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Summarz

The equations of motion, for lateral-directional dynamic stability and
response of tandem helicopters in forward flight, are formulated. Theoretical
expressions are developed for the various stability derivatives, and the
results of preliminary calculations for an HUP type aircraft are discussed.
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Egtroduction

This report is the result of preliminary studies of lateral-directional
dynemic stability characteristics of tandem helicepters in forward flight. The
work 1s part of tke third phase of a program of theory and static and dynamic
flight testing to develop a practical working method of stability estimation
for tandem helicopters. The first two phases, involving longitudinal stability
are essentially complete (Ref. 1 and 2). The work reported here is to be
followed by analysis of static lateral flight tests to vérify the theoretical
lateral derivatives; and then by lateral dynamic response tests for correlation
of those characteristics with theoretical predictions.
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| Axis Systems gnd Notation

? R The equations of dynamic motion developed herein are in terms of forces
\ and moments along and about body axes fixed in the aircraft, and rotating and
; translating with it. Their origin is at the aircraft C€.G.; the X axis lies
: in the plane of symmetry, perpendicular to the rotor shafts; and the Z axis

) is parallel to the drive shafts.

It is convenlent to use existing expressions for the rotor forces and

: moments in terms of axes set with the local wind seen by the rotors. Quentities
measured in this "wind" axis system are subscripted ( Jw : such as Tw,
acting along the axis of No-Feathering (ANF); and the side drag forces, Yw

and H,, , acting in directions perpendicular and parallel to the plane containing
) ANF and theée instantaneous relative wind.

In relating the two above systems, it is convenient to use an intermediate
system subscripted ( )i , in which T{ is along the ANF, and Y, and H{ are
perpendicular and parallel to the plane of the ANF and the X body axis.

i A
EE

In the body axis system, of course, T acts along the rotor drive shafts,
and Y and H are perpendicular and parallel to the X axis.

;
x
% , Symbols used in the theoretical analysis are detailed below:
%- General
&, '
§ i ( ) Primed quantities refer to the rear rotor.
%’ t ( ) The upper of the two signs preceding a quantity refers to the front
g and the lower to the rear roto. value.
z
i
¥ Zi( ) Algebraic sum of the front and rear rotor contributions of a given
¢ quantity.
!
§~ Z& ( ) Difference between fromt and rear rotor contributions of a given
? quantity, the rear rotor contribution being subtracted from the
] front.
f )\ Root of characteristic equation.
%
§ (l‘);,s Coefficients of characteristic equation.
}
; F? Routh's Discriminant for characteristic equation.
C ) Bar denotes o%: (.

( )_g = ( )_&us Subnotation denotes fuselage.

( )¥' Subscript, following standard practice, denotes partial differentia-
tion with respect to subscript quantity; ( )¢=

- s S

e

T Ty T ow demaves attferentistion vith respect ia .ti‘-e_;z:.(:ae...g.(mg;..w.;;;

D( ) Derivative with respect to non-dimensional timej D()= d‘(/g/(é)
r?:




o, Forces and Moments
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Rotor thrust, or, upward component of rotor resultant force (1bs.).
Horizontal component of rotor resultant force, directed aft (1lbs.).
Side component of rotor resultant force, positive to the right (1vs.).

Rolling and yawing moments of helicopter about C.G.; roll is positive
for right side down and yaw for nose right (ft.-1bs.).

Thrust coefficient. QT - //PW‘R*C aR)?
Horizontal foerce coefficient. QH‘ = %WRZ COR)R
Side force coefficient. Q\( s }léwwzz(ma)z
Rolling moment coefficient. C;l ///FE;V<1(51GO%XL
Yawing moment coefficient. g = /OT\’RZ (QRR /Q_

Fuselage side force coefficient. ( Y)‘V— /aT\“R?-V«*

Fusélage rolling moment coefficient. (Ql )“: = %‘TR:‘VAQ, .
Fuselage yawing moment coefficient. (Cn)_(“ = %\TRZ\/*}Q-

—————

. Physical Characteristics

b
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Number of blades per rotor.
Average blade chord (ft.).

Flapping hinge offset, distance from blade flapping hinge axis to
rotor shaft centerline (ft.).

Average height of front and rear rotors, measured from fuselage
longitudinal axis (ft.).

Mess moment of iner%}a of blade about the flapping hinge (slug-ft?)
2
Iaaae'—',[ * dm
Mass moments of inertia of helicopter abocut its x, y, and z body axes
respectively.

Mass product of inertia of helicopter for the x and z body axes.

2
Radius of gyration of helicopter about its ( ) body axis. /Qe( V= 'IY:T)

Linkage term representing radians of swashplate tilt per inch of

_lateral stick motion._

Lmkage term representing radians of swashplate tilt per “inch of
rudder pedal displacement.



9. Distance between rotor shafts (fi.).
ﬁ,o Average distance from C.G. to the rotor shafts. ﬂ‘o' j‘a- (ft.)
- Mass of helicopte. (slugs).

Ms Bade Static mass moment of blade about the flapping hinge (slug-ft.)

: ' Ms‘ LRP‘ C!.m

; Y Radius of blade station or element.
A R Blade radius (ft.).

“ ‘St Area of vertical tail surface.

% W Weight of helicopter (1bs.).

Velocities and Angles

V Relative wind velocity (ft./sec.).

ﬂ Velocity of rotation of rotor, clockwise rotation for front rotor
and counterclockwise for rear. (rad./sec.)

r X Angle of attack; defined for body axis system as the angle between
: the relative wind and a normal to the rotor shaft, and for wind
E axis system, as between the 'elative wind and a normal to the ANF.
P ﬁ( ) Sideslip angle of helicopter, positive for slip to right ( =1.).
¢ )L'p Roll, positive for right side down, and yaw, positive for nose to
;; right, angles of helicopter, respectively (rad.).
4
, 0 Non-dimensitﬁalized roll and yaw rates, respectively.
; g “:
3 P v V=
Qu, Longitudinal tilt of tip path plane, positive aft for both front
and rear rotors (rad.).
i b\ Lateral tilt of tip path plane, positive to left for front rotor
3 and to right for rear (rad.).
1
k 60 Coning angle (rad.).
4 A\g Lateral cyclic pitch of front rotor, positive to right (rad.).
! !
é A\s Lateral cyclic .pitch of rear rotor, positive to right (rad.).
i .
i_ s B‘S Longitudinal cyclic pitch of front rotor, positive forward (rad.).
! ]
y B\S Longitudinal cyclic pitch of rear rotor, positive forward (rad.).
9@ — uellectivempitchmangle&ofmrotqr bl&des (rad )

A\g tK,'go_ (See section on "Control Effectiveness s equations 13, ete. )
Incremental lateral cyclic pitch caused by positive control stick

displacement g (rad.).
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Lateral control stick displacement, positive to right (in.).
(See section on "Control Effectiveness", equations 1k, ete.)
Incremental lateral cyclic pitech caused by positive rudder
displacement ¥ (rad.).

Rudder control displacement, positive left pedal forward (in.).

Aerodynamic and Non-dimensional Parameters

p
A
P
o
Q.t
3
§>éo

K

Advance ratio. = -}v-/——

AR
Rotor inflow ratio.
Air density (slugs/ft.3)
Slope of blade two-dimensional 1ift curve.
Lift curve slope of vertical tall surface.
Profile drag coefficient of rotor blades.

Induced velocity factor to account for the effect of front and
rear rotor flow interference.

Aerodynamic factor to account for the change in lateral flapping
due to a triangular fore and aft induced velocity distribution.

G-m

et s

TR

Locke's blade inertia coefficient. \(z Q o R4
Bade
Blade mass constant. K = acR3
* Mg

Non-dimensicnal time parameter. /}, “m
= /OT\'REQR

Rotor solidity.

Helicopter density parameter. /u* - Tm
PR L,
Non-dimensional roll inertia parameter. |
/VW T 0C (

Non-dimensional yaw inertia parameter. }\3‘ \ (

Iy M

Non-dimensional product of inertis para:ne'ter./g\

o
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Rotor Forces and Axis Transformetions

The rotor forces are calculated on the basis of several simplifying
assumptions, as follows:

1. The induced velocity over each rotor disc is constant. The inter-
ference induced velocities are accounted for in an approximate
manner, based on longitudinal stability studies. The importance
of these assumptions is léss than 1n the longitudinal case, and
they are believed valid where only perturbations of side forces
are lnvolved.

2. Assumptions of quasi-static blade motion are adopted. The blade
dynamic modes of motion are thereby ignored, except for the
gyroscopic lag damping effects. The effects of these assumptions
are guite generally small, since the modes ignored are of very
high frequency compared to the aircraft's characteristic modes.

3. ©Small-angle assumpiions are generally adopted, to be consistent
with the small perturbation, linearized equations to be developed.
Certain higher order/l. terms are seen in the development to be
small, and are ignored in the interests of simplicity.

The basic equations for the rotor forces, in the wind axis system, are
given below (see Ref. 3). Where double signs are used, the upper ones apply

for the front rotor (clockwise rotation), and the lower for the rear rotor
(counter-clockwise rotation).

C;) N .
@ alde o (0, = L6, +

3 O
Ay -3 (G, = |- 3p0pt S0brH0b

)t). + %;fso Q- Ei/J )\fgo "}*af3c>CL|
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The given equations (l) reflect, of course, the induced velocity assumptions,

and the ¥¢o factor in (1d) allows for rotor interference. These factors must be
obtained emperically (HUP interference characteristics are contained in Ref. 1)
and they represent the increase in rear rotor downwash due to the front rotor and
the smaller upwash component on the front due to the rear rotor.

2 8'.,)'

2b)

2¢c)

Similarly, blade flapping is given by

(B = ¥ (5 &)
(O'\>w = \ %“e°+ 3\51“)‘

Togpt
P 3l WA St

Equations (2) of course, involve the quasi-static flapping assumptions, and

the factor K in equation (2c¢) allows for a triangular fore-aft distribution of
induced velocity and its effect on lateral flapping. The factor K is given by

= 3 ((37 w
K \+8P‘f3o

Equations for the transformation of forces between the axis systems, appro-

priately linearized, are

3a)

3p)

3¢c)

ha)

Lp)

he)

T = Tw
Y;.éYW—HwB(
*41 == }4v¢ + \(;Jlgi

T""' TL"" Tw
‘\( = \*E + ‘—ri ﬁhs = \{;v - ‘JVV'CSL + VT;V A\s
H:* He - T Bg = Ho + YwBL“TvQB\s
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Aerodynamic angle transformations are

i

C?§1‘-%'£3i Zx\3*+ ESRS

ke
50
o
<p=
4
=
&

Blade flapping transformations are, similarly:
W Gt Ok By & - By Tl B
6v) @) = (@)w F (bi)w Bi
.6°) \?\s = <\DA\)( T A = (b = As i‘(fci,)w BL

64) (\b\)L = (b, * (@) B'L

The preceding equations are sufficient for the evaluvation of the derivatives
of the rotor forces with lateral flight variables. These derivatives are to be

taken—at—the-initivl—values—of~the-variables—— for-examnple-:

[ .

Il

| (Bs)o = Po = Yo =0



Before proceeding with the derivatives, however; it will be‘conVenient
to express the inflow ratio, A , in terms of the flight variables in the
body axis system. Using equations (1a) and (14):

L 3B (w8

Substituting (5a) and (5b) into (7a):

Rotor Side Force Derivatives

For the side-force derivative with sideslip, from (4b):

= O f3s Of%

8a) %% 2(Ch = (G, + Ax 2(Cr)w

iy

10.



Since (CY)w is & function of 60 ’ b\ 5 Q4 , and A , which in
turn are affected by ﬁs , the first term of (8a) can be expressed as

8b). < \
; aﬁo b OB |
which,. from (Ib), (2a), (2b), (2c), and (7p) becomes
' )
@ = 3Gy L _—mMASF
i , CUS EE
, o fs | + (1+ )
where .
7 8d) | K 4 i
( KR ~ - 2T )4+ Q - ' :
Fapbe (k- 2)+ &0 (- )+ @+ ph(x-2)]
In the above (8c) and (8d), certain higher order tetms have been dropped.
Note that since derivatives are to be evaluated at the initial condition of
e efymmetrica.lm-steady-«flight**no*"dist1nct10n of Taxis system for Xy _or A is . &

niecessary in these equations. : 5

11.



' The second term of (8a) is to be evaluated by (1c¢), which, however, may be
i simplified to
i il = S u 4+ 4o . a - L8 4+ 3 )\ + Lygd
| S
The last term of (8a) is
| 8r) (OB T | -
Gt |G an | _ —amAs
9 @s | oA OBs |y |+ Q;‘u(w )

Using (8c) and (8f) in (8a), and including both rotors,
1
>

y 2
3 8e) FA\S | Ass Z C
V‘ =pAa \+ 8 - 9~ A ¥ QS < H
" b ‘33 3 (‘*'%‘o) Ly (H' )
£ where the A and Z symbols have special meaning defined in the Notation
section, and F and Cy are given by (8d) and (8e).
4 It may be noted from (8b) that the derivative of side force with rolling
1 velocity will be similar to the derivative with suiesll;p , except by a factor
and the addition of another term relatéd to the 4) term in (2¢):. It may there-
; fore be written by inspection that-
i.\
a = — ' i

~ o0 L R oG § | (£ 3-%)
! . ~ 7 6 3 4
: 0¢ Vo 03 ‘
E'\ - e ) R et fanand T rmem—— bt “"."‘"\"""' e —
K It is apparent in (7b) that the derlvative of side force with yaying velocity
i will be similar to the derivative with sideslip, except by a factor V ? and a
G ,
K >y Sy

12.
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change of signs for the rear rotor. By inspection of (8g), then

5%)

Rotor Rolling Moments

‘Relling moments due to the rotor are of two kinds: those due to the side
forces aeting at /%o agbove the C.G. , and the hub moments associated with hinge
offset. The former may be written immedlately as

I

10a) é_@g 1 R a0 ‘
ofs & L Ops

10b)

o9

10c)

Qo
I

|—
>

oW 3‘7@ DY

P -

S e ey
Pt il

He) Cﬁz—;/‘[{ <9*)\)+4/‘60(65 Q«oqj-\-/Q\ ¢)

.. The_hub _mements can be written, By, adaptation from Re‘fereuce 3, —EsT -

4 @) + (bi)e }
© 8a

13
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The derivatives of this, using equation (6) in conjunction with (7), etc. are

11b)

=& - L i (ie g xaK)/u AL+ ‘@21\+§ )}

1lc)

11d)

- |
b e o i
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Equations of Motion

The linearized equations of motion for side force, rolling and yawing moments,
can be written as follows:

-G - G

. T /-'--..A

18.




In these equa.tions, the inertia coefficients are:

.‘ ,;.‘ ) = d-( . = )
DC ) (%) ;v x

:IQ“R; OF

Ii
}.,
ol fy

i

and o< is the initial angle of attack of the X axis.

Expressions for the aerodynamic derivatives in equations (15), from the
previous work, are summarized below:

where F 1is given by (84), CH vy (8e), and(o\{)s“s by :

P N - T T e S Sl L S L
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and Jkt is the distance, in feet, above the X axis of tail aerodynamic
center.
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" Although the foregoing equations look somewhat formidable, it will be seen }
- that they involve many factors in common, so that their computation is not, in i
. fact, overly lengthy. It is to be noted further, in the next section, that ;
f  according to preliminary calculations at least, considerable additional simplifi- ,
; cation is permissible for typical configurations. ‘
\ .
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‘Sample Calculations

4 Preliminary calculations, for the HUP-1 helicopter without vertical fins,
have indicated that several simplifications of the above equations may, in
general, be permissible. These are tentatively listed as follews:
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where 7 i
N i
i
193) C - 9,4 2 y \ 3 A |
= = M+ , Bou + S M :
H QC‘.)).A q/\AQO + Q/UQO)\ a/U)\ i
|
19k) ? 9 .
Q)\ = '5 N (o) + g\/u )\ .
19m) = 4
\3\ - '3' K/M (oY
A few preliminary calculations of characteristic modes can be repoxzted at
this time. The helicopter considered was the HUP-1l. Tentative results are as
follows:
]
1) The lateral static stability is positive ( + dihedral effect),
Q,Q,5 <0
2)_..The directional static stability is negative, (g < O, due to ____
-unsteble—fuselage contribution-— = N >
3) Damping in yaw and roll are positive ( C}hp and Q/QP,<O )
26. N\
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L)} The characteristic modes of motion for these derivatives consist of two
stable real roots (simple COnvergences), and an unstable oscillation.
Both real roots increase with increase ixr/AA‘. The period of the
oscillation increases=slightly with AA , whereas the damping (cycles to
double amplitude) is roughly indepéndent of/AA .

Studies of* the ¢oefficients of the‘characteristig equation indicate that for
the normal HUP-1 configuration, the coefficients can be simplified to:

20a) C4. }\4 4 Qa Yo+ C‘Q M o+ C\ A+ Co = O

Solutions of this simplified characteristic equation gave approximately the
same roots as the more complete treatment involving much more complex expressions.

It is evident _that the helicopter can not be dynamically stable with
Cixw <o . If (qu is made positive (by addition of vertical tails, for

example ), all coefficients above in (20) will become positive, and the stability
will be determined‘'by Routh's Discriminant,

P T -




21b) R- @ é‘r ( QQ

2la) . N 2 ~ &
R= C,C,C, = C,C% = 40,

which must exceed zero for stability. With approximate coefficients of (20)
however,

in which, forCZnﬁ > © , all terms contribute negatively. This denies
hope of stabilizing the lateral oscillation merely by providing static
directional stability.

Solutions of the more complete equation have shown that, as (j;ﬁ' is made
more and more stable (positive), the divergenece of the oscillation is reduced,
but not overcome; and the period is reduced.

For large variations in the other derivatives, the approximate equation (20)

is not valid. More complete solutions have shown, however, the following effects:

1) Reduction of (2%8 has a favorable effect on the unstabie oscillation,

and particularly in combination with pOsitive<:1W3 , can possibly
stabilize the latersl oscillation.

2) Increase of damping in yaw and roll, particularly the latter, is
beneficial.

3) Increase of side force derivative Clﬁ@ is beneficial, though possibly
impractical.

Preliminary conclusions are that design changes to improve the lateral
oscillatory instability should aim to a) provide static directional stability,
b) reduce dihedral effect, c) improve damping in roll. Further calculations, in
greater detail, of the practical possibilities are currently being undertaken, in
addition to experimental verification of the static stability derivatives and
dynamic response characteristics discussed above.
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Conclusions

Lateral and directional static and dynamic stability derivatives are formu-
lated for a tandem helicopter in forward flight. Equations of motion are written;
from which the dynamic stability characteristics are predictable. These theoretical
results are subject to experimental verification; and should be regarded as
tentative.

Sample calculations for the HUP-1 helicopter indicate negstive static direct-
ional stability, with an unstable oscillatory mode of lateral motiom. Tt appears
that provision of positive static stability alone can not stabilize the dynamic
oscillatory mode; and that, in addition, reduced dihedral effect and increased
damping in roll are reguired. '
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