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SÜWURY 

•. .^.ur. algorlthB of th. nvlM Biiipux Beth( ^^ ^ 

th. r~*. u MMM to b. r^u.^« be.n deBlgne(I co provi<ie 

th. .^a.« po..lble Mt of nlat for 8oiving t uj>^ ^^ 

prot1.m „ th. g.neI,1 c..a ^^ „^^ i8 ^^ ^ ^^ 

** ~.U of th. .y.t.n.    ^„..„^  lndloatM ^ ^^ ^ 

whl h  ^ to r,pl.c. c.rt.ln vMtora ^^ and ^^       ^ ^ ^^^^ 

th.t th!. t.nd.nc, CM ^ r,düü.d by , ^ ^^^^ ^^^ ^ 

obj.ctlv.. of th. p««^ on .ich ltewtttii      ^^ ^ ^^ 

o.t.. th. ru!« of ^nt,on mmiltM    m ^^^ ^ Bot ^ ^^^^ 

ob.t.ol. for Lrg«, hlgh-.p..d oomputor.. 

Pr.»lou. p.p.r. lnvolvlng ^ „,. of , <lual .lgertthiii ^ 

.««..t.d th.t „uch info^txon U mh.r.nt In . prebl« ^^ ,, 
not „on-U, fen Mwtae. ef.    „,. prwnt ^^^ ^    ^ ^ 

bln.tion of th. no™.! «„ „^ .1^1ÄB,> ^ ,_ --m- 

«« -.P. ..p.r.t. th. thr.. ..MnWally «Wtort ,„.„ „^ „^ 
th. .tapu. „.^ 18 «„„„,.„, nM|.ly!  noMlngularlty of i ^^ 

-«..  f...lbmty of th. .olution.  «g opt^Uty of th. .oiutioo 
it u bou.«,, th.t „ „p,^, .olutlon wiu ^ ^^^^ ^ ^^ 

Iterations by this method. 

( 
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A  COMPOSITE SIWPLBX  ALQQRlgnu-TT 

tte.   Orohard-Hay8 

I-^OTATION AND BACKOROÜND. 

A linear programming problem 1. concerned with mlnlml.lng (or 

-xlml^mg^whlch merely involve, change of aig^, a llnftar ^ 

(1)  A ftoJ XJ" ** 
subject to the condition» that 

(2) A ^  XJ "bl  '  1 * 1^ ■ 
(3) XJ>0  -  J-l,2,...,n, 

«mere we a.aume  (without loa. of generality)  that all b, ^ o. 

In the revlaed simplex method  (and In particular here,  the fonn 

of the method ualng the product fonn for the inver.e of the bael.) 
the atatement.  (l),   (2) ax, conibln.d ln , ^^ ^^ ^^ 

formed of the following column,  (denoted by brace«): 
Po " f1'  0'   •••.  o] 
PJ  "[ÄoJ'  *lj'   •••»  amjj     , J  - 1,2,...,n 
Q    -{0'  bl **] 
x  mixo' H> "" H\ 

which are combined to fonn the matrix    P -  [>      P P "l    . ^ ^ L'o'  ri»   • • • *  ^nJ    «id the 
equation "^ 
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(4)   PX - Q 

wh«nc« x0 la to be maxlmlred subject to (3) and (4). 

Thm  almplex method worka aolely with baalc aolutlona.  If P 

doea not contain the (m+l)^rder Identity matrix I, then a baalc 

ISaslble eolutlon la not In general available to »tart the Iterative 

procedure for maxlml.ing V  ^at la, what la dealred la the ex- 

plicit knowledge of the following quantities: 

(5a) a baala for (m^l)-apace choaen from the P. and denoted 

by J 

B- W -• V  '  PJ0-
Po^ 

(5b)  Ita associated solution vector V - lv  v       «   1. 
I  o'  wl»   ""  vmJ 

( such that BV - Q,  Vi > o for 1 > 0 ;  and 

(5c) the inverse of B whoae elementa we denote by ßlk, the 

rows by Pl - (Plo, p^, ..., p^) , lm  0,1,...,m, 

*nd the columns, when necessary, by C, - f a   a       A 1 
k  lpok' plk' ""  PnjkJ' 

K ■ 0,1,...fm ;  that la, briefly, 

*"* - ^ik) -{V Pi pm} 

where the laat braces signify a column of row«. 

Besides the lack of knowledge of the quantltlee (5), It la m 

general not even known whether or not the matrix P has rank nH-1,   • 

that la, whether or not it is possible to choose a basis for (m+l)- 

space fro« the column, of P. At the same time. If certain of the 

equatlona (2) were redandant (i.e., rank of P leaa than «H-l), this 

would not preclude the possibility of a aolutlon to the problem. 
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«r. known    n «oul- K.    -^. lUMtltl.,  (5) 

-^ - thl. taeK1^. „ ove_ Mi JZ ^L tr.t 
conv.m.nt. pr.ctio.M. .t.rWn« pox«» from „^^ „_    *""** 

rrr r r: - •—•" - —- - - - 
B-1  - 

Tc ^k—1   '•• *l 

•*.« th. Bi .„ .1.B,nt.ry oolttBn „.^^^       B,3#5#<ij 

«—* PH-« =n. pnov«.. . th.OI,tlMlly foo^roofl 

finding . .mutton to (5) „a W_OI. „       ^ ^ y or 

.xl.t. »h^h    . »hoirtng that no »olutlon 

.«.t. ^ch.  in . ..n...   „ . .olutlon to ^ ^ probl 

•n« .. .hoTO that p... „„. u ept to b. _ly ^ _ -•- 

: r r:irr:r:;r ^ rQ—-— 
t,„      .. y 0 **"•    Thla »• "»"y 1» ooBputlng 

^«-^I!Z!UO" ~n"-^ ~' —n into Z 

only".oL^ssätioroFT^'M:!srsby
E*«   nr.  ■ 
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computation« before the actual maxlmlratlon of x0 Is begun. 

Secondly, there la no guarantee that the feaslbll bael. obtained at 

the end of pha.e one «ay not be about as far from optimal a« po.alble. 

T*e algorithm to be herein preeented 1. the second of two proposals 

[8] for overcoming the second of these objections.  The first objec- 

tion is olosely related to the difficulty mentioned In footnote 1— 

that is, although non-convergence appears to be extremely rare, slow 

convergence Is fairly common for phase one.  However, It Is believed 

that even this difficulty will be Improved by the present algorithm. 

III-A WBW LOOK AT ARTIFICIAL VARIABLES AND THB PRODUCT FORM OF g"». 

In the usual phase one, an "artificial" Identity matrix Is 

adjoined to P and artificial variables are associated with these 

unit vectors, an auxiliary maximizing form then being Introduced 

for the purpose of eliminating the artificial vectors or at least 

of driving the sum of the artificial variables to zero.  (This aux- 

iliary fonn consists of a redundant equation Incorporating an additional 

variable similar to x0.)  Also when the product form of B"
1 is used, 

this is usually considered as merely a computationally convenient 

way of recording ET1.  We now wish to look at these variables and 

the elementary matrices whose product Is B-1 from slightly—but 

Importantly—different viewpoints. 

It is mandatory that we malntaln—at all stages of the simplex 

process—a basis for (m^D-space, regardless of whether It Is wholly 

or partly artificial, or completely contained In P. Thus when we 

speak of a "basic, feasible solution" to (5) and (4): 
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(b) 

(c) 

"solution- mean, that aquation (4) l. .atlsfiad, and 

-fea.lbla- means that condition (3) 1. aatlsflad, wharsas 

-baalc- maans that for all x^ > 0, tha as.oclatad P^ ara 

llnaarly Indapandant (and Independent of Po) and henoe If 

there are p < m .uoh Pj (j > 0) then r^p    unit vectors 

must "fill out" the basis. 

Clearly th.ss three notions are distinct and the Idea cf a solution 

being -baalc- l. really extraneous to the linear progra.nnlng problem. 

Purthermore, 

(d)  "optlmallty" refers to (l) 

«nd 1. still a fourth distinct notion.  Although the simplex criterion 

for optlmallty requires, Ir.  practice, the inverse of a baslC, the 

degree of artificiality 1. not a consideration. The easence of the 

present proposal Is to keep th.se four notion, distinct but to work 

on all of them simultaneously. 

Since we must alimy. provide a basis. It Is natural (and very 

convenient) to .tart with the almplest of all ba.es, the Identity 

matrix I.  w. will not think of this as an "artificial baals- for 

the problem but simply as part of the necessary mechanlam on which 

the operation of the method depends.  We can obtain feaalblllty 

initially by setting all x., - 0,  j - 0,1 n.  However, this 

does not provide a solution to (4/ so It Is necessary to modify (4) 

•c that the rlght^and side 1. null, »ör thl. piupo,. ^ i«troduc. 

■ suxlllary non-«egatlve variable. ^ ^ 0, 1 . 1,2....,«.« * ^ 

2 

^or tn«/ CO?tAln8 0OB* ^^ Vm0tOra  ül 0th€r thmn  V then the x, 

rg( 
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«odlfy (2)  to 

(6) 
n 

x1 
m h.  — u^ 1 " *#2, ,., ,ni# 

*_. «MM, v kl PP0V1<IM . ,olutlm to ^ ^^^ ' 

(♦)    «.«.VM.,.   u.{o, „^ ^ „v 
M MM. ...k „ot,, „ mamtm Xo „^ to t^n o ^ ^ 

-hlU MM**« ftMiMU«, „„ oont^ulng to provld. . ,..,. Mlth 

which  to operate.^ 

««rly If , aontixn. My noMuU voter b.,!.,,, p ,  aoB. 

Fj  (J > 0) c« b. mtroducd into th. ba«. «UatoMU« «. „r th. 
unit „.ior. U,,    i > :.    „,. eholo. of ^ pj ^ intii<(duo> wiii 

b. mM. to dopond on th. optlml.m, ron. (l) .. long „ lt u ^^ 
•Ibl, to l.prov. ,e, ^.^ th. cholc# of ><hloh        ^ ^^ ^^ ^ 

•uch .. to «l„t.ln f...lbmty (l...,  ^ ,„ „«.r,,,,, .„„ ^ 

«infln .11 «, ;> o.    ft, flr,t mb,tltutlon „^ „^^ ^^ u 

to «no (»1... o.rt.ln u, ,.„ „0t mt^ducd,  „. footnof 2)^ 
th. cor«.Pondlng 0, 1. ,llalMtti fron ,.    ^„„^ ^ ^^^ 

th. u, 1. th.n not .U^d to r~.nfr th. p«bl«,  th.t U. «h.n 

V1 1. .11-ln.t.d fro- B, ut 1. tmmmt tna v ^ n#lth#r M mT 

oon.ld.n.d ^.in.    Hovvor,  mm ^ m, r.™.^, „„.,„ „ , Ä .„ 
l.v.l.    Wh«.„P,  ^ th. Mwtt< „ ^ ^j^    ^^ ^ ^ oo^ 

.ld.r.d .. t^cn ov.r tho» ^ .till fom.lly m Ü. 

th.  rl|tht m.mb.r of th. "dundSt fi3>tffT **?? ' "f ^troduood In 
on..    Not. th.t « h.». norSSd4,^«0;^?;^7 mpl0^ ln I**" 
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One of Ihl ^ 1. not illy •limlnaf d on ..oh Iteration- 

a. alway», certain P^ «ay be Introduced Into B and replaced later 

by other Wr However, the choice of a F, to Introduce depend« on 
(1) and not on an auxiliary fom. 

Bach Iteration i will produce an elen*ntary matrix H, which 
tranefon». the Inverae of the  (i^)-t b-ial8 B        ^ ^ ^^ 

the ith baals: 

^•«Ä-MM ••• VO  . Bo-I c 
If andren a fea.lble aolutlon to (3) and (4) is obtained, aay at 

the N  iteration, then the a.aoclated baala has an inveree 

where ^V,, - Q and for any U, (not In P) riming l„ B,,, v, - 0 

Hence we can think of the K Iteration« a. ...entlally confuting the 

■j whoae product give, the Inverae of a feaaible ba.l. ^    Kote that 

a feaaible baala may be partly -artificial.- On the other hand, a 

baala choaen copplebely fro- col«™ of P »ay not provide a feaaible 

aolutlon to (5),(4). Hence the notion of a -feaaible baala- la really 
a composite Idea. 

IV-WSQUIHSD MODIPICATION OP THB FIR3T SIMPLEX CRITBRION 

Choice A;  (Some 8, < p) 

There are two main criteria which together with Oauaalan 

elimination eaaentlally conatltute the al^,lex method. Firat, given 

a baala B, the flrat row of JT*.  p,, la uaed aa a -pricing vector.- 

i 
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• Th« Inner products 

(8)  *3  - Vj t        J " 1,2,...,n 
1 

are formed.  If any ö. < 0, then an index a la chosen by 

( 

f 

I 
( 

(9)  0S - mln ftj < 0 , 

the uaual convention being that the smallest such Index is ohoaen In 

caae of tlea.  If (9) applies, than  the vector P Is Introduced In 

the amount B > 0.    The new value x* of the new solution, obtained 

when Fs replaces (if possible) some vector In B, is given by 

(10) xo " xo- Wa ^ xo 

This same rule will be used in the present method whenever (9) 

appllea, i.e., wheneV4 

criterion "Choice A.1* 

applies, i.e., whenever some 8 < 0.  We will oall this aeleotion 

Choice B!  (All 8. ^ 0, all u^ ■ 0) 

In the uaual simplex procedure, the condition that all &« > 0 

implies that an optimal solution has been obtained, namely the basis 

B and its aaaociated solution vector V • B"~1Q.  This implication 

rests on the following two assumptions: 

(I) V has been maintained feasible on every iteration; 

(II) either B contains no artificial vectors or, if it 

does, the sum of the corresponding artificial 

varlablea la aero. 

While we will maintain feaaibility in the extended sense that (2) 

holda and also all tL £ 0, we will certainly have artificial unit 

vectors in B for at leaat the first n-u Iterations (where u is the 
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numb«r of unit vector« a»««-, «-u     » 
S «..„ not b. Z9ro i'    *>0> mt*. corr..po„dlng 

•. >- o -..;; .2°:z r : r rrrb— - 
U .,ut«a.nt to th. oondttlOB of      ^       2^   •V,rt,"Uty 

- opt!«..,  f.M1M. „^^ hM ^^ ^ 

a 

Choloa C: 
> 0, 125 « 0) 

—in* ...clblllty (cf.   (10)K tf^~    * x- 

-H y.t .tt^pt to n^uc. th#.. ^ ,      "    Ul " 0'   ^ - 
•olutlon to (4)      ^ .^ ? ^ ^ 0rd#r ^ •»■ • 

auai ■"«»l«« *lSorlth«.     [2,71 
Slnoo in thl» c«s« wm wi.k 4. • o«»o wo wluh to roduo« th«    u    !> o    4*. 

loglc.1 to irork fir.t on the l««..t * '        •••,M 

t by lar8#-t 0n6-    ■— "• ohoo.. tho i„d.x 

(11) ut - ul > 0 , 

(taking tho .»«ue.t .uch mdox    «ur    m 

3t - ^ th. !_ p^otfl ZT'^ - ^ - - - 
"t - _ Pj_t u- lf *r  -^cc.. ^ 

-ith P. do.. not vlolat€ rfta.lblllty^h#77p
a P- - ^-^ -t 

Th.n .1.0, wo ^j ^^    ^   . ut/v    _ <>•*,- IT Ps, ^ . ^^ \i«./ ■ ".' ^i - P±em' 
*'**    m   Xm       WJd    th"»«   im..«-    K t        ,    -«a wu. rauat b. non-nogatlv.f •o w. must havo v a A D ^ ^ " --"•—•" 

rt  ptr8 > 0« 'ürth.raor. Aith«„»K lnor.M. x  w, ^^ „ "»r., Although we ctonot 
"• x0» w. »tot to nadue. it .a litti. •« *• ilttl. .a poaalble. sine. th. 
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(I2:c) 

ohang« in xÄ Is #8. - -i y «har* v - « p  ■ R  >v r> o     r •  yt 'o ■n*PB y0 " P0'8 " 
Ö
E ^ 0, ire choo«« 

• by thm  following trlpl« rul«. 

t (l2a) ^ •"y 0tPJ > 0' ohoo»« th« smallest Index s such that 

A (12b)  If all ßtPJ . 0, then ut can never be reduced and there 

U no solution to (4).  (üt is Independent of all P .) 

U  •11 PtPJ 1 0 *n<» «ane PtPJ < 0, then any allowable 

change In B at this point will not decrease ut.  In this 

case we seek to reduce the sun 2 v^ of the u. still 

formally in U. forming the corresponding sum ß - 2 ß 

we compute fl^ for all j > 0.  If any ß^ > o, use 

(12a) to determine s '(replacing ßtPJ with ^FJ.  If all 

P2
pj £ 0' «»en 2 «it > 0 is minimum, i.e., cannot be 

reduced without some Xj going negative and there is no 

feasible solution to (5).(4).  (This is equivalent to 

the condition in the normal phase one when it is detsr- 

mined that no feasible solution exists.) 

The reader will note that (12c) is nothing but a different way of 

operating the usual phase one. However, this rule does not come 

into play until all else has failed.  Whatever novelty the present 

proposal can claim lies in this change of order and emphasis in 

tackling the four requirements (a), (b), (c), (d). Although the 

rules of selection for vectors to enter in and drop from the basis 

are more complicated here than in the normal procedure, this is a 

secondary consideration compared with time for and accuracy of 
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•olutlon on ■ iaw •l.ctrw.lc compufr. 

It in1!'12' IT' '  P'  " ^ 0hO'en'   ^ - U~1 - —— ft« in  terns of B 

to)       V.  . B-P. . {yo.  yi yB}_ 

«int.^ „.„ „.^  (12a) „„ ^      mmmr 

-.. . -«.nt.r B ^ lt. 0<>.„101.nt Xs. ^ , ^ o^; 
in ut  (or 2^ M (1£o) „, UMd) wni b# —• 

(o'-Z'Hj-Z"k-»2yki2
u

kl«cM. (120))  . 
*..ln It .houK. b. ^ that ^ „^ , ^ ^ 

oon.ld«r«bly,   th.re la no Kiwnnto. th.» »i. «««««nto. that the proaont mathod will bo 

1TIT    "unduly lone n,mb,r of it'~"<"-- - •—• 
«tho^laavaa tha ^ »pan, a. it «a«. ,.P „ob a ahort out to ba 

are . O    al/' r*1*'"" "0rth —,tlo»l»8 that «hon «oat of th. a     , 
iteration«.     Oi the other hand.  If moat  r«^ «i-n    *. ^ ' 
Choice C may have to b. u..^ .! ^ 0f "^ Sj »^ 2 0. 
Sff?!?;«"*1 ^i» ^vol^^rI •rf!r?USjtiS2a??S;'P8J?rOUfhout •*• •ffloleney of thl« algorithm mav t-ii  2l    itei*tlon.    ftiua,  the the model. -^«orxwim may well depend on the objeetlvme of 
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9     V-JIOMFICATIONS OF IHK SSOOND SZNPLKX CRITKRION 

Th« ««oond criterion In th« olmpl.x method la conc.m.d with 

detamlnlng th« Index r of the baals vaotor to be replaced by P 

Rapre8«itlng P^ in terma of B by (13), the uaual criterion la to 

form the ratios (provided any y, > 0) 

(14) ^ - ^i for all y1 > 0 and 1 > j 

and then to chooae r by 

(15) «p - mln ^ for all l included In (14), 

whence *r > 0.  Providing not all y^ £ 0    thla aaae criterion will 

be uaed here. 

In the usual procedure, the caae of all y«^ 0 (l > 0) 

^     inpllea that x0 has no finite maximum. Por the present method, 

however, thla laat Implication la no longer valid.  It muat be modi- 

fied and for thla purpose we distinguish three oases. We first note 

that all y1 ^ 0 can only occur In the caae öa < 0.  (flee Choice 

A in IV.) 

Caae I. All ^ • 0, all y1 ^ 0, and yk - 0 for all v^ 

remaining In U.  In this oaSe a class of feaalble aolutlona 

to (3),(4) can be constructed, whose valuea have no upper 

bound, namely, 

(16) BOT-W,) ^«P, 

I with a new value x» given by (10). Since y0 - poP> . ö^' < o, 

clearly 

j  c 
x • -» -f oo aa O -> ♦ oo . o 
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0 Thl« oaa« Is «qulTalmt to th* caa« in th« normal alraplex 

■athod (phaea two) whera all y^^ ^ 0 and tha Itaratlva 

prooadura tamlnata«. 

Ihm  function of tha redundant aquation during phase two of tha noraal 

prooadura Is to insure that an artificial variable does not get %h?va 

zero since this would require the redundant variable to go below 

zero (or vice versa) which Is prohibited by (14) and (15). Since In 

the preaent method no redundant equation Is used, this possibility 

must be avoided by examining the yk for which ^ Is In U.  This leads 

us to case two. 

Case II. All ^ - 0, all y1 £ 0, but some yk < 0 for 

^ In Ü. Hare Pg can be Introduced Into B by eliminating 

one of the Q^ In B but not In P. »br, since all XL ■ 0, 

♦r " Ur^r  " 0 ^r < 0^ *nd the n*w »olutlon vector V* 

will not differ from the preaent solution V (of. (16)) and 

hence feasibility la maintained wh51e one more v^  Is 

dlaearded. 

Caae III.  All yj £ 0 but some ^ > 0.  (Again note that 

»s < 0.) If #r > o. than x0 will Increase but so will 

•U «k 'or which yk < 0.  Since there Is no point In 

Inoreaalng x0 Indefinitely at the expense of likewise 

Increasing deviations from Q on the right-hand side« we 

arbitrarily reject the chosen ?m  at this point and return 

to Choice C In section IV.  In this caae. Choice C may 

actually result In an Increase In x0, but for the preaent 

Iteration we are concerned only with reducing 2 ^ of th« 

uk still formally In U. 
c 
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