UNCLASSIFIED

AD NUMBER

AD149918

NEW LIMITATION CHANGE

TO

Approved for public release, distribution
unlimited

FROM
Distribution authorized to U.S. Gov't.
agencies and their contractors;
Administrative/Operational Use; APR 1957.
Other requests shall be referred to
Department of the Army, Attn: Public
Affairs Office, Washington, DC 20310.

AUTHORITY

USAMC ltr, 13 Aug 1971

THIS PAGE IS UNCLASSIFIED




~ UNCLASSIFIED

ADI4gjuﬁ

by the

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

ASSIFIE

UNCL




T e e e on e+

NOTICE: When govermment or other drawvings; speci-
ficativus or other data are used for any purpose
other than in connection with a definitely related
government procurement oparaticn, the U. 8.

. Government thereby incurs no responsibility, nor any

obligation whatsoever; and the faoct that the Jovermn-
ment may have formulated, fHumnished, or in any way

'supplied the said drawings, apecifications, or other
data is not to be regarded by implication or other-

wise as in any memer licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
theretc.



9/

.

/' i
% PP Bt s‘.:'

o

o | MEMORANDUM NO. 20-142

‘EQUATIONS OF MOTION OF A MISSILE AND A SATELLITE
"~ FOR AN OBLATE-SPHEROIDAL ROTATING EARTH

B. E. KALENSHER

Return Ve
ASitA

ARLINGTON MHALL STATION
ARLINGYON 12, VIRGIMIA

. |
\ HL! COPY
|

Attn: Y1558

JET PROPULSION LABORATORY
CALIFORNIA INSTITUTE OF TECHNOLOGY
PASADENA, CALIFORNIA

APRIL 12, 1957



Gt e e ——— ——

C e e L e P g

ORDCIT Project
Contract No. DA-04-495-0O¢d 18
Department of the Army
ORDNANCE CORPS

Memorandum No. 20-142

EQUATIONS OF MOTIOM OF A MISSILE AND A SATELLITE FOR AN
OBLATE-SPHEROIDAL ROTATING EARTH

B. E. Kalensher

%/Mq /?. /épﬁ

N AN e s

Clarence R, Gatea, Chief
Guidonce Analysis Section

JIET FROPULSION T.ABORATORY
California Institute of Technology
Pasadena, Californin

April 12, 1957



o 0 e

B P S P S

FEN SN

Jet Propulsion Laboratory Memorendum No, 20-142
CONTENTS
Page
e IBEOdUCEION. .ot cr ettt e b e ety b et s 1
H. Motion of Centar of Mass ... e e 2
HE.  Rotation About @ Transverse AXIS ..o e e o 5
IV.  Rotation About the Longitudingl AXis ..o s 7
Vi Equations of Motion ...t e s ori s s s s e 10
A MBSO e SRR £ RS ee 10
B. St 8. i e bt et 17
VI.  Approximate Location of Missile Impact Point for a Rotating Earth ... v 2
Table 1, NOMERCIATUIE ... st i s sttt fonn 2
FIGURES
1. Definition of the Earth-Fixed and Inertial Coordinate Systems ...........cccconvvevriiinerciennns Kic!
2. Definition of the Unit Vecton?],-(zl, ond:‘ ........................................................................ a3
3. End View of Missile .. ssa st s ns s 33
4. Rotation of Missile About Its Longitudinal Axis (@ - 8) .covovvvvrreererercosesercosneeeessreernien 34
5. Definition of Position Coordinates .....occciiiciiiiininns oo ieesrsse s 34
6. Definition of Velocity Coordinates ... e besens s 34
7. Nongruvitational Forces Acting on Missilm ... 35
8. Inclination of Satellite Orbit to Equatorial Plane .............c.ocooveviiieiiieiiieee e v, 35
9.  Eliptical Path Descriked by Missile ... [T RTINS 35

Page iii



J S

. -

. e e E— e

—_—— —

1

Memorandum No, 20-142

Jet Propulsion Laboratory

10.

1.
12,

Page iv

FIGURES (Cont'd)

Page
Missile Impact Point and Projection of Missile Shutoff Point on
Barth's SUMCE .......ccooovviiieiitiienis e car e asass s b bRt 36
Rotation of the Earth-Fixed System Relative to inertial Space ... 36

Spherical Triangle on Earth's Surface Relating o (¢') and 0 (8g)......c.ociinnininininninnniines ¥%

THIS REPORT HAS BEEN DISTRIBUTED ACCORDING TO SECTIONS A, C, AND DG OF
THE SUBCOMMITTEE ON ANAF/GM MAILING LIST, OFFICE OF THE ASSISTANT SECRE-
TARY OF DEFENSE (RESEARCH AND DEVELOPMENT), GUIDED MISSILE TECHNICAL
INFORMATION DISTRIBUTION LIST, MML 200/14, LIST NO. 14, DATED 1 JUNE 1957,




Jet Propulsion Laboratory Memorandum No, 20-142

ABSTRACT

The equations of motion of a rocket are derived by
applying the fundamental definition of ihe derivative to
Newton's second law of motion. Three independent cases
are considered: motion of the missile center of mass, ro-
tation of the missile sbout a transverse axis through the
center of mass, and rotation of the missile about the lon-
gitudinal axis. The second case describes the motion in
pitch (or yaw), and the third case describes the rotation
(spin or roll) of the missile due to a ring of small jets
placed around its circumference. The equations of motion
of the center of mass are then modified to describe the
motion of a satellite moving around the earth in a nearly |
circular orbit. Finally, a method is developed for com-
puting the approximate impact point of the missile by al-
gebraic means.

. INTRODUCTION

The purpose of this Memorandum is to derive the equations of motion of a missile, for an
oblate-spheroidal rotating earth, from elementary concepts and to expross these aquations in &
convenient and na aral coordinate system. Spherical polar coordinates are used to locate the
position of the missile center of masa relative to the earih, It is assumed that the earth is shaped

like a perfect sphere, but that its gravitational field is that cotresponding to an oblate spheroid.

The motion of a satellite is determined directly from the equations of motion of the missile,

the former being considered a special case of the latter.

Page 1
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Il.  MOTION OF CENTER OF MASS

Consider the origin in Fig. 1 to coincide with the center of the earth. Let the set of axes
I (% y, 2)* be fixed in inertial svace, and let the set % ‘(x', y', z') be rigidly attached to the

earth, Consider that = 'rotates at a constant angular velocity Q with respect to %..
g

In Fig. 1, m) represeuts the mass of a quantity of exhaust expelled from the missile. The
center of mass (C. M.) of in| and the missile is located at Py, whereas the C. M. of the missile is
located at Py, The position vectors™s and 7 are drawn from Py to my and Py, respectively. It is
ananmed that ¥ x = 0. Tha poaition vnnt.nrs'?l;-}.?‘, and 7 are drawn from the origin to my. Py,
and Py, reapoctively, Liet ¢ = 2 bs the instant of time just before, and ¢ = £g + A the instant of
time just after, my is expelled. Here, &> O in an infinitosimal time. Thus,

Pleg) = 0 (a)

g = Rleg) (1b)

Fleg+ B = Rieg + B+ (g + B (Lo)
Filtg + B) = Rty + B 45 (6g + ) (1d)
my = mtg) - m ey + k) (1e)

where m(tg) and m (e + k) refer to the mams of the missile.

Lot Prepresent the total linear momentum as measured in % . Then
(tg) = m(tp) d 7(eq)
= m —
pin n I 0

?(to + ’l) = my (;ti_ 71 (‘0 -+ h) + m(to + ’l) (g— T(loh'% h)
From Egs. (1),

Trleg + B) =Flegr B + 5o + ) =T (eg + A

8The nomenclature nsed throughout this Memorandum is defined in Table 1,

Page 2
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Jot Propulsion Laboratary Memorandum No. 20-142

Substituting this and Eq. (le) into the expressions for B (¢y) and p ¢y + A) yields
Ty + W -Pleg) = mlsg) [j:_‘?(to £ 0 - ﬁ-'?(eo)]

[m(to) mty + h)] [s(to +B) ~p (to + h)]
Now,

- F-= axternal forces acting on the system

Flig+ BBy

= 1
m - ;
. d ' -,‘,_,’ J—’T.:'M: _ ,;k .,’_,,k.,.i o ;;_,;,;
. e e 0-0-1” — (fo)-
B d FTER
L =ty lim -
N ..
C mligt M amlt)  d [y e
=l ‘-_“‘_"“—""-'_E[B(¢0+h)—p(to+h)] :
h=e0 . . )
Femitg) f? T - integ) & [Fup) Fieg) | @

In Eq. (2), d/dt slgnifles rate of change in &, The quantities F-: s, and p p can be ex-
pressed in either set of coordinates. Since it is most likely that T andr will be measured inX',

~it will prove more expedlent to express Eq. (2) in terms of rate of change in 2
of d'/dt, Now,

. in terms ‘

o e £ o7
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and similarly for'.s.nnd';'. Therefore, Eq. (2) can be written

- 12 - - 1o - :
F = mizg) [_!i_----:(to) +20x 4 rtg) + ﬁxﬁ.x.r(to)]
S Lde? _ & .

- thleg) {g‘_ [?(;05 -7('0)] +h x-:(lo)} (3)

" mince {1 = & conatant and-;(lo)b- 0. Lof
, :
-3; [':‘(so) -7 (c'o)]

where 7 is the veloclty of "'1 with re-pent to the misaile (exhamt vnlooity). Now,
|3x-7t0)| < (0] |a(¢°)| For & typioal missile, Il(to)l 2 20 fv, Since || = 7.27 10"5
indiana/sec, then |{1 x's (‘0) | £0.00145 ft/naa, which i negligible compared with

|'T] 2 2000 ft/sec. Hence, the last term in Eq. (8) can be omitted, Since no restrictionl are
.placed on the time ¢, except that it oceur before m1 Is expelled, and since my is being eonllnually

“expelled (during burning), then

T-m(t)[:— (t)+2ﬂxv(t)+ﬁx3xr(t)] re

where v(t) = (d7/de) 7 (o), Here.-:(l) and 7 are measured 1n £, The quantity Frepruents the
sum of all external forces acting on the missile (excluding vacuum thrust), and the quantity
+ m(t)?equa!n the vacuum thrust of the rocket, where m < 0. The quantities - 2m a x?and

~mQ x {1 x rare the Coriolis and centrifugal forces, respectively.

Page 4
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Now

.  ROTATION ABOUT A TRANSVERSE AXIS |

Letrhe the total angular momentum about the origin (see Fig. 1). Then

Ttig) -~ Rleg) x mtig) & Fge) + 1t0) ¥t

\
i
B

s . . / P

L(to+ h) = R(t{;h&)xm(e ) i R(zo+ k) + s(¢0+ By x my 3 e s(t0+ k)

¥Pltg+ B xmlg + B ;, Tty + B+ Leg + BT g + B

where'}’= angulnr velocity about Py, and I = moment of inertia about a transverse axis through
the saini point. Let the origin coincide ‘with Pz, #0 that T(to + i() u=plig + H), and?(to) 0.
Then ’

Lo+ B) = L(zg) = | m(sg + B) + m(zg) _p"_(to + h) x ;”—P(‘o +h
i [.'n('q, +h)- m(zo)]":uo +hx L0+ 0
+ l(‘o + h)-y.(to +h) - I(‘o)-;(to)

e torques taken about P,

Sl Tty + B -Tley) -

b0 b
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M = lim (‘0 +h- P(‘_Q_)_ x 4 ?(co + h) [m(t0+'fu) + m(to)] ' )
he0 h de o
~ lim i(‘_o.:i)- mlto) = (O + R x 73 a(to + k) 7‘3
A 5
hes0 %
+ tim Lo+ Ry leg + B) - 1a) ytg) -
L T ] \‘I h i
uince-p.(to) = 0. 5
M- Zi (o) - p(to) [Qm(to)] - m(to) .(co) x L s(¢0)+ 4 L 16g)y (co) - }
i .
'fh_e first term on the right is obviously zero. Now, ;(co) "-:l s (¢g), Wh“‘-:l = unit vector, Then
v . B . . }
-‘-i--t’(to) =35 ‘-Z— a(tg) + aleg) ¥ x 7))
' H
" where'y = yqsl This is illuututed in Fig 2, where . 51 is & unit voctor pointmg into the paper, |
and §) is a unit vector in. the direction of changing #y. Theny x e y(qbl X ‘l) 7?1' so that ]
- d ; U - . -~ . ‘ LS
8 (‘0) X E S__(to) =8 (tb) 8y ‘/([C (‘0) 81 + ys (to)?l] ' j

n

ysz(tn)?l X?l

i

s2ep) y 1

-
14

= g2
_so
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Therefore, ‘
W - ;‘i[z(a)_;'u)] ~hsky (5)
(3 . .

Asaigning a value to s is difficult, since sj = distance from P, (at time ¢ = £;) to my, and since
the exact locatfon of m, at 7 = ¢ is not known. Let sq be the distance from P, (at ¢ = £g) to the
base of the miewile. :

e

g

i

IV. * ROTATION ABOUT THE LONGITUDINAL AXIS

The falild rotation of a miskile about its longitudinal axis can produce the aame stability
in flight as that achieved by a missile employing fin deflection. This rotation is generated by two
or more jets situated uound the circumference of the misstle A the rear. In the present discussion,

" it is assumed that, if f‘ = thrun of the uh jot, then z 1uy f, = 0, where N = total number of jots.

Figure 8 shows the rear of tha missile. The longitudinal axis passes through the center
of the circle (rapresenting the miulla) and is perpendicular to the paper, In F ig. 3(e), the position

~ vector T, T ‘drawn perpendicular to the longimdmal axln, points to the ith jet at time ¢ = ¢;. Figure -

3(b) shows the location of this jet at time ¢ = ¢, + h,-The quantity m, is the mass of a quantity of

- exhaust expelled from the uh jet, and ¥ 8, T are position vectors locating m;, as shown. The.

plane determined by Ty s‘, R‘ is perpendicular to the axis. From Fig. 3,

Syt v 0 | - )
Ryg) =T (eg) . | - ©

[ Rl M T D T B ]
. Poge 7

T ——
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—ln
Let L represent the total angular momentum. Then

Litg) = 1(tg) @ leg)

L(to+h)-l(t0+h)m(¢0+h)+z Ryleg + Frxmy = R(¢0+h)
inl

where @ = angular velac ity about the longitudinal axis,; and / = moment of inertia about this axis,
The second term in (to + h) is the angular momentum of all thg m; about the origin. 1f it ia
assumed that my =m mg = «++ = my, then

N . ».‘ " N o -

Z R(tg + BYx m, d« R‘(to +h) = my Z ,l’i(‘o + B) x s ryeg+ B

Tyt + 1 x L7, 0g + B3, 4 B
de, . - .Id-o
X = r‘(lo-f h).+ a,(.to + R) x T s3to + h)]“

Now, m{tg) = m(eq + B) + N my, where m refers to the mass of the missile. But

(eg + 1) =~ m ()
..i m(to) = lim _m__g______'_'_'__f_
de hew0 : h

so that

. m
;T mltg) = g = ~N lim ¥

hee0

Poge 8

P
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Liet T = torques taken about the longitudinal axis. Then, since s;(tg) = 0,

Lleg + b - Lisg)

= Hl
T m 3

h==0

I(‘o + R) -&T(lo ‘+ b -l(‘o) -5(‘0)

= lim
h==0 _ h
+ lim il - T, x ‘+Txds
,,_OTZ rE T
- nl ,/ o
:;/ .
e AT diy
SRR

’ -
a
.

- .,ld" [)(e@ T 0)] - 'li) Z"( o

>.< [ ;‘—T‘ (2g) + ‘—;-:- a‘(zoh)]...

. Hgncegy R
T- L [m) m(l)] N? N . [2?.7‘(‘) : ;‘_?,'u)] N
' t=1 s

But.r.‘ -'?;,‘r, where-r.o = unit vector and r is constant Allo, @ = 2)’0 o (t), where -'50 lies along
the longitudinal axis (see Fig. 4), Herce, (d/dt) r= @ x r‘ =or é‘ , where b" is a unit vector

.in the direction of changing™;. The veloclty at which m, leaves the Jet {exhaust velocity) is

equal to d5}/de. From Fig. 4,

"Page 9
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Therefore,
N o .
PR [3:';7,0) . 2‘;?,(:)] - Ne(@rSy - v, 3
i=1 . ’
20 that -
.?r.- d—‘:- [l(c)m-{l)] ;0 - th(e) rlwr~v,) a-); ! @

Here, «i (8), rather than fo(#) dt. ll of chhf intarest, The torques T are hlghly dependent on the
pmiculu design of the jets. :

Y. EQUATIONS OF MOTION

Ao Missile

In Fig. 5, the coordinate axes x, ¥, x are ﬂxed in the earth, and the origin coincides with
the center (of mass) of the earth. The quantities i b 7 ¥ are unit Yvectors pointlng in the directions
of increasing «, y, #, respectively. The angular velocity vector @ of the earth lies alon the
positive y axis, as shown., The position coordinates of the center of mass (C. M.) of thé missile
are r, ¢, 0, defined by Eqs. (9) and Fig. 5, as follows: :

x =rcos@cosd

e
y = rein ¢ <2. 2) ©

z = r sin 6 cos ¢

Page 10
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- .
The velocity coordinates of the C. M. are v, 8, 0, defined in Fig. 6. Here, g, ¢, 6y are unit
vectors pointing in the directions of increasing r, ¢, 0, respectively. The angle between the

velocity vector ';and-:o is (77/2) -8; o is the angle hetween-czo and the projsction of T in the

plane normal to’r‘o. From Fig. 6,

T=Tor (10a)
- .
-17=-r.0 vein® + ;0 vcos@coso + fgvcos@sino ‘ (10b)

NDW‘,V o N
i i d;'.-: " r d’%
A
' :.‘;5'
o ,=chos 6 cos ¢ + Tsin ¢ + T sin Gcos ¢ :
;O_n T(f-cop 6 sin @) + .)'.»-cg_l b+ I(-lin 6 sin ¢) ) {1y
% - ?(-..-.-ain 0) + .l:'eol é
Hen_ge,
P . d;; - - . .
) —=¢g¢ + 6y cos db
dt
so that -

'17==70F+:ﬁ-0rq;+-§orcos¢é (12)

Page 11
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Equating Eqs. (10b) and-(12) yields

From Eq. (10b) and Eqs. (11),

\ﬁiﬂﬁaw ,ﬁgiﬁ‘n{ 5

L

To (v coQQé-+ v oin @ -

. ’ v
+ veos® coso+ ==

re=vein®

é = 2 coh ® cos o
PR

¢

6 = —:’—cq_se

v
-— CcOB
r

2

T

sin ©® cos ® coao + g—.cosz ® sino t.an @) -

- :
+ 0y (v cos ® cos g ¢ ~ v sin 0 sin ® B+ v cos O sin o +

v? . .
- TcosZGcona sin o tan )

The angular velocity of the earth is given by

6:}'9 =7oﬂsin¢ +_;09cos¢

v cos ® cos ¢ sin o + ?S-o'(-'-‘()v ¢o8 © sin ¢ sin o)

+ E,Qv(cos@ sin ¢ cos o - 8in® cos @)

Lo
sin o

“cos ¢

2@)+.$0(—vcosesinoa'—vcosasinéé

2 .
sin © cos @ sin o

(13a)

(13b)

. (13?2

(14)

(18)

e

ek bt st

e el e
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3x3x7=-r.0(;ﬂzrcoaz¢) + goﬂ2rsin¢cos¢ (16)
N ' _ The external forces Facting on the C. M. will, in general, consist of the following:

1,  Aerodynamic forces

" -B.Q base drag effect

D= drag

-l L

L = 1ift (excluding rudder)
N = lift of rudder

2. Nonacrodynamic forces

T jet vane and/or exhaust obstruction effect
mg = gravity

R Tt is assumed that the vacuum thrult-f(; and all the forces listed above, excludh:g 'gravi'tz,
~ - lie in the plane determined by ¥ and 7y, as shown in Fig. 7. Here, 7; xBefyx)=mvxDealL D=0,
- B .
and N is normal to the longitudinal axis of the minaile, From Figs. 6 gnd 7 '

S L ) R
fo=rofosin @+ a+9)+dpfocos(@+a+n) coso+byfycos(®+a+n) sino

0

. Ba-=—
iy o
LY ‘. j‘
]f"f—fo_‘ :
0 > (17)
p--2%
: v

- -ln - -y
L =rgLcos®-~ogLsin® coso -0 L sin@sitio

N = —-r'aNcou ©+a)+ éo N sin @ + a),coso‘+_.6‘0 N sin (® + ) sino J
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The potential function for an oblate-spheroid earth® is

GMm | R R/ 1, \ Kems 2,
Vind) = R [r—+K r—s(i——am ¢)+§§r—5(35'm ¢ - 80 sin“ep + 8) (18)

where: G = universal gravition constant = 6.664 x 1078 dyne cm?/gm?; M = mass of the earth =
5975 x 1027 gm; R = equatorial radius of the earth = 6.3788 x 108 em; Kl = 1637 x 107%; and
Ky = 107 x 1073, The force of gravity is then given by

. T 1 4,7 1 5
mg = ‘Vy(r.'ib) - -[To aT"‘ ? o ga‘“ 90 — _] Vir,é)

or

T=-Tos1(r#) - Fogalr, @) W

where
|2 r -

o " 2/ 8 R® ‘
3?(;-,:{:) - %‘-’-[Kl - 2K, ’%—(llnznﬁ— -7—)] (2 ;— sin ¢ cos ¢»> . -(21)

The qunntitiel Ky and Ky arc a measure of tlie earth’s oblateness. When K = K2 =0,
T=-Ty (GM/r,

CCLE ER‘i [-_’_’-_+ 3K, %(%- .tn2¢)+ _’;’“ Bg_(as -in4¢-so.in2¢+a)] (20)

Equation (4) can be written

- . agm

B+D+z+ﬁ+7+mg’+;';=m(g;+ 2$Tx7+'6x.5x7) | (22)

® Jeffreys, H., The Earth: Its Origin, History and Physical Constitution, 3rd ed,, p. 129, Unlversity
Press, Cambrldge, England 1952,

Poge 14
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Substituting Eqs, (14), (15), (16), (17), and (19) in Eq. (22) yields the following three Equations:

2 [(fo——B-J)ain(6)+a+q)—Dsin®+Lcos@-Ncos(®+a)—mgl]
m

C vy
=pcos @O+ vs8in®- — cos“@
r

+20vcos ® cos ¢ lina-fﬂzrco!‘?d:

£
¥

)
\
b

g

—”% [(fo ~B =1 con.(e + a4 1) cos - D com 8—c9l g ~'L sin 8 cos g ..
+N sin (@ + ) ¢.:o‘| o - mgz]
=~y cdi'@}_ig# ‘Ljr"- v (;OI oain®0O + v cos 8 co; a‘
+ 1:- ;in 8 cos © cfu' o+ -‘:—2 con?® ainlo /tan ¢ )

© 220 cos® sinsinc+ 0% ain Geomd

T:— [(fo -B ~J) con (B + a + 1) sin o- DeosO®sinoc < Lain@sino

4+ Nsin(@+ a) sin a] »

=vcom@cosad~vemino sin©® 6 + vcos © aino
2
. ¥

’ 2
- 8in © cos O sin 0 - ¥~ cos? @ cos o sin o tan &
B r : .

+ 2Qv cos ® ain ¢ cos 0 ~ 2Qv 8in B cos ¢ 7

Page 15
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Solving the preceding hree Equations for t.), é, p gives

.1 : 3
v= - [(IO—B—J) cos(a-+n)-—D] + lv—siu a-gy(r,¢) sin © - 8’2(',95) cos 0. cos B
m ' .

- 0% (-—21- 8in 2¢b cos ® cos 0 - 8in O coszqs) . . . (29)

i) ‘ g1(r,¢) o2
@-;;l.(fo—B—J)lin(a.+n)+L-Ncosa.]- 1—8 cos ®

v 1"

ga(r @) ‘
2 co.a-ln®-20c0i¢sina+g—a"— (—;—-in%ninﬁco-a
v -

-

+ c0l2¢ cos 8) E o - (24) -
o= 'ri cos © sin 0 tan ] - 20 (sin ¢ ~ tan © cos ¢ con o) -

+ —3—- [52 (r, ) +..-;— 02r sin 2¢] sec O aino o “(25.)

Let # be the sum of the torques tending to rotate the missile about a "tranweue axia
passing through ite C. M., normal to T and T, and let I be the moment of inertia about this axis.
Then, from Eq. (8), '

U@ rin-nad©rd) b ()

Further, let T be the sum of the torques (due to a ring of jets placed around the circumference of
the missile) tending to rotate the missile about ite longitudinal axis, and let /' be the moment of
inertia and w the angular velocity about this axis. Then, from Eq. (8),

Page 16
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27

i(l'm)—rha(ma—ve) =T

[ - 3
s — . L Yo gt —

where a is the perpendicular distance from the longmldmal axis to a jet and v, is the exhaust -
- velocity of the jets,

Equations (13), (23), (24), (25), (26), and (27), plus an appropriate control (guidance)
equation in pitch, complauly describe the motion of the missile relative to the earth.

It (ro, dor 00) iu the launching point, and (r/, ¢/, 8)) is the impact point of the' miulle,
then the impact range X, is given by

X ' _
TL = con” [ cos ¢y cos ¢1 cos (00 0;) + sin ¢ -in ¢,] : C(28)
0 .

Here, lt,ié assumed that ry=rq.

S Satallite

The missile, or a part of it, may permanently (ldiully) move about the earth in a nearly?
ciroular orbit, pravided that v and 8 asvume appropriate values at the lnltant of final thrust '
termination, These values are determihad as follows: g : .

L

If tho orbik were parfectly -circuldr, then r(c) %0, for t2 ¢ where ¢t'= time of final thrult
E termination. It then follaws from Eq. (18a) that

''''' Cewer oz | . Y
md, cqnl'équently. |

8(hao0 -( ¢2 ¢ - (b)
Applying conditions a aad b to Eq. (24) yields

v={r cos ¢ sin o + (gyr = 02r2 c0n? ¢ c_oszo)x- (t2¢"

b The oblateuess of the earth pr@vent- the orbit from being perfectly Iclrcuhr and alwo prevents it
from lying in a plane.

Page 17
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which is the speed of the satellite relative to the earth. Thus, if the satellite is to destribe a

nearly circular orbit at a distance ~. r from the earth’s center, then

v(e) = Qr(t’) conp(t') sino(e) + [gy (e (s - 02r2(¢") conp(t!) cos?a (¢ N4 (99a)'

6(#)= 0

(29b)

Equations (13), (28), (24), and (25), with fy= B = /= L = N u 0, therefore demoribe the mation of
the satellite relative to th'_e" earth, subject to the ‘‘initlal" conditions

Page 18

e
Bt
6(t")
Eq."“(.29¢.1)
B 09

of(t’)

I£ 7(e’) is large (e.g., r(¢') 1,25 R), then

, '(39)'
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In such a caae, the orbit could be considered circular, so that the equations of motion would be

w
. .
¢ “r(‘:).°°' a
,, v sino R €Y *
’ S rl(e!) com b - '
¢ = ——sainotan ¢ -~ 20-sln--—+ 7—1- SLLQ ) llu 2¢h sin e L __ ,_7:,,;;,
rish v 4 !
where Y
1 GM 02201 anal 2 (29}
p-nr(g)ppgqﬁyﬂnd-r ( i ~0r4G") con®db con‘s (82)

" equatorial plnne. Thus, in Fig, 8, the orbitnl ngular-velochy vector o of the ntelliu mnkel an _
angle 1/ with the rotational axis of the emth; A in the angle. betwaen\\the positive x axis and the _ ' {
projection of @ in the z-s plane,

Then

Py sin ¢ cos A +7w cos Y +Ia'nig.¢ win A’

lnitillly,’?liel in the plane of the orbit, l.no“th.at

In accordance with Eq. (1),

.

Ceeme s (8

Page 19
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‘where
0, = o ain ¢ con & cas (A= 0) + @ con § sin & - (33a)
0y =~ asin g uin"qﬁ con (A - 6) o cos frcoadh (38b)
wp = @ ein ¢ - () : : e

No\j.

. BT

whereq.d/u_i_i refers to \'i"jnu_r_tin._l space. If the earth is taken gl“tbd.fefgrencé, the equation ahove
becomen : - ' '

2
But, from Eq. (12),
w7 df. - s == > PR A;:'
. 2;=ror+¢ochs®cosa+"Oovcolenna

g - U e S . o
Further, O xF=~6,0r cos b, and % x 7 = $grog=-Ogre 4. Substituting in Eq. (34) and equatiag
components yields . o : :

r=0
v -

- W= —cosOcoso
r S

@y = Q cos ¢ - —?coa@sina

Page 20
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However, for t ~ ¢, @ = 0, Combining the last two Equatj,'!('ms with Eqs. (88!3) and (38¢) gives

T

Y ocoso=w s‘in ¥ sin (A - 8), o . . (35a)
r . ‘

Q con qS - ;—;- sin 0 = 0 con Yoosp-wsinysinpeosA-6 - (35h)

Singe @ - 7= 0 initially, &, = 0. Then, from Eq. (38a),

I — . cas !lf‘nin'qb = -_J“-.ln ¥ co rqizs»g;:(;\':ue)” ' (35::)

Gonbining g (85 ad 850 yiode the dushadrleon

7 e p—

» 8' (—{—Aln o os ¢+Qco-2¢)

C amglh=BGY T Cre<0)
| =BG <ol em)

e

re) | =% in 5(Y cos bl + B con?eh Y
81() r(e’) o ;

Here, v(t") is "gi\\(en by Eq. (29a).

&
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VI. - APPROXINATE LOCATION OF THE MISSILE INPACT POINT
- FOR A ROTATING EARTH

The exact location of the missile impact point is obtained by integrating Eqs. (13), (23)

"to (27), and the appropriate_ control equation from takeoff (¢ = ¢;) to imnact (¢ = ¢;). It is possible

to describe the approximate location of this point by integrating the equations only up to ¢ = ¢
the time at which the guidance is terminated (the thrust having terminated at ¢ < ¢ ). The impact
point can then be determined from the values of the missile position and velocnty atz=¢t"

r(e"), (), 0(c), v(t"), ©(¢"), and o(¢).

Itis anumed that 'the eaﬁh isa perfect sphere (inverse-squars force law), and that the

o 1 .._u. A  tesnaual sl a2 & s 1Y Focanils am
MigEue moves mmubu & vVadcuiin unnug the faterval 12 £ 5 "I u:m.:. it will desceibe an uxp;n:

(in inertial -puce) during this time (ase Fig. 9). Here, f; and fa are the foci of the elllpse, which

lies in.a plnna fixed in inertisl space, Lat-® be the angular displacement of the missile from the .

line pauing through fi and fp. Then the equation of the ellipu in

——]5--“—1-‘(1'-véoql__¢) _ L ()
TR )

wllgero

L :vz(t') r2(t") cos?®,(t") {( |
- - - . ) -

- & "g

Voo

2w

o2 o 1- ,2.,_,,+ iraw—- T
re r2e) co-ze‘(t')_

The subscript ¢ denotes that the associated quantity is measured in Inertial space. Her;, e is the
eccentricity of the ellipse, and g, and rq are the values of g and r measured at the earth’s surface.
(The impact altitude is assumed equal to the-launching altitude.)

'l‘he impact pomt (), 6; (t,) is a funcuon of r(e", qS, "), 0, (t'), v; ", 8‘ (¢t '),

o“(t') (refer to the spherical right triangle in Fig. 10). From Fig. 10,

con 0,(t") = g (37a)
tan ¥
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* From Eq. (28),

W

_”.l]'of ﬁrroprulalqrnrkcihmhr'y - o ' Mmrwndusrnnﬂé. 20-142 -

v
\

\
" ain o,(¢") = sin ¢ ' (37b)
’ sin ¥

“ Substituting this in Eq. (37b) yi@lds

cos ¢ = con b, (£) con @,(e7) con [6,(e) -6, +sin E,(t ") ain ¢, (¢))

i

con @, (+') con ¢,(¢;) con[8,(:") ~ 0, O,)] + ain ¢y (¢ wln by (ep) = (1~ ainoy(s") ain2y1%
" o - S (s8)

- From Eq, (28),

com ¢, (¢ i)"con #;() con [ 0,(( ") =80 sin #;(¢") min ¢"(t,);- somy - (39)

" Combining Eqgs, (38) and (89) gives o

{1~ -in"a,(g " lli’xluco- 4,:;(: ’) = cos ;‘(t‘) 208 x.

- sin ﬁ‘(ll) = - - (40)
: sin [ ;") - ,(t")] a
 Butp ='$,(¢ ) -, Hence, from Eq. (87a),
ql:,(: Y= ¢yt + tan”] [ cos o, (¢) tan ]
Substituting thie in Eq. (40) yislds
nin ¢;(¢,) = cos ¢;(t") cos 7;(¢') sin x + sin v.qS,(t ) cos x : 41)
Page 23 -
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The value of 9,(& 1) can then be obtained from Eq. (39): B
8; () = 0,(t") + cos” [ sec @,(t") sec @, () cos .
= 0,0 "= con”Ml ] o A-m<o (e <0) "
=6," - _ (0t =0, m, —'17)‘ 42
T ) : . 1 ” — 5 - i

[ . N T S T N N {
- ANS I”llalﬂ X in WA MAEM B AW ll""-' II‘"II Hi‘ N}y -

e e 1 e
?(t) \ son”" — ll r(t')] ) R
\ : . ‘ - . Sl
Q(‘l)- cos. =1 1 ( - L) ‘, .
) ) \..Te/ ' -
Butx = | @G/)] + ®(¢); Honco, "~ - - -

T P e DT b (o S Prei e
e L Y (RS R N —

To obtaln the desired impact coordinates ¢ (¢}, 8(#;) (neasured relative to' the 'éui't!vz)‘,’ 2
relatjon must be obtaiued between the position atd veloclty coordinates of the miuile. PP
. measurid in inertial space, and earth-fixed coordinates. In Fig. 11, the lublcrlpt ¢ denotel e
inertial space, and (¢ - £') is/ the angle through which the earth has rotntad in the. tme ¢ - e ’ :

Here,c-t.Now _ : : S : L

O ES S T BT T PV Ve BMEOE ST

(d ?"ﬂ‘-i- x-r.‘
Jz) T odt .

e B
L RN A Rk i il
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But V= di/de. Ther;;gore,
T =THAxT e

Now, .5"‘"0 Q sin ¢ ;30 Q cos ¢b. Substitufing thiﬁ expreasion and Eq. (10) into Eq. (44) yields
the three Equations

Yy ein @, = v ain @

v c08 ©, cono; = v com B cos o

v cos @ 8ino; = veon S winv— 7 oo e e w—

LI v . 5
., . -

uf - v" +Qreond (Qrecomep - cos @ sinv) - :

v sin® 4 - . R > (48)

#n ®
y

tano; = una;h -vi:;éeé l.ec';&);'c/r o - oo /
x; -z con Q (6=t + 2 ain Q (¢~ ¢)
Yimy

5 e-xoinQ(t-¢t)+ 2 cosiﬂ (e-¢"

S_ubstltutiné Egs. (9) into the ¢ ‘pressions above yields the three Equations

cos 0 cos ¢, = c":os 6 cospcosfl(t-1¢")+ sin 0 cos ¢ sin 0 /- e’
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!
1

uin;,biusiﬁcﬁ _ o : S

sin 0, cos ¢, = ~ cos & cos ¢ sin Q(t-t"+ 8in 0 cos qu cosQ (¢ ~1¢" I
which combiﬁe to give _ ' .
N .
: l, _ . . ¢i - ¢ .
0' - 9-—9(¢—¢')
- T -

Equations (45) qnd‘(46)" ni& the desired relatlén-. The quantity £ ~ ¢’ is 6btulned as follows:
from Eq. (86), o o '

Fooe
-y — .0
AR

. Comblalng this and Eq. (36) wih the Equations .

) ‘U‘ ain e‘ - ;' ) - k "

......

v"col-lﬁié_ .rd

P rv,’iéo,l ©; = angular momentum = conatant

. ylelds

s L Ploy Do) o< (470)
ode c T T .8

T r 82
el > 15 -
e 2y o t <t g
r e )A‘2 - (b, <t 2¢) (47b)
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Here, t, = time at which the missile reaches the summit (see Fig. 9). Integrating Eq, (47&) from
t'tot, and Eq. (47b) from ¢, tot (e, <t s ¢;) and combining the two renultn glves

%

T—“{”[I‘IE(ITT;] nre [Tl“"-(l- JAS] "
P(—;—G) , .

. .

: ,Hcre, Pa r(l ) v,(:') cos 8,(: ", o
Equations (43), (45), (46), and (48), used in conjunction with qu. (41) nnd (42), yleld the

" desired impact polnt ¢(‘l)- 6. .

If, for simplicity, h is nuumed that the earth dou not rome dosing the. intorvnl o ' “
‘0 Sege ; then the missile.path, during this interval, will lie in a plane relative to the nrth; :
thauforo, the equations to be integrated will slmply be: Eq. (18a); the expression
% u(ro/r)u cos © (where x = ground range menured along the sarface of the sarth); Eqs. (28) and
(24) (with 3 = 0); Eq. (26); and a contro! equation in pltch. However, only the quentities r(¢ ),
 o(t") and O0") are obtainable from the solutions. The remaining quantities ¢(¢*), 6(e"), und

o(t') can be determined from the known vnlnel of & (¢5), 6(¢p), a(lo), and %(¢’), Thus, anelogous:
to Eqs, (41) and (42,

#(t") = sin”! __[col qﬁ.(lo) cos o (¢g) sin f;_-(f—)+ sin ¢(to) con :‘—f'-‘—-)-] (49)
‘ 70 0
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l’ee ¢(‘0)_ .e,.c ¢(‘ ,) .co’ x(t’) . . '.':IE . o .

9(") = o(to)“-r ;:n-l
: o

- tan ¢ (29) tan ¢ (¢ 'il : (0<olzy) <m

= 0y - c;!_l {1 ' ‘ (~m<olty) <0)
=60, 1 R , L (oleg) =0y, - ) (50).

% . o - . " e
. ¥

\ . . v
Consider the spherical right trlanglys in Fig. 12, From this Figure,

- tan ﬁl
tan o(tg) m e

sin g (zo) .

e

tnn ﬁ 2 o

' .m¢00\ e
tang(eg). - tuqqﬁ_(t N - - R L
sin ﬁl o .sinfBy" . . L |

These oc_omBh;e Ito ”glv'e
o(t") = ala"! [s0m $(to) aln o (1) meo G (e] - e ey

The learlier toccurs, the more n;ul}' will the impact point @), 6(¢y), s obtalned from these
" valuem of r(¢'), 4 (¢/), 0(&'). O)(t'). 210 '). and o (¢ ’), coinoide with the (;S(tl); 0(¢;) determined " .

M

in the preceding paragraph, ° o ' ’ - o L ]
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Table 1. Nomerclature

\
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perpendicular distance from the missile longitudinal a:is to a jet located on the

circumference.

base drag force.

center of mass of the misaile.

velocity of m) with respect to the C. M. of thev misaile.
glng,foroe. ‘ |

eccenwicity of eﬂipne {Fig. 9)

axte.m“nl forcem acting on ”"'1 and-m.

thrust frpin the ith jet.

vacuum thrust.

oot of ellipse (Fig. 9).

universal gravitation constant,

" aoceleration of gravity..
value of gravity accoleration at the launching point.

‘moment of inertia of ;he miuilé.”

u‘nhuvectorl pointing in the direction of increasing x, ¥, &, respectively.

«.jclat vane _&m?‘/ér exhausteobstruction effect.

it

constants which are a measure of the earth's oblateness.

angul_;r-mqme;tum vector (Sec. IID).

lift force (Sec. V).

mags gf the earth. _

torques taken about a transverse axis through the C. M. of the misaile.

maes of the missile.
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Table 1 (Cont'd)

1

my = mass of a quantity of exhaust expelled from the missile.

=z
B

total number of jeta.

lift force of the rudder.

w =y
]

= position.

orhital angular momentum = constant.

total linear momentum of my and m, measured in L (x, 9, 1),

™ wf o
[

equatorial radiuas of the earth,
r= [T

7 = position veotor drawn from the center of the earth to the C. M. of the missile.
\
!

¢; p= impact point of the missile,

launching point of the missile.

B

o
—
[ §

0y »= unit vectors,
]

70, %q, 0 = unit vectors pointing in th ~ ection of increasing r, ¢, 6, respectivaly,
s = aconstant determined by the missile position and velocity at ¢ = ¢'.
sy = average distance from the C. Mi. of the missile to the base of the missile.
"%
L
p

-« (= Pposition vectors.
r

| -

= )
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Tabie 1 (Cont’d)

unit vectors

~time,

time of final thrust termination and/or time of pitch-guidance termination.

impact time of ﬂm missile.

time at which the n.niuile reaches the summit of ite leajectary.
inwtant of time immediately hefgre my is expelled (Secy 1I).
instant of time fmmodiately after m) is expelled (Sec. II).
launching time of the missile (Seé. VI).

gravity pote‘ntlnl functi-on for"an oblate-spheroid earth.

T,

vélocity of the missile C. M, : dr7di.

exhaust velocity of jets situated around the circumferencs of the missile.
ground range measured along the surface of the earth.

impact ground range of the misaile.

Cartesian coordinates measured in inertial space.

angle of attack.

arcs of great circles on the earth’s surface (Fig. 12).

angular-velocity vector,

angle between the motor thrust and the missile axis (Sec. V).
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A

Table 1 (Cont'd)

arcs of great circles on the earth’s surface (Sec. VI).

inclination of ¥ ta the l@eal horizontal.

longitude, Y

angle between the + axia and the projection of @ in the xz plane (Fig, 8),
aet of orthogonal axes fixed in inertial apace.

set of orthogonal axes fixed in the earth.

angla betweeﬁ the local horizontal and the local meridian,

torques taken about ‘th‘o longitudinal axis of the missile.

latitude, '

quantities measured in inertial apace,

angle betwean r and the line through f; and f5.
- L
angle between @ and Q (Fig. 8).
spin angular-velocity vector of the earth.
angular-velocity vector of the missile about the longitudinal axis {Sec. 1ID.

orbital angular velocity of the satellite (Sec. V-B and Fig. 8).
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Fig. 1, Definition of the Farth-Fixed and Inertial
Coordinato Systeme

Fig. 2. Definition of the
Unit Vectou-al, I8

nnd?l

I:Io flloi-l‘)

{a) (6)

B
L LE=C 't TR T e
. - " 3 N
- v :

Fig. 3. End View of Missils
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Fig. 4 Rotation of Missile About
\ ' Itn Longitudinal Axis

» (e = é)

Fig. 5. Defipilion of Position
Coordinates
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Fig. 6. Definition of Velocity Coordinates
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SUMMIT
(@+0)

Fig. 8. lnclin;aﬁon of Satellite Orbit

ELLIPTICAL PART
to Equatorial Plane

OF TRAJECTORY

CENTER OF
EARTH
E ¥
. : Fig. 9. Flliptical Path Described
; ~ by Miasile
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~Fig. 10, - Misaile Impact Point ;a:x'iés';
Projection of Missile Shutoff =/
Point on Eurth's Surface

N
A

Hig. 1L Rotation of the Earth-Fixed System
% _ Relative to Inertial Space -
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Fig. 12.

Spherical Triangles on Earth's Surface Relating
ot and o (tn)
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