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THE CRITICAL EXTERNAL PRESSURE OF CYLINDRICAL
TUBES UNDER UNIFORM RADIAL AND AXIAL LOAD.
by R. von Mises,
Berlin

Stodola's Festschrift, Zurich, 1929, pp. 418-430G.

Translated and Annotated
by D. F. Windenburg®

: The magnitude of tuckling pressure and of tle deformetion of a cylindrical

~ tube closed at both ends and subjected to external pressure is calculated on the
basis of elssticity equations for thin ohells. The resulte of the theory are com—
pared with tests on two series of models. Complete agreement ia shown with regard
to the lobe formation; the problem of determining the tuckling pressure has not yet
been completely solved. - . :

More then 14 years ago, in view of the conditions prevailing with regard
to the design of fire tubes of boilers, I calculated the buckling pressure of
cylindrical tutes which, with fixed ends, are subjected to externel pressure. A
somewhat Aifferent problem is presented when & circular cylinder, closed at the
ends b7 mesns of bulkhesds, is deeply submerged in water and thereby exposed to
pressure from all sides, se is approximately the case of suhtmarines. The changes
in theory caused by the introducticn of axial loed are not very extensive, but the
altered numericel ratios result in the occurrence of ophenomena that necessarily
have a certein intrinsic interest, especially concerning the large number of waves
or tulges that hecones visible on the circumference of the cylinder at the moment
of buckling; see ¥Fig. 6. page 12. o

In the following, I present a supplement to my previous publication# alorg
the lines just indicated. The fundamental equations, which, by the way, are to be
found in every text book on the theory of elasticity, and the detailed calculations
carried out in the previous article, are not repeated; reference to that article
ig indicated by the symbol Z.

ffranslator‘s Note: The translation of the previous publicetion, of which this

ie the supploment, is given in U. S. Experimental Model Besin Report No. 2309, It
should be veferred to in ccrasctinn with this artican

. 50 Prpecinontsl ¥odel Besin, Washinoioi. DL C.

Tnman,, 1974, . 750,
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1.  DERIVATION of the FUNDAMENTAL FORMULA.

Let us consider & thin-walled, circular, cylindrical, hollow bedy, <l
at the ends ty flat heads, and subjected Lo the preesure p on its shell snd o
the compressive force P! on ite
heads; Fig. 1.

Let the axial pressure on & unit

|

2P ISIrbrrssney. ]

' cross—section of the circular ring hav-
ing a diameter 28 and thickness 2h have

a value p'. If the pressure on the
heads ir due to ihe fact that the end
surfaces are subjected to the external
pressure p, it followa from:

rassve.

FIG. 1 Pt=fatp= 28 Zh p!
' : that p'=psa/dh........ (1)
In order to take into consideration the presence of an end pressure p' the condi-
tions of equilibrium of Z must be supplemented. For those equations &are incom—
plete inasmuch as only terms of the first order in stress and deformation megni-
tudes are retained in them. Products of stresses and deformations of the second
order of magnitude are omitted, with the exception of the products of p by w and
¥ (Z, Eq. (9)) since p, unlike all other stresses, is not of the order of

magnitude of the deformations accompanying buckling but possesses a finite value
independent of them. We must now, 'n an analogous manner, include also products
of p' with deformation magnitudes in our equations.

Fig. 2 shows an element of the shell in a longituvdinal plane through th
pxis of the tube, in the deformed condition. The generatrix, originally rect
sar and parallel to the x-axis, has acquired a curvature, which, except for terms
of higher order, is measured by

3 2 1 3 ur 3 oy Yoo b
ig. 2, 18 negative. It is ooon thet
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the pressure p' 2h which@wcts on the surface of the cross-section of the element,
: prnduees & resnltant in thn w direct*on (radially inward, hence negative) equal to

-p'ZhE"T---"""""""(2)

!hit expression, witx cpposite sign, must therefore be added on the right

‘~sside of’equation (9) in Z, T we wonld take ‘into account a general end loading.

:Snbstltnting the valuo of Eq (1; in (2) we have:

23w -
'1 ...'01
,',:,.praz“-g-;r—"'.","""' (,)
‘we must. therefore, 1nxteac of ~ ?? £—y in the parenthesis on the right hand side
- of Eq. (S) in Z, write o
R ] o " ;E’W _a% D%
' : o TR T

The sane remarks apply to mq. ’°“ Snd (III) in 2. The end loading has no further
influence on the expressions for the determination of the buckling pressure, as
long as we remain vithin the 11mits of the 51mp11fy1ng assumpt1ons introduced in Z
or presupposed. ‘ : ,

It is not dlff:cult to follow the influence of the supplementaxy'term,
equation (3), through to the. fxnal formula in Z.

From Eq. (11) of 2 and the abbreviatmn atgiven in Eq (12) of Z, we have

aﬂw L cEnt . B i -
a‘ﬁrs—x"’ xa%ﬁ .7.‘.-'.. L R I T T 0(4)
(1 = effective length or frame spacing; se: below, Section 2).

Therefore, 7

y (1 - n? - a?/2)
is to be substituted on the right hand side of Eq. (III'} of Z in place of y(1 -~ n?);
n represents the number of lobes. This same substitution is vslid for the last
member in the determinant (16) c¢f Z. Since now y is the only quantity in the final
equation that contains p, en” therefore, is directly proporticnal to p, it follows
that: The buckling pressure of a tube, including the effect of end load, may be
obtuined by multiplying the pressure determined from Z by the factor

a
n- -1 e e e (%)
“‘;“‘:‘&,”"—T“ ...... -
n o
2

n1s stutement applies primarily to the cemplete result of the calculation

, Eq. (&) or {A'), but it may be directly apoiied zizo to the

R fr ;;-H —~ 3 ] o b 2
©oessression {B), since the assumptions that led 1o B - - amellners o
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x and y defined by Eq. (14) of 2 — — continue to hold generally. If we write (E)
somewhat differently (by setting the expression in the parenthesis over & deromi-
nator and substituting partially fzi 2 it velue from Eq. (18) of 2), we get from
the foregoing expression:

4';_}-: g ‘ o \2 " .
*'n-'+—y—1 (“"’ﬂ’;} n=+-—2—--—1 (f ¢ T2 g0t F‘} &
where ‘ ﬂ 1
m=t[i+(+0p] [2+ .-.v)fu = 4L+ 0assp

e G- i 0r20p - (- o0+ Ffp pr]
=1+ 1‘.3‘0 - 1.39‘,‘}" - 1.7417‘[0’ + 0.507{04
Here as in Z
X = 3%;, Yy = p a/2h 1~=f§i, = E;!%%E? R I IR I L(6")

and E and 0 are the elastic’const‘ants’ (U"= 0.3). ‘The determination of y from
Eq. (6) ir not particulsrly cumbersome once the two functions of P, P end My,
have been computed, and pLacvri in the form of tables or curves for Py 8nd sy .
Fig. 3 contains the two curves for the entire range L =0w1 sufficiently ade—
quate for all practical cases.

EI‘ranslator s Note: The error noted in equation (B) of Z which was carried
through to the final formala (L) in Z has been corrected in the derivation of
formvla (6). Hence, formula (6) is correct despite the error in the original
equation (B) in Z]
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. The further simplification which was effocted in Z by the anrsumption of
only ntll ulues of L cannot be used here since the ratio of the radius to the
frala lpacing is. conetines too 1arge. On the other hand, in most calculations of
suhna'ize bulls we have to do with a larger nunber of 1obes, n. It is possible,
therefore, if n equals at 1eas‘ 8 or 10, to neglect the last two terms in the
aracketa of Eq (6) in comparlﬂon with the first term (n® + ¢c®)?. In the same way,
we nay neglect 1 in the denominators in comoariaon with n?®, by which the error made
hy the prev1ous assumotion is r,...‘.l‘,r comﬂensated We ‘have, then, with sufficient—
ly close approxlmation for all ases of practzcal 1mportance, the final formula:

| - x* ® 4 a2)e | (

”n‘+%— [u+n’) (1—0")+(n +a?) :}’7)
Thzs 1s even simpler than the equatxons (C) and (D) in Z. If we substitute here
as before U'= 0.,, and further for x and y the values from Eq. (6'), we obtain
for the requzred buck11ng preaaure p, if 28 designates the diameter, <h the wall
thickness and 1 the effective frame apacing

= f& h [mz:?&m‘ +o.73 (“n"’ + oty ha/a{l ..... Ce (@

where A = W%/l

For n use taat whole number 'hzch makes the eXpre831on for p a minimum for
a given g, h, and 1. E deaignates,the elastic modulus' of the material as long
as the stresses in the shell are below the proportional limit. Con~erning the
apolicability of the equations above the proportional limit, similar conditions
apply as in the case of ordinary beckling of rods (aee below).

Eq. (7) end (8) do not give accurkte values for a tube of infinite lengtn
:ince here, as is well xnown, the number of lcbes, which we have assumed to be
largze, decrezses to two.

2.  DISCUSSION of the FINAL FORMULA. TABLES.

Eq. (6), as well as the simplified Eq. (7), represents a straight line in
an x — y codrdinate system Fach wave number, n, represents a siraight line for
a given &/1, as shown in 2. Hence, y as a function of x will be represented by
.= ordinates of a struight line polygon. The vertexes of each onz of these poli-
yrons inereape in number Lowards the origin of the cofrdinate systen.

Tre gisnificence of e reguirce more detailed explanation. According to Z,

(X = ll-’l/l ................ o e - ! }\v
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spacing of two successive nodal points of the lobe line appeuring in a
nal section of the tube. If, as is the casse in the fire tubez of a builer, t
tube ends can be regarded as fixed radially, then 1 can be teken equal to ithe tolsl
length between the ends of the tube. If the end supports are yielding, = scmewhst
higher value of 1 must be used. If the tube is divided into several belts by
sufficiently rigid frames, the effective length 1 is an aversge value of the in-
dlvxdaal frame spacing3i. It is possible tou obhain more exact data for determining

. -t €

the averaﬂe value from the known calculated results for the buckling of rods with
several bays. However, since the frames in submarine hulls are usually equally
spaced, no difficuity is preszented.

It is a question whether in many cases a higher number of waves between
t#o successive frames, thet is to say dividing 1 into halvea, thirds, etc., may
not result in a smailier value of the buckling pressure. This assumption seems not
improbable when we cousider that the smallest pcssible number of lobes, n = 2, in
a circumferential belt tetween tac frames, does not always result in the smallest
oritical pressure. In reality Eq. (7) indicates, in contrast to (C) and (D) of 2,
that for fixed n and x the ordinate y does not incresse unconditionally with af.
For sufficiently small vaiues of x, y decreases; for example, if &« is made three
times as large while n remains constant. However, it does not follow from this
that the foregoing assumpiion is true since it is not yet certain whether a lower
buckling pressure occurs by changing n while a¢ is incressed. The question to de—
cide is whether the polygons that are constructed for a single & intersect in the
region of very small x or whether the polygons aiwsys lie above cach other and
meet only in the origin. The angwer is apparent if we consider taat with small x
on the one hand the number of lobes increases without limit, while on the other
hend the vertexes of the polygone increase without limit. From the first condi~
tion it follows that Eq. (7), by expanding in powers of 1/n® and neglecting the
higher powers, can be simplified to:

J=ﬂ—:—n¢l£~ (1—29;3;3) + n? (1+E%—11—'——2-)x ..... T

From the second cordition it follows thal we may with sufficient sccura

2ighboricod of the origin, consider the pelyson as the envelope of the family of
straignt lines de*ermined by Eq. {12) for successive values of n. This eav:ilope is
obtnined through Ey. (10) in conjunction with the following eguation obtained b§
tne differentintion of Eq. (10) with respect to n*:
~
- ”* {3{:% : . ( ;1 _— "7\_5
B B R P el T U

1Y i
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Elimination of n® from Eq. (10) and (11) gives the equetion of the envelope:

g ”
y = a\[15f— &% +§(«,=+2)x=-1.714-=:§]x* +§ (e 2)x ... (12)

As can be seen from Eq. (12), since the ordinates increase with increase of &,
noe intersecticn octurs, and we come to the conclusion: The minimum buckling
pressure always corresponds to a deformation without nodal points between the
points of support in the longitudinal plane, and, therefore, to the smallest possi-
ble value of & | : ,
[?ranslators Note: Equation (12) derived to justify the conclusion in the preced-
ing paragraph is a good approximation to the envelope of Eq. (7) in the neighbor-
hood of the origin, that is, for small values of x and &, The exact equation of
the envelope haa a very important property: It can be used in place of the original
equation (7) to determine y with sufficient accuracy for any given values of x
and &, Graphically, this fact is evident from the proximity of the envelope and
those parts of the family of straight lines used to determine y represented by Eq.
(7) vith n as a parameter. Analytically it is evident from the fact that the
equation of the envelope, obtained by eliminating n between Eq. (7) and (11), is
in effect Eq. (7) with thet value of n substituted which for any given x and
makes y a minimum.
Eq. (12) is an approximate equation of the envalupe of Eq. (7), valid only
in the neighborhood of the origin, because of the nature of the assumpticns which
led to Eq. (10). The equation of the envelope of Eq. (7) should be derived directly
from fq. (7) itself. When so derived, its usefulness is no longer limited to the
neighborhood of the origin. This equation cen be very accurately derived as follows:
Differentiating Eq. (7) with respect to either n, (n* +a?), or £ and
equating to zero we get
{n? + cx"’?s x - (0% + a?f ax®x -3+ x®) a1~ 72+ &1 - 59 =0 (%153
The solution cf (11a) for n gives that value of n which will %ake Eg. (/) =
minirun for any given a and Xx. A very approximate soluticn can be readily oo-
tained. ,szwriting Eq. (11a) -
(27 + x?) [{n"‘ + xP) % - :ﬁx} - 31 - ¢®) {ng + oo ;}52/3’! =0

avd _ 3 (1~ 73y (n® + 2&%/3)
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zvm - 6“)

In the mjority of practical cases, the value of the ratio a/n 1lies between
2/3 and 1/3. Plasing &/b = 1/2 in Eq. (11c) and substituting (11¢) in (12a) we ob-
tain the simple expression

1-0037“1

With @/n = 2/3 we obtain the siighily altered equation

.m-.ﬁo-.ctoo-ooco.-ovoo-ooon-o(b)

e % & ® & ¢ & & % & 5 w = e ® + x (123)

vhile a/n = 1/3 gives

-
y = 1.715 e ¥Yx*

.-co.oo.oooo-o..looo.-.oo(c)

Any number of similar equations may be obtained ty using different values of
the ratio a/n. As a limiting case o¢/n = 0 gives the equaticn

. L4 x VR
1-0.389«¥x

which differs but slightly from (c).

If equation (d) de expended in a series, the first two terms are identical
with the first two terms of equation (12). - Moreover, the expansion of any o. the
equations (a) to (d) yields a series all terms of which are positive. Taerefore,
the same conclusion can bs drawn from these equations as from Eq. (12) concerning
tne impossibility of ncdal peoints between points of support in the longitudinal
piane. It ia evident tiat.Eq, (a) - (c) are much better approximations to the
envelope than Eq. {12). Each gives sxtremely accurate values in that particular
region of &/n for which it was developed and good values for a considerabls range
£ af/n.

To determine just how closely these epproximate equations oheck with Ea.
{6). about 70 values of y, covering the region x = 4/3. 107% o 12,10°* (tﬁ = (.002
Lo 3 mé, &= 174 1o 16 (1/4 = 6.28 to 0.1), mere compuled by zach of the six
17y, {2}, (b, {ec}, and {d). These values anéd their

* * L d . - L] L] L3 * L] * . * L] L * * * L - . * - - -(d)

P D ERRE L TY Ty
sniueg cenpuiad by o (6‘ are given in Tables 11 and 1%
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Of the four spproximate equations tried, equation (a) shows the best apree-
sent with the exact equation (6). The sgreement is excellent for all values of
1/% laaa than 2, .The mean of the absolute deviations throughout the range of 1/d =
0.1 to 2 is 0.5 per cent. The maximum discrepancy is less than 3 per cent for
1/d = 2 and is considerably below 2 per cent for all values of 1/d equal to or less
thah 1.6 and is less than 1 per cent for all values of 1/d less than 1. In fact,
Eq. (a) gives better agreement with Eq. (6) than does Eq. (7) from which it was

R ﬁerived!

Equatign (a) can be put in a more convenient form by substituting values of
y. x. and & from Eq. (6') and (9) whence’
‘ -2, 424E | (h,a)i'
- (1 - 02 :
—1--0447 VV'

l.a. ‘i’
26OE 4_)____
31-045\/{7'

Again ii might be p01rted out that ‘the usefulness of Eq {a') is not con—
fined to the neighborhood of the origin. It is a szmple equation, independent of
n, vhich determines p with a high degree of accuracy for a large range of values
of 1/d and t/d. Equation (a') may replace equation (6)in all practical computations
whers 1/d is not greater than 2,  When 1/d is less4than,1_the dlscrepancy will be
less than 1 per ceng:l BT . '

In order to iac111tate the practlcal app11cation of the resulta derlved
above, one may use to advantage a graph, Fig. 4, that. contains the polygons (they
appear as curves) for the values X =2, 4, 6, . . . . e e tx)éb,’«_‘vithin the
range up to x = 6 x 10™¢ corresponding to the ratio e/1 from approximately 2/3 to
6 (1/3 = 0.8 to 0.08) and to the ratio h/a up to about 0.0045. The straight lines
are computed throughout by the complete equation (6). In the neighborhood of the
~rigin, the polygons are made up of curves determined by Eq. (12). The corre-
sponding angles of the polygons are connected by dotted lines, forming quadrangular

H

or (6= 0.3) p’

areas for the various wave numbers. The separate vertical straight lines correspend
to +ne constant values ¢f 1070 h/a written beneath; the values of the ratios

T{2/1 2re written on the sides of the polygons. On the axis of ordinates, a secoud
gexle 18 represented beside the y-scale which, under the assumption of an elart e
medutue o= 2,125,000 kp/em?® (30,22 x 10% 1b. ner sq. in.), gives the value of

. 12 6
% (R Tv—“-—'-' v = 2.34 x10 ¥ {2

P . ) _ o . .
s Ly, b o 2a0 30 ) The values dn o the ronge of v

A “arge M S .
tea ey !J‘, Ceavee ()f ;’f""l'i Lt et
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buckling of rods. According to these, as is well known,
2 rod of slgnderness ratio r/l1 is determined by means of
the formula:

k=K(1~01/r)aia-caooboona

L3 143 S [
The Crltigil pregsurs

L. 2 ¥ L
two constantz ¢ end ¥ by

e & & & = = & & 2 s &

where for mild steel X = 3100 kg/ca® (44,000 1lb. oer sq. in.) and ¢ = 0.00364.

FIG. 4. GRPH FOR DETZRMINATION OF BUCKLING PRESSURE.

[
)

Best Available Copy



R

1

'y §» 7 were to be substituted in the othervise unaltered

v é?, . ‘Buler buckling formula, We have employed this

3 ya , expression for E in Eq. (13) for the conversion

Ny 5” , of y into k for k¥ 1900, y ¥ 0,000809, end

1 o 2{ ~ . thereby obtained the k~scale for tae unelastic

e sy S “region. The relation between y and k is repre-

:f‘ 7 ng{//f :-':‘ ' sente§ in Fig. 5.

W o SO . The application of the gravhs is as follows.

. 'i'jdé ‘ For the given value of the ratio, wall thickness

o IR RN : to diameter, i.e. h/a, we seek the corresponding

: : g sﬂi nm'uQ, ordinate, as well as the corrasponding polygon,
e nt SR * - for the given ratio of the radius to effective
FIG.: 5. Relatlonshlp . length a/1. The ordinate of the intersection of

between K and y. *E‘i'“ these two 11nes gives the value of y or of k from
which the buckling pressure p is obtained. 2

= E 2h .2
p‘m,?y’ orp:,ak...........(16)

If no lines exist for the exact ratio given, y can e eternined by interpolation.
In any event, the graoh indicates the number of lobég; n, which is determinutive
for the given case. For a known n, it ie then not diff1CL1t to compute the exact
value of y by equations (6), (7), or (8).

The following numerical table was obteined by readings from the graph. It
is v2lid both below and above the proportional limit, providing the cylindrical
shell is manufactured from medium steel plate.

Table I.

Criticsl pressure p in kg/cm?® for various wall-thickness ratios,
h/e, and length ratios, &/l.

=72 | 8/} 1020 Wa
+ 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
2 0.637 10,045 0.23 | 0.6 | 1.3 | 22 | 3.6 | 531 7.4
4 1,273 |0.080 | 0,46 | 1.3 | 2.6 | 46 | 7.4 | 10.0| 153
& 1,917 | 0.125 1 0.7 | 2.0 | 4.0 | 7.2 | 1.5 142 | 17.2
g toss fao7s 11 27 1 0.6 | 9.6 1 12,5 154 ] 163
LR N Eo 0 Wi B L5 0 n2 1103 | 132 | 167
BRRER y 2.2 8.0 109 0 1se i
ol e 5.1 1 8.4 1 1.2
: t RN AT
2.0
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‘;equations in Sect10n\1v~

S ooupmson with EXPER mTAL mmq

If we proceed purely enalyticelly, without the use of tables, we musi use

the equution

p=2 Kl" -

‘ gin ‘the unelastic reglon, whlch follows from ‘the substitution of Eq. (15) in
,3Eq 33); and the’ ellmanation of k. - The. velue of y must here be determired bty the

’ 'The numer1cal values 1n Eq (17) are for medium steel.

Tno;serieq of experlmenté were carrled out in 1918 with large medium steel

,;tnbes welded along. the longitud1nal eeam,_and sub;ected to external water pressure.
nghe fzrat aerzes 1ncluded tubes with, the wall thzcknesa—ratlo

h/a = 1/400 = 0, oozs. x !f}_h'ﬁ/Ba"‘ < 2,083 » 10°°

- aad the three length ratlos ‘

a/l 400/120, 400/180, 400/240 whence,
& =%a/l = 10.47, 6. 98 5.24 '

We obtain from the graph, Fxg._4 ‘at the ordinate h/a = 0.0025 the values of
the number of lobes, n, in the three cages: o R
(a) n=16 (b)) n=14 " (e)-n= 43
[franslator's Note: For case (c), n lies so cloae to the ‘border line between 12
and 13 that practically it might be either. Actually, n.=12 is determinative;]
The experimentsl number of lobes from the tests on four different sizes of
models of dimmeters 800, 1200, 1600, 2400 mm (31.5 in., 47.2 in., 63.0 in.,
94,5 in.) sre

Model Size Case (a) ~(b) (c)
1 (D = 800 mm) n =17 n=15 n = 14
I1 (D = 1200 mn) 17 15 13 - 14
I1I (D = 1620 mm) —_ 14 - 15 -
IV (D = 2400 mm) 16 14 - 15 -

Wa may conclude, thercfore, that the zgreement is almost exact, In addi-
tion 1t is vorthy of note that the agreement appears to improve for the larger
rodele.  The differences belmeen the number of .o%es observed in the various sizes
of modsle, as well ss the departures trom the caleculated number, hardly exceed the
niiiile ocrrinintal error. Fip. 6 shows the huckled model in
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FIG. 6. A Portion of the Experimental Tube IVa with 16 lobes
~ Around the Circumference.

The situation isg quite different in determining the buckling pressure it~
self. Here the experimental values obtained for the individual sizes of models
differ very materielly from each other. Since tbe collepsing pressures increase
directly as the size of the model, it might be expected that the calculated values
should correspond to a limiting case of an infinitely large test body. According
to Eq. (6), using the approximation of Fig., 3, the computations show:

[’I‘ranslator's Note: Numerous minor numericel errors, probably due to the use
of a slide rule, have been corrocted by the transietor without specific refercnce
in euch case. Changes from the original text are indicated * ;]

]

Case (&) & = 10.47* n=16 P = —"z——-r 0.30

W= 1,53 K= 1.23

y = 0.91u§.8;g2 %5%§ v (365.6%% — 2 x 1.53 x 256 + 1.23) x 107 -6

0.00G264* + C.000894* = 0.00116

cnisowalun Hien aldwe Lhe limit 0.00081, p must be determined from v by

Felgdts DLEn il Ve LE

g
it
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[Translators %ote: Substitutirg the cbove vaiues &= 10.47, x = 2.083 x 10°S
in (a) gives ‘

| o
- 1.718 x 10,47 x X 10 ! = 0,00116
1 - 0,374 x 10.47 x {2.083 x 107

Case (b)  @=6.98% n=14 L2019 pe135 =120
‘ %1-;—% (244.7‘ -2 x1.35 x 196 + 1.20) x 10°°

- =10.00073
This value lies below the- linit. a.nd therefore according to Eq. (13)

p=oon5212 x1"‘xoooo'rs = 3.5 kg/cu® = 8.2* ata,
Erranslator's Note: 8= bstituting E * 2125 x 10 kg. per sq. cm.

t/d =0.0025  1/a = 5180 = 0,225 directly in Eq. (a")

(1
p = 2:60x 2.125 x 10 x (0.00053% | 8.53 kg/ca® = 8.26 ata.]

Case (c). o= 5,24, n =13, ﬂ = 0-140, Po= 1.28% Up=1.2

,51—01'7—% m—-;(1965'*-2x124*x169+12)x10

= (0.000098 + 0.000438 = 0.000536.
(4
p = 0.005 -2-138—%10— x 0.005536 = 6.26* kg. per sq.cm. = 6,06* atn.

[’I‘ranslator's Note: The use of n = 12 inslead of n = 13 in the above problem
gives a slightly smzller value of y.

M=524, n=12, P=0.160, f,=1.28 =12
y - BE0,.0206 | 2083 (171 60 - 26 1,28 x 124+ 1.2) x 1078

= 0.000149 + 0.000386 = 0,000535
Howewer, in practice. collapse msy occur in either 12 or 13 lobes.

s Fe?h i
ool Fe, (et} gives

P s 1R P - . . . o P
* .27 Xp. per sy.em, = 0,02 atn

—
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Theoretical Values: (a) p = 10.2% (b) p = 8.2% (c) p=6,1%
Experimental Values: (a)" (v) (e)
Model Size 1 6.1 . 3.9 ' 3.35
" 11 7.0 5.1 .15
m — 6.0 —
w5 7.2 —
SN ——  The entirely disproportionate value of IIlIe
vo ‘ - F»k' | is omitted here. Fig. 7 gives a general -idea

of the distributicn of these values. Here e
gsee that . ‘the ca;culeted values may very vell
be regarded as obtainable asymptotic limits.
There remains only the question as to what
causes the smaller models to collapse so far
below the theoretical collapsing pressure.®
It seems most probable that the welding of
the thin platlng disturbs the symmetry of the
circular form, qr.the»homogeneity of the ma-
vesisl itself. It is certain that in the
case of buckling with higher numper of lobes,

FIG. 7. Summary of Experimental

Data even very slight 1rregu1ar1ties may have &

decisive effect.
The second group of experiments concerns tubes with nhe wall thickness-ratio
h/a = 0.00406, x = h*/3a® = 5,49*« 107€
and wits irs.e spacing of 400, 500, and 600 mm (15.7 in., 19.7 in., 23,6 in.) and
a tube redius of 800 mm {31.5 in.). In botn the first two cases the frames
failed under the test. In the third cas¢, likewise, it must be assumed as certairn,
because of the magnitude of the ohserved buckling pressure, that the limit of
strength was reached through failure of the frame.
[}ranslator's Note: I+ is understood that “he testing arrangements were such
as to make it impossible i~ observe the inside of the model during the testég
As w¢ know from a theory which will not be further discussed here, if the
fremes arc too week, the buckling pressure must correspond to that of a tubc vith
an effective length of double the frame gpacing or even higher. We can, therefore,
test the reliability of our theory by computineg the buckling pressure for tubes of
the length 1 = 800, 1000 and 1200 mm and - 3npare them with the test results. VWith
help of the graph we find:
1y a = 3.14 (2} &= 2.5 (3) a=29
no= R n=8 n=717

RN m i Best Available Gopy
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0.91 x 0.018 , 549 (73,9 2 x 1.24 x 64 + 1.2) x 10°°
. ie? *

= 0.000241 + 0.000428* = 0.000669%
n 42 6
p = 0.00812 x 2122210 x 0.000669% = 12.7* ke. per sq.cn. = 12.3* atn
This velue of p is too high since n = 9 is determinative
= 1.19, H,=11

E&-anslat-or's Note:
instead of n = 8. Usingn =9, A= 0.109,
0.91,x 0,011 249 (50.9* — 2 x 1.19 x 81 + 1.1) x 10°°

« 0.000127 + 0.000522 = 0,000649
] .
p = 0.00812 x 2.125 x 10, 5 000649 = 12.31 kg. per sq.cm. = 11.9 atm.

The use of equation (a') gives
Y- - r “
_ 2,60 x 2,125 310 = (0.00606) . 15 31 kg, per sq. cm. = 11.9 atm.

yﬂ

P
0.5 - 0.45 0.
It will be noted that Eq. (a?) gives the correct collapsing pressure irdependent

of the rumber of lobes, while the use of Eq. (6) with an incorrect value of 1

gives a collapsing pressury which is too hith
M= 1,16 f-‘,= 1.9

(2) @ = 0.0896*

y= 0. x.0.0080 - + ég-% (70.3%* - 2 x 1,16 x 64 + 1.1) x 10.‘

= 0.000110% + 0.000398* = 0.000508*

p = 0.00812 X 3—’%—3739-'- X 0.000500% = 9.63* kg. per 6q. . = 9.3% atm

E‘ranslator-'s Note: The use of Eq. (a') gives:
2,60 x 2,125 x 10° x (0.004063"
= S ETTs — 0,45 - = 9,73 kg. per sq.cm. = 9.4 at.m:}
o= 1.1

P
(3 p= 0.0820 po= 1,13
(4L} —
gy = 220 §ﬂ°a0067 +§5£*$ (57.42 =2 x 1.13 x 49 + 1.1) x 10°€

ATl o+ 0.00N300% = GU0N0421%
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[irnnslator'a Note: The use of Eq. (a') gives:
, 6 g i?
p= 260 x 2.125 x 10" x (0,0406) "_ g o4 kg. per eq.cm. = 7.8 atm;]

St

0.750 - 0,45 x Y 0.00408

The expérimentbl presgures 12.2, 9.2, and 8.5 atmospheres are to be compared

with the three calculated values thus obtained, 11. 9, 9.3, snd 7.7 atmospheres.
[@ranalator'a Note: These valuees are given as 12.8, 9.5, and 8.1 in the tex{]

We see that. there is good agreement.v

The number of lobes, n = 14 - 15, observed in the third test as compared to
the theoretical nunber, n = 7, cannot te explained. Probably it is due to an error
made by the ohaerVex. In both the other tests it was impossible to determine the
number of lobes after fallure -

Conclusions (added hy translator).

Equatien (6) gives a solution for the collapsing pressure of a circular
cylirdrical vessel closed at the ends by flat heads and subjected to uniford hy-
drostatlc pressure on both shell and heads.( As will be observed, the determinaticn
of the corract collapsing pressure depends not only upon the length, diameter and
thickness, but aleo upon the number of lobes, n, into which a circumferentiel belt
of the vessel, between stiffening rings, divides itself at collapse. Equaticn (6)
gives a different vulue of p for eacn assumed value of n and collapse occurs in
that number of lobes for which p is a ninimum. The use of Eq. (6), therefore,
involves the determination of the velue of n which gives & minimum value of p,
cither by actual eubstitution in that equation or by the use of curves oreviously
prepared, such as given in Fig. 4. However, the determination of n by Fig. 4 is
not always sccurate, as was shown in the solution of example 1, page 15, where the
author by using n = 8 instead of the correct value n = 9 obtsined a collapsing
pressure which was considerably too high. Fig. 8 on nage 18 is drawn to a differ-
ert scale and gives a very accurate determinaticn of n.

Equation (7) is simpler than Ec. (€) and the coliapsing pressures calculated
by it differ from those calculated bty Eq. (6) by less than 1 per cen’ for all values
of 1/d velow 2.5, as shown by Tables II and III, page 19. However, Eq. (7) like-
vise requires the determination of that value of n which gives the minimum collaps-
ing pressure and hence is somewhat cumbersome and indirect.

Equation {a) presents a striking contrast to equstions (6) and (7). It is
very simple andé gives the collapsing precsure directly without the use of n., More-
orer, Fq. (a) checks Eq. (€) even more closely than does Eg. {7), ard can renlace
oo I8y i 811 practicenl ealculations.
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