X
A ; C 29 - Us + g"‘ ’ .
~ 5 7; , H va s . » S . 3
- 3 = N ¢ .
b ' . . - ‘
e : --and hence we obtain from the previous equation 5
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B. Rotatioral Motlon .
! . We take ¢ = ﬂvand assune for ¢’ in (36) the doublet function - 3
’ - » ."«
. and its corresponding stream function ¢’ - . %:
- . * . ) . "
. R .. . « * 3 , . . . x'. } . ';
: . .. PN ¢ - _R!; R ’ - —}'{z—' . . (39)
. ‘Then, applying the boundary condition (35) and the relation . .
L = A e o
t’v: ;. . . i - REFY 34 Lt R ’- . - :t
E“;; HJ ’ ~ . . .E
o % . ’ . T . . . :
30 . ©* we obtain - . L . - ; .. -
- ) . - to-
b - k o :
’7’4 . 2 - + J‘
R 5 J é‘ 34( R’) e J (l ad ?' ) , .
, . ) i . . . *
i i ’ - : !
% s . '
: g I ¢ x-¥) l
? f ..a.[_‘ii R" __iTld_L]Jx..jl[xw‘-—J—]dx (40)‘ |
- . ol
; a Fredholm integral ‘equatidh of the first kind for (¢‘/4g) T ) T
¥ For elongated forms_ 8 more sui'\able‘equp.tion 13 obtained from
3 N . o -
{48) by writing
(] ) x-¥)
uiz-:o[ ‘- -;‘:+——’- J*l :
B R (1)
3 . ‘ ! q (x- S) _';_ } dx
C . N zll‘

But . '
. - : . b i(- ~2y7
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tangential velocity on the circle is k

N i {:

L - Ue = 2ain8 C (as) E

. ) ) * s ¢

vhere © is the polar angle measured counterclockwise from the §-axis. , g-
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Applying this fcsult, (41).vccones

B RTI6%)
e I" _ 2 k) _"”] dr = wf o [ 2L (e (42) .
Y] =
. . the desired integral equation, with (‘%‘- 1). as the unknown function.

- -

Solutions for Trémsversp Motion and Circulation - Kutta Conditlon

»

¥ The given profile can be mapped 1nto & circle of radiua T,

about the origin by means or the transiomation
P ” 0.; + oo o . ; ) N ) T
3-—-§+ 3 32'*' . . - (43)

u}.xere z=Xx+ iyand §= §+.trz are complex variables in the planés'
of the profile and the circle, respectively. Then, denoting the com~ . T
ponents of the veldcity in the t-plane by (#, V) , the rele.tion

between. the conplex velocities in the - and- 3-planes is - M

.‘u_-ur— (,U--LV) i V S (44)' .

L
. -
N Y L R AT A T SN Ir R WIS ST e Yy

Let us again censider the case of the body at rest in a

uwniforn stream of unit ve]:ocity in the nenative x-direction. Then

re - th X

since z = § and @3/d} = 1 ut infinity, it is seen from (44) that

the flow in the } -plane about the cirele is also due to a uniform

£ I

stream of unit velocity in the negative }-direction. Hence: the
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. Hence, taking the absulute vv.lues' oi‘ the members of (44), we obtain

M= 22 MG--&_ . ' ‘ (16)
vhich gives . ] i
P 1 .
= j U = f Uis atcy.dx i R
© =t ; -

. P x . )
- 28 1+ 020) = J:'_U'sds y _j. u,,@r;'d_a: (a7),
= X R M . . . ) , . . . . . N
o 2n (1=awl) = [T ULds = [ U aterdx

. ’ o F X

K

: Thua-‘(é.?) glvesk T, ond O as i‘un.ctions Aoz" X.
» Now consiaer 'the casc when the bow is a.t rest in a wiform

etream of unit velocity ih the. neaatwe y-direction. The tmi,gential

velocity on the circle is Upe = =2 cos 9, and (A4) and (46) now

* glve for the tangennial‘vcloci ty on the proi‘l.lc l

. Uu' = ~ 2, 006 . g% __ - U:sv“’te " o (48)

- ¢

‘ 'l‘hus, the sollu'cion for transverse {low is given"'by (4’{)_ and {48) in
terms of that for longitudinal I‘low.. ‘ '- i
The result when the flow about the body i8.due %o unit

. cixr culatitm is equall_/ sinple. The circulation about ‘the circle is
also um.tj, so that the tangentxal velocity a.bout the circle is
glven by 2mwr U " = 1. Hencc, from (44) and {4s), the tangentlal
velocity on the profile is

U

vs

= _L. 40 - .
27 ds KT R, 4in O .. (49)
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For -profiles with a sl}z_lrp trailing cdpe the eirculation [T

oo ol N J
; Voo
s .

can Ve determined from the jutta condition that the resultant velocity Y

Y at the trailing edge due to transverse flow and circulation sheuld be-

N i BN ' Tinite. From'(48)-end {49) the resultant velocity corresponding to
‘5‘-‘, ‘ 1 0 . . =~ .- e . . .
. Q. = T is sees tobe - . o - coL T

Y . )
{ ﬂ;\' . i . . . . ' . .
el vy, Ty, = L) i
¥ .:’y 4 25+ r vs = ava, + -5;’_— s
g% 3 X JBut at a sharp trailing edge) dO/ds is inflinite aod hence, in order -
; ‘%‘ ! to sdtlsfy the Kutta condition, we mist. have - ’
o - N A o . :
Ry , - - : : o - ’ :
i ; Hence, from (47), (48) ond (49), if such & yrofile is in translational ’
s-"é";’ ! motion, the reswltont flow velocity UR on the curface relative to . E
KA 3 . - - . i . ‘
| the body' is - : . S . .. «
" '\‘\ ] \ ' .

;:.*gf U, = Ul + VU + Ty = Upg [U=V (est0 + cact)]
e ' = U [utv Teed ] Lo

5 5 T T eeq0 .

JE . . . ;
A5 ' N . : xU ac d
o o, [uey [Elzers

ke ! *® ‘ '
":“]3 1 . .L UIS Atey dx

G ‘ : , .
g . . in which the -+ sign.refers to the, lover half of the profile and the
}‘ q,‘ - sign to the \ipper half, ) .
; ‘l,’ ' - -
!
o ,
) 4
&‘ -
[N . i
17 ‘
Y -~ "1 - .
. ?
¥l '

AY) -

4

; i
‘Q b . 1 e e e e —_— — o _
*\ )‘.J«\ .

*‘,;‘
23 el - : |

«. . 7 i l
(AT *-’"f"ﬂ ""DJ‘WWW BT T T T K T M 7 R LA RN AR AL

w Ty , e M 'l"’\- | et vt A% R Voot rth 4 Sy YA i’ 3 ‘-V"\

S, ',jﬂ'i{ iRy u’j&\}(ﬁiﬁcﬂm{:ﬂuﬁﬂ.i&ﬂu&i ﬁf‘fﬂ’,‘zﬁ::l:';gﬁuﬁ,‘zﬂLﬁgﬂ,ihﬁ.uﬁ&i}m&g\@@ﬁ ) .}‘tﬂ.ﬁ

4



AL AL ] Xt LR L MM Sl M o S K W S SR L SR e b et iR S e g S T A S AR, A a o T ot v 22 Vel Ba¥o 0.8 Bl a0 nb ol Tal. §.8 Vo0 I .0 08 A S D R AW ] B I Ay ey 23&;)\3;%:’
.

- o
R

B —.«.,"-,-_m._ o \..,...r,..\-,. - - - - - - . e - e

:‘\ > - . . N
-t —‘M iyt = i > - AR Y Yo o N
@ 2Kt relamn o .u..pm.x..l.\.......-&. a L L3 b stedaiid (Ot W »W-m = e B e sl o s e, S AT S P

; v ity
. ) e—— —— and

‘ ' : - -25-

Procedurcf' for Solving Intepral Eouationo

Wc axe concemed with solv:lnu intcx,ral cquntions ot the i‘om

N os FeIlov
et Kol aa

iR j kLS, 'x),(z).!x £8) (s2)
5 1, . . - . .

3 | . in vhich k{f , x) wnd i‘(g ) are given and g(x) is the Gnknown function.
sy ; © If the integral in (51) can be e;xpréssed_ as a finlte sum by means of

: -t some qixi;drature formula, it would assume the form

g | FkyRiy =k IS

EE . * ' ’ ‘ vhere the RJ are weighting factors, 8= 'g(xo), kid';,“x(xi, xj), and

= f(x ). . This.would reduce the probleém to that of solving a set of -
linear equations for the wnknown orﬁ:.nates N X }
The kernel i‘unctlons K( &, x) in the integral equations that

we presemtly wish to solve all have the property that, for the elongated .

¢
y it . bodies of most practical intexest, t_hey a}‘e small except in the neigh-
§ ’ bYorhood of x =" §. . Althoug‘h'thi.s prol;efty is desj,ra‘iwle for c;bta_ining»'
; approximate sol;xtions of the integra.l. e(iuations, as will dbe shown, 1t
% ) appears to make it necessary to use a~q}18dra+:ure ‘formule of very high
; order in order to ;)btain an accurate representation of the integral.
; " An essential f‘eatu.re .of the propbséd I;roc'edure is-that it 1s post::ible
4

to modifj these equations so as to avoid this characteristic of the
kernels, so that the resulting 1ntegrals can be represented accurately
by quedrature formulas of much 1ower order., For this purpose, (51) 1s

4 . written .’m the form

j [g(x) 9¢H-9°(E)(x-5)T k(},x)dx + 3(§)I(¥)+3(;)J'(§) (53)
) Lo =)
' (h) = [hthx)dz, T ['(x-Pki8,0)dz
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vhere g'(§) denotes the derivative of g(f). We will assume that, the

derivative g:‘L at = x; can be exprésced.in terms of the values of-

the functicn By» By oo %‘ et Xy s xa, ceo l_tN by means of e numericel

3_3 ; ‘&iff?rentiation formula of the form . _' . . o .: e
kel Y . R :
k £y 9{ = ;'é, Cllj 9] {54)
5 ' Since the integrand of the $ivet integral in (53)-..vanishes ..
«Lr ; vhen x = §, :H:s peaking p*‘ope:tv hl\s been eliminated, although it '
'; ~‘ - ! appea 8 that the diffimlty hae simply been tranaferred to the other
.13‘ - ] integrals occurring in the equation. If it is necessaxy to employ a
‘ 3 i guadreture formle to evaluate these J.atter integrals, thia will be
s : - T ) accomplished by writing '
f "*1 ' ? r(i)’ = j [k(§, z) - k" tg x)]dx + I (t)
RO L ) ' . (s5)
§ f ‘T'(E:)—‘"' 'L (x- ;q{_hf ;‘x) - k’(k‘x)lay + J (i)_ .
EN: J * +
t %L ; vhere k'(§ ,%) is an auxiliary matrix to be selected such that
% E k(x,x) = k'(x,x), ang I'(}) = I w(g,x)dx and J'(§) = I (x- Hrr(f,x)ax
! f : § are integrable in terms of known functions. It is clear then that it
; i vould be possible to evaluate the first integrals- on’ the right of ‘(55)‘
A "@ : ' : ) by & quadrature formula of low order. It irill be seen that the inte-
“'{ ; ‘ grals of two of the four kernels derived above can be expressed in
r- . terms of the integrals of the other two, so that only two such awdliary
,;1 4 ) . kernels k' ¥,x) need to be found. '
E . ‘Gauss's. quadrature formula is a convenient and accurate
4 “ '
? . ] .
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method of cvalunting these ‘integrals. The formmla may be expressed

“in the form

[

RIS { A N O

- —————

Sy o -
RIS AT

-
"
e

L

2 LX=l o - _K=18
y 3-: “;j : i xi 1 Ri " i . Xy } Ri
Sa ‘ -~ 1 | -0.97822866 |.0.05566857. | 1| -0.98940093 | 0.02715246 .
K ; 2| -0:88706260 | 0.12558037 f 2 | -0.94457502 | 0.06225352 :
R . 3| -0:730)s20L | 0.18629021 -fi - 3| -0.86563120 | 0.0951565L |’
S » 4], -0.51909513 | 0.23319376 | 4 | -0.75540441 | 0.12462897
«al s "5 | ~0.26954316 "] 0.262080454 5.} -0.61787624 | 0.14959599 |
Na 4 £ -8 0 0.27202509 [i  6°| -0.45801678 | 0.16915652 |’
by - 3 § 7] 0.26954316 | 0.26280454 | 7 | -0.28160355 | 0.18260342 |
a&ﬂ 8| 0.51909613 | 0.23319376 8 | ~0.09501251 | 0.1894506
S ' 9 | .0.73015z01 | 0.18629021 9.1 '0.0950125% | 0.18945061
-;.g| . ) 10 | 0.88706250 | 0112558037 -* ||. 10 | 0.28160355 | 0.18260342,
R i 11 | 0.97822836 | 0.05566857 - §| 1% | 0.45801676 | 0.16915652
I ! ] . : 12 [+ 0.61787624 | 0.14959599
W i ' 13 | 0.75540441 | 0.12462897
g i Y4 | 0.86563120 | 0.09515851
eI E : 15 | 0.94457502 | 0.06225352 | .
P . o J1.16 | 0.98940093 | 0.02715246 1°
sl Apply:ng Geuss's quadrature formula’ and (S4) and (55) in (53}, we )
A : : “ ' g
VY obtain . o
W 1 4 e s 5, .
f%;i‘l} . ‘ ,z" hij 33 = ;" o "l“ = Rjklj + Scj (I;"Sl) ‘l'dl, [J‘ T‘) (57)
. ‘ Sig=o Lk, =1iied; = Ia), JxTlx)
;’ls 3 . s; = 5: R,‘ klj , T = % ‘!,‘-xt) Rg h(j ;
oS ; : ) !
3: 3 k
7' ) 3 N E ;
S L |
, |
]
DU
X N AT o 1 - '
R L A R T S R A A o A D

“3\% " whére the % o .are the. zeros of.the Legendre polynomiuls of de(_,ree I
t - .'and the R 3 'are veightmg factors. The values of x 5 and R 4 have been

tebulated [9] for. values of N i‘tom 1 to 16. The values for N = ll .

and 16 are given in Table l.

Table 1

Avscissae and weighting factors for Gsuss's quadrature formula




R S R R R 0 AL A ST S R SR RN AT ASE RED LA R A B P £ P, 00 R TR 6 SR N 1

et AT YA D T R Iy A PRt SRS e Y Pl Y PN VR Vn' W Whe/R B VR O Bl 8 Bay Sy NDATS TR T L0 TR, A

e . - - - e . ke o - - e - - N - A e e .m - o

5
e e e

S .
. . .
2 ey ok 2, PEUIR | DT PR - P AM\anAhx oethae, afls 54&%«'2.,\.-!; -..AA~.>-»;4:«...{J ST SFUR RSN URPUPRIL YIRY ISP Iy

———— s . - . - — - o

-28-

Ir th~e ;nlzidraturc fornula is'oi" lov order, this set of_etiuz;.tims cann

bf" solved exactly for the values of g 5 It.appears to-be preferable,

hovever, for. reasons alrcady discusced in the Inj;rt‘;-duction, to solve

integral equa.tions of the first kind by successi-ga -approxj:ma’xzions, as’

will be il_lustra{:ed in a sucsequent section, ‘
' ° _*An approximate solution of ksl) nay .b.e darived ag:follovs. ' '_

" Sdnce k( g',x) peaks sharpiy in the neléh‘bqrh'oqd of % = § and 48 emall -

elsewhere, ond g(x) varies very little from g(k) in- this regiczix :l.n ‘

whi‘ch the value of the 'integ_r&l is prigcglpa]:ly: &e‘t;amh;ed, only &

gmall -error would be introduced if g(x) were replaced by g(¢) in {51).

7 T T o oy o L N ¥ P T T LY T B gy T A g s i e ey e i imegy b

This gives
e HE) L[ nt0 dx 5 £0p)

[}
et

BN whence we obtain the Tirst approxinahon ’
a7 .t : P 'F ¢ - ‘- . T = ) )
e T 3,(x) = '“’fz' . . (59) -
. - . . I(x) . o B

' ¥e- can now define a fir'st error funetion )
E(8) = Im[m) L3 Grkig 0 ax

which, by (Sl), my also be wiitten in the fcm

"

S EW) = {J’ [9(‘7-‘3:"‘)Jk(k,x)dx} ' (0)

I(§

Since the kernel is the same as in (51), an approximate solution of (60),

“iridicated by the same argument as was used to Justify (59), is

N Dt K SN MICPOON S S, RS a0 10 P M . - 51 i s T S i ' L7 11

j:

Z .

X : A T ORIAGEE X

Ei or, Txom (€0}, S

4 } . ) .
S ! - (z)h‘sv‘)JxJ

y;j a?(g} = 7,(;) .FI(” [*F(g) J-I.g' ﬂ
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. first necqssary to evaluate 1 and J.. Methods of accomplishitng thiB-
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. The foregoi'qc process can be continued suc,ccssivély if we define .

or, by (57),

' preted as en iteration formula for solving the set of linear equations

-

Ex (§) = )=

m)lsu(*) fsmh(;x)ax] o ()

vhich my be witten as the intufgral equntion _

E (;) = f! [g(x)-g,,(x)]h( x)az}

5 4

an approximate solution of which is «

>

g =G @ = E T (62)

Hence we obtuin . R

i

?M—l ‘},,,(t) *

r(t)[*f-‘t)*f I "‘7“? """‘] (es)

v o«

Pyt = ‘*“}-‘l (+ ¥ f”‘{""!)‘ o ‘ (64)

the desired iteration forx.mxlu. ‘This last result may also be inter-

(57}. In solving a problem the iteration should certainly cease when
the Eni of largest magnitude begins to increase with n.
It is now clear from (57) that in order to golve an integral
equa.tion of the first kind by the iterative procedure of (64) it 1is
1 i
for the five integral equations.'q.erived above are tre'ate'd in the

following sections.
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< A, Axis xmnc’crlc flow nbuut a ‘bod,; of revoiut‘on . .t

“The vcloc;ty along the body is to be mund as thc aolution

of {15) in vhich-we may take

(es)

30‘)' = Uy atey, FH)=2, Kk k(% A= A (r)l_(x'-f) tr (f)J

In order to express (15) in the form (64) it iB necessary to evixluate' .

the quantities
'

*I(S) § R

’ -t .

Ln'(;) < f - RO dx

This will be done {n. two different vays. <

.

z)dx ’

The basis of the first wethaod is the cbservation that the

exact solution of (65) for a prolate spheroid of eccentrictty e 1s

: 19 I+C N rw s
g(x) = = GHlzesPdnzg] BAI-et - (g
“This suggests as the choice of the auxiliéry kernel ‘ ST
2 2, , 2= L
ke (£,x) = R [(x=§)2+ 26" ] . azs /z’(f gz (e1)

Here r ( £,x)represents the prolate spheroid, the major-axis of which
extends from x = -1 to x = 41 and which intersecta the gi?en body at

X = } This spheroid has the eﬂcentra.city

L ‘ -
e=/i—b%, ~ b= —= o :
[ ’ . 7?;;. (e8)
Ve obtain then from (65) and (66) Co
I =j'k (x,%)dx = 4; , A[e(x‘)] (s9)

- Furthermore > by direct integratian, we can ob‘bam

- k (x; x dx =
T, = J'(r x:) R (X;,%) X B .
lf‘et R 70
l »

B =-—-_Lée—(2"'b)*""‘ -e; ( ) ’
j‘ ;‘rqq.l}‘.,“« .-. -‘~. - e u_ S T A R el Sl 3 »
o \ AR A LTS AL DN
C R SRRy o TR NSespedey
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! “ " oL .. “Then I and 'Tli can be obtained Txom (ss)m i ’
AL S . .
! ° The seomdd mtn\_a consists of employing ‘the trzmspose of the,
}v 4 . kernel k{$,x) as the auxilio.ry kernel: "viz. .
A S B ‘ c k (i, x) er,;)’ A3(E) [_tx s> +n2(§)] : .(71),
: : : ‘ ) Then N ) L .
e } , > . ] ‘
- P S -k - H.g -
.- . = ['R(g 04 2ot -, ;
2 ;L ~ L TN EE lum*m‘(t)l”‘ (2]
= o L R f'(x-;)k'(ﬁ,-.»}‘a;-/L‘(;')[;l——;—e—-—.,——;:—fé—iﬁ'} (1) L,
w4 o ) TR [ )™ [o-f)tea’ @7 = 5
o i : o
X " " 4 . whence IJ. and. J 4 cen be o‘bbained. The latter method has the advantage
e A‘d ‘s
4 ' . of avoiding the celeulation of an additionsl matrix, ’but it is leas o
(" % L aécurate than 'ahe former method ncar the ends'of the body.
1 . . ; . B. Transverse Tlow sboub a.body of mvolut'lon
X ) N . * .
13 - - . N .
. S Tet us take g(x) = -uzg end £{x) =4 in.(21). Then we need
. 71 . - . * >
S . to evaluate
- . . ’
f ] s : I M = }‘ R X *(x) [ﬂ -3a% + 3(: E) G‘-(K)JJ#

N IR -awzrﬁﬁiﬁv‘“+ﬂwaﬁwh'

o

e
i

v ~ h »4 ’ * - * - . »
b vhere G(x) =-19- %—x'(rz). But from the identity

‘gr ’

‘ . . ~'t 1 x-t
] . k(ﬂ(g x) - [R -3 +3(x-§)(;(x)] = ._5 [_z. + N R']
3 . we-obtain .

b . : I,4) = Li-% ' ()

r
o)

¥ 57 S "[.1.' 1. Ll , "
RS L R ﬁ&%‘& R T e T B

0. W NI A T ) o 2 S W x,L 2-s'nmin)
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.

l\zrthemore, subtracting (26) frem (29) yields
J” xk“’(xa,x)dr = [ 2Kz, 0 dx - wx - &

vzhcre, Ironi (57),

R o )
) Ql = _j'- . (!l,x) G‘(!) dx ’Z. hij GJ . ,‘\ y .(75)
Since also, frem (74), . '
' 1 . _ ) .
. ) x;kf"(x;,x;dz: J: x,hf”(x,.,x)dxi; 4xe T
_¥e obtain : , L .
J:‘:I=J-QI, . . o - (76)

Thus, vy (74) (75) and (78) » 1, and J, are, expressed very amply in

2

'herms of I.'l. -and Jl

It is seen from (22) thnt it ip necessary to evaluate d(ruag)/dx

. 1n order to determine the tangential conmponents of the veloci Although

?’-"f.%;"a

ok

S

E«M&e

u|

[y

this derivative can be obtained (,raphi.cu.uy from the values of u (x) s B
numerical differentiation formula, derived in Appcndix l, 15 ava,ilable

vhen the values of u,, are given &t the abscissae of the Gauss quad.rature

20
formula. For example, the e_xpres'ssion ..or U2 in (22), in terms of the

matrix 4,4 tabulated for N = 16 in Appendix 1, is’

.

T o ) .
~,923 (x;) = —_coe.b cony, .jzgl a‘i By U, (X ) ‘77)

C. Rotational motlon of a body of. revolution
In (29) we may take . = ) .
gex) = $pr2, F(E) =-#f-f 260 k"4, W)dn
" Then the kernel, and ;:onseq'uehtly the corresponding matrix hi 3 are the
" some as for trnnsverse flow. It remains only to evaiuate f, = £(x )
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. vhich is accomplished, by (57) s by wr:!.ting it in thc form
(78) ‘-

The meridionel velocitj ccmpcment, which by (30) requires the

l..-w -2 h“’ L

T B,

PR

e g

N R

evaluation of d(r¢5 }/2s, may be cbtained frowm (24) and the solution of

(29) by applying tke numerical differentiation procedure of Appendis 1.

] ; ~ D. Longitudinel flow aboub a symmetrigsl two-dimensionsl form - - ég
- ) . " - . o) 7 ) B
AN ; In (38) ve may take ) C £
T .. i . () '
3 ' : ' 9.0x) = Uy ";'(_;)"‘ ™, k e Z) F] 2 . - - e
L : , ’ . . o (x £+ y (z) i . .- ;;:;
3 ! i In order to reduce the integral equation to the form.of (57) we need o . ‘F‘S
b . . . . -
3 - to evaluate I)(§) and J,(§). As, for the axisymmstric case tWo methods &
St i of accomplishing this wilk be pregented, S E;
f' o . . .
. :ﬁ § - In the first method Ve choose for the ,au;f.iliary Yernel - ) i;
i = - . o 3
q. S I M8 A %) = '*-"—r—-";; =y (§) L —_—y "(79) . L_j
S B I - (2= eyl T - -0 o =
1 - : - ' -
IR there yE 1s the ellipse which passes t}‘ ough the end points oi‘ the body {
Y 8
L 3 and intersects it at x = ¥, as derined in (67) 2nd (ss) "'he exact . 5
A O ] . &=
J 1 solution of (38) for this ellipse is t{
’ : = (i+b) Cooy " J ot (eo0)
11 - g Hence we have . -
:: R f . A ! 3 - Wy (81)
- . . ‘ I =_J; kt(.)t.a,x)d;. 0, C, T
: 4 Also direct integration ylelds
\ ’ ' - = bt e
i  dy = [ e-1) k,(x;,kz)éx = ’f‘Di » Dt (1+5;) (82)
] ' .
3
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-t I aml Iy, can then 'bc obtained irom {55). SRR . 5
In the alternative mtnod the auxilmry l\ernel is the trunspo.,e
.

-of the given one. Then
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¥ -d / .
. .= -(X-X:) + 4 v;  .(83)
' . J;{ ‘;;(r k. 3 L. (i x,)+?.
- o (x-x } + 9.‘ (r2:) "% 42
- Vhence I and J’l can be obtained. As in the axisymmetric case, the

: latter metho& avoids the cilculuation of the additional matrim, but it

%

is less accurate than the former method near the ends of the prof;.le.
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. _In<(42) ve fuy take -
“ . . 9(’:) '{(;) -
G %),

.
= *
» . .
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{
L= J Kt =

or, from (57},

: Ty = Ja-Q + % (Ea

Also ve havo '

J "t " [(r-n)xu]:!x =

n

H.

Rotation of o symmetrical two-dimensional form

il o+ ZL: fé(\’z(i_f,-x}—c-(ﬁ dy

Then subtracting (42) from (40) gives

un') .
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a,=zzn§"§e
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T s "‘al(Ju“,QW%’.— 3’.'71’[17?*‘?4-"‘0@;1 ‘(85)‘

v

lactly it is geem that 1‘( ) 1s alao expressiole in f,erms of Qlf).

.
-
e

- . - »

T Wehs;ve_-

s

’F‘l: Tf'Xl +.2 Qj B . ) _. ' ‘>'(B7)

Thz tanzential tomponent of the \;eloci_tjf is now given by .

(Bh = - coLy; ,‘Z iy y'?.xi (1+ 93) -(88)
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.2. Bodlcs of Rtvolution

. 2) Axial flow

*

3G~

Al = ‘e"i‘a.[ze o - b 'Lﬂ 'L__L : Br—

2 . . - .
(O} /l- ’ F A— 2 2 -
k,-R, , R.-,‘-"‘t"‘:‘:?-“‘i,‘ f=2
(S du = "55-‘;‘ ’ T; = %8 = Tet

»

-2
.z

= x,‘
S;.i = % R; hzi_?’

S Yl (17
7 M- 4 b - ) R

b) Transverse flow

. ‘- d(n?
k ?R:[Rf: -3n} +3(4-X%] 6] (;az.__.l

3.

s

c). Rot atlon - k., same as for tronsverse flow.

1\17
= AX, +
. f! _3\! ZQi

Syrmetrical ‘IWo-Dimensional Forms:

a) Longitudinal flow
) tEs 2
K e Ji, Ry
(,, .
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) b) Rotation .
¢& (‘, a— X ’ r .% +z(x —r c.
3'(‘) = -'K_’-—-‘ 2 k!’" = R;,, Ko’- 2” | ) .I)
o) . . _ d .
hemnean, ReFele Gty

: : . '1—“ - J".‘;'Q! + X3 (I,}j"’r) .

= 7‘1(~Ta Qa)*ZRj‘ji—Z'h-.[zg) 1% x)@]
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A .ahort-cut p‘*oceﬁures L

If an nutomtlc d1gltal cemputer is not available,
sufficient accuracy for most purposgs may be :obtamed_with- t};e' ol
Lollewing briefer procedures: .

a) Tuxe for the corrected matr:.x

COn«-equently 11: wouﬂd not be necessary to conpute the J 3

()

end T'l. for any

<
.

IR AT

of the integral equations. ™ °

to ootain I

b) Use the trenspose of the matrix 3

“-

L 2L

. ‘ 11

by means of (72), except Yor i =L or N.-

s the auxiliary matrix

Obtein I, | and

Il,

N oy meane ol the more accurate protedure, fxsing the ellipse auxiliary '

matrix, smmnarized above. -7
¢) Tike N = 11, rether than- the value N = 16 which is being usea

in programming the problem for an automatic computérs ° -
. It {s éstimated that, with thesé short cuts, the resulting ,
-labo'r' is only one Tifth of that of the complete procedure.

s

loss in accuracy can be Judged from an 11lustrative problem which 45 |

The consequent

solved in both ways in the following section.
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Applications .

e wethod of solviné the various ‘inig}:gi'al equations enciountcz:ctl
above, applying the Gauss l6-point 'qaacratu;:'e formla with the *ellipoe’
;:orz‘ection, anﬁ solving the resulting sets of j.inea.r equa.f:ions by iteration, -
has been programed Lor the IBM 650 co:nputer. Two programs,y one for bodies

of revolution, the oiher ror synmetric proi‘iles s are presentad in Appendix 2.

A test of the procedures was given by .applicatian to the foxrm

o2 = 0.04{1-x 4 or  y% = 0.04(1-x})

wmch is shown in I-‘ig. 3. Because ef the limitea cepacity of the caﬁputer,'

certain preliminary calculntions are pade by hand, as is illustrated in

* Table 2 for this form. These data are then introduced into the canputez-

vhich operates on then to ohtain the varicus matrices for the different

motions and solves the-resulting sets of linear equations. The _solutions .

-

are given in Table 3. - - L

The sﬁbsequent caleulations for :obtain*i'xg the solutions :t‘or )
transverse motion and circulation i‘or a two-dimensional form end for
combining solumtions and o’ataining pressure dls’cributicns he.ve not been _- ’

programmed i‘or this computer. For example, the pressure d.istribution on

a body of revelution in steady motion at an gngle of ye.w-ot»would be obtained
" from the formula ’ . ' . . -
2.2 ’
- = - a - U 2a
Lo(uF+07) — ' {U“ v "d (rLyg) cony v Aim
+[( ‘g—x Ry, ) con’y e’ + Upg 20n'8 ] aim’a } (90)

~

Tere Uls - and u20 are-known if the mte’gral equations have been solved, .
and g—x(ruzo) may be obtained from the numerical differentiation formula
- (54)." Thus th;z' pressure coefficient is given-as a function of x end 0.
- .r‘ - e e s — -~ - = . -
g\—m“ A A AR .:,«- f 4.4y ‘; LEANCARI = .ﬂ?‘aa‘:’—'&:*— (-A,.T ,-‘;7.. WM_,,,, i : N

}%%%\:7 RN f&iv" ooy :u\;w_‘. \.

ot

RN :59-’\\\“:{»&‘5 -":’C‘u‘ {HK(WM"}.&J}C W
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knen the motion is wusteady, the pressure depends upon the tine

‘V . rate of change of tt;g velogity potential, so that the Instaniaoneous state
. of.’‘motion does nuv suffice to make the pfes_sure deteminate. A-practical'

application, in which the -various potential flow solutions have been com~

bined for a body of revolution m.éneuv?ri.ng in oo arbitrary trzyj.ectory,' * 18
1 ' . given in TMB Report No. 987 {10]. ‘ ] ‘ ,
v "7 " vnea computer 18 not availsble, it has been reconmonded that
A several short cuts be appli.ed, al’cfxough at some sacrifice in accura:cy"..z‘ )

.'These are illustrated on the same body in Tables 4, S.and 6 for thé case

oi: axisymmetric flow and compared with the machine-computed results in )

P

Figure 4; Also shown.in this figure ave the results obtained by Kaplan's
- method [13]. .

O

N A similar comparison is sl';oxm in .Figuye 5-for il:he'tw.o-d’:lmen'siopal ‘ : {\
i i " . Torm m.longitudinal Flov. '.f‘he pressure distribution abtained from the . T R
é \ values in Table 3 are here .cpclrpared w:_'lth-%:he Tresults i_'rom Theédorsr:fx‘;a — © g
{ method [12]. . _ LT Co ’ : '%:
s ) In order ‘to ‘ﬁi'y the pr'oce&urcs. foxl a ".“:wo-d'.imensioml profile ' ' :t

’ " with a sharp tralling edge, fc}r vhich the Kutta condition must be g:ppliéd, . ;‘
! 'n third set of ;:alculat'lons were performed for the J ;mkowsky foil shown }

in Figure 3. "This .was derived from tha circle of radius a in the }-plane '
LY 6 ” .

;" 3: a.~l+d..6£

by the transformation

1 1 29
3= .~:+L«}-mz—a7. [(za-:)(§+ g) - 2(a-1)%]
‘which gives a symmetricel profile with a sharp trailing-edge at x = -El. and

a rounded leading edge at x = +l. The 'eque.tims of the profile in para-

Cadhs

netric form are

24

S ———— Nt T T e - - - e m e s e

;‘zrg:r.m, G

§

-~z e
711':‘{:;._ s

m~

.t

»

!

L — P, - -
....... —r L o -

- —

o
.

B b 1 T R TR o b ch e

B e e . —

.
|

R
TR S




e e R N O i S LB T P R B Ty SR WY Ppma 2 T 3 The MU X ¥t ool U0, g W, W ) S0 2 dhy BYSOY 06, S0 WP, S50 5 5. 470, 05, GOR oSS

| v v

; - :
L ‘ 7
l - - ‘ -40- %
v ‘ ¢
|- Csed ' &
i X = z-*um%——~_-
. 2a[]-&-(a ) 5 B
- N . R “, * ,. . H
I Y=g (za-.-O(ae-t)(l-f-mG) ind R
i L vhere - | - .
‘ e T . D= 2at- 2a 41 + 2a(a-1) coud
i ° The case shown :Ln Figure 3 is for a = 1.20. "y .k ; < E
.t - T T 'l’he exact potential-flow solutions i‘or the foil’ are
) : 5 y D. = . & ood.e e : . \
z L Ugm Al Upg=-goewd et
: . . Vi oap(2a-1)Q . . .
i ] ¢ . ‘ i . ) . = b i
’ " S ©at= (+wwB)fat-20+2-a(2-4) wed]
and the Kutta condition gives ° A B L, -
. o oo e B2 3T (zem) . L . o
A ‘ R Y ’ SO . ) . -

B - Hence the resultant veloeity *>n the body is ot

; ) _- . o U, = f—d [UMQ - V(s f"‘be).l ) .

1§ 2B

and the pressure distribution is given by

[ . ¢‘ .
S Emme T el

: . vhere o = arctan v/u. . '

Yo K
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The velocities on the Joukowsky profile in longitudinal flow,

obtained Aby solving the integral equation with the aid of the IBM 650,

<3

b
are given in Table 7. The subsequent co.lmx_ntions in this table illus- . - gfi

4
trate the procedurz for deriving the velocity and pressure chstribut:.on i!“
* - '\1'

when the body is al. an anble of attack; 10 degrees wes assumed in the {

I present case. The pressure distrib\;tions are compared in Figure 6. . ‘
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{ ’ ' T o B L S 1(
i n - . . ’. . . . ' h . N r-
‘ . . . - . . . . - L. b\
2 . § . . . <
. . O , Table 2 - Prediminory Caleulations for IEE! €30 Program . . }‘.
) for r° = 0.0«:-(1—x") ~
. U e e mm b e gre . e i“,,.......-_-. —_.;__é.u.‘-
. K : 2 c. _la, 2
, s 1 % N - G sec ¥y
B 1 -0. 989400&; 0. 001669079 , - 0077485091 4.59697138
i : 2. | -0.94457502 0.608157598 | ‘.0.067»‘5.21647 1.55723248 |
> 1. ; . ) . :
- 3 -0.86563120 0.017540939 ; ° 0.051590600 | 1.15350571
| . ; ! . . .
4 =0.75540441 0.026974390 | 0.034484865 | 1.04408550
¥ . . B .
; 5. | -0.51787624 | 0.034170034 . 0.018570981L i 1.01042182 .
: ) I . 1 .-
: 6 | -0.45801678 | ©.038230704 { 0.0076855976 .} 1.00154509 -
g 7 | -0.28180355 0:039748457 0.0017865055." | . 1.00008029
i 8 ~0.09501251 |° 0.039996740 0.0000686171 | 1.000C0012
' ' i ) . !
L, 9 0.09501251 0.039996740 | -0.0000836171 | 1.60000012 i
E, 130 0.28160355 0.039748457 | -0.0017865055 | 1.00008029
F . 11 0.45801678 0.0358239704 | -0.0076365976 ; 1.00154509
12 0.61787624 0.034170034 | -0.018870981 | 1.01042182
N - . e R
s ' 13 ,0.75540441 0.026974990 ; -0:0344B4865 | 1.04408550
< 14 0.86665120 | 0.017540939 | -0.051830600- | 1. 15350571 '
: ot . : 4 ‘[
] - 15 0.94457502 0.008157508 | .-0.067421647 | 1. 55723248 ih
z : . “ . | .
: 16 0.98940093 | 0.001669079 | -~0.077483091  4.59697138 i
; 4 . . - §
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PTable 6 - Short-cul procuure Jov 1‘2 = 0,04 (L-3 )
Solution of cquatlons; pressure uwiseribubion
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APFEIDIX L L

- ) ' Formalay for Numerical Differenticticn and Intexpola.tion

.

, . ‘ ’ . Let us suppose that 2 Gauss qundratare formula of order N
- ha" teen used to solve an intcgrul equation. The solution, will consist

of & set of nur;-oers g(x ) vhere the x are the zeros of tne I.egendrg

[ ]
MG R P e | OO el LY I | 08 PP LIPS,

. poldno'nid, of degree N. It in necessary, occasionauy, to differenti-

PITEE
2 pi LGV

T ate the product oi af x) by sone given function. Since‘ it is-aes:irea ‘ E)
; e " h to m&int«in a completely aritl-.mevlcal procedure, a formla i‘or the . ' T, g
h valueg of the ﬂorivntivc of this product pt tnc :point xi vi1l be ‘de- : -.‘: 'g?
{ T . rived. . . N - * ?\f
‘ ) . . Denote the product funckhion by h{x) azd put h g = h(x"). 'i’he.‘ i
i" ; N numbers'hl; 5 ees ;5 axe prezumed to be knoun. I.ag*unge‘s interpos )
: ) ' Iation Tormila [16] for i.he polynonl&l bnrou,:z,h the pointe (x , hd' iz -~
R . ) _ éhere the primc denotes ﬁiffe_rentiutibn:with respect 1o the argument.
j ) S Differentlat ing (91) yields ’ ' -

f O e Rm ey
: ' i=t (ex)?plagy O} :

[T

or, .putting x=x and h; = h'(x_,), we obtain

(92) -

, vwhere
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and, 'E:y. nyplicuticit of L'Haspital's rule, - Y

., . '
. Py (xi) . -
a,6 = — . - .,
. ) (13 2 P"’ (X;) . ] (94)
But the Legendxe polynomizls satisfy the equai;fons "

i «“{:‘I&»‘J’i‘-?‘f?‘f- oty efrter

N4 ‘ .
Qex) Py ) + N[xP, 9~ P, 0] = 0. - ,
- . (o -fxz) PN" (x) - 2x P,,"(x) + N (Nt1) Bp(x) = 0 '
From these equations we obtain ~ | .-,
e T, NPy, (X)) i
P PN (X‘l) = ‘_—"L;z""“ k" ot . (95)
A t~ Xy .
I T I S IR
_ Py (x) = FLEZO
Lt . ‘ . =X o © (96)
and hence, from (94) ana (s8), . )
' L = b Lo e '
‘ ' W= gTyE o (97)
Thus "-11; is seen that the derivatives hi are given as linear
combinations -of the'o‘rdinat;as h‘,. The diegonal eclements are given by
(97) and the remaining terms (93) can be computed from tables of the
Legendre polyndcaial of degree N-1 according to (9‘) The matrix aij
for N =16 1s given in Table 8,
~An- int;eresting' observation is that if h‘1 =1 then we must
" have h/ = 0. Hence Sia,, = 0. This shows that the matiix & is
i i 13 . ] 1)
singular. ' ’
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& The interpolation formula (91) also furnishes an ™, - % N
AR . . ; ’ Lo ) 0
il . arithretical proveduze I evaluatiog Whe-dntegrals in («7). ‘ -L

' . We obtain. - [ | :

oy . . . xn" )
Nty : Xeoooo® N - Lt Py {x)dx

g ! S =2 Y CyErgeo 2= (e
: Lo o hoyds Gy hyy GiREng Lasys @

v

‘13 - . -- e .o

oy
I

T
Aol
:
B
N 1 R
AT T T s

. T‘l}e'cé_efficientp €,y buve the properties

. ’ L . . ’ - R; (99)

g T Cu-ton, wogua= Ry Cy= C"‘f'*i' AN 3
g | o |
e : ) :‘ ‘
ol . " | vhere the R axe the weighting factors in Gauss's quadrature formila T

PR,
e s

i NN . . . (s8)." Also we have from (99) . . . Lo . .

§ i > ... . " " - ] * x‘ Y

H LT . jx'. hoody = [ h(ody - ] W00 dx :
: * LI -t . . (100) g

.C hy ‘ '

, ’ ’ N .
b . o= ﬁ, (R;-.'C,,-)h,- =g Chere, et

~h
o N§
L e e e e -
B
-~

)
LI

US| SEOLPEIITAONOE | || RSN S TIN5 | 500 S

* Values of the matrix ¢ 3 for N = 16 _are given in Table 9 for 1 = 1, 2,

*s+ 8, 2nd J =1, 2, +-» 16: The values rorli =-9, 10, +++ 16.may be

i ak?
—
ok

{
Y * '

' ' obtained from the tabulated values by means of (99). An alternative . . ;
4

procedure, which avoids the necesgity of ‘computing thesé additional

numbers, is the following one: - . - ) !

xR . n ; b o ’ . J N :
&4 I. h(x)d! = -’z-[( R‘ - CN“'”. ”-1'1-]) 3 = :-[' h(.l’ ¥ —,'{lc""ﬂ,jhﬁj'i‘ (101)

It is seen that Bgs. (100). furnish similar expregsions for evalueting

fxi'.h(x)dx.“' o T
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Appendiy: 2

Program for the IBM G650 Automatic Computer

[ vy
o '
. Matilde lacagno

The IBU 650 is & computer of moderate spced and a storage
capacity ol 2000 words which may serve as numbers or instructions.

Becouge of its limited capacity, each of the following two programs

. was subdivided into two parts. The continuity of a program is not
"W‘ disturbed, however, since the gecond part is reed in automatically

s ; | alter the rirst io finished. The progroms are written in the form
‘{‘_:' i of’ FORTRAN statements, a cemi-mathematical language, which are trans-
.‘- | lated by the camputer into a machine-language progrom.

%’i l The first program solves the three integral equations for
" | axial, transverse and rotational motions of a body of revolution.

:;‘ | The required input dota are the clopes and ordinates ol the body at
M l “' 16 gpecified points. In the first part of this program a "corrected"
‘J; ; | matrix vor asial flew is computcd and various combinations of the

E .‘t ’ . elements of this matrisi, recded for all three provlems, are obtained.
‘ ' In the second part o system of lincar cquations, having the matrix
e computed in the {irst part, is solved by itcration to give the solu-
\ tion for axial flow. Then a secund mutrix, which serves for both the
g transverse and rotational cases, is derived ond used to obtain solu-

tions (also by solving linear equations by ‘Jteration) for the lattor

two cuses.

el ) - - -
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D=

The second program solves the Lwo integral equationg for
jongltudinal and rotational moiion of a symmetric two-dimensionat
foria, Again the first part cf the program derives only quantitics
agsoclated with the matrix for longitudinal motion. In the second
part the matrix for rotational motion is obtained and golutions for
the two cases are computed by solving sets of linear ecuations by
iteration.

A "Pauge" statement is included to pormit the program to
be stopped after a solution for a particular mode of motion has been
obtained. Two subroutines are required, the square-root subroutine
for both programs and the natural-log subroutine for the body of
revolution.

The times required for processing the programs on the IBM
650 at the State University of Iowa (vhich is presently not cquipped

; . with "floating point") arc as follows:
. Body of revolution (3 integral equations) 100 minutes

Tvo-dimensional form (& integral equations) 75 minutes

gt g g P P T g S ST T W .
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. Potentisl Flow About A Body Of Revolution

Parts L

Q_In___l_g% c{1s,18), s(16), 2(16), X(16), Y(16), R(26), W(16),
ﬁ(ls), si(1s), sz(16), A(16), B(16), T(16)
1 READ, X, Y, R ) ' o
03 Ie=1,16
é (1) = 1. ~ X{X) 2
- K(I) = ¥(I)/s(1)
D06 I=21,16

(92}

4 DOG T =21,16 : -
5 YE = 8(J) % K(X)
D = (X(J) -~ X(I)) »x 2

8 C(I,J) = R(J)x YE/SQRIF((D + YE) »r3)
08 I.= 1,16

7 B = SeRTI{1. - #(1))
U = LWF((1. +E)/(2. - E))
A(T) = ({2.xE - Us(1))/Exx3

8 B(I) = H(I)x(6.xE -'(z. + B(I))%U)/BexS
Do 11 I =21,16 |

9 s1(I) = 0.0
52(1) = 0.0
DOl J = 1,16

0 ¥v=¢(1,5) - : -
81(I) = S1(I) + x(x);B(I)/ls. - ¥x(X(3) - %(1))

11 S2(I) = S2(I) + A(X)/16. -V

D014 I=1,16
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~ . . . . =55

B

‘DA I =116 . oo e ' o

35 D= I) - X(1)}e2 + X(J)
. ) s (L) = R(J)**:(J)/SQRTF(b**é)
;', . DO 18 1'- 1,06 o C
' r s s =06 T R
3 . i) 0.0
D017 T = i’,ls ’ | .
. T R
A1) = oD + WD) X)L
: "11. S(I).= S(.I)"+,"I ; I R , ‘ ©
' " S(1) = 5(2) + 52(I) ‘ ,’.':_'.': St e L
! _ . H(T) = 2(T) +'8U(1) ,
: E . 18 ¢(1,1)-= o(x,1) + s2(1) - Lo
i Pz I=1,16 K
TP g pmm, W W ‘ L
{1_ _' Do I=116° y .
) f . 20 ¢(1,3) = ¢(1,9) -+"H(J-)a€$l(1.) C ;
‘ 2 2(I) = 2 -
‘ SRR .
 Body c;f Revolutic;n - Part 2 o
.DIMENSION - Same as in Part 1
" M=1 : '
) . 2¢ D026 I =1,16
!, . 25 A(T) = Z(T)/8(1)
' ' AP = AT)
< . . :
';’-";“,'J-‘:Pj-’.’,‘i‘t';ﬁ‘;)-:“,-:j‘,-‘ A I A I RO ST R I R L R B LR Y R R R . el o




26

punc, 1, A2 . -

‘K:i ) =

ter

31

‘DO 31 I = 1,16

3'1(1) u 0.0
3 I=1 o .
azmyis -
s1(1).= SI) +D - (':('I;J)e;»\.(J)i .
E = 51(£)}s(1). T
B(1) = A(L) +E o . "
BP ="B(I)” ‘

PUNCH, I, BP, B~ C

D035 I=1,16

D034 I Ll6c

35

K=K+1,

S1(I) = 0.0 e

b-#D)f16

31(1') = §)I) +D - C(T,3p2(J) -
E = SYI)/8(E) -

A(T) =D(1) +E .

AP = A(I)

“PUNCH, I, AV,E. -

.IF(K - 6) 27, 36, 36

CONTINUE

L M=ME

PAUSE -
1#(K -~ 3) 50, 51, 53 ° -
READ, A

D039 I=21,16

.
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© 0 .37°82(X) = 0.0
. . © D038 J =1,16

38 S2(I) = s2(I) + c(;,J)*;x(J)

WPGFRERC | S e 0 PLIAACA [ ETM 2.

- : o - K(1) =.H(I) - '52(:)'

o AR

S(1) = s(1) - 4' ) ,

P 39 - 7(I) = 4.5X(T) fas2(n) - x o
S 0ie 11,1
10 2042 T = 1,16 Ny
A D= (K2) - XDz #¥(3)

B

s

D - 5o $(0) + 3. (X(0) = KDAD)
R(3)* ¥(9)/SARTF(DaxS) - |

42 C(I:J) = ExG

Yoo

G

- " D046 I =116 : R

Sl(,I)'-= 000‘ . ’ - b N b . e ox . v . -

R N g SR
o
(2]

) ) -52(T) = o.o'.',"“’ w "' I
; 10 45 .7 = 1,16 o ‘ ’
- 44 V= o(1,9) - ) _ .
31(.1') = S1(I) + ﬁ(I)/ie. - vx(X(3) - %(1))
45 52(1) = S2I) + S(I)/16. -V
: 46 o(L,I) = 6(1,1) +§2(1)' ) R
b B D049 I =1,16 .
i "7 R, W
t ' D048 J=1,16 ]
48 c(I,J) = ¢(I,T) + W(I)SL(I) 2
- 49 Z(I.),_= 4. o
‘ ( GO TO 24 oL _ -
?" 51°D0 52 I =1,16 ‘
!
Lo - . er - o

. . . » .
o - - gt - a - gn . - - sy - Ve ma e ~a - . . . < ~ ., .
N O TG T 40 N T T ISR e T T L TS e e WA R e e T LY e SRR e N mumemen o *




~-X'm‘:x1\.:1‘1-.;:.,\:1 AU L L RS LA S LTI RSN DN LA LT T ,.'_L\‘:‘:.;'}:;LVmﬁ‘,{_mﬂl‘:‘uﬁlﬁlm’ﬁ'{l;&'Lm.ﬁz\.TLFK-WL'lL‘lﬂm:@k
% : ‘ '
v

d

»
.
T
. ¥
T e - e

PR A R e s Lt

sednamn - ST

G0 TO 24

v XA
o e

SSOQHH'RIE -] . : .
STOP

- B .
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I . . . *

T - Potential Flow About A Symmetric Twp*Dimcnsicnul' Form -

Part 1 >

T A

DIMENSION = C€(16,16), 5(16), 2(16), X(16), ¥(1s), R(ls),.wil'é»), ﬁ(vl_ss,
sX16), 52(16), A(26), BRE) .. . .-
-1 GREAD, X, Y, R L . P o
Pasamsoz . el - LU R

D03 I=1,16

‘
¥
.
IR T || P da) el SN

2 T8(I) = 1. ~ X(I)xx2 . e e T RS

5 H(I) ?V(Y(I)**z)/six) . | L . <.

: A

. ‘ _ L i

D06 I=1,16. . SR DU b

- S e A
4 ‘D06 I=1,16 SO L T , i

5 XE= S(OhE(I). T
D= (X(J) - x('I)‘)**a

6 C(I,J) = R(3)nSURIF(YE)/(D + 'mj’
08 I=nl6 DU

7 U = SQRTF(H(I)) e
A(I)nP/(l.-;U) Tt _7’ .

8 B(I) = - PxUf(1. 4+ U)xx2

o ey e o A

D01l I=1,16 ' _ _ o
9 syYI)= 0.0 o ' . S - } 2

s(I) = 0.0. ‘ , . ~ o §

D011 J =116 : - , * *
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SIET} = SICEY + XCENB(T)/IS. - W(H(E} - x(ﬁ) .
11 s(I) =:52T) + A(T)/26. - V
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. - . ‘D014 I=1,16

) . .
! ) . . 12 D014 T=Ll L e

- -

k
:
M

§

3

A
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‘13 D = (X(T) - x(I))**z + Y(J)a.*z

T R -!.’“ ‘“.. ) O
oS S AT 14 ©(I,3) = R(TY(JI)/D

el
-

D018 I=1,16-, T

+ 15 2(1) = 0.0.
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7]
PN BT s I
B
m
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s(I)-oo S S

- D0 18 J-l,ls ‘ - K -
16 V:.C(I,J) ,

2(1) = (I) + W(X(7) - X(1)) .

.17 S(I) = S(I)+V ‘ '_ . L

5(1) = s(1) +.-_sz('1) , L

" 18 u(I) ;z(.x)'+sx(1)

-
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A,
B Y

et n.k,;,.;,,__ Is('g\h‘.;ﬁ,;_f* - .h;—rg>,’

Dereiey (15,26}, S(16), 2(16), (IS, w(as), Bs), W), .
~ll(lG), Sl(lG), s2(16), A(ls), B(lG) ‘
‘ : 240 D026 X=1,16 - Lt L . T
s AL =0/ L | o
) AP = A(D) .
, 26 PUICH, I,AP“V . A
27 DOSL I=1,16 - . . L
i 28 sY1)=0.0 .. - . ‘ U ol R
; | "m0 J=136
[ 29 D= 2(1)/26 ’ S o |
.30 SYI) = SUI) +D -~ C{L,AeMI) . - 7 o .
S 3= QUD)/S(1) - Iy
t B(I) = MI) + & _ L _
- f ) :BPI.-.:,B(I-i - . - - , .
; 51 °PUNCE, I, BB, B : " e ‘ R
. D035 IT=116" )
32 S1{I) = 0.0
: 0034 J=1,15 y
' 33 D= Z(I)/ls. )
34 S1(I) = Si(I) +D - c(I, J)*B(J)
. B = 81(1)/s(1)
‘ MI)=BI) +E - v
S AP = A(I) -
55 PUNCH, I, AP, E ‘ ,
) K=K+l *
] "X - 6)27, 36, 36.
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ot -$(I) = H(I)} - sz(xj + X(O(S(T) = P) ' B
- :,39‘ é(i) = Pax(1) + a.*sz(;)' - ‘

0 42 I=21,16 T T oL l
3 - 40 T0 42 J =1,16

4L D= (X(J)‘-‘x(l))u*'z + Y(J);H(-_ZI -

O i ot o

: E; D - 2.4Y(T k2 + 2.4(X(J) -;)_((I))*A(:I.)' '

o G = R(IMX(IY(I)/pwv2 - © " -
-"‘."‘L Tt - - 42 C(I:,‘J:)=‘E*G"-:'» . - . ,

PRt L] o

D045 I =1,16 A Lo e . g .

- F. - 43 SZ(I) = 0.0 *

D042 J=21,06 - . LT 2

! Cb .+ 44 SZX) = 82(1) +.C(1,7)
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