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FOREWORD

THIS vorLuMsi embodies the results of some of the
statistical and analytical work done during the
period 1942-1945 by members of the Anti-Submarine
Warfare Operations Research Group [ASWOR®G] of
the U. 8. Navy, later the Operations Research Group
[ORG] and, since January 1946, the Operations
Evaluation Group [OEQG). The group was formed and
financed by the Office of Scientific Rescarch and De-
velopment at the request of the Navy, and wasassigned

‘to the Headquarters of the Commander in Chicf,

U. 8. Fleet. The group has been of assistance in:

1. The evaluation of new equipment to meet mili-
tary requirements. ’

2. The evaluation of spocific phases of operations

: f rom gtudies-of action reports.

3.1 he ‘evaluation and analysis of tactical problema
to measure the operational behavior of new material.

4, The d(\vclopmont of now tactical doctrine to
meet specific requirements. :

5. The technical aspect of strategic planmng

" 6. The liaison for the Flects with the developmont

" and research laboratories, naval and exfra-naval. -

The material presented in this volume has been

Speeifiec cxamples are developed of the applications
of the more general Methods of Operations Kesecrch to
the problems of submarine warfare. Also, u mathe-
matical basis is provided for the Swmmary of ASW
Operations tn World War 11, ns well us for a wide cate-
gory of similar investigations. Although the tactical
doctrines presented apply to instruments, weapons,
and conditions prevailing during World War II, it is

believed that the methods and systematic processes

of analysis which led to these doctcines have wide
application — not only to submarine warfare but to

many pther military and civilian problems.
It is increasingly evidént that no branch of the

Servico can afford anything less than max1mum effi-
ciency in the use of the men and matériel available to
it. The re_a.hmtlon of thisideal demands that the most

advanced scientific knowledge available in the coun-

try be focused  upon such matters not only in time of

war, but especially in time of peace. It i8 the ear nest -

hope of the OEG that the material coptained in this

and the companior’ volumes, by helping.to provide a *

basic understanding of the processes of thisimportant

':brunch of warf&rc, w;ll matenallv contrxbute to this

compiled from reports and moemoranda issucd by the E 'goal

group and from the first-hand knowledge and experi- .

ence which the authors gained during World War 11 .- Prump, M Morsn

with the techniques and ptoblems discussed. Director, Operations K Lvaluatlon Group -
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PREFACE

Ai TiE Operations Research Group was at work
investigiding one question after another in the
course of it service to the Commander-in-Chief of
the United States Navy, in World War 11, it beeamne
progressively more apparent that large classes of
problems were united by common bonds and could be
handled by common methods, that there was indeed
unity in diversity. And as in other ficlds of scientifie
endeavor, where the elarifying influence of gencral
ideas and methods ean form o body of isolated facts
into a powerful theory-—onee they exist in sufficient
number—so in the work of the Group, methods hor-

« rowed from the mathematician and mathematical

physicist showed their power and uscfulness in those
classes of problems in which the Liody of practical in-
formation had sufficiently accumulated. In this re-
gard, one field was pre-eminently ripe for mathemati-
cal trentment; the ficld involving problems of search.

In cvery _qugst,ion of scarch there are in principle
two parts. Onc involves the targets, and studies their
physical characteristics, position, and motjon; sinee
from the very nature of the probleni the,latter are
largély unknown o the scarcher, a branch of the

" seienee of probability is applied, sometimes so simple

as to be trivial, at other times involving developments
comparable to statistical mechanics. The other part
involves the searcher, his'eapabilities, position, and
motion; inagmuch as dotection is an cvent fraught
with manifold uneertaintios, this part of the question
wii* also appeal to probability, specifieally studying
the probability laws of doteetion. Thut the study docs
not stop here: having gained fundamental knowledge

88 to these two parts of the question and their inter-.

relation, it is necessary to make application to the
tactical matters in which scarch is an cssential com-
ponent, such as hunts, barriers, and those defensive
types of search known as screens.

The book treats (hos+ questions from the point of
view and in the order indicated above. It is intended
to bescientific and eritical in spirit and mathematienl
in method, and while the data upon which its theory
rests are practical and experimental and the ultimate

application of its conclusions is to naval warfare, the
book itself is not & manual of practical information
for naval officers. Rather it is intended to serve as a
theoretical framework and foundation for more im-
meodiately praetical studies and recommendations. In
particulur, it stands in this relation to Volume 3 of the
present series (A Swummary of Antisubmarine Warfare
Operations in World War IT). On the other hand, its
relation to Volume 2A (Methods of Operations IRe-
search) is in furnishing systematically developed ex-
amples, on the analytical side, of the possibilities of
operations research foreshadowed in that volume. It
is intendled for a reader having an interest of a seien- -
tific order in the matters treated, While nothing be-
yond undergraduate physics and mathematics (caley-
lug) is requirnd, a willingness to follew theoretical
reasoning of a sometimes rather involved nature is
assunied. C

The work has been to such w degree the result of a
majority of the Operations Rescarch Group that to
render adequate acknowledgment would almost be
tantamount to giving the roster of the Group: re-
quirements of brevity confine us to the ames of those
who have been direetly involved in wniting parts of:
the book. We wish to express our thanks to Dr. E. 8.
Lamar for the chapter on visual detection; to Mr.
T". K. Phipps for the chapter on radar detection; to
Mr. A. M. Thorndike for the chapter on sonar detee-
tion and for a part of the chapter on sonar sereens; to
Dr. J. Steinhardt for important help in the chapter on
radar deteetion and for material on barrier patrols
and defense of u landing operation in Chapter 7; to
Dr. J. M., Dobbic for material on square searches in
the latter chapter; to Mr. Milton Lewis for material
on sonar screens; to Mr. J. A, Neuendorffor for ma-
terial on acrial escort. Finully, it is our great pleasure
to vouchsafe our indebtedness to Dr. G. E. Kimball,
the pioncer in the theory of search, without whose
lielp and inspiration this enterprise might never have
been undertaken.

B. 0. KoorMan

ONCLASSFED
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Chapter 1
POSITION, MOTION, ANID RANDOM ENCOUNTERS

L1 INTRODUCTION

Ano.\'q THE IMPORTANT functions of any naval
operation is the detection (and location) of the
enemy. Dotection has acquired the stature of ascience,
and it is to the foundations of this science of detee-
tion that the present work is devoted.

A firat aspeet of any problem of deteetion concerns
the properties of the instrumcest of detection: the
propertics of the cye, the characteristies of the radar
set, or the nature and capahilitics of the sonar cquip-

“ment, and similarly for any other mechanism of de-

tectionwhich it is proposed to employ. “This aspect of
the question, which forms the subject of Chapters 4,
5, and 6, is called the contact problem. Tt is cssentially

" n study of engineering or, in the case of the eye, of

physiclogy, but its conclusions have to be given in

~terms of probability—the probability of detection.

A sccond aspect of preblems of detection concerns
the path and motion of the scarching unit (termed
the observer) in its relation to the presumed position
and maotion of the objeet of scarch {the target, as it
shall be called throughout). This presupposes that

- the contact problem has been solved to a satisfactory
_approximasicn and employs appropriate methods of

geometry, relative motion, and probability. This as-
peet of the question is ealled the track-problem and

forms the subject of Chapters 7, 8, and 9, where such .

matters as searches, barriers, hunts, and sereens are
studied. '

A third aspeet—and this will pervade all our later
chapters, but particularly Chapter 3—is that of force
réguirements and their ccononiy. As in other naval
operations, effectivencss ean he increased to porfec-
tion if no limit is st to the forees at our disposal, but
the realistic problem is to achieve the greatest effect
with limited forees, or, ecquivalently, to achieve a re-
quired effeet with the greatest ceonomy of forees,

The scupe of the hook necessitates the omission of
such matters as the use and deployment of striking
forees in conjunction with detection.

The present chapter provides the gencral defini-
tions and geometrical and statistical methods whiel
are required in all later parts of the work. Chapter 2
deals witl, the generulities involved in deteetion,

UNCLAS

Viewed largely and in its ends, the seicnee of de-
teetion isa branch of tacties. Butlike all other branches
of tactics it achicves its cnds by leading through
cnginecering, physies, physiology, mathematies, and
statistics. And it is an cver progressing scicnce:
While the main emphasis of this book is to study the
existing knowledge and its application to tactical
problems, sight is not, lost of the inverse process, that
of improving the theory by kngwledge gained in its
application, the study of operational deta.

12 MOTION AT FIXED SPEED AND COURSE
In o moest important case both observer and target
arc moving at constant speeds in straight lines:

v.= speed of observer in knots (ocean ortrue speed),
1 = gpeed of target in knots (ocean or true speed),
“w = speed of target relative to obscrver in knots.

The relationship of w to w and » is best shown by
drawing the vector velocities u, v, w, whereupon it is
scen that w is simply the veetor differencew =u—~v
(Figure 1). For, w being the target’s velocity with

RELATIVE M
COURSE 8
u
b i
o {
¥ {
EJ ANGLES 7\ IR }
[ |
W\ @é':‘ !
3 < 8 !
|
! -¥
¥
w

Fraurs 1. T'rus- and relative velocities and angles.

respect to a reference system, itsclf moving over the
ocean at velority v, the vector sum w + vinust equal
the turgvt s ocean velocity u; henee the above cqua-

it shows two important angles, the
1
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Whenv > u, x — sin"‘gé 0 = m + sin~!

2 POSITION, MOTION, AMND RANDOM ENCOUNTERS

target's track angle ¢ und relative course 8, with respect
to the obsecrver, whero

¢ = angle between v and u measured from the
former to the lattor in the clockwise sense.

6 = angle between v and w measured from the
former to the latter in the clockwise sense.

Throughout the present chapter, and fater unless the
contrary is cxplicitly stated, these angies aro meas-
ured in radians and 0 £ ¢ < 27,0 £ 0 < 2m.

A convenicnt method for showing the dependence
of the rclative quantities w and 0 upon the angle ¢
(the speeds % and v remaining fixed) is by drawing
the circular diagrams A, B, and C of Figure 2, cor-
responding to the cases » < u, » = u, and v > u,

respectively. In cach case the radius of the circle.

around which the uxtremities of u and w move is 4,
and the distance of its center from the origin O of w
(the extremity of v) is v As ¢ goes from 0 to 2, v
stays fixed, u rotates with its length remaining con-

+ gtant, and w changes both in length and dircction. It

is to be noted that while in casc A (v < ) all direc-
tions of w are possible (0 £ 6 < 2x), in the other
cases (v = ) this is untrue, and we have:

u,g.éﬁégf-

2 H

When v

53

<

This corresponds with the fact that when the searcher
is faster than the target, relative approach of the
latter to the former is rostricted (see Seetion 1.3).
When » > «, two values of w correspond to goncral
values of 8 {for which approach is possible, one for the
target approaching the observer, the other for she

-overtaking of a target headed away from the ob-

gerver, When 6 = = & sin~! w/», there is just one
value of w; for other 6's, no value,

The relative speed w ean be found from the law of
cosines or clse by projecting v and u on w and using
the law of sincs; similarly for ¢. This expresses rela-
tive quantitics in terms of fruc:

w = { ¥ — 2u cos ¢,

=~ pcosd U — v?ain?0, (1)
. u
gin 6 = - sin ¢,
w

In addition to the speeds and angles just consid-
cred, it is necessary to have further quantitics to

CONFIDENTIAL
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MOTION AT FIXED SPEED AND COURSE 3

specify a particular contact between observer und
target; one must be able to state the position of the
Lurget relative to the observer at any given instant of
time (epoch) £. One method of accomplishing this is
o give the targe! range r and relative bearing 8; these
are shown in Figure 3 (at the arbitrary epoch ¢), to-

TARGET'S TRACK
b4

TARGET

OBSERVER'S
TRACK

Ftaure 3. Geographic tracks, ranges, and bearings.

-gether with the larget angle «, which depends on

quantitics previously introduced. The definitions are
as follows:

= veetor from observer to target,

= length of r in miles,"

angle from v to r measured clockwise,
= angle from u to —r measured clockwiac.

4

r
T
B8
o

As usual, angles are in radians and lie between 0 and
2 7, except when in later chapters the contrary is ox-
plicitly stated. It is evident that when the réles of
target and searcher arc interchanged, thoseof 8 and «

are likewise, veetor ¢ being replaced by the reversed

vector —1.

The situation relative to the observer is given in
Figure 4, which shows the target’s teack, cte,, in o
planc in which the observer is fixed and which moves
over the ocean with the velocity v, Tt is scen that
(r,B) arc the polar coordinates of the target veferred
to observer’s position and heading. The target’s track
is altogether different from his geographic track of
Figure 3; it, is described with the velocity w, but the
target’s heading is in the direction of u and henee not
along its relative track. Tt is scen that with the par-
tieular angles of Figure 4, a =74+ 8 — ¢. It is

n‘Throughout, a “mile’ shall mean a “nautical mile.”” In nu-
merical examples, o nauticul mile is taken ag 2,000 yards.

sometimes convenient to use rectangular coordinates
(&,m), the n axis being along the observer’s heading.
£ and 5 are in miles; they are related to {r,8) by the
equations

n=rcos B (2)

r = g gl

t = rasin B,

TARGET'S RELATIVE
TRACK

i OBSERVER

e el 3

Fraure 4. Target'’s track relative to observer.

In the course of time (as ¢ increases) u, v, w, «, , w,
¢, 0 stay constant, while r, , 8 (and a) change. If at
the cpoch ¢ = {4, r, r, 8 have the values xy, 7o, By,
their values at o general epoch ¢ are found by noting
that relative to the observer the target undergoes the
veetor displacement (£ - fo)w, and thus

=14 — )W, (3)

from which the cquations expressing (»,8) in terms of
(70,80, — to) arc found by trigonometry, and similarly
fur . Equation (3) or its equivalent in terms of (r,8)
arc the equations of the target relative to the observer.
In the very special case when target and observer
have the same speed and dircetion, i. e, whenu = v
80 that w = 0, cquation (3) reduces to r = ¥y, corre-
sponding with the fact that the target remains fixed
relntive to the observer. In all other cases, there is s
least distance hetween the target and the observer.
This distanee is called the lateral range of the target,

Tet » = lateral range of the target in miles, and
y = distance in miles traveled by the target
relative to the observer since its clogest
approach (ncgative prior to closest ap- -
proach).

If 1, is now used to denote the epoch of elosest ap-
proach, evidently y = (¢ — lo)w. Pigure 5 shows the

CONFIDENTIAL
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4 POSITION, MOTiON, AND RANDOM ENCOUNTERS

relation between a,y and the carlier quantities.
Clearly #? = a* + 2, and with the particular angles
of Fig‘d!‘(‘. & 8 =0 — cot™! {u/u).

Thus it appears that, in addition to u, », ¢ (and their
dependent e, 8), in order to specily a perticular con-
tact we ean use either (r,8) (at a standard epoch) or

TARGET'S TRAGK

${ OBSERVER
Iraure 5. Taleral range of the targel.

(2,t0) (or, indeed, any convenient independent fune-
tions of cither pair); (r,8) can be found where (a,4)
are given, and vice versa, and cither pair ean be used
as independent variables. On the other hand, only
onec quantity is heeded to speeily a type of contact,

13 TIIE REGION OF APPROACII

In Pigure 6A, A 9 a plane region fixed with respeoct
Lo the observer; A, then, is moving straight ahead
vver the vecan surface with the veloeity v. It may or
may not be possible {or a target capable of moving
with the speed 1 and starting outside A to enter A,
It is understood that the target is restricted to the
speed w but ean choose any divection, and has all the
time it needs to try to enter A, Evidently if 4 > v,
the target ean always enter A; but if w < v thisis no
longer necessarily true, as for example when the tar-
got starts hehind A, In order to he able to enter A the
target must have its starting point in o certain region
B called the region of approach. Of course B is also
attached to the observer and moves over the ocean
with the velocity v. Ifigure GA shows the construc-
tion of B; when v points up the page, a line inclined
at the angle sin—! w/v with the veetor v to the right
is drawn to the right of A and is moved toward A
until it touches A; the part of the line above the
lowest point of contact forms the right-hand bound-
ary of B. Similarly for the left-hand houndary, the
inclination heing to the left and the contact ¢ecurring
on the left of A. The rear boundary is the forward
boundary of A between the two rear points of con-
toct. '

The justification of this construction is based on
Tigure 6B: In the time ¢ & point starting at P and

PQ= vt

Fravre 6. Construetinon of the region of approuch.

for example, 2: Given o, », ¢ and the range of closcst
approach &, the configuration {searcher and target
and their tracks) is determined, but not the time at
which the contact ocowrs.

moving with the observer's velocity will arrive at @,
@ = wt; the eirele eentered at @ and of radius w is
the locus of positions from which the target must
start if it is to closc this point after the time ¢ By

CONFIDENTIAL



RANDOM DISTRIBUTIONS OI' TARGETS 5

considering all positive values of ¢ and observing how
the eirele varies in both eenter and radius, it is scen
that it will sweep out the whole angular region be-
tween the two (fixed) tangents drawn from 0. Thus
the whele upper angular space between the two tan-
gents to the cirele is the locus of all starting positions
of the tarpet if it is to elose the moving point at any
time after the latter leaves . B is construeted by
letting £ take on all positions in 4, whereupon the
upper angular space attached to P sweeps out B2 (in
addition to A itsclf).

When 2 = », the tangents coalesee into a hori-
zontal line tangent to A in the rear, and 73 is the
upper half-plane above it (exelusive of A).

An important naval applieation of the region of
approach is to submarine warfare, wherepis the spead
of the convoy and A the region within which a tor-
pedo must be fired to be in range of a ship of the
convoy. What we have been terming the “target”
may be thought of as a submerged submarine having
the underwater speed # < ». Then evidently the sub-
marine must be in B in order that it may be able to
approach, submerged, to o torpedo firing position.

The angle sin=! w/v is called the Lmiting approach
angle—the “limiting submerged approach angle” in
the example of the submarine.

Quite & different figure for B is obtained if the
target is assumed to have a limited time (7" hours) to
make its approach to A. Then even when v > v ap-
proach is not always possible. The construetion of A
in such a case is givon in IMigure 7A and 13, when

given all positions on 4, the points of the attached
civele cover B (thus R is bounded by the envelope of
the circles). A similar construction is made when
1 < v, where the starting point regicn is that hounded
by the two tangents as well as the larger intereepted
are of & cirele disposed as in Figure 6B.

An example of this sceond type of region A is the
easc in which account is taken of the limited endur-
ance time of submerged run of the submarine in the
previous example.

L4 RANDOM DISTRIBUTIONS OF TARGETS

In tho two preceding scetions the motion of ob-
server and target were given or precisely specified and
the conclusions were exact. In Scction 1.2 onc ob-
server and one target of stated speeds and tracks
ware assumed; in Seetion 1.3 tho same was true for
the observer and for the target’s speed, but a pre-
cigely defined class of targets (those which enter 4)
was considered in defining B (the locus of their start-
ing points) and the conelusion was the precisc one:
“The target can enter A if and only if 1t starts in B.”
Fundamentally different is the state of affairs in the
present scetion, in which the notion of random is
introduced and conclusions are stated in terms of
probability. Instead of saying, “Under such and such
conditions the target will necessarily do so and so,”
we shall be saying, “Under such and such conditions
tho probability that the target will do so and so has

Fraure 7. The region of approanch with limited time.

1

1 > v; Figure 7B shows a cirele of radius #7' cen-
tered at @ and <7 units ahead of the starting point 77;
the ecircular region is the locus of starting positions
from which the target can close the point. If P is

this value,” or, equivalently, “This percentage of
targets will on the average do so and s0.” The im-
portance of arriving at probabilities and statistical
restilts in naval matters should bhe self-evident.

CONFIDENTIAL
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6 POSITION, MOTION, AND RANDOM ENCOUNTERS

To specify a target (always assumed in this chapter
to be moving at constant speed and course) it is
necessary fo give its speed and heading (bhe vector u)
and also its position at a particular epoch (i.e., when
t = te). This yequires in principle four independent
quantities, ruch as u, ¢, r, 8. By a randoms distribution
of targets is weant cither of the two following sifua-
tions:

1. There are present a very large number of differ-
ent targets, and what is known is not their velocities
and positions, but the propertion or percentage which
have the various possible velacities and positions.

I1. There is present only one target; its veloeity
and position are not precisely known, but the proba-
bilities that it have the various possible velorities
and positions are known.

In these statements, the proportion or probability
of targets “having such and such a veloeity and posi-
tion” " must be interpreted to mean “having a veloe-
ity and position within a stated closeness of surh and
such a velocity and position.”” Thus if the above
choice of quantitics is made, it is the proportion or
probability of targets having a speed between v and
u 4 du, track angle between ¢ and ¢ 4+ d¢, range

~ between » and » + dr, and bearing between g and
s £

B + dp which is in question; in many eases (hut not
all! see below) it ean be represented to terms of first
order in the differentinls by p(u,é,r,8)dudgdrdpg, and
the funetion plu,¢,»,8) is the mean relative density (1)
or probability density (IT) of the distribution. Then
the proportion or probability for a large class of veloei-
ties and pesitions is obtained by integrating p(u,é,r,8)
over all values of the class considered—a quadruple
integration in the “space’” of the “coordinates”
(u;d’ﬂ‘;ﬂ)‘

While the situntions in I and IT above appear to be
quite different, they arc in reality equivalent, or
rather cither one leads to the other. Thus from the
very large number of targets in T we can think of an
individual target chosen at random, all targoets having
the same chance of being chosen ; this target will then
he the single target to which the situation IT applies.
Reciprocally, if a very large number of fargets iy
constituted from individual targets to cach of which
the state of aifairs of IT applies, the resulting swarm
will be as deseribed in 1. The mean relative density
(1) and the probability density (IT) are equal. All

bSuch probabilities might all be zero, With many distzibu-
tions the probahility {hat the tnrget he exneily ot o pre-siafed
position is alwnys zevo. [ is the probability that it lie in a
pre-stated are which is of interegl.

this is a consequence of the law of large numbers in
the theory of probability. Situation T ia generally
useed to give n pietorinl vepresentation of [T which
might otherwise seem too abstract; but T has the dis-
advantage of being rather unrealistie—if so many
targets wore actually all present they would he apt to
interfere with one another physieally.

What we have termed a random distribution should
more properly be ealled a known random: distribidion,
to distinguish it from the ease where the values of the
probabilities are partly or wholly unknown: n fre-
quent problem of importance in operational analysis
is to find them by theorctical ealculntions or statisti-
eal methods,

One of the simplest und most important cases of
random distribution of targets is that of the uniform
disiribution of targets of given speed . Tt is one which
complics with the three following requirements,

a. The probability that the track angle ¢ be be-
tween ¢; and ¢ is proportional to ¢2 — ¢ [and hence
is equal to (¢2 — ¢1)/2r when ¢ < ¢al.

b. The probability that at any chosen epoch the
tsrget bein the area 4 (fised in the ocean or else fixed
relative to the observer; the two situations are here
equivalent) is proportienal to A (and henee, if the
target is known o be in a larger arca B containing A,

‘the probahility that it he in A is A/1).

e. The event of ¢ heing hetween ¢ and ¢, on the
one hand and the event of the target heing in A on
the otuer are ndependent events. 1f one of them is
known to have oecurred, the probahility of the oceur-
rence of the other js the same as hefore.

n the ease of such a distribution, the prohability
density will (when the target is given to be in B) have
the value p(e,r,8) = v/2rB; this is because rdrdg is
the cloment of area corresponding to a position of
range and bearing between r and » 4 dr and 8 and
8 + dpB respeetively. [t is to be noted that the proba-
bility is p(¢,7,8)deédrd3 and not p(u,,r,8)dudpdrd B,
as in the earlier example, i.c., neither u nor du oceur;
this is heeause the value of the target’s speed is sup-
posed to be known.

The ease considered is of importance in naval oper-
ations, since it corresponds to the situation in which
the target is an cnemy unit presumed to be running
at the known speed of about u knots, but is in such 8
large area of ocean with so many possible intentions
that nothing roncerning its position or heading ean
he regarded as known, The chanees that the observer
will make various kinds of contacts with such a unit
arc studied in the following seetion.
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It i noted that in the foregoing example the lan-
guage of I1 is used. "This is permissible in view of the
cquivaleace of 1T with I, and there is manifestly no
difficulty in rewording things o correspond to I.
Whichever of the two terminologies will be employed
in the suceceding pages will he purely a matter of con-
venienee: thiz invelves absolutely no inconsistency.

L3 RANDOM ENCOUNTERS WITI UNI-
FORMLY DISTRIBUTED TARGETS

When an observer is progressing on ils course at
the constant veloeity v among a uniform random dis-
tribution of targets of speed u, it is frequently impor-
tant, to know the proportions of targets which pass
within the stated range of B miles of the observer. Tn
some eases I may be the range within which the ob-
server ean sight the target (horizon distance); in
others, the range within which the target ean detecet
the observer's presence; again, i may be cffective
gunfire range of observer against target, or vice versa.
If o cirele of radius R is pictured contered on the ob-
server and moving along with it at velocity v over the
ocean, the question becomes that of the proportion of
targets entering the eirele, or entering it at various
specificd bearings, or the chanee that a torget of
given starting point shall enter the eirele—a question
of probalility, in contrast with that of Section 1.3
which was one of possibility. The three prohlems will
be solved in turn,

Problem 1. Let there be on the average N targets
per square mile (¥ will usually be far less than unity;
it is an “expected value” in the sense of probabiiity).
On account of the uniform distribution of track
angles and their independence of position [(a) and (c)
of Seetion 1.4], the average number with teack angle
beltween ¢ and ¢ + d¢ will be Ndg/2r. Fixing our
attention exclusively on targets of a particular track
angle ¢, it is easy to find how many enter the cirele
per unit time. The relative speed and course are found
as in Section 1.2 and the cirele of radius R is drawn
about the observer as shown in Figure 8, Since the
target is moving at veloeity wwith respeet to the ob-
server, il it is to enter the eirele in a unit of time (one
hour) it must be in the large shaded region of Figure
8 hetween the cirele and the cirele moved throngh the
displacement —w, and hetween their tangents paral-
lel to w. The area heing 28, it is seen that the num-
ber of targets of track angle hetvweci ¢ and ¢ + do
which enter {hie cirele per unit time is (to quantities

of first order in the diffevential) 2RwNd¢ 27, Henee

the total number Ay is given by integration:

. _ 20N [
No = 9 ﬁ wile,

RN .
. [ Vw4 et — 2ureos ¢ de,
0

il

(4)
IRN (LN e
= “jhr‘“ (w+ 0} /1 — sin? ¢ sin? ¢ dy,
0
4RN 2\/7 ‘ll:l—’“

il

. (4 0)l5(e), 8in o = w
Here the second equation results from equation (1),
the third hy introducing ¢ and the new variablo of
integration ¢ = (r — ¢)/2, and F(¢) is the complete
elliptic integral ef the second kind.

Note that equation (4) is left unchanged if wand »
are interehanged. This corresponds with the fact that

IrGunes 8. Arvea ol Largets enlerving a cirele,

whenever the target comes within range B of the
observer, the ohserver automatically comes within
thig range of the target, cte.

As an exunple, if there ave 20 vessels distributed

CONFIDENTIAL



.

8 I"()SITI()N, MOTION, AND RANDOM ENCOUNTERS

at random in an avea of 10,000 square miles, so that
N = 0.002, i they ave eraising at 10 knots in various
dircctions and if the observer is traveling at 15 knots,
the number per hour arriving within the range of
R = 25 miles of the observer is found to Le 1.67,
contrasted with 1.5, which would he the number in
case the targets remained stationary, That the first
number is greater than the seconid is due to the fact
that the target’s motion tends to bring more of them
into the range than eseape from getting within rangn
—a fact which would not have Leen self-evident
without caleulation,

‘The preceding example illustrates the general prin-
ciple that the contact rate on the random targets
increnses with increase of the motion of the targets.
To show this, we have but to prove that dNg/dw is
positive. Using the seccond form for Ny in (4), but
with the integral taken over half the interval of in-
tegration and doubled (a permissible change, in view
of the symmetry of the integrand),

e _ 2N 0 [/t o gy
Su T Tr onds Vv = 2w cos ¢ de,

- 2RNf' novCosd g,
, .

[ w

= 2BN i cos w de,

T 0

where w is the angle between the veetors u and ¢ (ef.
the various cascs of Figure 2, with obvious construc-
tions). The integrand is always positive when » £ ©
{cases A and B), so that the required incquality
ANy /0w > 0 is cvident. To show that this continucs
to be the ease when » > u [ease 7Y, decompose the
interval of integration (0,7) into the two halves
(0,7/2) and (x/2,7), and then replace the variable of
integration in the sccond half by the supplement of
the 4 of the first, thus recombining the integrals

2
QNP - 2_@![ (cos @ + cos w')dg;
Em T Jo

here o’ denotes the value which w assumes when ¢ is
replaced by its supplement. Since a simple construe-
tion based on Ifigure 2C shows that o’ is less than the
supplement of @, we have cos o' > —cos w; Lo,
cus @ 4 vous o 3> 0, und henee 88y/dn > 0, as was
to be proved. Application: If an cnemy is passing
in our vicinity but along an unknown path, we must

cut our speed until he passes, if we wish to remain un-
detectod.

D’roblem 2. IMind the number of targets which enter
the eirele considered above between the bearings g8
and 8 + dB, per unit time. Their number is given
by an expression of the form N (8)dB, whire No(8)
is a density related to Ny by the equation

2
N, = f Ny (B)dB. 5)

0

To find No(8), again we begin by considering only
those targets of a particular track angle ¢. They can
enter the cirele only if the dircetion of the vector w
points #nto the circle, i.c., if the angle v between the
reversed veetor —w and the unit vector n normal to
the cirele and pointing outward is acute (v iy defined
as measured between 0 and ). Figure 8 shows that
in this case the targets in question all come from the
small heavily shaded region of area RBw cos v df
= (—w-n)Rdp where (—w-n) derotes the scalar
product. The number per unit time is obtained by
multiplying this expression by the density Ndé/2w.
Henee, finally, the number No(8) for targets of all
track angles is given by

No(e) = B [ (—w ), Q

where the integration is over all those values of ¢ be-
tween 0 and 27 for which the integrand is positive.

For the evaluation of (6), observe that in view of
the vector cquation w = u — v, (Section 1.2) we have

—w-'n

I

ven —u-n
= pcos 8 — ucos (¢ — B).

It remains to insert this value into (6), then to de-
termine those values of ¢ for which » cos 8 — u cos
(¢ — 8) > 0,and finally to integrate over such values.
The details of this straightforward computation are
omitted. As a result, the following expressions are
obtained.

When » £ w:

No(B) = f\% ’:v cos~! (—— :)t co8 ﬂ) cos 8
+ \/:(.f:’mm]. )

MWL . .~ Lo
LR 1 TO LA G { O

. M L u
No(B) = NRp cos B, when --cox p = B = cos pt
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14 '
No(3) = —A;él:v cog! (—~ :; cos ﬂ) cos 8

when

or

when

when

or

NV oo B ] ®)

—cos™! (— —I—i) <8 _S_ —cos™! (K>
v »,

v
\

cos™! (l—t> £ B8 = cos™! (—ﬁ);
v Iy

No(8) = 0,

g = —-cos"‘(—%)
> gogt [ %
B Z cos ‘( v)'

This result can be stated in torms of probabilities.

270

300

Sappose that it is known that a target has centered
the circle; where is it likely to have entered? If
p(B)dB is the probability that it entered between
the bearings 8 and 8 -} dB, the expected number
No (B)dB which enter per unit time is the number en-
tering in unit time Ny times the probability p(8)dg;

thas
No(B)

No
ﬂ‘No(Ig) (9)

= 4RN(u +0)E@)’

()

in virtue of equation (4). Thus equations (7) and (8)
give p(B) at once.
Figure 9 gives the polar diagram showing the de-

o’ 30

\

va0
Yua2 - 0.5

i =

v, el/2 0.3

V/U =1./4 60

0.4

0'92 4

oX |

90

240° 210°

™~
i2

160° i50° 0

Fravns 9. Polar dingram showing the dependence of p(g).
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10 POSITION, MOTION, AND RANDOM ENCOUNTERS

pendence of p(8) on 8 for different values of u/r. At
one extreme, u/v = 0: The targets are at rest and
the dependence on 8 is as the eosine, and the diagram
ie a cirele with the ohserver at the eircumferenee. At
the other extreine u/p = w: the targets move but
the observer is at rest; in this case the nwmber enter-
ing at all bearings is the same and we have a circle
centered at the target. In the intermediate cases, ns
long as target apeed u is less than observer speed v,
there is a certain angular range aft over which no
contacts are made. As u becomes greater than v,
however, the number of contacts made aft increnses
rapidly until in the limit as many are made aft as
ahead.

There is a sort of inverse to this problem whlch it
is useful to consider. Supposo that a contact has
actually been made at the known bearing 8 (and

" range R), what i the distribution of vnlues of the

track angle ¢? In other words, we have scen the
target—what is its heading likely to be? This is es-
sentially o problem in the “probability of causes”
and. is solved by Bayes’ formula:®

_al(e)e(8)
To(®) = T2 (6)is08)i6’

where ®(¢)de is the “a priori probability” (i.c., as cs-
timated before the contact was ebiuined) of a track
angle between ¢-and ¢ + do; f,(8) is the “produe-
tive probability” of the cffeet observed (i.e., of a
sontact between the bearings 8 and g + dg), given
that the target actually has the track angle ¢; and,
finally, ITz(p)de is the “a posteriori probability”
(i.c., a8 cstimated after the contact at bearing 8 has
been observed) that the target’s track angle lics be-
tween ¢ and ¢ 4 d¢, In other words, Ha(¢) is the
quantity we want.

Asbefore, G(¢) = 1/2r. To obtain f,(8)d8, observe
that it cquals the average number of targets deteeted
in unit, timne between bearings 8 and 8 + dg, divided
by the average number detected in unit time at all
bearings (both averages for targets of given track
angle ¢). This quotient iz ealeulated at onece by
means of the reasoning used before (based on Figure
8); it has the value

(—w-n)dB _ vcos § — wcos (¢ ~ ﬂ)
. '_“2"‘, 2\\'

Thus g(gp) = 'f(f._w“.';Squs’

Lﬁnn for n\unn\ln Pre 1’|n,ll"|lu and Its FEn {/; ceriig ('5,—,_‘.' 1

C. ]'rv . Van \oqtrund (:n., New &orl\

where the region of integration must be determined
ag in problem 2, since here again values of ¢ for
which the integrand is negative are excluded. The
resulls aro, .

whei » S u,

cos B - - cos (& — B
Hﬂ (¢) 2 T

coq“(——msﬂ) cos@—{—\/( > —cos? @

when v > u,
Ll _u cos - B)J
Ts (¢) = 27 [l v cos B
when -~ gog™! u < 8 S cos™! 1—";
v v
1 cos 8 —— cns (¢ — B)
Ma(¢) = DA c= g

cos™ ‘(—-cosﬁ)cosﬁ+ \/( ) - cos“ﬁ
when  —cos™! _%) <P S —cos Y
U/ - v

u AR
or when cos™! » < 8 < cos! (-.;).

Detection is impossible when
i
B £ —cos! (——-)
. l'

\
_ u
or g 2 tos '<-»-~;_).

Problem 8. Given the relative position (r,8) of a
target at o partieular epoch ¢; find the probability P
that the target will enter the cirele of radius 2
centered on the observer. TPind the eurves of con-
stant probability.

Tovidently I depends on (n,8): P = P{r,8), and

= 11if » £ Ii. When r > R the target will enter
the cirele if, and only if, its vector reiative velociby
w points into the circle (i.c., when wis produced in
the direetion it is pointing). ‘The situation is illus-
trated in Figures 10A (v > u) and 10B {v < u),
which show the angular range of veectors w pointing
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ANGULAR RANGE
OF ¢ FOR CONTACT
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v

R
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ANGULAR RANSE
OF ¢ FOR CONTACT

v<y

Fiaurg 10. Probability of entering circle.

into the circle, ic., the range of angles 8. Corre-
sponding to this angular range of 8 the angular range
of ¢ is constructed immediately (shaded angle in

Figure 10). On account of the uniformity of the dis-
tribution [in particular, of S8cetion 1.4, (a) and (c)},
the probability that ¢ lic in this angulur range is the
magnitude of the range divided by 2r. This is the
required value of P(r,8). The problom is thus re-
duced to the geometry of Figure 10, and the formula
for P(r,8) is obtained Ly straightforward trigonome-
try. There are, however, ¢ number of different cases
to be considered. For example, in Figure 10B the
angular range of 6 is between the two tangents from
the targot to the eirele of radius &, while in Figure
10A it is botween one suzh tangent and the tangent to
the veloeity dingram circle, corresponding to the re-
stricted orientations of w when » > « (limiting ap-
proach angle); morcover, in this ease the 6 range
counts multiply: To one @ there are two ¢'s, one for
the target moving tdivard the observer and the other
for the target moving away and being overtaken.
There arc other. cases not shown in Figure 10.
The expression of P(r,8) is as follows:

e = 502,

where ®(r,8) is the total radian length of the range
or ranges of values of ¢ (0 £ ¢ < 2r) which satisfy
the inequality

1 sin (B — ¢) — vsin B]2 £ Lu? + v — 2up cos @),
subjeet to the condition
weos (B — ¢9) S v ceos B

The sceond of the above incijualities is nceded to in-
sure that the target enter the cirele of radius B after
the reference epoch ¢ 1t is automatically satisfied
for those values of ¢ which satisfy the first inequality
when v £ .

The curves of constant probability are symmetrical
with respeet to the course of the observer. In the
following discussion, only the half-planc to the right
of the observer’s course is considered. First, consider
the case when v 2 w and & = r/u (Figure 11). Out-
side the circele of radius B and betwveen the tangents
to this cirele which are inclined to the right and the
left of the course of the observer at the limiting ap-
proach angle sin! w/», the curve of constant proh-
ability P is a straight line tangent to the circle and
inclined to the observer’s course at the angle sin—?
[(/v) cos m ’]. When v = u, this latter angle reduces
to (w/2) (1 — 27°). Un and helow the lower tangent
line inclined at the angle sin~' /e, P = 0.
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12 POSITION, MOTION, AND RANDOM ENCOUNTERS
Above the upper tangent line inclined at the angle Sccond, consider » < w and k == v/u (Figure 12).
sin~! 2/», the equation of the curve of eonstant prob-  Outside the cirele of radius X, the equation of the
ability P is curve of constant probability P is
=D TP v?sin? B [cos? (¢ + 7P°) — cos® ¢}
R ese? (‘2—) [sin" B — cos? (*2“):' = sin? (¥ + 78’) [u? cos? (¢ + =P) — ¢?cos? ],
= e e RESN—- = . .. 1
R £ where ¢ is the positive acute angle cos=! (B/r).
visin® § — u* cos ( 2 ) Figure 13 shows how the equiprobability curve

P = 0.25 varies with L = »/w. Figure 14 is for later
When v = u,this cquation reduces tor = B ese (w/2).  reference.

o 30°

60°

270°

90°

240° zio°  180° 150° 120°

IFravre 11, Contact probakility eurves. & = L6,
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Friers 13, 23 per eent conluet probability curve,
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Fraure 14. Contael probability eurves. & = 1, and 12 howr cirele. v = r = 8 knots. Range of deteetion 20 miles.
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18 NONUNIFORM DISTRIBUTIONS OF
TARGETS

The uniform distribution of fargets considered
hitherto is by no means the only important case
which arises in conncetion with naval operations,
One example will illustrate this point; it will be used
later on in the subject of antisubmarine hunts.

A target has been detoeted innecurately. Al that
is known is that it is more likely to be at o certain
point O (the “fix”) than at any other point, but may
not be at O but only within a short distance of 0, all
points at the same distance » from O being equally
likely, and the probability falling rapidly to a neg-
ligible value as the distance 7 inereases beyond a few
miles. If f(r)d A denotes the probability that the tar-
get be in the area dA + miles from O, the graph of f(r)
against 7 will be of the character shown in Figure 15.

tHr)

o r

Fiaurge 15. The distribution of targets about n point
of fix 0,

Under such conditions it is nlmost always possible
to approximate to the situation with sufficient ac-
curacy by assuming a cireular or elliptical normal
distribution; we shall assume the former, i.e., that
f(#) is proportional to e "/*?, where # is a constant
(the standard deviation) which inercases the more
the graph of f(r) is spread out, that is, the more in-
definite the knowledge of the target's position. The
constant of proportionality is found by the fact that,
since the target is surcly somewlere, the integral

f f J)dA < = f f S (7'))'(11'(1\//) extended over the whole

surface has the value unity. Thus onc obtains

N 1 1202
J =g e 7

Now suppose that ¢ hours clapse alter the time of

the observation. The turget will have moved and the
distribution will no longer Le the same. Assume that
the speed of the targed ean be estimated with satis-
factory aceuracy, Imt not its dircetion: » is known,
butl not u, i.e., not ¢. It is natural to assume further
that all directions are equally likely and are inde-
pendent of the actual position of the target. Thus
the distribution complies with Seetion 1.4 (a) and
(e), for o uniform distr:bution, hut not with Scetion
1.1 (h). The problem is to find the new distribution
S0 after ¢ hours,

Consider first the case of a targat whose vector
veloeity v makes o given angle v with the direction
from 0 to the contemplated position [y is measured
as usual from veetor r (from O to reference point in
dA) to vector u]. This target will be in dA if and
only if it had initially been in a region congruent to
dA and situated wi miles away in the dircction of

dA INITIALLY
Lol

Fraure 16. Entry of target into dA.

the revorsed veetor —u, ns shown in Figure 16. The
probability of this cvent is

1 1

sy € PUA = oy e = it an D2,
mo yg

Now the probability that u make an angle with r
hetween v and v + dy is dy/2r. The probability of
hoth these cvents is the produet of these two proh-
abilities, and to obtain the required total probability
S(r,0)dA this product is added (integrated) over all
possible initial positions of d4, i.e., over all values of
v from 0 to 2r:
11

f(?',t) = s . — e — (% - 1% — 2rut con 7)/20’(17
2wg® 21/},

1 1 2r
= g (2 ud /267, Af grut cox 7/202(1,),
2 ). .

2ro 2z J,
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Now we have

1

2

2% o= 1(r,1)

where i = 4/ —1 and J, denotes the ordinary Bessel
function of zeroth order, I, its value for pure imsg-

5y . . . 1 H
ot e s "y = 1 l“”'c_,-.,; cos s oy inary values of the srgument. Thus the equation
M) 27rj()

0.6 §

0.5

0.4

0.3

0.2

0.l

R

] -
— r C:(irnl‘. oy "’T(I’)’
0

o,

1t = 2‘ Gem Il’[’l/!n'—']“{rlg\' (10)
ma \ o /

The graph of f{r,f) for different values of ¢ is shown
in Iigure 17, Tt is seen how the probability spreads
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C]mpter 2
TARGET DETECTION

21 GENERALITIES CONCERNING
DETECTION

HE FIRST cHAPTER has dealt with the positions,
Tmotions, wnd contacts of observer and target, but.
has left entirely out of consideration the act or process
whereby the observer gains knowledge of the presenee
and position of the target. C'ontacts have been_con-
sidered ag purcly geometrical events and their prob-
abilities have been simply the probabilitics that the
target reaches a specified pesition in relation to the
observer. The present chapter will be concerned, on
the other hand, with-the act of defection, that event
constituted by the observer's becoming aware of the
presence and possibly of the position and even in
some cases the motion of the target by visual sight-
ing, by radar detection, by hydrophonic listening, by
echo ranging, or by any other means whatsocver,
There are certain general ideas and methods which
apply ¢ all eases of detection, and their study is the
objech of this chapter. But before quantitalive re-
sults of immediate practical applicability can be ob-
tained, o detailed study must be made of the special
instrumentality of cletection; this is done for the
visual case in Chapter 4, for radar in Chapter 5,
and for sonar in Chapter 6.

Two basic facts underlic every type of deteetion:

(i) Therc 18 a cerlain set of physical reqidrements
which have to be met if detection is {o be possible, and
which if met will in fact make delection possible, though
not necessarily inevitable. Thus targets must obviously
not be too far away: their view from the observer
must not be completely obstrueted; to be seen there
must be some illumination; the radar will not reveal
them if the atmospheric conditions or background
echoes are too bad; sonar detection requires that the
sound path be not completely bent away from the
observer by water refraction; cic.

(i) Evenwhen the physical conditions make detection
possible, 1t will by no means tnevitably occur: Delecticn
1s an event which wunder definile conditions has a definite
probability, the wumerical value of shich may be zero
or wnity or anything an between. Thus when the target
just barely fulfills the physical conditions for possible
detection, the probability of detection will he elose
to zero (at leust when the time for ¢hscivation is

very dimited). As the conditions improve the chance
of deteetion inereases, and it may become close to
or equal to unity: deteetion heeomes practically cer-
tain. Fxperience in everyday life shows that we may
he looking for an object in plain sight and yet some-
times fail to find it. Cases are known where obser-
vational aircraft flying on elear sunny days on ob-
servationnl missions have passed close over large
ships and yet failed to deteet them. And a host of
operational statisties give further confirmation of
this point. It must be constantly realized that cvery
instrumentality of deteetion ix based in last analysis
on & human being, and its suceess is accordingly in-
fluenced by his attention, alertness, and fatigue, and
the whole chain of cvents which occur between the
impact of the message on his sense organs and hisg
mental response thereto, Furthermore, even under
physical conditions which are as fixed and constant
as it is practicable to make them, innumerable rapid
fluctuations in them are still upt to oceur (& radar
targes changes its aspect from moment to moment
with the continual rocking of the ship, sonar ranges
experience short-term oseillations about their mean,
ete.); and as a result, o target which may not be de-
tected at one instant may be detected if sought a
moment later.

[n view of (i), one part of the study of detection
requires the physical conditions for deteetion to be
explored; in view of (ii), the othor part requires the
probabilitics of detection, when the former conditions
are given, to he ohtained.

In Section 2.9 the effect of statistically combining
observations made under operational conditions in
which the physical situation is not constant is con-
sidored.

22 INSTANTANEOUS PROBABILITIES OF
DETECTION

Suppose that the physieal conditions (distances,
ete.) remain fixed and that the ohserver is looking
for the target (by “looking” shall he meant trying
to deteet with the means considered, visual, radar,
sonar, cte). There are two possibilities: First, the
observer may be making a suceession of brief
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“glimpses™; a typical ease of this is in the eeho-
ranging procedure in which cach sweep or sean affords
one oppavinnity for detection (glimnsn), sueeessive
ones oceurring two or three minutes apart. Second,
the observer may be looking continnously; n typieal
ease i the observer fixing his eyes steadily on the
position where he is trying to deteet the target. The
case of radar is intermadiate; on account of the senn-
ning it would belong to the first ease, but if the
scanning is very fast, and cespeeially when there is
petsistency of the image on the seope, it may he
treated as in the sccond. Likewise, visual deteetion
by a slow sean through a large angle belongs to the
first rather than the second case, Very often the
decision to regard o method of deteetion in the first
orin the second way depends simply on which affords
the closest or most convenient approximation. This
will be made clear on the basis of examples in Chap-
ters 4, 5, and 6.

In the ease of separated glimpses, the important
quantity is the instantaneous probability g of detection.
by one glimpse. When »n glimpses are made under
unchanging conditions the probahility p, of detee-
tion is given by the formula

pn=1—(1 - " )

This is because 1 — py, ia the probability of failing
to deteet with n glimpses, and for this to vccur the
target must fail to he detected ab every single one of
the 2 glimpses; cach such failure having the prob-
ahility 1 — ¢ and the » failures heing independent
events, we conclude that 1 — p, = (1 — g)”; henee
(1). When g = 0, obviously p, = 0, but if g > ¢ and
even if ¢ is very small, p, can be made as close to 1 as
we please by inereasing » sufficiently; in other words,
once the physical conditions give some chance, how-
ever small, of detecting on one glimpse, enough
glimpses under the same conditions will lead with
practical eertainty to eventuul detection,

T'o find the mean or expeeted number # of glimpses
for deteetion we must first find the probability 72,
that deteetion shall oceur precisely at the nth glimpse
(and ot before). This is the produet of the prob-
ahility that it sball not occur during the first n — 1
glimpses, (1 — ¢)*!, times the probability that a de-
tection shall oceur on a single glimpse (the nth), ¢;
it is accordingly I, = (1 — ¢)"'¢. The required
mean number # is, according to the theory of prob-
ability, 17 + 28 + 3P;+ -« +, and thus

no= Yl -g)" Yy
n—=1
=0+2(0 - g +301 ~g)2g+---

{
== .r/(;{}[l T+ -+ A -9+ } @)
_ 7] _“_1‘_____
T T g ==

-l ()
dg \g

1
"

Turning to the case of continucus looking, the im-
portant quantity i« the probability vdb of detecting in
a short time interval of length dt. The quantity v is
called the fnstantancous probability density (of de-
tection), When the looking is done continuously dur-
ing a time ¢ under unchanging conditions, the prob-
ability p(t) of detection is given by

I

pll) =1—¢", @3)

Te prove this, consider ¢(f) = 1 — p(t), the prob-
ahility of failure of detection during the time ¢, For
deteetion to fail during the time ¢ + dt [probability
= ¢(t 4 dt)], detection must fail hoth during ¢ [prob-
ability = 4 (£)] and during dt (probability = 1 — ~vd#),
and multiplying these probuabilities of independent
events we obtain

q(t + dt) = q()(1 — +di)

which i equivalent to the differential equation

de(ty _
= = ).

The solution of this equation on the assumption that
q(0) = 1 (no detection when no time is given to look-
ing) is 9(t) = e~ ": whence (3). Again it is truc that
if there is the least chanee of detection in time dt
(i.c., if ¥ > 0) the chance of deteetion inereases to
virtual certainty as the looking time ¢ becomes suffi-
ciently Inrge. Tt may be observed that the quantity
vt in the exponent of (3) represents the mean or
expeeted number of targets detected by an observer
passing through a swarm of unit density of targets
uniformly distributed over the occan.

Tao find the mean or expeeted time 7 at whiek de-
teetion oceurs; observe that the probability P(o)dt of
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20 TARGET DETEGTION

deteetion between ¢ and ¢ + dt (when looking has
been continuing from the initinl time 0) is the product
of probability of no deteetion before ¢ times preb-
ability of a detection during dt, i.c., P(€)dt = ¢ " .
{is found by integreation

R ! ()
I = eyl = -
Sy =

Tigure 1 shows the graphs of the probability p(t)
of detection during the time ¢ and £(2) of detection
aé the time ¢ and gives the construction of 7 as the
abseigsa of the intercept with the horizontal line of
unit ordinate of the tangent to p(f) ut the origin.

Since equation (3) reduces to cquntion (1) when vy
lstakennsy = — log (I — ¢) and ¢ = » (glimpses one
unit of timo apart), Figure 1 serves to show the quan-
titative hehavior of p, and I2,: the difference is that
only diserete points (¢ = 1,2,3, - - -) on the curve

P
[ pitY
=
2
a
e . i)
o tad/y o ——————
[
TIME, t
Tevrn 1o Probubilities of detection under fixed

conditions.

are uscd, and # is no longer given by the tangent in-
tercept but rather by a sccant intercept.”

When, as usually occurs in actual search, the dis-
tances and henee the probability quantities ¢ or v
change as time goes on, (1) must be replaced by

Py =1 -—iél(l —g)=1~-(1=g)1—g)
(1 ~pga)--+ (5)

whieh takes into account the fact that g will change
from glimpsc to glimpse: g; is the probability of de-
tection for Liwe ith glimpsc. And (3) raust be replaced
by

p(l) = 1 - ¢/, (6)

where in 4, the possible change in the probability
density of detection as time goes on is put into evi-
dence by the subseript. The reasoning leading to
these equations is precisely similar to that in the
carlier ease. But the probabilities p,, p(f) do not
necessarily approach unity as n or ¢ inerease, thus

»Throughout this hook, log is used to denote “natural log-
arithm,” and logyy to denote “common logarithm.”

when [ vyt is finite, the chanee of detection p(t)
never exceeds 1 — ¢/ < 1, [Tere again the
quantity [3° yell in the exponent represents the ex-
peeted number of torgets deteeted as the ohserver
passes through a swarm of targets distributed uni-
formly ut unit density over the ocean.

The instantancous probahilities quantitics ¢ and v
depend, as we have seid, on the sum total of physieal
conditions. For example, in visual detection ~ de-
pends on the rauge r from target to observer, on the
meteorologieal state (illumination and haze), on the
size and brightness of target against the hackground,
on the observer's facilities, altitude, ote. And corre-
sponding lists ean be made out for radar and sonar
detection. Throughout the remainder of Lhe present
chapter, only the dependence on range will be ex-
plicitly considered, i.c., we shall write

p =g, v =qy. (7
1t will be legitimate to apply the vosilts cither when
all the other conditions remain practically unchanged
during the operation considered, or when the other
conditions have been shown not o influence the re-
sults to the degree of approximation that ia accepted.

Since the instantancous probability quantities
tend to deerease to zero as the range » increases and
to be large when the range is small, their graph
against r will be of the eharacter shown in Tigure 2,
Cuase A {8 when the instantancous probability density
reaches o finite maximum at zero range (probability
of detecting target when flying over target is less
than unity). In case B this maximum is infinite (prob-
ability of detection when flying over target is unity).
In case C the cffeet of sea return on radar diminishes
the probability of detection when over target. In
case D, the instantancous probability is infinite when
1 < I2: detection is sure to oceur as scon as the tar-
get gets within this critical range R.

The last ense, while not altogether realistic, is often
not very far from the truth. A very uscful rough ap-
proximation is to assume further that the instantanc-
ous probahility is zero for r > 2. Then detection is
surc and immediate within the range B and is im-
pussible beyond £. This assumption shall be called
the definite range law of detection.

An important example showing the evaluation of
the funetion 4(») is in the ease when the following as-
sumptions are made.

1. The observer is at height  above the ocean,
on which the target is eruising.
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F1oure 2. Instantancous probability at various distances.

2. The observer deteets the target by secing its
walke,

3. The instantancous probability of detection v
is proportional to the solid angle subtended at the
point of obscrvation by the wuke.

The calculation of the solid angle is shown in
Figure 3 for an arca of occan which is a rectangle of

length @ toward the observer and width b perpen-
dicular to the direetion of observation (perpendicular
to the page in Figure 3A). The infinitesimal solid angle
is the product of the angle « subtended by @, and
the angle 8 subtended by b. The radian measure of
« i8 ¢/s. By similar triangles, ¢/a = I/s and hence

0 OBSERVER

</

S P p—

Iioure 3. Solid angle subtended hy wake.

a = ak/s? And the radian measure of 8 is obviously
b/s. Henee solid angle = af = abh/s® = area of
rectangle times A/s* The actual.area A of the tar-
get's wake is not rectangular, but can be regarded
as made up of o large number of rectangles like the
above, the solid angle being the sum of the corre-
aponding solid angles. Henee, when the dimoensions
of A are small in comparison with A, and s, we have
the formula
Solid angle = 4h AL .

s (AP r?”

Since v is assumed to bu proportional to the solid
angle, we obtain

(8)

7:@:..,kh - (9)

where the constant & depends on all the factors whieh
we are regarding us fixed and not introducing ex-
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22 TARGET DETECTION

plicitly, such as contrast of wake agninst oeecan, ob-
server’a ahility (number of lookouts and their facil-
itiex), meteorological conditions, ete.; and of course &
contains A as a factor. Dimensionally, & = [127-1].
In the majority of cases r is mueh Inrger than 2, and

(9) ean be replaced by the satisfuctory approxima-
tion
kh
Y= (10)

TFormulas (9) and (10) lead to cnses A and B
respectively of Figure 2; the property of detection
which they express shall be called the érverse cube
law of sighting. When the subject of vision ig studied
in Chapter 4 it will be found that many changes in
this Iaw have to be made to obtain a high degree of
approximation under the various conditions of prac-
tice. Nevertheless the inverse cube law gives a re-
markably useful approximation. Its usc in the
present chaptor is chiefly as an illustration of the
general principles,

23 DEPLENDENCE OF DETECTION ON
TRACK

When the observer and target are moving over the
occan in their respeetive paths, which may be straight
or curved and at constant or changing speeds, the
continuous change in their relative positions con-
stantly changes the instantancous probability of de-

OBSERVER ¢
Frouar 4, Target’s relative travk.

tection; we have to deal with the functions ¢, and
v, and calenlate probabilities of detection by means
of formulas (5) and (6). 1t is convenient to draw the
target’s track C (Figure 4) relative to the observer,

The latter need not be moving in fixed course and
speed over the ocean, although that is very often
the case. The coordinates used have been described
in Bection 1.2 (sce Tigure 4 and equation (2) of
Chapter 1.

The target is at (g,7) at the time ¢, so that the
cquations of the target’s relative motion are

E=¢t0), n=n10), 1n

where initially (¢t = t') & = (), 7 = 2(t), snd
finally (£ = t") & = £(t"}, ;1 = 9(t"). The target de-
scribes the relative track C. Accordingly, (7) becomes
[writing £2(¢) for {£(8))%}:

oWEG F 7D) = g
y&WED T 70) = .

I

g
(12).

]

¥

Hence according to equations (5) and (6) the prob-
abilitics p¢ of detection are given by cither of the
following

po =1 —éil - g WEG F n‘*(t:))] o (18)

pe — 1 — exp l_—[; v('v‘?(t) + nQ(t))dt]- (14)

In (13) ¢ is the time (epoch) of the 7th “glimpse’ or
scan, and 7 the number of glimpses between ¢’ and ¢”:

UVSh<h<e s <t, S

In (14), the integral is actually a line integral along
C; if w is the relative speed (not neceessarily con-
stant), we may wtite [with ¢ = arc length of € from

(&o,m0)1:
po = 1 — g v@isn (15)

Formulas (13) and (12) may be united intu
Pl
pe=1— "M, (16)
where for the case of separale glimpses

FIC) = =S loel 1 = s(VEw + 20)] a7)

i=1

and in the case of continuous looking

Her= [0, as)
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DEPENDENCE OF DETECTION ON TRACK ' 23

This quantity F[C] shall be ealled the sighting po-
tential. It has the important property of additivity: PLR)
If Cy and Cy are two tracks and € = (', + Cq is their /
corbination or sum, and if pe = p¢, + ¢, is the prob- 7/
ability of sighting on at least one truck, pe, g is /
still obtained by formula (16) and . 4

: /
FIC, + Co] = F[C1] + FIC). (19) /

This is an immediate conscquence of the usual er;ua-\ 7/ TARCET
tion for combining probabilities of events which may / A
not be mutually exclusive:

-
Pe =1—{1 = pg) (1 = pey) = P, + Por — PeiPos

The additivity applics, of course, to the sum of any {xy)
number of paths. One application is to the ealcula-
tion of pe when C is complicated, but made up out of
a sum of simple picces such ag straight lines. Another
application is in the ease of two or more inter-com-  oBsSeRVER
municating observers; ('; ean be the path of the target we0.4r50
relative to the first and ua that relative to the second, o
cte., :

A most important case, and one which will chiefly _
concern us in this book, is when both observer and
target are moving at constant speed and course. The ) /
results of Chapter 1 become applicable. Track € is
a straight line, and the speed w is a constant (as long
as (" is not turned). 1t is convenient to make the
caleulations with the aid of the coordinates (x,y) of
Chapter 1 (Figure §), where @ is the lateral range.
The equations of motion which take the place of (11)
are * = constant, y = wt, where ¢ is measured from
the epoeh of elosest approach, and where, furthermore,
the positive direction of the y axis is that of the tar-
get’s relative motion; this convention is used through-
out this chapter. The potentinl F{C} i given by the
appropriate onc of the formulas

~ Y iog[1~ o(VF F )]
i=1

~ Liog[1- (Ve F7)];

i=1l

<

"y

TARGET
(x,y)

I

FlC)
(20)

xi

4 .
wiel = [ /e
]

L. — 1) w'>0,w'>0 ~
ITJJ;I’Y(\/;L'“ + y”)(ly, ) 8 £~

i

N
where y; is the distance of target at the ith glimpse )

to its closest position, and (2',y") and (2”,3") are the Fravnr 5, Detection at fixed speed and course.

CONFIDENTIAL



R e |

O TIF I

o e

e |

-

24

TARGET DETECTION

g 7
extremitios of €1 2’ = 2 = 2 = constant, y' = wi’,

y' o= wt’.

In'the case of the inverse cube law (9),

kh dy

MO =" ), tFe 4w

L S 22
h# + :c”(\/),-: +at e ) z2)

- ___L__:____)
Vit 2+ ()Y
And for (10),

()
F[C] y .:J)jv’ GZ 'l‘ yz)g - a2 T” 1,»
m (23)
= ;(sin w’ + sin "),
where in cach case
7/
m = 72» (24)
w

and where »* and r” arc the ranges of the extremitics
of C, and o’ and «” the angles they subtend with the
normal to C.

24 THE LATERAL RANGE DISTRIBOTION

Wheni the observer and target are on their straight
courses at constant speeds for a long time before and
after their closest appreach, the probability p(z) of
detection is a function of the lateral range = The
graph of p(x) against z is called the laleral range curve
and oxpresses the distribution in lateral range. In con-
sequence of (i6) p(x) is given by
~Fl@)

plx) =1 —c¢ (25)

where F(x) is the value of F[C.], C: being an in-
finite straight line at the perpendicular distance =
fram the observer. The value of F(x) is found by
applying equation (20), summing over all integral
values of 7,or cquation (21) with y’ = — and y" = o,
in the glimpse or the continuous looking cases, re-
spectively.

With continuous looking (21) applies. For the
definitc range law, p(z) =1 or 0 according as
—R < 2 < R or not, and the lateral range curve
is Figure 6A. For the inverse cube law,

p(x) =1 — c——ﬁm/(h? -l-:r‘)or:n(x) =1— e-—‘lm/ﬁ; (26)

according to whether (22) or (23) is used; the curve
is shown in Iigure GB in the former ease.

With intermittent glimpses taking place T units of
time apart, equation (20) applics. Ifor the definite
range law, p(@) = 0 when @ > I or 2 < — R, and
p(t) = Lwhen the length 24/R2 = g2of relative track
during which the target is within range K of the
observer is greater than w7 i.c., when

~V R~ T4 S g £ \/RT::TT%,
R

bui p(z) =

wT
in intermediatc cases, this being the probability that
the target be glimpsed while within range R. The
lateral range curve is shown in Figure 6C.

Other typical Iatcral range curves are those of
Figure 6D and I, The dip at = 0 in Figure 810
shows the affvet of sea return (radar) or pinging over
the target (sonar). '

The area W under the lateral range curve is called
the effective search (or sweep) width:

+-o
W = f p(x)dz.

©

@7)

It has the following interpretation. If the observer
moves through a swarm of targets uniformly dis-
tributed over the surface of the ocean (N per unit
arca on the average) and either all at rest or all
moving with the same vector veloeity u, the average
number & deteeted per unit time is

No = NwW, (28)

TFor suppose that ¢ is such a long period of time that
the length of time during which a target is within
range of possible detection is small in comparison
with . Then the number of targets passing during
the period ¢ through detection range (i.e., exposing
themselves to detection) and having the lateral range
between 2 and x + dz is Nwida (since such targets
arc in an arca of widzr square miles). On the average
p(@)Nuwtdz of these will be detected. Henee the aver-
age total number detected is

-
f p(x) Nwtd.

Dividing this by ¢ and applying equation (27), equa-
tion (28) is obtained. Since for continuous looking
with a definite range law, W = 2R, we may describe
W as {ollows:

The effective scarch width is twice the range of a
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THE LATERAL RANGE DISTRIBUTION 25

definite range law of detection which is equivalent to
the given law of detection in the scnse that cach of the
two lmws detects the same number ¢f uniformly dis-
tributed targets of identical velocity,

The produet w1V is ealled the effective scarch (or
sweep) rale.

When the distribution of targets is uniform in the
sense of Scetion 1.3, i.e., when their speed is given

pix)
A 1

¢ p{x)

so that the search width is proportional to the square
roct of the altitude and inversely proportional to the
square roof of the target’s relative speed. Further-
more, if there are n aircraft flving the same path
without mutual interference (or if there are n ob-
scervers having the same facilitics operating inde-
pendently of one another in the same aireraft), W is

replaced by Wa/n. -
B p(x)
/

pix)

pix}

I

I"1quRe 6. Lateral range curves.

but their course is not, w has to be replaced by its
nvernge W (taken as uniformly distributed in track
angle ¢) i.c., we must write w = o5f>"wdé, so that
(28), Ny = NwW, may hold (W = 2R). [Sce Chap-
ter 1, equations (1) and (4)].

In the case of the simplified inverse cube law
cquations (26) and (27) give, by carrying out the in-
tegration (sco below):

W = 2V2mm = 2\/2%@, (29)

This results from the additivity of the potentials
Scetion 2.3, which has the cffeet that & is replaced
by nk in equations (22) and (23), and thus that m is
replaced by nm [see (24)]. Thus the statement that W
iz replaced by 1WA/ n is & consequence of cquation(29).

The integration leading to (29) is performed by
introducing cquation (26) into (27) and changing
to the new variable of integration:

R
- LT

r

z
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26 TARGET DETECTION

and then integrating by parts, Use is made of the
well-known equation

/'“’ Vi

J, e dz = ~g™

By its definition, p(x) is the probability (not prob-
ability density) that a target, known to have the
lateral range », be detected. On the other hand,
p(x)dz/W is the probability that a target, krown
to have been deteeted, have a lateral range between
2 and & + dz (in this casc p(@)/W s a probability
density). This fact (actually a consequence of Bayes’
theorem in probability) is casily scen, as follows:
The detected target may be thought of as-chosen
at random from the set of all detected targets; the
chance that its lateral range be between @ and z + dz
is cqual to the proportion of targets in this set which
have such a Interal range; from the previous calcula~
tions, this proportion is seen to be

Nwp@)dr _ p(m)({:r.

NwW W

25 THE DISTRIBUTION IN TRUIE RANGE

Again we suppose that the observer makes con-
stant speed and course and that the targets do like-
wise and arc distributed uniformly over the surface
of the ocoan with the density N (average numbor
per unit area). Relative to the observer, the targets
all move parallel to the y axis in the direction of

y axle
.t L
OBSERVER ] ¥ axis
18
W= X
2|3s
2leE

Fravke 7. Target detection al given relative posilion,

inereasing y. Iow many turgels are deiected on the aver-
age per unil e i the smadl vegion of avea dady of
Figure 7?7 'The number will be proportional to N
and to dady, nnd may accordingly be represented by

No(ey) dady, where p(z,i), which may be deseribed
asg the rate of firet contacts at the point (2,%) per unit
aren. and per unit density of targets, is obtained hy the
argument which follows.

The number of targets entering dady in unit time
is Nwda. A given target’s probability of being de-
tected therein is the producet of the probability that
it fail 1o be deteeted before entering this region times
the probability that, when not previously detected,
it be detected while crossing dady, i.c., during the
time dt = dy/w. The former probability is e~ @«# in
virtue of equation (16), where F(x,y) is given in the
case of glimpses by equation (20), with 1 summed
overall values for which y; < y (with sufficient ac-
curacy we may write y; = y -~ tw? and sum for
i=1,2 -+ ®); and in the case of continuous
looking, by equation (21) withy’ = — @ and y" = .
The latter prebability is given by g()dy/wT (inter-
mittent glimpsoes, one every T units of time, dy/wT
being the probability that a glimpse oceur while
target is in dady), or by v(r)dy/w (continuous look-
ing). Thus the probability is

c“'l"(r'y.\ ‘"\ ({l
w_ﬁ._i,(_z;l. op G
w7 w

according to whether glimpsing or continuous look-
ing is used. To obtain the mean number of detections
per unit tiae in dady, these expressions are multi-
plied Ly the number of targets exposed to such de-
teetion, Nwde. Hence the answer to the question in
italies above is supplicd by the following oxpressions
for p(a,y}:
~Fean, (o
o () = S 4%
r (30)
Flay) = — X log[ 1 — o(VE E(y = iwT)?) ]
o ,

for intermittent glimpsing, and

play) = HEry(r)
1 R (31)
Fley) =, f_ y (Ve yE) dy

for continuous looking,
It is seen by earrying ont the differentintion that
in the ease of equation (31),

)
p(r,y) = ”'(;&l:l - /"('.m]_ (32)
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THE DISTRIBUTION IN TRUE BANGE 27
In the ease of (30), the corresponding formula is The funetion p(») (or the equivalent functions

play) = A1 — ), (33) N'p(r) or p(r)/wil’) expresses th‘c (Iz'sn‘z'b.utiu.‘z m .(tru(:)
range, and the graphs of these functions against »

where the operation &, applied so a funetion denotes — are called range curves. They fall considerably for
the result of the following process: first, replace y small values of », sinee relatively few targets come
in the funetion by y -+ Ay, (A, = wTY); sccond, sub-  close to the observer by chanee, and of these a still
tract the original value of the function {from the smaller number are apt to survive undetected up to
new; third, divide by Ay. a elose proximity of the observer. Figure 8 shows a
If 4 is a planc region raoving with the observer  typieal range curve (actually, for the inverse cube
over the ocean, the average numbor 2, of targets  law); as the sibuation approaches the definite range
detected per wnit time within A is (by addition of law, the curve humps up indefinitely about the value

averages) r = I of the definite range, and:falls to the axis of
abscissas clsewhere

=N f j Pl yy)dady. (34) The mean value of the range of detection is given by
In particular, when A embraces the whole plane, w_ s L 20 (r i .
oquixtions (32) and (33) lead from cquation (34) to T wa re(r)dr = W K p(rsin g, rcos ) df
the previously obtained expression Ny = NwW of (28) (36)
by straightforward caleulation. When A = Ag is o ir all cases.
cirele of radius 1 centered on the obscrver, (34) ox- In the casc of the simplified inverse cube law, we

pressed in polar coordinates (r,¢) (¢ = angle from  have cquation (23), in which we sct @' = #/2 - ¢
positive y axis to veetor r drawn from observer to  and o’ = #/2; we obtain
target) becomes:

) . N 2 _m —ml+cosg 1 4 cos g‘
Q(R) = N ffp(_:v,-y)dxdy F(Cy) e (1 + cos ) 7 gt ¢
A
nﬁ 1922 == _21,1:2 csce_;.
2r 2

= 7 dr . Qi e
N Jﬂ Ju rp(rsin §, r cos £) dt. Tl

m

Now the number of targets detected per unit time i qot (
p(x,y) = wexp 2—3 ese e

at a distance (truc range) from the observer hetween -
r and » 4 dr is of the form Np(r)dr (being propor-
tional to both N and dr), and since its integral from  Henee”
O to B must, for every value of B, be equal to Q(R) wm (4 '_ 2. -

’ r) = —— Xp | — = ese d, 37
it follows (by equating the two integral expressions p(r) 2 Jo P 2 } 5 60
for Q(R) and differentiating through with respeet to

R, ete.) that 7 = 2wmr l; [], — orf (l J'Z’)],
2r T N2

p(r) = f rp(rsin ¢, r eos §) di. (35) _ .
0 bThis depends on the evaluation of the integral

p(r)dr rany be deseribed as the rate of detection in $0) = [Me=Newady,
the range interval (r, » 4+ o) at unit target density. This is done by the follmvnu., device: Dilferentiating with

If, now, a target ix known to he detected but ot respeet o, '
unknown range, the probability that the range of de-
tection hias been between + and » + dr is a(r)dr/wIV. =N [N et 0d cot g
Tor this target may be thought of as chosen at == ,,/1): e=\ "—’-r,
random from the set of all the Nwl deleeted tar- i yoon on ehanging to t‘.hc variable of integration &+ = v
gets, of which there are Np(r)dr detected at range be-  cot 0, and the use of the formula [,® e~ do = ' /2. In-
tween 7 and » 4 dr. iTence the probability that the tesrating ¢ G) with respeet (6 2, observing that ¢(0) = /2,
target be detected ab suel o range is the yuotient we oblai

P'(N) = — [Fre—h e’ 0 ege dp

I m o2 T . s
No(r)dr _ pir)dr O N 2en T2 (1 —orfyn gy (38)
Nl wll’ asit appearson changing to the variable of infegration u = /X,

CONFIDENTIAT,
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28 TARGET DETECTION

where “erf X7 (the “error function” or “probability

integral”) is defined as

2
erf X =17;[,f e *de.
0

By expressing m in terms of the seareh width W by
means of equation (29), equation (37) is reduced to

wH [
o =5 1ot ()] @

This is the function actually graphed in Figure 8.

plr)

IFiere 8. True range curve.

For values of r niob uver shout 15 miles, it is in reason-
able rough agreement with operational data (visual);
but farther out it has too high an ordinate,

20 RANDOM SEARCII

In the last two scetions both observer and target
were on straight courses ab constant speeds; this
represents the extreme of simplicity of paths. At
the other extremce is the case where hoth are moving
in complicated paths over the occan and at speeds
which may vary in the course of time, a case whieh
is called that of random. search. If the position of the
target is in the area of interest A (which may be
many hundred square miles) in which the observer
is moving, and if the observer is without pre-
knowledge indicating that the target is more likely
to be in one part of A than in another, & good ap-
proximation to the probability » that the observer
make a contact is given on the basis of the follm\mg
tlnoo assumptions:

. The target’s position is uniformly distributed
in A.

2. The observer’s path is random in A in the sense
that it can be thought of as having its different (not
too near) portions placed independently of one an-
other in A.

3. On any portion of the path which is small rela-
tively to the total length of path but decidedly lnrger
than the range of possible deteetion, the observer
always deteets the target within the lateral range
1¥/2 on cither side of the path and never hevond.

These assumptions lead to the fermula of random
search

p = 1] — ¢ H’I./,l! o (40)

where A = area insquare miles, W = effcetive search
width in miles, I, = total length of obscrver’s path
in A in miles.

To prove this, suppose that the observer’s path L
is divided into n equal portions of length L/n. If n
is large cnough so that most of the pieces are ran-
domly related to any particular one, the chance of
failing to deteet during the whole path L is the
product of the chances that detection fail during
motion along cach picce. If, further, L/n is such that
most of the picces of this length are practically
straight and considerably longer than the range of
detection, then in virtue of (3) the latter chance of
detection is the probability that the target be in the
arca swept (whose value is WL /n square miles), and
this probability is WL/nA [assumption (1)]. Hence
the chanee that along all of L there be no detection
is (1 — WL/nA)", and hence

WL\"
(-

=1 — ¢~ "L/1 {or large n.

|

P

This reasoning assumes, of course, that a large n
having these properties exists, This is essontially as-
sumption (2).

I the exponeutinl in equation. (40) is replaced by
the first two terms in its power serics expansion, the
equation is replaced by p = WL/A; this corresponds
to the probability in the case that I consists of a

I"aure 9. Deteetion with random search.

single straight line, or a path so tittle bent that there
is pruetically no overlapping of swept regions: The
total aven swept is WL and the chance of the target
heing in it iy WEL/A. The departure from this simple
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PARALLEL SWEEPS 29

value represents the effect of random overlapping of
swept areas.

Figure 9 shows the way in which the probability
inercases with the length of observer’s path L. For
smaller values of L it is closcly approximated by ita
tangent p = WI/A. For much larger values, it ap-
proaches unity, exhibiting a “saturation” or “dimin-
ishing returns’ effect.

27 PARALLEL SWEEPS

Search by parallel sweeps is a method frequently
employed, and many apparently more complicated
schemes turn out to be equivalent to parallel sweeps,
either exactly or with sufficient approximation for
practical purposes. A target is at rest on the ocean in
an unknown position, all equal areas having the same
chance of containing it; it is decided to scarch along
a large (“infinite”) number of parallel lines on the
ocean, their common distance apart, or sweep spac-
ing, being S miles; what is the probability P(S) of
detection? Or again, the target’s speed and direetion

_are known, but the position is uniformly distributed

a8 nbove; it is possible to search in equally spaced
parallel paths relative to the largel, i.c., in the planc
moving with the target's motion and in which it ap-
pears to be a fixed point, as in the first case. It is
immaterial whether all the parallel paths are trav-
erged by the same ohserver or by different observers
having similar observing characteristics,

In Figure 10 the paralle]l paths are shown referred
to a system of rectangular coordinates; the axis of

I(K.))

o * 8 29 3% x

-28 -8

IFraure 10. Parallel sweeps

ordinates is along one of the paths and the target’s
(unknown) position is at (x,y), and 0 £ z < 8. It is
obscrved that this inequality, expressing the fact
that the target is in the strip immediately to the
right of the axis of ordinates, is o eonsequence of the
method of choice of the axes, and implies no restrie-
tion in thc position of the target.

The first step in calculating £2(9) is to write down

the lateral ranges of the target from the various ob-
server paths. For paths at or to the left of the axis
of ordinates, the lateral ranges arc

z, z+S, 2+28 2438 .-
For those to the right,
28 — &,

All these cases may be combined into the ahsolute
value formula:

8 —u, 38 —=x, -

lateral range = |z ~ nS | (41)
where
0£z<8 and n=0, +1, £2, £3, - -.

Tiquation (25) is now applied to find the prob-
ability p. = p (nth lateral range) of detection by the
nth sweep when the target’s position is given as (z,y)

—~F(jz~n8
p,,=1—~e (Jz~n I),

where the potential I is given by the appropriate
formula. The probability of no deteetion by the nth
sweep is 1 — p,; that of no detection by any sweep
ia the (infinite) product I1(1 — p,) for all values of
2 (<0, = 0, > 0); and the probability that at least
one sweep detect o target given at (z,y) is

P@S) =1 u~‘;I g~Fz=nSh

or, finally,

P,8) =1~ ¢~ P6ed
+o (42)
B(x,S) = 3, F(lz = nS]), 05z <8
n= =
This is cssentially a repetition of the argument prov-
ing the additivity of the potentials Scetion 2.3.

It remains to find the probability of detection I7(S)
when the target’s position (the value of 1) is not
given, but has a uniform distribution between 0 and
8. An easy probability argument shows that 77(8) is
the avernge of Pz, 8) over all values of ¢ in this
interval:

105,
PE) = f (1 — =) g
b 0 ]
4 (43)
B(x,8) = X, F(lx — nS)).

n=--m

‘Ihis gives the general solution of the problem.
Theeffective vistbility 14 is defined as half that sweep

CONFIDENTIAL



ErE WRIR gL s 6 er v o4

P

wr R g e e

30 TARGET BETEGTION

spacing for which the probability of deteetion by
paraflel sweeps is one half, In other words, % is
determined as the solution of the equation
I'(2k) = 1 .

Three cases are of particular interest. The first is
that of continuous looking on the assumption of a
definite range law. Deteetion will surcly oceur if,
and only if, the target happens to he within the
definite range R of cither of the two adjacent sweeps.
The chance for this is 2R/8 = W/S when S > 2R
=.W, and unity when S 3 W, It is casy to sce that
the effective visibilivy % = 1.

The second case is that of the inverse cube law
(which will be taken here in its simplest form). We
obtain $(x,8) with the aid of cquation (26)

Ja
. 1
‘I’(J:,S) = 2Zn Z (af—:ﬁ)ﬁ?
n= = (44)
e ™
= 2m St cse? <

the latter cquality resulting from a weli-known
formula of analysis (obtained, c.g., from the expan-
sion of the sine in an infinite product hy taking
logarithms and then differentinting twiee). Inserting
this expression into equation (43), we must find

N « 2 .
P(S) = ;f [1 — cxXp (— é’gf cse? Z‘rgi):ld:r
1 0 N

This is found by means of equation (38), on setting
8 = ra/8 and A = 2nr?/82 The result, which can
be transformed by means of cquation (29), is

P(S) = or 1\—{%‘2’—”’ = orf <\é~_r %‘) (45)

We arc now in a position to express m and W in
terms of the effeetive visibility %, To find 7 we solve
v 2

AT
2n '

4 " = or == O - = .
ey = af orl i 9
The tables of the probability integral show that erf
0.477 = 0.5; henee

Vom AW

o = 4p =0T

mo= 001682, 11 = 1,076/, (46)

These values substituted into equation (45) give
I
P(8) = erf <().954 S') (47)

A third case ix useful to eonsider, although strictly
speaking it is not one of parallel sweeps but of uni-
form random search. It may be deseribed as the
situation which arises when the seareher attempts to
cover the whole aren uniformly Ly o path or paths
which place about the same length of track in each
strip but which operate within a given strip in the

| NS —|

s Tt LR

a—-g-=»
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Ifqume 11, A reetangle of random sweeps.
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manner of the scarcher of Section 2.6, Let all the
strips be cut by two horizontal lines a distance of b
miles apurt and suppose that the search ig for a tar-
geb inside the large rectangle bounded by these lines
and two vertical lines NS miles apart, as shown in
Figure 11, The area is A = NSb square miles. As-
sume that the total length of track is equal to that
of all included parallel sweeps, I = Nb, then apply
cquation (40); we obtain :

P(S) =1 = ¢ "5, {48)

DEFINITE RANGE LAW.
] et ———

-RANDOM SEARCH

P(s)
INVERSE CUBE LAW

° e/

Fraune 12, Probabilities with paralicl sweeps.

T is independent of N and b.
These {three eases may be represented by means
ol a common dingram (Figure 12) by plotting
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P = P(1/n) where n = 1/8 is the sweep density, or
number of sweeps per mile. At one extreme is the
ease of the definite range law, at the other the easc
of random search. All actual situations can be re-
garded as leading to intermedinte eurves, ic., lying
in the shaded region. The inverse cube law is close
to a middle ease, a circumstance which indieates its
frequent empirvieal use, even in eases where the speeial
assumptions upon which its derivation was based are
largely rejeeted.

28 FORESTALLING

When the observer is using two different means of
detection simultancously and independently (i.c.,
when neither interferes with: or aids the other), it is
sometimes neeessary to know the probability of mak-
ing a first detection by o particular one of the two
means. Since the second means of detection can de-
prive the first of a chance of detceting (by deteeting
the target first) this prabability may be lower than
if the second means had not been present: We say
that the sccond can forestall the first. For example,
when Doth radar and visual deteetion are possible,
in gathering data bearing on the cifectiveness of the
radar, the possibility of visual forestalling of the
radar muse be taken into account.

Again, when the target is itself capable of detect-
ing the obscrver, and if it is important to deteet the
target before it can deteet the observer (as when the
former is o surfaced submarine which ean submerge
if it deteets the observer first and so deprive it of its
chance of deteeting), it is important to find the prob-
ability that the observer deteet the target first, he-
fore it has been forestalled by the tavget's deteetion.

Just as the chanee of deteetion is mathematically
cquivalent to that of hitting a target continuously
exposed to our fire (intensity varying in general with
the time), =0 the question of forestalling is mathe-
matically identical with that of hitting the target
before it hits us, in the case where it is an enemy
continuously firing hack.

It will be sufiicient to consider the ease of eon-
tinuous looking with the instantancous probability
ydt for the first means of deteetion without fore-
stalling (Seetion 2.2), the probability p(f) of detec-
tion when there is no forestalling being given by
equation (6). Let v/dt and p’(t) he the corresponding
quantities for the sceond menns of detection, or for
the farget’s detection of the observer in the sreond
example above,

If 2°(#) is the required prohability of first deteetion
during the interval of time from ¢ to ¢ by the first
means, we consider the value of £2( 4 de). Tt is the
probahility of an event which can snceeed in cither
of the following mutually exelusive ways: cither by
having the required deteetion hetween 0 and f, or
by having neither means deteet during this period,
and having a detection by the first means hetween ¢

and { + dt. This leads to the equation

P+ d) = PO) + (L= p®) I = p'Oln e,

whenee a differentinl equation is obtained, the solu-
tion of which is

P = fo i exp[— [ et 'n')dt]dc. (49)

Preeisely the same reasoning leads to the expression

3 t
P = j; ¥/ exp l:—fo (v, + 'n")(lt:’ at

for the probability of a first detection by the second
meang in the time interval 0,2

Note that the sum £77t) + P’(t) is the probability
of a first deteetion cither by the first means or by
the seccond, in other words, the probability of a de-
teetion by some moans between 0 and ¢ The expres-
sion obtained by adding the above equations and
earrying out onc integration is

¢
P+ 1) =1 —exp [—f (v + 'y,’)(lt:,,
0

which is simply the cxpression (6) with v, replaced
hy v + ¥/, the latter being the instantancous proh-
ahility when both means of detection a-i in con-
junction (additivity of potentials).

When a large number of independent trials of the
deteetion experiment are made under identical con-
ditions and all eases which have resulted in a first
doteetion by the first means are sorted out and the
precise epochs of this deteetion are averaged, the
result will (statistically) be cqual to

- (
[ y; oxp I:-—f (v + 'y,’)dt] dt
Jo 0

P= T (B0)

» o t
/ ¥, oxp [——f (v F 'y',')dt:l dt
Q [}

The denominator is preportional to the total number
of first -leteetions by first means, and the result of
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{
dividing v, exp [—j; (v + "y,')(”:] di by the de-

nominator is the proportion of sueh deteetions be-
tween ¢ and ¢ 4 dt. Thus the expression in cquation
(50) represents the expected value 7 of ¢, the epoch
of detection by the first means.

As a first applieation we consider the case of con-
stant instantaneous probabilitics of detection, , = v,
v = ' Bquations (48) and (49} iuduce to

v+ v

I=_1 .

v+ 7

It is thus scen that the proportion of the total
number of first contacts by the first means (as
t~—» ) is v/(y + %), and, correspondingly, by the
second, v'/(y + 4'). And the mean time clapsed
to the former is the same as for the latter, i.e.,
1/(y - +"); this is different from the mean time 1/
when no forestalling had been possible,

As a second application we consider the sbraight
track casc of Section 2.4, and assume that the ob-
server is an aircraft and the target o surfaced sub-
marine. If the observer sights the wake of the sub-
marine, his ability to deteet may reasonably be taken
as the inverse cube law of equation (10), and if the
submarine sights the horizontal surfaces of the air-

zm)=—~l~r1_c—w+ﬂi

]

craft’s wing, the same lawv (with & replaced by o

different constant &) can reasonably be assumed for
the submarine’s detection of the aircraft. If it is
assumed that the submarine dives a8 soon as it do-
tects the aircraft, what is the probability that the
aireraft deteet the submarine, as a function of lateral
range 27 By how much is its cffective search width
decreased by this new possibility?

liquation (10) under the eircumstances of Section
2.4 leads to

kh , Eh

L R e A I

only in the present ease the time interval is from
— to {instead of from 0 to . With these changes
equation (49) leads to the following expression for
the probability of sighting the submarine before the
time £:

P(z,t)
Wl mAm' Y ‘I'/
B S | SN

where m = kh/w and m’ = k'h/w. The integral can

be evaluated explicitly when it is noted that the
integrand is proportional to the derivative of the
exponential expression, i.c.,

] m 4 m' y ‘]
xp| — (14 ¥
(@2 + yo)? )[ w'"’ < ARV yz)_

=_WL‘iw,_mi&1+m_LO
m ~+ ' dy i a Vaitr/)

The result, on setting { = + e, gives the following
probability of sighting the submarine some tirne on
its whole straight coursc.

m
P(w:m) = L
m -+ m'

[1 — g—¥m +m’)/.t']_

To find the vaue of the seurch width (which will
be denoted by W*), this expression must be used in
the place of (20) in cquation (27). The answer is
obtained from (29) by replacing m by m + m’ and
then multiplying the result by m/(m + m'); it is

T =W

= 2"/21”" m.+ m'

m + m
Thus the effect of forestalling is to multiply W by a
factor less than unity of v/m/(m + m’). And the
probahility of detection cven when the target is
Hown over (z = 0) is P(0,0) = m/(m + m’) instead
of unity, as it would havo been in the absence of fore-
stalling.

For a definite range law, that means of detection
which has the greater range will always forestall the
other. (Of course this is strictly truc only in the case
of continuous looking.)

29 CONCLUSION—OPERATIONAL
DISTRIBUTIONS

Returning to first principles, as set forth in See-
tions 2.1 and 2.2, it has been laid down as basic that
deteetion, even when possible, is an uncertein event;
and the whole subsequent course of development of
this chapter has been toward the caleulation of prob-
abilities of detection. But an cssential res vietion has
heen imposed in all these ealeulations: The one source
of uncertuinty which has been considered is the
human fallibility of the observer, and the sudden
uncontrollable fluctuations in the physicul state of
affairg, but not in the random clement introduced
by unknown, long-term variations in the underlying
physical conditions (conditions which are expressible
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CONCLUBION—OPERATIONAL DISTRIRUTIONS 33

as parameters), Thus, as we have said in Secetion
2.1(ii), under given meteorologieal conditions of visi-
bility 1" the observer will have & definite chance
y(r)di of sighting a target of given size A and back-
gronnd econtrast €; and subsequent deductions have
been made on the assumption shat while the range »
may vary in a given manner in the course of time,
the parameters 1, 4, and ' «ll remain fized. The
distributions caleulated on this assumption can be
expeeted to agree with the distributions found em-
pirically when the results of a large number of
experiments are obtained, all of which are performed

under the same conditions of visibility and size and -

contrast of the target, geometrical quantities like r
alone being allowed to vary. But as soon as opera-
tional results arec compiled which refer to csses in
which ¥, A, and C vary from incident to incident,
an altogether different situation is present: The cause
of the uncertainty of the event of detection is two-
fold, being dependent not only on the human falli-
bility of the observer and short-term {luctuations,
but on the more or less unknown and heterogeneous
nature of the underlying physieal conditions. And
it iz important to realize that in many cases this
sceond factor may outweigh the first, When this is
judged to be the ease, it may well Le expedient to
employ a highly simplificd law of deteetion, such
as the definite range law, and then seek to explain
the distributions found in the operational data simnly
by nveraging the caleulated results of such laws over
different possible values of the parameters. Thus if
the definite range law is ussumed, mathematical
expressions dedueed from it will involve this range
R; then it may be considered that iv e operational
incidents different values of B arc .. wsent; by choos-
ing appropriate frequencies for the different values
of 2 and combining or averaging the theoretical re-
sults over such distributions of &, a good agreement
may often be found with the observations.

It must be emphasized that equations such as (1),
(3), (8), and (6) are true only when the first causc
of uncertainty alone is present, and when the under-
lying physieal conditions remain constant (and are
known to be of constant, though not neecessarily of
known values) throughout the course of the looking.
Thus in proving (1), the probability of detection for
one glimpse was g, of not deteeting, 1 — g; now pre-
cisely at the point where it was asserted that the
probanility of failure to deteet at each and every one
of the first # glimpses is (I — )%, the assumption
that the n different events are independent was made.

This is justified only in two cases: first, when the
only uncertainty is in the observer's chance per-
formance so that his different opportunities (glimpses)
are regarded as repeated independent trisls (na in
suceessive tosses of a coin); sccond, when there are
indecd changes in physieal conditions, but of such a
rapidly fluetuating character that if no detection is
known to occur at one glimpse, no inference can be
drawn regarding the physical conditions pertaining
to any other glimpse. But if, for example, the visi-
bility V is not fully known, the fact that carlier
glimpses have failed to detect may lead to the pre-
sumption that V is less than might otherwise have
been supposed, and henee that later chances of de-
teetion are less: the expression (1 — g)* is false.

The method of procedure is clear. The first step
is to carry out the ealculations as described in the
previous sections of this chapter, assuming fixed con-
ditions (such as V,A,C). The sccond step is to
avernge the results obtained for the probabilitics
(c.g., over the possible values of V,4,C, with ap-
propriate weighting). Qnly the final result can reason-
ably be expecled to furnish the probabilities which
accord with the operational data. What is true of
probabilitics is also true of mean or expected values
defined by them.

This will be illustrated by many practical ex-
amples, particularly in Chapters 4, 5, and 6. But three
simnle cases can be mendionod huie, Firsily, suppose
that the lateral range curve (Seetion 2.4) involves a.
parameter A referring to an unknown factor in the
underlying physical conditions. Its equation is p —
p(2,\). Onee the distribution of frequencies with
which the different values of A oceur in an opera-
tional situntion has heen estimated, the operational
lateral range curve p = pg,(x) (e, the one furnished
by a histogram of the observed data) is found by
averaging p(x,A) over the values of N on the basis
of this frequency. Thus it might be reasonable in
gome enses to assume that the values of A are nor-
mally distributed about & known mean lwith a known
standard deviation o. Accordingly,

1 te i
Iopl2) = ——= n(x,A) e ~(\—)1/20% gy |
Pan() a\/2—1-rf_m px,A)

Thus if p(z,\) results from a definite range law of
range R = A, so that

pla, N) = 1, whena <},

p(x, A) = 0, when o > A\,
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34 CTARGET DETECTION

the equation becomes
1 |-
oplil) = — ==
Pop() d'\/21rjr
1 r =D
= 1 — erf A,
2 ( ‘ v\/2)

the graph of which is shown in Figure 13,

«©
o~ (N—DE202 )

|
|
[
1
1 x

Wacors 13. Lateral range curve based on a normal
distribution of definite ranges.

1t is noted that when @ = 0, po,(0) is slightly Jess
than unity, whereas it should exactly equal unity.
This is because the normal distribution of definite
ranges allows o (slight) chance of negative ranges, a
physical absurdity. It would have been more realistic
to have assumed a skew nonnegative distribution
(c.g., Pearson’s Type ITT distribution, kA"t e~#),

As a sccond example, consider the search for a
fixed target hy two parallel sweeps at distance S
apart, I the underlying conditions are the same
during the two sweeps, and if ;:{e) is the lateral range
probability, the chanee of deteetion of a target be-
tween the paths and 2 miles from one of them is
shown by the usual reasuning to be

P@S) =1—=[1 = p@] [t — p(§ — 2)]
= p@) + (S ~ ) ~ pR)p(S — ).

If p(x) = pa,A), o weighted averaging process
must be performed in order to get the operational
probability P(x,S) from P(x,S\) given by the
above equation. And of course il @ is determined at
random hetween 0 and S, a sceond averaging must
be done to get P,(S), the operational probability
of deteeting the target given only to be somewhere
hetween the ssweeps and with a given distribution of
physical comndlitions. The order in which these two
averagings are done is immaterial. A corresponding
treatment is given in the case of infinitely many
paralle]l sweeps. 16 may be remarked that the opera-
tional effective visibility 72, which is defined by the
equation (sce Scetion 2.7):

Pun(@li) = [ P@EmNSOND = |
is quite different from the average B

L= f Ef(\)dx,

of the cffective visibility defined under fixed condi-
tions corresponding to a particular value of A. Here
J() is the assumed frequency with which the values
of A arc taken to be distributed under the operational
conditions in question.

As a third example, suppose that o radar set is
chosen at random from a lot, only the fraction e of
which are in good adjustmnnt, the remaining 1 — e
not in & condition to make any detections possible.
The radar lateral range curve p(z) for o radar set in
good adjustmernt and; c.g., mounted on an aireraft,
must be multiplied by € to obtain the operational
curve that will be obtained when many observations
are made with the aid of many scts chosen in this
way. When a sct or similar observing instrumertality
or setup is not giving the results which could be ex-
pected of it, it is often said to be working at an
efficiency less than 100 per cent. In the above case,
a natural definition of cfficiency is 100e. In more
complicated cases, the concept, while uscful as a
genery) coneept, may not be convenient to define in
all preeision,

In conclusion, the following principle is laid down:

If the object of the calculation of probabilities, aver-
ages, and similar statistical deleciion quantities is ic
coordinate and explain the datu of the operations of the
past, then the heleragenelty of conditions (dispersion of
slowly varying parameters) 1s placed at the apex of the
discussion, the influence of “‘subjective” probabilities
and shori-ierm fluctuations (the main subject of this
chapter) usually playing a secondary role.

If on the other hand the object of the calculation s
to obtain confemplated performance dala for the design
of search plans to be used in the fulwre, and, as is gener-
ally the case, when the conditions (slowly varying varam-
elers) are knonwen, then the probabilities originating
Srom subjeclive and rapidly fluctuatiag seurces occupy
the center of the stage; any study of the helerogeneity of
conditions s made only in order to check the sensilvity
af the scarch plan lo accidental imperfeclions in the
knowledyge of the condilions.

All this will be made elear on the hasis of examples
in the succceding chaptors,
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Chapter 3
THE DISTRIBUTION OF SEARCHING EFFORT

*1 THE GENERAL QUESTION

N AN IMPORTANT cLAsS8 of problems of naval search,
the target has an unknown position but a known
distribution: while we do not know where it is, we
do know the probability that it is in this place rather
than in that. If, as is usual, the total available search-
ing effort (number of hours the observer can devote

“to the search) is limited, how should the scarching

be done? How much time should the observer spend
searching in this place and how much in that?

In other cases, there is no doubt as to where to
search but there may be a question as to when. If
the target is only temporarily present in the region
where the scarch can be made, all hours of the
twenty-four being vually likely, should the limited
searching effort be spread out evenly during the
twenty-four hours, or should & more intensive search
be condueted during only part of the time? This
question is of particular interest if the search is done
by aireraft, whon ouly a limited number of aireraft-
hours are available, and if search in daylight when
vision and radar ean be vsed simultancously is more
cffective than scarch at night when ouly radar is
available. How should the search be divided between
day and night? 4

There are similar questions concerning the opti-
mum distribution of seanning cffort: An obscrver on
an aireraft is scarching for a surface target; how
much of his time should be devoted to looking
straight ahead, how much in looking nbeam, and
how much on the intermediate hearings?

There is a close mathematienl analogy between
some of these problems and certain questions of

gunnery and bombing in which the distribution of |

targets is known, and the optimum distribution of

firing is required.

Tt has been seen in Chapter 2 that when a region
is scarched the chanee of detection depends not only
on the law of detection (lateral range curve, search
width, cte.), but on the method of search. At one
extreme, such a highly systematic method as that
of parallel sweeps ean be used; at the other extreme.
random search can he employed, leading to the equa-
tion (40} of Chapter 2,

p=1— ¢V (1)

where
A = area searched (square miles),
W = effective search width (miles),
L = length of obscrver’s path inside A (miles),

p = probability of detection of a target given to
be in A and uniformly distributed thercin.

Throughout this chapter, the problems just men-
tioned will be treated on the basis of equation (1).
The reason for the assumption of rardom search is
twofold. On the one hand it is realistic, since in dny
protracted search, however systematic in intent,
navigational errors and other irregularitics and un-
certaintios arc pretty sure to impart to the search a
character of random; hence (1) is a proper cstimate,
on the conservative side, of the practical results
achieved. On the other hiand, the assumption is con-
venient and Jeads to uscfully simple results; this is-
partly becsuse equation (1) requires nothing con-
cerning the particular deteetion law (other than the
value of W) to be assumed, and partly because of the
usable nature of (1) itself. :

32 ALTERNATIVE REGIONS OF SEARCH

Let A; and A; be two areas of the ocean (cither
separate or having a common boundary). The target
to be found is either in A orin A,, with the respoctive
probabilitics py and pe of so being, so that relations

mtp=1 p>0 p:>0

hold; the target being stationary, p; and pz do not
change with the time. Let the target be uniformly
distributed in whichever of A, or 44 it lics. Finally,
let the total length of track of the observer (or ob-
servers) be L. How must I be distributed between
Ay and Aq if the chance of detecetion is to be greatest?
In other words, if I = Iy 4 Ls, Iy being the length
of the ohserver’s track in Ay, I that in As, what re-
lation must exist between I and Ly for the optimum
search? If W is the scarch width, the probability p
of degeetion is given by

= (1 -~ -H'Lu/.-h) + P (1 - e-—“'l’n/;h)’ (2)

as resuits from a simple probability argument based
on (1).
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THE DISTRIBUTION OF SEARCHING EFFORT

Matheinatieally, the problem is to find tic values
of Ly and Ly which maximize equation (2), subject to
the conditions

In+1In=1, @)

Inz0, In=0.

It is convenient to proceed graphically. Setting

IJ] =, Iig = [ — T,

— WL =/ As

~Wa/4d: _
y e = pace )

h=mnmc y
we have p=1= {5+,
so that, for the optimum search, = must be dcter-
mined 8o as to maximize p, i.e., to minimsze
=+

subject to the restriction that 0 £ & < L. Figure 1

“gshows the graph of y aganinst @ in a typical ease; the

ordinate is obtained by adding the ordinates of the

2 1
f*s 5 &y

£ \ A116,900 , A,714,400
Wsi0o
L=5000
1
3
y /
/:
e —— ]
0
0 X MIN VALUE' x:3102 5000

Fravre 1. Minimizing the sui.”

graphs of % and y., also shown in the figure; the
latter are simple exponentinl curves. Tt is scen, cither
by differentiation or by an obvious graphical argu-
ment, that for y to have a minimum at a point z in
the interval (0, L) it is necessary and sufficient that
the inclinations (viz., absolute values of the slupes)
of the tangents to the y; and the ¥ curves be equal
and opposite (they are always opposite in the present
casce). Now the inclination of the g, is always down
and that of the y: always up. The former inclination
decreases with increasing z from its maximum at
z = 0, the latter increases to its maximum at xz = L.
Thus there are three mutually exclusive possibilities.

Case 1. The inclination of , at ¢ = 0 ia less than
{or at most cqual to) that of y» at this point, i.e.,

YU e W1,
”n < _7_26 lll//h.

4
Al__llg ()

Then the inclination of gy will continue to be still
less than that of y» throughout the interval: No
internal minimum of y exists, but since g, inereases
faster than yy decresses as @ moves from 0 to I,
the mindmam occwrs ab 2 = 0 (i.e., Iy = 0).

Case 2. The inclination of y,at x = L is less than
(or equal to) that of y1 at this point, i.c.,

Pa < 1{1 C—"’Il/fh‘ (5)

Ay T4

Then, by a similar argument, the minémum occurs at
xr = ]I-

Clase 3. Neither one of the above cases occurs:

! _7’3 ~WL/ds P2 D wpga,
y > Age and y» > Axe . (8)

Thon the inclination of y; at 2 = 0 is greater than
that of y, at this point, but this advantage is steadily
diminished a8 2z increases, and s reversed when
& = L, at which point the inclination of #; exceeds
that of y:. Hence there is just one point 2 = a0 in
the interval (0, L) which makes y a minimuwm. This
value of x is found by solving the equation dy/dx = 0;
& convenient form of the answer will be given below.

In order to grasp the meaning of the situation more
ensily, the following terms are introduced:

o= pi/A,, Pz = P/ da
¢1 = WIn/Ay, &= Win/d,y 7
A = Al -l- Ag, P = H/L.

On account of the uniformity of the distribution of the
target in whichever region it is, the probability that
it lic in a subregion of unit area within A, is the
product of the probability p that it be in A by the
probability that (in this case) it be in said subregion,
1/4;: Thus the probability in question is pi/4; = py.
Hence py is the probability density for the first region;
pz hag the corresponding meaning for A, Further-
more, the length of observer’s path 7, in A; is a
measure of the scarching effort devoted to 4,. But
Wl is an caually good measure: it is the area swept
(some of it multiply) in Ai. Thus the expression
WIn/Ay = ¢ is the density of searching effort in the
first region, and ¢ is that in the second. & is the total
available searching effurt, and we have

Ay Fbagp =%, ¢ 20, ¢220. (8)
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In the third ease, corresponding with equation (6),
the solution of dy/dx = 0 for x gives a result which
ean be simplified by first replacing @ and 1, — 2 by
Ly and Ly, and then replacing ratios by the quantitios
introduced in equation (7). The following cquations
result from this process; they answer the question
concerning the optimum distribution of searching
effort in the present case,

¢ = log p1 — ;11 (Ailog pr + Aslogg) + %)
9)
& = logpy — _711- (Arlog ;o + delog pe) + -}’

On the basis of cquations (4), (5), and (G), ex-
pressed in the terms of equations (7), and (9), every-
thing may be summed up as follows:

When the target’s probability density py in the
first region i9 not only less than its density in the
second, but i so mueh less that it remains less when
the second is multiplied by the factor e ™" (< 1),
ie, _

S, (’_'b/'h, (10)

then no searching whaisoever should be done in the first
region, Ay, and the whole effort should be devoied (o
searching the second, Aa. Similarly, if

p S pre” NGE)

no searching should be done in A.. When, en the
other hiand,

/s

o> pre” and  p2 > py e~ (12)
the soarching effort should be distributed in accord-
ance with equation (9). If & denotes the exponential
of the ecommon value added to log g1 or to log p, in
(9), these equations hecome

¢ = log kp, ¢ = logkps. (13)

Thus the optinaum densitics of searching effort [in case
of equation (12) ] equal the logarithms of quantities
proporlivnl lo the respective probability densities.

[t is interesting to see how the situation develops
as the total available searching cffort € is progres-
sively inereased., To have a definite ease, suppose that
o > ppand Ay < A When @ is very small, equation
(11) holds: all scarching must be done in 44, none

in 4;. When & inereases sufficiently, (12) bocomes
valid, and remains so for all further inerease in @.
Then the searching has to be distributed between Ay
and A» aceording to the logarithmie law enunciated
in equations (93 or (13). This leads to a eurious con-
clusion as @ becomes extremely Iarge. For cquation
(9) shows that

&

lim - = 1,
[ -

Thus for very large &, ¢ is about cqual to ¢, i.c.,
WIi/Ay = WIs/A4s which means in the present case
whore A, < A that Iy < Ly. The first region, which
for very small ¢ should take up all the searching
cffort, should for very large & actually have a shorter
length of observer's track than the second region, a
phenomenon of reversal for large ®. '

Suppose that after completing the optimuin acarch
with the expenditure of the total cffort & = W, with
no resulting detection, a further amount of effort
P = WI/ becomes available. What is the optimum
manner of expending this additional offert?

Assume that in the first part of the search, the
third case was presented, sa. that & was distributed
in accordance with equation (9). Since, as we are
assuming, the target is not deteeted, the situation
at the cnd of the search is similar to that at the be-
ginning, cxcept that the probanilities p, and p, have
to be replaced by different values p,’ and p)’, the
values of which are- computed by means of Bayes’
theorem (see Section 1.5, in particular footnote ¢).
In this applieation, the a priori probabiliticg of A,
and A. containing the target arc p, and py,, the a
posteriori prohabilities are p” and p,’. The - ro-
duetive prohabilitics,” i.c., those of not find.
target in 4 or in Ay when the ® search is done as
assumed in (9) are the vaJues which acerae to the
quantities e =" 4 and ¢~ "/ when Ly and L are
given by (9) in conjunction with (7). Thus the first
productive probability is, by definition, the chance
that if the target is actually in A the scarching effort
¢ = WIi/A, devoted to this region shall fail to
reveal ity by the formula of random search, this is
¢~ WA and similarly for the seeond region. Honee
by Bayes’ formula.

L a—WLildi
i = fﬁlﬁi’r??)/!.-lcl—.'{__;é?'irif,?;ﬂ » U= lor2;
or, using equations analogous to (7),

oi e —pi

L

o = —;y t=1lor2,

it pe™h +Aypae
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To find the optimum distribution of @', observe
first that on account of (9), the relation pie™ =
pae”* holds; henee we are in the presence of the
third case [the primed analogue of (12) |. Tence ¢
and ¢, are given by equations like (9) (with appro-
printe primes). An obvious algebraie simplification,
using the original (9), shows that

VI
¢ = A

Now the total density of scarching effort devoted
to the 2th region (i = 1 or 2) is simply ¢; + ;. This
reduces with the aid of (8) to

log pi — % (1 log o1 + s log p) + 3’—}“1-

But thig is exactly what (9) would have given if we
had known in advanee that the total amount of
senrching cffort would be & -+ & rather than &. In
other words:

A well-planned search can not be improved by « re-
distribution of search made al an intermediate stage of
the operation in an altempt to make use of the fact that
wp lo that ime the target had not yet been obaerved.

Of course as soun us the target 4s observed, an im-
provement ean be made: Disenntinue the search,

This theorem has heéen proved here only in the
case where cquation (12) iz valid, Other cases arc
treated in a similar manner, with gimilar results,

In the case of cquation (12), formula (9) gives only
the maghitude of cffort to be devoted to A, and to 4,;
it does not tell how the search should be conduceted
in time. Suppose that at the end of { hours the
amount, of search etfort is ®(1) = ¢, where @ = ®(T)
= ¢T', T being the total time available and ¢ a
constant of proportionality. Then in order to find the
target as soon as possible, we must proceed as fol-
lows: Whatever the value of £ ( > 0}, thic search effort
¢t must-he used so as to maximize the chance of
detection up to that time, in accordance with the
formulas developed above. Thus, if o > ps, we must
make ¢ = ¢f/Ar, ¢ = 0, as ¢ goes from zero to
As(log po — log p;)/C, i.e., when (12) comes into effect,
Trom then on, ¢, and ¢ must he taken from equation
(9) in which @ is replaced by <.

An obvious extension of the problem treated in
this scetion is to the casce of n regions Ay, + + -+, 4,.
But, while this presents no diffieulty, it is much more
worth while to treat a perfeetly general ease which
will yield the n region ease by specialization. This
will he the object of the succeeding seetion.

CONFKID

#  THE GENERAL CASE—TARGETS
CONTINUOUSLY DISTRIBUTED

The target is stationary and is contained in o
known region A of the ocean (assumed to he a plane
in whick a cartesian system of coordinates (z,1) is
established). The probability before the search that
the target be in the infinitesimal region dedy is
ple,y)dedy, the probability density p(zr,y) being
known and satisfying the conditions of continuity,
of having in A the positive minimurn,

min p(x,y) = pa > 0,
A

and of satisfying the obvious equation,

pr(:v,y)dx(ly =1,
A

The total available searching effort as represented
either by the total observer’s track Lorby & = WL
is given. How shall the searching be distributed
throughout 4 in order that the chance of finding
the target be 4 maximum?

The idea of a distribution of searching effort in
the present ease of a continuously varying distribu-
tion involves & less procige conception than in the
case of Sertion 3.2. Tt is necessary to arrive at the
notion of density of scarching cffort ¢{zy) as a
function of position (z,y) in A. This is accomplished
as follows:

Consider a subregion B within A. Let Lp be the
total length of ohserver’s track in B (composed, per-
haps, of many picces). The quantity ¢ép = WLs/B
“obviously corresponds to 13 in the same way in which
&1 of (7) docs to A, in Seetion 3.2. But consider what
happens as B shrinks up to fixed point (2,y) con-
tained therein. If B is large and of not too irregular
a shape [if it is square or cireular with (z,y) ab its
center], the ratio Ly/B behaves ns the ratio of the
number ¢f molceules of an inhomogencous body in a
volume to the volume itself as it shrinks: After
changing slowly, it settles down to a quasilimiting
value, remains at this value for a long time, only to

“depart radieally from it as the arca (or volume) falls
below & eritically small size. The quasilimit I (z,y) of
T.5/B (corresponding to the “mean number of mole-
cules per unit volume,” proportional to the density
of the body) may be ealled the density of ohserver
track at (x,w). The product o(xy) = Wi,y) =
quasilimit of WL,/B shall be ealled the density of
searching effort or seareh densily at (2,y). An obvious
consbruction shows that

iSNTIAL



PO g ¢

SN

i

Ty

e

Ry T e BT

IR RN N O Y YRR FAY I T e oy

THE GENERAL CASE—TARGETS CONTINUOUSLY DISTRIBUTED 39

f ze)dedy = L
A
and consequently that

ffdu(_a:,y)d.tdy = WI = &, (14)
PR

Suppose that the scarch density é(z,y) is a given
function, What is the probability I*{¢] of detecting
the target? The classical reasoning of the integral
calculus (subdivision of the region 4 ; approximation
to Pl¢] by a sum obtained by total and compound
probability; and application of the formula (1) in
the limit) furnishes the following answer:

Pigi = [ [reai—eenyizy.  as)
) |

Wo arc therefore in the presence of a problem of
the caleulus of variations! Among all functions ¢{2,y)
which satisfy (14) together with

¢(zy) 2 0, (16)

Jind that one which gives to P[$), defined by (15), the
greatest value. '

This is not a “regular’” problem of the ealeulus of
variations, beeause of the one-sided eondition (16),
i.e., bechuse this condition is an incquality rather
thn,n an equality, And indeed the example of Scction
3.2 prepares us for the pocsnbﬂxty that under certain
conditions the maximum cannot be found by simply
equating o combination of differentials (variations)
o zero.

As 4 preliminary step, we shall solve the regular
problep Jar to the above but with the condition
(16) omitted. The usc of the Lagrange multiplier A
in the variation of (14) and (15) leads to

é ﬁ)(m,y)(l — M dpdy — )\Bff¢(m,y)d;vdy =0,
4 4

[ [ty e — N sptapiaty =
/l

from which is derived
p(Ey) e
o(r,y) = log p(z,y) — log \.

~ () = \

)

To determine A, introduee this in (14) and solve for
log A;

log\ = I—ifflog py)dady — i; (18)

whereupon the following solution of the problem is
obtained from (17):

(zy) = log plx,y) — f log p(z,y)dzdy 4- 1

(19)

Returning to the original problem with (16) in
force, it is scen that cquation (19) automatically
gives the solution whenever & is large cnough to make
the right-hand member of (19) nonncgative for all
(z,3) of A, i.c., whenever (po being the minimum of
p(@y) in 4)

logps — f f log p(ay)dady + § 2 0. (20)
A

In casc this incquality is not realized, we shall allow
the previous formulns to suggest .o ¢(z,y) which is
writéen down-ad hoe, and then show a posteriori
that it is in cffect tho solution of the problem.
Introduce the variable g ranging in the interval

MWEGEDP = max ?)('U,;’/):

&nd denoie by A, and A, ﬂ)(‘ two parts of 4 (i e,
A=4,+4 )dcfmed as follows

pley) 2 ¢ forall (xy)ind,, @1)
p(y) <y forall (z,y)in 4,

Consider the quantity

f f llog p(x,y) — log yldady

= —4,log ¢ + fflog vz dady.

A,

Geometrienlly, it represents the volume of that part
of the solid under the surface z = log p(x,y) [pletted
in the partneinn coordinates {5,,2)] cut off by the
planc z = log g (and above this planc). As ¢ de-
creases continuously from p; to pe, tnis volume in-
creases continuously from 0 to

—Alogp + f f log p(x,y)dzdy.
A
Hence the expression

A, logg — f log p(z,y)dady + &

Ay

decreases continuously from @ to the value

Alogpy — f { log p(a,y)dady + &
Il.
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40 THE DISTRIBUTION OF SEARCHING EFFORT

which, on aceount of the assumed invalidity of (20),
is negntive. There exists, therefore, a unique value
= b for which the expression is zero, i.c., for which

logb — 1 jflug plx,y)dzdy + L 0. (22)
Ah A Ah
We now define p(a,y) as follows:
1
o(@,y) = log p(z,y) — — f flog ple,y)dady +
A, 44

= log ! p(x,y) - (23)

when () is in Ay;
¢(xy) =0
when (2,y) is in 4,.

To show that this ¢(z,y) is the solution of the
problem, it is observed, firstly, that it satisfies (15)
in virtue of (22) and (21); and, sccondly, that (by
direct integration) it satisfies (14). It remains to
show that of all the functions satisfying these two
conditions, it renders P[g] & maximum, for which we
will regard it as sufficient to show that every ar-
bitrarily small change of ¢(2,y) through values satis-
fying (16) and (14) deereases P[¢]~—or leaves it
stationary.

First, consider variations which icave the function
zero in A, i.c., which correspond to a re urrangement
of values mmdc A,. To find the maximum, repeat

-the preceding caloulation starting from the cquation

8P — A6® = 0 with 4, replacing A; this leads to
(19) with 4 replaced by 4,, i.c.; to (23},

Sccond, consider variations which transfor some of
the searching cffort in 4, to 4,. They arc obtained
as follows: Let Y(2,¥) De any function continuous in
A and satisfying the conditions

Y(xy) S 0for () in 4,
() = 0for (z,y) in A,
() + ¥imy) 2 0for (r,y) in 4,,
[f;b(rv,y)dxdy = (.
]wxdcntly if0 = ¢ 1, ty(a,y) will have these same
general pmpextlus as Y(z,). Then ¢(z,y) + Ed(zy)

represents the iesult of sarying ¢(2,y) in the manner
described. It remains to show that if

P = [ [ote (1=~ Dliay
A

then P'{£) £ 0, We compute as follows:

P©) = [ [ty = y(agydady
A

= f[p(.’c,y) e g (2, y)dady

Ay

+ f { ply) e~*" Yla,y)dedy.
p
From (23),
p(a,y) ¢~ = bwhen (z,y) is in A4y,
p,y) ¢ Y < b when (z,y) is in 4,

hence
ro) = bffﬂr,u)(hdy + rf;;(t,J)¢(x,y)dxd1/,
Ay,
£b [ffxp(r 7/)(Irdy + ff\b(“c,y)d:vdy]
Ay Ay

- ff Ysgiety =
4 -

This completes the proof that (23) gives the solution
required.

It is possible to put this result in o geometrical
form. In the rectangular eoordinates of {he variables
a2, plot the surface z = log p(z,y) over the region
A in the @y plane. Cut this surface by the horizontal
plane z = log b, choosing the constant b so that the
volume cut off (above the plane and below the sur-
tace) shall equal @, and denote the orthogonal pro-
jeetion upon the zy planc of the portion of the surface
above the plane by A,. This construction is the geo-
metrical counterpart of cquation (22) defining 4,,.
The search density ®(z,y) is then taken as zern out-
side 4, (i.c., wherever the surface is below the plane)
and cqual to the length cut from a vertical line by
the surface and the plane, at each point (z,%) of 4,
(through which point the vertical line is drawn).
This is a consequence of ¢(x,y) = log p(x,y) — log b,
which is contained in (23).

This construction shows how to lay on additional
searching in ease an additional scarch coffort A® he-
comes available after @ has been used up fruitlessly:
Lower the horizontal plane so that the additional
volume between it and the surface is Ad; then search
throughout the {generally Inrger) rogion 4, with a
search density cqual to the length- of the vertieal
segment between the new and the old horizontal
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planes, or, in new parts of A,, between the new plane-

and thic surfuce, The resulting total layout of search
density is obviously thut which eorresponds to the
total available effort ® + A®, To prove that the
knowledge, that the first part of the d¥arch (with &)
has failed to deteet the target, leads by Bayes’
theorem to the above as the optimum procedure, one
employs the method of reasoning illustrated in the
corresponding question in Scction 3.2.

These considerations show hew to carry out o
scarch in time as the available cffort & = ®(t) in-
‘ereases progressively, the purpose being to detect as
carly as possible: Lower the horizontal plane 2z = log

b at such a rate that the volume between it and the .

surface 2 = log p(z,) constantly cquals ®(f), and
constantly add scarch density by amounts equal to
the additional lengths of vortical segments deseribed
above.

It may be noted that a very slight change in word-
ing of certain of the proofs in this section shows that
the solutions here given continue to he valid when
the condition g > 0 and p; finite are both dropped;
and also, when the region A is infinite in area.
Actually, p(z,y) need not even be continnous. And
of eourse the distribution can he in a line or in space
rather than in the xy plane, with appropriate roword-
ing. Finally, this problem specializes and becomes
like the vue of Bection 3.2, as is scenl on setting
A = Ay + Ay and taking p(e,y) cqual to p/4; or
pa/Ay according as (a,y) is in Ay or in A Then
equation (23) will reduce to such cquakions as (9),
gte. Similarly, equation (23) yields the solution of
the n region case spoken of in the last paragraph of
Section 3.2.

Corollary: 1f in all the previous discussion and
cquations, pla,y) is interpreted not as the probahility
density of the distribution of an individual target in
A, but as the expected number of targets per unit
aren, ic., plx,y)dedy is now the mean or expeeted
number in the infinitesimal dady region at (x,y) wheroe
there is an indefinite number or swarm of targets in
A (which may be an infinite region), and where the
quantity to be maximized is not the probability of
detecting the target but the expected number de-
teeted—then all the conelusions, equations, and
geomeirienl constructions remain valid,

Thix can of course be proved by paralleling the
whole of the previous discussion. But it is simpler to
observe that the probability of an arbitrarily chosen
individual target of the swarm bheing in dzdy is
mroportional to p(a,y), and then to show that the

_eonstant of proportionality cancels out of the crucial

equations (22) and (23) and makes no difference in
Ay, properly defined.

X AN APPLICATION

Let an approximately stationary target be placed
on the occan according to a bivariate circular normal
distribution centered at the origin of the coordinate
system, and of standard deviation ¢; thus

plryy) = 2—“—_1?1 et = g oyl (24)

The region A of Section 3.3 i3 now the whole plane
and pe = 0; but, as has been remarked, the solution
given in 3.3 is valid for such a case, and the optimum
distribution: of the available searching effort & is
given by (23) together with (22).

Lot a be the distance » at which p(r,y) assumes the
eritical value b. Then A, is the region for which
r £ o, and evidently

1 .
.. - 2 o= . g3/ 207
Ap =rma? b S gt e . (25)

Substituting these eapressions into equation (22) and
climinating b, we derive the expression for a,

o = 1o ) (26) -
n

"Thus a is proportional to 4/¢; also to v ®.

Outside the cirele centered at the origin and of
radius @ no searching should he donc. Tuside the
cirele the searching effert should be distributed ac-
cording to the formula (23) which in this case reduces
to

2 a

elwn) = "5 (27)

The geaph of the cquation z = ¢(,y) in Lthe space
of the coordinates (2,,2) is a paraboloid of vertex at
(0,0,a%/2¢%), axis coineident with the z asis, cutting
the oy plane in the above cirele of radius a, and is
the ay plane itsell outside this cirele.

T vonsider a conerete ease, let ¢ = 100 miles
(which means that there is half a chance that the
target iz within a cirele of 118-mile radius), Assume
that there are five 130-knot aireraft, each available
for five hours of search, so that . = 3,250 miles.
Assume a search width on the present type of target
of W = 5 miles. Thus ® = W/ = 16,250 square

CONFIDENTIAL



i
;

e e ) |

VR STORLE 4 F G AN B OB ST I [P RARIINT Y M e AT D et e s e e

42

THE DISTRIBUTION OF SEARCHING EFFORT

miloes; by (26) @ = 121 miles. Only within a circle
of this radius sheuld searching take place, and there
the path length per square mile should depend on the
distance » from the eenter according to the formula

¢ 1212 — 2

W~ 100,000

" a5 DISTRIBUTION OF EFFORT IN TIMIs

In certain tactical situations involving a planned
scarch there is o question not of the distribution of
scarching cffort in space but in time. In order to
illustrate such cascs, a typical but simple problem

_will now be considered,

A certain relatively narrow region A of the ocean
has to be crossed by very fast ¢nemy surface units,
It takes cach one a definite time 7 to cross A, T
being of the order of an hour or two. We' wish to
deteet such units by means of aircraft patrolling the
region A: Certain features of the tactical situations
require them to stay within A at all times. We have

44« ar disposal o fair number of aircraft of the same
~type, each cpprbic i« definite number of flying

hours during the twenty-four, 6 to 12, for example.
Thus the total levgeh of traes of ~1 aireraft during
twenty-four hours hus a fixed +owiie of L miles; this
is n mensure of the total available searching effort.
During the twelve daylight hours, radar scarch can
be supplemented by visual, the combined power of
deteciion being expressed by the value Wy of the
search width for cach scparate aireralt. During the
twelve hours of darkness, radar is the sole means of
deteetion, and the scarch width falls to a value Wy,

W > W (28)

Onc final assumption is fundamental: The enemy,
not being aware of our scarch of the region 4, is as
likely to eross this region af any onc time as at any
other,

It may be assumed that for the best search the
number of aireraft patrolling during any onc hour of
the twelve daylight hours should be the same az
during any other. For if during a particular hour
there are fewer patrols than during another, the loss
of chance of deteetion during the former is not quite
compensnted by the additional chance during the
latter, on aecount of the tendeney of overlapping
(suturation cffeet), which is always present, but in-
ereases with increasing number of palrols in 2 given
region. This situation could of eourse be given a pre-

cisc mathematical formulation and preof, with which,
however, we will dispense. In conclusion, we may say
that in any scheme of scarch to be eonsidered there
exists o constant number », of plancs airborne dur-
ing the day; and, by corresponding reasoning, & con-
stant number, 2, during the night. If v is the com-
mon aireraft speed, the total daytime and nighttime
length of track flown is 12vn; and 12vng miles re-
speetively, Thus the following equation, expressing
the limited total searching cffort, must hold.

L
m ot ne =5

(29)
Beyond this, n; and n; are at our disposal; they char-
neterize the distribution of searching effort between
day and night.

If the enemy unit ere 1 4 during daylight, the
total length of track flown while he i8 in 4 will be
Twvny (there are #; planecs in the air, cach of speed v,
during the time T of passage of the enemy). Hence
by the formula of random scarch® the probability
of detecting such a target is

. 1 — e—TumWn/A’
while the probability of detocting o target passing
ai night is ' :
1 — O—TvmWi/A.

Since the chanee of the cnemy's crossing 4 by day

or by night arc the same, the sum of one-half of _

each of the above oxpressions gives the required
probability of deteetion p (assuming for simplicity,
and with satisfactory approximation, that the chance
of o passage of A partly at night and partly in day-
time is of negligible probability):

p = 1~ %(6—7'»1:1‘.%//1 + e—’l‘nn,"’:/f‘l). (30)

Mathematically, our problem is to choose ny and
ng subjoct to (29) so as to maximize p. The details
of the work are altogether similar to those of Section
3.2, except that n; and 7y are the variables in the
present ease. The results are as follows:

Case 1. L is so small that
Wl n-—-'l'L"'l/lQA g ';/Vz, (31)

alt is assumed here, as throughout this chapler, thut the
flights are at. random. When the direction of the enemy target
across A is known, a mare efficient. disposition of aireraft
tracks is in the form of & erossover barrier patrol (Chapter 7):
the formulag, but not the ideas and essential results, will then
he changed.
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then
= L/12v, ng = G, (32)
and all the flying must be done in daytime.

Case 2, L is large encugh te make
u,rl 6-—7‘1:"'1/12.-1 < ”;2‘ (33)

then both day and night scarching must be done
accerding to the equations [annlogous to (9)]

log <_Tu W.-)
4

= ———

(TUW.)
4
1 oW, Tan)

Wi SL l°g< A > 1"“( i/ |y

— g
1 _1_1120 oW, ToW,
W, W, A A

As long as L is only moderately greater than the
critical size expressed in cquations (31) and (33),
i.e., for which (31) becomes an equality, more search-
ing should be devoted to day than to night (n, > na).
But in the limit, for increasing L, (34) shows that
a/ng approaches Wo/Wy, which is less than unity;
thus aguin we have the phenomenon of reversal
signalized in Beetion 3.2: If a very large amount of
scarching cffort is available, more searching should
be done during the unfavorable period than during
the faverable onc.

+

_ where{ = 1 and 2.

3.0 OPTIMUM SCANNING

Returning to the framework of ideas and notation
of Chapter 2, suppose that the observer and target
arc on sbraight courses at fixed speeds, so that relative
to the observer the target is moving in a straight line
at the speed of w knots, his lateral range being «
miles (see Chapter 1, Figure 5). It is convenient here
to regard the target as moving down the line parallel
to the axis of ordinates cutting the axix of abscissas
st the point of abscissa z > 0. His position at the
epoch ¢ is at the point of coordinates (z,3), where
remains constant and y = —wt (the negative sign,
beeause of his downward motion: g decreases as ¢
increases). The observer remains at the origin,

Tnstead of taking the instantancous probability of

detection v,dt for granted, as we largely did in
Chapter 2, we here propose to inguire into it more
deeply, and in particular to examine the effect of
varying the method of directing .the line of sight
(or the radar or sonar heam) from position to position
over the field of view. We propose, in other words, to
examine the effect of different scanning proecdures
upon v, and through it, upon the search width W.
And we will aay that the seanning method {3 oplimiwm
if it renders W a maximum.

For any method of detection (visual, radar, sonar,
cte.), there exists & quantity A defined as follows: Let
the relative positions of the target and observer re-
main virtually unchanged during a short interval of
time dt, during which the observer directs his axis
of vision (or the radar or sonar beam axis) straight at
the target. Assuming no previous detection, the prob-
ability of detection during At is Adt, which can bo
ealled the instantancous line-of-sight deteetion prob-
ability. We shall assume that A depends only on
range, A = A(r). We shall assume furthermore that
the probability of detection during dt is insignificantly
changed by a slight change in the position of the

_target out of the line of sight, c.g., by an angle less

than ¢ radians, but that it falls virtually to zero at
groater angles. The reader will appreciate that this
assumption is not unrealistic in the important case
of a target closo to the threshold of Visibility (or with
narrow radar or sonar lobes). '

TFor any method of scanning, there exists a funetion
f(2) (where 2z is an angle in radians measured from
the positive axis of ordinates in the clockwisc sense),
defined as follows: f(2)dz is the length of time out of
a complete seanning cyele during which the axis of
vision is between the angles z and 2 4 dz. If the total
time of one seanning cycle is 7', obviously

O%f(z)dz =171 also f(z) 2 0. (35)

Tt is now possible to obtain ¥, the instantancous
deteetion probability density resulting both from the
instrument of deteetion and its use (method of sean).
Let the angle ¢ (from the positive axis of ordinates
to the target, Figure 7 of Chapter 2) and the range r
remnain practieally constant during one scanning
eycle {slow relative motion or fast scan). Then at cach
eycle the length of time during which the target is
within the angle € of the visual axis is

[ER:
f SO = 2ef(¢) to terms of higher order in .
{

—-€
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Henee the probability of detection is

= 26/(N0).

This is the one-glimpse probability of deteetion; in-
deed, the ide of scanning automatically commits us
to the notion of detection by diserete glimpses rather
than by continuons looking. But in view of our as-
sumption of a seanning which is fast with respeet to
the relative motions, it is a legitimate approximation
to pass fo the latter viewpoint, and to convert g
into v, by division by 7' (compare with the similar
reasoning in Section 4.4, equation (7) in particular),
This we shall write

w= D) = FMEND. (30)

It is to be noted that whereas in the greater part

i of Chapter 2, v = v(r), a function of range alone,

the very nature of the present considerations focuses

attention upon a v, which depends both on’ target-

range and bearing. Nevertheless, the relevant renson-

ing and formulus of Scetion 2,4 are applicable, and:

we have as the expression for the search width

U = f:[ - exp( e [‘ f(g—)m)d,/)}h 37)

The mathematical nature of the problem is now
cloar. The quantitics w, ¢, A\(r) are fixed by the condi-
tions, whereas 7' and f(£) are at our disposal, sub-
jeet only to the conditions (35) and that 7' must he
small in comparison with the time vequired for an
appreciable change in relative position of target and
observer. And twe have to find that function f(t) which
makes W e« maximum.

By an casy argument of symmetry, the optimum
F(§) is symmetricol about the axis of ordinates:
J(=¢) = f(t). Assuming this, the integrand in (37) be-
comes an oven funetion of 2, so that W is twiee the
integral from 0 to . Similarly, the integral in (35)
can be replaced hy twice its value from 6 to =, Writ-
ing for convenience

86) = 2160, AG) = A0

(35) and (37) are further simplified, and our problem
is reduced to the following:

Find that function ¢(¢),0 £ ¢ <, which, among
all funetions satisfying

j: ) =1, ¢{t) 20, (38)

makes the expression

}%ﬂ —.f ,: I — I'NP( j. l];(i')]k/7')l]]/)}l[£ (39)
0 e

a maximum. This is nn “irregulae’ problem in the
calealus of variations, not ta be solved simply by
equating certain vuriations Lo zero,

Introducing polar coordinates (r.¢), (39) heeomes

%i -.—_-f [1 - nxp(—-:c ":1:({),\ {(z esef) (~ﬁc2g‘d§‘)]d:c.
0 0
(40)

The integral with respeet to & will increase when its
(nonnegative) integrand iucreases; and such an in-
erease wvill -take placc when the inte gml in the ex-
ponent, i.c.,, :

U= f BN e 8) end ce
0

" is inereased. The evident difficulty is that U involves

2 as well as ¢(¢). If we fixed the value of 2 we could

. try to find the function ¢(}) maximizing U subject

to (38); but the resulting ¢(r) could be expected te
be one function for one value of , and a differont
one for another 2, and consequently uscless s far as
maximizing W/2 is concerned. The remarkable fact
is that in u broad class of cascs, including all those
important in practice, this turns out not to be the
case. Tndeed we have the theorem’: )

If M) = N@) /1% where M(r) decreases with in-
creasing v, the optimum scan consists in fizxing the linc
of sight directly alony the axis of abscissas, dividing
the time equally between right and left. When most of
the relative motion is due to the observer (e.g., a
searching aireraft), this means that all scanning
shouid be done abeam,

To prove this theorem, we note that A(r) =
Ai()/r%, where As(r) decreases as » increases. Heneo

U= [ 66) a1 rese ) e,
M

and our problem is to choose ¢(f) subjeet to (38)
which maximizes this integral. As ¢ goes from 0 to T,
a ese ¢ deereases from 4o to o minimum of = at
¢ = m/2, and then increases to +o again. Henee A,
has its maefimum when ¢ = £/2, and this is true for
any a > 0. The graph of A; (2 ese ¢) against ¢ is shown
in Figure 2, which also shows that of ¢(¢) [with shad-
ing under it; the shaded area must be unity by virtue
of (3R)].
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Geometrically, the problem is to deform the ¢(f)
curve (always maintrining it above the ¢ axis and
bounding unit aren) so that the arcu under the prod-
uct ordinate curve ¢(¢)A(x ese ) shell be a maxi-
mum. Obviously, the more the (¢) is peaked about
the mid-point § = x/2 the larger the aren under the

Afxcscl)

o)

{

Fravre 2. Graphical representation of the seanning
problem.

product curve. In other words, the more of the time

the axis of vision s directed at the angle ¢ = /2,

the greater will be the value of the search width W,
This proves the above theorem, '

The ease A(r) = M(r)/r%, M(r) deereasing with in-
creasing r oceurs when A() is an inverse nth power
with n greiter than 2, in particular, with the inverse
cube power law; also, when there is an exponential
attenuation faector multiplying an inverc square or
higher power. Tn fact, it occeurs in the majority of
cased studied in Chapters 4, 5, and 6. And the theorem
in the ease of a definite range Iaw is trivially truc.

It would be misleading to conclude that sennning
should always be confined to the heam. in most eases
it is imperative to deteet the target early, for ex-
ample, when it is a surfaced submarine which may
submerge if not detected and attacked hefore it sees
us, or in the case where it may be expeetod to attack
us as soon as it sees us,

3 OPTIMUM DESTRUCTIVENISS

There is a close analogy both in thought and in
mathematies between the problem of the optimum
distribution of searching effort and the optimum dis-
tribution of gunfire, hombs, or other types of de-
structive missiles which are projected into an area.

To bring this out, it will suffice to consider a question
which leads to results completely parallel to those of
Seetion 3.2, '

Two arcas Ay and A contain targets of the nature
of fuctories and other buildings important for the
enemy’s cconomy. Iligh-level night bombing is con-
templated, and it is assumed that such bombing is
sufficiently neeurate to place the bombs in A, or in
As, but not to hit particular targets in these arcas
except by the operation of chance. Let the total
vulnerable ares of targets in A, and A; be B, and B,
respectively, Assume, furthermorc, that the vul-
nerability of all targets is the same, and that the re-
sult of # random hits on the target arca (B or B)
is to reduce its effectiveness (value to the cnemy)
by a proportion 1 — k" (where & < 1). This means
that if the 12, targets had a vaiue to the cnemy (pro-
duetivity, rate of casualties it could inflict on us,
cte.) expressible by a number E, the value after n
hits on A; would be reduced to k"E, the reduection
in value being B — &"E, and hence the proportional
reduction in value being the ratio of this quantity to
E. Assume, finally, that the value to the encmy of
n set of targeis is proportional to its total area.

If N similar bombs are at our disposal and if it is
s casy to drop bombs in Ay as in ds, the decision as
to how to divide the bombs between Ay and A4, is
properly made on the basis of maximizing the ex-
peeted damage to be inflicted.

Let N; borabs be dropped in A; and N in A.,

Ar

Ni+Ne= NV, N 20, N2 2 0. (1)

The probability that one bomb dropped in A, will
hit the target is Bi/A;. If Ny are dropped in 4, the
probability that 2y of them will hit the target is (hy
the binomial distribution) equal to

—M-..i\[l_l_____, & Ry 1 - _]i! M _Rl.
BTN, < Rl A\, T

‘The proportional damage done by the 2 hits being
1 — & the expected damage produced by Ny hombs
dropped in Ay is given by

oo N BN BAYTR g
YR, < 1&)!(E> (‘ .'h> ,(1 k )

It =0 ] ( N v
—q (1= D —=R\"
=1 (l A, ) ,

the last cquation being established by the algebra
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46 THE DISTRIBUTION OF SEARCHING EFFORT

of the binomial theorem. It is convenient to write
(fori = 1and 2)

W= —log (1-

B, {1 -k
! (42)
_Bi(l—k

Y ) approximately, when B;/A; issmall.

With this expression, the erpected (proportional)
damage is
1 —gms¥i,

Since, as we arc assuming, the value to the enemy
is proportional to the target area, the cxpected loss
of value to him when Ny and N, bombs are dropped
in 4, and A; respectively is proportional to

Vedi(1—e™¥ 44,1 —e™™), (43)

" TThis is the quantity which has to be maximizoed by a

chaice of Ny and N, satisfying conditions (41). Ob-
viously the problem is mathematically identical with
that of Section 3.2. Accordingly, it suffices to enumer-

ate the results.

Case 1t peds e~V = i,
Al N bombs should be dropped in A4,.

Case 2: mAre™*Y 2 wd,.
All N boml should be dropped in A,
Cuase 3:
pade eV < wmd;
and

miie” mN & pda,

Then some bombs must be dropped in A; and some

in Aq according to the formulas (fox 1= 1and2)
1 ‘A.

N = ‘O“K “:
1 [N_ log sy _13&‘_@]
Hi I M ' '
. 44

+ 1T (@4)
M1 M

When N is very large, Ni/Na = us/m, which ac-

cording to (42) reduces to (Bo/As)/(131/A1), so that

the'numbers dropped are 1nversely proportlonal to the
roba.blhtlos of hitting the targets.
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Chapter 4
VISUAL DETECTION

4.1 INTRODUCTION

Tms cuartieR deals with the problem ol visual
search under the general conditions of illumina-
tion which obtain dunng the daylight hours. The
theoretical studies deseribed arc based on laboratory
tests, operational data, and service triale. They at-
tempt to answer two of the questions proposed in
Chapter 2. These are, firat: What is the maximum
range within which o given ltarget can be seen, and
sccond: What is the chance that the target will be
scen while it is at any given range? The answers re-
quire some knowledge of the construction and per-
formance of the ‘eye considered as a detecting in-
strument. Tn what follows in this chaptor, therefore,
the cye is studied first as & delecting instrument and
then as applied to specific operational problems.

s2 THE EYE AS A DETECTING INSTRU
MENT—GENERAL DESCRIPTION

In general construction, the eye is very similar to
a camers: The tranaparent front surface or curnea
and.the crystalline lens together constitute a com-
pound lens which forms on the reting, ut tho back
wall of the eye, an image of any given object in front
of the eye. Between the cornew and the erystalline lens
there is a small aperture known as the pupil. This
aperture is variable in size over o limited range and
determings the quantity of light which enters the eye.

The retina corresponds to the sensitized plate or
film in the camera. It containg two different $ypos
of senaitive clements or receptors known as rods and
cones. The rods serve for night vision and are in-
capable of distinguishing color. The cones are re-
sponsible for vision in daylight and for all color
vision. ‘T'he eentral part of the retina, through which
the visual axis passes, is known as the fovea. The
visual nxis makes o small angle with the optic axis
of the compound lens system. The diametoer of the
Jovea subtends an angle of betwsen 1 degree and 2
degrees at the cffeetive center of the lons (actually
the nodal point of the compournd lens). The foven
is the region of maost distinet daylight vigion. It con-
tains concs only, the average angular distance he-

tween centers of adjacent cones being about 0.5
minute of are. As the angular distance from the axis
increases beyond the edge of the fovea (i.c., as the
parafoveal region is entered), the mumber of cones
in unit arca decreases, at first rapidly and then more
slowly while the number of rods in unit arca gradu-
ally inereases out to about 18 degrees and then de-
ereases. In daylight, therefore, a given target can
be seen most easily by looking straight at it while at
night a better view is obtained by looking about 6
degraes off from the most direct line of sight.

Both rods and cones are capable of adjusting them-
selves for the general level of illumination to which
they are exposed. This adjustmé'nt is known as adap-
{alion. For both rods and cones adaptation is much
more rapid to-an increase in illumination than to a
decrease. Furthermore, both light and dark adapta-

_ tion are more rapid foi cones than for rods. Dark
adaptation for the conck takes scveral minutes,

whereag for the rods this {imo is of the order of half
an hour, N _
_ Unlike the radar which scaus contintously, the
eye moxes in jumps while searching and is capable
of vision caly during periods of little or no motion.
These periods are known ag fizations and last for
about 0.25 seccond. Im;a given fixation or group of
fixations, a target at dxtreme range can be scon in
daylight only on the fovea so that the visual axis
must be well within 1 dogree of the line joining the
target and the eye. As the range deereases, regions
outside the fovea beeome capable of detecting the
target, at first those near the fovea and then those
farther out. Hence targets af, less than extreme range
can be scen not only -on the fovea but off foves &s
well, i.e., “out of the corner of the eye.”

43 THE EYE AS A DETECTING INSTRU-
MENT -DETAILED PERFORMANCE

The characteristics of the target and its back-
ground, which determine whether or not the target
ean be scen, arc:

1. Brightness of the background.

2. Drightness of the target. Cone

3. Color of the background.
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48 VISUAL DETKCTION

4. Colar of the target,.
.8, Size of the target.
6. Range or distance of the targoet.
7. Shape of the target.
The background brighiness, by reason of light
adaptation, determines that differential sensitivity
with which the cye diseriminates as to differenees in
brightness hetween the objeet and its immediate sur-
roundings. When the background is nonuniform, the
sensitivity is set by an effective background. Possibly
bécause of the fact that light adaptation is more
rapid than dark, the contributions of the lighter
portions of the field to the state of adaptation is
larger than that-of the darker porsions. For a given
target at a given range under daylight illumination,
it is the magnitude of the difference between target
and immedinte background brightness, expressed in
_units of effective background: brightness, which de-
termines whether or not the target ean be seen. This
quantity is defined, for purposes of this chapter, ns
the brightness contrast. Under conditions of daylight
illumination, i.c., for all illuminatigns greater than
- that of early twilight, a given contrast will cause the
same visual response regardloss of the magnitudes of
" the various brightnesses which go to make up this
contrast. As the illumination is deereased below that
of carly twilight, the various brightnesses involved
enter explicitfy. Sineo this chanter is concerned with
daylight illumination only, this further complica-
tion is not considered. Tt is to be remembered that
the definition of brightness eontrast given ahove for

purposes of this chapter is not the usual one found

in the literature.

Tt has long been belicved that in comparison with
hrightness contrast, color ix of little importance in
determining whether or not o ‘givep “arget can be
seen. Reeent investigations” havesupported this helief

“and have shown that auy effects due to eolor can he
ignored in mest operational problers of visual search
without thereby introducing any appreciable errors.
With this as justification, nll effects due to eolor are
ignored in this chapter.

The size of the target and its range combine to
determine the solid angle which the target subtends
at the eye and henee the size of the image on the
retina. Henee the three characteristies of the target
and its background upon which the diserimination of
the eye depends under daylight illumination are:

1. Contrast of the target against its hackground,

2. Solid angle subtended by the target.

3. Shape of the target.

The two sets of mepsirements empioyed to de-
termine the effeets of Lhiss thrs variables are those
of K. J. W, Urnik™? nsied some unpitidshed measure-
moents made in eolinboration with Jelig Heeht and
Simon Shlaer at the Lauboratory of Biophysies, Co-
lumbin University.! The Colunbin experiments were
designed primarily to determine the offeet of object
shape. While they are more detailed than those of
Craik, they are not as oxtensive in retinal areas in-
vestigated. The results of both sets of measurements
constitute the primary laboratory data for this chap-
tor. Craik's measurements are employed to determine
the effect of solid angle, while those made at Co-
lumbia serve to determine the effeet of target shape
and as b check on the Craik experiments for those
retinal regions for which hoth measurements are
available, ’ : ,

For any given target, the quantity measured in
both the Craik and the Columbia experiments was

“the just-pereeptible or threshold contrast. As is the

case with any measurement, this quantity is not de-
termined exactly but within some-tolerance or un-
certainty. In the Craik experiments, that contrast
above which the target pould nlways be seen and
that betow which it could never be seen were meas-
ured and the average of these two was taken as the
threshold eontrast. In the Columbia experiments a
frequency method was employed to determine the
probubility of sighting the target as a function of
coutrast, That contrast for which the sighting prob-
ahility was 57 per-cent was taken as the threshold
contrast, The results of thoe two sets of rueasurements
are in excellrnt agreement so that the two experi-
ments evidently measure the same quantity.

From the results of the Craik experiments with

cireular targets it was found that the threshold can-

trass C, can be represented as a funetion of the solid
angle w subtended by the target at the cye, by the

Tollowing equation:

Cy = a- I—). )
w

where a and b are constants for any one retinal region.
Instead of using the solid angle «, it is often more
convenient to employ the square of the visual angle
a, i.c., the angle sublended at the eye by the diameter
of the equivalent eivele. The quantities @ and b have
different values at different angular distances from
the center of the fovea. If 8 is this angular distance
in degrees, from center of the equivalent eirele to
center of fovea; « the visual angle in minuges; and
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¢y the threshold contrast in per cent, (‘raik’s data
can be represented by the following equation:

¢, = 1750+ 1% @)

ol

The value of 8 which must be employed to obtain
the foveal data from equation (2) is 0.8 degree and
the threshold contrast is constant between 6 = 0
degrees and ¢ = 0.8 degree. It is to be pointed out
that equation (2) is purcly empirical. It represents
the Craik experiments with fair accuraey. Since the
number of measurements made by Craik is relatively
small, the exporimental error is fairly high: Henee
slight modifications of equation (2) are to be expected
when the more extensive Columbin experiments are
complete. The reader will note that in the present
chapter « and 8 are used in an altogether different
meaning from clsewhere in this ook,

The targets employed in the Columbin experi-
ments were all rectangles and the quotient ¢, the
ratio of length to width, was taken as a measure of
the asymmetry. This quotient ¢ {8 known as tho
asymnietry factor. The results of these experiments for

~ the different background brightnesses and for the

various retinal regions investifated all show the same
general trends, As the shape of a small target is
changed, keeping its angular area constant, the
threshold contrast remains constant until the asym-
metry factor reaches a. value such ghat the angular
length of the target is about 3 minutes of are. As the
asymmetry factor is increased heyond this point, the
threshold contrast gradually increases. As the shape
‘of u large target is changoed, keeping its angular areg
constant, the threshold contrast gradually decreases
until the asymmetry factor is such that the angular
width of the target is about 2 minutes of are. Beyond
this point, the threshold contrast again increases,
The greatest cffect of asymmetry is observed when
the angular size of the target is about 10 aquare
minutes. As the asymmetry factor is changed from
2 to 200, the threshold contrast inercases by a factor
of -4, Between 2 and 100 the factor is 3.

Two further fundamental facts have been es-
tablished by the Columbia experiments: Hf the posi-
tion of the target is known so that no search i re-
quired, the probability of sighting the target is
independent of the time of exposure provided this
time exceeds that required for a single fixation; and
the “glimpse” probability ¢ that a target he sighted
ab a single fixution obeys the following law:

The probability g is a function of the ratio C/C; =
(target’s appareni contrast)/(larget's threshold contrast

alone),
¢
g=1r ( )

7

®3)

and only through Cy da the turget’s apparent size o and
the off axis angle 8 intervene. The quantity g is pre-
sented in Figure 1 as a function of €/C,. This is
the experimental curve for the funetion f.

1.0j
0.8,‘ P
08 - ~ /
¢ /
04 7
A
S / '
, i ) !
1 4 ¥
0z 04 06 08 10 12 A 16 18
Créy

© Tiaure 1. “Glimpse’ probability of deteetion s a func-
tion of apparent contrast/threshold contrast—experi-
mental data, '

1 CONTACT PROBABILITY AND SCAN-
NING—GENERALITIES

Let a given target be viewed under given condi-
ticng: 6, and its apparent size (visual angle) and
contrast, « and C, arc therefore given. The latter
determine a threshold .value 6y of the angle from the
line of sight: mathematically, by the law expressed
in (2, i.c., 6 is defined by the equation

¢ = 17500 + 2,
—

On the other hand, 8 and « determine o threshold
contrast C, by the same law (2):

106

i
a?

¢, = 1.756" +
On combining these equations with (3), the following

is derived,

1756, 4 2% QZ
o

y=/\ — 0 | (4)
1,750} +§z«
(¢4

The philosophy of this method of obtaining the ox-
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50 VISUAL DETECTION

pression (4) for § may be deseribed as follows: The
triplet of values ¢, 8, and « determines the required
probability g. To find the unknown ¢, we contemplate
suceessively the triplets €, 8, and « and () 6y, and
a, each determining the standard threshold prob-
ability 0.57 {(by determining 6, from (" and o, and
O, from 8 and a, hy (2) to give this threshold prob-
ability). Beeause of the fundamental equation (3),
this cffectively furnishes the required g in terms of
C, 6 a

Now consider what happens when the conditions
of the last paragraph are varied as follows: The ap-
parent size and contrast, « and €, remaining fixed,
the angle 8 is varied, Since 6 is a function of @ and
C, it will stay fixed. Thus the letters 6 and « in
(4) represent unchanging quantities, 6 alone vary-
ing. Conscquently (4) expresses the manner of de-
pendence of the one-fization chance of sighting g upon

ithe angle 0 off the line of sight.

Tor targets of very small apparent size (2 < < 10),
{-) reduces to g = f(6,/6), a graph of which is shown

1.0 T
a0 a~r oo

08 \

0.8

y i AN

0.2

A 2] e
o 1 2 ° ' 2 3 4

0

Thaure 2. “Glimpse” probability of deteetion as n iune-
tion of off-axis nngle/threshold off-nxis angle, for tar-
gets of (A) very small, and (13) very lurge apparent size.
/8 is the © axis.

in Figure 2A, Tor targets of very large apparent
size (a > > 10), (4) becomes g = f (v/0,/0), plotted
in Figure 2B.

Having considered the dependence of y upon 6,
it is now necessary to cvaluate the one-fixation prob-
ability j when the value of 6 is unknown but distributed
at random with o known frequency, C and a still being
given constants. The circumstances whieh impose
this neeessity are the use of the eye to scan a given
loeation within which the target is supposed to be,
but in an unknown position. Two eases are important
in practice:

1. Linear Scan. The target is located on o line L
and is uniformly distributed thercon; the pertaining

quantities C and @ are assumed to he independent
of the position on .. The eye fixates once upon a
random point on L. If the angle subtended at the
eye by L is O degrees, it is casily shown that when
® is large g is given with sufficient approximation
by the formula

2 @
0=, o )

Ior the chanee that the point of fixation O be close
to the ends of I, ean be negleeted, so that it can be
assumed that L cextends a considerable distance on
either side of 0. The probability that the targef, be
b(‘tu\\ cen un{] A -L n’ﬂ rlnurl\na Lway f"g;n {) ';5 dﬂ/@,
Henee the chance of slghtmg is the integral of gd8/8
over the whole angular range ©, But since ¢ falls to
zero at appreciable angles from O [as can easily be
shown on the basis of equation (4) and because of
what has been snid concerning the distance of the
cxtremitics of L from 0, the limits of integration
can be taken ag — o and 4+ o [g being defined as
zero for values of 8 beyond those contemplated in
(4)]. By symmaetry of the integrand, twice the integral
hetween the limits 0 and + o can be used; hence

‘the validity of equation (5).

" In combination with (4), (5) betomes

,90 + Eqﬂ
f a v
" ® \ L7500 + == ]99
a
o5 1750, + 1%
o
- ?—7" j; U Toom | ™
1750, 4 =
o
b
== (_()1 A (9‘,,0:),

where the new variable of integration X = /6, The
cocflicient A (6y,a) has in the extreme eases @ << 10
and a > > 10, the values

® 1
2f ()r[}\ 2.16 and ZJ; f<“;/});>([)\ = 256

respectively, and intermediate values of a are found
by graphical integration to lead to intermediate
values of A (0y,). To the degree of approximation
which is permissible, it ean therefore be assumed to
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be independent of 8, and o, We shall assume henee-
forth that A = A (f,a) = 2.36. This leads to the basic
proposition:

The probability g s proportional fo the threshold
angular distance 8, of the target from the visual axis,
and is inversely proportional to the angle @ subtended
by the linear locus L of target positions:

o = 2300 (6)
’ 6]
1t is now expedient to modify the point of view,

and instead of regarding the act of sighting as pro-
ceeding by u rapid succession of fixations (glimpses),

to cnvisage it as progressing continuously in time

(continuous looking), Tf dt is an interval of time
which is short compared with the time taken for the
observer and turget to change relative positions by
an appreciable amount, and short also in the sense
that the chance of a detection during it is small, but
large in comparison to the time of a single fixation
(actually, one quarter of a sccond), it Dhecomes

: legitimnf(‘ to consider ydt, the 'pml)al)ility of detee-

¢ion between the cpochs ¢ and £ + db. Sinee when
dt = 1{ sccond, vdt = g, we have v = 4 g, i.c.,

9.448, .. .
il (tlmc measured in seconds)

i

(7)

0.44 X 6(2)00 (tm‘v measured in hours),

According to equation (4) of Chapter 2, the mean
“pickup time” (time required to detect) is 1/4. This
providea & method of measurement of . Craik? per-
formed a series of laboratory experiments measuring
mean pickup time with line smnning. with ©. = 45
degrees. The resuilts sre shown in Tigura 3, where
is plotted against 6. The approximate linearity is
evident, in acecordance with (7). But the coeifcient
in (7) has to be multiplicd by about 0.13, a dis-
crepancy which could be accounted for ¢n the us-
sumption that the fixations in Craik’s experiments,
instead of being arranged at raudom, oecur cffectively
in groups of 7 or 8. We will return to this cocflicient
in o later pluce in councetion with the practical ap-
plications.

2. Area Scan. The target is located in a region of
a planc, subtending the solid angle 2 square degrees.
The distribution is uniform over the area, and the
quantitics ¢' and « are independent of position
Reasoning preciscly similar to that employed carlier
(with double integration replacing single integration)

cstablishes the formula for the one-fixation prob-

ability:
G = 2’ f 466 @®)

Introducing (4) with %he variable of integration
A = 0/6; loads to

s
0 =% M@
U , ©)

o [ 17500+ 19

f —_——
1.750,) M +

M (By,0) = 2 AdA.

0 190(,)\
‘_.a_'z

o8

X ’ : /_

.o.e - A

o — / e e B
0 4 10 12 14 18
©, (DEGREES)

°

Fravre 3. Instantancous probability of detection as a
funetion of threshold off-uxis angle-—experimental duta
by Craik.?

Theextreme values of this quantity occur when
a < < 10 and a > > 10; they are respeetively

0 1 @
21rj;f('>:>,\(h\ = 416 and ZWLf(\%)M,\ = (.38,

Correspondingly, v is given by

%;— 137 (B,@)  (time in seconds), (10)
We shall return 4o thise eyprossions Iater,
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52 VISUAL DETECGTION

46 TARGET AND BACKGROUND
—GENERAL

In tho preeeding seetions, the eye has heen eon-
sidered as a detecting instrument opersting on tar-
gets of given apparent size and contrast (and shape,
in so far as this is relovant), and the lnws governing
the probabilities of deteetion have heen set forth,
Before these results ean be applied to an acbual case
(viz., a naval operation), it is necessary to find how
the circumstances of the ease determine these vari-
ables and henee, indirectly, the probabilities of de-
tection. Now in any actual case, certain intrinsic
characteristics of the target may be regarded as
known. These are ity geometrical shape and dimen-
sions and its diffuse reflecting power. Fxeept within
small angular distances from the sun, the latter de-
termines the intrinsie brightness of the target in
units of sky brightness, The intrinsic charncteristics
of the immediate and general hackground and the
relationships  between all intrinsie and apparent
quantitics are determined by the circumstances of
the case, The study of these various dependenees and
relations is the subjeet of the two following seetions.

- DEPENDENCE OF APPARENT CON-
TRAST ON ATMOSPIERIC CONDITIONS

The presence of haze in the atmosphere alters the

-pattern of light reecived by the eye from the various

points of the target and background. Tt aets in two
ways:

1. The hase removes some of the-light by absorp-
tion and seattering out of the line of sight.

2. The haze adds some light reaching the eye from
the direction in which the observer is looking hy
scattering tnio the line of sight,

Tn order tu work out the general equations, let

B = the apparent hiightness of the target,

By = the intrinsic brightness of the target,

B' = the apparent hrightness of the hackground,
B, = the intrinsic hrightness of the hackground,
B, = the brightness of the sky,

B = the atmospherie seattering coefficient,

1" = the meteorological visibility,

It = the target range.

The apparent, brightness of the targel, is

B=Be 84 B, (1 — e,

where the first term represents the light reaching the

eye direetly from the turget, and the second the light
seattered into the eye by the haze between the targoet
and the oye. Similarly the apparent brightness of the
background immediately surrounding the target is
given by

B'= B, 78 4 R (1 = PR,

The difference in brightness between object and im-
medinto background is, therefore,
B —B'= (B, — B) e ?",

‘The apparent contrast is the ratio of this brightness
difference and the effective background brightness in
accordance with the diseussion of hrightness contrast
given in Seetion 4.3, ’ '

There are two main cases which arise in actual
operations, one in which the immediate background
and the effeetive background arc the same and one
in which they are different. The first case is exempli-
fied hy search, from land or from a surface ship, for
a surfaee ship silhouctted against the sky. The seeond
case is exemplified by search from the air for a target
on the sea. In this case, the line of sight frequently
approaches the horizon so that the adaptation of
the eye is detérmined partly-by the sea brightness
and partly by that of the sky. Beesuse of the fact
that light adaptation is rapid compared to dark
adaptation, the bright sky is responsible, almost cn-
tirely, for setting the level of response of the eye.
Hence in both ceases, the sky brightness is a reason-
able approximation to the effective background
brightness and hence ’

C = Cp#®, ' (11)

where Co = Bo= By
B,

is the mtrinsic contrast as defined earlier for pur-
poses of this chapter. 1t is to be remembered that
within 10 or 15 degrees of the sun, the level of re-
sponse of the eye is altered by the sun’s glare so that
the effective background brightness is somewhat
greater than the average sky brightness ,. This
offeet is neglected in the present theory but must he
considered in any exact treatment,

The quantity usually quoted as a measure of at-
mospherie conditions is not the seattering coeflicient
B but the meleorological pisibility V. It is desirable,
therefore, to express equation (1) in terms of the
meteorological visibility rather than in terms of the
seattering coefficient, The meteorological visibility is
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usually defined loosely as the maximum distance af
which large targets such as mountaing or high coast
lines can be seen against the sky. Merton® gives 78.3
per cont as the intrinsic contrast of such targets and

5 per cent as the threshold contrast. Substituting
C =25 =783 and KX = V in equation (11),
8 = 3.44/V. From this it follows that

C = Coe--ﬁ.-ﬂ IC/V. (12)

- Although the threshold contrast measured in the

laboratory is often less than 2.5 per cent, an examina-
tion of operational estimates of the meteorological
visibility indicates that 2.5 per cent is a good ap-

* proximation to the practical operation figure.

47 _INTRINSIC BRIGHTNESS OF TIIE SEA’

The light flux reaching the cye from the sca con-
sists of two parts, that reflected specularly and that
reflected diffusely. If the sca is perfectly ealm, these
two compine to prodlice an intrinsie sea hrightness,
4 per cent that of the sky Inimediately below the ob-
gerver and increasing gradually to 100 per cent that

of the sky at the horizon. Meuasurements of the

sky/seca brightness ratio® indicate that even in mild
scas the mirror surface characteristic of a perfectly
calm sca is so broken as to cause wide depurtures

from calm sca conditions except within relatively fow -

degrees of a low-lying sun or moon. For sea stutes
other than calm, the intrinsie sky/sen brightness
ratio is fairly constant from the horizon to about
45 degrees below and has a value of about 2. For an-
gles greater than 45 degrees below the horizon, the in-
trinsic brightness of the sea gradually deereases from
about 50 per cent at 45 dogrees to near 4 por cent
directly below the ohserver.

18 MAXIMUM SIGHTING RANGIE

With the information in carlier sections coneerning
the characteristies of target and background on which
visual detection depends and the influence of the
operational situation on these characteristics, it is
possible to obtain answers to the two questions pro-
posed in the introduction. The first of these is: What
ig the maximum range within which a given target
can be seen? The quantity which 1 here defivied as the
mazimwm range is that vange afl which the turget con-

trast reaches the foveal threshold. As was the case with
the threshold contrast discussed in Seetion 4.3, the
maximum range is not determined exactly but within
some tolerance or uncertainty, so that some targets
viewed foverlly will be seen beyond this range while
others within this range will be missed altogether.
We will see, later in this seetion, the magnitude of
this uncertainsy, i.c., the spread of ranges over which
detection foveally is not a certainty. It is the pur-
posc of this section to determine the maximum sight-
ing range in terms of those quantities which oceur
in the operational situation. We have given a target
of actual area A,, apparent area A ; intrinsic contrast

~ Cy und asymmetry factor ¢ viewed through an at-

mosphere in which the meteorological visibility is V:
In terms of the apparent arca A and the range B,
the visual angle «, defined in Section 4.3 is given by

a=0. 64‘/A ' (13)

where A is in square fcct Rin nautlcn,l mlle's and o
inminutes of are,

. Consider first the case in which the targoet is cir-
cu]m‘ and the mctoorolo;.,ml wmblhty is unlimited.
Let 120 be the maximum sighting range under condi-
tions of unlimited visibility. Substituting equation
(13) in equation (2) with 6, = 0.8, its valuc for foveal
vision, as discussed in S(jct.iGn'-;L?:, is

Ri = 0.164 [(Co — 1.57)A]%" (14)

In terms of the actual arca of the target A, there
ure two cases which oceur frequently in operational
situntions, ono in which the target is viewed at ap-
proximately normal incidenee, and the other in which
the target, flat on the surface of the sea, is viewed
at an angle. For the first ease, the apparent and
actual arcas of the target arc equal, so that

Ro = 0.164 [((y — 1.57) A, . (15)

If & is the altitude of the observer in feet, then for
the sccond case A = 1.64 (107" A4/ R0 Substituting
in equation (14) we have for the second ease

Ro = 1.64 (107%) [(Cy - 1.57)Aeh] (16)

Consider next a eireular target viewed through an
atmosphere having a meteorological visihility 17 and
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54 VISUAL DETECTION

let R, be the maximum sighting range. The con-
trast is given by equation (12). Making the indicated
substitutions in equation (2) loads to transeendental
equations for case I and case 1T, These ean be solved
for the meteorological visibility V¥ in terms of the
maximum sxghtmgmngv R,,. These cquations are, for
casc I, .

LAOR,,
Vo=- =

logio [____(’M!L_Wm:l a7)

36.9 R, + 1.574
and for casc II,
149 R,

V=

7 Co A“ h . ,
#01 2.26 (10%) Ry + 1.57 Agh
which can be rearranged to give
.V 4¢ i
v_ 1LA9(R, /1) - (18)

A log Co Ao
2.26 (10%) (R,3/h) + 1 57 Ay

The efféet of target asymmetry reaches its maxi-

‘mum in the following operational situation: A target

of the case II type having a ratio of apparent length
to apparent width of 100, observed at a range such
that the solid angle subtended by the target is 4.5
square minutes under conditions of unlimited me-
teorologieal visibility. Under these conditions the
maximum range turns out to be half what it would
be fer a perfectly symmetrieal target (disk) of the

same intrinsic contrast and solid angle subtended.

Isxcept in such rare cases as the extreme just de-
seribed, the effect of terget asymmetry on maximum
range is small. This is true not only for the maxi<
mun: range, but for all similar quantitics (e.g., 6).
In the intorest of simplicity, therefore, and with only
glight loss of accuracy, the effect of target asy Jmmpl) Y
shall be neglected henceforth,

We are now in a position to investigate the un-
eertainty in the range at which a target, viewed
foveally, can be seen, This is done by computing the
ratio of apparent to threshold contrasts for each of
anumlby of ranges and looking up the sighting prob-
abilitics corresponding to these ratios from Iigure 1.
[Essentially, the wse of equation (3).) Sighting prob-
abilitics, determined in this way, are presented in
Figure4 us functions of the ratio of rang: bomaximum
range ns defined carlier in this seetion, The curves A, C
are for small bigh-rontrast targets scen under eendi-

tions of unlimited moteorologieal visibility while the
curves B3, D are for large targets seen through dense
haze. From these curves it would appear that, as
measurable quantities involving human behavior go,
the maximum sighting range is a quantity which

1.00

Q.75 \

T

Q.50 . \
q \
0.25 e \\ -
o L& _ \\ ) 8
0.8 .0 .2 1.4 0.8 1.0 1.2
R/Rp , R/R
CASE I
.00
Q.75
0.50 A
0.25 - :
¢ \ i n
D - .
0.8 Lo oL 1.4 08 10 W2
R/Rm CASE I R/Rim

Fraune 4. “Glimpse” probability of detection ns a fune-
tion of {arger range/maximum rauge.

can be determined to within a relatively small un-
certainty.

In order to compute the maximum sighting range
under some specified set of conditions, using equa-
tion (17) or cquation (18) as the case may be, it is
neeessary to know the arca and intrinsie contrast of
the target. These constants have not yet been deter-
mined for any large number of targets. However,
there is one large class of targets for whicl: these
constants arc known reasonably well, i.c., surfaced
ships as viewed from an aireraft. Here the target
seen first in the vast majority of the cases is the wake.
As will be seen in a later section, the intrinsic con-
trast of a wake is about 50 per cent. ‘Three general
classes of ships are considered here, surfaced sub-
marines, ships haviag medium-sized wakes, and those
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having large wakes. The serond class includes de-
stroyers, destroyer escorts, and medium-sized mer-
chant ships, while the third elass includes large com-
batants and high-speed acean liners. The wake arcas
for the three classes are given approximately as
1.3x10%, 1x10%, and 2x10% square feet, respectively.

In Figure 5, £,, /4" is presented for each of these cases
.0 - /
S " ]
18 | e | LANOE SRS Ty ]
/ / -~ MEDIUM Swins
— V
’,: 1o A l ]
Py 74 ——veannze |
R -
[] 2 3 4 3
()

" IMGure 5. Variation of maximum range with visibility
for three types of target (naked eye).

_as a function of V /b for naked eye search. In ¥igure

6, the same quantity is presented for seanrch. with
U. 8. Navy standard 7x50 binoculars. The only cffect

* ' ' 1
L

LAROE $HIPY

- /}/ MEDIUM SHIPY
T
VAR =
/\(num\mnn

)

NAUTICAL Wy
Fett

nis(
LY

1.0 2,0 3.0 4.0 4.0
NAUFICAL MI

Fravee 6. Varistion of maximum range with visibility

(7x50 binoeulars).

of the binoculars which has been considered is that
of its megnifying power on the apparent target area.
Beeause of the negleet of the siight reduction in

apparent contrast (beyond that due to haze) which
results from the faet that the binoculars are not per-
feetly transparent, the results presented in Figure 6
are slightly optimistic as regards maximum sighting
range.

0 VISUAT PERCEPTION ANGLE—PROB-
ABILITY OF DETECTION

As obscrved in Scction 4.4, the fundamental cle-
ment 4, in any study of the probability of sighting can
be expressed fn terms af 6o, which can be considered
us the visual perception angle. The cquations relating
v and 8 are equation (7) and equation (10) for linear
sean and for area scan respectively. Just as was the

“ease with the maximum sighting range discussed in

the last section, so the visual perception angle 6y can
be obtained from equation (2) in terms of the vari-
ables which oceur in the operational situation, by
making the proper substitutions for visual angle «

- and contrast C. This leads, in the case of a target

viewed normally, to an equation for 8, involving 4, C,,
V,and R, and of o target on the sea surface, to an
equation involving 4, Co, ¥, h, and R. If, instead.of
the variables listed above, the variables B/R,,, R,/ V,
and Uy arc employed, the number of variables is re-
dueed,in case I from 4 to 3,and in case II from 5 to 3.

“These changes of variables will now be made. Syb-

stituting in equation (2) for C from cquation (12) and
for a from equation (13) leads to, '
for Case 1,

46.40 R*

N A 1.756, + =222 (19)
Ao

If B = R,, cquation (19) becomes

2
37.12 I{m . (20)

410

Co 8-—3.-!4 BatV 1.565 +

Eliminating 4« between equations (19) and (20) gives

(o BRI Rl VY mg s 1.25 k 28 (21)
Cnc—:u-i"'[km‘/l" —1.565 e U At

m

For Case 11, a similar procedure leads to

v =R Ry (Ru/ VY _ “n i 4
G LT 1.25(7"3> 6. (22)

(=AY B ¢
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From these equations it follows that

TR 2
b = I (V/%'.‘ 1 - 1) ,
where (23)

2n
0.49 (%’-‘)
P =

(C()C =34 Ra/V) __ 1 .565)2

and
0.8 Coe —BA4(R /R (Rm/ V) (R-,.,/R) n

G = : '
Coc 7P Bl _ {565

The constant # has the value 2 for Case I and 3 for
Casge II.

80 —
80 \
70 \ -
80 ‘\
g 80
w :
§ Rm/V s
;. 40— Rm / V 0.8
' Rm /V *0
30}
20 \\
ie \Q\\
-y
°o 0.2 04 0,6 0.8 10
A R/Rm

Ftaune 7A. Threshold off-nxis angle as a function of
range /maximum range. (Case I: Cy = 50 per eent.)

As an example, values of 0y for wake-type targets
arc presented in Figure 7A as functions of /R, Tt
is to be remembered that a wake is a Case IT targel

having an intrinsic contrast of 50 per eent, The three
curves shown arc for three different values of B,/ V,
0, 0.5, and 1. The value R,,/V = 0 corresponds to
unlimited meteorological visibility (no haze) while
RB,/V = 1 corresponds to haze so dense that the
maximum range is determined by the haze slone.

|
/

QN‘LO'

Rpy/V+0.,5

—

N[N/

) (

-
TN
7

R/ V0

/ L]
0 0.2 0.4 0.8 6.8 1.0 L2
B . R/Rm ’

Fraorm 7B. Contours of 57 per cent detection proba-
bility.

The curves shown in Figure 7A have all been termi-
nated at 90 degrees. This is about the maximum
valuc of 8 for which vision is possible.

It is interesting to note that cquation (23), as a
polar equation cxpressing the funetional relationship
between 8 and R/R,,, deseribes a surface of reveiu-
tion which is grnerated hy rotation about the line
of sight. Within this surface the contrast of the given
target is above threshold and along the surface the
probability of detection in a single fixation is con-
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stant and cqual to 57 per cont. This constant prob-
ability surface of revolution can be thought of as a
detection lobe analogous to the equal power surface
which deseribes the radar detection lobe. Visnal
seanning, therefore, cun be thought of as an at-
tempt to so align the detection lobe as to cause the
target to fall within it so that detection ean take
place. As examples, central scetions through lobes
corresponding to the three curves of Figure 7A are
presented in Iigure 7B.

If the type of sean employed is known so that it can
be classified us line sean or area sean, then the in-
stantancous probability of detection ¥ ean he ob-
tained from the visual pereeption angle 8y by means
of equation (7) or equutivn(10), as the case may be,

_ with onc reservation: The constant in cither equa-

tion must he determined from the ecircumstances;of
the case, i.c., the number of lookouts employed and
the fraction of the time during which each, is search-’
ing effectively. In some cases it is possible to deter-
mine, from operational or te.t data, an overall con-
stant for the particular search situation.

" "Thus the second fundamental question finds itself

answered: The probability that the target will be seen
has been obtained. -

+10 SUBMABINES AND SURFACE SHIPS
AS SIGHTED FROM AIRCRAFT

With the material presented in earlier sections of
this chapter and that in other pertinent chapters of
this book, we ars now prepured to analyze some
actual operational situations. In this scction, the
sightings of submarines and surface ships from air-
eraft are examined to illustrate the application of the
mothods so far developed and to check some of the
conclusions of ecarlior scctions of this chapter. The
emphasis, in this scction, is on submarine sightings,
since this is the situation for which the most com-
plete operational information is available.

The aightings of submarines and surface ghips from
aireraft come under the Case I1 classification of Sec-
tions 4.8 and 4.9, since it is the wake which is sighted
first in the vast majority of cases. In order to de-
termine the maximum sighting range 2, and the
visual pereeption angle 8, it is necossary to know
two constants characteristic of the particular target
and onc characteristic of the surroundings alone.
These are the intrinsie contrast Cy, the arca 4, and
the meteorological visibility V. An estimate of the

last is usually given in any operational sighting re-
port.

The wake of o ship is an excellent diffusc reflector,
sending back practically all the light which falls on
it so that its brightness approaches that of the sky
from which it is illuminated. From Section 4.7, it is
clear that the sea brightness is half that of the sky
unless the sea state is glassy or the line of sight is
within about 10 degrees of the sun. Irom Section
4.6 it is scen that the coffective background bright-
ness is that of the sky, unless the line of sight comes
within about 10 degrees of the sun. Henee from tho
definition of intringic eontrast given in Seetion 4.3,
Cu is about 50 per cent éxcept under the rare condi-
tions of sca and sun mentioned above. These rare
conditions are neglected here.

~ Thero are two mcthods-of obtaining the tdrget o

arca Ao both of which ure cupable of reasomably high -
accuracy when applied to data taken under the ideal

conditions which usually ohtain during service trials,
and usable when applied to operational data. In tho

first intthod, the wake area is obtained from measure-
ments of photograplis taken from the air. Scveral
submarine photographs, taken during operational
sortics, were measured and the Values ranged from
7,000 to 15,000 square feet, with an average of 11,000
square- feet.

In the sccond method the area is obtained by
means of equation (I8) from rcasurements of the
maximum range and theimeteorological, visibility. In
service trials these two nieasurements can be made
with fair preeision. Under operational conditions,
the rangoes are distributed between zero and maxi«
mum and the metcorologieal visibility is only csti-
mated, so that the required quantities must be b~
tained indircetly, The. incertainty concerningg the
meteorological visibility is overcome by considering
only thosc sighting reports in which the effect of
atmospheric haze can be negleeted, i.c., those in
which the meteorological visibility was estimated to
be unlimited. Tnder these conditions equation (18)
reduces to equation (16). To obtain K, a histogram
was plotted with /4! as abscisss and the number in
a specified interval of the abscissa as ordinate. The
maximum value which f2/# can have for ordinates
groater than 0 is Re/A. The value of Re/A} obtained
from the histogram of submarine sightings is 1.4,
which, when substituted in equation (16), gives A,
= 1.3(10%) square feet, the value quoted in Section
4.8, This value is believed to be more accurate than
the 1.1(10%) square fect obtained by the other
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method. The photogeaphie method was wpplied to
ships' wnkes to obtain the values of 10* and 2(10%)
square feet for medium and large ships respeetively,
as quoted in Sertion 4.8. No great aceuraey is elaimed
for these last two values of target area,

In order to obiain v, the instantancous probability
of detection, it is necessary to know first the type
of scan employod and henee the funetional relagion-
ship between 4 and the visual pereeption angle é,
and sccond the constant of proportionality which re-
lates v to the required function of 8. Tn order to de-
termine the best method of sean, a little more in-
formatien is required concerning the operational situ-
ation. An examination of the submarine sighting data
shows that the altitude of flight is always small com-
pared to the maximum range. Tf both are expressed
in the same units, the average ratio is 0.06. Under
these tonditions, if fixation is at a point on the ocean
distant R,, from the aircraft, then any target he-
tween this point and that directly under the aireraft
is well within the visual perception angle . Indeced

“this is still the case if the altitude is 0.10 times the

maximum range or (600 feet per nautical mile of
maximum range. '

The greatest chance of slghtmg a grvcn target is
obtained if the aircraft is made to do the scanning.
This scanning is done by simply keeping the fixa-
tions, on cach side of the ajveraft, within' a small
angular distance from a point on the surface of the
ocean, directly abeam and distant R,; from the air-
eraft. With this scheme, overy target must pass

- through the visual pereeption angle 8y and if it stays

within this angle for more than one-quarter of a
second, detection by the eye is practically certain,
given, of course, complete attention: missing of any
targets under these conditions is due to the observer’s
lack of attention.

The system just outlined has been found the best”

possible for hunting friendly targets such as life
rafts. TFor cnemy targets, however, it is desirable to
sacrifice some chance of sighting the target in order
to increase the range at which it is most likely to he
seen. A first approximation to the best compromise
for enemy targets is a uniform sean along a line on
the ocean surface distant 2, from the aireraft, It is
recommended that seanning be confined to the front
180 degrees of azimuth only. The chance of sighting
the target under these conditions s the same for
surfaced turgets as if the seanning were uniformly
distributed over the entire 360 degrees, for, whereas
the seanning azimuth is halved, the effort over that

azimuth is doubled. Employing the first 180 degrees
only, therefore, results in no loss of tavgets, and has
the advantage of carly target detection,

At the altitudes usually employed, less than 600
feet per nautical mile of maximum range, the angular
departure of any target inside the maximum range
cirele from the scanning line is so small compared to
the visual pereeption angle 8. that no great error is
made by considering all targets as being situated on
the scanning line. Henee the problem under coun-
sideration is one of pure line scun with ¥ proportional
to 6.

To obtain the commnt of proportionality he saveen
v and 8, it is nccessary to resort to the operational
data. 'The quantity-which can-he obtained [rom these
data is the sweep width W, defined in Chapter 2 as

“ -
B W=2f oA, . (2-1)<

whmc p: I8 the probability of detecting a target
distant z from the aircraft traek. To do this the 529
submarinc sightings on which reports were available

were divided into groups representing ranges of Ry, -

For cach group a lateral range digtribusion curve was

plotted and normalized to unity in the cenfor, (i. e

at x = 0). This normalization to unity in the center
is equivalont to saying that it is virtually impossible
to fly directly over a target as large as a surfaced
submarine without secing it—in. spite of such rare
oceurrenzes s that mentioned in Section 2.2. There

is good cvidence in support of this vim‘\_'.7 The area -

under the lateral range distribution curve so normal-
ized is [ p.de which determines W. The values of
W obtained from the operational datn are presented

__——_—-—“_
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Fravre 8 Path swept/maximum range as o function
of maximum range— comparison of computed (solid
line) and operational (dotted line) results (surfaced sub-
marines),

in Figure 8 as a function of 12,. These values are in
units of K, and the dots are the operational points.

In order to compute T, it is to be recalled that,
from Chapter 2,
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Pe=1-— (,—./;’7'“,

(25)
and equation (7) v = k. The constant & for the
operational situntion under consideration is as yet
unknown since it depends upon the number of look-
outs, the fraction of lookout time spent in seareh,
and the degree to which the scarch approaches uni-
formity over the seanning line considered. If y is
the distance; 1n nautical miles, of the target from the
point of nearest approach to the aircraft and v is the
aireraft veloeity in knots, di = 3,600 dy/v in seconds,

a0 that
f ydi = I-:f ol
4] 0

(26)
3 60()
I\ f ud Y.
]u\prossmg dy in umts of R,,,,
[ v = E Bagy [Tl @D
0 Yn

The integration indicated in cquation (27), has been
eatried out graphieally for various values of a/R,,.
These arc presented in Figure 9 as functions of x/ R,
The twe curves shownarefor ,,/V =0.5and R,/ V
= 1,respectively. The values of 0y employed for the
integrations were obtained from Figure 7A. In tha
operational data RK,,/V = 1 for values of R, = 5
nautical miles and 0.5 for R, 2 10 nautical miles.
The aircraft velocity for the 52 incidents averaged
135 knots.

To obtain &, the following procedure . wias em-
ployed: For R, = 5, R,,/V = 1, und a given value
of k, [y 4dt was computed from equation (27) and
the integral given in Tigure 9 for each of & number
of values of #/R,. Yor each of these, p, was com-
puted from equation (25) and a lateral range curve
was plotted. From the lateral range curve a value of
W/R,, was obtained by graphical integration. This
procedure was repeated for a number of values of &
until one was found which fitted the operational data
of Figure 8. The value of & obtained in this way is
1.75 X 104,

Vavious lateral range curves, computed using & =
175> 10~% and » = 135 knots, arc presented in
Figure 10. The quantity W/, obtained from these
curves is presented in Figure 8 ag a function of R,
An examination of Figure 8 shows good agreement
hetween the computed and the operational points at
low values of #,, and a gradual separation of the

50

Rm IAZS

I\

-g.d (y/nm)

_—]
—1

20
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<] 0.2 0.4 0.6
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Frauvre 9. Integral of equation (27) as a function of
Iateral range /maximum range.
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Fraure 10, Lateral range distribution as o funetion of
laieral rmnge/maximum range, assuming & = 1,75 X 109,
r = 135 knots (surfaced submnrine).

CONFIDENTIAL



B i L Lk

AP ek

PR P ) T D T e T A

A R R ISR 0 SO AT SR At 0 |

60 VISUAL DETECTION

two as 2, inereases. Now the theoretical curve is for
ships which remain surfaced, while the experimental
curve is for submarines whicl: ean evade deteetion
by diving. This effeet hag beer investigated” and it
has been shown that the effect of this evasion on the

path swept W is negligible for values of R, S 5

50 /

43

. /

38f— /

“50 /

9 NAKED EYE _| /
. [45175210°3)

%za

> / /< N

. / / \,nso 8INOCULARS

(K 175210 Y7y

LY/
/

¢ o [E] o 2% 30 33 40
Ry iNAUTICAL MILES)

Fraure 11, Pathsweptas a function of maximum range,
assuming » = 150 knots.

nautical miles and graduslly inercases to about 35
per cent for R, = 16, This tendeney is apparent in
Figure 8.

In Figure 11, W for 50 per cent intrinsic contrast
turgets is presented as a function of £,. for naked-
eye search. The more modern figure of 150 knots has
been taken as the aireraft velocity. To obtain W in
any particular ease, £, is first obtained from Figure
5 and then 1 for the given R, is obtained from
Figure 11, Tt is to be remembered that altitudes greater

than 600 feet per nautical mile of mazimum range are

“not recommencled.

~The greater values of R, found in Figure 6 for
7x60 binocular search might, at first sight, lead to
the belief that W should be greater for hinocular than
for naked-cye search. Tt is to be remembered, how-
ever, that inside a binocular field of magnifying
power 7, the cye must search a scanning line 7 times
a8 long. Hence for the same scarch offort, & is 1/7
as great. The quantity W, computed using & =
1,76 10-%/7, is also presented in Figure 11 as a
function of I2,,. An examination of the search situa-
tion, using Iigures 5, 6, and 11, shows that binocu-
lnrs, cven under the best of conditions, are not as
effective as the naked cye if the meteorological vis-
ibility is less than 10 nautical miles.

As examples of the results to bo obtained from
Figures 5 and 11, values of W for various altitudes
and meteorological visibilities are presented in Table
1 for the three targets considéred in Figure 5. To
compute such tables the following procedure is em-

Tanun 1. Sweep width 3¥ in nautieal miles for naked-oye search.

Altitude Meteorologienl Visibility (nautienl milos)

(feot) 1 3 5 10 15 20 30 40 60
Submarines or smail merchant vessels
50O, ........... 0.9 3.2 4.3 7.6 8.6 0.6 11 12 13
1,000............ 0.9 3.7 5.4 8 11 12 14 15 16
2,000............ 3.7 5D b} 12 14 17 18 19
8,000, ..., 6.4 11 13 15 18 20 21
5,000............ e Ve . 12 15 17 20 22 26
Medium-sized ships
600............ 0.9 3.7 5.3 12 15 17 20 22 25
L000............ 0.9 3.7 6.4 13 16 10 25 27 29
2,000............ 3.7 7.0 14 18 22 28 - 31 34
; .. 14 19 24 30 34 37
14 21 26 33 37 42
. 21 27 34 40 45
Large combatants and high-speed liners

800............ 0.9 3.7 f. 13 16 19 25 27 29
1,000............ 0.9 3.7 6.4 14 18 22 28 31 34
2000............ e 3.7 7.0 1B 19 25 31 36 37
3,000, ........... . e 7.0 15 21 26 34 40 43
5,000, ........... van . . 15 22 28 36 43 48
7,000, .........., ‘e e e . 22 29 38 45 50
16,000, ........... 30 40 47 53
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ployed. For cach pair of values of V and &, V/i is
computed and the corresponding value of R,/k is
obtained from Figure 5, from which £, is computed.
Knowing R, W is obtuined from Iigure 11.

The value of k obtained from the operational data
provides means of determining the average offective-
ness of search-from aireraft. The value of & obtained
from the Craik seanning experiments deseribed in
Scction 4. was 2.73 X 10~% Since this is for scan over
45 degrees instead of 180 degrees it must be divided
by four for comparison with the operational value
of 1.75X 10~8, This division gives 6.8 X 104, about
four times the operational value. It is clear, there-
fore, that the entirc crew of an aireraft is about
equivalent to onc-quarter of an ideal lookout carry-
ing out scarch under laboratory conditions. A num-

ber of reasons for this diserepancy ean be enumor- -

ated. These are soiled or seratched windows, fa-
tigue, - interruption from search caused by other
duties,. inability to scarch along an accurately. de-
termined best seanning line, and nonuniform angular

distribution of scanning cffort. Soiled or scratched
windows tend to reduce the apparent contrast and
henee both R, and 6. The need for keeping the
windows clean and clear ean not he overemphasized.
On long sortics, fatigue is inevitable. However, its
cffeets can be minimized by relieving monotony. This
can be done by making frequent exchanges in station
for the various lookouts. The best seanning line,
(i.c., the locus of points on the occan surface distant
R, from the aireraft) is usually 3 or-4 degrees below
the horizon, A rough and ready rule for finding this
locus is to extend the fist at arm’s length and look
about two or three fingers below the horizon. There
is good reason to believe that the scanning effort,
instend of being uniformly distributed over the for-
ward 180 degrees is heavily weighted in the front 45
or 90 degrees. One suggestion for overcoming this-
tendency i to assign all lookouts, other than pilot
and copilot, to the two 45 dogree sectors just for-
ward of the heams, leaving the forward 90 degrees

‘to the pilot and copitot.
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Chapter 5
RADAR DETECTION

5 INTRODUCTION

FY M he IMMENSE VALUE and versatility of the radar-

I echo prineiple in its military applications were
amply demonstrated during World War 1, The abil-
ity of radar to provide precise values of the range
and bearing of objeets on or above the surfuce of
the sea, under all conditions of visibility, and fre-
quently at distances considerably heyond the range
of the human eye, assured its constant naval use

a8 an instrument of scarch and early warning. In

addition, it readily proved its usefulness in a number
of related applicabilities. These included fire control,

identifieation, altimetry, and aid to bombing, inter-

ception, fighter direetion, station keeping, and navi-
gation.

Nevertheless, airborne and shipborne search radar,
used both offensively and defensively to gain contact.
with cnemy forees, and to locate missing friendly
units, represented perhaps the most widespread and
successful of these military applieations, and may be
expeeted to continue to do so in the immediate future.
It is with this aspeet of radar that the presont chap-

_ter deals. Emphasis is placed on basie search eon-

siderations; only those technical questions which
have bearing on this subjeet are discussed.

52 MODERN SEARCH RADAR
CHARACTERISTICS

The type of radar eurrently most useful in sea
scarch is the airborne microwave (wavelength A 5
10 em) search radar. A brief outline of the principles
of operation of such cquipment will serve in o gen-
eral way to illustrate those of similar sets, including
shipborne search gear.

High-frequency radio energy generated in o the
transmitter of such a radar is led through a wave
guide (a resonant copper pipe of rectangular eross
seetion) to a funnel-shaped horn, or to a dipole
radintor, loeated at the foeus of a paraboloidal metal
reflector. The energy is re-radinted from this re-
floetor in a lobe-shaped pattern, as indieated eross
secetionally in 19gure 1. The beam width—conven-
tionally defined as the angle 8 between half-power

directions—ix determined by the size of theparalolejd
relative to A, In practice subsidiary back and side
lobes (not shown in the figure) are produced in ad-
dition to the main lobe; but these can be minimized
by proper antenna design—i.e., by modification of the
reflector shape, addition of parasitie radiators; ete.

ANTENNA

Frsune 1. Tdenlized pattern of a microwave search
radar. Length of radius vector is proportional to power .
radiated in that direction.

Actually, in most scarch equipment, the paraholoidal
reflector is truncated or otherwise modified in sueh
a way as to produce & narrow antenna patiern in the
horizontal plane (sometimes as narrowas 1 degree) and
a relatively broad pattern (usually about 10 degrees)
in a vertical planc. "This provides extended coverage
in altitude and lessened sensitivity to anteona tilt,
features particularly desirable for airborne carly
warning and shipborne aireraft warning radar.

In present radar sets, high-frequency energy is
never emitted continuously; instead, it is trans-
mitted in successive high-power pulses of very short
duration. In order to deerease the minimum radar
range, and to improve range resolution, as well as to
permit the use of higher peak transmitted power, it
is desirable to reduce the duration of sueh pulses to a
minimum. Towever, against these econsiderations
must be balanced the fact that a very sharp pulse
wave form ecan he reproduced anceurately only by a
broad-band receiver; and an increuse in handwidth
results in an increase of receiver noise level relative
to ccho strength, with a corresponding reduction in
maximum radar range. Pulse durations used in vrace-
tice are generally between 0.1 and 2 microseconds,
with 1 microsecond a common value. The rate at
which such pulses are repeated is usually hetween 400
and 1,600 pulses per second in current seareh equip-
ment. Such repetition rates allow a sufficient time
interval for energy in one transmitted pulse to teavel
ot to a distant targot and be vefleeted haek to the

[ RS IR IR

radar hefore the next pulse s emitted. In search for
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very far distant targets, lower pulse repetition rates
may be necessary.

Signals reflected from a target are picked up by
the same antenna used to transmit them; they are
then amplified in the radar reeciver and presented
as a response on an indicator. The Kind of presenta-
tion most frequently employed in modern search
radars is that of the plan position indicator (1’1

eauses o bright spot, known as a “blip,” to appear
on the fluoreseent sereen at a radial distanee pro-
portional to the clapsed time, and therefore to the
range of the target. The persistence of the sereen
is sufficiently great that such an intensified spot
usually remains visible for several seconds. When the
clectron beam has swept to the outer edge of the
scope, corresponding to maximum range obtainable

Fraurk 2. Plan position indieator (PPD presentation. I’lane bearing radar was at an aliitude of 20,000
feet, direetly over Boston. ('ape (‘od may be elonrly discorned near the center of the photograph.

seope). In this type of “intensity modulated” indiea-
tion, response is obtained on the face of a cathode-
ray tube hy means of variations in the intensity
of a radially sweeping eleetron heam. At the instant
an energy pulse is transmitted from the radar an-
tenna, this heam hegins to sweep out at o uniform
rate from the center of the indieator, When the re-
flected pulse from a target refurns to the radar, the
amplified energy is used to inerease the volume of
the eleetron stream impinging on the scope. This

on the partieular range seale employed, it reverts al-
most instantaneously to the center of the scope,
and another pulse is emitted. The angular position
(azimuth) of the sweep trace on the seope is de-
termined by the dircetion in which the antenna is
momentarily pointing.

In order to obtuin arca coverage, the radar an-
tenna is rotated about a vertical axis. Varions radarsg
permit manual control, scetor sean, or 360 degree
sean. The Jast is most often employed in airborne
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64 RADAR DETECTION

search, the antenna being rotated at rates usually
between 5 and 24 revolutions per minute (12 rpm is
a common value). The use of this type of sean in con-
junction with PP[ indieation, in which the radial
sweep trace of the eleetron heam is made to rotate
in synchronism with the antenna, results in con-
tinuous presentation of a plan map of the region sur-
rounding the radar, as illustrated in Figure 2. Maxi-
mum scanning rate is limited by the necessity of re-
ceiving several sucecessive pulses to produce a notice-
able blip (estimates of this minimum number of
pulses vary from 4 to 10, depending on the type of
screen used). Tt is thus related to the antenna heam
width and the pulse repetition rate, which in turn
depends on pulse duration and the maximum average
power the transmitter tubes ean handle; seanning
rate is therefore related indircetly to target resolu-
tion, In present scarch equipment, between 10 and
100 pulses reach the target per sean, so that the
maximum possible scanning rate is not generally at-
tained. Tt may be noted that with rapidly seanning,
narrow-beam antennas some “seanning loss” may be
expetienced, owing to a turning of the antenna dur-
ing the finite echoing time. The effect is usually small
in practice,

Other types of antenna sean and visual presenta-
tion than those deseribed above are ocensionally em-
ployed in search equipment. Narrow-beam antennas,
for instance, may be seanned helieally, or rocked;
gsome of the newer airborne sets have their antennas
gyre-stabilized in order to prevent distortion of the
PPI map due to antenna tilt. An alternative method
of intensity modulated presentation sometimes en-
countered is that of the B scope, in which range iz
measured along a vertical and bearing along a hori-
zontal axis; this necessarily resulfs in some distortion,
but provides greater resolution of nearby targets. It
usually is combined with an aptenna scan of 180
dogrees or less in the forward direction.

64 VISUAL AND RADAR SEARCII

Having outlined the busic operative features of
current search radar equipment, we shall find it in-
struetive at this point to compare the process of
visual search, dealt with extensively in the previous
chapter, with that of radar search.

It will be recalled that the eye, when scarching
systematically, tends to look in one direction for a
short period of time (of the order of one sccond),

during which several fixations oceur. Tt then skips to
o new line of sight, frequently differing in direction
from the previous line by as muech ag 10 degrees,
Since, during any single fixation, the eye ean resolve
distant objeets only within an are of about 1 degree,
the distunt coverage pattern for visual search tends
to be ragged; there is o considerable probability that
small objeets at long ranges will he passed over. At
shorter ranges, an the other hand, there is a broad
lobe of peripheral vision in which prominent objects
off the direet line of sight arc readily detected (see
Figure 713, Chapter 4).

In contrast, radar scans continuously, without
gaps in its coverage, and does so over a considerable
range, ab a rate of scanning usually considerahly
greaser than that of the eye. A minimum radar range
limitation is impaosed in airborne search by the shapo
of the vertieal antenna pattern and by the antenna
tilt sctting. Furthermore, there will in general be a
near-by- “sea return’” arca, in which transmitted
cnergy is reflected back to the radiiy from” vaves, -
with the result that an irregular bright patch is pre-
sented in the center of the PPI scope (sce Tigures
2 and 3). The extent of this patch increases with the

[

/ﬂunn
AREA

Mtaure 3. Schematie illusiration of vertienl antenna
patfern and sea return area for airborne early warning
radar,

altitude of the antenna and the roughness of the
sca. Targets within the sea return area cannot readily
be detected in most cases, although speeial circuits
in newer sets offer some improvement in discrimina-
tion. Maximum radar range is gonerally limited (ap-
proximately) by the horizon, although under certain
conditions of energy propagation considerably greater
ranges may be obtained. This effect will be discussed
in Section 5.4.

The types of seareh coverage obtained by the eye
and radar arc illustrated qualitatively, by means of
contours of constant detection probability, in Figures
4 and 5. It should be understood thab only the gen-
eral shape of these patberns, presented for com-
parison, is significant. These diagrams serve to illus-
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trate the fact that radar and visual soareh, ns rogards
coverage, are to a large extent complementary. This
is true in many other respects, too. While the eye,
for instance, is not dircetly capable of exact range
determination, the aceuracy of electronie timing eir-
cuits makes radar well adapted for this purpose; on

B

IFroure 4, Schematic horizontal coverage patterns for
(A} tho eye, and (B) radar. Contours of constant. prob-
ability of deteetion are shown, :

the other hand, the eye possesses obvious superiority
in target resolution, We may also note that, since
radar wavelengths are large in comparison with the
dimensions of smoke, dust, and water particles in the
atmosphere, radar radiation (except that of ox-
tremely high frequency) is only slightly alfected by

Fraure 5. Coverage obtnined in scanning through 90°
for (A) the eye, and (13) radar.

such obstacles, whercas visible radintion is strongly
attenuated or reHlected by them.

In the visual case, fixation on a target has been
regarded as making deteetion cortain; the element of
chance is introduced by the uneertainty of obtaining
a fixation. It is an important differentiating char-
acteristic of scarch radar that, even with a well-

tuncd set seanning uniformly over a (small) target
within casy range (a case anulogous to assured fixa-
tion) blips may not bo returned on every sean. This
cffect, largely a consequence of varying target as-
peet, will be discussed at greater length in Section
5.5. The point of chief importance to the present
diseussion is that in both cases detection is a matter
of uncertainty. Clenrly, the probahility methods de-
veloped in Chiapter 2 in the treatment of the general
theory of detection will have applications in the
solving of radar detection problems. We shall in-
vestigate the mathematieal formulation of some of
these in Section 5.0.

bt PROPAGATION

Radar energy is propagated in free space accord-
ing to an inverse square variation with distance. That
is, if P, is the power transmitted in a pulse, G; the
power gain of the antenna for transmission (a funec-
tion of its shape and size), and Py’ the power density
at distance » along the axis of the antenna,

i1 (1)

=it

Py

When the energy strikes a target at range r, a
certain portion of it is scattered, that is, diffusely
reflected (re-radiated). The scattering ability of the
target is measured by a quantity ¢, the “cffective
radar cross scction,” defined as the ratio of total
power reflected from the target to incident power
density impinging from the dircetion of the radar.
The amount of power re-radiated from the target
is therefore Py’e. This power is likewise attenuated
according to the inverse square law; its density at
the radar antenna is

e Pido

" 4wt

P¢ Gm'
(dm)ert’ ‘ @

The total power received from the reflectod pulse
is the product of P,/ and G,, the gain of the antenna
for reception, i.c.,

B 1)1 G' G &
I =1’,G = T, (3)
g T (dm)rd .

In case the antenna is a paraboloid of aperture
arca 4, it can be shown that the above expression
reduces to
Po- Py A%

et )
N
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If Puan is the minimum value of reflected power
thut can be amplified by the radar receiver to furnish
a reeognizable blip, we find, solving equution (4) for
r (with P, = ), that the maximum range of de-
teetion of o target of effective eross reetion ¢ i

x e
N (/ALY S (5
Punax \/ ( lﬂ')", [’min )

Although these formulas have heen developed for
the ease of propagation in free space, it is found that
they may be employed to a reasonable degree of ap-
proximation under many conditions encountered in
practice. For example, in the ecase of sea search hy

airborne radar at common altitudes (such that the
effects of interference with power reflected from the
sen are of secondary importance), the last formula
provides at least a qualitative indieation of the in-
fluenee of various factors on maximum radar range.
In particular, the relative insensitivity of rmax to
large variations in transmitted power is shown: owing
to the fourth root relationship, an inerease in trans-
mitted power of sixteen fold is necessary to double the
maximum range. (In this conncction, it might be
pointed out that in Iigure 1 of Section 5.2 of this
chapter the reflected signal has sufficient strength
to give good range over o wider beam than the power
pattern would indicate. Thus, at the half-power
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Frovue 6. Variation of eeho amphtude with constant radar performanee. Target 30 miles frome rador, with path

of pulses passing over se:.
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points, maximum range s reduced by a factor of only
1/v/2 = 0.84)

Near the surface of the sea, a different type of
propagation is commonly obscrved. nergy that
strikes the surface at a small angle is reflected, as
from a good conductor, undergoing a 180 degree
change of phase. Over a ealm ocenn, the alternate re-
inforcements and eancellations of radar energy fol-
lowing the two possible paths, direet and reflected,
cause the antenna pattern to beeome strutified. With
longer wave radars, the null regions thus produced
cause a pronounced veenrrent. fading of echoes from
airhorne targets. But for the microwave sets in in-
ereasingly common use in search, the stratified lobes
are so closely spaced (spacing less than 1 meter)
that such fading censes to be a problem. Under these
conditions of transmission near & calm sea, the ccho

- power reecived from a target also near the sca can

be shown to vary according to an inverse eighth
power ol range, rather than an inverse fourth power.
Near the surfaee of u rough sca, some intermediate
law may, in offect, be more closcly tollowed.

As previously mentioned, miximum radar range,
exeept in the casc of very small targets, usually is
not limited as a result of attenuation suffered by the
radiated energy (for, although this attenuation is, as

“we have seen, considerable, correspondingly large

amounts of power can be transmitted in the radar
pulses), but is limited by the horizon. Actually, owing
to refraction in the carth’s atmosphere, a portion of
the encrgy is hent around somewhat beyond the
horizon. It has been found that this effect ean be
tuken into account approximately by computing
maximum range as herizon range for a fictitious earth
of radius four-thirds that of the-real one, A con-
venient formula based on this nssumption is B = 1.25
&I + k), where B is the maximum radar range
in nautical miles, A, is the radar altitude in feet, and
Iy is the target altitude in fect.

Under certain meteorological conditions, generally
associnted with inversion of the normal temperature
or humidity gradients, abnormally long radar ranges
may be observed. The effeet, particularly noticeable
if hoth radar and target are close to the surface of
the sea, is much the same as if a portion of the
radiated cnergy were trapped beneath the inversion
Ievel, Apparently, trapping of some cnergy in a sur-
face duct does nob in genera) interfere with propaga-
tion at higher altitndes, sinee abnormally long de-
tection ranges near the surface are frequently ob-
sorved to be accompanied by good ranges from sur-

face to air, or viee versa. In extreme enses, the exis-
tence of anomalous conditions, both of abnormal and
of subnormal propagation, may lead to very pro-
nounced and rather rapid varintions in echo strength,
as indieated, for example, in Figure 6. (Note that on
one of the days covered in this chart a variation in
reccived power of 53 db, or 200,000-fold, in a period
of 214 hours is recorded.) In certain geographical
regions, notably, the castern seaboard of the United
States, conditions of “anomalous” propagation are
more or less prevalent. In most localities, however,
large or rapid fluctuations in propagation conditions

are not generally to be expeeted.

TR BLIP-SCAN RATIO

It was mentioned in Section 5.3 that when a radar
seans across o target, particularly near the limit of
its range capabilities for that target, it is the general
experience that a blip is not presented on the radar
indicator on each scan. In order to characterize
unalytically the behavior of a given radar with re-
speet to a specified target, it is convenient to intro-

duce the concept of “blip-scan ratio.” This ratio,

which we shall denote by ¥(»), is defined as the pro-
portion of scans, upon a target at range r, during
which a recognizable signal is presented on the PPI
scope. It thercfore represents the probability that a
single sean will produce an effective blip, i.c., a blip
which is actually recognized by an operator who is
foeusing his attention on the part of the seope where
it appears: a “‘recognizable” blip may actually fail
to he recognized by an oporator whose attention is
lagging, or is dirceted to another part of the scope
where objects of interest arc scen; this cffect of
operator fallibility will be considered later. In other
words, we are scparating the study of the uncertain-
ties (probability) of radar detection into two parts:
the question of the probability ¢ of detection of the

‘blip when the operator is concentrating on the part

of the scope where it oceurs, and the matter of how
likely he is to be so concentrating. While this separa-
tion is somewhat unrealistic (an intense blip is apt
to be seen out of the corner of the eye, a faint but
“recognizable” one is not), it affords a convenient
simplifieation and will he made the basis of the
prescnt treatment.

Clearly, the value of the blip sean ratio is de-
pendent on o number of long-term variables that
may in an approximate treatment be regarded as
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68 RADAR DETECTION

constant during a particular search, or at least dur-
ing long parts thereof. These include type of targes,
conditions of propagation, sea state, dircetion of
scarch with respeet to that of the wind, radar alti-
tude, antenna tilt, level of operator and set per-
formanee, and radar characteristies such as wave-
length, scanning rate, cte. In addition, two basic
short-term variables are involved—range and target
aspeet. As we shall see, the aspeets of naval targets
vary characteristicully in short-time cycles; it is this
fact, represented by appropriate mathematical as-
sumptions, that permits the treatment of ¢ as a
specific function of range only. Before formulating
these assumptions, however, let us investigate briefly
the general subjact of radar echo fluctuations.

The components of radar targets which are most
cffective in refleeting energy are flat surfaces (normal

to the axis of the radar beam) and internal rectangu- .

lar cornera. Metallic conductors arc always more
effective than nonconducting materinls. Since a flat
surface reflects radiation specularly, its orientation
musf be within a few degrees of normality to the
beam direction to return an appreciable signal; other-
wise, most of the incident cnergy is shunted off into
space. The corner reflector, on the other hand, has
the property for microwave tadar energy, as for light,
of reflecting radiation along the dircetion of in-
cidonce, over a wide range of angular aspeet. It is
thus relatively insensitive to momentary aspeet and
movement, '

We may accordingly in a general way distinguish
two types of naval targets. The first type, which we
shall call Class A, represented by lerge vessels, in-
cluding warships and merchant ships, and in most
cases by beam-aspect surfuced submarines, is char-
acterized by the prevalence of flat reflecting surfaces
and rectangular corners and brackets. Energy re-
flections from the many components of such targets
reinforee or cancel in accordance with their various
momentary phase relationships. When miero-wave-
lengths are employed, very slight target movements
cause radical alterations in these phase relationships,
with consequent rapid variations in ccho strength.
In the case of naval targets, such movements may be
represented by ship roll and pitch, or even by physi-
cal digtortion of the vessel in a seaway, hending of
the masts in a wind, ete. It is found for targets of this
type that the ccho fluctuations arc rapid, cven in
comparison with the short time interval required for
the beam of a scarching radar to sweep across them.
Consequently, on any particular sean, although large

momentary (pulsc-to-pulse) echo variations oceur,
an average signal strength, resulting from summa-
tion of the pulses, is presented on the radar indicator
at o roughly constant level. Sinee this average level
docs not vary greatly from sean to sean, but in-
creases steadily with decreasing target range, the
blip-scan ratio for targets of Class A usually in-
creases from zero to unity over a rather short range
interval. Tt is apparent that this corresponds ap-
proximately to a “definite range law,” the definite
range being that at which the average signal first
becomes perceptible, The effect is illustrated in
Figure 7.
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IFiqure 7. Blip-sean ratio for Class- A and Class B
targots. : )

The seecond type of radar target, which we shall
call Class B, consists of relatively smooth, con-
tinuously curved surfaces, having few sharp corners
or angles. Examples are surfaced submarines in bow
or stern.aspeet, periscopes, and schnorchels (eylin-
drical submarine ‘“breathing” mechanisms). The
energy return from such targets also varics with their
momentary aspect, but the fluctuations arc much
slower than thosc observed for Class A targets. In-
deed, the rate of variation in this case, being usually
of the order of magnitude of the scanning rate, is
sufficiently slow that the encrgy return per pulse docs
not, in gencral, change radically during the time the
radar beam is sweeping across the target. From scan
to scan, however, there is wide variation in signal
intensity. As illustrated in Figure 7, the blip-scan
ratio for such small, smoothly shaped targets is in
no way suggestive of 2 dofinite range law.

Although most targets fall into one nr the other
of the classifieations described above, a fow, such as
intermediate-nspect  surfaced submarines, ecannot
readily be regarded as cither large, complex targets
or small, simple ones. It is convenient thevefore to
extend our definitions of these classes: Class A will
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include those targets for which, to the desired degree
of approximation (with specified values of the long-
torm variables) a definite range law can be defined;
Class BB will include all others. Methods of dealing
with the definite range situation, including averaging
for distributions of paramecters, may best be illus-
trated in connection with sonar search, whieh forms
the subjeet of Chapter 6. For the remainder of the
present study, therefore, we shall confine ourselves
largely to the study of Class B targets.

We are now ready to formulate one of the assump-
tions, previously mentioned, regarding variations of
target aspect. We shall assume that they are of such
a nature that the blips returned from a target at a
certain range are distributed at randem among the
radar seans (with a relative frequency corresponding

to the blip-scan ratio at that range), in other words,

that ¢(r), the probability that a blip be presonted
on & partieular sean, is independent of what may be
known about the results of previous scans. This as-
sumption, as we have shown, represents a reasonable
approximation to operational facts, for most targets
and for common scanning rates. Tt groatly simplifies
the mathematical treatment of radar detection prob-
lems, to be dealt with in the following section,

The effeet of changes in general target aspeet, re-
sulting from relative travel, has been found to be of
sccondary importance. Ifor symmetrical targets such
as schnorchel, this is obviously the case. And al-
though, for other targets, unusually long ranges can
be obtained at certain general aspects, thie angular
regions, in the horizontal plane, over which this iy
true are found in practice to be relatively small,
(The situation is indicated schematically in Figure
8, for several types of targots.) We are thercfore
justified, in most cascs, in assuming that these angu-
lar regions may be ignored and that the blip-scan
ratio may be regarded as approximately independent
of general horizontal aspect.

The problem of predieting blip-scan ratio from
theory would be found (if it had to be dealt with)
to be a formidable one, indeed. Not only would it
be necessary to make computations of effective radar
cross seetion ¢—dependent on the size, shape, and
materials of the target, and on the wavelength and
polarization of the radar radiation — but, in addition,
assumptions as to the distribution of values of & with
respect to time would be required. A theory involv-
ing such variables and assumptions would necessarily
tend to become overcomplivated and  artificial,
(Nevertheless, efforts made to show with sufficiently

simple geumetrical figurces, such as cylinders, that the
blip-scan ratio should vary with sea state in the
observed manner have met with some success; their
extension to more complicated figures, however,
would be prohibitively difficult.) It is [ortunate,
therefore, that we are not foreed to rely upon theory
for our knowledge of blip-scan ratio. Test date arc
available, in considerable abundance, which provide
reasonably aceurate values of (r) for specified scts

BCHNORCHEL

SUBMARINE

SURFACE VESSEL

Fraune 8. T'ypical polar dingrams, showing contours of
constant detection probability as a function of general
horizontal aspeet, for various kinds of targets.

of values of the long-term variables, and, as a prac-
tical matter it is this availability that makes the
coneept of blip-scan ratio uscful.

The effcet on () of onc long-term variable, the
type of target, has been indicated in Figure 7. In
Figure 9 the cffeets of two others, sea state and di-
rection of scarch relative to that of the wind (up-
wind and downwind search) are illustrated for

AN/APS-13A radar used against schnorchel tar-
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get. The operational significance of varintions in
these and other basic parameters may perhaps be

1.0

/\N SFASTATE| UPWlND AND

Q.8 / \ DOWNWIND SEARGCH -

~ 0.6 3
< SEASTATE 3,  N\_
DOWNWIND SEARGH
» 041 (o pETECT
POSSIBLE FOR UPWIND
0.2 %
o T

o 2 4 6 8 10 12 14 16
RANGE IN NAUTICAL MILES

Fiqurn §. Effect of sen state and wind direction on
blip-scan ratio for AN/APS-15A, altitude 500 feot,
schnorchel target (axperimental data from ASDovLant
Project 547).

better understood in terns of their influence on radar
search width, to be discussed in Scctions 5.6 and 5.7

88 RANGE DISTRIBU’I IONS AND SE ARCII
WIDTIH '
Wo shall now study the applieation to radar de-
tection problems of the methods of analysis outlined

“in general terms in Chaptor 2 for the determination
_of sighting range distributions and search width. The
‘coordinate system (Figure 7, Chapter 2) and much

of the notation previously employed will be retained;
in particular, it will be recalled that w is the relative
speed of target and searching eraft, T the glimpsing
(radar secanning) period and g(/z* + %) the
“glimpse” probability of detecting on a particular
scan a previously undetected target located in the
neighborhood of the point ().

In Scetion 2.5 it wag shown that the probability
of first detecting in the arca dzdy a target that hay
moved along in relative space parallel to the y axis
to the neighborhood of the point (2,y) is

e—F@m
» g, (©)

and that the average detection rate in dady for unit
target deonsily is

p(zy) = e ¥ q_g} @

In both casces,

P = - Blog[ 1= f(vVa T = w1y) | ®)

the summation extending to infinity because the rela-
tive track is assumed o be of indefinitely great ex-
tent in the direction toward which the scarcher is
traveling. The distribution of true ranges of first de-
tection is expressed [see equation (35), Chapter 2] by

x40
p(r) = f B ro(rsin ¢, r cos §) di, 9)

the integration extending over the angulur scanning
range, assumed symmetrical about the y axis (8 rep-
resents the radian measure of half this range; for
all-around scanning 8§ = 7). The function p(r) may
be alternatively regarded as the rate of detection in
a unit range interval at range r for unit target
density. If, as is the cnge in certain operational lests,
the scarching craft makes its approach to the target
on a radial course, the sighting range distribution is
expressed by cquation (7) for lateral rénge zera, ie.,

o) = o=+00 10, (10)

The quantity wT that appears in cquation (8) rep-

resents the distance traveled by the target along its

relative track between successive radar scans. Since
it is small in most cases (w1 = 0.21 nautical miles, -
for a '150-knot scarching aircraft, stationary target,
and 12 rpm scanning raie), an important simplifica-
tion of the expression for F(z,y) can be made (the
summation can be replaced by integration). Thus,

i —_—
Flzy) = — ;El,ff_lgg 1 - of(vVEF)]ay, 1)

the upper limit of integration lying in the scanned
runge of y = z cot ¢, for ¢ in the range (r — 4, r + 8).

Writing I'(r) for the quantity —log [I — g(©)],
cquasion (9) becomes

x -+6
p(r) = 713? j’: -, rg(r) cxp[- o)

By analogy with the corresponding equations of
Chapter 2, the distribution of lateral ranges of first
sighting is given by

1 |z] cot (x—0)
ple) = 1— oxp[ - oif r*(r)dy]; (13)

the radar seareh width W, corresponding to the arca
under $he lnteral range curve, is

' r.n 1 lz| cot (xr—0) i
W = J {1 ~ CX]) [:—- E$f 11(7')(11/]}({:1,

(14)

! I‘(r)dz/] g (12)
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and the average detection range is

f = %W-j;n rp(r)dr. (15)
I'(r) can readily be expanded,
I'¢) = —log[1 — gl
=90 + 100 1P + - - (0)
Un.dm' the condition
g(r) << 1, 17

I'(#) may be replaced by g(r) in equations ( 12) to
(15), thus compicting the analogy (writing vy for g,

1/w for 1/wT, and = for 8) with -equations (1), (3), -

(31), and (36) i Chapter 2, derived for the ease
of continuous all-around looking. -Although condi-
tion (17) is sumetimes not satisfied for all ranges, it
s often satisficd ot ranges of particular .interest.
Thus, in the caleulation of lateral range distributions
for the larger targets, it is found that p(z) approaches
unity while g(r) is still small. The approximation

() = g(r) (18)

may therefore, if used judiciously, yield much useful
" information and shorten computation considerably.

In order to obtain an analytical expression for g(r),
the single-scan probability of detecting a target at
range 7, it is necessary to determine the relationship
between this detection probability and the blip-scan
ratio (Section 5.5), rapresenting tho single-sean prob-
ahility of abtaining a recognizable blip on the radar
indicator. We shall discuss in detail a particular set
of assumptions regarding this relationship, and also
-consider bricfly the cffects of slight alterations in
these assumptions.

Concerning the radar operator, we shall make the
assumption that if he has seen no blip on a particular
sean his prolability of noticing a recognizable signal
on the succeeding sean is po; and that if he tras scen
a blip he will be alert on the following sean, certain
to detect any blip presented. If, however, no blip is
presented on this second sean, the operator is as-
sumed to lose interest, his chance of noticing a new
signal roverting to po. The value of this probability
is dependent on thie state of training and fatigue of
the vperator; we shall, for the time being, regard it
as a known constant and as independent from sean
to scan. Wo shall also agsume that the operator must
see n rertain number n of successive blips for detec-
tion of a target to occur. For rapidly scanning air-

borne search radars, experience indicates that n has
the value 2 or 3 in most cascs.

Under these assumptions, we sce that a nesessary
and sufficient condition for the detection of a target
on a particular (7th) sean, given that no previous de-
tection has occurred, is that blips be returned on
that scan and on the preceding (n — 1) seans, and
also that the operator sce the first of these n suc-
cessive blips. Tixpressed in symbols,

i

J —
6y =m0 Ty (Ve = wl)). 19)
juin
If w7 is small, if » is small, and if ¢ is a slowly
varying funetion of range (all of these conditions are
generally satisfied in practice), then the y's in the
above cxpression are all nearly cqual. Therefors,
dropping the subscript, we have approximately

g(r) = pey™(). (20)

Note that the multiplication of the ¢'s in equa-
tions (19) and (20) is permissible, from thu prob-
ability viewpoint, only if the independent probability
assumption mentioned in Section 5.5 is_justified.

Condition (17) under which I'(*) may be replaced
by g(r) becomes -

7__’170\('"(7') << L (21)

It is satisfied at ranges for which the blip-scan
ratio is small, and st all ranges if the operator is very
inattentive. It should hé noted that this “ihatten-
tiveness” may be of an cffective kind, the result not
unly of actual distractions and fatigue but slso of
difficulty in-finding the target blip among others of
a random nature, dependent on noise level and char-
acteristics of presentation. The value of p, will there-
fore in operations frequently be very small.

These nssumptions regarding operator efficicncy
and the criterion of deteetion have been chiosen be-
cause of their reasonable nature and the simplicity
of the result they yield. They are by no means the

~only ones that might be made, and are, indced, im-

mediately suggestive of several similar ones, of per-
haps equal validity. Tor instance, it may be that the
detection requirement, instead of the occurrence of
n successive blips, is the oceurrence of 7 blips dis-
tributed in any way among ¢ scans- (s boing o small
numbher, greater than #). In this case, treating ¢ as
constant during the s scans, we have

g0y = paCip"(1 — )" 22)
= poCry" + higher terms,
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72 RADAR DETEGTION

where C;, is the binomial coefficient

sl

Oh = s —wyr

If ¢ i sufficiently small that the higher terms of
equation (22) ean be neglected, we again have an
expression for g(r) of the same form as that of equa-
tion (20), iiffering from it only by a constant factor.
We conclude that for small values of y—those, as
we have pointed out, which are usually of greatost
intercst—this form of g(r) is insensitive to the exact
nature of the essumptions made in determining it.
We shall therefore use as our radar deteetion lnw

. gQr) = kyr(r), (23)

in computing range distributions and sweep width

from equations (12) to (15). The exact value of the
constant & (a8 in the analogous visual sighting case)
and also-of a, is best determined by comparison with
test (or, for some purposes, operational) results,

&7 COMPUTATIONAL METIHODS

The application of the formulas. derived in the
pmoteding section to the solution of speeific radar
deteetion problems may be illustrated by a brief
discussion of computational methods, In purticulur,
we shall be interested in the utilization of test data
for the predicting of operational results and in

0.10 \
0.08 '
, \ SEA STATE 1,

- 0.06 UPWIND & ——
2 DOWNWIND -
" 0.4 SEA STATE 3 \

0.02 [OOWNWIND Pl e \

: - N
0

(o] 2 4 8 B 10 2 4B W
RANGE IN NAUTICAL MILES
IFrauns 10. Graph of ' () =log [1 — ¢2(r)] as n func-
tion of range, uxing blip-gean data of VFigure 9. (‘om-
puted us an intermediate step in the determination of
the true range distribution for senrch shead only.

mothods of correlating theoretical results with those
of past operations,

The distribution of detection ranges under o par-
ticular set of conditions for scarch ahead only (zero
lateral range), characteristic of certain convenient
test procedures, may readily be computed by means

of a single integration for each range value, provided
blip-sean data cbtained from tests made under the
specified conditions are available; and provided as-
sumptions arec made regarding the valués of the con-
stant & and the number # ol recognized blips neees-
sary for detection. The integration to obtain F(0,r)
is performed graphically, in aceordance with equation
(11), first plotting I'(r) against r (sce Iigur: 10), Use
can be made, if desired, of the simplification em-

/\ SEA lsmelq,
UPWIND &

DOWNWIND

pin)

SEA STATE 3,
DOWNWIND

. |
0 2 4 é 8 - 10 12 4 I8
RANGE IN NAUTICAL MILES

Fraure 11, I'rue range distribution for search ahead
only. Computed using blip-scan data of Figure 9.

hodied in cquation (18), for most values of ». The
true “range’ disttibution is then cemputed dircetly
from cquation (10). Figure 11, as an example, illus-
trates the results obtained using the blip-scan ratios’
of Figure 9 and the assumptions & = 1 and n = 2
[i.c., g(#) = ()] The particular value of such cal-
culations is that range distributions computed under
various assumiptions as to tho values of & and n
may be compared with the range distributions actu-
ally obtained in the tests (provided these arc sta-
tistically significant), as a means of determining
which of these assumptions provide the best fit. Such
trinl-and-crror calculations offer the most practical
method of evaluating these parameters. It should he
noted, however, that parameter estimates based on
tests in general give optimistic results, as compared
with those of operations; it may therefore be pref-
crable, when such are available, to employ opera-
tional (rather than test) data, in the manner out-
lined in Scetion 4.10.

The computations involved in determining true
range distributions for the case of scetor or all-
around scarch for targets uniformly distributed at
all lateral ranges are similar in prineiple to those out-
lined above, but arc more complicated, since addi-
tional integrations are required. The method of pro-
cedure, in brief, is to express equation (11) in polar
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coordinates by means of the familiar relationships
T = rsin{, y = rcos{; then, for fixed values of ¢
and of r, to determine by graphical integration the
value of this expression and consequently of the
integrand of cquation (12); finally, for each value of
7y to perform graphically the ¢ integration required
by the latter equation. If this is done for enough
values of 7, the desired range distribution may be
determined as aceurately as required. Figure 12 illus-

1 1 1 1
SEA STATE ¢,
UPWIND & DOWNWIND

pir)

SEA STATE 3, N .
DOWNWIND \\
i

0 2 4 6 8 110 1=’ 14 ®
RANGE IN NAUTICAL MILES

Fiaune 12. True range distribution for all-around
search. Computed using blip-sean data of Figure 9.

trates the type of distribution obtained. As before,
AN/APS-16A blip-scan data are supplied by Figure
9, and the assumptions k = 1, n = 2 are made. As
regards the general shape of the distributions, the
results are seen to be not fur different from those
obtained for the previous ease of search straight
ahoad. Scctor scanning radars (such ns AN/APS-3,
which scans 150 degrees forward) also give true range
distributions ol w similar character.

1.0 T T T I ﬁ
SEA STATE 1,

UPWIND B DOWNWIND

0.8F— (wW=22.2 NAUT MILES) \

'
2 0.6 re==m=] i P
X SEA STATE 3\
e DOWNWIND

(W=12.4 NAUT MI)

A

N\ |

0 2 4 8 8 10 12 14 6
LATERAL RANGE X IN NAUTICAL MILES

o o
/(

Fraure 13, Lmteral range distribution. Computed us-
ing blip-scun data of Figure 0.

The distribution of lateral deteetion ranges is most
casily computed in terms of rectangular coordinates.
Tquation (11) is evaluated mueh as before, with the

integration extending over all values of y in the
scanned region, for fixed values of lateral range r.
Equation (13) then gives the corresponding ordinates
of the luteral range distribution. Graphical integra-
tion of the curve so obtained yields the value of the
search width W {equation (14)] directly. Figure 13
shows lateral range curves obtained under the same
assumptions as before; corresponding values of sweep
width arc indicated.

By collecting test data on Y(r) for known sets of
conditions, varying only a single parameter, we can
readily determine the influence of this parameter on
search width. As an example, the cffeet of aircraft
altitude on W is shown in Figure 14, for the case of

100 ’/
| BEAM ASPE/C/

80

120

60

BOW-STERN ASPECT
40| - -

IN NAUTICAL MILES

20
o

"

w

Q) 500 1000 . 1800 2000
ALTITUDE IN‘FEET

Ilaune 14, Search width W as.a function of aireraft
altitude. Search for surfuerd submarine by AN /ASP.
15A, sen states 1 and 2.

scarch for surfaced submarines, with the usual as-
sumptions, & = 1, n = 2. The differences in scarch
width for bewm und bow=slern runs ugainst this type
of target are clearly shown, As previously indicated,
however, truc beam runs are encountered in opera-
tionz with relative infrequency, so that the results
for bow-stern runs give a truer average picture.
The effeet on W of variations in another param-
eter, direction of scarch with respect to that of the
wind, has been indicated roughly in Figure 13, for
search against schnorchel in sea states 1 and 3. In
sen state 1, it will be observed, wind dircetion is un-
important; in sca state 3, however, upwind scarch
is already impossible, and the search width is greatly
redueed even for downwind search. Results of an
intermediate character are obtained for sca state 2.
If area search is to be condueted in sca states greater
than 1 by means of parallel sweeps in one direetion
(with & number of searching eraft), it is clearly most
advantageous to choose thats direction as downwind.
Usually, however, scarch is conducted on a round-
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74 RADAR DETECTION

trip or shuttle basis; if this is the easc, it might prove
best to search at an angle to the wind. (Confirmation
of this conjecture, however, awaits the obtaining of
further test data on blip-sean ratio for erosswind
scarch.) 1t should be noted that these remarks apply
only to very small Class I3 targets, such as periscopes
and schnorchels. For larger targets, including sur-
faced submarines, differenees between upwind and
downwind search are usually found to be of little
significance. A uscful empirical relationship regarding
search width for these larger targets is that W is
roughly cqual to twice the range at which ¢(r) = 0.1,
¥(r) heing approximately independent of wind diree-
tion. (Since the blip-sean ratio for such targets rises
rapidly in this range, W is not scnsitive to the cxact
value y = 0.1.)

We have thus far dealt only with situations such
28 thosc to be encountered in future oporations, in
which conditions may be regarded as homogencous,
i.e., situations in which specific valueg may be as-
signed to cach of the parameters in our equations, If
we desire that our theory duplicate actual past op-
erationnl results, however, the analysis does not pro-
ceed 80 simply. In this ease it is necessary to adopt
methods of averaging for distributions of the basic
paramcters. Occasionally these distributions are
known; more frequently they must be estimated.
The reader is referred once more to the final para-
graphs of Chapter 2, in which the topic of long- and
short-term parameter variations in relation to the
analysis of past and future operations is summarized.

Owing to the inadequacies of available operational
data and of knowledge concerning distributions, we
shall not here enter into the discussion of averaging
methods, but defer this until the next chapter. We
may, however, mention again, for emphasis, a few
of the long-term faetors, the variations of which are
particularly significant in the analysis of past op-
erations. Namely, (1) set performance, which may
change slowly over considerable periods of time (as
in the case of scepage of moisture into wave guides
or radomes, causing & gradual decline in the per-
formance of certain types of radar) or more rapidly
with changes in set tuning; (2) propagation condi-

tions, which as we have pointed out may vary rather
radieally and unpredietably in certain localities; and
(3) operator performance, which depends on train-
ing, experience, and alertness, Qualitatively, the cumu-
lative effect of these factors 1s always to increase con-
stderably the dispersion of operational range distribu-
lions, and usually lo reduce average detection ranges
and search widths (somcetimes by a factor of 2 or 3).
It is expeected that analyscs of operationul duta on
Class A targets, for which the dispersion is largely
due to such unassessed factors, will lead to a better
underastanding of these effeets. Figure 15 shows an
exnmple of the type of range distribution obtained

N

N

RELATIVE FREQUENCY
OF CONTACT

0 8 0 15 20 28 30 35 40
RANGE IN NAUTICAL MILES

I'reurse 15. Operational true range distribution. Ob-
served ranges of radar first contacts on surfaced sub-
marines leading to nttncks for tho period July 1943 to
March 1944, (Includes all types of radar, day and night
serviee, under all weathor conditions.)

in operations, during the carlier part of the past war,
for surfaced submarines.

We have omitted consideration of a number of
important topics reluting to radur search, such as,
for example, the effects of forestalling due to counter-
moeasures (scarch receivers) in search for enemy units.
Such forestalling, might possibly be met by operat-
ing the searching radar intermittently; but the effect
of such opecration on the radar search width must
also be taken into consideration. We have likewise
omitted discussion of visual forestalling and the cal-
culation of combined radar and visual scarch widths
(necessary for the determination of optimum search
altitude). Such topics represent in themselves sepa-
rate subjects, which must await more detailed study
clsewhere.
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Chapter 6
SONAR DETECTION

6.1 SONAR SEARCH—GENERAL

IN SUBSURFACE WARFARE, reliance must be placed
on sound (or supersonies) for search and detecetion,
since sea water is virtually opaque to electromagnetic
waves. Neither visual nor radar search is possible in
a water medium. Consequently sonar must be used
when searching for submerged submarines, torpedocs,
mines, or other underwater objeets, Magnetic detee-
tion is also possible, but the range of detection is
normally much less than for sonar. Sonar search,
therefore, is of importance in the operation of sub-

marines and of antisubmarine forees.

Sonar detection involves either listening or ccho
ranging. Simple listening gear consists of -a.reecciver
and amplifier which pick up sounds gencrated by the
target and present them to the sonar operator’s car,

"Eche-ranging gear has a transmitter in addition,

which sends sound into the water; the sound reeeived

*"is then an echo reflected from the target. In general,

listening gear has the advantages of simplicity and
long detection range on a noisy target, but is not
effective if the target runs quictly, Echo-ranging
search has the advantage that it cannot be defeated
by slow-speed quiet running. In addition, echo ranging
provides information on range to the target, which
listening does not. As o result, both listening and
ccho ranging arc used for search, with preference
sometimes given to the former, sometimes the latter.

Tn this chapter examples of both listening and
ccho-ranging search will be discussed, but only as
examples to illustrate the type of problems involved.
The aim of the operational analysis of sonar search
is to determine how search gear or searching craft
should be used in any particular situation to give
the best result. This result may be expressed as a
lateral range curve or a sweep rate in acecordance
with Chapter 2. There are a great many factors which:
determine the lateral range curve, involving char-

CONFIDENTIAL

acteristies of the gear, its operation, the target, its
hehavior, and sound transmission in the ocean. Some
variables, such as speed of searching ship, can bhe
determined by the searcher, whereas others, such as
sound conditions, are beyond his control. The values
of these uncontrollable variables often determine
how the values of the others should be chosen. In
any particular case, the various factors must be con-
gidered in gletail, and the lateral range curve obtained
in accordance with cstimates of the physieal situa-
tion. Before analyzing any typical problems, how-
ever, it is worth while giving a gencral cutline of the
factors which come into play. :

In detecting the target the sonar operator must
distinguish the signal from the cverpresent back-
ground noise. Hencee the factors of interest can be
divided iuto the three following- classes: '

1. Those which influence the strength of the signal
which it is desired to dcteci, the signal being oither
noise incidental to the operation of the target, sound
transmissions by the target, or an ccho reflected
from it. These include characteristics of the sonar
gear being used, of the target, and of the ocean.

2. Those which determine the background level

_against which the signal must be heard, including noise

from own ship, noisc from waves and animal life
in the ocean, and, in the case of ccho ranging, re-
verberation.

3. Psychological factors and characteristics of the
sonar data presentation which determine the prob-
ability of detecting a given signal in the presence of
a given Lackground. Each of the subdivisions must
be considered for both listening and ccho ranging.
They are exhibited in parallel columns, ceho ranging
on tho left, listening on the right. Corresponding
topics appear side by side, and when identical con-
siderations apply to both cascs, their treatment is
written across the columns (i.c., the column division
is temporarily abandoned).
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ECHO RANGING

The scheme of echo-ranging detection is shown in
Figure 1A

ECHO - RANGING
, CRAFT

A7

ZTWO - WaY
SOUND TRANSMISSION

“ TARGET

Froune 1A, Two-way sound transmission,

Facronrs INFLUENCING' SIUNAL STRENGTH .

1. Intensity of transmitted pulse:

The intensity of the transmitted pulse at a given
range (say ! yard) depends on the acoustic power
output of the gear, and its directionality, the more
dircetional the transmitter the greater the intensity
for a given total power output. Standard ceho-rang-
ing gear now used by antigubmarine ships has an

_intonsity of about 182 decibels above 0.0002 dynes

per square centimeter at 1. yard on the axis of the
projector.

LISTENING

The scheme of listening detection is shown in
Figure 1B:

LISTENING
’ CRAFT

< ~
ONE-WAY )
SOUND TRANSMISSION TARGET

.
\

Fiaurr 1B, One-way ~ound transmission.

KU

1. Sound output of target:

The sound output of a ship depends primarily on
the type of ship and its speed. At very low speeds
machinery noise often predominates, which is al-
most entirely low-frequency sound. Propeller cavita-
tion noisc containing the higher sonic and low super-
sonic frequencies becomes important at normal
speeds. A submerged submarine, however, produces
this cavitation noise less readily the deeper it sub-
merges. In addition, individual ships vary consider-
ably from the average performance, cspecially in the
details of their sound output. The grapb in Figure 2A
shows some typical sound levels in a 1-cycle band
at 1 ke. )

80
70 /
80 Vi
DESTROYER
/ // 4

50
/ABMARINE AT PERISCOPE DEFTH

40/

DB ABGVE.0002 DYNES/CM® IN A
1GYGLE BAND AT 1KG AT 200 YARDS

30

3 4 & ? - 10 20 30
KNOTS

Fraurk 2A. Sound oulpul. of various ship targets.
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ECHO RANGING LISTENING

2. Sound transmission:

These sounds suffer & considerable loss in intensity in transmission through the water, a two-way trans-
mission in the casc of echo ranging, onc-way for listening. During a passage from ship to target or viee versa,
a certain Josy is suffered due to spreading, attenuation, and refraction. Caleulation of the transmission losy
in any particular situation is a complicated problem. In the absonco of refraction or reflection the intensity
in deeibels, I) ean be expressed as a function of range,

' I(r) = 1(1) — 20 loger — ar. (1)

The term (1) in equation (1) is the intensity at a distance of 1 yard from the source, 20 logr is the loss of
intensity due to geometrieal spreading of the sound (inverse square law), and ar is the loss due to absorption
of energy by the water, a is the attenuation in decibels per yard (assuming » to be expressed in yards). This
equation is strietly valid unly if there is no reflection or refraction of the sound beam. In many cases, however,
the effect of refraction can be represented by an increase in the value of a: assigning an “cffective attenuation
constant,” @ may then be regarded as un empirical constant which depends on the frequency of the sound
and temperature distribution in the ocean. The graph it Figure 2B gives values of the transmission loss,
as calealated by cquation (1) for some typical values of a, The effent of reflections from surface and bottom
is neglected. A complete mmlysns of sound transmission jwould take into-account reflegtion from various
typus of surface and bollom, and aiso fefraction by tomporature gradients whose offect cannot be repre-
sented by af cffective attenuation constant. Such an analysis is outside the scope of thls chapter, but can
be found in Volumes 6A, 7 and 8 of Division 6.
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If1eure 2B, Transmission loss from 1 yard,

CONFIDENTIAL



ooy o7 T

3 o I ST A T T NG ) ot e I S 10 e 410

78 SONAR DETECTION

ECHO RANGING LISTENING

3. Reflecting power of the turget:

When the sound beam strikes the target, the
amount reflected depends on the size and shape of
the target, the nature of the target material, and
also its orientation. The frequency and ping length
of the sound being reflected are also of importance.
These various factors determine the “target strength’”
which gives the intensity of the ceho (reduced to !
yard from the target) relative to the intensity of the
outgoing ping when it hits the target. For a sub-
marine, typical values would be

Bow aspcet 16 db
Beam aspeet 25 db
Stern‘aspect 8 db

4. Recciver characteristics:
" The factors above determine the signal which arrives at the recciver. The characteristics of the gear, how-
ever, have a great deal to do with the nature of the signal that is presented to the sonar operator. In general
the gear will have a sensitivity that depends on frequency and the dirdetion from which the sound is ap-

‘proaching. At any frequency the directionality of the gear is determined by the physical propertics of the

receiving microphone (transducer) and its mounting, Both the transducer and selective elements in the
receiver circuits come into play in determining the frequency response of the receiver.

Facrons INrLUENCING BACKGROUND LEVEL

1. Ambient noisc in the ocean:

Like the air which we inhabit, the ocean is not normally completely quict, but full of various noises, man-
made and natural. Chief among the man-made nojses is that due to the searching craft, which will be dis-
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T'raure 3. Ambient noise.
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DB IN A 1-CYCLE BAND

ECHO RANGING LISTENING

cussed Jater. The true ambient noise due to natural causes is also considerable, being generated primarily by
wuve action. The average frequency distribution of this noise for various sea states is shown in Figure 3.

Marine animals may nlso contribute to the ambient background. IFamous for such activities is the snapping
shrimp, & bed of which may produce a level of about 40 decibels above 0.0002 dyne per square centimeter
in a 1-cycle band above 6 ke.

2. Bolf-noise created by searching craft:

Since the receiving transducer is necessarily in elose proximity to the scarching craft, any noise gencrated
by it will be hesard as a cuntribution to background level. This sclf-noise may be caused by the propellers,
by moving machinery in the ship, or by the rush of water about the face of transducer or dome. In any case,
the sclf-noise incrcases rapidly with increasing speed (sce Figure 4). At low speeds, ambient water noise -
often overrides it, but at high ship speeds, self-noise is the important factor,

80
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Fraure 4. Background level for typical DD with dome.
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ECHO RANGING LISTENING

3. Reverberation:

The signal which is sent out by echo-ranging gear
is refleeted hy many objects in the ocean besides the
desired target. Irregularities of surface and hottom
are the most important refleetors, but there are slight
cchoes from the body of water itself. The totality of
these many false echoes is called reverberation. When
reverberation is severe it may override othor types
of background noise and be the chicf factor limiting
the sonar range. Bottom reverberation from a rough
or rocky bottom is the source of higheat reverbera-
tion level. Surface reverberation may also be con-
sidorable when the surface is rough and bubbly. Other
factors such as ping length, frequency, and modula-
tion also influence the reverberation level, as does the
type of sound transmission to be found in the ocean
at the time.

4. Characteristics of sonar:

The background levelipresented to the sonar operitor depends on the sensitivity of the sonar, its frequency
selectivity, and dircctiohality. Since the sources of background noisc do not in general have the same fre-
quency distribution or fhe same bear{ng as the target, the frequeney responae and directionality of the gear

- affeet background noisg and signal dlﬁerentlv this may cithér facilitate or hinder target rccognition, By

choosing the frequency response so that the signal from the target is at the frequency of maximum sensitivity
and training n dircetional type of gear so that its direction of maximum sensitivity is oriented toward the
target the range of detection enn he considerably inereased.

Facrors INFLUENCING RECOGNITION OF SIGNAL

For any given signal strength and buckground heard by the operator, there is o cortain probability that
he will recognize the signal. A very loud signal will surely he detected, a weak one has only a small chance.
The level of signal relative to background for which the probability is 50 per cent is called the recognition
differential. There are various means by which the signal is presented to the operator. In aural recognition
the sound is presented to his ear by phones or a loudspeaker. Somctimes visual schemes are involved in
which the signal is displayed as a spot on an ()S(‘IHO‘J(’O})L or on scnSItlzed paper. In any case the chief factors
influencing it are the following:

1. Type of signal:

Length of ping, for example, is important in aural
detection. A very short ping is not recognized as
readily by the ear as a longer one. For visual detee-
tion, as on an oseilloscope, this is no longer the casc.
Doppler frequeney shift is valuable in differentiating
aurally between signal and reverberation but is not
useful with visual data presentation. Both the type
of signal and the way it is presented to the operator
arc of importance.

1. Type of signal:

The signal to he detected by listening gear varies
widely in character from one target to the net. In
broad-band listening, characteristic sounds such as
propeller beats, gear whine, and machinery noises
can be recognized even when their level is much lower
than the background, and the recognition differential
depends on the extent to which such noises aid in
recognition. If the gear used for listening is sensitive
only to a narrow band of frequency, however, the
signal must be approximately equal to the back-
ground to be recognized,
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ECHO RANGING

2. Type of background:

As hus been indicated, the recognition differential
i diffcrent according as the background is reverbera-
tion or water noise. The doppler shift aids in dis-
criminating against reyerberation, sinee the ear can
deteet the difference in piteh. Water noise, however,
contains all frequencies, so that doppler is of no help.

LISTENING

2. Type of background:

The type of background may often influenee the
recognition differential. For instance, shrimp erackle,
which is mostly high frequency, would not be very
effective 2t masking low-frequency machinery sounds,
and listening to them would have an unusually
favorable differential with a background of that type.

"\'.

Typical requirements for recognition differential are:
a. With 0.1—sceond ping vs background in 1-ke
band: --7 db;
b. Vs reverberation, no doppler: +3 db;
¢. Vs reverberation 50 cycles doppler: —:# db.

3. Data presentation: ...

Gear in which the operutor actually hears the
signal normally have different recognition differen- -
tials from those in which a spot on an oscilloscope
or on chemical paper is the means of detoction.

4, Operator skill: 4. Operator skili: _
Aural ucuity and pitch perception enter into the In the recognition of typical sounds from the target
question of recognition differential. Training in dop-  theskillof thelistener plays a large part. He must know
pler recognition js of importance. Operator attentive- ~what he is listening for, 8 knowledge acquired only by
ness and fatigue arc undoubtedly significant in rou- - training. Hence the recognition differential depends a
tine search operations. great deal on the state of training and skill of the oper-
ator, IMatigue and inattention can undoubtedly mate-
. rially change, the differential.

e enemeration of factors having bo do.with the effectivencss of sonar scarch gear is by no means com-
plete. It is presented mercly as an indication of the type of factor which should ideally be taken into account.
If all these factors (and any others that are not mentioned) were accurately known ab any instant, then it
might be possible to decide preciscly whether a target in a given position would be detected. As pointed out
in Chapter 2, however, detection is never certain because of the human factor involved. We cannot tell

" whether detection will occur in a particular instanée without knowing the detailed processes going on in the

brain of ‘the sound operntor, and in addition we would have to be able to predict_the-acoustic behuvior of
the waves ahead of time, and to have already made extensive acoustic measurements on every target (usually
an enemy craft) that might be encountered and to know when scarching for it just which enemy craft
was being sought. In any practical situation we can only estimate the probability that the target would be
detected on the basis of the average values of various factors and their expected variation,

Mocthods for expressing the probability of detection in quantitative torms are given in Chapter 2. They
involve the nse of an instantancous detection probability cocfficient 4 to take care of the human variable
and the “short-term” fluctuations, viz., factors whose changes take place in a time that is short compared
with the time taken by the full search operation. Normally there arc also slowly varying factors that may, for
instance, vary from day to day but arc constant during the time of the operation. If these alone are of pre-
dowinant importance, so that the psychological and short-term effects can be ignored, it is convenient to
assume that thare is, in effect, a definite range at any time, and it is the distribution of these individual
definite ranges which gives the overall lateral range eurve. This is in accordance with Section 2.9 of Chapter 2.

In order to show how some of these factors enter into the picture, two examples will now be discussed in
gome detail. The first of these is the expendable radio sono buoy [KRSB], a nondireetional listening device,
the socond is the standurd directional ceho-ranging gear used by antisubmarine ships. Similar treatments
could be made and have been made for many other types of gear.

CONFIDENTIAL



nrr e g TR

amps e

-

e A e S s g T AL

T VR

82 SONAR DETECTION

83 EXPENDABLE RADIO SONO BUOY

The sonobuoy ig a nondirectional sonic listening de-
vice which is normally dropped from aircraft, floats
at rest on the surface, transmits the sounds heard
in the water to the planc via a radio link. Its use is to
enable the aireraft to obtain sound contact with a
submerged submarine. Because of its simplicity, it
is suitable as a first example to illustrate the problems
of sonar search, though it is not an altogether typical
example of sonar scarch gear.

There are two possible approaches to the problem
of determining the latera] range curve for this, or
any, form of detection. Either the eurve can be cal-
culated on an a priorl basis from estimates of the

. factors involved, or it can be determined from op- -
‘erational data. The latter is more reliable when

sufficient data have been gathered, but it is not always

- possible’ to-do this. Caleulations of the first sort are

always valuable in that they throw considerable light
on the importance of the variousfactors involved and
help in the interpretation of operational results. Tn
the following discussion a lateral range curve will be
obtained on an a priori basis, and will then be com-
pared with available operational data. -

The factors referred to in the previous section do-
termine the céhance of detection in any particular
case. It is thercfore necessary to assign valucs to

. them. The quantitics required are:

" P, = gound pressurc of source at distance 1 yard -

in the sonobuey band (0.1 to 10 ke);

4 = transmissioh loss in traveling from source to
songbuoy; according to cquation (1) this
transmission loss [I(1) — I(r)] is given by
20 logye v + ar;

"B, = background level received by sonobuoy,

' both water noisc and any sclf-noisc or cir-
cuit noise in the buoy itself (in same band
as used for Py);

Ay, = recognition differential, i.c., required signal
level with respect to background for delee-
tion to occur.

The target will just be detected (i.c., deteeted with a
50 per cent probahility), if (values in decibels):
Py—u=DB,+ 4,
2
or [J"—-"I’x'—]}[,—- AL-

If all thesc quantities were definitely known, this

equation would specify preciscly a range within which
the chance of detection excceds 50 per cent, being
considerably greater for most of this range. Approxi-
mately, then, it would define a definite maximum
range. Each of the quantities has a considerable
rango of variation, however, For instance, hack-
ground level is quite different for a sea of force 1 from
what it is with force 5. Hence the expected sonobuoy
rango depends on sca state. An overall lateral range
curve must give overall results, however, for those
seq states met in practice. Each of the other factors
will bo variable also. The chief causes of varlatlon in
them are

P, actual speed of submarine is unknown, and
. sound output at a given speed varies widely
from one submanne to the next;

By, background varies with sea state;

Ay, differential depends on the skill of the opera-
tor and the type of foise made by sub;

u(r) dcpends on sound cond;txons.

While these factors may change widely from one
case to the next, it 1.evident that in any particular
case they are more or less fixed, .There i&no major
cause of variation which would be expected to give
large changes during the time that the submarine
is near the sonobudy.-(The opposite case is truc for
echo ranging, when the echo level may fluctuate

‘broadly between successive pings.) For sonobuoys,_

however, we herc neglect the small short-term fluctu-

ations and the effect of “human fallibility,” and
treat each combination of the variables as defining a
definite range. On this basis we proceed to calculate
the rango for cach combination of values for the

-important factors and obtain a distribution of these

ranges corresponding to the assumed distribution for
these values. This can be done convenicntly if the
values of Py, By, and Ay, arc assumed to be normally

- disttibuted. I'rom available data, it is reasonable to

assume values as follows:

Standard
Mean  deviation
Py (decibels shove 0.0002 dyne per centi-
meter nt 1 yd in sonobuoy band) 128 b
Br (dceibeis above 0.0002 dyne per centi-
meter in sonobuoy) 70 4
AL decibels -8 4

There is also considerable possible variation in u(r).
This can be represented by using a spread of at-
tenuations, taking the attenuation equally likely to
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EXPENDABLE RADIO SONO BUOY 83

be anywhere between 0 and 3 db per kiloyard. Wo  between 1 and 4 knots and individual variations of
can combine the values of P, By, and Ay, to give about 4 db in sound output of individual submarines.
Bj, corresponds to a sea state of 214 with two-thirds

Pi= By — A =00 £ 8db. (3) of the msltjs falling hetween state 114 and 314, As far
Equation (3) can be solved graphically by a diagram  as the overall result goes, however, it does not matter
of the sort shown in Figure 5, just what the source of variation is so long as the net
The horizontal lines arc drawn 8o as to divide the result is a ¢ of 8 db. In order to show the effect of
vortical axis into regions of 10 per cent probability, changes in sca state, for example, similar calculations
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Froure 5. Graphical solution of equation 3.

and the transmission curves have the same property, would be made for a series of fised values of the sea
that in any particular ease there is one chanee in  state. This can be done for any factor whose in-
three of the desired point lying in cither of the three  fluence it is desired to study closely.
regions. These lines interseet forming cells, each of We will, however, pass to the sccond, or opera-
probability 1/30. If we assign to cach cell the range  tional, aspeet of the problem without going into
of its midpoint, we have a thooretical distribution of further detail. The theorclical ealculations are, in
ranges, and cerrespondingly & lateral range curve. actual fact, not purcly theoretizal, but arc based
The eurves in Figures 6 and 7 represent expected  largely on tests of the gear and experimental runs
overall results for a considerable range of submarine  under controlled conditions. Such tests must, of
speeds, sea states, and other factors, The value of  course, be made to give an idea of the operational
Py, for instanee, corresponds to a speed of about 3 performance of the gear and o firm basis for the-
knots, with about two-thirds of the cases falling oretical predictions of iis effectiveness. Tt is assumed
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84 SONAR DETECTION

that theory and test data will always be reconeiled
and put in agreement. The final check on the per-
formance of the gear lies in the results of actual op-
erations, This aspeet of the problem will now he
considered,

Data on operational sonobuoy ranges cannot he
obtained direetly. If the report of the sonobuoy con-
tact gives the buoy pattern, the period of time that
the submarine was heard on one buoy or several
buoys, and cvidence, such as propeller beats, of
submarine’s speed, then the detection range of the
sonobuoy cean be estimated. This has been done on
the basis of data reported in conneetion with air-
craft attacks on German U-boats, and on the basis
of these estimates the following distribution of con-
tact ranges was obtained.

40%

Range in Yards
G- 400
300~ 999
1000--1409
1500-1999
2000-2400
2500 -2000
3000 -3499
3500-3999

4000 nnd over

Number of Cases

WWTITRD DO oD

This i3 the actual distribution of ranges at which
contucls were made, and is consequently prejudiced
in favor of the longer ranges. If detection ranges of
500 to 5,000 yards were all equally likely, many more
5,000-yard contacts would be made than 500—about
ten times a8 many. Consequently, the distribution of
potential contact ranges is obtained hy dividing each
of the above figures by the range. This curve of po-
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tential contact ranges corresponds to the theerctical
curve for distribution of ranges, and is plotted below
in Tigure 8. A lateral range curve is also shown in
Figure 8. It is covident that the operational ranges
are, on the whole, better than those predicted on a
theoretical basis. There are a number of possible ex-
planations of this discrepancy. '

The most obvious cxplanation is to assume that
some of our estimntes of factors such as U-boat sound

range contacts were lost thin was assumed in ad-
justing the distribution of actual contacts to obtain
the “potential”’ range distribution. This would be
the case, for instance, if contacts were lost because
the submarine got past the sonobuoy while the ob-
server was listening to a different one. Since it takes
about 10 minutes, on the average, for a two-knot
U/B to pass through the detection cirele if the range
is 500 yards, the chance of missing a U/B that docs
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I'taure 9, Lateral range curves.

output have been too conscrvative. An increase of
four or five decibels in assumed mean U-boat sound
output would account for most of the observed dif-
ference. Similarly actual sen stutes may have aver-
aged somewhat lowar than was assumed, or the recog-
nition differential may have been mors favorable. It
is not possible to decide just what the cause is with-
out more detailed analysis or further information.

It may be, however, that the reason for the dis-
crepancy lies in our interpretation of the operational
data. Perhaps n larger number of potential short-

pass through the cirele should be small. On the whole
it sccms most reasonable to conclude that operational
results indicate that these theoretical values are
somcwhat too pessimistic, and they were, indeed,
intended to be rather conscrvative.

83 STANDARD ECHO-RANGING GEAR

Teho-ranging gear such as is used by antisubma-
rine ships is characterized by a slow intrinsic scarch
rute duc to its dircctionality and the slow speed of
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86 SONAR DETECTION

sound (compared with clectromagnetic waves). Only
a small segment of occan is searched by the gear in
any short time interval (say one second) (see Figure
10). Consequently there are only a small number of
glimpses at any particular target: the point of view
of glimpses, ns outlined in Chapter 2, Scetion 2.2
must be mnintained,

As was the case for sonobuoys, both a priori eal-
culations and operational results must be used, More
factors enter into the former, however, and the
process outlined in Chapter 2, Seetion 2.9 must be
applicd. First, we deal with a situation in which the
variable physical factors are fixed, i.e., the sound

- \

d }

Fraume 10. One-ping dingeram.
ping Ly

conditions, type of sound gear, orientation of sound
beam, ete., are unchanging. There are, however, cer-
tain factors which are bound to Huctuate, in par-
ticular the intensity of echo on a particular ping, the
intensity of background, and the operator's ability to
discriminate hetween echo and background. Ioven for
given values of the former conditions, these latter

fluctuations impart an uncertainty to the detection;
and it becombs necessary to consider the probability
of detection for the particular ping in question, the
“one-ping probability.” Sceond, these values for the
“one-ping probability” must be combined in ac-
cordance with Seetion 2.4 (in the existing state of the
scienee, the formal ealeulations heing, of neeessity,
replaced by graphical methods) te give the prob-
ability of detection by the particular scarch in ques-
tion, a “fixed conditions probability.” In this way
we ean geb, for example, o “fixed conditions lateral
range curve.” By doing this we assume that the
Jized conditions are indeed constant throughout the
scarch and the fluctuating conditions do, in fact,
fluctuate from ping to ping, so that the values for
cach ping may be chosen at random and indepen-
dently from a suitable distribution. Third, the “fixed
conditions probabilitics” which result must be aver-
aged over appropriate distributions of values for the
conditions to correspond to our knowledge of them.
If, for example, we desire to plot a lateral range
curve for a particular ship, certain ship speed, bathy-
thermograph pattern, sca state, but uncertasn U-boat
depth, speed, and operator alertness, we would pick
the proper values of the certain factors, average over
the assumed distributions of the uncertain ones, and
obtain & curve. An overall average curve for all ships
and conditions would require much more extensive av-
eraging, and surcly: would appear to be quite differont,.

We will now proceed to go through these steps for
a typical example; first the one-ping probability.

In this one-ping probability all conditions are re-
garded as fixed except for Huetuations in ccho, back-
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Friere 11, Dependence ol probability of deteetion of one ping on the sound level ahove baekground,
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STANDARD ECHO-RANGING GEAR 87

ground, and operator alertness, The effect of these
fluctuations can be represented by a curve (Figure
11) which gives the probability of recognizing the
fluctunting ccho as a function of its average level.
This average level is given on a scale relative to
the background. The zero on the seale is the ceho
level which would ideally be required for recognition
if no fluctuations oceurred. It is now nccessary to
caleulate the echo level with respect to background

as n function of target position in the sound beam.

The targot’s position in the sound beam may be
specified by two variables, range and relative bearing.
Range introduces a transmission loss us in Figure 2B,
and bearing o loss relative to the axis beeause of
dircetionality. As in Figure 5, various factors must be
taken into account to determine the admissible loss
which will just give recognition (i.e., with a 50 per
cent chance), fluctuation neglected, These factors are

P, transmitted signal strength at 1 yard;

Bp  background level heard in gear if reverbera-
tion is limiting; Bp is higher for short-range

) ochoes than long, Le., a function of range;

T average target strength;

Ap  ideal recognition differential for nonfluctu-
ating casc; )

u(r,B8) transmission loss relative to unit range on
the axis (sce Section 6.2),

330 0

r - ﬂ+’1‘=Bp+ Ap (4)
w=0"r+T-EBp-~ Ap.

Tt is necessary to assume values for these factors
in accordance with the specific case in question. For
simplicity, we will assume that the transmission loss
can be represented by inverse square law with 7 db
per kiloyard attenuation, as might be the case for o
target below the thermocline, Using this assumption
and the typieal directivity pattern of Figure 12,
we can draw in the curves for s as a function of r for
a number of values of 8.

The solid curves of Figure 13 arc drawn on this
basis. Values of (P, + T — Bp — Ap) must also be
plotted to give a graphical solution of equation (4).
Taking into account the probability of deteetion
eurve of Figure 11 we ean add or subtract suitable
values from (P, + 7 — Bp — Ap) to give the trans-
mission loss for 0 per cent, 20 per cent, 40 per cent,
+ + » probability of contact. Interscetions of these
dotted levels with the transmission loss curves give
the value of the probability of detection, i.c., the

~ anc-ping probability, for the various ranges and bear-

ings.

On the one-ping probability curves (Figure 14), all
curves have been terminated at a minimum range
of 800 yards. Since the submaring is thought to be
deep, the likelihood of contaet at ranges shorter than

AYIS
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Fraure 12, Directivity for typical projector.
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SONAR DETECTION

500 yards is not great. There is a smnll area in which
contact is theorctieally certain, but the greater part
of the beam has probabilitics of 0 per cent to 80
per cent. The assumptions upon which this one-ping
probability function is based are the following:

Py

Bp

DB TRANSMISSION LOSS FROM { YARD

180 db, corresponding very closcly to the

signal output of standard gear.

40 db in a 1-ke¢ band, heard in sound gear.
This takes into account the effect of dirce-
tionality in discriminating against noise back-
ground; it corresponds to typical sclf-noise
at a speed of about 15 knots. No reverbera-

tion is considered.

280

260

240

g20

200

180

160

140

120

100

T

Ap

16 db, a value which is typical of a submarine
except at beam incidence.

—7 db, the valuc obtained in laboratory tests
for recognition differential relative to noisc in
a 1-kc band.

Having obtained the onc-ping probability for the
conditions under eonsideration, we must now obtain

the corresponding lateral range curve. The method
of Chapler 2 applies in principle, bub cannot readily
be carried out exactly in terms of formulas in the
present case; it is nccessary to resort to graphical
methods of ealeulation. Suppose that the one-ping

probability function is represented by a group of
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90 SONAR DETECTION

dots, the density of dots being proportional to the
probabijlity. For example, in the diagram (Figure 15),
10 per eent of the srquares between 0 per eent and
20 per eent contours have dots in them, 30 per cent of
those between 20 per cent and 40 per cent, and so on,

We now decide on a planned sequence of pings,
i.e., starting with projeetor trained abeam and train-
ing forward 5 degrees between pings until the bow is

runge, we .can ohtain the lateral range curve. The
result for this ease is shown in Figure 17 at the same
seale as previous lateral range eurves. This accord-
ingly completes the sceond step in the required cal-
culations.

Before discussing the third phase of the echo-
ranging gear picture, it is worth while to point out
the practical applications of the “fixed conditions

SHIPS TRACK

s

0 500 1000 1800 - 2000 2800 3000

LATERAL RANGE IN YARDS

Fraver 16. Coverage dingram (for one eyele of plan),

“reached, and then slewing aft to the beam on the
other gide and pinging forward again- by 5 degree
steps. i If we assume that the one-ping probability
is n(i_t' changed by training the projector from one
bearing to the next, and assumed a relative velocity
for searcher and target, then we ean lay out sue-
cessive pings in target space (i.e., space fixed rela-
tively to the target). Target space is divided into 50
yard squares, and the event of a dot on the one-ping
probahility diagram filling in o squarc means that a
submatine in that square would be detected. This
process can he followed mechanically in the follow-
ing fashion. Transparent paper divided into 50-yard
squares is placed over the one-ping probability dia-
gram in position for the first ping. Each square in-
cluding a dot is blacked out. The diagram is moved
to position for the second ping, and the process re-
peated for all pings. This gives an arca (sce Figure
16) black near the center and white at long range,
the fraction of squares blacked out giving the prob-
ability of cateh at any region. Sueh a diagram will he
periodie if the pinging plan is regular, and by averag-
ing the probability over one period for a given lateral

lateral range curve' caleulations. In any tactical
situation some of the conditions are reasonably well
known, ship specd, sen state, bathythermograph

iooﬁﬁ_——_—f

50%

PROBABILTY OF DETECTION

[+}

o] 1000 2000 3000
LATERAL RANGE IN YARDS

I'taure 17. Laferal range curve (ealeulsted from one-
ping probability).

record, and so on. There are other conditions which
an be varied by the searching eraft, namely the
plan of search, i.c., keying interval used, limits of
sweep, number of degrees to turn hetween successive
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STANDARD ECHO-RANGING GEAR 91

pings, spacing between ships. By caleulating lateral
range curves for typical values of the tactical condi-
tions the best values of these controllable variables
can be determined for the various tactical situations.
In this way it can be shown, for instance, that the
sweep should not normally be restricted to a small
angle cither side of the bow, but should be started
at least as far aft as the beam, and should always

tire sweep from beam to bow us a single iglimpse”
with a fixed probability of detection.

When, however, operational results are to be com-
pared with theoretical predictions, it must be kept
in mind that the conditions are by no means fixed.
T'his distinction was discussed in Section 2.9. There
is & great variety in the aetual eonditions—the sonar
involved, the sound conditions, and submarine’s

=|h
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.
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(=}

14

8 50 =t N
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=2

4

0 1000 2000 3000 4000

LATERAL RANGE IN YARDS

Fraurg 18. Operational lateral runges for echo-ranging gew.

be made from aft forward rather than in the opposite
dircetion. Many ealeulations of this sart have been
made to determine the proper taetical use of ccho-
ranging gear in search, Detailed results of these enl-
culations are not of interest at present—the general
principle involved is thet the gear should be used so
as to give uniform coverage of the area without de-

veloping serious gaps, as must obviously be the case

from Chapter 3.

In many cases ealeulations have heen made using
rather rough approximations. The one-ping prob-
ahility function may he replaced by a simpler one
which is zero outside a certain contour and equal to
a constant (usunlly about 0.5) inside. This gives a
more abrupt lateral range curve than the more ace-
eurate caleulations, but most conelusions eoneerning
hest operation of the gear are not changed. An even
simpler approximation involves considering the en-

CONFIDI

depth, speed, and refleeting power. In prineiple, it
is necessary to caleulate lateral range curves for all
values of the many variable conditions, and then
average them appropriately. The labor involved in
such a ealeulation would, however, be completely
prohibitive. In addition, it would be nccessary to
know what distributions of all the important vari-
ables are met with in operations, and this informa-
tion ig not available. Consequently we will only pre-
sent the operational results for comparison with
Figure 17, and then determine what range of condi-
tions might give the observed results, and whether
this range does, indeed, oppear reasonable.

As o fair sample of operational data, 235 first con-
tacts by ccho ranging in the period 1 January 1943
£0 30 June 1944 ean be quoted. From these contacts
the number of contaets versus lateral range is plotted
in Figure 18.
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92 SONAR DETECTION

This curve indicates considerably shorter ranges
than that of our previous examplo which led to the
lateral range eurve of Pigure 17. In other words, the
eonditions which led to the one-ping probability
curve of Figure 14 were more favorable than most of
those met with in practice. The operational eurve of
lateral ranges is, however, of the general type that
would vesult from averaging » number of lateral

100%

ized to give the same probability at 1,000 yards. As
can be scen, this caleulated eurve is in cxeellent
agreement with the observed data. The agreement is
largely fortuitous and certainly does not imply any
essential correctness of the caleulated curves. It does,
nevertheless, indieate that the operational results are
in kecping with the physieal picture if, and only if, i
is assumed that short and medium sonur ranges pre-

PROBABILITY OF DETECTION

)

\_ N

o] loco . 2000 3000 4000
LATERAL RANGE IN YARDS

Fraurs 10. Hypothotical lateral range curves.

range curves like that obtained for fixed conditions.
. Figure 19 above shows a number of lateral range

curves of the same general type as Figure 17 which
have 50 per cent ranges of 500 yards, 1,500 yards,

and 2,500 yards. A combination of these curves in-
" the proportion 5:3:1 leads to a lateral range curve

of very much the same shape as that obtained from
operational results, In Figure 20 this theorctical
curve is compared with an operational eurve normal-

100%
&
5
k
& %%
E
per
g CALCULATED
& OPERATIONAL;
0 |

0 1000 2000 3000
LATERAL RAKGE IN YARDS

Fraure 20. Laternl range curves, overall avernge.

dominate in actual operations. The sweep width ob-
tained from these curves is 1,800 yards, which is
smaller than that -usually obtained from putely
theoretical considerations. This no doubt reflects
frequent unfuverable sound conditions, imperfect
maintenance of gear, reduced operator skill, and
similar factors more or less inevitable under operating
conditions.

04 PARALLEL SWEEPS

When a number of searching units are available,
they normally operate together so that their paths
in target space form parallel sweeps, For example, a
line of sonobuoys which the submarine crosses of-
fectively carry out parallel sweeps relatively to the
submarine; 8o do a group of ships sweeping in line
abreast. or such parallel sweeps, the lateral range
eurves of the individual units must be combined to
give an overall probability of detection curve. The
manner of doing this depends on the physical situa-
tion—whether the lateral range curve arises from
variable or fluctuating conditions, or hoth. This point
has been discussed in Seetion 2.9.
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PARALLEL SWEEPS 93

Consider two units making parallel sweeps, spaced
§ yards, with a submarine penctrating, somewhere
between them at point . Then the probability of
deteeting the submarine is given by

P() = p(2) + p(S — 2) — p(x) p(S — x) (5)

if the probabilitics of sighting are independent. Tn
some cases, however, the prohabilities are by no

SUB PATH

ing ships; consequently the probabilitics arc com-
bined in accordance with cquation (3). In actual fact,
conditions are rarcly truly “fixed”” hecause the depth

- of submarine, for instance, is not usually known.

Nevertheless, calculations made for fixed conditions
of typical values arc useful in deciding on proper
ship spacing. Tn doing this, the assured range is
normally employed. This is defined as follows:

Frauny 21, Detection probability for two parallel sweeps.

means independent. In the case of two scnobuoys,
for instance, the lateral range curve depends on' the
distribution of submarinc sound outputs. A sub-
marine that is noisy for sonobuoy at A is also nuisy
for n sonobuoy at B (sce Figure 21). To the extent
that variable conditions are in each case the same
for both scarchers, the two probabilities are alto-
gether dependent. Tn this cuse the combined prob-
ability at z is simply p(x) or p(S ~ z), whichever is
larger.

For echo-ranging search under fixed general condi-
tions, the lateral range curve arises from rapid fluctu-
ations in the residual uncontrollable conditions, thus
resulting in independent probabilitics for the search-

Consider the mazimum range obtained by standard
range prediction methods at a given depth; then take
the mindmwm such range as the depth is varied,
passing through possible depths, ic., the maximum

range at the most unfavorable depth: this is defined =

as the assured range. Accordingly, ship spacings
based on this range will he rather tight and con-
servative, The lateral range curve of Tigure 17 cor-
responds to an assured range of 4,000 yards. The
derived curves in Figure 22 show the combined prob-
ability function for two ships with various ship spac-
ings. :

These curves can be interpreted in a number of
ways. If the submarine can always choose the best

PROBABILITY
OF DETECTION

SPAGING = 1% X ASSURED RANGE ~ |

SPACING = 2 X ABSURED RANGE )

~SPAGING 2 1 /) x ASSURED RANGE

~~SPAGING =2 ¥ X ASSURED RANGE

3000 2000 1000
RANGE IN YARDS

MIDPOINT
BETWEEN SHIPS

1000 2000 3000
RANGE IN YARDS

Fraure 22. Probability versus lateral range for a pair of ships with various spacings.
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94 SONAR DETECTION

point to try to sneak through, then it is the minimum
value of these curves that counts, i.c., measures the
tightness of the sereen, If, on the other hand, he
passes between more or less at random, then it is
the average value which is important, If the number
of ships is small, the submatine can often evade them
by steering to the side at high speed and passing
around the end. This type of evasion ix neutralized
to some extent by placing o group of ships in line
abreast, the resulting {ront being too broad for the
submarine to end-run readily. Increased ship spacing
gives a broader front at the expense of holes between
the ships.

From the curves in Figure 23 it is apparent that
o ship spacing of 114 times the assured range is‘ very

T'rom a practical point of view anothor factor
should be considered. The operational data indieate
that rather short ranges predominate in actual spera-
tions, and hence that the theoretically predicted “as-
sured range” may be somewhat eptimistic. On this
hasig the rather conservative ship spacing of 114 to
134 times the assured range may he altogether justi-
fied.

tvidently the choiee of ship spacing for a screen
will be different from that for & scarch (or hunt). The
former is defensiv:, and its primary measure of
effectivencess is its ability to intercept submarines
which are attempting to penctrate to the proximity
of the sereened units, The latter is oifensive, and its
measure of effeetiveness is the expected number of

SHIP SPACING IN TERMS OF ASSURED RANGE

100% ] ‘
g AVERAGE
E
- % 50%
> MINIMUM
=
g
w
[- %
o}
0 . 1 2 '3 4

Fraune 23, Probability of delection as a funetion of ship spacing,

tight, and spacings over 2 times have rather danger-
ous holes. A complete analysis of the question of
optimum ship spacing would involve the size of area
to he searched, the submarine’s ubility to end-run
and choose weak points in the sereen, and the quan-
titics presented in the curves, As a rough rule of
thumb, n spacing of 134 times the assured sound
range is now specified in doetrine for searches in line
abreast, 114 times (when possible) for sereens,

submarine contacts which it produces. In view of the
overlapping effeet of close spacing, this expected
number will be reduced, whereas the tightness of
the sercen will he increased when spacing is close.
Thus screens will normally employ tighter spacing
than hunts. The end-run prevention eited above is a
further argument for wider spacing in the case of
hunts than in that of sereens. This whole question
will be entered into in great detail in Chapter 8,
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Chapter 7
THE SEARCH FOR TARGETS IN TRANSIT

The General Question

IN PLANNING A SEARCIH, the nature of the targoet is
usually known, and its general position may he
more or less known as a matter of probahility (as in
the problems of Chapter 3); but unless a fairly defi-
nite estimate of its motion can be made, the plan of
search will have to be designed so as to be effeetive
against a target having any one of many different
sorts of motion, rather than being particularly of-
feetive against targets of some one spoeinl kind of
motion and less so against others which are recog-
nized as irrelovant to the tactieal problem in hand.
The emphasis of this chapter is on the latter sitha-
tion, which arises when both the <ntent and the cap-
abilities of the target are known, To know the intent
of the target is to know where it is going: through
what part of the occan it passes, from what geo-
graphical loeality it comes, to what place it is going,
ote. And to know the target's eapabilities is to have
a reasonably good estimate of its speed u, ns well as
its endurance, cte, An essential part of such informa-
tion can be put mathematically as follows: The tar-
get's veetor veloeity u is known at the different parts
of the ocean where it is expedient to conduct the
search. And sinee the main objoetive is to prevent
the target’s undetected accomplisliment of its in-
tention, success will be achieved even if the target
is not detected but is foreed to abandon its ohjeetive
in order to avoid detection,

Attention will be contined in this éhapter to the
case where the deteetability of the target does not
change with the time, at least during long periods;
thus in the case of visual or radar detection, surfuee
craft (including surfaced submarines) are alone con-
sidered; while in the ease of sonar deteetion, the
submarine target is regarded as constantly sub-
merged. This avoids the great complication which
would oceur, for example, in the case of a submarine
whose tacties of submergence and emergence are not
known and, since they may depend on the tacties of
search, could only be evaluated by some form of
“minimax" reasoning. Thus “gambits” are not con-
sidered herein,

Three cases are of great importancee in naval war-
fare and will be studied in the three parts of this

chapter. [n the first, the target’s intention is to
traverse a fairly straight channel (which may be a
wide portion of the oeean); the veetor velocities at
all points are parallel and cqual (a “translational
veetor field”); the search is called a barrier patrol.
In the sccond case, the target is proceeding from a
known point of the occan (c.g., a point of fix, an
island, or a harhor); the veetor velocities are equal
in length but are all directed away from this point
(a “contrifugal radial vector field””); (o this class of
scarch helongs the trapping square and the retiring
search -when the approximate time of departure is
known, and closed barriers, ote., in other eases, Tn the
third case, the target’s intention is to reach a definite
point (c.g., the seat of o landing operation, an island
needing supplies, o harbar); the veetor veloeities are
cqual in length but direeted inward toward this point
(a“contripetal radial veetor field") ; ngain the method
of countering this intention may be the closed barrier.
There are of course various cases closely allied to

" the three just mentioned, sueh as the antisubmarine

or antishipping hunts conducted by carrier aircraft
as the carrier sweeps through the oeean. But when
the principles of this chapter are understood, the de-
sign and evaluation of such plans offer little difficulty.

In the case where the target intends to reach a
point moving on the ocean (u ship, convoy, or task
foree), the veetor field is of an entirely different char-
acter; the form of search used is then called a sereen.,
It forms the subjeet of Chapters 8 and 9,

Throughout the present chapter, the effect of tar-
ged aspeet on detection is disregarded. In the case
of radar detection, for example, the possibility may
exist of securing a somewhat higher chance of de-
teetion of targets of cortain restricted velocity classes
by using specially sclected tracks; but the greatly
added complication does not appear to warrant their
consideration here,

-t

BARRIER PATROLS
U Construction of the Grossover Patrol
Under o wide variety ol circumstances, the prob-

lem of deteeting targets in transit through a channel
hy means of an observer whose speed v considerably
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96 THE SEARCH FOR TARGETS 1IN TRANSIT

exceeds the speed w of the target (e.g., an airborne
observer and ship target) ean be simplified $o the
following mathematical statement. Given o channel
bounded by two parallel lines £, miles apart (the
fine vertical lines of Figure 1) and given targets mov-
ing through this channel and parallel to it at the
fixed speed u (downward in Tigure 1); how shall ob-
gervers fly from one side of the channel to the other
and back, ote., in order to be most effeetive in de-
teeting the targets? 1t is usunlly necessary to attach
the flights to a fixed reference point O from which
they start or take their direction. Thus O may be
n conveniently recognizable point at or near the
narrowest part of the actual channel (which will in
general correspond only approximately to-the mathe-
matically simplified parallel ¢channel shown in Figure
1), O mny he a harbor or air base, ebe. It is convenient

TARGET
VELOGITY

L

00, + 0,0,% W
AA s 00 n W
AB % CO % M4

I"x(}mma 1. The crossover barrier patrol designed to bo
tight.

to draw the line 00’ (dotted in Figure 1) across and
perpendicular to the channel, 2 purely mathematical
referenco line called the barrier line.

The reasoning leading to the construction of a
barrier patrol was bascd, historically, on the definite
range law of detection (see Scetion 2.2; search width
W = 2R). Since it lcads in a natural manner to n
form of patrol (the crossover barrier patrol) which
turns out to be the optimum form from the point of
view of any not-too-asymmetrical law of detection,
it will be followed in detail in this scetion, while its
more realistic evaluation will be considered in Sce-
tion 7.1.2,

Tor convenicnee of wording, the target will be
referred o as a ship and the observer as an aireraft.
While this corresponds to the most important case,
others will be considered later, The same mathe-
matical ideas apply in all cases,

Consider those targets which at the initial epoch
(t = 0) arc on the barrier line O0’. An observer
starting from O when t = 0 and wishing to fly over
these targets will not suceced in doing so if he flics
along 00, exeept in the exeluded ease of targets at
rest (¢ = 0), Ho will have to fly along OA, where the
angle O0'CA = a, called the lead angle, is determined
by the requircment that the observer reach each
point on A3 at the same time that the target which
was initially on the point of Q0' dircctly above it
reaches that same point, i.e, sin o = u/y,

a = gin! Z . )

When the observer flies along OA, he detects not
only the targets initially on O0’, but, in virtue of the
definite range assumption, ull those within a distance
of W/2 miles on cither side of 007: the band of width
W centered on 0Q' (Figure 1) is swept clean; ic,
all the targets which may have heen in this band
when ¢ = 0 arce detected.

The observer now wishes to deteet, on his refurn
flight, all those targets which were, when t = 0, in
a second band.of width W adjoining the first one and
directly above it. This band is centered on the line
0,0'; of Figure 1, where 00, = 0’0’y = W. The ob-
server reaches 4 when

04 L L

t=—-—-—-=.—.-_._...,.._-_

v wvecosa VIE— @

At this cpoch, a target initially at 0y, W miles above
O',will have moved down to a point, A,, but continue
to be W miles above the voint A which the target
initially at O’ will have reached by this time; 44, =
W. This is beecause if one target is W miles behind
another, and if they both have the same speed and
course, it will always be W miles behind. Obviously
if the observer were to fly directly back to the left
bank of the channel, he would not fly over the 0/
target (now at A,), and hence not accomplish his
purpose of sweeping the 0107, band of targets. To do
this, he must fly up the right bank, until he meets
this Oy target at a point denoted by B and de-
termined by the condition that the time taken for
the observer to fly from A to B equals the time taken
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for the target to go from A, to B,i.c., AB/v = AiB/u.
This equation together with the fact that AB 4+
A B = W determines the length of upsiweep M = AR,
solving these cquations we find

_ _.”, y \
M= @)

This flight takes M/v = W/(» + «) hours, so that
the observer is at B when

L W

t= e .
AV — 2 v+ U

At this epoch, the targets, which when t = 0 oc-
eupied the 0,0, band, will be in a band of width W
centered on the line (not shown in Figure 1) through
B perpondicular to the ehannel. From then on the
gituation is precisely similar to what it was initially:
the observer will sweep this band clean if he flics back
to the point C of the left bank, where the lead nngle
of BC has the same value a as before. And having
arrived at €, he must make the upsweep CD = M
if he is to deteet on his third crossing the targets
which whon ¢ = 0 were in o third W width band

adjacent to and above the 0,07y, i.c., the band cen-

tered on 0y0'y, Figure 1.

The time taken by the target to fly the basic
element OABCD is denoted by Th; the time computa-
tions of the preeeding paragraph show that

.
; 2L 2W ) _ 3)
Vit — v+ u

Ty =

There is another interval of time which it is uscful
to consider: the time T, which o target takes in
moving from O; to 0. Since 00; = 2V we have
7, = 2. )
W

Tigure 2 illustrates the three possible cnses. They
are as follows:

Figure 2A. D i8 below O; then Ty is less than T
(since the 0y target and the observer reach D simul-
tancously), and the first crossover point X is to the
right of the center of the ehannel (the seeond, to the
left, cte.); the flights if continued by the same aireraft
would take place farther and farther down the chan-
nel and thus lead to a retreating element barrier. This
is the case for which Figure 1 has been drawn,

Tigure 2B. 1) coineides with O; then Ty = T,
and the point X is at the center of the channe] and

bisects OA and BC; the flights f continued by the
same aireraft would repeat themselves exactly; the
path OABCD = OABCO would be flown over and
over again, and thus the barrier would remain sta-
tionary; this is called the symmetric crossover barrier
patrol, or, if onc will, the stationury element barrier.

igure 2C. D is above O; then 1Y is greater than
T, and the first crossover point X is to the left of
the eenter of the channel or, in extreme cases, may
not occur at all (the second, to the right, cte.); the
flights 1 continued by the same aircrafi would take
place farther and farther up the channel and thus
lead to an advancing elemsnt barrier,

It is to be emphasized that all three barriers may
be flown as stationary barriers by the device of re-
peating the olements by having sucecssive aircraft

A THE RETREATING ELEMENT BARRIER

B THE SYMMETRIC BARRIER

DO» ___-—-VB
c>—;<
A

C THE ADVANCE ELEMENT BARRIER
Fraugk 2. The three cases of crossover barrier patrol.

start from O at cpochs of 7, after one ancther:
While the clements themselves may retreat or ad-
vance, the geographical position of the flights, and
hence of the barrier as a whole, remains stationary,
This will he illustrated by later examples,

The advaneing barrier represents a situation in
which more than enough flying is available (assum-
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98 THE SEARCH FOR TARGETS IN TRANSIT

ing the single aireraft’s enduranee sufficient for the
repeated flights) to produce the required coverage.
Advantage can be taken of this circumstance to fly
only during the favorable hours of the twenty-four,
in daylight, if the greatest chance of deteetion or
certainty of recognition is the main desideratum, at
night with radar, if the element of surprise is more
important; ecte. For after advaneing the barrier
sufficiently during the favorable period, flights can
be discontinued and the unawept walers (target posi-
tions) ean be allowed to come down until their lower
boundary reashes 00’ (Figure 1), whereupon the
flights are recommenced. To find the time of no pa-
trolling, one can reason as follows: If onc basic cle-
ment 04 BCD is Hown, but not a second, the central
axia of the first unswept strip (the 0Y)'y; strip of
¢ = 0) will require the further time 7, ~~ 7 to reach
00'; if N basic clements are flown, the further time
N(T, = Th) to reach O. However, if the last upsweep
is not flown, it will = mire M/v = W/(» 4+ u) more
time, since the aireraft.completes its patrol flights
that much carlier, Henee the interval of time (after
the aireraft reaches the left bank for the last time)
during which no patrol flights (as distinguished from
the roturn flight to base) need be flown is N(T, — T)
+ W/ + 1). With the aid of (3) and (4) we obtain

the expression.

No patrolling period =
I o
N w(v + u) Vi =@ ] (5)

The symmetric harrier represents a situation in
which the continued flying of the singie aireraft is
exactly enough to ensure the required coverage. Tt
has a great advantage of simplicity over the asym-
metrical cases; and the measures deseribed later for
making it applicable are frequently taken.

The retreating barrier represents o situation in
which o single aireraft, even if ita endurance would
permit it to fly a large numbor of hasie clements, is
insufficient to maintain the required coverage, since
the unswept arca invades positions farther and farthes
down the ¢hanncl. Under these conditions its flight
has to be supplemented hy that of other aireraft.
One obvious way of doing this is to have a seeond
aireraft leave 0 at the time when the target initially
at Os veaches () ie, when t = Ty —= 21/, This will
he Tw — Ty hours before the first aireraft reaches 1,
and still longer before it returns to the base 0 The
socond aireraft flies OABC, ote. But a hetter plan is

to have n aiveraft fly simuitancougly abreast in a
line perpendicular to their course and at the distance
Y apart. This has thie effeet of inereasing the search
width to the value B’ = nW’, and thus, if » is suffi-
ciently great, leads from a retrealing element, barrier
to a symmetrie or an advaneing one. Let us assume
that with one aireraft 7, < Ta, ie., the barrier
clement is retreating. What is the least number »n
of aireraft flying ae deseribed whieh will give rise to
a nonretreating one? ‘I'he answer is found by im-
posing the condition T, = T, and replacing Ty and
T, by their expressions in (3) and (4) in which W
has been replaced by W' = nW. We have

20 2L 2nW
S > vt y
u C ARl + v+ u

which is transformed algebraically so as to give the
condition

n ; Z;! I_).:t.._. . 7 (6)

W No—u

Since ais an.integer, it is taken as the-lowest integer
greater than or equal to the expression on the right,
which is in general not an integer. Thus the number.
of aireraft is proportional to the width of channel
and inversely proportional to the search width; and
when » is 8o much greater than u that the radical
can be regarded as unity, it is proportional to the
target's speed and inversely proportional to the ob-
server’s speed,

It is remarked that when the width of channel L
is not. overwhelmingly greater than the search width
W, an attempt is sometimes made to base the cross-
over patrol not on the Loundary lines of the channel
ag in Figure 1 but on tvo lines parallel to thein and
at a distance ¥/2 to the right of the left-hand
houndary and W/2 to the left of the right-hand
boundary, rvespeetively. But all the discussion and
formulas previously given apply to this case, pro-
vided L is replaced throughout by L/ = L — W
Thus (6) becomes

.,>(_]1_1>,’!' vt
=AW vt Vo —u

And we derive all the formulas needed to consider
the altered channel case together with the case of »
aireralt abreast, simply by replacing 3" by ol and
L by [ — W in formulas (2) and (5). Thus, the
length of upsweep formula (2) hecomes

=
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and the conditions

¥

M

=

v+ U

nW,

{or eases of Figures 24,
take on the

are th)lt ”1( < ’1‘\\, ’pl = ’1‘0, or T( > Tu
forms

\ v Lo W
' . \/ @ -t v+ u
a aw o Lo W
. " i — p+

nW . - W W
I3 LSS N T ———
i = v+

2B, or 20
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We have seen in Figure 1 how the bands swepb
clean according to the definite TAREC law oxactly
cover the channel without overlapping or holes. That
a pian of paradlel flights, which, being intuitively
simpler, might be ried instead of crossover flights,
produces overlapping and holes and thus a loss both
of officiency and effectivencss, is illustrated in Figures
3A, a8, 3¢, 3P, and 31 The geometric ohject
lesson contained i these figures Was of historical
decisiveness in an important operation of World
War 1I. Here the problom was {o set up & barrier
offective against & 24-hour Tun At about 12 knots
of cnemy blockade runners in a known direction.

ENEMY'S

COURSE

INTHE Y

4A. Ineffectived

apeed of plane

150 knots

apoed of ship 11.7-12 knats

plane

wess of pnru\\vl

relinble deteetion range 45 miles

line pulmllud 600 miles

epurntion 70 miles (2 planes)

search courses 14 prrier (leps sop\\ml(‘d hy twiee detection range),
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100 THIE SEARCH FOR TARGETS IN TRANSIT
ENEMY'S
COURSE

apeed of plane 150 knots reliable detection range 35 miles
speed of ship 11.7-12 knots line patrolled 600 miles
plane separation 5214 miles (3 planes)

Fravne 3B. Ineffectiveness of parallel source courses as barrier (legs separated 1.6 Limes-detection range),. -

ENEMY'S
COURSE

—d
speed of plane 150 knots reliable detection range 35 miles
apeed of ship 11,7412 knots line patrolied 600 miley

plare separation 5214 miles (3 planes)

Fraume 3C, Ineflectiveness of purallel seareh courses as burrier {direetion of thght. reversed),
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ENEMY'S
COURSE

@ TO BASE

apeed of plane 160 kuots roligble deteetion range 35 miles
apeed of ship 11.7-12 knots line patrolled once daily 600 miles

Traunn 3D, Barrier patrol without holes.

- ENEMY'S
COURSE

gpeed of plane 150 knots reliable detection range 35 miles
specd of ship 11.7-12 knots line patrvolled once daily 600 miles

Fraves 415, Preferred type of barrier patrol,
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102 , THE SEARGH FOR TARGETS IN TRANSIT

™3 Crossover Barricrs with Any Law
of Detection

The assumption of a definite range law of detee-
tion, while affording a convenient basis for the con-
struction of barrier patrols, leads to one fallacious
conclusion, namely, that if designed as in Section7.1.1
it is absolutely tight, providing a 100 per cent chance
of detecting the target; and, on the other hand, if it
is designed with s slight overestimation of the scarch
width W, it has holes, This in turn may lead to the
practically disadvantageous proeedure of exerting
great effort to basing the barrier on a preconceived
value of W, believing that nothing short of this
tightness is adequate, while at the same time hav-
ing a false sense of sceurity when this ideal is
achicved. The matter at issue is, in other words, just
what it was in Chapter 2, when the importance of
considering various more realistic laws of detection
was stressed. The fact is that no barrier is 100 per

" cent tight, whereas one falling far short of the idoeal
- of the cleanly swept adjacent strips of Section 7.1.1

may have very real value; it may provide a very
useful probability of detection. Thus if a barrier de-
teets on the average even one-quarter of all targets,
it will make it a very dangerous and costly procedure
for the enemy to send his shipping through the
channel.

In order to apply the machinery of Chapter 2 to
these barrier patrols, we shall consider how the flights
of Seetion 7.1.1 appear in space relative to the targets,
i.c., in o horizontal plane moving down the clinnnel
with the speed u, “u-moving space,” as we shall say
for brevity. In such a space, all the targets are fixed.
Thus the lines of targets 00/, 0,0°, Oy0);, cte., are
gtationary horizontsl lines, maintaining for all values
of ¢ their positions as shown in Ifigure 1 for ¢ = 0.
And since, as we have seen, an observer flying the
hasic clement OABCD of the plan passes directly
over the 00’ and /10, targets in the order of these
letters, as well as up segments of the boundaries of
the channel in passing from the O target to the 0/
target, and from she O target to the Oy target, the
basic element flight will be along the path OO0 0,(0)
of w-moving space, as shown in Figure 4. And as
long as the erossover patrol is flown, more and more
of the horizontal lines and their conneeting segments
of Figure 4 will he traversed.

But this iz simply the case of deteetion of a
randomly placed stationary target by means of
narallel sweeps, the problem considered in Secetion

2.7. The fact that the distance between parallel
tracks comes out as W in Iigure 4 is merely a con-
sequenee of the assumption of the definite range lnw
muade in Section 7.1.1 shove, along with the desire of
making the barrier 100 per cent tight. The point to
he emphasized is that the erossover barrier pairol gives
the best distribution of flights—wniformly spaced par-
allel siweeps; this is why, in spite of rejecting one part
of the assumptions upon which its design was based
(definite range law), the form of patrel is still re-
garded as optimum, But in the interest of flexibility,
to provide coverage by parallel sweeps when a sweep
spacing of § = W cannot be used, one must get
awny from this particular value of S.

Let the sweep spacing 8 be an arbitraiily chosen con-
stant, one chosen without necessary relation to Wor
any other parameter of vistbility. Is it possible to

o, — — %
¢ - - oy
. b °I

Framme 4. The barrier flights relative to the targets (u-
moving spaco).

fly in such a way that the observer’s path in u-
moving space be of the form shown in Figure 4, but
with

OO’[ == 0’|0'3
00’ =+ + . = 8§,

Q)

and how are the flights to be described in the geo-
graphieal space of Figure 1?

The answer is simple: Fly the same crossover paths
a8 in Seetion 7.1.1, only with W replaced throughout
hy S. For the relation between the geographieal and
the relative paths depends in no wise on the faet that
8 in Seetion 7.1.1 had the value 1. The horizontal
bands centered on 00', 0,00, cte., are now of width
S, and merely lose their meaning of “regions swept,
clean.” Moreover, all the formulas of Seetion 7.1.1 ap-
ply to the presené ease, provided W is replaced
throughout by 8. For convenience we shall write
them down in the new (general) form here.

001 = 0105 ] Og(); = o0

h
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Length of upsweep for one and for »n observers
abreast spaced S miles apart,

td

M = - -8 (onecobserver)

Iy + n (8)
v y s R -
M = o nS  {n observers abroast),
Time of flight of one hasic element,
T, = 7:22__ 25 (one ohserver)
Vi —ul o rtu ©)
2[1 2)IS
Ty = _ - (n observers abreast).
T VeS@  stu ( )

Time taken for first target (on left bank) not flown
over in the flight of the first basic element but which
will be the lowest one flown vver in the second basic
clement to reach O: '

T, = 2;;; {one nhs;_*.rvnr)

(10)

(n obscrvers abreast).

Time of no patrolling after N basic elements (the
Inst one without upsweep) are lown by n observers
abreast, from the end of the Hights until the patrol
flights must be resumed in order to maintain the
uniform coverage of sweep spacing S in w-moving
space: ‘

No patrolling pariod

2unS 2/,
=N -
I:u. w4 Vo= u"] +

I'his assumes an advancing barrier, and no account
is taken of the time for the aireraft to return to base,

As was seen in Scetion 7.1.1 the barrier elethient
will be of the (A) retreating, (13) stationary (sym-
metrical), or (C) advancing types, according as
T, < Toy T = T, or Ty > Ty respectively, Using
equations (9) and (10) and transforming the results
algebraically, the following criteria are derived in the
cage of n aireraft flying in line abreast at spacing S.

vu

——
. S L
Writing k = \/” T
the condition for :
A. Retreating barrieris n < k 511—;
N
. . . Il 0w
B. Stationary barricris n = k G (12)
N
. . . I/ "
C. Advancing barrieris n > £ Ty
b

The method of evaluating the probability P(S) of
deteeting o particular target attempting to cross the
harrier is given in Seetion 2.7, equation (43) in par-
ticular. Figure 12 of Chapter 2 shows the relation
hetween this probability and S (although the abseissa
is the sweep density ‘“‘n” = 1/8) in typical cases. If
in particular an inverse cube law of sighting is as-
sumed, P(S) is given by formula (47) of Chapter 2

P(S) = erf (0.954 —g), (13)
E being the cffective vigibility. In general, P(3) has
to be derived hy approximate formulas or graphieal
methods, in conncetion with the material set forth
in Chapters 4, 5, and 6,

It may be remarked that if the target's speed u
has been overestimated, the barrier flights will ap-
pear relatively to the target not as the horizontal
liries of Figure 3 but as two sets of parallel lines, one
sct, corresponding to flights from the left bank to
the right, being tipped slightly down to the right,

- the other set, corresponding to flights in the revérse

dircetion, tipped down to the left. Also, all upsweep
legs will be a trific shortened. And thus the flights,-
while not giving as regular a picture relative to the -
target, will give one of more crowded paths, and

‘henee the chance of detection will be dncreased. It

will, however, not be as great us it would have bieen
had the sedrcher planned his flights for the correct
value of .

If the target is moving obliquely down the chan-
nel, instead of exactly parallel to the banks as we
have been assuming, the effective value of its speed
as far as the tightness of the barrier is concerned is
its downward component. This again tends to re-
duee the effective speed, with the result noted above,

There are, generally speaking, two methods of ap-
plying the results derived here. First, the probability
P(8), i.c., the tightness of the barrier, can be given;
required the number of aireraft needed to maintain
a patrol of a given sort (c.g., o symmetric one), the
corresponding length of upsweep M (which deter-
mines the basic clement), ete. Second, given the num-
ber of aireraft antd type of patrol, find the probability
of detection. In the first case, S is derived from P(S)
by an equation like (13), nis determined by (12), ¢.g.,
(1B) or (C), then 47 is ealeulatcd from (8). In the
seeond case, S is determined from (12), and then M
and P(N) from (8) and an equation like (13). But there
are various mixed eases; the situation is illustrated
in Seetion 7.1.3.
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We, are now in a position to solve the problem,
foreshadowed in Scection 7.1.1, of the use of an ad-
vaneing element barricr to avoid 24-hour flights. Sup-
pose that for A hours out of the 24 it is expedient to
fly the patrol, whereas during B hours it is inex-
pedient; 3 might be the hours of darkness in cases
where mueh dependence is placed on visual detece-
tion or recognition; A + B = 24, Let us try to de-
termine the number 7 of aireraft patrolling abreast
and the number N of circuits they must patrol to-
gether so that coverage at the sweep spacing S in
u-moving spaco be maintained constantly. For any
given N and n, the time of no patrolling is given by
(11), while the total patrolling time is NTy — M /v
(the —AM/v term, becmise the last upsweep is

omitted). The sum of these two periods of time

must cqual 24 hours; using (8), (9), and (11), one
finds that

N = 12 (14
nN 5 » 14

Now since the pbrmissiblo no-patrolling time must
be at least as great ar B, (11) leads to the inequality

2mS- . 2l nS
V[ - vl e 0

By multiplying this through by N(» + %), introdue-
ing the quantity & of (12), and replacing nN by its
value given. in (14}, one derives the quadratic in-
equality

2LkN? — (Ap — Bu)N — 120 20,

which (on completing the square, cte.) is readily
shown to be cquivalent to the following:

NS | A = Bt/ G = B TSGR |10
It is noticed that this incquality does not involve 8.
And now we have the conditions (14) and (16) in all
respeets aquivalent to (14) and (15) (one sct is o
necessary and sufficient condition for the other):
Thus (14) and (18) are the neecessary and sufficient
conditions which N and n must satisfy to be solu-
tiong of the problem. They do not, however, fully
determine N and n, The method for doing this is
as follows: First, choose for N the largest integer
satisfying (16). Second, choose a value for S which
on the one hand makes 12u/NS an integer, and on
the other hand gives an acceptably high value to

P(8) |by the use of (13)]. This last involves some
trial and crror; morcover, a value of 8 which has
these properties may turn out to impose too great
force retjuirements, and so one may have to be satis-
fied with a somewhat lower probability P{8), i.c., use
o larger S. When the value of S hag finally been
chosen, (14) gives n as a positive integer, and the
problem ix solved. Tt will be illustrated in Scetion
7.1.3. -

R_E Practical Applications

The following examples arc illustrative:

1. Tt is desired to close a 600-mile channel by a
barrier giving a 90 per cent chance of detection. The
speeds are v = 130 knots and u = 12 knots. The
effective visibility is 20 miles, and equatipn (13) is
assumed.” How many aircraft are neednd in order to

. have a symmetric clement barrier, ghd how should

“the flights be specified? PR
Using (13), orf(0.954 X 20/.'&) = 0.9, and it is
found from a table of error functions that erf(1.163)
= 0.9, hence 0.954 X 20/8 = 1.163, so that § = 16.4,

‘Since the inequality (A) of (12) must not hold, the -

number z of aireraft must be the smallest integer,
not less than

Lu \/ITT{-_TJ- -
Se» Ve —u

600 X 12 [142 _
16.4 X 130 V118

3.7,

in other words, four aircraft are necessary. But with
four aireraft, ease (C) of (12) is in cffect, not case (B):

- The barrier advances up the channel. To have a

stationary one, the four aireraft may fly closer to-
gether than S, by an amount determined by solving
the equation _
600 X 12 [142

1308 18’

i.c., equation (12), case (B). We obtain § = 15.15
miles. With this reduced spacing, the barrier gains
in tightness; in fact the probability found from (13)
now beecomes a 92.5 per cent chance—all to the good.
The length of upsweep given by (8) is M = 55.5
miles. Finally, the lead angle given by (1) isa = 5° 18",
These quantitics determiné the fundamental ele-
ment, or rather clements, as four congruent sym-
metrical croasover paths flown shown in Figure 5.
But in determining foree requirements it i= not

4 =

AThe value of 20 mileg is too low for ships but is about cor-
rect for surfneed submarines.
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sufficient to have only the fundamental flights given;
we must find how long their Hying takes and con-
sider questions of aireraft endurance. It is found
from (9) (with n = 4, S = 15.15, cte.) thut To =
10.11 hours. Now only a long-range patrol aireraft
such as a PBM or PB4Y could have an endurance

0T 6 G sy S S b — g ¢ A S 4 S — . w— G ) S

144/8 = 9 and P(8) given by (13) is a probability
of nearly 91 per cent. ‘Then n = 9: nine aireraft must
be flown spaced at 168 miles abreast, one flight ouly
being made per day. The time of patrolling is T —
M /v (the last upsweep being omitted) which has the
value [given by (8) and (0)] of 104 hours, the re-

_OPepQrQRISIS M
0'0"1P'P" Q1" s R'R"2 88,5 81
00'1600MI

F1aure 5. Symmetrical barrier flown by four aireraft abreast.

sufficient for this one cireuit of the fundamental
cleruent; it will have to be eapable of well over 10
hours, since time must be allowed for investigation
of contacts, the trip to and from base (which may
not be at 0, P, @, R) cte. And it eannnt he expected
to make more than one circuit. Thus a new flight
of four fregh aireraft must be readied and waiting
at 0, P, @, R in order to take up the flights as soon
a8 the first sct return to these points. The operation
will therefore require cight aireraft, assuming main-
tenance to be quick and perfeet. Actually, a few
more should hé on hand, as well as enough pilots and
lookouts to ensure their being well rested at the out-
set of every new flight—an essential condition for
‘their efficient operation, without which the dffective
vigibility will fall far short of the assumed 20 mile
figure.
2. Under the assumptions of the last example, let
it be required to fly a barrier of the advancing type
. with n aireraft abreast during the A = 12 hours of
light, to be discontinued during the B = 12 hours of
darkness. Applying the method at the end of Section
7.1.2, we obtain from (16) that ¥ = 1.16, and hence
we take N = 1. Next we must take an S which gives
12u/NS = 144/8 an integral value and provides an
acceptable probability P(S8), while at the same time
not using an undue number of aireraft. We have seen
that the value 16.4 gives a 90 per cent chanee of
detection, and this suggests taking S = 16, for-which

maining 13%; hours (including the 12.0f darkness) not
needing any patrol..The fact that the two periods are
not cach equal to 12 houry is of course due to-the
cireumstance that since N and n are integers, (14)
and (15) cannot be solved as equations but rather
(14) as an cquation and (15) as an inequality. The
operation thus requires about the same forces as in
‘the previous example. Which of the two methods is
to be used depends on considerations of equipment
(how good the radar i{s for search at dark, cte.) and
tactics.

3. A channel 300 miles wide is to be barred by a
symmetrical barrier flown by one aircraft of 6-hour
endurance. How tight is the barrier, and how fre-
quently does the aireraft have to be relieved? Assume
again u = 12, v = 130, £ = 20, and equation (13).

From equation (12), case (B), with n = 1, we obtain
8 = kLu/v = 304. From cquation (13), P = 0.644:
a G+4 per cent chanee of detection. Kliminating S
from equations (9) and (12), case (B), we have

Ty = ?{)l, an

which, in the present case, gives Ty = 5.06 hours.
Bvidently with an endurance of 6 hours, just one
gircuit can be flown, sv we shall require about five
flights a day, and between two and five aircraft
available at the very minimum.
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So far it has been assumed that » considerably ex- 1l
ceeds 1 indeed, when ¢ £ u, the erossover Lype of
barrier is kinematically impossible. This is no ob-
stacle when the observer is airborne and the turget
is a ship, but when hoth observer and target arc
units of the same type (both ships or both aircraft),
the situation exeluded heretofore becomes important.
Although many plans of barring a channel can be
dévised for this case, attention will be confined here
to the very simple ease in which the observer moves
back and forth across the chanuel on o straight path
perpendicular to its (purallel) banks: such a patrol
is always-possible and its design evidently docs not
involve the speed ratio w/v.

This back-and-forth barrier will be compared
with the symmetrical crossover (when « < o), and-
sinec only o rough comparison is sought here, the
definite range law will be assumed (range = I in
“each ease). A more ageurate detection law is not
likely to alter the comparison appreeiably. '

714 Barrier When Target Speed Is Glose

10 Observer’s Speed

e

_The two dingrams on Figure 8 show the geographic

as well as the rclatlw tracks for the two types of
patrol. -

In cach relative tmok Iy hnlf eycle has been se-

leeted and the arca swept shaded. The probability

of detection for each case has heen taken as the ratio

of the shaded area to the total area in the channel

between the two dashed lines marking off the half

T is convenient (o introduce two new vari-

" ables to deseribo the probability of deteetion, » = v/u
and A = L/W. TFor the ease of the crossover patrol,
the probability P.. of detection is given by

o 1\/7—1 RN
'”m'“[ (““ TET )H"l]

For the back-and-forth patrol the probability P
of deteetion is given by

\/1 +1
I"_,='(l -—(X
!

cyele.

snged
gati+ YiLtane

miLtona

)/M)\+I) .
forr £ 24/X(\+1)
for r > 2V A+1).

In Figure 7 the values of P for the two cases are

plotted as functions of r with A kept fixed for a given
curve. In comparing erossover patrols with back-and-
forth patrols, curves bearing the same value of A
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\

should be compared. The solid curve passes through

- the points of interseetion of the curves being com-

pared and marks the houndary between the regions

An example will illustrate the use of the curves.

Suppose & ship making 12 knots is trying to pre-
vent undotected ponetration of a barrier by a 6-knot

0.8

0.8 —

0.4

0.2

0.l

o

2 : 3 4 .

6 7 8 ] i0

Fraune 7. The compurative offectivencss of back-and-forth and crossover plans.

where back-and-forth is preferable and where cross-
over is preferable, ;

In order to facilitate the selection of the preferable
type of patrol, Figure 8 is included. This curve shows
the relation between A and » for the points of inter-
gection of curves in Figure 7.

10
BDACK-AND-FORTH PREFEARED /
I
A / CROBS-OVER PREFERRED
s L

2 /
-}

[} 1 2 3 4
r—

Froure 8. Regions of elfeetiveness of back-and-lorth
and crossover plans.

submerged submarine, Assume further that the chan=
nel being guarded is 8 miles wide and that the sonar
search width W is 2 miles, Then L = 7 — 2 = 5,
A =5/2:=25r =12/ = 2, Entering Figure 8 with
these values for » and ) one discovers that a cross-
ovor patrol is preferred.

7.2 . CIRCULAR BARRIERS
2 Constant Radial ¥lux of Hostile Craft

In the ease where enemy surface eraft or sub-
marines are attempting to leave a point of the veean,
such as an island or exposed harbor,and in the case in
which they are attempting to approach such points
or to close positions at which our forces are conduct-
ing landing operations, the veetor veloeity pattern
is o radial one: it is“centrifugal” (directed away from
the eentral point) in the former case and*‘centripetal”
(dirceted toward the center) in the latter. But in
each ease it ean be regarded us constant in time: over
long periods, the density of outgoing or incoming
eraft is not expeeted to vary. This sets the present
situation in strong contrast with that considered in
Seetion 7.3, in which the unit to he detected is, to be
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108 THF. SEARCH FOR TARGETS IN TRANSIT

sure, proceeding radially away from a point of fix,
but in which iis likelihood of being at various dis-
tances from this point depends strongly upon the
time clapsed since the fix. Corresponding to this
latter cireumstanee, the layout of the search provides
for a progressive varintion of the searched positions
with lapse of time; the theory of such plans is far
more complicated than that of the ones considered
at present.,

733 Targets Moving Toward a Central
Ohjective

The type of operation considered here may he con-
trasted with that of proteeting a convoy against sub-
marine attack considered in Chapters 8 and 9. The
defended position i8 in the present easc at rest, and
thus the submarines have no tracking problem and,

morcover, can approach at any ‘speed at which they
find it convenient to operate, and from any relative

bemmﬂ The defended position is consequently ex-
poséid’ ﬂn attack in any direction from which it is not
effcntl\’oly shielded by land masses or shoal water.:As
in the case of convoy eacort, the protection given will
be of two kinds. Aireraft will engage in barrier pa-
trols outside distances within which wholly sub-
merged approach is possible (more than 60 miles out
with the submarines of World War TI). An inter-

mediate aireraft sereen may be provided to pick up. -

submarines which may be surfaced at distances un-

-der 60 miles, but this sereen will be less important.

An inner sereen of surface ships will patrol a barrier
for submarines (submerged or surfaced) which may
elude the aireraft screen. Details of cach sercen
follow.

It is auvnntngoou-& to abandon the design de-
seribed in Section 7.1 in favor of a simpler plan. The
lead-angle @ which was a-key element of the hasic
design given in Scction 7.1 is required only because
of the necessity to scarch parallel strips of space
moving with enemy velocity w, patrolling with own
velocity », when the direetion of search was neces-
sartly opposed in alternating members of each pair of
strips. If search of adjacent strips is always earried
out in the same direetion there is no need to use n
lead-angle at all. The resulting searched strips in u-
moving space will still be parallel but they will be
inclined to the target track at an angle (90° —
tan—! /) instead of at 90 degrees.

When the barrier is set up arownd an objective the

closod barrier path may be made to contain the
objective, and the lead-angle @ can become zora, The
reaulting path is a simple cirele, or more practieally,
a squarce. Suchi a path is much easier to navigate, or
to cvaluate, than a set of harriers set up on harrier
lines which form the sides of a polygon.

The size of the square will usually be determined
by tactical considerations, i.e., the distance nt which
interception should be achieved, For example, against
submarines this may signify the distance within
which approach while wholly submerged becomes
possible, The distance the target can travel while
the searcher makes one circuit, or hetween sweeps
by equally spaced searchers on the same square
track, beecomes the track spacing S in w-moving
apaces For the simple case of  circular track this is

. 2w -
S = -'ll ' E R . (18)

where 7 is the radius, and r the number of search
eraft employed. Sinee with o given cffective visibility
thero is o contact probability corresponding to any
value of S, formula (18) determines the number of
searchers required to give any desired tightness.

Tor the more practieal case of a square track of
side b

g = (19)
n v

This value of S corresponds to the minimum contact
probability since with a square the target track will
not always eross the search track at 90 degrees.
There is ono important difference between this
type of barricr and certnin cases of the crossover
type. 8 for a given size of square is determined wholly
by relative target movement and the number of
cqually spaced scarchers (S is proportional to u/nv),
and no explicit choice as to its value determines the
search path. Tn this respect it is like the continuous
symmetrieal erossover patrol. This raises the ques-
tion as to how two searchers patrolling abreast should
ho apaced. If the definite range lew is applied, search
abreast at a distanee apart equal to twics the range
would be cqual in effeetivencss to search by each
singly, equally spaced on one and the same square
path. With any other kind of contact probability
law the eorresponding track spacing in search abicast
is the value of S which is found by using formula (19)
and the appropriate value of n. It will be noted that
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this is not equivalent to placing two or more senreh-
ers closely abreast on exaetly the same track. They
must be either equally spaced on an identical track,
or, if abreast, spaced at right angles to that track
by exaetly the right amount. The effeets of irregulari-
ties in spacing are, however, rather small. Tt should
be noted that if the value of 8/n is at all large, search
abreast on square or circular paths eannot be ear-
ried out effeetively because of the difference in the
length of track for each observer.

Tt is upparent that the maximum size of square is
fixed by (a) the endurance of the searcher (endur-
unce > 4b) and by (b) the number of searchers con-
tinuously available. When surface craft are em-
ployed against underwater targets it is very desir-
able that two or more patrol abreast, Since a large
number will be required to cover a square of any
gize, it will be more practical to employ small groups
‘(three to six) in crossover patrols on barrier lines
which form a polygon with a convenient number of
sides, rather than have them all patrol a single large
square.

733 Air Patrols Against Incoming

Submarines

Detailed application of the foregoing considera-
tions to a particular situation depends mainly on the
range of detection to be expeeted from the radar gear
installed on the aireraft. This will determine the in-
terval at which aireraft patrol on the hasie square

- track. The longer the radar range the fewer aireraft
need be employed, and the casier it will be to navi-
gate: ulong the track. With 8-band or X-band radar,
navigation will ic made very easy by the constant
presence on the sereen of check points on the island.

The distanee from the position. heing protected
from submarines at which the patrol track will be
placed will be the estimated submerged run of sub-
marines (not over 70 miles) plus the effective vis-
ibility for the radar used, as given in Chapter 5. With
ASG radar used on patrol planes in World War 11
this will result in flying a square with legs of about
180 miles to cach side. With PBM aircraft the com-
plete cireuil of the square will then require 6 hours.
Two complete circuits can be made by each sortie
in 12 hours. Referenee to formuls (19) and standard
tables of cffective visibilities shows that only two
120-knot airerait need patrol at one time cqually
spaced in order to give a 50 per cent chanee of con-

tact with a 15-knot surfaced submarine. Four air-
eraft will give a probability of contaet of 77 per cent
and six aireraft will give a probability of contact of
about 90 per cent. With the older and less effective
ASB radar (I = 8 miles), however, six 150 knot air-
eraft patrolling o square with 150 mile sides will only
give n probability of contact of 70 per eent, and cach
sortic will be limited to o single eircuit (four hours).
Thus 18 TR sorties give less protection than four
PBM sortics.

Consideration of these figures leads to the con-
elusion that PBM aireraft should be used where
available. A single squadron can probably offer six
aireraft a day, at least for a limited period. These
ean be Jdivided between four by night and two by
day, to give a nenrly uniform probability of eontact
of about 77 per cent, if duc account is taken of the
added possibility of sighting submarines visually in
the daytime and the need to maximize the defensive
value of the patrol. The probabilities given are ap-
plicable to certain {ypes of Japancse submurines of
World War I1. :

The force requirements can be reduced by pa-
trolling smaller squares, but it is questionable whethor
this expedient should he employed. There is no gain
in security if we give up the outer screen in order o
patrol waters through which submarines are likely to
transit largely or entircly while submerged. Sercen-
ing operations within fifty miles of the beach are
lnrgely the responsibility of surface eraft, except at
night. Where additional forces are available, such as
short range carrier-bascd aireraft, they may well be
employed in patrolling an additional smaller square.
This is particularly important at night when the sur-
face serecen may become less tight, owing to the
possibility that the submarine may surface, and thys
make higher speeds. Patrol of a square only 50 miles
from the beach by only three TBTF aircraft, even at
night, gives an 80 per cent probability of contacting
any surfaced submarines which may slip by an outer
sereen of four PBM’s, This raises the overall prob-
ability of contact at night to over 95 per cent.

When the land mass involved is unsymmetrical
and only one dimension is larger than 20 miles (a
long, thin island), the square patrol may still be the
simplest and most cfficient method of setting up the
antisubmarine barrier, when the landing operation
heing defended is made at or near one end of the
island, even though a small part of the flying is over
iand. When all dimensions are large a barrier patrol
or a combination of barrier patrols of the ramuliar
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crossover type will be set up at the uppropriate dis-
tance from our forees, along the coast.

7244

Surface Patrol Against Incoming
Submarines

Surface eraft on inner sereens are assigned the
responsibility of catching submerged submarines
which may have eluded the outer aireraft sercen.
This sercen will be placed outside torpedo range, but
not so far outside gs to require excessive patrol craft
or as to thin out the tightness of the sercen. Unloss
the patrol line has other than antisubmarine func-
tions, it'is therefore unlikely that it will be set up to
surround an entire island, and the barrier patrof will
be composed of straight line segments each of which

“follow an appropriate design based on an obvious

application of the principles made familiar in carlicr
parts of this book. :

In all cases, even when the size of the island per-
mits patrolling all the way around it, it is very im-
portant to distribute the forees available 80 as to
sweep as wide o swath as possible, rather than to have

-single ships or pairs of ships patrolling in column, or

in short segments of the patrol line, The submarine
enn easily evade one or two ships; in wddition, when
ships patrol a very short segment there is the serious
dificulty of continual interference by own wakes,
At least three ships, and preferably four to six ships,

- should always patrol abreast. Under normal sound
" conditions, and using plans of this type, a group of

four ships patrolling abreast can hold a very tight
linc almost 40 miles long. - With $he forees normally
assigned to such operations, n line 200 miles long is
ensily maintained. The required patrol line is usually
less than 100 miles long, and ten to twelve ships dis-
tributed between two or three groups should be more
than suflicient. Additional forces usually available
may be used to strengthen this line still further or to
set up additional sereens at other distances,

725 Patrol Against Gentrifugal Targels

The general considerations concerning the cireular
(or square) barriers, as well as the closer bharriers
under certain circumstances, set forth in Scetions
7.2.2, 7.2.3, and 7.2.4, ahove apply in an obvious
manner to the ease of targets seeking to leave the

central point. No further diseussion is required here,

74 SEARCIL ABOUT A POINT OF FIX

7 The General Question

When an objeet of search on the ocean, such as a
surface eraft or downed airplane life raft, has had its
approximate position diselosed to a searcher at a
certain time, the searcher has the problem of dis-
posing its subsequent searching coffort: (which is al-
ways limited) in sueh o manner as to maximize its
chance of deteeting the objeet, subject, of eourse, to
the practical restrictions of navigation. The informa-
tion regarding the object’s approximate position may
be derived from a DT fix, the report of a echance ob-
servation, by indirect inference, or, in the case of the
life raft, fromn u radic communieation from the air-
eraft about tn erash. The point at which this informa-
tion locates the target is called the point of fix and
the time for which the information is given, the &ime
of fix. Tt is sssumed that the scarcher is airborne, and -
thus has a considerable speed advantage over the
targoet. :

If the fix were o perfeetly aceurate one and the
targot were at rest or moving in a known manner, the
searcher’s task would de simple. He would proeeed to
the point of fix in the former case, and would search
the locus of points to which the-target, initially at
the point of fix, could be assumed to have moved
during the intervening time in the latter case. But
such aceuracy of fix is scldom if ever obtained: Only
a probability distribution of target positions at the
time of fix is actually given. This distribution will
have its greatest density at the point of fix and fall
continuously fo zero at a distance. In an important
group of cases, this distribution can be regarded as
symmetrical about the point of fix and can indeed
be taken with satisfactory accuracy as a circular
normal one, '

Sy) =10r) = 2;:0—2 ¢~ (20)

where j(a,)dxdy is the probability that the target
at the time of fix he in the small region dzdy at the
point (2,1) at the distance » from the origin O (which
is at the point of fix) and where ¢ is the standard
deviation,

It should be remarked that DF fixes usually do not
give rise to cireular distributions, but under certain
conditions the distributions to which they lead are of
this charactor.

Two eases are considered in this chapter. In the
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SEARCH ABOUT A POINT OF FIX 111

first, the target’s motion is negligible, so that it can
be regarded as at rest; equation (20) gives its dis-
tribution at all subsequent times. In the second, the
target’s speed is known but its direction is not but
is assumed to be unifermly distributed in angle
throughout the full cirele; the distribution after the
lapse of time ¢ after the fix has already been derived
in Chapter 1, equation (10). The solution in the second
ease will be derived more or less direetly from the
first. It is to the sccond case that the mathematieal
schema of the centrifugal veetor field mentioned at
the beginning of this chapter applics exactly, but in
contrast to the cases of Section 7.2, the density of
targets is not constant, but after being humped up
about the center spreads itself out into a thick ring
cut normally by the veetors, with the lapse of time,

32 Squarc Scarch for a Stationary Target
In this case, a8 we have seen, equation (20) gives

the probability density of the distribution of the
target for all later time. It the total searcher's track

- longth during the search is £ miles and his search-

width 1, then the quantity of searching offort as it
has been defined in Chapter 3 is © = W/[. The
problem of so disposing a continuous spread of
searching offort of total amount & that the prob-
ability of detection is maximum has been solved in
Seetion 3.4, But here we are confrontud by the prae-
tical problem of designing actual navigable flights
which will maximize the probability of detection.

The type of flight which it is expedient to use .

consists of n set of “expanding square” flights of the
sort ghown in Figure 9. After passing over the point
of fix O to n point 8 miles heyond 0, the nireraft
turns through a right angle (e.g., to the right), and
aftor S miles it turns again through a right angle in
the same direcetion, continuing 28 more miles before
turning a third time; after flying 28 miles it turns
again, and continues in this manner, always keeping
adjacent parallel tracks S miles apart, After a cortaln
proximately square figure covered by equally spaced
lines, the space between them being the sweep spac-
ing 8. Such a figure will be ealled a‘square of uniform
coverage.” The underlying scheme of the search is to
fly a succession of superimposed squares of uniform
coverage, cach centered at 0, and of suceessively
large dimensions, This will furnish a practieable
meanrs of approximating to the theoretically optimum

continuous distribution of searching effort derived in
Chapter 3.

The first problem is to determine a desirable valuc
of the sweep spacing S, up to now left urbitrary. The
point of view adopted here is that S should be so
chosen that on the initial square the probability of
deteetion per unit time shall be o maximum (during
the important part of the search, i.e., the beginning).
Clearly sueh an S will, for a given law of detecetion,
he a funetion of the parameters of detection and of
the standard deviation of the distribution ¢. In the

3s
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Fraunr 9. Square of uniform coverage.

case of the inverse cube law of deteetion, S will be a
funetion of £ and o. Since it can be shown that S
will not be sensitive to the law of detection, it is
permissible to agsume a convenient one. We shall as-
sume the inverse cube law, in which, as was secn in
Chapter 2 [equations (26) and (46))],

FE\?
pE) = 1 — exp [— 0.092 (?:) :,,

where p(x) is the probability of deteetion of a target
of lateral range x from n straight aircraft track.
Consider the distribution (20) of targets before any
flights are made. The probability of the target lying
on the strip parallel to the y axis between z and
2 + dz is found (by summing probabilities) to be
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112 THE SEARCH FOR TARGETS IN TRANSIT

+o
dx fawdy = —, e~ dr.  (21)

—

The graph of the differential coeflicient against z is
the familiar normal law curve, reaching its maximum
at the origin. Now suppose that an indefinite straight
flight is made along the y axis and has failed to
deteet the target; in the light of this additional
knowledge, the distribution of targets is altered, and
the differential cocfficient in (21) no longer repre-
sents the lateral density of targets {i.c., the prob-
ability in the (z, * -+ dz) strip]. To find the new
density, the use of Bayes’ theorem is ealled for (see
Seetion 1.5, footnote ¢). The “a priori probability”
of the target’a heing in the (2, 2 4 dz) strip is given
by (21); the “productive probability’ of the cvent
(viz., of not detecting the tnrget on thosweep thmngh

0) is _
1= plr) = s‘.\:p[ —0.092 (l‘\) ]

and hence the “a posteriori probability” density of

~ probability of the target’s being in the (x, ¢ + dr)

strip is proportional to the product
exp <- ;UQ ~ 0%92@-) , (22)

which has its maxima at x = +£0.65 \/Eo; it is no
loriger. humped -at the origin but presents double
humping with an intervening depression et the origin.

Where must a sceond indefinite sweep parallel to
the y axis be made if it is to achieve the grontest
probability of detecting the target? Sinee the dis-
tribution obtained above is skewed, the distance D
between the first and the second track should- Lo
slightly greater than the distance 0.65v/Ee out to
the maximum of the new distribution. To find it
precisely, we compute the probability of detection by
multiplying the expression (22) with p(z — D) and
integrating over all positive z. It appears at once that
in order to maximize this probability, D must make
the function

f“ &2 0.002k2 0.092_19'?] iz
o FPL T 28 2 =Dy

a minimur. By trial, it is found, in using numeri-
cal integration, that the approximate value of D is
0.75v/Eo.

Clearly, if the searching were dons by means of

infinite parallel equispaeed sweeps, the sweep-spacing
S would be taken equal to D if the chanee of carly
contact is to he maximized. The square search of
Figure 9, while not exunetly of this type, is near
enough so that an ohvious choice of S is to give it
the same value D; necordingly, we shall use hence-
forth the sweep spacing

S = 0.75v/Fa. (23)

Returning to the square of uniform coverage, it is
secn that tho three-cireuit flight path of Figure 9 can
be inseribed in a square of side 2 X 3S. More gen-
erally, an N-circuit flight of this sort ean be inseribed
in a aquate of side 2NS- The total length of tract
from O to P is-found (as an arithinetic progression)
tobe L = 28 X 2N (2N + 1)/2. Hence the average
density of seu.rchmg cffort (the ¢ of Section 3.3) is

W L/area, or )
,
Q+ )?

|
W g]!(_?_N + 1)
" T @NSy

which is approximately W /S, the value to be adopted
here.

Consider now a sequence of n squares of uniform
coverage contered at U and of half-side s, (& = 1, 2, .

+ +,n), where

<y <<y« <a,

IT (x,) is a point in some of these squnres, let us
say in those of side s, 41, 8w 42, * * -, 8» then the
mean density of searching cffort pcrformod by these
squares i8 (n — m) W/S. Thus the flights give rise
to n searching effort function z = ¢* (), the graph
of which (in xyz space) is of the form of a tapered
heap of squarc slabs of thickness W/S, piled
upon one another and centered on the 2z axis. The
total volume of this pile, [ [¢*(x,y)dzdy, must cqual
the total sehrching cffort & = W; thus we must have

+ X nd = L @

It is by means of this function ¢*(z,) that we must
approximate the solution ¢(x,y) obtained in Section
3.4 of Chapter 3. There it was shown that, outside thc
cirele of radius a given by

al =402 T, (25)

é(x,y) i3 zero, while within this cirele, it is given by
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I

&(x,y)

The graph of z = ¢(x,y) is thus a paraboloid having
the 2 axis as axis of revolution, cutting the xy planc
in the above circle, beyond which the paraboloid is
replaced by the 2y planc.

Thus, graphically put, our problem is to determine
the quantities n, sy, + + -, 5, subject to (24), so that
the piled slab solid shall approximate the parnb-
oloidal one. The heights of the twn solids being
aW/8 and a*/2¢? respectively, # is determined by
equating them,

a'S
= .. 27
= g (27)

Since n muat be an integer, (27) means that it must.

be taken as the nearest integer to the right-hand
member, To find s, consider the space hetween the
two horizontal plancs 2 =a*/20% —~ (k — 1)W/S and

.z = a/2¢% — kW/S; they contain the kth slab of

the piled slab solid, and henee cut from it the volume
45,*W/S; and they cut from the paraboloid a volume
of revolution readily found by integration to be
w2k — 1) ¢¥172/8% On equntmg the two volumes,
we obtain

a2 =£ LA (2k - 1),

£ fo=1,2 0 (28)

' Thus the volumes jof the piled slab solid and the

paraboloidal solid are cqual [and henee (24) is auto-
matically satisfied, since it expresses the required

- equality of this volume with & = WL, a roquircment

met by the puraboloidal volume, according to Scc-
tion 3.4.], and the two solids agree in position about
as closcly as possible.

The numher and dimensions of the squares of uni-

~ form coverage are determined by equatipns (27) and
-(28) ; but except for the fact that they arc all centered

at 0, their positions (relative orientation) have heen
left arbitrary. We now lay down the following rule:
The second square shonld be tipped so that ils side
makes 46 degrees with the side of the first, the third

. should similarly be at 46 degrees with the second (and

thus be parallel to the first) and, in general, the (k + 1)
should be at 45 degrees with the kth [and parallel to
the (k — 1)].

The justification of this rule is twofold:

First, o greater randomization of flights is achicved;
i.c., there is loss danger of passing over the sume path
twice in succession, with resulting loss of efficiency,

The situation in this regard is illustrated by the
following considerations, Navigational errors will not
be apt to permit the second scarch to be flown along
the oplimum traet which is approximately midway
between and parallel to the legs of the first. search,
If p(S) is the probahility of detection with sweep
spacing S, then the probability of deteetion with two
searches when the optimum track on the second
search is attained is 1(8/2). However, if the second
search duplicates the first search, the probability of

detection with two searches is p(S/\/ 2), (assuming . .

the inverse cube law). If the legs of the second search
arc inclined to those of the first scarch, so that the
probabilitics of detection on the two searches may
be considered as independent, the probability of de-
tection with two scarchesis 1 — [1 — p(S)]2 In gen-
eral this latter probability will be slightly less than
p(S/2) but considerably greater than p(S/a/3). For
example, using the inverse cube law with E/S = 0.1,
we have
p(8/2) = 0.212,

 p(8/V2) =0.81,
1-[1 - p(S)IF = 0.203,

Thus,.there scems to he more to gain than to lose by
inclining the legs of the second scarch to those of the
first search. ,. _ '

Second and more important, the (¢ 4+ 1) square
flown according’to this rule will sweep a maximum of
important unewept water: consider the situation
after one square of uniforin coverage has been flown
without résulting in detection; the area which it is
most important to sweep is the part of the circle
circumscribing the late square but outside the latter,
With the next square tilted at 45 degrees, a maximum
of this area is covered. Moreover, with the tilted
square the region of overlapping of two successive
squares is Ioast

Tt remains to cvaluate the probability I'* of dn-
tection by the aquare search described herein, and to
comparc it with the probability P for the idealized
scarch of Seetion 3.4 Tt is shown that a lower value
of P*is given by

Fatid

¥ (1= ¢ W) =Wt YWk ety [Rg (2 -1),

! (20)
20
while P s given by

p R — er) sl N
P =1 <1+ 5 )¢ . (30)
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114 THE SEARCH FOR TARGETS IN TRANSIT

"These two functions are plotted in Figure 10 for
varioug values of n; the P** curves are in solid line
and the P curves are dotted. The P* curves lic be-
tween these curves.

Tvidently, 2* will be less than the probability I
for the idealized scarch, since P is the maximum

tribution beforo the squares are tilted, i.c., when thoy
arce all parallel, and let 2** be the probability of de-
tection with this distribution of effort under the ag-
sumptions of Chapter 3. Then P* will be greater
than ** for reasons already given above. By
formula (8) of Chapter 3, the probability that the

L0 —
W
P /’,_. z
=
o o8 =z
=
[~
=4
o
=
8 °|e ”"‘—
& K 1l
N _ _ L /
> - D
= — ]
: °|$ /
&
g i
i n‘ - W
0.2
0 L4 wr - .
0 0.2 0.4 0.8 0.8 1.0 L2 L4 1.6 .4 . 2.0

JFraurs 10. Probability of deteetion.

probability which can be obtained with the given
amount of searching (provided the assumptions of
Chapter 3 are made). o

Using the target distribution as given in formula
(20) and the density of searching effort as given in
formula (20), the probability P of detection for the
idealized case is obtained from formula (15) of Chap-
tor 3 as follows: '

r= J;f (1 = o=et) @,y

a
= __l_f 21”- e —r12q2 (1 — e (ut — 1) /2u7) dr
2ra o !

at
= — —al/2e?
1 (1 + 20'”) e .

Using formula (27), P may be written in the form of
equation (30).

The direct computation of P* is difficult beeause
each square is tilted 45 degrees to the preceding
aquare and cach square, except the first, is not in-
cluded completely in the following square. To ob-
tain a lower limit to /¥, consider the square dis-

target will he in the square bounded by‘z = 43,
¥.= s, and will be detected by the n coverages
of the square, is

P = 27%{[; j; (I~ c-—n"’/S)c—(ﬂ +y')/2ﬂ’dwdy

= (] — p—nW/8 3 _._f_‘_-
l—e ) orf o
Similarly, the probability that the target will be in-
side the squarc bounded by r = + &, ¥y = + s, but
outside the square bounded byx = + 8,y = +8, -4
and will be detected by the n — & + 1 coverages
of this aren is

Pi = (1 — g=O =k + 10078 (arfl Ok orfr Skl )

/2 /2

Thus, P** ig given by

n n Sk
Pri= Y P (1= o= WI8)g-nW /S Y kW /S gpf2 ——F_
,\21 e = ( ) Yl Serf? 3
= kel

Using formula (28), ’** may be written in the form
of equation (29).
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733 Retiring Square Search for a Moving
“Target '

The case here considered is that in which the
initial distribution at the time of fix is given by
equation (20), but with the target moving with an
estimated constant speed % in a random direction.
This is the seeond case mentioned in Section 7.2 and
corresponds with whal can be expeeted to oceur when
the fix has heen made on a moving target (dircetion
unknown) by a method of observation which has not
imparted information to the target and thus in-
fluenced its motion, The problem of finding the dis-

- tribution at the later time was solved in Seetion 1.6,

.where it was found that the probnbility density f(r,t)
at o point r miles from the point of fix and ¢ hours
aftor the time of fix iz given by the equation

1 rut
= e g w2 ) 31
fo t) ot ¢ Rl 2 31

The function f(rf) has been plotted for various

- valuep of ¢ as a function of r in Figure 17 of Chapter 1.

(These curves nro cross scetions of the distribution
surfaces in a vertical planc through the point of fix.)
it will be seen that when ut is at least as great as 3e,
the distribution has its maXimnum at approximately
r = ul. Moreover, the shape of the curve for the
large values of ¢ is approximately the samoe ns the
shape of the curve of the initial distribution. These
statements can b ve nﬁc'd by using the asymptotic
approximation

¢
U RV =y
for large values of z. The asymptotic approximation
for f(r{) then becomes

v—(r :-— ni)2 /241

f(’:t)

Zro 4/ Crttlr |
for large values of wir/e® When 7 is close to ul, the
approximation becomes

(, (r — ut)3/%0?

) ~ PN

“t: lar g(‘ r — ul close to zero.
g

The statements concerning the curves become ap-
parent from this Iatter approximation.

From the statements made in the last paragraph
and the results of the preceding seetion we can con-

struct a scarch for large values of the time 7' which
has clapsed from the time of fix to the initiation of
the search. In order to obtain the maximum prob-
ability of detection per unit time, the first cireuit
should be flown on the peak of the distribution (tho
penk is eireular—it is the top of a ring); the second
cireuit a distanee S as given in equation (23) inside
or outside—sny outside—the peak; the third, a
distance S inside the peal: the fourth, a distance 25
outside the peak; cte. bmcn the peak of the distribu-
tion moves out approximately at the speed of the
target, the ideal track on cach cireuit is an equian-
gular or logarithmic spiral.

Wo shall approximate each circuit by foux' legs
with 90-degree turns, as shown in Figure 11. Let

Le
-] L2
Lt re Lz )
Ls
r r
A \ s
Ts
Ly
lg
<

I'taure 11, Retiring search.

the lengths of the logs be Ly, L, Ls, ete., and let the
corresponding distances of the legs from the point of
fix be r1, 1y, rs, ote. The time required for the air-
eraft to fly from A to B-is (rs ~+ r1)/v, whereas the
time required for the target to move from distance
r to distance 7, from the point of fix is (r — )/u.
The aireraft will just keep up with the target if these
times are equal. In this way we find that

To = My, T3 = My, Ty = M,

where
v+ u

vV —Uu

m =

If we were to make rs = mry, the fifth leg would dup-
lieate the first leg in space relative to the target. To
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116 THE SEARCH FOR TARGETS IN TRANSIT

make the fifth log lic § miles outside the first leg in
relative space, we must determine 75 8o that

r,+ oy Ty Ty —
—_d = —
v u

from which we find
g = mry + q,

where (32)

Continuing in this way, we obtain

ryo=mry rs = mry
T3 = Mry re = mrs — 2a
TPy = My T = mry (33)
ry=mrya T = M :
ro = Mry Tig = My '

mra + 3q, ote.

o= My 3

A first approximation to », is «T, However, the ap-
proximation to the spiral by straight legs requires
that »; be slightly iess than this value, Equating the
average distance of the aircraft to the average dis-
tance of the peak of the distribution from the point
of fix, the average being with respeet to time spent
by the aircraft on a leg of the plan, we obtain

r= 0.9uT.

Since any changes-of course of the target will reduce
the outward component of its velocity and since the
sccond circuit is to be flown outside the first circuit,
we shall reduce 7 still further and take

rn = 0.8uT, o (34)

Using cquation (33) and the obvious relations be-

tween the lengths of the logs and their distanees from

0, we have

Ly = mr, Ii = mly

Io = mLy +r Is =ml; — 2a

Ly = mla Ly = mly
Li=mls+ a Lo = mly — 2u

L{, = 7)1L.| I/” = "lll](]

Ly =mls + ¢ Loy = mly + 3a, cte.

where 7, and a are given by equations (32) and (3.1).

The above scarch plan has been devised for large
values of 7. For small values of T two questions
arise:

" 1. What is the lower limit 7', of T for which 4he
search plan for large values of T may he used with-
out any cssential deerease in the probability of de-
tection for a given amount of searching?

2. Tor T less than T, what modifications of the
above plan for large values of 7' will give an essential
increase in the probability? ’

The curves of Figure 17 of Chapter 1 do not
answar theen quostions, It is scen that when ¢ is less
than ¢/ the distribution does not differ much from
the initial distribution. However, there is a very
rapid change in the distribution as ¢ increases from
a/u to 2 /1. Tor ¢ greater than 2¢/u the distribution
has its maximum at approximately r = u¢ and moves
outward at the speed of the target. This transition
poriod between an cssentially stationary distribution
and o distribution moving at the speed ol the target
makea tho problem difficult.

The following derlvation of equation (31) sug-
gests o method of handling the problem. In terms of

y

Iigurk 12, The coordinate system for retiring senrch,

the reetangular coordinates (z,y) shown in Figure 12
the initial distribution is

1
T, = o T {z? + ll’)/zﬂ".
Jloy) = 5

If the target were known to travel at speed « ir the
direetion 6, the distribution at time ¢ would be

N 1 )
F(z)y;t’o) = _2;,.—;‘2 c-—l/?w’l(.r — ut cos 0V -+ (4 — »lxin ﬂ)’];

in other words, distribution (20) with n simple change
of origin (translation). If, on the other hand, the
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SEARCH ABOUT A POINT OF FIX 117

target motion is random in direetion, the distribu-
tion at time ¢ is

' _ -l—fi.‘r o
Jut) = sy, [ty

1 L 2

= ot o= 7+ ui) /207, 5 o Mr/at con (8 = @) a8,
[ T 0 '

where r2 — 2% | and tan a = y/w, Using 0~ a
28 & new variable of integration and noting that the
integral of & function of cos § from —a to 2r — &
is equal to the integral of the same funcetion from 0
to 2r, we obtain the distribution given in equation
(31).

For a given search plan and an assumed law of de-
tection, we ean apply the above method to find the
scarched distribution at any time { We first find
the offect of the scarching upon the distribution
funetion F(a,y:,0) and then averago with respeet to
6. To approximate this process, choose a small num-
ber of equally spaced directions 8 from 0 to 2, the
number depending upon the degree of approxima-

tion desired. For each 8 write on coordinate paper-

numbers proportional to the initinl distribution and

think of this distribution as moving in the direction 6.

Then lny vut the search plan relative to this distri-
bution up to the time at which the distribution is
to be examined. T'rom the assumed law of detection,
multiply the distribution numbers by the probability
that the target will not be deteeted, taking into ac-
count the number of legs on which detection may
occur and the distances from these legs. The rosult
will represent the scarched distribution for n given 8.
The average distribution then ean be obtuined by
averaging the numbers representing the. scarched
distributions - for each position relative to the point
of fix and a given direction of reference.

In applying the above method it was assumed that
four directions would give sufficicnt accuracy. A
cheek was run by computing a distribution with four
directions and with eight directions. It was fonnd
that the two distributions did not differ very much.
Using a number of values for ¢ and S, search plans
were laid out and tested as follows: The first cireuit
was decided upon from the curves of Figure 17,
Chapter 1. Thereafter, each circuit was determined
by cxamining the distribution at the end of the
previous cireuit. The following results were ob-
tained.

1. If T > 7/u, the original planfor lnrge values of
T is nearly optimum.

2. If T < o/u, the plan for large values of T is
fairly good and may be used if the additional com-
plication of another plan is not acceptable. However,
an appreciable improvement can be obtained by
slight modifieations. Tay out the plan as in PFiguro
11 with

[1| = Mry ]11 = 7'1[10

Ly = ml, + n, Ly = mly + g

Il'q' = m-L; Lu = ng

Ly = mly 4 a, Too = mly 4+ aq

Lb = '771[14 Lu = "?aLm

Lo = mls + o Le = mLy + ay, cle.

and determine »y, a,, as, ete,, a8 follows:

r = 77F§'F_l’ ' (35)
Wy
== == o8/~ war 41 = — (b + Day,
ay 2= F k43, a3 = —(k-+4)ay, cte., whore
k is the positive integer nearest 2ut/8, Hore, ry has
been chosen so that Ty and Lz are separated by a
distance S. This schome scemed to be the best pos-
sible for the first sivoult. The succecding cireuits
then nre flown outside this cireuit until the point is
reached at which it is more profitable to scarch on
the inside of thedistribution. Tn case 7' is so small
that 2uT < 8, aslight improvement ean he obtained
by decreasing a; by 10 or 20 per cent, ‘ :
In the case of this scetion it is assumed that the
target speed w i3 known exaetly. The question natu- .
rally ariscs as to how much the piobability of de-
teetion is affected by an error Aw'in esfimating .
From the asymptotic approximation to f(»f) for large
values of ¢ it is scen that the distribution fune-
tion will be multiplied approxirantely by the factor
exp (—1*Au?/2¢?). This is a very rough cstimate of
the factor by which the probability of detection will
be mnltiplied, Thus, if (Au is smal! compared with o,
the probability of deteetion is not affected very much.
The effect of a sneed distribution upon the target
distribution can be obtained in the usunl way. Let
g{1) be the probability density in speed. Then

f gde =1
0

and the target distribution at time ¢ is

(o - s
0

It is evident from the way in whieh « is involved in
F(r,0) that this integral will be difficult to compute for
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118 THE SEARCH FOR TARGETS IN TRANSIT
ox tribution curve was plotted from the curves of
a ¥ Figure 17, Chapter 1 for particular values of ¢ using
/ . \ the speed distribution funetion
i n

2§ 3 8

/
)74
i A

£-]

Fraurn 13. Distribution curves for {wo assumed distri-
butions of target speed. A: assumed speed % only. B: speed
of 1,0.8%, 1.21 withspeed ¥ times arlikoly as 0.8k or 1.2,

any continuous function g(») which represents a
reasonable speed distribution. Consequently, the dis-

g(x) = 0.25 for u = 0.84
= 0.50 foru = u
= 025foru = 1.2z

where 7 is the assumed speed. This curve for ¢ =
5q¢/it and the corresponding curve of Figure 17,
Chapter 1, are shown in Figurc 13. The new dis-
tribution curve has a smallor maximum value than
the original distribution and is spread out more.
However, the difference between the two distribu-
tions is not sufficient to justify any changes in the
scarch plans, . :
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Chapter 8
SONAR SCREENS

81 INTRODUCTION

HEN A FORMATION of ships, such as a merchant

'\; \/ convoy or task forcein transit, is passing through
waters in which hostile submarines may be present,
the danger can be greatly diminished by providing
for the deteetion and attack of submerged submarines
which are closing to its vicinity. With present equip-
ment, submerged submarines can only be detected at
sufficient range by hydrophone or echo ranging and
ean be located with sufficient aceuracy only by echo
ranging. This deteetion must oceur as far as possible

from the convoy, both for its safety against tor-.-

pedoes (whose ranges may exceed those of sonar de-
teetion) and to facilitate attacks on detected sub-
marines. Clonsequently, it is necessary that the sonar
equipment be carried on highly mancuverable and
armed naval units of a relatively expendable nature,
such as destroyers ar destroyer escorts, which are to
be appropriately statiofied at a suitable distance from
the convoy. Such a disposition of units is ealled a
sonar screen. [t has the dual function of detection and
subsequent attack.

"2 TORPEDO DANGER ZONES AND
HITTING PROBABILITIES

In designing antisubmarine screens, it is cssential
to determine what the arcas arve from which the sub-
marine has a good chance of seoring a torpedo hit
upon one of the units which it is proposed to sercen.
Speaking looscly, the torpede danger zone whout an
individual ship or group of ships is the region
(thought of as moving along with the ships, i.c,, it
ig fixed relative to them) within which a torpedo must
he fired if it is $o have any chance of scoring a hit.
The shape and size of the zone will of course depend
on the speed and type of the torpedo, as well as the
apeed and disposition of the ships. Speaking more
precisely, there is a danger zone for each given prob-
ability P. T4 is the aren from whieh the torpedo must
he firedd in order to have a chanee not less than P
of scoring a hit. It i< bounded by a closed eurve eon-
taining the ships, which is the locus of points from
which the torpedo must be fired in order to have the

given probability P of hitting, Such curves, one for
cach value of P, are the level lines of the probability
Sunetion p(r,8) and have as cquation

p(ré) = P.

The probability function p(r,d) is the value of the
probability of scoring a hit by a torpedo fired from
the point of polar coordinates (r,0) with respect to
the reference point in the formation of screened ships
(and in space moving along with them).

It becomes, therefore, our first object t¢ evaluate
this function p(r,8). The present section is devoted
to the deseription of various methods for doing this. -

The primary factor involved in the determination
of the cnemy’s chance of success p(r,8) is the type of
weapon which he uses. If the lethal coverage of the
weapon is high, the overall chance of success is cor-
respondingly great, Consider, for example, three .
types of torpedo. The first runs at a 50-foot depth
and cxplodes after a given length of run; the second
at 5 feet and explodes on contact; the third at b feet,
exploding on contact, but provided with a homing
device such that whenever it passes within 500 yards -
of a ship it will home onto it and score a hit. Tt is
obvious that the first will have a rather small Iethal
coverage, since only o ship in a particular point will
Le affected by the explosion. The coverage of the
second is greater beeause any ship along the entire
run of the torpedo may be hit. The homing feature
of the third will give it by far the greatest coverage
heeause the shipe need only be within 600 yards of
the torpedo track for a hit to be scored. These cases
can be demonstrated qualitatively by a diagram like
that of Figure 1. The arcas are shown for & torpedo
procceding at right angles to the ships. The areas
shown have the property that any ship whose center
lies in the area will be hit by the torpedo. For case
(1) the aren covered is slightly larger than the plan
view of the ship, since a torpedo exploding up to

_ about, ten yards away might sink the ship.

Lethal coverage alone does not deterinine the
enemy's chanee of a hit. His firing errors must be
taken into account, and if his errors are so great
that there is only a small probability that the target
lic in the lethal area, his chance is correspondingly
small. For any given accuracy, however, the weapon

CONFIDENTIAL 119



O ]

ot Tt e e

EECt LS T L T

o e 0 g ¥ TR T T (e R

"

with the larger lethal coverage will be the more of-
fective.

The foregoing discussion applics only to o single
target. When fired at a convoy or group of ships, the
torpedo will be successful if it hits any member of
the group, i.c., if any of them lies in its lethal area.
In general, the torpedo will actually be fired at a par-

CASE
FIXED EXPLOSION

D N{) SHIP

CASE 2
CONTACT TORPEDO

C ]
j¢—————— MAX_TORPEDO RUN ]

CASE 3
HOMING TORPEDQ

[ T : )
500 YDS

4

g

I'icunn 1. Lothal coverage for various torpedoes.

ticular ship, but it may miss that ship and hit another
onc purcly by chance. For long-range torpedoes fired
at large convoys, the chance of such an event may
be quite considerable. In such o ease o torpedo may
well be fired as a “browning shot” from a fair dis-
tance, aimed at the convoy ns a whole on the chance
of & random hit. Because of the importsnee of brown-
ing shots with large, closely spaced convoys, the
probability of sceuring a hit on & merchant convoy
is quitc different from that on a single ship. The
following discugsion will deal with the case of the
large convoy. The probability of hitting a single ship
will e discussed in detail (in conneetion with the
case of the task foree) later in this chapter.

&3 THIE PROBABILITY OF SCORING A IIIT
ON A CONVOY WITIT A SINGLE TORPEDO

While it has been the general practice Lo fire tor-
pedoes in salvo, the probability that o salvo of a

120 SONAR SCREENS

given number of torpedoes will hit, or sink or damage
to a given extent, a ship in the convoy, depends on
the probalility of seoring a hit with a single torpedo.
It depends also, of course, on the assumed law of
damage produced by a given number of hits (the
damage being different, c.g., for merchantmen and
for battleships). The onc-torpedo probability be-
comes, therefore, the fundamental quantity to be
found as a preliminary to any study of the prob-
ability of damage to convuys.

In this secetion, several methods of estimating this
probability of a single torpedo hit will be described.
The data from which such computations atart are,
firstly, the strueture of the convoy; sccondly, the
position of the firing point; thirdly, the velocities of
the units involved. And since the computation must
be repeated for a large number of firing positions, an
essential requirement is simplicity and speed of com-
putation. .

The first method is purely graphieal and invelves
no computational difficulties beyond mere counting.
We draw the convaey to seale with each ship of proper
size and position. Radiating from the firing point, we
draw a set of straight torpedo paths in convoy space,
so chosen as to be spaced in angle with an angular
density corresponding to the dispersion or crror
which it is intended to assume. If, for instonce,
twenty torpedo paths are to be drawn and the angu-
lar distributien is considered normal (Gaussian), they
would be drawn at angles which divide the normal
curve into equal arcas, as shown in Figure 2.

I

ANGLE FROM THAT AIMED AT
I"taure 2. Torpedo fiving errvors.

0

Thus we consider each track drawn as having a
probability of 1/20 that a torpedo aimed at angle
= () will actually run along it. By superimposing the
torpedo dingram on the convoy and counting the
number of torpedo paths that hit ships, we can csti-
mate the chance of a hit, In the example shown in
IFigure 3, six out of 20 score hits g0 that the prob-
ability of a hiv from that firing point i 30 per cent.

In deeciding on the probability of a hit from any
particular peint, however, it is neeessary to pick out
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the submarine’s hest shot, whether he should aim at
the ship as shown in Figure 3 or at the closer one at
the head of the starboard column which presents a
less favorable target aspeet. Tt is usually possible to

"‘CONVOY
SHIPS

TORPEDO PATHS

FIRING POINT
L)

kS

Fraune 3. Convoy and possible torpedo paths, '

pick out the best shot by eye after a little experience,
but sometimes both possibilitics must be counted.
This method i8 extremely simple and direet, but
it has a number of disadvantages. In the first place,
it involves carcful drawing and positioning of the
diagrams. A great deal of inspection of diagrams is
required. Since only a rather small number of tor-
pedo paths can be drawn conveniently, the values are
only accurate to the nearest 5 per cent, and may show
considerable fluctuations for very small changes in
firing position or aiming angle. In addition the esti-
mated probability shows humps and valleys due to
the sereening effeet of a regular arrangement of ships.
From certain angles one ship hides o number hehind
it, while from slightly different ones all are presented
as targets. The arrangerient of shipg in any actual

convoy is not orderly enough to show such an effeet,
s0 that such variations must be samoothed out more or
less arbitrarily in arriving at a final result such as
that shown in Figure 4.

0%
28%
50%
] [ [] [] ]
’ ) '
[} ] [] [}

Frevre 4. Typienl probability of hit contours,
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The choice of torpedo firing error function depends
o1l torpedo and predictor characteristics and firing
doetrines; it will not be discussed here. It should be
pointed out, however, that this error depends in
general on the track angle of the torpedo, the angular
error Leing small from ahead, Iarge from astern. The
length of torpedo puth in convoy space is also vari-
able—long from ahead, short from astern. When the
convoy fired at is large, the variation in firing error
is not very important and can be neglected quite
satisfactorily, but the variation in track length must
be taken into account, as shown in Figure 5. (Figure

DISTANGE SHIP TRAVELS
DURING TORPEDO RUN

TORPEDO RUN

LOGUS OF EXTREME
TORPEDO RANGE

Fiourg 5. Torpedo track length L in couvoy space.

3 conforms to this requirement.) Since the chance of
a random hit on a ship not aimed at contributes a
considerable part to the total hitting probability,
the variation of the error in aiming is relatively un-
important. This contribution depends on track length
but not on aiming error.

An obvious extension of this simple counting
mebhod can be used to reduee the Huetuations in
caleulatod probability of hitting which are caused by
the sereening effeet of a regular lattice of ships. We
need only consider the possibility of irregularity in
the convoy formation, that is, of ships being some-
what out of their proper convoy station. This can he
accounted for by making cach ship a “diffuse target”
of length equal to the ship’s length, plus the amount
the ship varies in position (thought of, for simplicity,
as a fixed amount) relative to the ship's position as
aimed at. Then the probability that o torpedo passing
through the diffuse target will wetually hit the ship
is taken as
L
{

P =

If we now consider the ith torpedo path (¢ =1, 2,

-+, m; m heing 20 in the previous example) and
the jth diffuse target (j - 1.2, -+ +, n; n being the
number of ships in convoy), we can deline o numher
hi; as the possibility that a torpedo traveling along
the 7th path will pass through the jth diffuse target.
Froin a dingram analogous to Figure 3, we cvaluate

T

DIFFUSE TARGET

Ireune 0. “Dilfuse target.”

the h;; as being ndunl to cither 1 or 0 by inspection. -
Then the probability that e torpedo following the ith

path will hit the jth ship is

Py = hy =
7

Henee the probability of one hit on the tth path
being identieal with that of @ least one hit on the

1th path is
n; = 1 —jl-Il(] - ]),'j).

And the overall prabability of a hit from the par-
ticular firing point is

1 m n

=1

This probability function is considerably smoother
and more realistic than that obtained by the simple
counting method. The diffuse target method is con-
siderably more laborious, however, and involves a
good deal of arithmetical calculation.

1% should be pointed out that the choice of the
lengths of the diffuse turgets is rather arbitrary. A
plausible assumption is that each ship may be out of
station with respeet to its neighbors by a given
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amount, which we may ecall . Then the length {
for the nedrest neighbors to the ship fired at will be
L + 2x. If the station-keeping errors are assumed to
be random, then the ! for the next nearcst neighbors
will be L, + 24/2 2, fornext I = L + 24/3 2,
ete., until the diffuse targets overlap and the whole
column becomes essentially one large diffuse target.

“—~ SHIP AIMED AT

e

|
1
|
|
|

<—— PROPER POSITION FOR NEXT SHIP

4——- ACTUAL POSITION OF NEXT SHIP

Fraure 7. Station-keoping orror.

In this picture of the convoy we think of the posi-
tion of the ship aimed at as being fixed and the poyi-
tions of other ships becoming inereasingly uncertain
the farther removed they are from the ship aimed at.
It is-evident that the actunl state of affairs from the

-submarine's point of view is something of this sors,
- though the specifie way in Which the uncertainty in-
creases may vary from that assumed ahove. If, how-

ever, the ecaleulations reauired are prohibitively
lengthy, a simplification i possible by doing away
with this varinble diffuse picture and treating cach
column of the convoy as a diffuse target in which the
ships are distributed more or less at random, that
is, with probability that a torpedo passing through
it will hit o ship given by
—
)
4]
where @ = ship spacing in column.

This “random column’’ method is very simple and
convenient but is not aceurate at close ranges. In
these cases the actunl probability of hitting the ship
aimed at is considerable, and the random column
diseounts this chance, For hrowning shots fired at a
considerable distanee from the convoy, however, this
method is very satisfactory.

The simple counting, diffuse target, ard random

column methods are applicable to straight run tor-
pedoces without much difficulty. 1f, however, we have
a torpede which enters a eonvoy and then zigzags
or vircles to inerease its chance of a random hit, the
resulting diagrams become almost hopelessly con-
fusing, Such we call “curly” torpedocs. Some caleu-
lations have been carried out for curly torpedoes on
@ single target by direct methods, but the combina-
tion of n curly torpedo (or salve thereof) and a multi-
plicity of targets ia very hard to evaluate in that way.
It is possible, however, to write. explicit expressions
for the probability of a hit by a torpedo of quite ar-
bitrary type. While these formal cxpressions cannot
readily be evaluated, there are certain simplifica-
tions possible which lead to useful results and permit
us to estimate the offoctivencss of some types of
curly torpedocs when used against groups of ships.

l)r'fmtmnv'

. Let p,(x,) be the pmhn.hlllty density of ships -
at (:v #) (coordinates are in space relative to the con-

- voy throughout) in the sense that p,(x,y)dzdy is the

probability that a ship have its center in the in-
finitesimal arca dzdy,

2. Let (XoY) be the point from which the sub-
marine fires its torpedo, 14 is assuined that only one
torpedo is fired (sce above).

3. Tot f(r,y,XoYoa) = 0 be the equation of a
roesible torpedo path starting at (Xo,Yo). Variation
of the parameters a gives the familylof all possible
torpedo paths starting from the firing point.

4, Lot ¢(¢,a0) be the probability density that a
torpedo aimed along path ao actually travels along
path a.

The meanings of these symbols are illustrated in
Figure 8. Tn such a case the paramcter a might be
tehen ag the angle batween the torpedo path and
convoy course. The function ¢(a,a0) then describes
the angular errors which the submarine may be ex-
pected to make in firing its torpedo.

In estimating the chance of a hit we will first as-
sume that the torpedo is known to be traveling along
a certain path, uetermined by the parameter a, and
determine its chance of hitting. This chunce is then
averaged over all values of a, thus allowing for errors
in firing the torpedo. This process is preciscly anal-
ogous to that carried out for the diffuse target
method with a straight run torpedo.

Consider first o short seetion of the torpedo path.
Any ship which happens to be close enough to the
path of the torpedo will be hit, but sinee we know
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only the probability that there will be a ship at any
given point, we must think of the torpedo as “sweep-
ing out” that probability (or density) function with
a certain sweep rate, This sweep rate is determined
by the type of torpedo, size of ship, and other things.
Tor a regular contact-fuzed torpedo the area swept
out (which has the property that any ship whose
center lics in the area gets hit) is given by drawing a

(%o 'Yo)-

f(X,y,XQ,Yo ' 00) L4 O\\

Tiaure 8. Convoy shown as density funelion.

ship in to scale, heading on the reciproeal of convoy
course (corresponding with the fact that the dingram
is relative to the convoy), with center on the torpedo
path, and sliding its center along the relative path.
This is illustrated in Figure 9. This sweep width
depends on the angle between torpedo path and
ship’s course and is denoted by S(6).

For a homing torpedo the effective target aren is
larger than the ship itsclf and may have a varicty of

forms, depending on the detailed type of torpedo and
ship involved. To obtain the sweep rate for such a
torpedo, we follow the same procedure, sliding a
figure showing the target arca rather than just the
area of the ship.

As the torpedo proceeds along its path it sweeps
out the density of ships p, with sweep width S(8).
In Figure 10, ! gives the distance which the torpedo
has traveled, and we let p(0) be the probability that
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GONVOY
COURSE

SWEEP WIDTH

T'rqure 0. Sweep width of & torpedo.

_the torpedo will have hit a ship by the time it has
gone a distance /.
In going an additional distance dl it would sweep
out p,Sdl ships (p, and S may be funetions of 1),
but the éhance that the torpedo actually reaches the

e——— TORPEDO PATH

Froure 10. Typieal torpedo path, drawn straight for
snmphclty .

distance “/” is 1 ~ p(1). Hence the increase in prob-
ability of hitting is
dp(ly = p,S {1 — p(D]dl.

Solution of this cqustion gives us

!
—log [1 — p(D)] ==j(: PpSdl,

or
1 —c" Sl st

p(l) =

“In its complete run, then, tho torpedo’s chance
of hitting is

-J1 PaSill

pl) =1 —e¢

We must remember, however, that this result ap-
plies only for the particular torpedo path selecied
and that the integration indicated is performed along
that path with appropriate values for p, and 8. This
may be indicated by introducing the mmmeter a
into the notation as follows,

=/ paSdl
e]m{l"l a ¢

pla] =1

Here -pla] is the probability the torpedo will score
a hit if it gocs along the path a., It is then necessary
to obtain the average value of ple] to obtain the
probability that a torpedo fired from (X,,Y,) aimed
to go on path ao will hit a ship, Whl(‘l) we denote by

- P(Xo,Yy,a0). 1,:
P(Xy,Yo,a0) = f o(a,ay) plalda
n.lla )
f¢(a ao) {1 - L'patha }d(l
nlla

It is cvident that our previous methods of ealeu-
lation were simplifications of this formula in which
the quantity in braces was assigned one of a sct
of values by ingpection of a diagram, and the fune-
tion ¢ was approximated by n population of cascs
(in the examples discussed, 20 cases). It is also pos-
sible to approximate the expression by neglecting the
crror function ¢ if we assume that the position of the
ship aimed at is not definitely known. In this picture

. the torpedo track is taken as perfectly definite, but

FIRING PQINT

UNITS OF
“&n (1 -P)

Fraure 11. Graphieal enleulntion of probability of
hitting.
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target positions relative to it are indefinite and the
function p, is made to absorb tho torpedo firing
errors. Then

I)(.\’n,}'n,(ln) =] — (‘l;|'|l|l,',::'\l'“.
If we make the further simplifying assumption
that p, is uniform throughout the convoy and zero

outeide [i.e., p. = (no. of ships)/(convay nren)], this
becomes

P(XoYo,a0) = 1 — e~te,

1

CONVOY

&
A

SUBMARINE'S BEST SHOT

or _l()g (1 - P) = I’«AO;

where- A, is the total area swept oub in the convoy
by the torpedo.

‘T'he use of this formula can be illustrated by the
simple case of a straight run torpedo. We draw the
torpedo path at a given angle, as in Figure 11, and
seale off along it distances proportional to 1/psS.
Mark resulting points of division hy the corre-
sponding multiple or submultiple of 1/p,S. Then
for any position of the convoy shown dotted in Fig- -

IMteure 12, Probability diagram for contacet torpedo.
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TRUE COURSE OF ZI6~ZAG

\

9 COURSE IN CONVOY SPACE

MEAN LINE
OF ADVANCE

MEAN LINE
OF ADVANCE

THOUSANDS OF YARDS
TORPEDO RUN

UNITS OF
=B (1)

Fiaune 13, Sweep ruie for zigang torpedo.

ure 11 we can read off the value of —log (1 — 1),
in this case about 0.32. The corresponding value of
P is about 0.27. In order to carry out a number of
such caleulations for diffcrent positions about the
convoy, we prepare a diagram which, has torpedo
paths at every 10 degrees, similarly scaled off, and
draw in what might looscly be ealled Zsoprobability
contours. Such a net or coordinate system is shown
in Figure 12. By placing the convoy (drawn on trans-
parent paper) uver it we can tell at a glance what
the submatine's best shot is from any point by pick-
ing the one along which the convoy has the greatest
“length” mensured in that coordinate system. That
length also tells us what the submarine’s chanco of a

hit'is. One such coordinate system will do for all

firing positions, torpedo track angles, and sizes and
shapes of convoy. A new system muss be drawn' for
each density, size, and spec of ship in oonvoy, and
for cach new type of tnrpodo. i

For eurly torpedoes the procedure is more com-
plicated. 1f, however, the torpedo is one which has
a periodic type of motion, such as zigzag or circling,
an estimate of its cffectiveness is not too difficult.
We can consider the motion of the torpedo (relative
to the convoy) as made up of a straight-linc motion
along the mean line of advance, with periodie ex-
cursiong superimposed. By plotting in detail the
course and arca swept out for one eyele we can de-
termine the area swept per unit distance made along
the mean line of advance. This determines an ef-
fective swoep width, whieh we can then usc as if
the torpedo proceeded fn o straight eourse along the
mean line of advance. Thus we draw the torpedo’s
mean line of advance and sesle off distances in units
proportional to 1/p8’, where 8 is the effective
sweep width, We must also seale off along it the dis-
tance that the torpedo actually runs so that its maxi-
mum range will he properly taken into account.
These various steps are illustrated in Figure 13,

Such torpedoes will actually run straight for at
least part of the run and may then start to cirele or
zigzag as the ease may be. The probability diagram
applying to a straight run is then used out to the
appropriate distance, and circling or zigzagging dia-
gram for the remaining yards to run. This is shown
in Figure 14,

The chief advantage of this method is that it is
quick and flexible. Onee the required diagrams hiave
been worked out for any particular type of torpedo,
once can readily decide what the submarine's best
shot is from a given position, and cstimate his chance
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FIRING POINT

THOUSANDS OF
YARDS RUN— §

«—UNITS OF
“Anl1-P)

{—- 4';—-5 jl -
I CONVOY 3 b9 |

L3 ‘
| 2

.2
' 1‘Er—l|—!'"'Z|G'ZAG RUN
L

i"fgure 14. Torpedo which runs straiglit and then
zigangs. -

i of scoring & hit. In a short time this probability

i function can be mapped for all points around the

convoy. The approximations that arc involved should
be fairly good in most enscs. When the range at
which the torpedo is fired is very short (less than
1,000 yards), the actual chance of a hit may be
higher than this method would indicate, since the
submarine can single out an individual ship and aim
the torpedo at it with a good chance of hitting that
particular ship. When the range at which the tor-
pedo is fired is very long (greater than 5,000 yards),
the actual chanee may be lower heeause an error
in firing tho torpedo might eause it to miss the
convoy altogether. In the intermediate range, how-
ever, the probability ealeulated in this way should
be fairly accurate.

It is possible to reduce the probability at long
ranges to more reasonable values by introducing a
very simple ¢(a,an), which gives a rough approxima-
tion. to the actual torpedo firing crrors. For instance
one can tuke ¢ as defined for three angles, the op-
timum and 10 degrees to cither side of it, and equal
to one-third at cach angle. The probability of a
torpedo hit for each of these three angles can readily
be averaged to give a rough figure including the
ceffect of firing errors.

Figures 15 to 17 are given as examples of the type
of results which are obtained by calcalations of this
sort.

%

28%
50

eses0sacna
eastsoncvens
scossscsee
seesesensce
esevessaece

o
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25%
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DEEP FORMATION

. 0%

25%

8

scossassse
tSevens s
owmoovntons

[T RN YY]

TRIANGULAR
FORMATION

0 8000
[ T - |
SCALE-YDS
IFraure 15. Probahility of hit contours for different con-

voy formations 5,000-yd contact torpedo. Diffuse targot
method of ealeulntion.

CONFIDENTIAL



il
¢

gl

Ty

§§1
s
o~

i

Ao e s Ty g s

e i SRR Y IR T A G U TG TR

USRS S Y 5 . I P e m e e memE

PROBABILITY OF HITTING SINGLE SHIP OF TASK FORCE 129

0%

0% "

I3 SHIP CONVOY 15 SHIP GONVOY

60 SHIP CONVOY

28%

OCR)

1000

[ )
0% ° > SCALE - Y08
SCALE- YDS _ o o
Fravre 17. Probability of hit with 15,000-yd circling
IYtqunk 16. Probability of hit with 15,000-yd circling torpedo. Random sweep rate method of caleulation:

tarpedo. Random sweop method of enlgulation: no error. “10° ervor.”

84 THE PROBABILITY OF HITTING A

SINGLE SHIP OF A TASK FORCE

FIRING

Ship formations with large spacing between ships, POINT

|

|
as in & task force, allow a relatively simple method |
of determining torpedo probability curves similar to |
thosc shown in Figures 156 to 17. A submarine firing |
torpedocs at such a formation would presumably fire |
ab o speeific target, and the inereased probability of
hitting duc to neighboring ships would be small. The ]
following method, whieh involves the probability of L\ '
hitting a single ship, can be used:

1

S, )
w = --in radians,

SHIP

8 = Isin 8, LENGTH £
180 &in @, ’

@ = - - | — -~ in degrees.
T 7

Fruene 18, Angle sublended by ship.
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Assuming a normal distribution of firing crrors. lct
¢ = o(d) be the standard deviation of firing
errors in degrees at bearing 6 (relative

space),

plr,d) = prol)nbiliﬂy of obtaining a hit from range
r at bearing 6.
Then '
1 w2 i :LL
rg) = ——== ¢ Ty
p(rf) v

2 W/ -
= ——»_:f e Ty,
4 \'/ 2rJo

Settingy = ~—=

\/2
p(r,8) = N~ f e "{"d.u

- orf—%.

2V 20

(M

Assune that it is desired to find the probability -

contour corresponding to the ‘chance of hlttmg

p(r,8) = C. To find the values of 2,8 for p(r,8) =

let erf m = C. I‘hctefore,

——— m

» 2\/20’
180 , sin @ 1
— | == ——— = m 2
m 2420 he )
180  sin @

S m———

2rmN2 o

TARGET WHEN .
TORPEDO 18 .

For example, for € = 0.25, m = 0.225, and if | = 250
yards,
r = 22,500 fin6
a

This reasoning is based on Iigure 18 which is
drawn in space moving with the veloeity of the ship
(the same as the task foree) and thus 7 is the length
of the relative track of the torpedo. In Figure 19,
on the other hand, & (which has nothing to do with the
S of Figuro 18) is fhe length of the torpedo’s track on
the occan. This figure shows the relation between
the various angular errors, i.c., the standard devia-
tions in angle. The two small lengths marked da are
parallel and equal, and perpendicular to the tor-
pedo’s ocean Lrack s.

Fram Figure 19 the law of sines gives the follow-
mg relationship:

sind = '?vfsin 9
| L (3)
- — nse,
where d is thic the lead nnglo 6 the angle oﬂ” the bow,
u the ship speed and v the torpcdo speed. It is scen
that if » is assumed to be knéwn, then the doviation
of d from the true value will be due to érrors in
estimating © and_6. Let Au und Ad'be the errors in
cstimating « and 6 respeetively, and let Ad be the
corresponding crror in the-velue of d as computed
from the above: formuln ’I‘hcn, to a first order of ap-
proximation, i

FIRED

Frgure 19, Firing dingram.

SUBMARINE
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Ad cosd = é}_‘ sin 8 + AB cos §
("\." sin® 4+ Agcon 0)
v u
Since

cos d =1 —sin?d =1 — k?sin?4,
we have

(A *ging + Afcos 0)
Add= e L (4)

In addition, we should add another term Ai to ac-
count for minor cquipment and personnel inaccura-
cios, Tf the orrorg Au, A8, and Af are independent and
uro distributed normally with standard devidtions
E., Ej and E; respectively, then the standard devia-
tion E of the normal dlstnbutlon of d is given by

" the formula,

J2 [( B “) 9 + Eot cos? 1
R L S B )

1 —&* sm" 0
Since it has been found that ,/u often cquals Id,,
the above formula may be written
k )Iﬁo )
02 = -—-»—-— .2 f
E e (5)

Before cquation (2) can be applied, however, the
relationship between E and ¢ must be determined.

-From Figure 19,

drsin (8 + 90 — ) =

sK(indsin ! + cos 8 coat) o et
P sin 8
o= o osnt
7 ginflcos ¢t — 9)]
o Rin i

sin fcos '

qm 8 cosd
= l 3
7 T din 0 + dy™” (6)

sin 8 cos d ,

¢ nGeosd F cosdsind I
]a
C = T tand
tan 0

Ilsing cquations (5) and (6) to determine values
of ¢ for various values of 8, equatien (2) may then

be applied to determine values of » corresponding to

the desiredd probability contour. Following through

on the example to find the contour for € = 0,25, the
following table can he computed:

o .'mj’ _60° Lt i20° 150°

h' A 7.7 7.9° 7.7° 7.3°

Gng B4 BB 7.0 000 (Le°

ro= 22 ()0 -= 2080\(! 3100xyd 2,830 vd 1L,070yd 980yd

(= 18 kngts,- 43 L-mt“ I'a = I VB =)

I'rom the data in the table the curve p(r,8) = 0.25
can be drawn as in Figure 20.

p(r.6)=0.25

2080 YARDS

3100 YARDS

2850 YARDS

1970 YARDS

FIGURE 20. Danger zone template,

This eurve represents the locus of points from which
a submarine firing o 43-knot torpedo can expeet o
25 per eent chanee of hitting a ship 250 yards long,
located at the origin and traveling 18 knots. A tem-
plate, drawn to the proper scale and having the shape
of this eurve, ean be used to determine the prob-
ability eontour about a task force. It must be remem-
bered that this method does not consider the effect of the
browning shot. Figure 21 illustrates the use of such
u template for a task foree in a circular disposition.

The envelope of all the individual curves is the
desired contour, (This method assumes that the sub-
matine aims its torpedo at the optimum point, for
the submarine, in the disposition and that there is a
ship in the position aimed at.) The placement of
the screen about the sereened unit onee the prob-
ability contours are known is deseribed in the re-
maining pages of this ehapter,

Only straight rua torpedoes are envisaged in this
treatment. Curly or homing torpedocs against ships
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p(58)=c FOR
TASK FORCE

p(8)=c FOR
INDIVIDUAL SHIP

DIRECTION OF
T.F.HEADING
4
SHIPS ARE STATIONED D S
ON THIS CIRCLE TASK FORCE

CENTER

I'teure 21, Use 'of tomplate,

of a task foree would require a combinution of con-
siderations, those of Scetion 8.3 and, possibly, de-
tailed knowledge of the torpedo charneteristics, Such
latter fall outside the scope of the present work,

SATHE SUBMERGED APPROACIT REGION |

If a submarine is to have the chunee C of scoring
a hit with one torpedo, it must reach a point on the
curve p(r,0) = €. Since this will be within visual or
radar range of the convoy, it must make its approach
o0 this eurve submerged. Let its submerged speed be
2, the speed of the convoy being 1, and assume that,"
as in the case of a normal submarine, 2 < w. Then it
is not necessarily possible for the submarine to at-
tain the curve p(,8) = (". The positions on the ocean
from which this is possible fill 'out a region ealled
submerged approach region IR, constructed as fol-
lows: Draw iwo tangents to the curve p(r,8) = €, the
one on the right making an angle of ¥ = «in~! (z/u)

aHigh submerged speed submarines require separate con-
sideration, which would be beyond the seope of this work.

doegrees.to starbonrd (relative), $hat on the left the
samg relative angle to port, houth-mensured from the
convoy’s course. The included forward region is the

Frovre 22. Submerged approach region.

CONFIDENTIAL



ST

pAAT

THI PLACING OF THE SCREEN

- 133

P

rubmerged approach region (IFigure 22). The angle
and the tangents are the limiting (submerged) ap-
pronch angle and lines, respectively. All this has been
considered in Section 1.3.

Mo T PLACING OF THIEE SCREEN

Referring to Figure 22, it is obvious that the task
which the sonar sereen hag to accomplish is at most
to intercept submarines which come from the sub-
merged approach region Ity (here Ry is -drawn cor-
responding to p(r,8). = 0, the limit of the torpedo
dangor zono); for other submarines do not constitute
an immediate danger, as long as they remain sub.
nterged. Inasmuch as the line officieney of the sereen
is greater the more escorts there are per unit length,
the best way of intercepting submarines entering the
torpedo danger zone from Iy is to dispose them in
the shortest line connceeting the limiting approach
lines and lying outside the danger zonc and inside

R., Such o lineis constiucted by stretehing a string

around the forward part of the danger zone, its two
ends being on the limiting approach lines and per-
pendicular to them (NS¢ in Figure 23).

Such & sereen would give 100 per eent protection
against submerged submarines if it were perfeetly
tight, i.c., if it had 100 per eent line efficiency. Un-
fortunately the distances invalved require SoSo’ to be
s0 long that no normally available number of escorts
can pravide n sereen with anything like such a high
line efficiencey, The etticiency might, for example, turn
out to be only 15 per cent, which represents the
chanee of preventing the submarine from approach-
ing to within casy torpedo range. Then considoration
must be given to defending losa of the torpedo danger
zone with a shorter, and henee tighter, sereen. See-
tion 0.4 discusses the spacing between the screening
units, and presents a method of detoriuing the
tightness of  screcn having a given spacing. If, for
example, C = 10 per cent, the level curve p(rd) =
' = 0.1 being smaller than p(r8) = 0, a screen atong’
SeSe’ would be shorter and hence tighter than SpSy'.
If its line officiensy were, for example, 25 per cent,

—

I1eure 23, Placement of sereen.
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the submarine would have a less favorable chance
of hitting the convoy than when the sereen SoSy’ was
used. If it fires from outside the sereen, its chance of
a hit is, at most, 10 per cent; if it attempts to cross
the screen so as to be able to fire from a very favor-
able position, its chance of success is possibly as
great as 75 per eent. Obviously the submarine would
do the latter (assuming that it is indifferent to its
own safety and merely tries to maximize the chance
of a hit). But in the previous case this course of action
would have given an 85 por cont chanco of success
for the submarine. Thus S¢8¢' would be a better
sercen, This contraction of the sereen must, however,
not be carried too far, If € = 80 per cent, the level
curvo p(r,8) = 'C = 0.8 might well give a high
(e.g., 90 per cont) line officiency. The submarine
would simply fire from outside the sercen and not
attompt to pengtrate it and would have as much as

an 80 por cent }blinnco of making o hit, What value

of ¢ must be chosen to glve optimum results?
Assuming always that tho only considerstion

governing the submarine’s behavior i the desire to

make a hit and that it has no primary concern for

-{ts own safcty, then its best course of action is to

attempt to penetrate the sereen SpS¢’ whensver 1 —
(linc cfficiency of S¢S¢"),is greater shan C, and will fire
from just outside the screon if C is greater than 1 —
(line efficieney of SaSe’). In either case its probability
of scoring a hit (ussuming that once it gets through
the sereen wr ' teeted it can certainly make a hit)
{8 the greaier of the twe,quantities 1 — (line efficiency
of 8eSe’), C. The situation is visualized by the graph
of each of these quantities regarded as functions of
C (Tigure 24). The submarine’s chance of hitting is
evidently represented by the heavy line, e, 1 —
(line cfficiency 8¢Se’) for values of C less than tho
intersection of the two curves, and U itsclf to the
right of Cp The optimum serecen is the one cor-
responding with that € which gives the submarine
tho least chance of hitting, S¢,Sg,’. This leads to the
principle:

To obtain the best screen, use a curve Se8q' of the
type shown in Figure 23, and bring it ™n (i.e., increasc
C) uniil the chance of crossing it undetected just equals
the chance of scoring u hit from a point just outside it.

There aro several qualifications to be made before
accepting the ahove reault,

Tirstly, submarines actually do give consideration
to their own safety; thus, with the screen Sg,Se,’ it
would be more favorable to them to fire from outside
the sereen than to try to cross it. This would continue

to be true even if 1 — (line efficlency S¢:S¢”) is somowhat
greater than (0. Hence, from this point of view, the
“best sereen’’ would he somewhat farther out than
Sc.Se.’, just how mueh farther is a difficult matter to
estimate. Lxactly the sume reasoning can be made
in different words, as follows: If we are going to have
a certain chance of having one of our ships torpedoed,
wo would prefer to have o greater chanee of getting
the submarine; the best SeS¢’ should be a little
farther out than SS¢’. In whichever form this
reagouing is given, it reposes on the fact that a sub-
marine firing outside the screen is less likely to be

1
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Iraure 24, Optimum tectics dingram.

attacked than one which tries to crpss the screen
first.

Sceondly, it is not strictly true that once a sub-
marine has crossed the screen undetected it is sure to
gcore a hit. Agein this tends to make tho ‘‘best
screen” somewhat farther out than S¢Sc,/. If the
chance of a hit at close rangeisg, (0 < g < 1), to carry
through the preceding reasoning we must replace the
graph of 1 — (line efficiency SeS¢’) by their product
g[1 — (line cfficiency S¢S¢’)] plotted in the dotted
curve of IPigurc 24, and thus reach the best sereen
SeeSe,

Thirdly, the submarine may be supposed to have
more thun one torpedo, whereas it has been assumed
implicitly in the foregoing probabilitics that only one
torpedo was involved. Having » torpedoces would en-
lnrge the level curves but also increase the damage
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done by a closc-range submarine, and these two
effeets would operate in opposite directions.
Fourthly, it was assumed that a submarine en-
countoring the screen does so with equal probability
over the sereen’s entire length., Yet it is markedly
advantageous te the submarine to operate near the
sides of the screen so as to facilitate its cacape after
firing. And the fiormal tracking procedure used by
submarines tends to bring them inte contact nearer

. the front side than the front center of a convoy of

any size. For both these reasons it is important to
avoid lessening the scrcen'’s line cﬁmmcy aear its
ends, i.e., abeam.

I‘lfthly, in the case of screening a fast ship or task
-group which may be zigzagging or mancuvering rad-
ically, the limiting approach angle is increased and
the limiting lines aro spread out, and henece the
scrcen must extend through a greater anglo off either

- bow. But the principles doveloped carlier remain the

same.

The extromo case is that of the !ast carrior task

forer which must be prepared to change its courso
radically, even to backtrack at short notice (e.p., in
order to launch plancs into the wind, or to avoid or
surprise the cnomy, ote.). Circular screens around the
whole task force are froquently used in such cases,
either with equally spaced escorts, or, more coffi-
ciently from the antisubmarine point of view, with
closer spacing initho forward parts of the circlo.
Iiven when as radical a measure as o circular distri-
bution is not neeessary, all turning of the convoy into
unswept wators must be avoided. The sercen should
be extended in the direction the convey cxpeets to
turn, so as to detoct any submarines possibly present
therein. This is particularly important in view of the
tendency of tracking submarines to aceumulate along
the flank: They are surfaced while tracking, but sub-
merge and become a danger when the convoy turns.
Finally,it may be objested that-the reasoning upon
which the choice of 8¢,Se,’ was based appeared to
assume that the submarine knew the values of the
various probabilitics involved, a thoroughly unreal-
istic assumption. Actually this does not invalidate
the reasoning. We were merely caleulating the chanee
of success of the submarine if it did the best thing
from its point of view. Its ignorance can only result
in ita taking a, for it, less favorable coursc of action,
i.e., it will diminish its chance of suceess, Thus our
reasoning subsists but does not attempt to figure on
the chance of the cnemy’s making a blunder. To
figure in such a chance would be to carry the discus-

sion to a higher order of tactical complexity, not the
abjeet of the present exposition,

In order to incorporate the considerations raised
by these qualificntions into the problem of fixing the
optimum screen, o somewhat less artificial eriterion
of advantage would have to be used. We have con-
centrated our attention on the probability of a hil of
one submarine with ono torpedo, and shown how to
minimize it. Actually one might want to minimize

the number-of akips sunk-per submarine-tost—{sub=—-—-

marincs using salvos of torpedos and many sorts of
torpedos, ete.), i.c., to posit & more reelistic situation.
But it docs not appear that as far as thd present
general treatmont is concorned such a more detailed
and complicated study would materially alter the
conclusions,

‘87 PATROLLING OF STATIONS

When- the number of escorts is insufficient to pro- ..
_vide even a moderately tight.soreen without closing .

to unduly short distances of the cohvoy, it s ouws- |
tomary for the cscorts to ‘“patrol their stations,” that

is, to-tako a course which causes their position to

" oscillate about their statlon sometimes quite a dis-
tance (0.g., 500 yards) to the right and then to the

left of the point (fixed relative to the conyoy) which
represonts the assigned stasion. The reasoning upon
which this process is based is the following.

When there are too fow eseorts, the distance be-

tween two adjacent ones will be such that a sub- .

marine has s very good chance of passing through
the sercen undoteeted provided it goes about mid-
way between the cscorts; in other words, the screen
has “holes.” There are two possibilities: Eithor the
submarine knows where such holes are or else it does
not. If it doces, it can profit by their presence, and
thus the strength of the screen will iwve tu be judged
by its weakest poing. If it does not know, it will:enter
the screen at a randomly chosen point, and thus the
strength of the screen would be measured by its
average strength, i.c., the average of its probability
of detection. Now the objeet of patrolling stations is
to deprive the submarine of the possibility of utiliz-
ing the holes, sinco, when it is near the screen, it is
proceeding submerged and without being able safely
to use its periscope. Of course the patrolling must
have an irregular or random character. Thus patrol-
ling stations make the sccond of the above possibili-
tics the actual one. The average tightness of the
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gereen is the valid index of cffectiveness, and, low
though it be, it is much higher than the probability
of detection in the hole,

Figure 25 shows the situation graphiceally. The
ordinate represents the probability of deteetion at a
paint along the sereen represented by the abscissa.
Patrolling randomizes the situation with regard to
the submarine, thus replacing the original curve (a)
by the average ordinafe horizontal line (b). The
area under (a) cquals that under (b).

g}

ERCORT STATIONS

MEASURE OF EFFECTIVENESS
WITH PATROLLING

‘ * MEASURE OF EFFECTIVENESS
4 WITHOUT PATROLLING

FIGURE 25. Tho «fuet of patrolling of stations,

ws PICKETS

The. sereen considered here is -a line sereen. One
of u different sort and giving an effect of defense in
depth (c.g, by alternate staggering of ships) would

have the disadvantage of creating wake interference -
and difficulties of mancuvering. Nevertheless a line

screen can be given some of the attributes of defense
in depth by supplementing it with cscorts stationed

mem 26, Stationing of pivkaw-

as ])1(‘]161“ f], 2, 3, 4), Iugure 20 'l‘heqp pwkets ac-
complish tho following tasks. o

1. They act as visual or mdnr obsmlvors for sur-
face submarines; this is particularly important when
air coverage is lacking, or only present in forward
scctors,

2. They investigate suspicious contacts and aid in’
making attacks upon submarines which may be de-

~tected by tne screen or by their having attacked a

ship in the convoy.
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Chapter 9
AERIAL ESCORT

0! THIS TACTICAL SITUATION

HEN A FORMATION of ships (such as g merchant
W("(n'l'vuy in truunsit, a task force, or task group in
cruising disposition) passes through submarine wators
(i.c., waters possibly containing hostile submarines)
safety can be incfeased by accompanying the forma-
tion with aireraft (carricr or land based) which per-

_form systematic flights in its vicinity. Such flights

are the subject of this chapter; they are culled the
aerial escort, the defended ships being termed in all
cases; the convoy. Tt is to be emphasized that the
priméry object here is defensive—to reduce the danger
to the convoy-—as contrasted With; the primarily
affensive purpose of flights stich as tho distant beam
scarches made by Aérerafiy (‘mmemL‘scort « VE)
killer groups, where the destfuction of the maximum
number of submarines is the prlmmy aim. "To put it
in slightly difforont torms: 1f a submﬁnno is present,
the success of the acrial escort I3: mcasuxcd by its
ability to prevent the su!.marine rn tl damaging the
convoy; while the most qntmfnot.gry wpult. is un-
doubtedly the siuking of the submjarine, the cscort
must also be regarded as suceessful if its mere de-
tection of the submarine permitd the: convoy to avoid
it, or even if its presence induces the submarine to
submerge and remain submerged in a region from
which no submerged attack upon the convoy can
be delivered.

In order to attack o vnnvoy, u submarine must
first detueet Lhe convoy; second, make an approach
(usually with tracking) to within firing range of the
conyvoy; third, fire its weapons; fourth, withdraw to
safoty. Acrinl cscort is chicefly instrumental in ob-
structing the first and second of these operations. Its
first function (prevention of detection) shall he
catled the scouting effeet; its sceond (prevention of
approach), the screening.

In any definite situation there will be a maximum
range R ot which a submarine, using all its facilitics,
enn deteet the eonvoy. Visual deteetion of a non-
amoking convoy in ideal weather occurs at a distance
limite<] only by the carth’s curvature and atmos-
pheric refraction, but it ean be greatly lowered by
adverse meteorologienl conditions and inercased by
convoy smoking. Radar detection of convoys is alto-

gesher dependent on the set but at present docs not
exceed goad daylight visual deteetion. Hydrophone
ranges depend on sound conditions and sea state, as
well as size and speed of convoy; under ordinary
conditions thay are not much in cxeess of 156 miles,
but under idgal conditions with a large fast task
foree they may attain 50 miles. 2, which is the great-
est of all theso ranges measured from a reference
point O fixed in the convoy and thus taking into ac-
count convoy size, has in mast cases values between
15 and 30 miles. The cirele of radius R and center
at the refernnce point O is the detection circle. The
detection circle may be dcscnbed as the area within
which submarines have an.appreciable charice of de-
tecting thé convoy, and nutqldn of w]uch thov lmvp
little: . b PR '

AREA OF buamsaaso
APPROAGH

N ™ Ty o

DETECTION CIRCLE

_Fraouns 1. The tactical regions.

Figure 1, which is drawn relative to the convoy
(in which, therefore, reference point (0 remains fixed),
shows the tactically relevant leatures: "'he convoy
and its surrounding torpedo danger zone (shaded), the
aren of submerged appreach (see Chapter 8), and the
detection eivele. There is also shown (bounded by
dutted fines) the aren within which the ships of the
convoy and its escort can detect a surfaced sub-
marine. The convoy is heading up the page at the
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138 AERIAL ESCORT

speed made good of v knots. Tho region A BCD shall
be called the denger zone; if-a submarine has reached
it, it is in contact with the convoy and can submerge
at will and then make a submerged approach un-
dotected by the aireraft; to reach the danger zone is
a usual tactical objective of attacking submarines.
The figure is drawn on the assumption that the
submarine’s submerged speed is less than the con-
voy’s speed. Tn the contrary ease, the solid curve
CDAB may have to be drawn much farther back of
tho torpedo danger zone—corresponding to the locus
within which tho endurance of tho submarine sub-
merged just suffices to close the torpedo danger zone.

Or the curve may be absent entirely, whon this on-

durance is very great. In this caso the dunjer zono
will b the ring shaped aren insido the detoctnpn circle
and outside the dotted curve.

In order to have swuhng effectivencss, I u, in
order to provent the submarine from gnm‘.ng con-

tact wich tho convoy (s0 that it will cither npt know

that the convoy is presont, or, in case it ‘lus been
directed to tho convoy by means oiher than its‘own
1mmulmtc dotection, have no preclse knowledge of
the position or course of the latter), it is netessary
that the aorial escort fly n sufficient amournt directly
outside the detection cirele, particularly in the for-
ward rogions, which are thoso in which submarines
are most likely to be cncountered by the circle
(Scetion 1.5), A method of evaluating numerically the
scouting cffcotivencss of any glvcn flight plan will be
set forth in Sectiph 9.2.

In order to have screening offectivencss, the escort
flights must be so made that the tracking and ap-
proach procedures normally carried out by a sur-
faced submarinc arc impeded. Tssentially this means
that entrance to the danger zone must be barred,
and that this arca itself must be covered so that cven

"if a submarine has entered it and submerged, it will

have o materinl chance of being deteeted should it
momentarily surface or othorwise show ita presence.
The importance of barring the are BC is duc to the
fact that a submarine in the path of the convoy but
unaware of the latter’s presence is likely to be picked
up by this arc as it moves over the water with the
convoy, by which time the submarine will deteet the
convoy and then be in o favorable position to sub-
merge and deliver an attack. The importance of

barring AB and CD is due to the fact that these will

normally be erogsed by submarines which have
tracked the convoy on the surface; such submarines
cannot enter the area of submerged approach nearer

to the convoy than A or D since they would be de-
tected by surface units; and an attempt to enter be-
yond B or € would require their loss of contact with
the convoy. A precise method of evaluating the
screening elfectiveness of a plan will be found in
Seetions 9.3, 9.4 and 9.5.

When aerial escort aecomplishing these results is
maintained day and night, maximum proteetion is
obtained. 8hould it be necessary to discontinue the
flights at night, it is important that predark flights
of & scouting character be made at greater distances
around the convoy in order to clear the waters
through which the convoy will pass in the night as
well as to deteet submarines which may be stalking
the convoy, intending to closg it at night. The char-
acteristics of such flights will ho anmmed in Section.

'1‘hc only practicable flight plqns for regular aoria,lr .
escort (all those which are flown continuously during
a length of timé, and exeluding predark flights) aro
periodic oncz-After the peried of +" hours the plan of
flight ia;repeated, the paths fiown during the nevt 7.

hours baing identical (as scen relative to-the convoy).—

to those of the preending T hours; this continues as- -
long as the plan is flown. The period T should be of
the order of one or two hours. Thus the plot of every
regular plan relative to the convoy consists of one
or more closed cireuits, the whole being flown every
T" hours. The geographic plot is not closed, but is of
_an advancing fecurrent nature, the-length cf the
recurrent figuré: flown by each aireraft being T times
the aireraft’s gound speed (or avoerage ground speed,
in case of variations in the latter duc to wind or other
cAuses).

One assumption is presupposed in the quantitative
probability - reasoning -coneerning any acrial escort
plan, that the submarine does not know the plan. Other-
wise any plan using a normally restricted number of
aireraft would be ineffective. Actually, it is difficult -
to imagine that the cnemy could cver obtain suffi-
ciently detailed information concerning the plan to
be enabled thereby to penetrate undetected.

82 THI SCOUTING EFFECTIVENESS

A mensure of the cffectivencss of any aireraft
escort plan as a method of scouting is the probability
which it affords of deteeting (visually or by radar)
submarines which are so moving that they will
eventually enter the detection cirele, deteeting them,
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that i3, before they enter the eircle. It is assumed
that these submarines are proceeding surfaced (or
schnorchelling) in a straight course nt speed 2. The
probability will depend on this speed, ns well as on
the position of the submarine’s path. It should be
noted that the word “sccuting’’ is used in the present
study tu indieato a primarily defensive operation, in
contrast to a frequent and more offensive connota-
tion of the term. :

At this stage it ls important to cmphasizo that
submarines outsido the detection cirele are to be re-
garded as unalerted and cither ignorant of the con-
voy’s oxistenco or insufficiently informed of its posi-
tion to be cnabled to make a systematic approach.
Consequontly they may bo rogarded as random sub-
marines; all courses are equally likely. And when at-
tention is confined to submarines on courses leading
eventually to their ontry into the detection cirele,

thoy qontimié to be random submarines but with ap--
_propriately alter nd"diatrib‘u’tion of courses,

For expodiency of computation, the prolmbilities

Of\muarwptum hefure ontry into the dotection mrda;

are ovaluated for turgets of each relocity clnes (sed

~ Section 1:5). In practioc this means that, aftor i havs

ing estimated the probable cruising speed w of an un-
alerted surfaced (or schnorchelling, us tho case may
he) submarine, a track angle ¢ is sclected, and at-
fention is-fiked on the class €y of surfaced submatines
tlf speed  Wwhich (1) proceed at the sclected track
m:glc ¢, (2) have tracks relative to the convoy which
xhttor the detection circle. Then the probability P
tliat such submarines be detocted by the aireraft s
¢aleulated. This is cssentially o problem of barrier
patrol evaluation but pertains to the casc of barriers
in which the atreraft flights, though periodie, aro

" very irregular. The treatment hias been given in See-

tion 1.8, and Chapter 7, and we. confine oursclves
here moroly to setting forth a mmplc method which
will usually give sufficicnt accuracy.

Step 1. Draw the escort plan to seale relative to
the convoy, and draw the deteetion cirele,

Step 2. From ¢, u, and the convey specdd, find the
relative course 9 and speed w with respect to the

a Anothor measure of effaetiveness is the abilily of the nir-
eraft to farce the submarine to submerge oulside the detee-
tion circle, und thux greatly to reduce its chance of deteeting
the convoy. This does not require the aireraft {o deteci the
gubmarine but, rather, the submarine to deteet the nireraft.
Since this (lopon(h on the amount of flying in the various areas
without the cirele, in much the swne manner as the aireralt’s
probability of detecting the submarine does, the probability
of thoe latter affords a significant. norm of evaluntion for the
plan. Therefore this will not, be considered further.

convoy (sce Section 1.2). Diaw the two tangentd to
the detection circlo making the angle ¢ with the con-
voy course.

Step 3. Measure the total length Ly of that part of
the aireraft path which lies outside tho detection
circle and between the two tangents drawn in step
2, and is situated on that side of the circle corre-
sponding to entranco into the cirele by submarines of
class C,.

The required probability is then

P¢ = 1 - G—IVL¢IQRIDT’

where W = effective search width for the deteetion
of surfaced (or schinorchelling) aubmarines by the air-
crait (see Section 2.6). ’

This calculation of Py is carried out for u set of
angles covering tho full circle. These may b taken

equelly spaced cither in ¢ or in 4, atfi for’ example 15

degree intervals (or largor if less complete 1nforma-
tion suffices). They aro conveniently exhibited by

marking nach P off radially along a linc starting nt .

tho origin snd making an éngle 5 — « (and hence

directed toward the incoming submarine) with the di~_
.rection of the convoy. When the resulting points are
‘joined by a smooth curve, a polar diagram (to-be

called the scouting diagram) is obtained:, A corre-
sponding polar diagram of P, plotted against ¢ or
# — = can be drawn, but being less directly related
to the relative picture of the flight plad. it gives a
less clear indication of its scouting tightness.

Tt is noted that in the case of fast convoys whose
speed v is greater than the surfaced (or sehnorchel-
ling) cruising speed « of the submarine, the polar
curve is o closed loop lying ahead of the polar origin
0. This correaponds with the fact that along a given
8 (represented as the radial line at angle 6 — « with
the convoy’s cotrse), there ars two velocity veclor
angles ¢, onc corresponding with submarines pro-
ceeding toward the convoy, the other to those headed
away from it bul overtaken by it. Thus the loop is
cut in two points by the above radial line. When
v < u, there is only vne point of interseetion, the
loop cnelosing 0. When v = w, O i8 on the loop.

Actunlly, the chief usc of the seouting diagram isin
obtaining the scouting coeflicient, now to be defined.
In nppraising the scouting cffectiveness of a plan,
consideration must be given to the total detected
fraction f of all the submarines whose motion wiil
lead them into the detection cirele. The number of
submarines of ¢y entering the circle per unit time is
equal to the area 2Rw in rclative space which con-
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tains them, times the devsity of members of Cq (by
the randomness, “independent” of ). Thus their
number is proportional to wlw = w(gp)]. Of these, &
number proportional to P, is deteeted on the aver-
age. Henee, the total number deteeted is proportional

to the integral
-L f?t
2r Jo

which is conveniently found by taking the arithmotic
mean of the numbers w(¢)P, found as above for
equally spaced angles ¢. If cvery submarine were
detected (24 = 1), the nbove would reduce to

'w(¢) Pédd’z

H

1
: 3 J, w(@Mde. .
To obtum the required fraction, tho first o\pr(‘ssmn
ia divided by the second, g:vmg S i

2%
N -zl'(¢)1’¢d¢»_
[ =

A _
A f o
. 3}

1]

o weighted mean of the quantitics Py, This ean be
computed by taking the equally spaced angles ¢, ¢,
« + + and obtaining ’

f _ (@) Py, + w(gn)Py, + - - - ’
wigy) 4+ w(gs) + -« ¢

or hy using previous results [Chaptar 1, equation (4))
to evaluate the denominator, In the notation af the
referenee, this gives

f=

arithmetiv mean of w(¢) Py, ()¢, « «

;N : Y

(v + v) (2/m)li(s)

where # is the convoy's speed.

The number f, ealled the scouting cocfficient, is in
the nature of o ﬁguro of merit of the scouting of the
acrial cseort plan The values are reasonably in-
sensitive to possible misestimations of « but depend
very materially upon the value of R.

Certain modifieations of the above procedure may
be useful in special situations. Thus in the case of
certnin submarines having extra batteries, a high

b'Fheoretienlly, a plan could he designed so that f is maxi-
mized (subject {o the flying restrictions). The direct determing-
tion of u plan on the basis of thix principle seems (o he less
profitable than the indirect method of drawing ap a praetis
cable plan and then cheeking its scouting value ns above, pos-
gibly altering the plan (withoul sacrificing other important
features) for scouling improvement.

submerged speed may make the submerged over-
taking of the coavoy possible, although only at rela-
tively slhort distances, on account of limited battery
enduranee at such speeds. ‘T'his means that the danger
zone ma¥y be bounded in the rear by o eurve passing
a few miles, e.g., ten, to the rear of the convoy and
gently concave in its direction, and intersceting the
detection cirele at points near cach beam. Then an
evaluation of the scouting diagram and cocfficient,
with the detection cirele’replaced by the composite
curve consisting of the forward part of this circle
joined to the above rear limiting approach curve,
may be useful. Such an cvaluation proteeds along

. similar lincs to the carlier one, cxcept that the dis-

tance ) hetween the tangents now depends on ¢:
D = D, rather than D ="2R must be used: in the
denominator-of the exponeut iu the formula for Py,
This procedure’ lins a-certain inaccuracy, iasmuch
as it counte submarines inside she detection cirele but

“hehind the rear limiting apnroach curve.as rasdom,”
-whuoreas thev can Le expee

e to have-gained enomgh
kiiowledge of the convoy's location to change o -

‘an accidental to.an intended apprmwh. There ure

cases, however, where this inacedracy may be 1g-
nored,

od THIS SCREENING EFFECTIVENESS

A measure of the effectivencss of an aireraft escort

. plan as a sereen is the probability which it affords

of deteeting surfaced submarines® which are making

‘a systematie approac h to the convoy. Such sub-

marines are not only alerted but they have a faily
precise ‘knowledge of the convoy’s location, course,

.and speed. Their approach may inelude a tracking

procedure, and some form of closing (e.g., along a
normal approach course or a collision course) to a
favorable position for submerging and thenee mak-
ing n submerged close approach and attack, Their
surfaced approach course may therefore be quite
complieated, and sinee the probability of deteetion
depends on its geometrieal shape, as well as upon the
phase of the aireraft’s motion (i.e., its position on
its circuit when the submarine is at o given distance
from (), the evaluation of all such probabilities is
not feasible, Henee the importance of the following
line of argument, intended to establish as a useful
norn of serecning effeetivencss the probabilities of de-
teetion enleulated for collision courses only, With the

Or ﬂuhnmlmm which by sehnorehelling or using their peri-
scope are nifording the ])(N‘llbllll.\ of aerinl detection,
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reference point 0:in the convoy as center, a cirele is
drawn so large that it includes the whole aireraft
escort track so far within it that there is no prob-
ability that any of the aireraft deteet & submarine
outside i, This circle, in general mueh greater than
the detection eirele, will be ealled the reference cirele.
Any appronching submarine will eross the reference
eircle at some (last) point A at the heaving € reiative
to the convoy’s course. This is shown in Figure 2,

SUBMERGENGS
CIRCLE

REFERENCE GIRCLE

Fraurg 2, The reference figures in an approach.

drawn relative to the convoy. Gue characteristic of
the submaarine’s path is 8; another is the distance from
the convoy at-which it submerges. Figure 2 shows
three paths, AB (the collision approgch), AB;, and
A By, all corresponding to the same 8 and same dis-
tance from convoy of point of submergence (thus 73
Bi, By are all on the same “submergence circle”).!

How do such paths compare in their probabilitics
of deteetion? Again it must be emiphasized that the
submarine is assumed not to know the acrisl escort
plan: the most it knows is that acrial eseort is hoing
flown. Otherwise acrial escort with nny normal num-
ber of aireraft eould not be assumed to be usceful,
inasmuch as the submarine could be presumed to
T \\Ern assuming that the boundary of the submergence
region is a cirelo, thus considering only the simplest ense. With
o tacticnl situation known in more detail, some other region
may be more approprinie. For example, the danger zeone hag

been used in annlyzing the plan of Figure 17, but the prineiples
of the reasoning remain the same,

know how to get in undetected, Consequently, the
paths AB, AB,, cte. are randomly situated: with re-
speet to the aireraft paths. Now of all the submarine
paths AB, AB,, cte., the collision course AB is the
one which takes the least time for the submarine to get
Jrom A to the submergence cirele. 1 therefore, the
density of air coverage is substantinlly the same
throughout the regions through which AB, 43, ete.
ean he-expected to pass, the probability of detection
for AB is less than that for AB,, AB;, cte. On ac-
count of the intention of tracking the convoy hefore
closing, and then of entering the submerged approach
region (Iigure 1), many submarine paths may he
expected to be of the type of A By, honco, if the prob-
ability of dotection of AB is to ropresent a gonuine
conservative estimate (lower limit) of tho probabili-
tics of dotoction of AB,, 4By, ete., the flight plan
must provide adequate barring of cr ossma the line AB
of Figuro 1,

Consider now two collision courses: AB and AU
(Figure 2). The probability of detection of AB is
obviotsly Tess than that of AQ (a3 most equal to A0,
in the case when all flying is dono well outside tho
submergence cirele). If the density of Hight wqro 08~
sentially the same at all the places through which
the collision course of bearing angle 8 passes, out to
a point D, and then fell to zero, the probability of
detoction of AB would be given by multiplying that
for AO by'the factor BD/OD. If there were more
flying farther out along OD than at points nearer to
0, the factor would be greater than BD/OD; if less
flying far than near, the factor would he less than
BD/0OD, and, indeed, the probability of detection of
AO gives little information about that of AB when
the flying is highly concentrated near the convoy; but
such plans are bad plans. (since they duplicate the
sighting operations of the surface escorts and sinee
they cover regions where the submarine can be ex-
peeted to be already submerged) and need not con-
cern us here. Their exclusion is part of the task of
the design of a plan (Seetion 9.6 below). Thus, with
reasonable escurt plans, the probability of detection
of A0 is n satisfactory index of the tightness of the
sereen wlong the line of hearing 0. We may add that
the probability for AO is the same (on aceount of
the way in which the reference cirele was drawn)
as that for a collision path of hearing 8 but extend-
ing to infinity instead of to A.

In conelusion it is here posited :

Under the proviso that (1) the entrance to the
submerged approach region be adequately guarded

CONEFIDENTIAL
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(so that probability of deteetion of AB, is not less
than AR), and (2) tho flying be not unduly con-
centrated near the convay, the probability p(8) of
detection of a collision course submarine coming from
infinity to O along the bearing 8 caleulated for various
representative values of 8 is a norm of the screening
offectiveness. The polar diagram r = p(8) is called
the sereening polar diagram. Its construction is the
subject of Section 9.4.

A modified procedure is to take the polar diagram
in which probabilities of detecting collision course
submarines outside tho danger zono arc plotted, in-

~ stead of probabilitics of detection all the way in to

0. This occasionally gives useful indications, but its
value is mainly in serutinizing poor plans, i.c., those
in which an undue amount of {lying is done close in.
In a well-designed plan, the dingram ac it has been

considered carlior. should not be too different from .

the modified case hore mentioned.

94" THE SCPEENING POLAR DIAGRAM— -

GENERAL CONSIDERATIONS

- Asin Seotion 9.2, the period T of the flight plan is

ascertained, and the diagram of the plan is drawn in
convoy space. The problem is to find the probahility
p(6) of detosting o ‘surfaced submarine approaching
on the collision course which in convuy space is the
radial line drawn nut from O at the angle 8 with the
convoy course. In order to sce precisely what is in-
volved, we shall give the exact formulation of p(8),
and afterwards study methods for its approximate
cvaluation,

Let ¢ denote the time (hours) before a particular
subraarine reaches O (at O, t = 0). Marking an 2
axis in the direction of the eonvoy’s heading (the
reference point O in the convoy being the origin)
and a y axis in the starboard direetion (Figure 3),
the submarine’s position at any time ¢ is (z,7,), and
if 20(8) is its relative speed, we have

w(9)t cos 0
¥ — w9t sin 6,

T, =

which are, ir fact, its cquations of motion.

If (X% ¥,") are the coordinates of the 7th nireraft
at time ¢, this aireraft’s equations of motion are of
the form

I

X
Y,

X',
i,

where the two functions X'(f) and Y/(f) are each
periodic and have T as a period. Indeed, T is the
smallest common period of all the functions X'(2),
YU(f) for all values of ¢ (i.c., the leust common multiple
of the periods of all aircraft circuits of the plan). Of
course some of the aireraflt may repeat their cireuit
moro often than others, so smaller numbers, such as
T'/2, may be poriods of some of the pairs of functions
X4y, Y'(t). Tt must be realized that to give the
cscort plan is to give these functions, and vice versa.

Let

YV = X)+ (5 - Tt

be the instantancous probability of sighting & target
(surfaced submarine) at (z,5) by «n observer (air-
eraft) at (X,¥) (sce Scetion 2.2).° As in Chapter 2,

CONVOY /
HEADING.
(X4,¥¢)
b3
5) y

Jaure 3. Collision approach: the ecoordinnte system.

the probability of sighting the subbmarine on its entire
collision course by the ith aireraft is

1~ cxp{ - j{: v [v’(:v: - X+ (- Y,')?]dt}’

and the probability that at least one of the aircraft
sight it is

v {= L[5 | Ve ST G v o,

¢ Liffects of turget aspect and bearing on this probability are
being iguowed in thus assuming that v is o function of the
distanee between observer and target.
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tho summation in the exponential being over all
values of 7 which occur (e.g., from 1 to 3 if there are
three aireraft flying the plan).

This is not yet the value of p(0).

Suppuose that a sceond submarine is following the
first at a distance w(8)r behind it (i.c., » hours later).
If + = T, 2T, 3T, cte., its chance of cetection is the
same as before, becauso of the periodicity of the
plan, But if 0 < ¢ < T, it will arrive at the various
points of its path when the aireraft arc at a dificrent
phase in their circuits from those of the previous
caso, and thus tho probability of deteetion will bo
different. To find its value, we have but to write the

SUBMARINE'S
S RELATIVE
Sed COURSE
‘\
\ -
N
N
|
!
. -
CONVOY !
HEADING {~p \Cq
\
Cy \\
AN
0 \\ \\

The exact computation of p(8) would be a formid-
able task and is not warranted, in view of the fact
that any cxplicit expressions for v and w(8) are at
best only very approximate, while at the same time
there is bound to he eonsiderable navigational in-
aceuracy in flying the plan. Fortunately, approxi-
mate methods exist whereby p(6) can be evaluated.
The earliest method was to use a definite range law
of sighting and treat tho problem graphically. Thia
method, except as giving very crude indications, has
had to be abandoned. For it not only gives an un-
satisfactory degreo of approximation, but, more im-
portant, il frequently yiclds a value p(6) = 1, thus

SUBMARINE'S
RFLATIVE COURSE

CONVOY
HEADING

Iraunn 4. Types of paths crossed.

equations of motion of the sceond submarine (2/,1,),
w(@ (¢ + 1) cos b

v o= w@(t+r)cosd = yyr,

I

xg'

b1y

I

and substitute these expressions into the above
formula in place of (), i.c., replace (z,1) by
(T1 4 75 ¥t +-)- Now the value of p(8) is the prob-
ability of deteeting n submarine chosen at random
on the line of bearing 8. Its position is characterized
by the value of 7, which is uniformly distributed in
the interval 0 £ 7 < T. Thus to ohtain () we
must average the probabilities obtained as before for
each 7; we have then finally

T )
p(6) = %j; {1 — eXp [ - EJ; () dl]}(lr,
o=V @ — XDP+ (ar — VO

giving the impression that a perfect barrier could be
established {vcorresponding with the idea of “sweep-
ing the ocean about the convoy clean”). This is an
illusion: LKvery plan gives the submarine a tinite
(though possibly small) chance of an undetected sur-
faved passage through the aireraft sercen, provided
the velocitics make such an approach kinematically
possible. A much better method, for the visual case
ab least, is the one based on the inverse cube law of
sighting 1t is aet forth in detail with the aid of
examples in Scetion 9.5. Here we merely outline the
general prineiples of the approximation to p(6), what-
ever be the nature of 4, and thus applying cqually
to any law of visual or of radar deteetion.

As the first step in the approximation, suppose
that the submarine crosses’ two partial paths €,

[1.c., cither actually intersect, or pass in ¢lose enough prox-
imity to offord an appreciable chanco of a sighting.
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&, of the plan (and possibly others). This may oceur,
as in Figure 4A or 4B,

The distinetion is that in (A) the paths are cither
flown by different planes ar by the same plane at con-
siderably different epochs, and therefore, heeause of
theirregularities in the Nights and in the submarine's
maotion, ete., the detection by the aiverafl on ) and
the detection on Cy may be vegarded as slabistically
independent events; whereas in the case (B) sueh in-
dependence may nol be assumad. Furthermore, de-
tection on any of these paths will not oceur (i.c.,
oceur with but a negligible probability) at a con-
giderable distance from the submarine’s path, for
example on the dotted portions of €, and C; and
beyond. Thus we may at our convenience either sup-
press all this more distant part of the paths or al-
ternatively :(when it is mathematically simpler) pro-
duce the straight lines to infinity away from the sub-
marine's caurse. It then becomes a much simplor
problem to'naleulate the probability of deteetion by
Ci sad then by €y sepuredsly  “A). and by the
combinstion,C'y A (g iv {B). &, weare thus'led to
the following firet simpliticatior. .0 *he computation
of p(d). ¢ l i i _

For cach given 6, separate the aireraft’s paths into

coherent picees [Cy and Cy separately in (A), v 4+ Cy

joined in (B)], and regard onch piece simplified at its
distant parts either by suppressing them or producing
them to infinity as straight lines. Then compute the
probability of detection for each part by the methods
to be developed below. Lastly, combine the probabili-
tica of the different parts as independent probabilities,
Thus, in (A), if 7:(8) and pa(8) ure the probabilities of
detection by C; and 5, afid il no other paths are
erossed, we have

PO = 1= @ L = ol

The second step in the approximate computation
of 12(8) coneerns the evaluation of the probability of
detection p'(0) for a single coherent part of track
(p’ = por po in the previous examole). Figure 5

- shows the situation schematically, The coherent, part

of track is (' (which may also be thought of as hent
back, as in Figure 4B, where C = () 4+ ().

Sinee the aireraft flying ¢ has o much greater speed
than the submarine, the latter will move only very
slightly during the time it takes the aireraft to
traverse that part of C (the solid line) which is elose
enough to the submarine’s path to give any ap-
preeiable chance of detection. Henee the approxi-

mution: Reyard the submarine as stakionary [e.g., at
the point Gey)] while the aireraft makes a given flight
af C. The formula econsidered earlier then gives for
the probability of deteciion during this particular
flight

o= [y [Vt me ord - )
el ST
=1-exp { - ﬁ Sy }

where » is the aireraft speed, = is the distance
along its path & measured from any fixed reference.

O . S
) \ v

CONvoY's
HEADING

Iraune 5. Suceessive positions seen during approach.

point, and f denotes integration over the whole of
¢

C’.f J(nds is the contaet potential (Sectioh 2.3), r
¢

heing the distance between the target at the fixed
point (2,y) and the observer (aireraft) ab the moving
point (X,}). A further approximation is involved
here, in that the average ground speed v is taken as
the aireraft spead in convoy space. Now (' is flown
regularly every 17 hours, where 7 = 7' or an in-
tegral submultiple thereof (e.g., T = T/2). Henee if
at one ¢poeh (time wheir the aireraft is at a fixed
reference point on its path C suele ag A, Figure 5)
the submarine is at (x,y), 77 hours earlier it was at
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@'y, and T hours later it will be at (2,5, where

—-r =0 -0

i

T"w(0) cos 6,
¥ — y =y — ¥y = Tw®) sin 6,

and there will be other earlier snd Inter positions of
the submarine corresponding with multiples of 7V,
The probability of detection in at least one of these
positions is

1 = exp { - X ﬁ f(ra) ds}n

- VD

where

n) + () - ’/u) y
(Znylin) béing the nth position of the submarine, e.;,,
(@) = () (@0, (@ 0"), cle., and N = X(s/v),
Y = Y(s./v), the coordinates-of the (mm'mg) alr-
arait. As beforn,-this mush he averaged cvor a con
plrte set of repr osentative positions of (o), ¢ y‘ over
all positions specified by, :

(¢ + T8 cos b,y + 'nb(@) 8ing),0 £ r < 7.

Thus

V'O = f v —v\p[ X f f(v,.)de]}dr.

the third step in the approximate evnluntion of
p(0) nimg at simplifying thie summation X, in this
formula for p’(6). To this end, scleet a distance D
having the following property. At a lateral range
greater than D, an aircraft on o straight course has
a negligible chance of sighting the submarine, where-
as at less than I it begins o have a chanee of sighting
which must be taken into’aceount. Thus, if D = 2K
(E = cffective visibility), the chance of sighting at
lateral range D is of the order of 2 per eent; and for
definitencss, this value of 1 shall be used herein, The
decision to negleet points of the submarine’s path
farther from ¢ than the distance D leads to the con-

struetion of the segment B’ of the submarine's
path, where BB is the locus of points not farther
than D from € (Figure 5). 1t may happen that
B’ = (); but in all cases the notalion is such that B’
is nearer to @ than is B. Figure 6 shows a scale at-
tached to the submarine’s path: B’ has the eoordinate
zero, B has b (b = B'B), a typical position of the
submarine is §, ete. And on this seale the points w7,
2wT’, ete,, have been marked [w = w(8)]. Figure 6
(A), (33), and (C) show three typical cases. :

In case (A) there is at most one opportunity for
an aireraflt flying € every 77 hours to detect the sub-
marino. With the probahility b/wT”, the subrmarine
will he on B’ for some flight of C, and having moveéd
nt least w7’ miles between flights, it will not be on
I3'B at any other flights of C. Hence we havo

L:;%T' ll).) ’{‘ "","f"l’ ["f; f(re)da]} dg

[’1(0) = ",..
) '“1 [ f 0t }d'
':' 111 u’O t - C\D f“t)( 8 Ey-‘
~where

YA S N A

o L= () = [ ()]
is the distance between the aireraft at the point on
its path corresponding with s, and the submarine’s
position (z,);) corrcsponding with £ Time avorag-
ing used previously has heen replaced by-the equiv-
alent process of length averaging, and all terras but
one in the summation Z, are absent.

In case (B), there will surely be at least one op-
portunity for the aireraft to sight the submarine, and
surcly not more than two such. "The case of just one
oceurs when the submarine’s position & is in the inter-
val (b,w1"), an event of probability (20T’ — b) /wT",
If this oceurs, the chance of detection is

1 wT”
2“1*7,,*;"‘,‘) [ {1 — P [_if; f(rf)ds:]} ds'

2
-’(’)—»——-~~_ L S f——— i — e (A S WT!
B B 4 , ,
o —wl" wl” TTh T "'_zﬁr‘"m)“’?" <b s 20T
B B .
0 ' RNy TTowr T T T Q2T < b

Flauke o,
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Tho case of just two opportunitics occurs whon the
(one and only one) ¥ in (C,7"w) falls in the interval
(0,b — wT"), an cvent of probability (b — wT)/wT".
Then the sccond and last opportunity oceurs when
the submarine is at £ 4 7", which will nccessarily
bo in (wT",b). The chance of detection in this case is

B.___le:_wqu-{l — exp [—L{ J(ry)
+f(1‘e+wr')} ds]} dé.

When these oxpressions are multiplied by
(2wT’ - b)/wT” and (b — wT")/wT’ respectively, and
the products ‘added (cotresponding tv total proba-
bility of two mutually cxclusive events) the final
expression far p'(6) is obtained,

This assumes an abrolute accuracy and regularity
of flights and submarine motion lasting through the

dotection as independont events and to combine them
as guch, If their Individual probubilities are, re-
spectively, 1 and pa, 50 that :

T
po= E—:‘%—I;T/.f:' {1 — eXp ["‘L f(TE)dS]}dE,
. Ym0 7"
. e R Flrenarda |
. b
= l?rlﬂﬁﬁqu {1 = exp [—j;f(ft)dﬂ]}ds'

then thelr combination i8 p; + P2 — Pipa.

In ease (C), there are many positiona of the sub-
marine, differing successively by w1”, at which the
aireraft may be in sighting range. When ¢ (Figure 5)
is not close to 0, it is usually sufficiently accurate to
regard the summation Z, as an infinite sum, i.e,, to
employ formulas for infinitely many congruent and
oqually distant sweeps (in target spacc). When €
is close to 0, this method must be modified to take
account of the fact that the sweeps oceur essentially
on one side of the target (in target space), e.g., tho
probahility p given by the sweep formula is r2placed
by 1 — Y1—yp to obtain p'(0). Tntermediate cases
would offer greater complications in a dircet tivai-
ment, but in practice it is usually sufficient to com-
pute the two extreme values cited above and accept

an intermediato value, such as their arithmetic mean.

It docs not appear profitable to carry the discus-
sion further in general terms, i.e., without assuming
a definite form for v or f{r).

28 PLOTTING THE SCREENING POLAR
DIAGRAM: INVERSE CUBE LAW

The practical problem of plotting the screcning
polar diagram when the escort plan and various
relevant quantitics are given is o task of approximato
numerical computation of the probabilities p(8) dis-
cussed theoretically in the last section. It can bo
carried out only when tho law of detection is given,
cither a8 an equation, or a table or graph of the
funetion j(x). Chapters 4 and 5 have studied the law
in detail in the cases of vision and radar and repre-

_gent the best information existing at the time of
very- appreciablo time 7", an assumgtion never real-
‘{zed in praciice. It is mora realistic, as well as matlio-
. matigally simplor, to regar iho two opportunities of

publication, Their resulte are mainly in tabilse or
graphical lorm, and their applicatinig to the prosont
problem involves a rather lengthy: sct-of pumericul
computations. Partly to- iliustzato theyprinciples of

procedure in as simple o form as possible and partly -

to show how the computation was actually done in

~the caso of many plans which have’ bocomo fleot
-doctrine and had to be designed before the more de-

tailed information of Chapters 4 and 5 was available,
the presont scetion will be based on the inverse oubo
law of deteetion (see Scetion 2.2). But it must be
borne in mind that this is at best approximate and
is not applicable in the case of any considerable
amount of haze (low meteovological visibility). How-
ever, it is doubtful if when this Iaw shows that a
certain plan is better than another a more accurate ’
law would roverse tho comparison.

The inverse cube law finds its expression in the
cquations

fe)ds =%, = 0,040, (1)

wherv » ig the range and I the cffective visibility in
nautical miles (sec Chapter 2, cquations (10) and
(46), with d¢ replaced by ds = dt/v in the former.
Irom these, the process of Section 2.3 of Chapter 2
ag illustrated by Ifigure 5 of that chapter leads to
equation (23), as shown thercin, It is expedient to
rewrite these results in a slightly different form, giv-
ing -Figure 7 below, which is drawn relative to the
target (vather thun Che obscrver, as Figure 5 of
Chapter 2). In other words, the target is fixed in
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Figure 7, and the observer (aircraft) is flying with
the relative velocity w, The angles o, w” of tho carlier
treatment are replaced by 4/, ¥* (not to be confused
with the instantancous sighting probability density).
Thus we have

p=1-— c—J}-‘,’f(P)llu, (2)

v dy f e dy
m Woooml? ‘
jv;’ 73 .m. ¥+ ) @)

SLICRAL T PATH—

A

Fraunn 7. Detedtion at fixed speed nnd eourse, deawn relative to the tnrgot.

The quantitics »* and #* are the ranges from the
respeetive limite of the aireraft track, y’ and y", to
the target. These extreme range lines make tho angles
' and 4" with the aireraft track. Thus, substituting
in (3):

" d m
m j;/ f/ —1% =3 (cos v — cos v'). (4)

Should ¥’ go to — o or y" to + o, the above cqua~
tion, substituted in (2) aubove, becomes

pr) = 1 — ~mm ey, (5)

where v is the approprinte one of 4/, 4. Similarly,
for a flight from — @ to -+ =,

plx) = 1 — ¢72m, ()

It must be romembered that z in the above equations
is the distance along the normal to the aircraft path
from the target. Of cquations (4), (5), and (6), only
equation (6) ig simplo cnough to be put through the
averaging process which is necessary when the sub-
marine position is not fixed. Thus, it will be found
neeessary to substitute infinite aircraft tracks for the
finite ones found in tho actual cscort plan to be
evaluated.

Often tho aireraft will fly a path such as is in-
dicatud i Figure 8A and B. This path is made up
of two scmi-infinite straight lines joined at the turn-

ing point O. Using equation (5), since the contact
pulentinls nre additive (scc Seetion 2.2), it is possible
to derive n convenient form for the combined con-
tact potential.

m

f fdy = 7———= (1 4 cos 1)
A/C path

(e sin y)?

+ ?F:%‘.;)—z (1 +cosvy), (7)

-2l osc? X 4 cser 22),
z?2 2 2

By sctting m’ = 0.046(E")?

N 2
= 0.046(§> (('30'232—’ + csc? %), (8)
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the form of equation (6) may be obtained:
3’(1‘) =] — 0_2""/"“ ) . (9)

Target known to be on a straight-line interval, 1f, in-

_ stead of a stationary target, we luive 4 moving une,

TARGET

0 x TARGET

Figure 8. SBubmarine loeus passing through angle of
aireraft path.

the above formulas can still be applied to solve the
problem. 1t is first necessary to consider cases where
the submarine position at the times of the aireraft
pass is known to he in a given straight-line interval
and equally likely at any point therein. The case in
which the aireraft flies nlong a straight infinite path
which meets the submarine path at right angles at O
is shown in Figure 9. The submarine is taken to be
“uniformly distributed” in the interval from 0 to A
(Iength @). Since the chance that the target be be-

tween ¢ and z + dx is dx/q, t,hé probability of de-
teeting the submarine is:

p(a) = %j(: (1 - ¢/} dx, (i

In the more general ease where the angle « in
Figure 9 may have any value, it is necessary to use
as lateral range = sin «. The following cquation is
obtained.

Y] :
pla) = }zj; (1 — ¢=2m/tzuin @)y g, (11)

el
—

©  AIRCRAFT PATH

‘Fraung 9, Straight aireralt puth: averaging process, (@ =JA.)

. Similarly, the case of the bent aircraft path can
be expressed in this form. Figure 10 illustrates the
situation. (The submarine may be t any place be-
tween O and 4.) The oxprossmn for the probability
involves the quantity m’ deﬂncd in equation (8)

pla) = —f (1 = e=2/"") dz, (12)

Equations (10), {11),and {i2) cun all be inte-
grated to yield

pla) = g(E) =1-e ¥4+ X1 —-erfX), (18)

where

i
X =0.303 5*_ (14)
For straight aircraft paths (Fxgure 9),
E' =FE cs¢ a; (15)
for bent aircraft paths (Figure 10),
, E k4! Y3
! = 2 2 I3, 16
E 5 \’('sc + cse? 5 (16)
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']‘he pri,.mpal curve on Plate I plots g(E'/a‘ against

- .#'/a (for this qurve the abscm:m ' jwlis equal to

EI/"’/ e =

a me29 ‘goneral ckdo, namely, that in which the sub-

marins is oqually likely to be at any position in any

straight lno interval B to C;if the aireraft turns, its
turning point must lie either on BC or on BC ex-
tanded. The first case to be considered is that in
- which B and C arc on the.same side of the aircraft
path ds shown In Figure 11.

For purposes of derivation, lot us assumo that
" there is & submarine in the interval O to B and that
it is equally likely to bo at any position in the in-
terval, Tho probability of detecting that submarine

A STRAIGHT AIRGRAFT PATH

PLOTTING THE SCREENING PdLAl\ DIAGRAM |

I‘mmm 10. Alrcr},\f‘ oh & bent pa.fh

=93

4 4
Y A

il
<

';!i'

is P, aud can bo g‘-nzcuhxtc_dwix‘?, the alc " squati -
-(13): 1t can also"be caloulatei as wiwwu beicw i -

_ terms of e and m;o ¢ whigh are doﬁned a8 follows.
- The formulas mrotoforu dauved van be appllod to.

= tho probabi} ty of detucthg uhe submnrine if
" it is given-in the interval 0C.- =~ ,
Pme = the probability of detecting tho submarine I
it is given in the interval BC.
[pe, as well as pp, can be calculated by equation
- (13))
¢/b = tho prolmbillty that the submarine is in OC.
d/b = the probability that the submarine is in BC.
Thus, with the submarine anywhero between O
and B; the produet ¢/b(pc) is the chance of detecting
.tho submarine hotween O and €, while d/b(pgg) is

B

B BENT AIRCRAFT PATH

Fraure 11, General disposition of target with reapect to aireraft path.
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Prate . Curves for the computation of detection probabilitica,

A STRAIGHT AIRCRAFT PATH

b:0B
e3¢
é:8C

8 BENT AIRCRAFT PATH

* FiaumE 12. Case in which target can be on either side of nircraft path.
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DR = g e+ (;;1711(:, amn

and, transposing, we obtain the desired probability,
puc = (l; Py = 37)0. (18)

The sceond case, illustrated in Figure 12, occurs
when O fulls inside the interval BC. Following the

reasoning of the previous case, the obvious conelu-
sion is:

CONFID
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the chance of detecting it between B and C. Adding poe = & pe + {)m, Cae)
the two together gives d d

where hoth p¢ and pp are caleulated with the aid
of cquation (13). When the aireraft’s path is not
straight, as in Figure 128, the correct angles must
e used to ealeulate pe and pp. While v, and 3 apply
to py, thelr supplemenis are used in computing pe.
Thus for p¢ equation (20) becomes:

o T — T —
=" = " . fesc? 271+CS(52-——'2‘L2

]

= i 1 1 272, 20
PRalk scc2+sec2 (20)
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‘Tho aircraft, in some situations, will fly parallel
or nearly parallel to the locus of possible supmariné
pomtions, ag in Figure 13. Referring to cquation (6)
for an infinite aircraft fight past a stationary target,
it is scen that the probability of deteetion at any

LoGus OF
SUB POSITIONS

x*

ARCRAFT PATH ———

Fiannn 1?'3 Casa of parallel aireraft path,
I

one submariiia” position, and, thurcfore, along th

» entire louus, is given hy the. m.pro“*ron. -

Pparergd = 1 - I - ) (21)
- 1- '—ODDE(E/z)"l;"

A jilot of oq\mt on (21) versus tho qunntlty L'/a: i

shown in Figure 14. If the submarine is asdumed to
be in the interval BC and its course is paraliel to, or
makes a very small angle with, the aireraft’s course,

1.0 . " }

0.8

Fiqgure 14. Probability of detection in parallel flight.

tho probability of its detection on a single infinite
flight is given by the ordinato corrcsponding to the
appropriate value of £/z. For nearly parallel courses
the averuge value of z may be used.

Target moving on @ stearght path. Lot us reconsider
the foregoing cases (Figures 11 and 12), assuming now
thai the plane repeats its “infinite” path cvery T
hours (the period of the actual scrccmng plan). It
is desired to find the probabilily of contacting a sub-
marine while it is moving from point B to point C
with the velocity w. This w is small enough compared
with the aircraft speed o that the submarine motion
during & particular aircraft pass is ncgligible. Be-
tween passes the submarine covers the distance w7,

* The time at which the submarine reaches point B is

completely at random. However, the situation re-
peats itself every 7" hours, A segment of le igth
wT may be chosen arbitrarily on the submarine’s
(straight) path, The-eubmarine will be: somowhere

" in this ©7 seetion duri ing one-nf the aiveraft passes.
Durlng the precéeding and succeedirg passes e sub-

marine will be in the adjacent wT-length seqments. .
This set of nonoyerlappisg w7 segmenis should ‘be

' exter.ded 1o it de at least all of 8C. Since the . -

rigorous #slution of the problem’ is independent-of
the position of the set of w1’ segments relative to BC, .
we shall in cach ease choose a set for which the errors
due to various approximations will be minimized.

If d, tho distanco between B and C, is less thad or
equal to wT, the submarine is exposed to only one
paag, for it will be outside BC at the time of any other
pass. Choosing a w7 scction which encloses BC, the
submarine is equally likely to be anywhere in this
section at tho time of the associated aircraft pass.
d/wT {s the chance that the submarine is between
B and € and thus exposed to the detection. The carlier
paragraphs have given the chance (pge) of contact-
ing a submarine which is definitely in BC. Thore-
fore, tho desired probability (p) is (d/wT)pgc. Then
when d < wT, cquations (18) and (19) become, ro-
spectively:

'u=—11—) —Cpe = E b —~h LIS
P WP T e wT" wT wl wT )’

(22)
b ¢ E b E ¢
= opPrt e = ’(ﬁ azr) + ’(77 @?)'
' (23)
;o
p= ;5,16 Pparaltel, (24)
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where, in cach case,

a (K n .
}(wT’ wr) = wr? ( > = o7 Pa (25)

Tn equation (25) above, a is the distanep along the
submarine path from the aireraft track to the ex-
treme positions of tho submarine (b or ¢, as the caso
may be). In equation (22), ¢ (i.e., b or ¢) may be
greater than w? and the function 1 may be greater
than unity. Nevertheless, as long as d is less than
wT, subtracting thess A's will give the correet prob-
ability. Working from the g('/a) curve, h{(E' /wT),
(a/7T)] was caleulated for various a/w7 and plotted
against B’ /wT on Plate 1. Ohtaining p is just o matter

» of reading, adding or subtmcting values from the
" eurves.

‘I d.is greator than wT, a given submarim may be
e\posed to more than ono aireraft pass. In the sim-

_ plest such caso the submarine path extends exactly
o tho point whare it.interscrts the aireraft.track and

d v PwT. For the rjgoraus trentient-f this caso, a
sabmmme which is”at- distance & < wT-from O on

. one pass mist have boen |{pnqnd at the position -

z + wT on the pmvious puss Equation (12) tnon
‘beconies,

1 u7" i 1
P2or = 5 fo 1 — ¢=3m [;j + (ﬁ-wﬂ‘-] dz, (20)

This is plotted as curve % on Plate I,
There are no general formulas giving rigorous so-
lutions when d > 7. Fach situation would have to

" be treated separately and usually with more difficult

integration than in equation (20).

The following approximate procedure has been
found sufficiently acourate. A submarine’s position.
in one w7 segment. iz nssumed to be independent of
its position in the adjacent ono at the time of the
proevious aireraft pags. The submarine path-BC can
then be broken into seetlons s; of length wT or loss;
the probability of contact can be found for cach sec-
tion using cquations (22) or (23). Finally, these
probabilitics, say p1, p2 © + * Pa can be combined as
independent cvents, to give pye. This may be ex-
pressed by:
p=1—{1—=p) (1 —=p)(—pg)---(1=pn)(27)
Plate II gives a rapid solution of cquation (27) for
two '3 for inuis aections Plate TT ay be used re-
petitively.

The geries of wT scetions is placed with respect to
BC in such & wny that one of the w7 scctions has as
high n chanee of contact as possible, Then the con-
tribution of the other sections is minimized and so
is the effect of the independence assumption. For
Figure 11 the principal scetion, S, should be tzken
from C to € + w7. In the special case of Figures 9
or 10, S; weuld be from () to wT. In.Tigure 124, if b
and ¢ are greater than 1/2w7T, 8 should extend from
— 1/2wT to 1/20T. I ¢ < 1/207T, 8 should ex-
tend from —¢to wT — c. If as in Figure 12B the
aircraft turns at O, the larger part of S; should be on
the side of O having the best-chance of sighbing, thal
ig, the side nssociated with the larger E’; usually S;
was taken from 0.2wT on the weak side to 0.8wT
on the strong side.

To find the order of magnitude of the error in-
volved, considor the case treated rigorously in equa-
tion (26) in which thn submarine may be sighted bes
tween 2 = 0 and @ = 2wT. Curves v and v of Plate
I give, refpovtxvely, Surpin s and ohe approximats
‘solutions. These differ’ . only about una per cent,.

- which is 2 smaller errva wian thoss to be dlscuﬂscd in

tho: folizuwmz paragrapl.a, The po‘;mbillty ot ﬂuctua.- :

_tiond.in thi valites of w and 7'introduces doubts wizh

regard to tha rigorous method and makes the ap-
prosimate method even more exeusable.

Now that we can handle any interval of submarine
track, let us begin to consider the cffectivencss of an
actual scrcening plan against a submarine on. a

“specific collision course. Unless detected, the sub-

marine proceeds from well boyond detection range to -
an end point £ at which it cither submerges or fires

" at the convoy. Also relative to the convoy, the air-

eraft will repeat every T' hours a closed path com- -
posed of straight legs. None of these legs goes to
infinity. Nevertheless, the only practicalway of treat-
ing a screcning plan is to divide the aircraft path into
scctions cach of which can be treated as an approxi-
mation to one of the eases already discussed. In each
of thesc casus the aireraft path was an infinite
gtraight line coming up to the submarine track snd
the same or another line going off- to infinity.
Consider the illustrative aireraft path FGE P
and the submarine paih in to £ as shown in 2igu™
15. In this casa four hypothetieal aireraft paths must
be considered; three of them are mude L extending
the legs G, GH, and JF to infinity in both directions;
on the fourth path the aireraft approaches from a
great distance on a straight path through H to [
where i turns and goes out to infinity on a straight
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path through J. Each infinite path is to be treated
by one of the methods described earlier to give the
probability of contact if the plane were searching
only during the corresponding segment, FG, GIl,
H1J, or JF, of the sercening plan, (These individual

\

\
\\\H .
E G" 0' “‘
/ - JAIRCRAFT .
J,. i
£ ST ——
e /o

Tgnng 15 Bxample of path and track approximations,

prpbébilitics will later be combined to give the of-

feetiveness of the entire plan.) However, if with cach
infinite path the entire submarine track in to £ were

. /SEGMENT OF
Y/ AIRCRAFT PATH -

cl
\ -~ EXTENSION
¢

A REAL SITUATION

“marine intervals G, B

congidered, the individual probabilities found weuld

be too high, as a result of the fiaite chance of con-

tact while the aireraft is on the imaginary extensions.
This error is to be eliminated roughly by limiting in
carh casq the section of the submarine track in whieh
a contict ean be made. Thus an infinite aireraft
track and a limited submarine track shall be sub-
stituted for a limited segment of aircraft track and
an infinite submarine track (see Figure 16). This
substitution is required because only infinite aircraft
tracks can be handled at all simply.

Tho following scheme is employed in limiting the
submarine track. The snbmarine is never allowed he-

-yond the limits.set -up in the original problem, i.n,,

to tha left of & in Iigure 15.
Let O and ¢ be the distances from O (the mtor-
_tion of the afreraft and submarine paths or their
extonswnn) to the limits of the segmcnt of aircraft
track. Whonever posdible b and o, the distances from

"9 tothe (.xbrcm(vs of th 3 4ubmarine puch, are taken

Lc) equal b and ¢, r. setively, and aré chosen so

that the angles between b and b and between ¢ and
¢’ are eash acute. For (\\umplo, in Figure 15 the sub~ -
¥ and EF* ure used for ™
logs G, GH, and JF, rnspcct.ivcly. The principal ex-
ceptlon oceurs when, ss with HILJ, the side of the
submarine: track makes an obtuse anglé with both
legs of the aireraft track; then that side of the sub-

B APPROXIMATION

Fiuvrg 16, The geometrieal principles of path and track appioxinmtion,
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INSTRUCTIONS FOR OBTAINING A POLAR DIAGRAM

~mating 4. 8C, (Fufum 12B). ‘e aymut v

marine track is not limited, while the other side must
be limited in length to a weighted avernge of the
lengths of the aireraft legs. In Figure 15 this ques~
tionable averaging is avoided and the entire sub-
marine path (to the right-of £) ean be used, since
IE is less than cither TH or 1],

The last puragraph may be justified as follows: In
the real situation with the aireraft on a limited seg-
ment of track, most of the (-lmincc of contact aceu-
mulates while the submarine ig on the part of its
track to which it is limited in the approximation, be-
cause in most eases this is the part of the infinite sub-
marine track closest fo the segment of aireraft track.
This large portion of the desired probability is cor-
rectly obtained by the approximate methed, for it
is_the part contributed by the portion of the infinite
alreraft track which lies within the real segment. The

- romaining so-called “ond offects” are in the real e l\-;o“

the ehance of the aireraft on its segment oonbaoqun
a submarine outside BC (in Figure 16A) and in the| 1

“approximation the chance of dhe sfreraft on the in-.

finitc extensions of jts sogwont contacting o sulr_

betweer the roal avd: the approxd, -.'..Ltq "P.H("?. ‘makes

" tha énd-ofects about <qual wnee-all the sibmarine

to aireraft distances are duplicated. -A systcmatic
error (a pessimistic one) enters only when the air-
craft segment s much sherter than w7, The crror
due to terminating the submarine track at a point
Il within BC enters only into the end coffects and is
usually small. Tn any case, these errors arc smail
compared with those which could arise from the in-

acedraey of the inverse cube law., - :

The chances of contact on the individual segments
of aireraft track are combined as independent prob-
abilities to yicld the desired probability of detection
by the-entire plan. Plate TT may be used in making
this computation, The error resulting from the inde-
pendence assumption ig seldom over four per cent.
Usually one of the individual probabilities predomi-
nates and 80 the method of inelading the ()tlms in
unimportant,

Ininitially choosing the submarine collision courses
{i.c., the 6 for which p(8) is computed), it iz ad-
visable to take one through each corner of the air-
craft track and then avoid others close to these
corners. Those through the eorners can be handled

well by the hent track formulas given above. On the

other hand, with neighboring tracks, the two legs
(such as F6 and GH at ¢ in Figure 15) have to be
extended to infinity, The farther the interseetion is

oyt 0

from the submarine track, the less important will be
the ond effects duc to these extensions. Also the in-

‘dependent combination of the probabilities on these

two legs is a dubious proeedure since both legs have
their best chanee of contact against the same part of
the submarine track at the same time. The farther
¢/ is from the submarine track the better,

o1 PRACTICAL INSTRUCTIONS FOR ODB-
TAINING A POLAR DIAGRAM=

The foregoing will now be summarized in a set
of practical rules for obtaining a screening polar dia-

“gram.f Tllustrating these rules, Plate TTT contains the

ealeulations leading to the polar diagram (Figure 18)

for the hir escort plan of Figure 17.

1, Starting with the aireraft irack drawn relutic
to tha convoy as shown in !“iguu- 17, eheose thesth- ,
marine pathe to he studied {5 evaluating the plan.
). lach submarine path starts weil outside

< nghittag cange end vemes Inou o collsion

" gourse umdl it reaches the danger zone (sub- i

~nerged or hrmg aren).

b). Bach path is associated witli the angle 8-
~ which it makes with the convoy's heading.
¢). There should be a sufficient number of patha-
o that no important variations in the polar .

dingram will he missod.

d). The submarine paths through cach corner of
tho aireraft path should be included.

¢). Other paths close to corners should be
avoided. :

f). Tor cscort plans symmetrical about the con-
voy's linc of advanee, only §'s up to 180 de-
grees need be considered.

2, Make oub a $able with column headings 1 to

20, as in Plate IT1.

3. Record the 0's and corresponding values of w,
the submarine's speed relative to the convoy.

4, Using 7', the time (hours) of repetition of the
escort plan, ealeulute and record the values of w?'.

). In the absence of & true space diagram, it is
suffiviently weeurate to ealeulate T by di-
viding the length of the relative aireraft
track by its true speed.

5. For each submarine path livide the aireraft

&In the method given here, the probahilities p(6) ave computed
for paths ending not at the convoy reference point (), as in

the general diseussion of Seetion 9.4, but at the boundary of
the submergence region (here, the danzer zone),
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,tmck into acgments cach of which is uthcr i smglu
_atreight leg or two legs joired by a turn on the sub-

muarine's path.

a). A row of the table should be devoted to each
of these segmonts.

b). Usually there are segments located so far
from ‘the submarine path that their contri-
bution is negligible and they can be elimi-
nated by inspection.

6. Columns 4 to 8 deal wiih pt,rtmvnt datn meus- .

ured from the relative diagram and are best filled
out row hy row (sce below),

7. Record in column 7, for cach st"mght scgment,
the angle & between the segment and the submarine
path or their extensions.

8. Record in column 8, for each bent segment, the

angles v, and v, between the sul)marinc puth and

each leg of the segmys .
a). Bothy; and ¥4 are measured from the same

side of the submarino tmck from the inter-

- seotion,
~ 9. For oach segment of . m'(-mft t\ bl e
- .mrmo path i to be l.mltod it grder L., o cafe
Afor substitnting an infinite gireeaft t,rm-'_l" thae

actua) segment,
. u) The distances b and ¢ (as uncd in coustuny 4
;i and &) arc moasured from 0, the interseetion

of the alreraft and submarine paths or their

¢ extensions, to the extremes, 2 and ) of the
~ limited submarine path,

b). With the excoption noted belaw, b and ¢ are

equal to the distances from 0 to the oxtremes

~ of thoe aireraft segment; B and ¢ are cach

AR R T ke, T [ N S T TR ST R BB BEM I 3 e TGO TR I SR T S P et St e m o e

w

.

§ through an acute angle to coincide with the .
w - submarine path. Exception. When the air-

craft turns so that the «'s are cither both
acute or both obtuse, the part of the sub-

marine path making obtuse angles with Loih

“legs i% not limited. The other part is limited
to an average of the two legs (weighted by
the cosecants of the y'x)
10. In columns 4 and 5 record b/wT and ¢/wT.
a). If BC is entirely on one side of -0, the
smaller of b/wT and ¢/w? is recorded in
column 5 and given & negative sign, by
convention.

11, Whenever the airerafé segment and submarine
path are approximately parallel, B and € are found
ax in 0 above, where in this ease the rotation is about
a point O at a great distance,

o). The length BC of the limited submarine
path is called d and dlvndod by w?' for
listing in eoluma 0.

 b). Alse listed in cilumn 6 is 2, the average
distance hetween' B(” and the aireraft seg-
ment., . i
12. Record in columns § nnd 10 the required trigo-
nometric functions,
13. Record the following in eolumns ii and 19,
a). For atraight segments,
E'/E = ca0 o
[in accordance with cquation (15) ],
bb). For bent segments,

EI
E

= 14 Vesed 1/2 F eset va/2

and -
7 IR A 14

7= %‘\"sqg“ 7!./‘2 + geot -‘E;;/Q, “

correaponding to the bwo parts of the cab-
“marine’ po b separated by the intessection
point 0. The (ormer a_ppl{('.s to the part of
‘the path from which the 4's are mensured. |
.. |Bquations (16) and (205], ) o
¢). Only one of the equations in b) abovoe is
used when the limited submarine path falls
entircly on one side of 0.

14. Columns 13 to 20 involve the value of ¥, tho
offeetive visibility, and must be reoaleulated for onch
such value. i

16. For {lights pm‘alld to the submarine path,

rmaiaund by rotating the segment abont 0 ___m_u(,,cnrd in_column <13 the valies of B/z,

using the entry that has been mvde in
eolumn 6.

b), Obtait ppna romn Figure 14 by using %, .

¢). Whenever d/wT S 1, obtain ppe (column
19) by multiplying pramie by d/wT. (pac

_Is the probubility associared with this seg-
ment of the aireraft track againat the sub-
marine puth.)

d). Whenever d/wl = n + [, where n i3 an
integer and 0 £ f < 1, multiply i
by [ to obtain p. Using equation (27) or
Plate 11, obtain pye by combining pgaa
with itself 2 times and with 2, all as inde-
pendent probabilities.

16. Reeord the values of £ wT in eolumns 14 and
15. These are obtained by multiplying E wT by the
entries, 1'/F, in columns 11 and 12,
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17. When the sum of the valtes in columns 4 and

- §isless than or equal to 1,

a). These values togethcr with those in columins
14 and 15 may ho used together with Plate
I to yicld hy and #, (columns 16 and 17).

b}). Giving column 17 the same sign as column
5, add algebraically hy nnd h, to obtain pac
(column 19).

18. When the sum of the vuluos in columns 4 und .

8 is greater than 1,

a). Choose the scetion 8 (length wT) of sub-
marino path BC, which has the greatest
cusnce of contact. Within the limite im-
posed by columns 4 and 5, the center of 8
should he loeated as follows: "

(1) For straight naircraft scgments the cen-.

ter should be as cluso ns. possiblo to the

. interscction point O,
"~ (2) For bent -alraraft. sogmonts, the center
- should he as close as possible fo & point

0.3w! from O on, tho side hn.vmg the

greater .IF’ /B, :
“b)./ Usitig’ the /18 voxresponding to the ex--
~tremies of S-and using the E'/wTs from

.'.':{,[ columns- 14 and’ 18, find $he -corresponding

~I’s from Plate I, mm enfor them in columns
16 and 17. :
¢). I¥or cach of the remaining scctions (lengt;_h
wT or less) of BC, find the chances of con-
tact (by a subtraction of two points having
tho same abzclssa on Plate I) and onter
these soparately in column 18.
d). Obtain pg¢ (column 19) by ¢ombining the
. algebraic 'sum of columns 16 and 17 with
. these smallor probabilities (column 18) by
the indapendence procedure [equation (27)
or Plate II).

19. Column 19 now has tho contrlbutlon of cach
aireraft segment against each submarine path. For
each submarine path combinc these ppe's as in-
dependent prohabilities [us'ng equation (27) or Plate
11] to give p(d), the chance of contacting the sub-
marine on collision course 6 when the whole airer: "+
plan is considered.

20. Plot 5(8) againat 6 to give tho desired polar
Jiagram (Figure 18).

07 THE DESIGN OF A PLAN

As in all questions of this nature, there are two
possible viewpoints. Either we may lay down the

tacticrl results to be achicved (scouting and spreen-
ing) and then find a plan Which achieves them with
the icast expenditure of effort (number of aireraft
and flying time), ob clsc we may fix the total amount

of effort available and scek the plan which maximizes-

the tactical results. Now the solution of the second
problem furniches that of the first, since it auto-
matically informa us of what can be achieved with
one aireraft, with two aireraft, ete.; and it remaing
‘only to pick the fumt plan in this seqmance which
gives the required rosult. It shall aceordingly bo from
this viewpoint that the problom is approached here.

Let the number n of aireraft bo givon together
with their capabilitivs of speed », endurance, and de-
tection, The convoy’s spred o, (in the sonso of mean

course made good) Is ulso supposed to be known, -

Before there can be any-question of tha“'bost’*plan,

- & declsion must_be made as. trﬂmw much relative
importancoe muat be attachied to scotifing as compared -
with sereening. Now this i8 a purcly tactical question: |

It must bo settled on tho basis of presumed ciiemy
tuctics and subniarine- capacitics, as well-as of our

-own defensive eapabilities and our vulnerability. For

example, against s subimarine capuabic-of high sub-

morged_apeed -and’ hnduraney, serecning couid be
oxpucted to be less cffective than scouting, whercas -
“ the reverse might be truo if the submarine wéte of
~ the older type without these capabilitics, When this

decision has been reached and the relevant speeds
and distances havo been estlmuted ﬂve conditlons
must be satisfied.

1. The entrance to the submerged approach mgion
must be adequately guarded.

2. Flying must not bo unduly concentrated -about
the convoy. ¢

3. Thoe clrcuits must be closed in cvonvoy space,
i.c, the aircraft must automatxc&lly meet the con-
voy.

" 4. The timo between successive meetings of the
convoy must not he oxcessive (never more than two
hours; one hour is much better.than tivo).

5. The plen must be navigable with reasonanle
enso. This means that one involving many turns must
be avoided.

Now obviously it is not f(‘nslblo to deduce an exact
plan from these dgta and the requirement of maxi-
mizing scoating and serecning. It i8 neccssary firs.
to invent plans and afterwards to test, modify, and
sclect until a satisfactory one is obtained, and to ex-
haust all visible possibilitics of improvement. Such a
procedure is an art quite 8s much us a science, It
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is advisable to make the designs first relative to 'tho
convoy rather than in space fixed with respect to tho
ocean, sibee the Tormer picture 18 simpier and-more
dircet in its illustration of relevant features; but
eveatually it will be transferred to geographie space,
where the iast refinements can hie made. ,

When a satisfactory plan has been desigaéd for one
spewd ratio r = 8/g, it 18 usualiy desirable to extend
it without changing its fundamental character, so

that it. will be applicable to Lroader ranges of 1. This.-

should be done without, chinging the arigles of the
coursea in the original plan, if possible, but rather by
varying certain log longths. It s simply the kine-
matic problem of bringing all planes back to the con-
voy poriodically every T' hours, given the new valuces

of 7. 1t 1§ solved by simple trigonomotry as follows:"
Draw a full period of the plan In geographic space, -
. he., the figure that repeats itsell every T hours. Con-

sider the patt of the plen flown by ono ajreraft. T.ot
it be desired to vary two particular.leg lengths, x and
y, maintgining tho others constant (values given), Let

.2 be the distance the CONVOY moves in i titme 7.
Tlien the three mriuh‘ua Moy e relpted by thiee:

equations, of the t* “gree: firgt, the rdguirement

(7eT) be cqual to v/tg = r;sceond, that the algebraie

~ sum of the projections-of tho logs on the convoy path

shall bo 2z; and third, that the algebraic sum of the

projections on & normal to the convoey path be zoro.”

Solving these equations, x;,y, 2 are obtained as func-

“ tions of  and, of course, 7. Tahlos of the results are

furnished with the plan, Of course, it is nocessary to
re-¢xamine the plan (caleulating seouting and screon-
ing Alagrams anew, at least at critieal places) frr
tho extreme values of r used, in order to be sure that

the nceessary protection is maintained.

Since the effeetiveness. of a plar dependr on the
conditions of detection (visual or radar), reasonauble
and conscrvative cstimates.of visibility should be
made in making afl these caledlations. 1t may be
necessury 10 repeat such ealeulations for other visi-
bilities. Ilowever, it js unlikely that a plan which is
better than another at one visibility shall be worse
than it al a different visibility, unless the change of
visibility entails an essential change in the tactical
situation.

It may be remasked that the dingram in Figure
18 exhibits an imperfection in the plan of Figure 17,
namely, insuflicient protection in the important for-
ward regions. Better plans are actually used.

An important point of a practical uature must be

kept in mmd in dcsigmng and cvalupting any air
vscort plan Tt is that aircraft are not spt to Ay a
givon plan to a very great degree of accuracy. Just
how far thoy may deviate from the plan will depend
on -wind, visihitity, radar and other nsvigational
equipment, as well as on the temperament and ex-
perience of the pilot. Tt will depend also on his find.
ing it necessary to investigate presumed contacts,
which very often turn out to be false contacts. The
ohart shown on Plate IV gives the actual fights
(drawn-rolutive to the convoy) of two aireraft which
wore flying tho simple straight-line plan stiowa in
tho insert (1 plan which is now obsolete). Tho air-
eraft wort: actually tracked by radar from the carrier
daring an operdtion in World War II and their posi-
tions marked lﬁi the successive epochis Indicated on -
the chart. This provides an object lesson on the
differento between theory and pragtice, Incidentally,

it explains ‘why {t is-s0 often realistic to apply tho

formula of . rundom. fligiiss of Chaptor 2, equation
(40): Tt Lam cvon beon folt that, after all, the chicf
valuo of hevizg. v cystendatic ')hm is to get- the (per-

foree, mnllom) flighis out where thoy would be ef- -~ -
. feetive, rather than to leave the pilvt to follow his.
that the length o ihe flown path {vT) divided by 2 .
~bunched up tn the wrong places, usually too o ﬂe to

‘own deviees, which - has “gonerally led to ﬂights '

the convoy.

o8 " FINAL SWEEPS’

As long aa the zonvoy is in gubmarine waters,
maximum protection is obtained hy Hying the ckeort
nlan without letup. Dut it is often nesessiry to dis-
cuntinue the flights for a protmctv(l period of time,
for cxample, during the hours o/ Garkncss. The
danger incident to thia can be minimized by flying

Jinal sweeps ut o greater distance than the normal

flights, immediately after {hie latter are discontinued.
Thesc final sweeps are essentially of u scouting char-
acter; they aim at deteeting submarines which might
coqstitute a menace (o the convay at a later period,
after acria] escort lins been discontinued.

The first thing to realize i that it is not normaily
possible to detost by flights made at the time (¢ = Q)
of discontinuance of acrial escort, all the submarines
which could possibly close the convoy during the
next /1 hours of escortless travel. I'or it would be
necessary to sweep the area of the oecean in which
such subimarines must be; this, in the case of © > v,
is the shaded cireular region of Figare 19, obtained
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by multiplying all lengths of the civeular diagrnm of
relative speeds (vector w) by H. Thix means ihat an
area of mu*lf* would have tobe swept. For example,
if ¥ = 12 knots and /i = 8 hours, the arvea is 29,000
square miles, With an aireraft of 130 knots and sweep
width 10 miles,.a tine of 29,000,'1,300 = 223 v

=
qum-} 10. Circle of possible fuiure contnets.

would be loqum\d Even with four plams, 5.6 hours
would be needed; und more, if the diffieult track
problem of covering the area is taken into gecount,
with the resulting-loss of efficiency, If less than this
coverage is available, what should be covered and
what neglected? This I8 essentially  the question
treated in Chaptor 3 (spcum-nlly, the (oml!aly ub

. the end of Section 3.3).

Taking a system of reetangular coordinates with
origin fixed at the convoy reference point O (and
henee moving with the convoy), and axis of ab-
scissas in the direction of convoy motion, we must
cvaluate the function p(z,y), where p{x,y) dady is the
probability of there being a “dangerous” wurfaeed
submarine in a dady region at the point (r,y) (at the
initial epoch £ = 0), where by a *“dangerous’ sub-
mariie is meant one which will surcly come in con-
taet with the convoy (i.e., enter the detection cirele
of radius 2, center O) during the subsequent I
hours. Nost, we must evaluate the amount of cover-
nge or searching offort @ availuble, “Thus if we have
the use of n aireraft for & hours each and if their
speed is v and effective search width s W, & = ned .
According Lo the reasoning of Section 3.3, we are

warranted only in seerching the region of ocean A
characterized by the two following properties:

Y. Ay is the locus of points (z,)) for which p(z,y)
2 b; this determines the shape of A,

2.-Thé value of b and therewith the choice of the

region A, are fixed hy the reauirement of equation .

(22) of Seetion 3.3. According to Chajiter 3, A,
should then be searched in the manner speeified by
equation (23) of that rhapter. A geomotric donstruc-
tion is glven therein, fsut in practice, such rofinemont
s not apt to be poesible, and the heat procedure
would he to use apy practicable search, of a more or
less uniform sort, in the estimated reglon 4,. Of

“eourse tho whole of the detection eirele itself must he

included in the search to detect submarines already

in contuct with the fonvoy, particularly trailing be-
- hind and tracking on the flanks. ,
"The_cstimation™of 1;(1:,1/) is difficult, not lwcuuso

of the muthemsties involved (o erudo mathomatical
formulation is quito sufficient) but because it de-
pends-on the correel appraisal of the tactical situa-

Mrm regarding the submarine, Thore are two extreme

..‘ wsen which muy b considored ag cxamples,

-5 Cage T, THS submarnee areuniformly disgributed -
‘over the part of the ocean of interest and ‘are cruls- -~
ing at an estimated speed of « knots in any direction
(.o, in uniformly distributed random diroctions; sep.

Seetion 1.44), Thir i the case in which the submarines
are picked up purely by chance and not as the result
of any systematic patrolling on their part. The prob-
lem of finding p(x,y) in this ease has been solved in
Chapter 1 [see Seetion 1.5, probicin 8, together with
Figures 10, 11, 12, and 13; the &(r, 8). of this reference
is not to be confused with the “amount of searching
effort” & ueed above]. In this yeference, the prob-
alaility 7(r.8) w fourd [(r,8) arc the polar couydinates

of (e, ); unlike p(a,y), this is not a probability or .

expeeted value density but a probability, namcly, the
probability that the terget given to be at (r,8) for
(x,7)} when ¢ = 0 shall subsequedtly enter the detec-
tion cirele. Butb if the mean density of submearines is
N, there will be Ndariy submarines v all in the dzdy
region at (r,y), of which the fruction £(.8) will
enter the cirele; henee the relevant expeeted number
of submarines in NP(r.8) dudy = N P(r,8) rdrd3. Now
as in the proof of corollary at the end of Seetion 3.3,
the constant of proportionzality N is immaterial in
the final results. Henee equations (22) and (23) as
well as the geometrical construction given in that
chapter apply with the former p(e,y) replaced by
2(r,8). Finally, in the problem of Chapter 1 the time
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before contact was not limited, whereas wo are re-

stricting it to IJ hours. Bt with the searching effort
normally available, only regions within an M hour
submarine run of the detection cirele ean be searched,
80 that the time restriction applies automatieally.
Lot us consider as example the case se/u = & =
34, c.g., submarine cruising at 15 knots, convoy at
10 knots. The level eurves of constant probability
P(r,8) (i.c., the boundaries of 4, for diffcrent valucs
of b) are given in Flgure 11 Of Chapter i, Let the
detection rungo of the submarine on the convoy be
R = 20 miles. This gives the .seale in Figure 11,
Chapter 1, of 20 miles to tho iiich. With twa 130-
knot aireraft available for two hours and assuming
the scarch width W = [0 miles, wo havo & =
2 X 2 X 130 X 10 = 5,200 square miles of searching
effort available.. To determine the probubility con-

_tour of-Figure 11, wiithin which the search must tako

place, we have to invoke (22) of Chnptur 3, which
becomcs

ff log P(),ﬂ)rdrrlﬁ - Ablog b= @& = 5,200,

”'J‘hf‘ vpluoﬂ of P(r ﬂ) for k = 24 would hn.vn 10 bo

drawn' from Scetion 1.5, Chapter 1, and the inte-

"~ gration and ealeulation ‘df the area A, performed for

different values of b, the are finnlly chosen. Then a

~ plan of search would bo devised as much as possiblo

in aceordanco with (23) of Chapter 3,
The following rough graphical version of this
process illustrates the prinelples of the mothod in a

form.which can be carried o‘kxt without unreasonable -
~ trouble in practice and which provides about all tho

accuraey which our rather dubious tnctical and nu-
merical assumptions would appenr to warrant.

With o planimeter (or dan approximating cllipsc) -

calculate the arces of the various A, regions of Figure

11. (Chapter 1), remembering that » = 0.1 for the -

10 pler cont region, h = 0.15 for the 15 per cent,
« « o, b = 1 for the detection circle. We find approxi-
mately for the A aveus, and the AA rings helween
guecessive regions:
.’11 = ]260, A;’ll = /11 - ‘Qo 4 = 150,
Ao =140, Adyy = Aoy = Aagy = 1,710,
Agas = 3,120, AAsa = Asgs — Aoas = 3,030,
Apis = 7,000, Adgas = Aoz = Aoae = 8,950,
Ao = 16,000.
To find the graph of the function

f) = flog‘ P(r,B8)rdrdg

llb

against b out to b = 0.1, we:may multiply each ring
aren by tho arithmetic mesn of tho (natural) log-
arithms of the probuhilitics of the two hounding level
curves (exeept initislly, the arca of the deteetion
eirele is multiplied by log 1 = 0), and ther add the
results out to the ring bounded by the value of b in

-question, The curve for f(b) is then drawn through

the resulting five points. Nexdi, the function
F(b) = §200 + Aylogo

is graphed, taking the fivo values of 4, given above
and multiplying hy log b, b being tho value corre-
sponding to tho boundary; & smooth curve is then

passed through the resulting points. These curves .

are found vo interseet at about the point b= 0.13,

i, f(0.13) = F(0.13); but thls is cqua.tion (22) of
Chaptnr 3

N e

TanLx 1.

. 'Avsl,log A ‘Avglog S

b logh b (4;+1,200) bXAds S F1
0 0 0 0 0 5,200
4 ~001 -0.48 180 - 08 - 42 8,910 -
? 680
.1

=140 —120 1,710
—1.8()' ~1.09 d.ﬂd(}'
—-2.20 -2.04 8,950

[e ===l

~15| 300 27,078 Z 30,000

N =~ ]

Now since one cannot hopoe to aom-oh in uoéordnnee
with oquntlon (23), Chapter 8, the bost practical -
recommondation is to cover a region extonding a
little boyond the 16 per cent curve of Figure 11
(Chapter 3), for cxample, by a sector search, The
probability of dotecting the targnt by a random
search of the 15 per eent curvy, ig, by (40) of Chapter 2,

~LIWW/A = -i — ﬂ-lb/d..n

p=1—¢

=1 — "0/ o 0,52, i

Thus, there 18 a little over half a chance that a
given submarino in the 156 per cent region will be
dotected, Thercfore, the seaich 8 decidedly useful,
but by no means as good as having regular escort
flown through the night.

Case 2. The submarines are mounting guard along
the route of the convoy, as they estimate it. 1f there
are several submarines acting as & coordinated group,
they may form a line patrol across the convoy path
of a type illustrated by the following example: Sub-
marines are placed in a line aeross and at right angles
with the convoy path pairolling stations 20 miles
apatt; each submarine procceds at a lew speed
(1 = 10 knots) and is never more than half an hou’s
run [rum its station, [This was a German plan de-
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scribed in the Britich Monthly Anti-Submarine Re-
port (sceret), Noveriber 1942.] Submarines acting
alone may patrol at greater distances about their
stations, but in all cases the distance is limited by
the objeetive of intereepting ecenvoys moving along
the line,

This case is easior to treat than the fiest, sinee thoe
only dangerous submarines here lie in & band whose
middle line is the convoy’s future course and whose
total width is Z(# + d), whero d is the presumed
distunce of lateral patrol of the submarines, while R
ia (as hefore) the submarines’ deteetion rango on the
convoy during tho time of discontinuance of the
normael nerial escort (e.g., at night), For a submarinoe
at lateral range more than B + o on cither side of

the convoy’s course would be unlikely, fo constitute

& threat; p(ey; = 0 outside the band, play) =
constant > 0 within the forward length of the band
of Hre miles, Thus, this whole picee of hand must
he swept, This is a feasible operation. With #£ = 20,
d =19, v = § I = 8, the rectangular band’s area
in 3,840 square miles; one plane «f 130 knots and
10-mile search width would require 3,840/1,300 =
2.95 hours, With twe or three planes, not only this
area bul a somewhat wider one, incluaing the day-
time delection cirelo, could easily he swept in a very
reagonabla time, as the last hour or so of daylight.
But in sotting up this search, it is éssential to know
in advance what deccptive steering ir intended dur-
ing tho night. Convoys usually make a deceptive
change of course shortly after dwek; the band may
finve Lo be a bent ono under such civeumstances,
AT

CONFIDENTIAL

v ) \_.,v‘;_x.—.;wn-amu



R

A/C. Airerafe.

Acoustic TorreEpo. Homing torpedo guided to its target by
means of echo ranging or listening.

-~

AnomaLous PropaGAaTION. In sonar, pronounced and rapid
variations in echo strength enused by large und rapid local
fluctuations in propagation conditions.

ASB RavAR. A 60-cm Navy radar for surface search by carrier-
based aircraft.

Aspic. British echo-ranging equipment;letters are derived from
“Anti-Submarine Development, Investigation Committee.”

ASG RADAR. AN/APS-2,.a 9-cm ASV and search radar.

ASV Rapar: A radar system for detecting and homing on a
surface vessel from the air. -

AsyMMETRY FacTOR. Ratio of target length to width.

BaRrriErR LINE. Mathematical reference line across and per-
pendicular to a channel.

BEARING. Angular position of target with respect to own ship
(relative bearing) or to true north (true bearing).

Brrp. In radar, echo trace on indicator screen.

Bricutness CoNTRAST, The difference between target and im-
mediate background brightness expressed in units of effec-
tive background hrightness.

Browning Sxot. A shot aimed at a general arca containing
targets, on the chance of a random hit.

B-Score. A scope which presents a rectangular plot of range
versus bearing. Spot brightness indicates echo intensity.

CavrrarzoxN. The formation of vapor or gas cavities in water,
caused by sharp reduction in lecal pressure.

Cuannen. Strip or ocean-through whieh-it is known-targets
must pass.
-CoLLisioN Coursk. Course steered by an attacking craft to

intereept the attacked craft’s course so that a coincidence
will occur between the two crafts.

Coxtact. An instance of detection of an enemy unit.

Coxtact ProBLEM. Study of the capabilities of the detection
agency.

Coxvoy. A group of merchant ships sailing together, usually

defended by naval eraft eseorts.

Cunry TorerEno. A torpedo which, after closing the convoy,
steers a sinuous course to increasc its chance of a random hit.

CVE. Navy designation for Aireraft Iscort Carrier, a small
aireraft carrier,

Durinire Ranar Law oF DetTEcTioN, The assumption that
deteetion is sure and imnediate within a given critical range
and impossible beyond that range.

CONFIDENTIAL
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Densrry. Number of objects per unit area.
DE. Destroyer escort, a large, high-speed antisubmarine ship.

DF. Radio Direction Finding; use of directional reccivers to
estimate’ enemy position by intercepting and obtaining the
bearings of enemy transmissions.

Ecrno RaNGING. Method of locating underwater objects by
sending sound palses into the water and receiving an ccho
reflected from the target. Target ranpe is derived by measur-
ing total transit time of the sound pulse.

ErrecTiVE RADAR CRrOsSS SECTION, A measure of the reflecting
ability of the target; it indicates the ratio of total power re-
flected from the target to incident power density impinging
from the radar.

ErrEcTIVE SEARCH WIDTH. Twice the range of an equivalent
definite range law of detection (equivalent, with respect to
detecting a uniform distribution of targets).

ErrecTive Visisiuity, E. In parallel sweeping, half the sweep
spacing for which the probability of detection is 0.5.

Eroci. Any given instant of time,

ERF. Error function or probability integral:

r
erf z= —2-=-J. ¢ *'dx,
VrJo
Evasive RouTting. Routing to avoid known submarine positions.

Fix. Presumptive position of target as determined from a
single observation.

FixatioN. The short stationary periods of actual seeing be-
tween jumps of the eye in visual scanning motion.

Fovea. Central part of retina, region of maximum acuity for
daylight vision.

GrimpseE PROBABILITY, g. Probability that a target be sighted
-ab a single glimpse. - -— - - SRR

Howming TorpEDO. Torpedo self-guided to its target by some
property of the target.

Known Ranpom Distriurion. A distribution in which the
probabilities are known in advance.

LATeERAL RANGE. The minimum distance (at closest approach)
between target and observer. When the target is at rest, it is
the perpendicular distance between the target and the ob-
server’s track,

Laterar Raxce Curve. A curve which gives the probability
of detection of an objeet by an ubserver proceeding along n
straight course as a functinn of distance of direct approach.

Lean AncLE. In this volume, the angle between the barrier
line and line of flight of the observer aireraft.

LiMrring Arrroacit ANGLE, Angle \\'l)ofec sine is the ratio of
target velocily to observer velocity. This anple determines
the slope of the Interal boundaries of Lhe region of approach
of target to observer.
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Liming SunMeRGED Arrroact ANGLe. Limiting approach
angle for a submerged submarine.

LisTENING. Use of sonar (o deteet sonic and supersonic sounds
generated by the target itself.

Looxina. Trying to detect with any of the means considered:
visual, radar, sonar, ete.

Maxmmum S1GuTING RaNGE. The range at which the target
contrast reaches the foveal threshoid. ~y
N

ONE-PING ProBasinrTy. The probability of detection by using
a single ping.

PinG. Acoustie pulse signal projected by echo-ranging trans-
ducer.

PPI. Plan Position Indicator.

Rapar. Generic term applied to methods and apparatus that
use radio for detection and ranging. -

RecoanrTioN DIFFERENTIAL. The number of decibels by
which a signal level must cxcced the background level in
order to be recognized 50 per cent of the time.

Reuion oF ApproacH. Area in which a craft, moving with
velocity less than that of another eraft, must have its start-
ing point to be able to intercept the latter.

RELATIVE BEARING, Target Bcaring relative to own ship bear-
ing.

ReraTiveE COURSE, 6. Angle between the observer's vector
velocity and the target’s relative velocity.

RELATIVE VevLocity, w. The target’s veetor velocity with
respect to the observer.

REVERBERATION. Sound scattered diffusely back towsrd the
source, principally from the surface or bottem and from

" small scattering sources such as bubbles of air and suspended
solid matter.

ScanniNg LiNe. The locus of points on the ocean surface at
which the detecting instiuinent is directed.

ScuNorcHEL. UJ-Boat combination air intake and exhaust tube
thut permits submerged diesel operation.

Seanrcn RaTE. See sweep rate.

Searcit WintH. See sweep width.

SEA RETunn Aria. Ocean surface area which reflects radlar
pulse back to t} !ransmitter.

Sons Seneric term applied to methods and apparatus that
use soutid for navigation end ranging,

Sweer Rate. A measure of the searching craft’s effectiveness
in covering an area. It is the number of contacts' made per
hour per unit of target density by the searching craft, ex-
nresseed in square miles per hour,

Sweer SraciNg, S. Distance between track lines in parallel
and equally spaced search.

Sweer WinTH. Sweep rate divided by speed (approximately).
TarcET. Object of search.
TaArGeT AspEcT. Orientation of the target as seen from own ship.

TARGET STRENGTH. A measure of the reflecting power of the
target. Rutio in decibels of the target echo to the echo from
a 6-ft diameter perfectly reflecting sphere at the same range
and depth.

TuresnoLp ConNTRasT. Just perceptible contrast of target
against its background.

TimE or Fix. Time or epoch at which information about the
point of fix is given.

TorrEDO DANGER ZONE. Area nround a ship, and moving with
the ship, within which a torpedo must be fired if it is Lo have
any chance of scoring a hit. .

TRrRACK ANGLE, ¢. Angle between the vector velocities of ob-
server and target.

Track ProBLEM. Selection of path and motion of the observer
for assumed position and motion of the target.

TRANSDUCER. Any device for converting energy from one form
to another (electrical, mechanical, or acoustical). In sonar,
usually combines the functions of a hydrophone and a pro-
jector.

u-MoviNG SpacE. Barrier flight plan as seen from a target
moving with speed u.

X-Ban~~. Band of radar frequencies with waveiength e.pproxi-
mately 3 cm.

7Z16zac. Change course frequently to make attack by sub-
marines difficult.
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Aerin) ee-ort for ships, 137-165
final sweeps, 162-165
nian design, 160-162
seanting cfiectiveness, 138-140
screening effectiveness, 138, 140-142
sercening polar diagram, 142160
tactical sttuation, 137-138 -

Air patrols against incoming subma- ..

rines, 109-110
Airborne microwave search radar, 62-G4
Ajreraft sightings of submarines and
surfage ships, 57-61
Apparent contrast, dependence on at-
mospheric conditions, 52-53
Approach region, 4-5, 132-133
Area search
parallel sweeps, 20-31, 92-94
random search, 28-29

Barrier patrols, 95-107
advancing element blarrier, 97-98,
103-105
back-and-forth patrol, 106
construction of crossover patrol, 95-
10 . —
definitc range laws of detection,
102-104
practical applications, 104-106
retreating clement barrier, 97, 98, 103
stationary element barrier, 97, 98,
103-106
target speed near observer speed,
106-107
Barriers, circular
see Circular barriers
Iayes’ theorem, 37, 41, 112
Blip-scan ratin, 67-70
Iriliness of sen, 53
¢Civeulur barriers, 107-110
air patrols ngainst incomning subma-
rines, 109-110
constant, radial flux of hostile eraft,
107-108
patrol & gu...-2 contrifugal targets, 110
surface patrol against incoming sub-
marines, 110
targets moving toward central ob-
jective, 108-109
Contact probability in secanning, 49-51
Convoy hit probability, single torpedo,
120-128
C'ross-over barrier patrols
sec Barrier patrols

Danger zone, 137

Detection circle, 137
Detection of target
ace Target detection

- Eché-ranging gear, standard, 85-02
. operational data, 91-92.

{hiooratical éeleulations, 8591 7

Effective search (sweep) width, 24-25
“. . Equations for search methods, 1-17 .

motion at fixed speed and course, 1-4
nonuniform’ distributions of targets,
16-17 ‘
randor: disiributions of targels, 5-7
random encounters with uniformly
distyibuted targois, 7-15
vegion of approach, 45
ErfX (error function), definition, 28
Expendable radio sono buoy, 82-85
detection factors, 82
operational data, 84-85
Eye as detecting instrument
sece Visual detection

Tinal sweeps by aerial escort, 162-165
random submarines, 163-165
submarines mounting guard, 164-165
uniformly distributed, 163

Foree requirements for searching
see Searching cffort distribution

Glimpse, 19

Inverse cube law for plotting sereening
polar diagram
see Plotiing i+ screening polar dia-
gram
Inverse enbe law of sighting, 22

Lagrange multiplier, 39

Lateral range distribution, 24-26
Lateral range of target, 3-4

Limiting appronch angle and region, 4-5
Linear scan, 50

Maximum sighting range, 53-55

Microwava search radar, airborne, 62-64

Missiles, optimum destructiveness of,
45-46

Motion at fixed spesd and eours,
cquations, 1-4

Optimum destructiveness of missiles,
45-46

Optimum scanning, 43-45

Parallel s'veeps (search), 20-31
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effective visibility, definition, =30

in sonar search, 92-94 -

sweep density, 31
Patrolling staticns, i35-136
Pickets, 136
Plan design for aerial escort, 160-162
Plan position indicator (PPI), 63
Tlotting the screening polar diagram,
146-155
target, moving on straight path 152
133
target on straight line interval, 148-
152
Potential, sighting, 23
Probability function for torpedo hit,
119-120
Probability of contact in scanning,
_49-51 ’
Probability of convoy hit with single
torpedo, 120-128
contact-fuzed torpedo, 124
curly torpedo, 127
homing torpedo, 124-126
straight run torpedo, 124-120
Probability of detoetion, instantancous,
i8-22
Probability of hitting single task force
ship, 129-132
Propagation of radar energy, 65-67

Radar, airborne microwave search,
62-64
Radar detection, 62-74
blip-sean ratio, 67-70
comparison with visual search, (4-65
computational methods, 72-74
sodern search radar characteristies,
62-64 .
range distributions and search width,
70-72
types of }; x_xfnl targets, 68
Radar propagation, 65-67
Radar range distributions and search
width, 70-72
Radio sono vuoy (expenduble, 82-85
Random encounters with uniformiy
distributed targets, 7-15
Random scarcl,, 28-29
Randeii wirgee aistrilnsiions, 3-7
Relative speeds and velocities, 1-4
Relative track, 2-3, 22
Retiring scareh, 95
Rules for obtuining serecning  polar
dingram, 153-160

Seanning, contaet protability, 49-51
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aren rean, 5l
linont nenn, 30
Seanning, gp!imnm. 4840
Sconting  effastivoness, perinl - oxeort,
138-140
Sereening effectiveness, nervial escort,
118, 140-142
Screening polar dingra: ¢, 142-160
general conside:niions, 142-146
instructions for obinining dingram,
156-160
nlotting (inverse cube tnw), 146-155
Sercens, sonar
see Sonar screens
Sen brightness, 53
Search, random, 28-29
Search about point of fix, 110-118
retiring square scarch for moving
target, 115-118
square search for stationary target,
111-114
Search density, 38-39
Searcu for targets in transit, 95-118
barrier patrols, 95-107 )
circular barriers, 107-110
scarch about peint of fix, 110-118
Search methods, geometrical and sta-
tistical, 1-17
motion at fixed speed and course, 1-4
nonuniform target distributions, 16-17
random encounters with uniformly
distributed targets, 7-156

random target distributions, 5-7

region of approach, geometric analy-
sis, 4-5 ;
Search radar characteristics, modern,
62-64 -y
Search widih, effective, 24-25, 70-72
Scarching effort distribution, 35-46
alternative search regions, 35-38
distribution of cfTort in time, 42-43
geometric construction, 40
optimum destructiveness, 45-46
optirnum scanning, 43-45
sample application, 41-42
targetscontinuously distributed,38-41
. Wipiiting potential; 23
Sighting range, maximum, 53-55
sightings of submarines and surface
ships from nircraft, 57-61
Sonar background evel, factore in-
{lueneing
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