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Non-lndependont propasatlon foriiial«s 
Prooasatlon into cocumulants ,_*„ 
Sariano™ of nor.-ind«p<mdant noaonlais 
SSewSaaaa of non-lndepondo.it mono»!«!» 
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Errors,  fi-ucGua^tonB  andTo-er 

üectolcal Ksport Ho-iO,   "Th^ Propagate. 
-,,..,-   -  RAsio  aenorall^ed FornwISD 



Inaepafldgat    :  ■ ...--—=-■-* ■ ■——. 

It h.. b.» .«S«.«"d (W D. H. E,».) ttot tl» .ppllCtlC» 

cf th. ge».r»llI.dpr=,.S.«o„ TonÄ« to ^„«..t. ctor.ct.rt.ed W 

„v.»i g«»titi.. ..=» " w. "» t»..i.to« ^n «»^r. arcrotog 

tie «.mftlo» of .tatl.tloü lnaop™a.«= »' «« oorro.ponU.»« 

v^.ll««.      It «. marteä {.t P«e II-W ora»» "■'•' " w' 

.o>lo.> th«t o»ly t.r,» of ora.r j', OT p.rt»p.    .\ ■«" ">"« to 

l,e bitten äo».      »• »hiLl Aortly «Iv. tto for«l.. thro«*    ^, 

reBervlaS tue    I**   tarmo f or a l&ter aeotior.. 

Bator. « am »aaüigHttU <««= 4™ «>« formil.,, «« 

„.t latrod.« »ra notation !an .o«n.. - «.r. «, no» .a »ny »» 

nonvanlahing monantsl    To th~ atanönrÄ 

ave (v„ - w ) n 

■(".■ 



»»e  (»a-«a)'"0-«b)("<,-»c)  " ?a.}>c'<L%''o 

ave (wa-wa!(<'l,-"i>)(''I.-
!ro""a-"d' " rab5dVl.''<:°<l- 

(In the latter tie formul«» a,D,o and a oan Be allKe or different 

In any combination.) 

It la Important to compare the number of distinct 

momenta which are to be taken into account In ths Independent 

and non-independent casee. This Is done in Table 9. which ohowe 

clearly why the non-independent cane becomes rather unmanasea'Jle 

BO easily. (In the general -aee, for k . 20, say, we have. In 

ti.e independent and geoeral case», respectively, 40 or 1750 

moment constants tnroush third moments, and 60 or 10605 tirouah 

fourth momehts.)  A8 long as dependence only eitistB within groups 

of a small nuaber of parameters, the nun.ber of ooiiient-conatants 

needed will not grow nearly as fast as the valies In Table 2, 

and the corstctlon term» will be usable for larger k. 

•flie formulas through terms in o3 are given in Table 10. 

(For terms in c , see aectlbn 47.) 



NiiKtiers of moments of each order  ind kind 

wh^.ch must ^e  considered for k vaifltblea. 

Cirder Kind 

Second aa 

PabVto 

(total to this point) 

Third    ?W0a 

^aboua"b''c 

(total  to this point) 

laaaböa 0b 

raabb0a ab 

^ab^Vc 

^abcd Oaabao 3ö 

(total to this  point) 

Ir.dependenS" "Rönliiäepenüer.t 

(3k) 

5 U.tk-J) 

(J. lt(k+l)) 

k 

k(k-l) 

|k(K-l)(k-2) 

Cj k(k+l)Ck+5)) 

k 

Hk-l) 

| kCk-1) 

| k(k-l)0-2) 

^k(k-l)(K-S)(k-3) 

^T k(k+l)(k2*9k+26> 



Table 10 

Prop^atlon formulas tfirough ff' for z » ,i(Wj*«?> . ■ ■ .w^) 

«h«re the w^ are not neceeBarlly Indepenrt'snt 

J 5 »'.a0.2 * ^»atOnb'.'^ 

* 5 »asaWa1" * ? I\a6raal.<,a2°l 

* !:*il«b-',at.c''a',b!'.-. 

+ terms of order _ o 

var 2 • a?a* + ^Ä^^A      (claaalca]) 

+ »■a'WWa3 * a,ahbb',«61.,'a"'bS 

* 2J;'V'at''aab0aeS + 2s*h8hbe',abo,'a%',<! 

+ termo  of crder ^ o 

^  « • SV^A3 + 3S*hft
Shb7-aabCa

S
ÖB 

>    4 + taiTiis of order _ n 

elo z -  terms of ordar ^_ a 

[S* aignlfi«» susuontic« over diatinct, dlstlngulflhable terw», 
ase the first- of this series for datallsj. 



«6.     CocumulcMB  foj^st^tle'lcal. Inrt^par.d^nco 

There mw  be  oaBoB where »e »leh M deal  3l»ultah..cuBly 

■ hCWj.wj "!•) 

ff1 

■ - «c 'i^'s  «>:> 

»here the «■. are etatl5tlcsliy Independeht. To the formulap 

for propasatlon Into m. -kulante of z ard y alohe, «e W 

»l.h to add fermula. for propagation Into their cooum.larta. 

T,« reciting formulae a«, given In T^ble 11 throush renna In 

„*. (Kot= the u.e of 7a and ra rather than /^ and T^  to 

M,-K„IM that »e are asau.,1.-« atatlatloal independence.) The 

„. rn, ., ,„ „f »hase t^rm. from those of the oorreapond- manner of f"'  >on 01 --"=B= 

l„s o^anv. r-™.laa 1. Quite 8l»ple.  For- example. 

6"ahbhab 

would naturaily he replwjad by 

'a^ab * 'aVab + ^^B.^*   SaVah 

+ h.f.K.^ + h. .'At "a^'ab- 

„n„ „, the coefflolent of aomethlnB symmetric, but when appearing as the toeu-n-jo 

in a and b, the latter can te replaced by   ■ 

■a%hab + "VHAlt. + «.Vab 



pomulaB  Cox' nropagatloti  Into  i:ocumiilant8  of 

2 . >i(w1,»? w,,)  and y - «(WJ.KJ «„) 

and ä - f(»1,Wg..-.-.wk)   rrom statl8rical]y 

Independent w'3. 

=o» (y,i) - 'Sahara 

" \ z(nA. * eahaa'''ac'a3 

♦ k Z^A**  * Sahaaalra<.a
a  * k ^aahaa!ra-1"'." 

■*  ^'tf «»"abb  * 5 "a^tt, * '■•«bgab 

+ I haabeb * 2 •WW"^ 

+ terras of order ^ a 

ook (liris) - ^AW3 

+ 5 WVaV,+ fahasaa + «aVaa> tra-1'°a'' 

* 2?*{fa8t,hab + fjh^aB + %hbfabi''a  "b 

f terms of order _ o 

(nywmvtry of hab>Sab etc.   In  their auWlpts tc, be  recognised 

in  interpr-etlng, S  ) 



-   7  - 

in  view  of  -.he  Identity  (fir -jnesmiiiietrle Aab) 

The  »aelc   process  Is   tD  replace  the »arlouo  h-fartor»  1"  ths 

propagation, into-oumul.rt fomul« »y af.nerent g- and h-ractcr. 

(or r-,   g-   and n-factors)   In all   possible  ways,   sort and adjust 

«•:.  oo.fflclent.     -M«  corrertnesa  of the  result 1. eaolly 

checked,   since 
(1)     every  tern must have  a  factor of  each appropriate 

kind 
(11)     there «u»t  he syroet ry  under the  i„terchanKe  of 

arguments  in  the cocumulant 

(111)     when all  argumonts are made the   aa»e,  the  result 

must  reduce  to the  oorrcspondlng  cc.ulant   result. 

Extensions   to Table  11   can  thus  be obtained  easllj   when 

'ieslred. 



pa^»i^gp?s^^£^ss^e@ssw^?^/ ^msmmqw 

■itT-     Recoivorslon  formulas 

Now thai  propagation Tormulas   fron nonlndepend^nt 

vß.r'.&\il&a  and Into cocumulante are available.   It In  rot unJikely 

thst one may be uasd  to supply  Input  to  the other.     It  Is  thus 

convenient  to record here  the  f-  nni'läs  expressing  reducert 

(= arar.da.-dlzed)  momentfa  In  terras  of cumulanfc?  and cocumulftr.ts, 

njinely: 

-Qv  (wa'wbJ 

ake v> 

'abc 0
u
IJv,''„ 

elo w 
r .      * +  3 
aaaa a 't 

coe  (w  .wb,w   .wd) 
rabcd WW  + Pa,?Pcä  ^ PacPbe   '  PadPbC 

{Any identification  desli-ed araong a,b,c   or d mc v   h?  rr.ade 

freely.) 



h8.     n^flled f^m...!..   rar tM  ata^Otlo»UiL^"-l"dep.rde...t_0M. 

»= noy iscord  for posolble  lis«  ine   fonnuiaa   tdrou.sh 

torms  of order  o1  fcr av*  a,   v,r 2.   aKe  a  and eJo  a.     The.o  are 

baoed on  -.»a  formula»   for the  eo«rlar,ce,  and ooaKe«neBB«6  of 

(not neoeaMI-tly  Independen.,)   centered „onoml.l.. whioh ara gl.er, 

tn Tabl.a J2  and  13-     The derivation   folio«*   exactly  the  Un-. 

of  Par:  V, 
»he formulas  for the  propacatlon Into  oumulant» 

folio«. 

ave  a n (",,"2 V 

+ £ iW 'atPab a b 

'a
3   • 5 J;,«a.b'aab',a2l'b 

* 2ir ;;h8aas-aaaa0«    * C r- "aaabra«ab°«  % 

* t ^»aabb'-.abb0.2^   - 5 ^''a.boraaboDa2"b°o 

+  *■ habcdrabcd0aabc:cOd 

■>    5 +  terms  of  order 1 o 



Table of coffflcients  by whJch  aa
1+m o^'4" mue-t be multi- 

plied to obtain the  covarlance of *ra    wt>-  with  «a
n wb 

»rtien  l    and wb need not be  Btatlstloally Inrtepandent,   bub 

both have   qverage  zero. 

wa b     rtiab 

wj 'abb 

p&b 'aaa 'aab 
7abb 

1. 'aab  - 
?abb 

7bbb 

'«ab ^aaa-1 ^aab'Pab ^ahh-1 

rabb 
raaab*pab 

raabb"pab 
rabbb-P. 

rbbb Taabb"1 
rabbb" pab 

rbbbb'1 

"a wb raaal) 

Vb2 raal.b 

'V       rabbO 

'aabb 

ratb 

rbbbb 

»tot»-     '"'">■ app.-oPrt«t»  subaorlpta  var w  •   c  ,   cov (i«B,«b 



■    ■ ■•..•.- 

11 

Table  1^. 

Coefficients of  oa % 

co. (wa
lwt-. -,

n,wt
n.  -aV> 

„hen wa .^ »„ "ac> no. be  st.t.0tloan.  ;n«pendont 

and each averages  zero 

a 
1 2 3_Wa ^b ^_ 

v
& 

vo yaeA 7aab r8aaa'' 

"a "„ 'aa. 'ab. r.aab-Pab    ^^J    '^^ 

"b % 'abb 'bbb raabb-i        r.^-Pab      ^bbbb"1 

SO«.     Kith appropriate  aubacrlpta  var «  -  o2.   oo<   ("a."b)   ' 

p ..o2,   ave ..3 • ro3.  »»« w"  - ro   . 

ra.ab-Pab      ra«bt-1 



v"J:.y*.*°*   * »VWi a aa'aaa a a'W3bl>"«"b 

* 2i n„h.h'„«h0. & "aVWaV. 

V'Sb  <r!L»6b-1),'.2ob'' 

' ^'Kaa^bCaSob^ab^a^b * s'ha.V!raaS=-f'o<>a «b-o 

*=;""at2!ra.bb-Pab2>''a2%'-'S2'habh
1c<raä--Pabf.c'<!a2t'b»= 

* ^'Vod  (fabcd-fabPcd'   oa,'bo=0<i 

■f t ai.b. -r +• J s ha,,bbbI:abbs0a0b 

!:*VaabIVa.baa3''b + !:*hB
habbra«bb<,»2<'b2 

na"tbc'abbo"a"b ' 
na"abc'aabc"a "b"o 

"a'^boa 'abcd^a b"c"d 

.> „5 + terms  of  Drder ; 



£h» raas.0a 

► i ^V  <raaaa-ai°a''  * i It'i\t'-r^tt.-1)a^"^ 

" ^\\\^.^-^\\  * 3*V>>h.c(riW''ab) Wc' 

6z'?«hbhaol raabo " ""aofac > * ei-hAOabCMbb-fab2'0»2^ + ' 

CabPodlVtVd * 6£ bjb,,!',,..  (r, 

+ tenna of order* 

ai» s - ai,1' ffaa)m_31''a'> 

. kzW'.?^-»^?** * 6j'ha
ihb

2(rMbb-2p(lb
2-i)< 

.  lSJ*l.aVclra.hc-Pbc-2<'abl,ac),'.'<,b,'c 

. zu'bAh.h,.  (fab04-PabP0d-Pat
l'bii-''.<l,,b«)oaob°cort 

+  terms of order > «J 

2„ 2 

a "b 



r* - 

The only oajor =han6e over ea.-lier parts Is the 

»pi! «cation and exten.lon of f« notation for higher r.duoed 

(. .tMdardl.ed) momint»-. We no« use raaa a» "»u «^ r3 for ^ 

;  " l^/n 3  s-d r    as »ell as r  Tor ave («„-"a' /o, ■ 
ave Cwa-

Wa' ' a ■    ' aaaa a 

We extend the fuller notation to 

■v ^. =■ ave  C"u-Wn)t,, hVw. 

r.-ave  (-a-V!"b-'-t.'l" = -Sc'<"<r"d> ^aVo'd 
abca ^ 

and  their apeolall^atlora. 


