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5. Cumlante vhen 1
independent
Tt has besn ouggested (by D H. Evans) that the

of the generslized propagetics Tormulas to chmponents
several quentities such 85 tubes and trane:
the sasumption of statistical 1

variables.

ndspendent variables nesd not be stotistlcally

application
characterized by

1ntors will require &ropping

f'or the

ding

Tt was remarked {at page II-10 of 3the Tirst of this

serieg) that enly terms of order

he written dovn.

o, ot perneps &, are likely to

reserving the ‘!h 4arms for a later section.

must introduce more

nonveniehing moments?t

we sdd

Before we can mesningfvilly

ave (v,

ave (¥, - T, -

Ve chall shorly glve the formulss through 2,

writz dom the formules, we

To th.. standnrd

-

3
29

&

)2 = "34
= Papanr

‘(5;4!:)

notetion for muments - thers may now be many mOre
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W I‘ W, (e i =
ave (-} (v "c) 7abca%%

and
ave ("a'"a)("b'"b)("c'"c)("d"id) = Papeaadp®z%a’

(In the latter tvo formulas &,0,8 and 4 can be alike oy different
in any combination.) .

It 13 important to compare the number of‘ distinet
moments which ars to be taken into asecount in thz independent
&nd non-independent cesz2c. This is done in Table 9, which shows

¢learly why the non-indepéndeﬁt case b rather oie

s¢ easily. {In the general nase, for k = 20, say, we have, in
tme independent and general cases, respectlvely, 40 or 175C
moment conatants through third moments, snd 60 or 10605 through
fourth momehts.) As long as dependencze only exists wilthin groupa
s - mnall nuaber of parameters, the nunber of moment-constants
needed will not grow rearly as fast 28 the velies in Table 2,
and bhe gorrcotion terms will be usable for larger k.

fhe formulae through texms in o3 are given in Table 16

P
(ror terms in a", cee aection 47.)

-
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. Becond

Numbers of moments of each order

o

Table

ind kind

" which must be considered for k vakltbleu.

Gnder

Pap% %
{total to this point)
ke 7saa°a3
7aab°azﬂb
7nbc°n°b°c
{total to this point)

=
Rourth daade

raaab“a3°b
raabboazub2
raabc°a2°b°c
Fanea %a%%%

{total to this point)

.__Variabl
Independent

k

(x)

(3}

¥
,} (k-1)
(F k(1))
k
k(k-1)
£ kix-1)(k-2}
(& kelier1) (kt5))
k
¥(k-1)
3 k(e-1)

3 w(-1) (-2)

2y ke(le-1) (k-2) (k-3)

Gy () O 19Kc426)
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Table 10 i

Provegation formulas through a3 tor z - u(nl,wep R 3 T e

3
where the w, are not necegsarily indepencant. -

ave z = h(w‘l ﬁz,.“,ﬁk)

i & an,,0.2 + 2" a0
et T 2 HypPan®a s
¢ ]

®

2 1 ¥ 2
+ 5 Mpaatma®a * B 2 Nagp?aar’% %

- i
* ¥ Naps?ana’a %
+ terms of order 2 o

Bl

var z = Fhto,° + "z*hahbpa'n“aab (clasaical)

3 2
+ BngNyg7ase” * Halbp?aph%a%
» 22%,n 2c o+ 25'n b 0.0
* 23 Talarann% oo * afpe?abe’a "%
+ terms of crder > o
5 3 * 2 2
Ak 7 o* Eha Taanla” * 3z ha hb7aabca L
"
+ 62 hghyh Tay 0% %%
> &

+ terms of oirder

elo z = terms of order > &

(% sigm.!‘ias sutfmation over dininct, diatinguishable terms,
e Tirst of this ssries for dstails).

zod b
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46. Coowmulgnks for statis*lcal independence

Locumulenti3d ZOF S22

There may be cases where we wish to deal simultancusly

with
z = bWy, Wy o W)

% i

yoo gy, vgy - W)

where the w's are statistically independent. Tg the formulsd
for propagation into the cumulants of z and. y alene, wWe may
wish to add formulas fox propagation into their cocumulaniz.
The resulting formulss are given in Peble 11 through terms in
un. (ot the use of 7, and 1‘5 rather then Yo, and I‘mﬂ to
em-haalze That We are agsunl,g statistical 1nd|ependencé.) The
wanner of fo—-“1un of zhese‘tv}ms from those of the ‘sorrespond-

ing cumu.dnw. rapmyias is quite slmvle. For gxample,

B a.hbh ab .

would naturaily be replaced Ty
rasbhab + Cahoap * gaf'n ab 4 ga.hbrab

+ T8y + hagbfs,’o’

but when appearing 28 the coefficient of something symmetric

p 1n 8 and b, the latter can te veplaced b¥ .

rasbha.b # rxa.h'bs:s't': 3 suhbfab

e
e

g
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Formulag for propagatisn into cécumulants [

2w B(Wy Wy 0ie W) @nd ¥ = B Wy a0 ooty

and x = f(wl,ﬁz;a. .,wk", #pom stablstically ¥

independent: w's.

cov (7,8) = izl,_h‘,aag

ofer o

S
- = (hﬁ.g&& i sahaa""una

T 4
Esan * gahaaa)raoa = zgaaha».(ra'l)”a

aalf 1k )
+ 2 (5 BMapp + % Pafurd * Panfab

%-é E(h,

1 s ey e
* 3 Daapp T 7 Eaar”p! % b
+ terms of order Z o3
aok (x,¥,%) ‘ng'haB ;
A a“a a &
1 sirgn, + .0 e, R
T 5 28, a"'aBan t Aafa’an’ e a
71 2 2
¥k “agbhs.b + LBy gahbtab)aﬂ Iy
+ terms of erder 2 05

{pymmetry of vhah’gab ete. in thelr subscripts tu be recognlzed
*

in interpreting % )




1n view of the identity (g‘pr“unsymmetrlc Aab)

5" A W
(Agp *+ Bpg) ¥ F 2 Aaplialp -

The basic process 18 tp replave the various h-fastors in the .

p,ropazatio\"r—mtc-cum‘ulant fcx_'inula by di‘,t'ferent g-“ and h—faccors"

(or £-, g~ and h—!‘ac‘bcrs‘)“ in all possible ways, sus and a‘djust
iy soefiiclent.. "™e correctness of the result ie eapily
checked, since i -
(1) every term must have a factor of each appropriate
kind .
(11} there must be symmetry under the interchange of
arguments in the cocumulant
(111) when all arguments are made the same, the result
must reduce to the corresponding cumulant result.
Extensions to Table 11 can thus be obtained easlly when

deslred.

Emmratoe S

i

o

1
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47. Reconversion formulas

“ Now thad propagation formulas from x;onindepandent :
i varciables and into cotumulants are available; 1t 1s not unlikely

that ur}e mey e used 65 supply input to the other, It is thus

convenlent %o record here the !‘r,:1jm\Llas expressing reduced E

(= standadized) moments in terms of cumulanbts and cooumulAnts,

namely:
v
3 20y (¥ig,wy,)
- fab T, 0y
s ice Y
Yaaa d
a
= ok (wa,wb,wc)
Yabe DR
elo w, "
Taaaa = ";T_ +3 i
%
coe (wa,wb,wc,wd) $
1 Papea = a6 * PanPea ' Pacfha * Pagfue *

99559

{Any identification desired among a,b,c or d mev be made

freely.) 3 I

L




48, Detalled formulas for the statipbically nen-independent case
y We now record for possible use the f&Tmulas ‘Ehro\;:gh
terms of order tsu for ave z, var 2z, ske z and elo z, Theee are
baged on the formulas for the covariances and coskewnesses of
(not necessarily ;x;aepeﬁdenb) centered monomials which are giwen
in 7ables 12 and 13. The derivation follows exactiy the 1inss
of Part V.

The formulas for the propagation into cumulants

forlow.
ave z = h (Wy,Wp, . . osWy)

1 2 ©
A g 2 NypPana s

+ L Zh 7, [} 3 + 1 2’@ v a3
& “Masa’sas 8 2 aab’aab a
.
Jnz habc7abc°agbcc

i 2 4 al, ot 2
+ 5T “BggasFassa®s B 2N 0ap aaab% Y%

1 g% =2 e 1 % 2
+ % 2 hgaplaape’s b *Z 2 Bgppolaabe’s "%

-
L habcdrabcdaaabuch

565

+ terms of order

g
3
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1 Tablé 182 4
Table of coeffictents by which o '™ o I*

.
must be multd-

plied to obtain the covariance of "y i "bi eyil:'z wam wb“

when @, and need not be atat&etlcally dndependen;, but

both have aversge zero.,

Ta
Wy il
¥p Pan
Bl
"a “ as8

2,
Wy ¥ Taaan
2" Fasbd

" Tapen

.
Pob.

1

Zaab
7abb
75bb
Taaab
Faabb
FParb

Tonbb

‘ Ya"p
733;3

Yagb: - apb

raa;a'l x‘aaabl'"a,b

2
Tagab~Par  Tasbv Pab

Taabb™t Tabbo™ Pab

2
=D

Zabb

Tvub
Tyann~t
Tabtb Pab

Ponbb™

Note. With appropriate subscripts var w - \12, cov (wa,ub} =

2
Par® -

sve w3 = 703,<ave W

L

(*,..L.



Note.

1 2 3w

when . W, an§ Wy,

‘rable 13

Coefficients of o,

and each averages 2ero

a
Yu 7!5&
¥y 7aab
W& 7ato

With appropriate aubac

Pap!

L]
Yaab
7abb

7pbb

o, ave w? = 70

3

2
Yo

Tyaan”

140+D, abj 4t 4

i ) .
cok (wy wbd, wamwbn, wapwbq)

2
¥a"p L

e Tagab™Pab

Tiabpt

- e
Tppab~Pab Taabb™Pab  [abbd Fab

Tpabd

ave W“

= T'o

Taubb™Pab

5

Pynpp™

ripte var W = &, cov (wa,hﬁ) =

need:ncb be statistically independerit

by ey

o o R i T
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~ TpoLer
" - e
var @ =- In S0,° + R T h hp 0,0

; w8 A
+ 2hMy07004% B 7200 % %
.- o, h 2 N *: .
-+ 2% hy)] ab’qab”a o 2% hahbc7a‘jnc°a°b“c
L e g ;
\ F g X 2 . L A . 2,2
l S e (fsaaa'l) 0, 5 2 Naglyp ‘(raabbT'l)"é» O
v
* - el 3 * m i
1 i haaha’b(rak’ab"r?ab)aa Tput® z‘,haah‘bpv‘raabc'pbc)us % .
g o' By Taiianie i Tl
+ 2 P apePap )% b 122 habhac(rasbﬂ'PabPac)C’a 9%
50 :
+ 25 gty (MopeaPapfea) %a% %
TR g1 o
i 3 000 h002% T3 2 iy Canbn % %y
* 3 2 b g £
+ BN ap aeab% %o i hahabnra.ﬁbbaa n

o, 2
+ 22 hahabcraabcaa_ %

A ik 2
+ 2 g Tapne%a% %o

+ 2E by o Topos®a e

s

+ terms of order




ske z = ih537aaauas N Jy‘
\
|
\

i (2 2
+_ 3% hy hbyuab"aI %
65"
s Babyh 745088 %%

= 5 2 v b 2 e nie
3 T, hgy {Tagaa=t% + 'g' o b (Taabn™1)% % -

o

% - : * 2
r32 hahbhaa('aaab'pab'aaaab * 32 hahbhcc(rlbcc"’ab)uaub"c

" 2 - 3 . 2 - e
+ 38 1, " (oo Pap) %% * 32 P Npo{FaabePbe) % %b%

* riger . o
e (7 hahbhab(raabb'Pab )°s o * £ 1:‘t'zllr“nhac(raabc Pabpac) j
i el oy
65"n_h
+ 65 nnhog (TopeaPanPoal %a's%%a
+ terme of order > o2

olo = Th* Dy -3)agt

+ 42,0, C gnan-3Pan! 74 % * 6E*hazhb2(rnabb“apab2°i)qazub2
v lazg'hazhl?nc(r“hc-pbc-zpaﬂpdc)aazabac
# 2‘('):*hg‘hhhmhc (Tabud'pabpcd"pan”bd'p;dpbc)caﬂbdcﬂd ;
+ terms »f order 2> o :
‘ e
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4o, supplementary glossary and notation

yhe .only major change over earlier.parts is the
amplification: and e])gtenslion‘ of the nctation for higher reduced
i ;tendardi;ed) moments . We noy uBe V.., &8 well as 7, for
ave (wa—'v?a)a/ua3, “arrd‘ Tonan &° well 88 Ty Tor ave (wa-wa)i‘/qa“.

we extend the fuller notation to,

Yape = 2V€ (ws:'wﬂ)(wb—;’.‘u)(“"'::"Wc)/.";i"h“c

‘ ¥ W 3 ~

Fapea = 2V (wa-'v?a)(wbn-?v'b)(wc-ﬁc)(wd-'ﬁd) /95959 %

and their specilalizations.




