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ABSTRACT

N
\s

“N It 18 assuinncd that the dissipation in a collision free
shock produces a random distribution of magnetohydro-
dynamic waves. These waves are then treated as the
fundamental particles of the plasma. A rough kinetic
theory is developed which estimates the heat conductiorr
s coefficient due to the waves. Using this heat conduction

coefficient, the shock thickness is estimated to be about

fot‘r times the characteristic ion Larmour radius. This

prediction is in rough agreement with experimental re-

sults obtained in a MAST cevice, /\
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COLLISION FREE MAGNETOHYDRODYNAMIC SHOCK wAVE”*

by
A. Kantrowitz, R. M. Patrick and H. E. Petschrk

Avco-Everett Research Laboratory
Everett, Massachusetis

Introduction

Collisional dissipation in plasma becomes very slow at
high temperatures. It seems likely that other dissipative mechanisms
associated with what has loosely heen called ‘‘magnetohydrodynamic
(MHD) turbulence' will then become of prime importance. A shock
wave propagating perpendicular to the magnetic field in a plasma where
the ion cyclotron radius is much smaller than the mean free path pro-
vides a good opportunity to study these phenomena. This paper reports
progress on theoretical and experimental studies of these shock waves.

Wave Steepening and Thickest Shock Hypothesis

In many astrophysical or laboratory cases, shock waves
are formed by the steepening of gradual compression fronts. As
the steenness of the froni increases diffusion processes become im-
portant and at some steepness can transfer sufficient momentum and
energy and produce sufficient entropy so that a steady state shock pro-
file is attained. One would therefore expect that the diffusion process
which can act at the minimum steepness, i.e. at the longest range, will
Le the one which controls the shock structure provided that it can pro-

duce sufficient dissipation. This expectation will be referred to as the

*  Sponsored jointly by the United States Air Force, Office of
Scientific Research and Office of Naval Research under contracts
AF 49(638)-61 and Nonr-2524(00) respectively.
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thickest shock hypothesis. *

It has been suggested by Ka,hn3 and by P’arker4 that a
dissipative mechanism can be found in terms of plasma oscillations
which leads to a shock thickness of the order of the Debye length.
Gardner et als have suggested that a permanent shock structure can
be found from a sevies of pulses whose dimensions are of the order of
the characteristic electron gyro-radius ”.-T;e-m where m is the
electron mass; W is the electron density; e is the electron charge; and
¢ the velocity of light. In this paper we will atterapt to show that
in the presence of a transverse magnetic field , randomized MHD

waves can provide the dissipatjon necessary for a steady state shock
structure based on a length I -% the characteristic
ion gyro-radius (M is the ion mass). The dissipative mechanism
discussed here can provide the required dissipation for shocks whose
velocity is less than about five times the upstream Alfver velocity
(MA< 5). For non- relativistic plasmas this length is orders cf

magnitude larger than the Debye length or the electron gyro radius

+ Scveral examples of the operation of the thickest shock hypothesis

in collisi;)nal shock waves can be cited. For weak shock waves in

CO, the dissipative mechanism is provided by the lag of vibrational

energy behind the changes in translational energy. Steady shock structures
have heen observed experimentally which are of the order of 104 times
thicker than the mean free path. ! Similarly, in magnetohydrodynamic
collisional shocks, Ma.rshall2 has shown that the Joulc dissipation

can provide the necessary transport and establish a thick shock wave

unless the shock strength is too large.
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and thus is preferred according to the thickest shock hypothesis.

Proposed Collision Free Shock Model

The model we propose is based on three facts:

1. MHD modes exist whose group velocity is faster
than the propagation velocity of shock waves (MA @ 5). Thus, these
waves can transfer energy upstream inside the shock front. Con-

sidering small amplitude waves propagating in a homogeneous,

cold, collisian-free plaema and neglecting dieplacement currents,

the dispersion relation is
4 2
0= (wr’—z-‘e) (H E’.yﬁgf—(m i’%) I;-‘t[l-fm‘e

+ r&"h"( woe & + "';“' 4",“’9)] + r ;thu"'e

where @ is the frequency and h... the wave number oi the waves,

H‘ is the uniform applied magnetic field, and @ is the angle
between H‘ and t . From eq. (1) the energy flow perpendicular
to the magnetic {ield (i.e. the x component of the group velocity Vgx)
can be found. We shall be intcrested in propagation directions chosen
to maximize Vgx for a given k. The maximized Vgx values(which
generally result for k & 45° to the magnetic field)are shown in

Fig. 1. It will be seen that energy can be transferred upstream at
speeds up to about five times the Alfven velocity ( U eek - 5 A)'

2. MHD waves superposed on a compression front will
grow in energy by compression. A wave packet will exert a pressure
of the order of magnitude of the wave energy per unit volume (€€ )
on the surrounding medium. If the surrounding medium is undergcing
a compression, the work done against the pressure exerted by the wave

packet will appear as increased energy of the wave packet. In the case

-
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of a one-dimensional compression front propagating in the x direction,
this work is given by f,,# per unit time where Prx is the stress exerted
by the wave packet in the x direction across a plane perpendicular to x.

t can be seen that if a wave packet spends a time in the shock front equal
to the particle time in the shock front, then the ratio of its energy across
the shock is similar to that experienced hv a vas undergoing a similar
isentropic compression. If, however, a wave packet spends a long time
in the shock front, its energy can grow indefinitely.

3. The scattering of waves on waves can provide the random-
izing process which is necessary to increase entropy in the shock front.
Waves capable of affecting the dynamics of a shock fr~nt will have
sufficient amplitude so that non-linear effects will be important. Thus,
in particular, appreciable changes in magnetic field strength and propa-
gation velocity will occur. (However, in the interesting k range, kriN i0,
the accompanying density fluctuations and the plasma kinetic energies are
srnall.) In analogy to the kinetic theory of gases we can estimate a mean
free path Xw travelled by a wave packet before appreciable scattering
is produced by the random field. A wave will be appreciably altcred in
amplitude and direction when its phase has been changed by unity (or its
"optical path" changed by 1/k) due to the disturbing waves. If we approx-
imate Eq. (1) by neglecting the angular dependence of the dispersion

relation and assuming r"gmg » | , it may be written as

eH, (rh)? (2)




At constant frequency the change in wave number is then related

to the perturbing magnetic field 4H by

H ’ ‘ R
VR LHOR),

[
ar
The perturbing field of the other waves will be coherent over a distance
of the order of the reciprocal of the mean wave number, i.e. V*m 2
In going this A18taRCé the phake or rhAe wave thereivre uaiges

m
+ Tkt
amount—.'—%f—-;'re; The phase changes by a random walk process

with steps of this amount each time the wave goes a distance l/km.
The length A. required to obtain an r. m. s. phase change of

unity (the nean free path) is therefore given by the numberJ A,k. of

steps required.

i 4 ey (4)
N = p‘k(l-fﬂ'}‘k‘)‘ lk)l

where 92 (‘“l—’)lis the ratio of the average wave energy to the field

energy. In later developments we will set km = k thus assuming that
only waves closely grouped about a single value of k have appreciable

energy.

We are now prepared to construct a rough model of a shock
front, Fig. 2 is drawn for a shock propagating at twice the Alfven
velocity into a cold plasma. Our present state of knowledge does not
allow us to say anything about the stock profile, For purposes of
illustration and estimatiorn of the shinck thickness it has been assumed
that the flow velocity and the average magnetic field vary linearly
with distance through the shock front. Since waves are the dissipative

mechanism the randomized energy will appear as wave energy behind

-5




™ 2 2 1
f -+ ..’.5 —L .“:- = mﬂc{mﬂ- }-‘—l
E e 14 < 2 Yn b, vz ; (5)

Variations of the expression on the left evaluated inside the shock front

will depend on the precise nature of dissipative energy and momentum
transfeis inside the shock front, At the present writing we cannot say

much about how this quantity will vary through the shock front. We

will assume by analogy with ordinary collisional shocks that it is

constant through the shock front. With the further assumption that

the pressure and energy density cf the waves are equal, the conserva-
tion laws now permit us to calculate a required energy transport
upstream, q, which is also plotted non-dimensionally in Fig. 2. Note
that in the c2nter of a shock with MA = 2 the wave energy has an average

upstream grotp velocity about equal to the undisturted Alfven speed.

Estimate of the Shock Thickness

The physical picture given above will be used to obtain

order of magnitude estimates of the dominant wave length generated

in the shock front and of the shock thickness. The energy flow upstream

will be a diffusion process from high to low wave energy regions.

Roughly one can imagine the scattering of wave packeis to

be similar to the collision of gas molecules. The gradient of the wave

energy fl—cxs will establish an anisotropic distribution of these waves which
will result in a net energy flow upstrearn. On the other hand, the

scattering processes will tend to create isotropy.

In analogy to the kinetic theury of heat conduction we will

assume that the upstream energy flow is
) 4.P< (6)
© dx

A Ao (Vor ~ua
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The thickest shock hypothesis can now be employed to estimate the
dominant wave number. Clearly for a given energy density gradient
waves with a maximum /\.(’v’,-u) will have the greatest diffusivity

and thus will lead to the thickest shock wave. We consider the case
MA = 2 and evaluate all quantities (except iy ¢ % ) at the center of the
shock. From eq. (4) and the calculations of vgx quoted above, the val ue
of k for rmaximumn diffusivity was found to be r;k:q and the diffusivity
at this wave number was 2:5¥¢Vy . The conservation 1aws give the
energy gradients # %: -E- . Thus, equating the energy flow re-
quired by the conservation law with that given eq. (6), yieids a shock
thickness L =k .

Similar calculations for other Mach numbers yield

10 &

M3 L=#§ r

1

for M = |.§ L

It is hardly necessary to point out that these thickness cal-
culations are only order of magnitude estimates. It is very easy tc make
equally plausible arguments for shock thickness varying a factor of 3
either way from the values given here,

Comparison with Shock Tube Experirments

Shocks propagating perpcndicular to an initial magnetic field
in hydrogen have been produced at this laboratory in an annular electro-
magnetically driven shock tube (MAST).6 With MAST it is possible to
calculate the strength of the driving field and thus from the conservation
laws the expected shock velocity. The velocity of the shock thus calcu-
lated agrees very well with experimental measurements. Shock velocities
up to about 56 centimeters per micrcsecond have been produced. The

density ratio across ithe shock can also be calculated from the conservation

= =




laws. The density behind the shock front can be found from brem-
strahlung measurements in the visible region with a photomultiplier.
Interpreting this bremstrahlung in the terms of the plasma density
assumes (1) that the gas is fully ionized, (2) chat none of the hot
plasma is lost to the wall, (3) that no appreciable contamination is
present. Making these assumptions, the denisties have been calcu-
lated from the visible radiation and good agreement with the conserva~-
tion law values for the cases of riagnetic field parallel (’)?, £ ‘/) and
perpendicular (ﬁ/(" =‘2.~2) te tiie shock propagation direction have been
found.

Shocks have been produced in which the characteristic ion
cyclotron radius is as much as 100 times smaller than the mean free
path downstream of the shock wave. It has been found that the density
(light intensity) jumps and ‘thus presumably the shock waves are much
thinner than the downstream mean free path. It is not clear that the
light intensity rice is indeed the shock thickness gince it might he
e xpected that the shock is not accurately plane. The shock thickress
measurements presented on Fig. 3 are thus rough upperbounds and
as can be seen a considerabie scatter has been obtained.

Tue order of magnitude shock thickness estimate previously
made has also been plotted on Fig. 3 and is in fortuitously good agree-
ment with the measured shock thickness. Much work remains to be done
before this agreement can be taken seriously.
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Fig. 1 The x component of the group velocity Vo, for “fast" MHD
The fast mode is cir-

waves propagating in a cold plasma.
cularly polarized in a direction opposite to the direction of
rotation of the ions in the undisturbed magnetic iield H,.
This mode is not heavily damped until frequencies close to
the electron cyclotron frequency are reached. The plot is
made for waves having propagation k chosen to maximize

the Vg for a given { ki
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Physical Picture of a Collision Free Shock Wave. The
directed kinetic energy is converted in the shock front to
randomized wave energy. The random wave amplitude
required is estimated from the conservation laws. The
conscivation laws and the steady state condition also
permit an estimate of the average upstream flux of
energy and momentum which is also plotted.
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