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THE CRITICAL EXTERnAL PIT&SURE OF CYLTINPRICAL

TUBES OJDER UN4IFORM RADIAL AND AXIAL LO010.

by R. von Mises,

Ber-LiJn

Stodolats Festschrift, Zurich, 1929, pp. 418-430.

Transltted and Annotated
by D. F. Windenburg*

bhe mapnitude of buckling pressure and of the deformation of a cylindrical

tube closed at both ends and subjected to external pressure is calculated on the

basis of elasticity equations for thin ahells. The results of the theory are com-

pared with tests on two series of models. Complete agreement is shown with regar-d

to the lobe formation; the problem of deter•in-ig the buckling pressure has not yet

been completely solved.

More then 14 years ago, in view of the conditions prevailing with regard

to the design of fire tubes of boilers, I calculated the buckling pressure of

cylindrical tutes whic.h, with fixed7 eds, are subjected to external pressure. A

scmewhat 4ifferent problem is presented when a circular cylinder, closed at the

ends b7 seans of bulkheads, is deeply submerged in water and thereby exposed to

pressure from all sides, as is approximately the case of submarines. The changes

in theory caused by the introducticn of axial load are not very extensive, bet the

altered numerical ratios result in the occurrenc* of ohenomena that necessarily
have n certain intrinsic interest, especia&ly concerning the large nuber of waves

or bulgi,> U-at b•comes visible on the circumference of the cylinder at the moment

of buckling; see .i. 6. page 12.

In the following, I present a supplement to my previous publication# along

the lines just indicated. The fundamental equations, which, by the way, are to be

found in every text book on the theory of elasticity, and the detailed calculations

carried out in the previous article, are not repeated; reference to that article

is indicated cy the symbol Z.

ITranslator's Note: The translation of the previous publication, of which this

ir the nuppl2ment, is given ýn U. S. Experimental Model Btsin Feport No. 309. Et

should be -. eferred to in cu,.n-,ciotn with this artielpj

" .... .......- z.Beo st A i b Cop y J
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1. DERIVATION of the FUNDAHMFTAL fO.RMULA

Let us consider a thiD-walled, circular, cylindrical, hollow bdy, .. o..'

at the ends by flat. heads, and subjected Lo the pressure p on its sheLl and to

the compressive force P1 on its
heads; Fig. 1.

P Let the axial pressure on a unit

.. p' cross-section of the circular ring hav-.p' a
_____L ing a diameter 2a and thicklness 2h have

a value p'. If the pressure on the

I TP T T heads ir due to uhe fact that the end

surfaces are subjected to the external

pressure p, it follows from:

FIG. 1 P"-- ra p 7r 2a 2h P'
that p'= p a/4h ........ (1)

In order to take into consideration the presence of an end pressure p' the condi-

tions of equilibrium of Z must be supplemented. For those equations are incom-

plete inasmuch as only terms of the first order in stress and deformation magni-

tudes are retained in them. Products of stresses and deformations of the second

order of magnitude are omitted, with the exception of the products of p by w and

, (Z, Eq. (9)) since p, unlike all other stresses, 4-s not of the order ofPhP
magnitude of the deformations accompanying buckling but possesses a finite value

independent of them. We must now, n an analogous manner, include also products

of p' with deformation magnitudes in our equations.

FIG. 2

Fig. 2 shows an element of the shell in a longitudinal plane through the

axis of the tube, in the deformed condition. The generatrix, originsaly ci

ear and oarallel to the x-axis, has acquired a curv-ature, which, except for term-
X, g crb, order, is measured by

ue Fig. is negatAaea Ito

Best Available Cop',;



3

the presur f.' 2h which ýcts on the surface of the cros&-section of the ...ent.

produces a resultant in the w direct.on (radially inward, hence negative) equal to

-pI 2h ......... (2)

This expression, witA opposite sign, must therefore be added on the right

side of equation (9) in Z1 "f we wolda take into account a general end loading.

Substituting the value of Eq. (1) in (2) we have:

-pa '2 T'w . . .. .. ........................

se must, therefore, iitead Of - in the parenthesis on the right hand side

of Eq. (9) in Z, write ? a

-22V as 1'

The same remarks apply to Eq. () and (III) in Z. The end loading has no further

influence on the expressions for the determination of the buckling pressure, as

long as we remain within the limits of the simplifying assumptions introduced in Z

or presupposed.

It is not difficult to follow the irfluence of the supplementary term,

equation (3), through to the final formula in Z.
From Eq. (11)of Z and the abbreviation a given in Eq. (12) of Z, we have

a' ~...................(4)

U( effective length or frame spacing; se, below, Section 2).

Therefore,
y (i -n2- a•z)

is to be substituted on the right hand side of Eq. (III') of Z in place of y(l - n');

n represents the number of lobes. This same substituti'in is valid for the last

member in the determinant (16) Qf Z. Since now y is the only quantity in the final

equation that contains p, an therefore, is directly proporticnal to p, it follows

that: The buckling pressure of a tube, including the effect of end load, may be

obtained by multiplying the pressure determined from Z by the factor

n•- 1
........................................ (5)

nr + - 1

chis statement applies primarily to the completc, repult of the caiculat~in
4 (A) or (A'). "t it may be directIly applied •ico to the

rk~ý Ueto~S~l~1f tthat-otn 'Inn to B smm-Oz I

Best Available Copy



4

x and y defined by Eq. (14) of Z - - conti-TU- to hold generally. If we write (M)

soaewbat differently (by setting the expression in the parenthesis over a denomi-

nator and substituting partially fal P its value from Eq. (18) of Z), we get from

the foregoing expression7

,------L -i + j .('*-2 ,n 6"n- n. + 7__K "-' n" + -2-•--1,ns+ il

where

+ +~p [2+ (i.)j .5j + 0. 455r0

~= C [1 + (1,+ 2 @ -(- 2) 1 + r-

= 1 + 1.3r - 1.39 r' - 1.417f" + 0.507/04

Pere as in Z

x= , yapa 2h .~ , e n" +•" .. . .. . . 6'

and E and 5' are the elastic constants (= 0.3). The determination of y from

Eq. (6) is not particularly cumbexsoRe once the two functions of 0, / and I
have been computed, and plac--d i-. t•h form of tables or curves for tk, and

Fig. 3 contains the two citrvee ao the entire range 4 = 0 Uo 1 sufficiently ade-

quate for all practical cases.

[Translator's Note: The error not,-5 in equation (B) of Z which was carried

through to the final formala (M) in Z has been corrected in the derivation of

formula (6). Hence, formula (6) is correct despite the error in the original

equation (B) in Z.

a] 0Q 0,3 o, 0,5 0 7

~- 4- 4• ' ' •- l - "''• !

ZO I 04

4- -. 4• -_ __ _- M0

INKQ

;~~~~~~ --4+- -4 i -4 • 'J-J----.

... .C o•

q)
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The further simplification which was effected in Z by the aitsumption of

oni.y email values of e cannot be used here since the ratio of the radius to the

frame spacing is sometimes too large. On the other hand, in most calculations of

subm-eaine hulls we have to do with a larger number of lobes, n. It is possible,

therefore, if, n equals at least 8 or 10, to neglect the last two terms in the

brackets of Eq. (6) in comparison with the first term (n0 + 0!ýM)2. In the same way,

we may neglect I in the denominators in comoarison with n2, by which the error made

by the previous assumption is p•-tly com-.ensated. We have, then, with sufficient-

ly close approximation for all cases of practical importance, the final formula:

73 • ll," "- (1 - •r) +.(na' ,,o,,) xj . . 7
- + + X2)2 X(1). .

This is even simpler than the equations (C) and (D) in Z. If we substitute here

as before V"= 0.3, and-further for, x aMd y the values from Eq. (6'), we obtain

for the required buckling pressure p if 2a designates the diameter, 2h the wall

thickness and 1 the effective frame spacing:

E "2 + 0.73, (n2 +&)2 Wh/a] (8
+ a + &J
2

where o 7ra/l

For n use that whole pramber rhich makes the expression for p a minimum for

a given a, h, and 1. E designates the elastic modulus of the material as long

as the stresses in the shell are below the proportional limit. Con~erning the

applicability of the equations above the proportional limit, similar conditions

' apply as in the case of ordinary btýkling of rods (see below).

Eq. (7) and (8) do not give accurate values for a tube of infinite length

ince here, as is well known, the number of lobes, which we have assumed to be

large, decreases to two.

2. DISCUSSION of the FINAL FORMULA. TABLES.

Eq. (6), as well as the simplified Eq. (7), represents a straight line in

an x - y coordinate system.., Each wave number, n, represents a straight linie for

a civen ,/I, as shown in Z. Hence, y as a function of x will be represented by

)T-linates of a straight line polygon. The vertexes of each o=n of these Doo-

y. .incr,,ine in numbs" tovtxrdr the origin of the cotrdinate systen.

The sinific f c. requiras more detailed explanation. According tzc 7,

. A.ai. .a. .b. .op

Best Available COPY
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spacing of. two successive nodal points of the lobe line appearing in a longit~di-

nal section of the tube. If, as is the case in the fire tubes of a boiler, Uh-

tube ends can be regarded as fixed radially, then 1 can be taken equal to the tOLc?

length between the ends of the tube. If the end supports are yield.rng, a

higher value of I must be used. If the tube is divided into several bee!ts by

sufficiently rigid frames, the effective length 1 is an average value of tAMe -

dividual frame spacinti. It is possible to obtain more exact data for deteruning

tne average value from the known calculated results for the buckling of rods wita

several bays. However, since the frames in submarine hulls are usually equally

spaced, no difficulty is presented.

It is a question whether in many cases a higher number of waves between

two successive frames, thbt is to say dividing 1 into halves, thirds, etc., may

not result in a smailer value of the buckling pressure. This assumption seems not

improbable when we co.sider that the smallest possible number of lobes, a = 2, in
a circumferential belt between two frames, does not always result in the smallest

critical pressure. In reality Eq. (7) indicates, in contrast to (C) and (D) of 7,

that for fixed n and x the ordinate y does not increase unconditionally with &.

For sufficiently small values of x, y decreases; for example, if o< is made three

times as large while a remains constant. However, it does not follow from this

that the foregoing assumption is true since it is not yet certain whether a lower
buckling pressure occurs by changing n while ec is increased. The question to de-

cide is whether the polygons that are constructed for a single .intersect in the
region of very small x or whether the polygons always lie above each other and
meet only in the origin. The answer is apparent if we consider that with small x

on the one hand the number of lobes increases without limit, while on the other
hand the vertexes of the polygons increase without limit. From the first condi-

tion it follows that Eq. (7), by expanding in powers of 1/n2 and neglecting the

higher powers, can b. simplified to:

S,+ n . . . . . . . . /

From the second cordition it fo~l ows that we may with sufficient accuzacy• 'n

* 2ighb•Frliod of thý. origin, consider the poly.non as the envelope of the facily oI

::r-anht lines determined by Eq. '1Z) for successive values of n. This envo- e i
Dobti.ncs t oug h L . (10) in conunction with the follormirT eP,)ustion obtain2 b-¢
tnx -ifferentiltion of Eq. (10) Yith respect to n':

Best Available Copy
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Elimination of n' from Eq, (10) and (11) gives the equation of the envelope:

y=4 XIXS +3 (+(2'+2)x-1.714 jx' + (r4 +2)x ... (12)

As can be seen from Eq. (12), since the ordinates increase with increase of Z

no intersecticn occurs, and we come to the conclusion: The minimum buckling

pressure always corresponds to a deformation without nodal points between the

points of support in the longitudinal plane, and, therefore, to the smallest possi-

ble value of c-

Translators Note: Equation (12) derived to justify the conclusion in the preced-

ing paragraph is a good approximation to the envelope of Fq. (7) in the neighbor-

hood of the origiD, that is, for small values of x and X. The exact equation of

the envelope haa a very important property: it can be used in place of the original

equation (7) to determine y with sufficient accuracy for any given values of x

and A. Graphicalil, this fact is evident from the proximity of the envelope and

those parts of the family of straight lines used to determine y represented by Eq.

(7) with n as a parameter. Analytically it is evident from the fact that. the

equation of the envelope, obtained by eliminating n between Eq. (7) and (11), is

in effect Eq. (7) with that value of n substituted which for any given x and

makes y a minimum.

Eq. (12) is an approximate equation of the env4lope of Eq. (7), valid only

in the neighborhood of the origin, because of the nature of the assumpticns which

led to Eq. (10). The equation of the envelope of Eq. (7) should be derived directly

from Lq. (7) itself. When so derived, its usefulness is no longer limited to the
neighborhood of the origin. This equation can be very accurately derived as follows:

Differentiating Eq. (7) with respect to either n, (n +,X), or p and

equatirg to zero we get

(n + + a 2 x+ Z'x 3 (n + I F2) + 4t6(1 -72,

The solution cf (11a) for n gives that value oit n which will make Eq. v/) a

minimracn for any given ot and x. A very approximnate so'Luion can be readily oc

tained. Rewriting Eq. (11a)
+ X I(rn + 'X) x - .fIx -C_- " n 2 r%3J

E~~~ X3 3--(!-a' '__ k3
T:2+ 01Best Ava ilna + 2Cop
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y- k .X X .0(2a)

In the Ujorit~y of practical cases, the value of the ratio Xln lies between

2/3 NA 1/3. Placing Nnf 1/2 in Eq. (11c) and substituting (lie) irn (12a) we ob-

t~ain the simple expression

Y .(a)
-I - 0. 374 OCyx

With 9/'n -2/3 we obtain the slightly altered equation

y 1. 7? !W a (b)

I. -O.365,OGN

while Wln -1/3 gives

y 1.715 (c.

An~y number of similar equations may be obtained by usin different values of

the ratio &An. As a limiting case ofdn m0 gives the equaticn

wkxich differs but slightly from (c).
If equation (d) be expanded in a series, the first two terms are identical

with the first two terms of equation (12). -Moreover, the expansion of sny o_'tt

equations (a) to (d) yields a series all terms of which are positive. 7h ereflore,

the same conclusion can be dmiwn from t~hese equations as from Eq. (12) concerning

the impossibility of nodal points between points of support in the longitudinal

plane. It. is evident t.,,at. Ecl. (a) - (c) are muach better approximations to the

envelope tian Eq. (12). Eacb. gives extremly accuirate values ini that particular

region of at/n for which it wias developed and good values for a considerable rano

To determine just hasv closely these approximate equations cý.oa wit.h E

(6), aboit. 70 values of y, covering the region x 0 /u 1- to 12.1;0-" (t/d .,

' /4 to Iwrcop16 (1./d 6.28 to 3xl. 1 er o pu~nd %r zaho

axO, (d). These values anO, thinoi rr

Best Available Cop-
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Of the four approximate equations tried, equation (a) shows the best apree-

aert with the exact equation (6). The agreement is excellent for all values of

/d1les than 2. The mean of the absolute deviations throughout the range of 1/d

0.1 ito 2 is 0.5 per cent. The maximum discrepancy is less than 3 per cent for

I/d-- 2 and is considerably below 2 per cent for all values of 1/d equal to or less

thah 1.6 and is less than1 per cent for all values of I/d less than 1. In fact,

Eq. (a) gives better agreement with Eq. (6) than does Eq. (7) from which it was

derived'

Equatign (a) can be put in a more convenient form by substituting values of

y, x, and • from Eq. (6') and (9), whence

2.424 E (h/)

,( 0"2)f• ~p -

-.......... .......... ..

2.60 F,or (0= 0.3) p _

Again 1L might be pointed out that the usefulness of Eq. (a') is not con-

fined to the neighborhood of the origin. -It is a simple equation, independent of

n, which determines p with a high degree of accirmcy forna large range of values

of l/d and t/d. Equation (a') may replace equation (6)-in all practical computations

wherq i/d is not greater than 2. When l/d is less than 1 the discrepancy will be

less than 1 per cent.]

In order to facilitate the practical application of- the results derived

above, one may use to advantage a graph, Fig. 4, that. contains the polygons (they

appear as curves) for the values 0 = 2, 4, 6, ....... tv 20,-within the

range up to x = 6 x 10-' corresponding to the ratio a/l from approximately 2/3 to

6 (l/d = 0.8 to 0.08) and to the ratio h/a up to about 0.0045. The straight lines

are computed taroughout by the complete equation (6). In the neighborhood of the

-rigin, the polygons are made up of curves determined by Eq. (12). The corre-

sponding angles of the polygons ar6 connected by dotted lines, forming quadrwigular

areas for the various wave numbers. The separate vertical straight lines correspona

to the con3tant values c f 1)O h/a written beneath; the values of Uhe ratios

T',iIl "t:'e ,:r itten on the sides of the polygons. On the axis of orolinates, a secoji

Fr-Cle i.s represente-d beside '6e1 y-scale which, under, the assumption of an & K:L

sm~:4. , ? 2, 2,!SCYY) kg/cmr2 (30.22 x 10i lb. ?er sq. in.), Fiv-s the valle :f

, ,",'<r i - y" 2.-- 4 0' y '

"x 0 . .. . .t . .A. a Co.

B=est Availa~ble Con,.
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buckling of rods. According to these, as in well known, U~e er-itic-al Dro ss'ire
a rod of~ slenderness ratio r/i is determined 'by mensan of ýeo conctnanta, c anr I.

wher~e for mild steel I 3100 kg/cm' (44,G000 lb. oe-+ sq. in.) and c 0.fY0036"S.

ifes Avial Copy/ A0 "
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were to be substituted in the othervwise unaltered

Euler buckling formula. We have employed this

expression for E in Eq. (13) for the conversion

of y into k for k 4 1900, y 4 0.000209, and4 "thereby obtained the k-acale for the unelastic

region. The relation between y and k is repre-/ sented in Fig. 5.

o• -The application of the graphs is as follows.
II:,For the given value of the ratio, wall thickness

11'1to diameter, i.e. h/a, we seek the correspondiag

ordinate, as well as the corresponding polygon,

for the given ratio of the radius to effective

FIG. 5. Relationship length a/l. The ordinate of the intersection of

between K and y. these two lines gives the value of y or of k from

which the buckling pressure p is obtained.

E 2h z 2hk.............. (6
)= 4- -v- y or p "(16

If no lines exist for the exact ratio given, y can be determined by interpolation.

In any event, the graph indicates the nm, ber of lobes, n, which is deteruminHtive

for the given case. For a known n, it is then not difficult to compute the exact

value of y by equations (6), (7), or (8).

The following numerical table was obtained by read rigs from the graph. It

is ,alid both below and above the proportional limit, providing the cylindrical

shell is manufactured from medium steel plate.

Table I.

Critical pressure p in kp/cm' for various wall-thickness ratios,
h/a, e-rnd length ratios, 4i1.

TT

5 11.o10 1.5 2.0 25 3.0 3.5 4.0

2 6.V7 0.05023 0.6 1.3 2.2 3.6 5.3 7.4
4 .7 . 8 .6 1.3 2.6 4.6 7.4 10.9 15.

6 1.911 0125 0. 72 2,0 1 4.0 72 11.5 14.2 17.2
171, 1. ".7 '.6 9.6 , s 15.4 18.3

3.5 1.2 10.3 13.2 16. i
'; •*" !h.2, 1., 4.2 8.0 -, o10.8

5.1 8. 4 11.2 i

.Best-Available Copy
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If we proceed purely analytically, without the use of tables, we must use

"the equation.

.6200 . 0111..............

in the unelastic region; which follows from the substitution of Eq. (15) in

q. •(13) and the. elimination of k. The value of y must here be detenir ed by the

equations in Section 1. The numerical val, es in-Eq. (17) are for medium steel.

3. COMPARISON with EXPERIMFZTAL RESULTS.,

TwoAeries of experimentis were carried out in 1918 with large medium steel
tubes welded along the lorgitudinal seam, and subjected to external water pressure.

The first series included tubes with lthe.wall thickness-ratio

h/a = 1/400 a 0.0025; x h/3a3 = 2.083 ) 10"

and the three length ratios

a/1 400/120, 400/180, 400/240 whence,

4 =Ira/l 10.47, 6.98, 5.24

We obtain from the graph, Fig. 4, at the ordinate h/a 0.0025, the values of
the number of lobes, n, in the three cases:'

(a) n - 16 (b) n - 14 (c) n 13
[Translator's Note: Forcase (c), n lies so close to the border line between 12

and 13 that practically it might be either. .Actually, n .= 12 is determinative]

The experimental number of lobes from the tests on four different sizes of
models of diameters 800, 120O, 16W0, 2400 mm (31.5 in., 47.2 in., 63.0 in.,

94.5 in.) ere

Model Size Case (a) (b) (c)

I (D = 800 mm) n 17 n =15 n =14
II (D = 1200 mm) 17 15 13 - 14

III (D = 1600 mm) - 14 - 15 -

IV (D - 2400 mm) 16 14 - 15 -

W•i may corncu-E-, therefor%, Liat thc agreement is almost exact. In addi-
tion it ic worthy of note that the agreement appears to improve for the larger
r•op4].. The differences betnfen the number of ,o',es observed inA the various sizes
, , •-½ ,, ', o.• • depoartures t-rom the calculated niumber, hardly exceed th2

""- •". ', •'in J error. FiL:. 6 shows thie buckle•] ade] in

Best Available Cor"
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FIG. 6. A Portion of the Experimental Tube IV9 with 16 lobes
Around the Circumference.

The situation is quite different in determining the buckling pressure it-

self. Here the experimental values obtained for the individual sizes of models

differ very materially from each other. Since the collapsing pressures increase

directly as the size of the model, it might be expected that the calculated values

should correspond to a limiting case of an infinitely large test body. According

to Eq. (6), using the approximation of 11g. 3, the computations show:

[Translator's Note: Numerous minor numerical errors, probably due to the use
of a slide rule, h.ave been cori•cted by the translator without specific referents

in each case. Changes from the original text are indicated *

Case (a) = 1O.47* n = 16 0 = y+ O.30

= 1.53 = 1.23

y= 0.9•0 ÷+4• ('365"6'*-2 x 1.53 x 256 + 1.23) x I0-6

y 0. 000264* - C.0000Sý4* = O. 00116

* e •m - .00-0h 8 1 ust he detr1ine] from

Best Available CoPY
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[Traislator's 'Tote: Substitutirg the above values X= 10.47, x 2.083 x 10"6
in (a) gives

1.718 1 10.47 x (2.3 106) 0.00116]

1 - 0.374 x 10.47 x (2.093 x i0 =0

Case (b) 0-= 6.98 n = 14 10 =0.199 Pt,. 1.35 Is- 1.20

0. 91 xj~ O 36 2.0 (244.7'- 2 x 1.35 x 196 + 1.20) x 6-

y = 0.000164 + o.00564 - 0.00073
This value lies below the 1i.and therefore according to Eq. (13)

-2.122 x• o 10, 5• .ý t
p 0.005 0.00073 3.5 kg/cm- 8.2* atm.

L•ranslator's Note: S,,btituting E 2.125 x 10' kg. per sq. cm.

td u10.0025 l/d 18 = 0.25 directly in Eq. (a')

p = 2.60 x 2.125 x 10' x (0.0?.5f= 8.53 kg/cas = 8.26 at;I

0.225 - 0.45 x Vo-0025 .•

case (c). (a 5.24, n = 13, p 0.140, JA, = 1.24*, ), 1.2

0.91 . + 2.083 (196.5"* - 2 x 1.24* x 169 + 1.2) x 10"

1.".

- 0.000098 + 0.000438 = 0.000536.

p o--o0.00592 1 2 x 0.003336 = 6.26* kg. per sq.cm. = 6.06* atm.

[Trinslator's Note: The use of n = 12 instead of n = 13 in the above problem
gives a slightly smaller value of y.

At= 5.24, n = 12, t° = 0.160, 1.28 )Wt= 1.2

-- 0.0256 + 28(171.5' - 2 x 1.28 x 144 + 1.2) x 10-

0 0.000149 + 0.000386 - 0.000535
Jr, Practice- collapse mcy occur in either 12 or 13 lobes.

I B sC O
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Theoretical Values: ta) p 10.2" (b) p = 8.2* (c) p = 6.1"

Experimental Values: (a) (b) (c)

Model Size I 6.1 3.9 3.35

Ii 7.0 5.1 4.15

III -- 6.0

IV 9.5 7. 2I.The entirely disproportionate value of ITIa

,o is omitted here. Fig. 7 gives a general -idea

of the distributicn of these values. Here we

see that the calculated values may very Yell

be regarded as obtainable asymptotic limits.

There remains only the question as to what

causes the smaller models to collapse so far

below the theoretical collapsing pressure."

It seems most probable that the welding of

the thin plating disturbs the symmeta-y of the

circular form, or :the homogeneity of the ma-

tetial itself. It is certain that in the

case of buckling with higher humrDer of lobes,

FIG. 7. Summary of Experimental even very slight irregularities may have a
Data.

decisive effect.

The second group of experiments concerns tubes with the wall thickness-ratio

h/a = 0.00406, x - h'/3am = 5.49* x 10"

and wiih irse spacing of 400, 500, and 600 mm (15.7 in., 19.7 in., 23.6 in.) and

a tube radius of 800 mm (31.5 in.). In both the first two cases the frames

failed under the test. In the third caoe, likewise, it must be assumed as certain,

because of the magnitude of the observed buckling pressure, that the limit of

strength was reached through failure of the ixame.

E'ranslator's Note: 14 is understood that `,he testing arrangements were such

as to make it impossible t* observe the inside of the model during the tests.

As w6 know from a theory which will not be further discussed here, if the

frames arc too weak, the buckling pressure must correspond to that of a tublc d'k),

an effective; length of double the frome sEpacing or even higher. We can, therefore,

test the reliability of our theory by computing the buckling pressure for tubes of

thF lergth 1 - 800, 1000 and 1200 mi- and -z'ipare them with the test results. With

hel p of the graph we find:

(1) •= 3.14 (2) 0- 2.51 (3) .
n 8 n=7

Best Available Copy
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y 0. Q1 x 0.018 44 (73.-9 - 2 ; 1.24 x 64 + 1.2) x 10-P-=6795

S. 0000241 + O. 00042 = O.o000669*

p = 0.00812 x • x 0.000669* = 12.7* kg. per sq.c.. = 12.3* atm.

Cfranslator's Note: This value of p is too high since n 9 is determinative

instead of n = 8. Using n - 9, ic- 0.109, P,= 1.19, N= 1.i

S. x 0 1  (90.92 - 2 x 1.19 x 81 + 1.1) x 1or

0. M00127 + 0.000522 = 0.000649

p * 0.00814 x x 0.000649 = 12.31 kg. per sq.cm. = 11.9 atm.

The use of equation (a') gives

P = 2.60 x 2.125 .e 1. (0 = 12.31 kg. per sq. cm. - 11.9 atm.

0.5 - 0.45 -/7.00406

It will be noted that Eq. (a') gives the correct collapsing pressure independent

-)f the r.umber of lobes, while the use of Eq. (6) with an incorrect value of n

gives a collapsing pressur,ý which is too high.

(P) eo. 08*96* k 1 .16  1A' .l

0.91 x 0.00803* + 4 (70.30* - 2 x 1.16 x 64 + 1.1) x 10-6
Y= 66.15 E7

= O.000110* + 0.000398* - .0000508*

p 0.00812 x 2 x 0.000508* = 9.63* kg. per sq. j. = 9.3* atm.

iranslator's Note: The use of Eq. (a') gives:

2.6 E .2 0 x(.00 9.73 kg. per sq.cm. 9.4 atm]
0 6 5 - 0.450 004 0

(3) 0.0820 t,= 1.13 P2A= 1.1

r), q4 x 0 00o67 49 '742O
S(53.4' -2 x 1 13 x 49 + 1.1) x 10 C

0. Ol.Yy421*0 CO,• .,,°'--i.•I + o ry••,•• = .Or•2!
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Uranslator's Note: The use of Eq. (a') gives:

p 2.60 x 2.125'x 106.x,,(.040 8.04 kg. per sq.om. = 78 atm]
0.750 - 0.45 x Y o.00406

The experimental pressures 12.2, 9.2, and 8.5 atmospheres are to be compared

with the three calculated values thus obtained, 11.9, 9.3, rna 7.7 atmospheres.

[Translator's Note: These values are given as 12.8, 9.5, and 8.1 in the text].
We see that. there is good agreement.

The nmber of lobes, n = 14 - 15, observed in the third test, as compared to

the theoretical number, n= 7, cannot be explained. Probably it is due to an error

made by the observer. In both the other tests it was impossible to determine the

number of lobes after failure.

Conclusions (added by translator).
Equation (6) gives a solution for the collapsing pressure of a circular

cylirdrical vessel closed at the ends by flat heads and subjected to uniforh hy-
drostatic pressure on both shell and heads. As will be observed, the determinaticn

of the correct collapsing pressure depends not only upon the length, diameter and

thickness, but also upon the number of lobes, n, into vhich a circumferential belt
of the vessel, between stiffening rings, divides itself at collapse. Equaticn (6)

gives a different value of p for each assumed value of n and collapse occurs in
that number of lobes for which p is a minimum. The use of Eq. (6), therefore,

involves the determination of the value of n which gives a minimum value of p,
Either by actual substitution in that equation or by the use of curves previously
prepared, such as given in Fig. 4. However, the determination of n by Fig. 4 is
not always accurate, as was shown in the solution of example 1, page 15, where the
author by using n = 8 instead of the correct value n = 9 obtained a collapsing
pressure which was considerably too high. Fig. 8 on page 18 is drawn to a differ-
ent scale and gives a very accurate determination of n.

Equation (7) is simpler than Eq. (6) and the collapsing pressures calculated
by it differ from those calculated by Eq. (6) by less than 1 per cent for all values
of l/d below 9.5, as shown by Tables II and III, page 19. However, Eq. (7) like-

rise requires the determination of that value of n which gives the minimum collap-.-
ing pressuire and hence is somewhat cumbersome and incirect.

Equation (a) presents a striking contrast to equations (6) and (7). It is
very simple and gives the collapsing pressure directly without the use of n. More-

IrQ, Eq. (a) checks Ea. (6) even more closely than does Eq. B'r) arn can renlace

:n.: F,, !. pt'•tcnl calculations.

Best Available Cops
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