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FOREWORD

This report, which presents working rules and recommendations for flutter
analysig using the aerodynamic=inf luenc
tha heroslzstic and tructures Research Lannratory, Massachusetts Institute of
Tachnology, Canbridge 39, Massachusetts tor the Alreratt Laboratory, ¥right
Air Developmant Canter, Hr[qht-Fnttursan Air Force Base, Ohio,
pertormsd at the MIT unde- the direction ot Protessor M, Ashley, and the
project was superyi seq by Mr

« G. Zartar|an, The ressareh and development work
was acconplished under Ajr Force Contract, No. AF 3 (8)8) - Uk

Project No,
1870 (Unclassitied Tit/le) ‘ltrnelnut!cftz, Vibration ang Noise,* and Task No.
13478 (Unclassif|ag Titie) "Theoretcal wupersonic Flutter Studies, * Mr,

Walter J, Mykytow of the Dynamics Branch, Alroraft Laboratory, |s task enginear.

Ressarch was started on | July 198y, is report Is part of a continuing effort

in the flutter of aircratt structures at supersonic speeds. This s Part |1

of this report which I's published In two separate parts,

The author, Mr., G, Zartarian, |Is indebted to Protessor H. Ashley, Or. P, 1

Hsu and Mr, A, Heller tor their contributions to the research. In addition,
acknowiedgements are due to Mr. G. Anitole for pPreparing the figures and to
Mrs. B. Marks for typing the finaj manuscript,

ustrations, is class!fieq CONFIDENT|AL
(exceptino the titie) because |t contains the development of improyed methods
tor conducting superson|c flutter ana

lysis; hence more accurate flytter
analyses for modern aircratt can be made,
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ABSTRACT

On the besis of investisations described in & preceding re-
port (Ref. 1) and subsequent research, recommendations are made
concerning methods of application of aerodynamic pressgure or
velocity potential influence coefficients to practical flutter
analyses. Following a brief discussion of the relative merics
of three basic types of elementary sreas, working rules are
given for winf plenforms of Principal interest, Simple {llus-
trative examples have been included to clarify some of the de-
tails of the Process. For the Mach box m¥lccm of elementary
areas, which is deemed to be the most sat nfactor{ from the over-
all standpoint, formulas and tables of certain re &ted functions
are presented which wil] facilitate future tabulstions of aero-
dynamic {influence coefficients.

PUBLICATICN REVIEW

This report hag been reviewed and ig approved,

; ] .p 4 -
(_’7-4'; DANIEL D. McKEE ,
/ Colonel, USAF

V4 Chief, Aircraft La worutory

FCR THE COMMAN DER;
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SECTION 1
INTRODUCTION

In a preceding report (Ref, 1), the need for direct, syg-
tematic numerical methods for the determination of suparsonic
unacaadg derodynamic forces on wings was discussed with particg-
lar emphasie on the case of simple harmonie motion, which oc-
curs in flutier caleulations., Such an &pproach involves s divi-
slon of the Planform into small &ress and use of go-called sero-

gmic influence coefficients. Thres alternative types of
elenentery area wers investigated with che ultimate aim of find-
ing the gnrciculuf one which wouid yield the most sutisfactﬁrg
rom an overall standpoint.” Some of the ncgacta of this
problem which had to be considered were the adaptsh

OX size, reduced frequency of the oscillations and Mach
vumber; tha relative esse of tabulating the aerodynamic coef-
ficients; and finally the accuranies attainable in the general -
1zed forces which enter the flutter equations,

In the assumed mode aApproach to the flutter problem, the
uantities directly involved are the aforementioned generalized
orces and not the pressuce distributions themselves. There-

fore, the ultimate aim 1s to determine the generalized forces
satisfactorily, Evidently, if the pressure distributions are
found accuratel everywhere on the planform, che resulting gene-
ralized forces which are weighted inte,rnll over the planform
area of these pressure distributions) will also be accurate.
Cases apgear, cwever, when the pressurcs &t various controt

tained using any of the three elementary 8rids fluctuate
agprcciably from the true Pressuraeg. Fortunately, because of
the averaging effects of numerical intctrationl over the plan-
form, the resultant generalized forces in such cases will stcill
be sufficiently &ccurate, provided the recommended rules in Sec-
tions IIY and IV are followed.

In Ref. 1 the Primary interest was centered un the appil-
cability of the so-cailed aerodynamic ressure influence co-
efficients (abbreviated frem here on as PIC), becauge this type
of influence coeff 'cient appeared to be the most straight forwvard
in apglicltionl. After completion of the resuarch reported in
Ref. 1, it was found that to determ’ne generalized forces a
better approach would be to make use of the velocity potential
influence coefficient (abbreviated from here on as VIC). 1In all
the applications made up to date, the VIC-method has proven {it-
self to hHe superior to the PIC-method, and has indicated the

reapscript veleased by the author February 1956 for publication as a WADC
Technical Report,

woc m s6-o7, rare 2 CIONFILENTIAL s 5o y



a1
TONFIDENTIAL

A

following two important advantages

(1) The VIC-tabulation would require less than half the
machine operstions than those for the PIC

(2) For planforme with subsonie edges, and for a given
accuracy, fewer boxes are needed with the ViC-method,

Because of the importance of thig new approach, it i reported
here in advance, pending the camglﬁtian of detsiled invest{-
gations on the VIC-method. Further applications of this method
will be undertaken snd Feported on in the future, Although the
rules stated in Sectione 111 and 1v are based rimarily on the
findings about the PIC-approach, they are still velid with minor
modifications when employed in connection with the VvIC,

Inasmuch as the so0-called Mach box 8rid system offers ad-
vantages in many res ects, especiclly for planforms with sub-
sonic edges at A< /5 » the emphasis hag been placed on the use
of this system. FKules have been deviged to &ssure sstisfactory
results, with the max imam g.ncralitx and simplicity, whenever
possible. Additional rules and tec niques are algo presented
to meet the requirements of specific Planforms and edge con-
figurations. For instance, a method 1s presented in ection 1V
to account for the effect of the singular downwash at side edges
on the airloads. Such refinements, which improve wmarkedly the
accuracies of the final results (Ref. 1), have been reccamended
foriuaelwhtnevcr they are needed and can be incorporated con-
veniently. |

Although not specifically stated, some of these rules are
applicable to the Square grid system, for which tables of the
PIC's are already availab e (Ref. 2).

At relatively high Mach numbers, say A >2.5, the recently
developed "piston theory" 1is promising for many types of plan-
forms. Preliminar investigations (Refs. 3,%) have indicated
that, at these Mac wumbers, airloads on two-dimensional or
purely supersonic airfoils with small to moderate sweep can be
predicted lltilflctorilz. An extension to the three-dimensiona}
case seems feasible. The accuracy of such Predictions improves
as the Mach number ig increased. "In view of the simplicity of
this theory, {ts use, whenever applicable, ia preferred for thig
high Mach number range.

In Appendix D, o simple flutter probiem 1s formulated to
illustrate the various steps in applfing either of the two types
of influencs coefficients. 1If the f utter probiem is to be
solved by weans of a high-speed digital computer, two alterna-
tive ways can be followed in feeding the aerodynamic influence

WADC TR 56-97, part 2 -2-
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coefficients into the wachine: (1) to stora the required table
of influence coefficients which have already been calculated
elsewhers, or (2) to store the sub-routines which generste tha
influence coef icients whensver they are called for, The final
cholce as to wihich proceas szhould bg loyed depends mainly on
the storage capacity and the speed of the Computer, and the asse
of prograwming

This raport is intended primaxily to ﬁE?ply w@rkimz rules
in the use of the Mach frid system for meroelasticiens nteres-
ted in solving practice flutter problems. Ko effort has been
made here to gu stantiate these rales, since they have been ¢x-
tensively discussed in Ref. 1. It should bae exphanized hers
that these rules wers arrived at by cxKariauca on & liwited num-

th due considerstion being
given to compromises betwsen desired accuracy and practicabilicy
of tha method, Therefore, these rulee do not gusrantes s given
accuracy, and their use does not necessarily result in uwnifors
aceuracy for all types of planforms . ey are sxpected, howavsr,
to yleld acceptabls calculated airloadi for flutter analysea.

With the VIC-method which 18 concluded to be the better ap-
proach, it is felt that it is now unnecessary to tabulate aero-
dynamic influence coefficients, Uning one of the tabiles in this
report (page 45), the procedure for o tainin% the VIC's according
to the approximate expressions is quite stra ghtforward, Engi-
neers using the present method can have these tabulated in a very
short time for any Mach number and reduced frequency. Most
flutter calculations will be carried out on high-speed digital
computing machines, on which very simple aubpro§rams can be de-
vised for instantaneous generations of the coef lcients as needed,

Under an extension of the subject contract, the following in-
vestigations are contemplated:

(1) The possibility of using a subdivision technique for partial
boxes at the leading and trailing ed s,

(2) A simplified procedure for handlin» the downwash singularity
near subsonic leading and side edges, It appears that, with cer-
tain arsumptions, it is feagible to formulate a generai refine-
ment of this type for subsonic leading and side edges.

§3) Applications of these methods to wings of various planforms
Straight tapered, delta and swept), for which experimental data
are avallable, .

WADC TR 56-97, Part 2 3=
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SECTION 11
SUMMARY OF THE RELATIVE MERITS OF THE
THREE BASIC GRID SYSTEMS

suggeastion b{ Pines (Ref, &), Brieflv, thig approach starcs

efinition of the aerodynamic influence coefficient,
according to which the pressure (or the velocity potential) at
any point (x,« ) on tihe planform {is related te the values of the
vertical velceicy ('dounwaah") on elementary sreas {"boxes") 1o-
catec in the region bounded by che forward Mach ]ines emanating
from (x,4 ). With certain specific exceptions, such as the down - !
wash singularity iuge off a side edge, each aerodynamic influence !
coefficient Tepresents the pressure (or the velocity potential)
induced gt (X,y by a constant unit downwash over u particular '
elemencary Area, with zero downwash over ali other guch areas. ]
In view of the linearity of the theory, the total pressure (or
the total velocity potential) at X, 4 5 is approximately equasl
to the sum of the influence coeff ciants for all boxes affecting
that point, each one wn&ghtcd with an appropriastely averaged

en the quantity of interest at (x,? )

is the pressure, one uses the pressure influence coefficien [
(PIC). "When this quantity 1is the velocity potential (% ) one
must employ the velocity potential influence coefficient (vic).

Three basic shapes of elementary aress wvere investigated,
in connection with the PIC-method, with the objective of deter-
mining the overall practicabllicy of esch in numerical applica-
tions,

l. The square box (the shape originally pProposed by
Pines);

2. The Mach box, which i a rectanfle with {ts
diagonals Parallel to the Mach lines,;

3. The characteriat (¢ box, which is a rhombus
bounded by four Mach linee,
for which analytic solutions are known. 1In so doing, several
relevant points were established regarding the suitability of

WADC TR 56-97, Part = wlf
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sach of the grid systems. Advqntagen and dinndvancagaa assoc-
lated with esach one weyre recogniged.

Before atte ting to lfplr the influance coefficient methods
to particular Problems, it {a desirable to understand clear]

the relative merits of sach box shape, so as to make a judiﬂ¥uul
choice, For this purpose a Summary of the conclusions resched
according to the 1nv:|ttgltiun| for the Pressure influence coef-
ficients (Ref. 1) is now Presented, I Beneral, the conclusions
reached there are expected to spply for the VIC-method a8 well,

IT.1 The Square Box
advlnt!lil:

1. Tabulationa -« the pressure influence coefficients
are alrsidy available for a 26 x 20 8rid syutem (Ref. 2),
The number of boxes that can usvally be taken in the
chordwise direction (20) 1a large enough for most pur-
Poses. These boxes may nearly always be used satisfac-
torily for Purely supersonic planforms gc.g., the wide
deltay, They may algo be used for Planforms with sub-
sonic edges when M» VE

2. The grid 8ystem, and therefore the frclnuro (or
velocity Potential) and downwash contro points, re-
main fixad when the Mach number is varied. This is o
desirable feature 8ince 1t facilitates the Necessary
numerical Integrations for the generalized forces,

Digadvantngeu:

1. This Systém cannot be yged for planforms having sub-
Sonic edges when Me Vg .

2. On the basis of tria} “Xamples with the VIC, this
method 1g very likely to supersede entirely the origi-
nal PIC-method, The comprtational work of tabulating
the VIC'y According to exact Or approximate expressions

5. The effect of the downwash lingularity Near a gide
edge cannot be easily incorporntcd, when this refine-
ment 1s needed,

b, 1f exact expressions (a8 far as the froquancy is
concerned) for che influence coefficients are ueed in-
Stead of the &Pproximate ones given by Pines (Ref, &y,
fewer boxes may be sufficient N some instances.

WADC TR 56-97, Part 2 w$e
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complicated,
the Mach bhox

5. Unless on
square boxes,
valently zero
on a strcamwi
and moment di
tically at su

6. The cente
which separat
regions near
gration techn
ces (with the
C, therefore

11.2 The Msch Box

Advan:age !

1. This syst
factory aceur
and for all s

2. The singu
accounted for

3. Tables ba
influence coe
to compute (§

4. Pressures
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$ing these exact expressions are much more
however, than the corresponding ones for
(see Appendix A).

e tabulates the contributions due to "half
" the condition of zero pressure (or equi-
velocity potential) cannot be satisfied

8¢ side edge, with the result that 1ift
stributions cannot be wade to vanisgh iden-
ch an edge,

T8 of boxes do not fall on the Mach line

es the purely supersonic and the mixed

4 side edge.” A refined chordwise inte-
lque for calculation of generalized for-
PIC-wethod), &s i1llustrated in Appendix

cannot be used.

em can be used conveniently and with satig-
acy for planforms having subsonic edges
upersonic Mach numbers, (> 22 ).

larity in downwvash at 2 side edge may be

sed on Watkin's exact expressions for the
fficients (PIC or VIC) are rather simple
ee Appendix A).

are obtained on the Mach line which sepa-

rates the purel supersonic and the mixed regions near

& side edge.

This is desirable 1f the inte ration

technique of Appendix C is needed (for the IC-method) .

Diuadvantngcn:

l. Unlees on
Msch boxes,'
velocity pote

not be made ¢
2. The contr

ber is change
“alculated fo

WADC TR 56-97, part 2

e tabulates the contributions due to "half
the condition of zero presaure (or zero
ntial) cannot be satisfied on a side edge,
lt thact 1ift and moment distributions can-
© vanish identically at such an edge.

ol point locations vary when the Mach num-
d, and hence the downwashes must be re-
¥ each Mach nusmber, Howevar, this task is

-6

CONFIDENTIAL



=

-

CONFIDENTIAL

rolntivcly &8sy veing interp@lation or equivalent pro-
cedureg derived ip Appendix p_ The Numerical integre.
tion formulag for the 82neral ixed forces st be de-
vigsed for each Mach Number ; Again, thig is rclntivoiy
simple and constiturea only g Very small Percentage of
the total Computational effore,

3. Por lérge Mach nusbersy, BAY“ My 2.8 many span-
vise boxes DUSt bHe taken to ensure o sufficient numhey
in the cgordwiag diractlon. Huwmvar, 4t these high

boxes need not be too large, Also, for Me2.s , {¢
is Iacommended that the much liurler "piston theory"

L. Thig System can pe used for Planformg having gub.-
sonic odgel)and for ai} Supersonic Mach Numbers,
Mmr2 ).

2. The gingulcricy in downwagh &L a aide edge way be
&ccounted for.

3. Tabulationg (PIC or VIC{ &re not expected to be tog
difficalt, although they wi]} be more laborioug than
thoss for Mach boxes,

. The ¢ondition of Z2ro pressure (or zero velocity
Potential) can be Gatisfied a¢ discrece Points on 4
slde ddge .

5, Pressures ®Te obtained on the Mach line saparacing

the purely nuﬂcrsonic and the mixed regions nesr 4 slde
edge (PIC-met od).

Diaadv&ntagea:

1. The control poing locationg vcrg when the Mach num-
ber ig changed. (This i o wminor o Jection ag stated
In connection with the Mach box, )

WADC TR 56-97, Pare 2
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3. Although at first glance this box system might ap-
pear guite varsatile for swept leading edges, experience
nas shows that (except for & leading edge exactly paral-
lel to a Mach line) it yields poorer results than when
the 1cnd1nz edge is represented by a jnafcd boundary
composed of lines perpendicular and parallel to the flow.
To rspresent the leading edge in the latter fashion,

when characteristic boxes are bclnt emploved, tables

must be calculated of aerodynamic influence coefficients
for "half-rhombic" or triaagular boxes. Furthermore,
experience indicates that when a wing has A streamvise
side edge or a swept leading edge and the downwash varies
appreciably in the chordwise direction, it is desirable
to have influence coefficients tabulated for "quarter-
rhombic’ boxes. These requirements increase the total
number of entries in the tables by a factor of four,
which is a serious drawback relative to the other two-
bo; m?thoda. These problems are discussed in detail in
Ref. 1.

It should bs noted that some of the above advantages and
disadvantages are based on -he condition of keeping to & minimum
the computational labor to determine satisfactorily the gene-
reélized forces; (this implies keeping the number of boxes on the
planform to a minlmum), IFf Wany more than the required number
of boxes are taken, some of the refinements, such as the inclu-
sion of the effect of side-edge downwash singularity or the use
of the more elaborate tnte%rltion techniques of Appendix C, may
become unnecessary. There ore, for thece cases, some of the ad-
vantages end disadvantages mentioned above way become insignifi-
cant,

From experience to date, it appears that the Mach box system
rates most favorably for the msjority of practical applications,
Accordingly it is recommendcd a3 the basis for future tabulations
cf supersonic serodynamic {nfluence coafficients,

WADC TR 56-97, Part 7 -8
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SECTION II
RULES FOR APPLICATION OF THE MACH BOX SYSTEM TO
FLANFORMS OF ®RACTICAL INTEREST

In order to carry out flutter anolflel efficiently uning
the Mach box scheme, ¢ rrain working rules, which are given be-
low for specific planforms and edge conditions, must be followed.
It i possible to enunciate wore generzl rules which apply for
all combinstions of planform and Mach nuwber. The latter et
would allow the snalyst less freedom of choice in a par’ lcular
case, “owever, since it would overlcok some of the poasible gim-
plifications and refinements.

Planforms of current interest may be classified inte three
categories: the straight tapered, the sveptback tapered, and
the trisngular. As the Mach number ig varied, each of these
gllnforna way exhiblt supersonic or subsonic edges, the former

eing characterized by a sweep angle less than that of 4 Mach
line, and conversely. For different ranges of Mach number, {t
is necessary to follow different sets of rulas.

Although these rules are based on the experience g8ined by
CArrying out examples using the PIC's (Ref. 1), a few triaj cai-
culacions on scme of these examples with the use of the VIC's
have indicated that most of the rules stil) upgly. with increas-
ing resultant accuracies for glqnfornt with subeonic edges
These rules should therefore be adopted for both methods, unless
specifically stated othervise.

III.1 Purely Supersonic Pianforms

The follewing rules agply for purely supersonic planforms
(planforms with no subgoniec eading or tralling edges and no
side edges; e.3., the wide delta).

Rules:

l. The dimensions of the elementary areas to be distribu-
ted over the planform are found from the condition that,
for the highest Msch number to be considered in the analy-
sis, a minimum of eight boxes chordwise along the root
chord is recommended. When anaiblc, the ugnnwiuc dimen-
sion of the boxes should be kept constant, because then the
spanvwise locations of the control points do not vary, and
the overall width of the grid of boxee bears a fixed

WADC TR %6-97, Part o -9 -
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relacion to wingspan. As the Mach number ig decreszed, the
resulting reduction of the chordwise bLox dimension £ cauges
only a moderate varistion of the reduced frequency

£ = (b U)(m*/s*)

for a given frequency of oscillacion ¢ |, However, if the
range between the maximum Mach Number. a7 and the Mach

number when any of the edges becomes sonic, M, 1s lerge,

the number of chordwise boxes sy become quite high, |If
gight boxes are taken for Mmax , then fop Msen there will
e

g Véﬁuf”/ /‘Vﬁ&: - foxes,

If this number becomes imﬁrqccical on account of imita-
Cions of tasbulations or the capacity of the comgusiﬂg
machine, @ reduction of the number of spanwise boxes is
recommended at the lower Mech numbera. |n any case, no
less than eight boxes along the root chord should be en-
ployed. For most of these types of planform the apglicaw
tion of this rule will also ensure a sufficient number of
spanwise boxes,

2. The number of chordwise boxes is further governed by
two factors: the Accuracy of the tabulations and the most
sinuous assumed mode shape.

. If approximate formulas for the {nfluence coeffic-
lents (Appendix A) are used, the nuwber of chordwise boxes
must be chosen such that

P WK M?;
- Ty .3
£ S Eq. (3.1)

b. In the evaluation of the generalived forces, ag-
sociated with the assumed wode type of flurter analysis,
the mode which is the mos#t sinuous in the chordwise direc-
tion will determine the maximum tolerable hox slze. A ming-
mum of 2ix boxes per "half wave length' of chis mode shape
should be used.

3. After the box size is determined hz conditione 1 and 2,
2 grid system can be constructed. Although mo specific rule
for proper positioning of this grid system on the planform
C&n be given for all cases, the exawple shown in Fig. 111.1
will serve as a uide. The llldinf edge of the actual plan-
form will be replaced by 2 jagged line. Tharefore, the

TR 56-97, Part 2 -10-
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chordwise Positioning of the boyx System with respect to
the leading edge must be such that the leading edge area

of the planform left out by the grid system ie lgproximntmly
- 4

equai to the area outside the planform taken in the grid,
Since the trailing edge is Supersonic, no particular rela-
tionship between that line and the box centers adjacent to
it need be imposed.

_T = \

-~

T

———y

Fig. I, | Positioning of the Mach Box Grid System on g Purely
Supersonic Planform

L According to Rule 3, the actual planform is replaced by
&n approximate one composed of boxes with Centers on the
planform., Near the traiiing edge, all boxes partialiy on
the planform, regardless of the locations of their centers,
ere to be included., Two types of such gnrtial boxes ap-
Pear. Referring to Fig. 1I1.1, box 2 hag its center on
the planform, while box & hac ite center behind the trail-
ing edge. For box 4 , the pressures (or the velocity
potential 2 ) snd the associeted weighting factors for
the generalized forces (Appendix C) can be computed 1like

WADC TR 56-97, Part 2 -11-
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those for any other complete box. por hox £ s the pres-
sures (or 4¢ ) and the weighting factors should be aseumed
equal o the earr&apoﬁdinf ones for the adjacent upstream
box ¢ . For esch partial box, its contri ution to the
aenaralized force must be multiplied by the ratio of its
sre3 on the planform to ite total area. In addition, when
desling with the ViC-method, it jig necessary to determine

A¥ at points on the trailing edge. This 13 accowplished
by extrapolation. For instance, the 49 at point / g
found by linear extrapolation using the valuss st the cen-
ters of boxes « and 4 ; the AY at point 2 {g found b
linear extrapolacion uuinz the value of gere for point 5
and the calculated value for the center of box e |

5. With the pattern of boxes over the flanform completely
eetablished, the (complex) downwash amplitude at the center
of each box iz found from the mode shape of simple harmonic
motion. Appendix B discusses this operation. With the
downwash amplitude 8t the center of each box known, the
complex) amplitude of pressure ul€ference or of the velo-
city potential difference between ti Upper and lower sur-
faces of the wing

(P= 2 ~FF . a7=~FF)

can be computed at each control point from either Eq.(A.6)
or Eq. (A.8) of Appendix A,

6. The rectangular integration rule is to be applied for
generalived force integracions. The ressures or Ay’s and
the wei hting factors are assumed to be conztant over each
box. The fcneralizcd force can be computed from Eq. ic.io)
or Eq. (C.14) of Appendix C, or from equivalent formula

IT1.2 Planforms with Supersonic Leading and Trailing Edges and
with Side Edges Fara!!a!_ﬁﬁi}%@i }Tﬁﬁﬁ“ﬂirecfgon ‘”

Assoclated with any subgonic edge, such %5 a side edge,
there are two special reﬁiunu to be considered, These are che
fo-called "mixed reglon,” which ig the porticn of the planform
influenced by the subsonic edge and the 80~called "diaphrsgm
region”" off the planform vhere disturbances exist. Tha condi-
tion of zers Pressure diffe.ence must be imposed over the dia-
phragm region, Near & side edge parslls] io the flow, this
condftion ls identical with the requirement that the difference
in the velocity potential be zero at al} points of the dig hragm.
From sither of tgeae conditions, the unknown downwash on this
region can be calculated, Furthermore, it is known that the
downwash distribution has a square-root tingularity as the sub-
sonic edge is Spproached from the diaphragm region. Two

WADC TR %6-97, Part > -12-
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alternatives in calculating the cﬁgcc: of this disphragm reglon

on the mixed region may ba followse :

Alternative 1: If the unknown downwash over ssch diaphragm
OXes

boX 18 sssumed constant, the downwash over such
may be computed by aatiufyint the condition of zero
pressure (or rero A¢ ) at the centers. Once these

downwashes are determined, the dinghrnfu boxes may then
e planform. As a
general rule, this is satisfactory when there is & mini-

be treated like any other box on ¢t

wum of ten boxas &long the side edac. It should be
poirted out that with ten boxes an

lowered somewhat when the former is euployad,

Alternative 2: When fewar than thie minimum are employed along
the side, the assumption of cengtant downwash over each
diaphragm box adjacent to the side edge is not edequate
unless the mixed region is small compared to the plan
area and contributes a amall portion to the generalized
force. In most practicail cases, however, the loadings
near the side edge will be quite large since the maxi-

wam deflections during flutter occur near the tip.

one must incorporate the effect of the downwash singu-
larity. This procedure is 1llustrated in Section IV,

Rules: The rules given for Eurnly supersonic planforms apply
is ciass of planforms. These are

in general also to ¢t
supplemented by the fellowing sdditional rules:

L. The approximate box size dictated by the conditions of
Section 111.1 should be adjusted so that there will result

an integral aumber of boxes across the spsn,

2. Referring to Fig. 111.2, the actual side edge 2/ {8 re-
placed by a'é, Censgggsncly, the actual wmixed region adc
a’ 2

must be replaced by

3. The diaphrage region Fa'd 1is to be represented by cow-
plete boxes if the downwashes over such boxes are assumed
constant. Its leading edge i2 no longer a Mach line but
the jagged line forme by the boundaries of the foremost

boxes.

4., The pressures or the veloeity potentials over the mixed

region 2'#c’ are to be found according to Section IV,

WADC TR 56-97, Part ? -13-
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Fig. .2  Positioning of the Mach Box Grid Systam on a Planform

with Supersonic Leading and Trailing Edges and with
Side Edges

5. If few chordwise boxes are employed near the side edge,
the integration :echniguq of Appendix C is to be used whe-
computing generalized orces, in place of the simple rec-
tnngulu; gulq. This refinement is necessary only with the
PIC-method.

IT1.3 Planform with Subsonfc Leading and Supersonic Trailing Edges

When a planform with subsonic lcnding edges io conglderad,
two serious difficulties arise. First, the replacement of the
leading edge by a Jagged line cauges large fluctuations of the
pressure or of the velocity potential about their true values over
each box, Secondly, {n the diaphragm region ahead of the leading
edge, there exists a singular downwash d stribution similar to
that near a side edge. Unlike the side edge case, thig effect
cannot be incorporated auccculfull{ in the thecry. Both of these
difficulties dictate the use of & large number of boxes.

WADC TR 56-97, Part 2 ~-14 -
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Rules:

1. A winioum of twelve boxes along the wmid-span chord ig
required.

2. Rules 2, 3, 4 of Section I1I1.1 appl{. Figure I11.3 is
furnished as an example of how a typicel planform might be
overlaid with Mach boxes,

3. If side edges exist, the & Proximate box size dictated
by previous conditions should be adjusted so thet there

will result an integral number of boxes across the tpan,
Again the spanwise dimension should be Kept constant sz the
Mach number is varied. At the lowest Mac numbers more than
twelve chordwise boxes will then be PXesent, and this 1ias
desirable because the leading edge becomes "more subsonic."

k. The disphragm region ig comprised of complete boxes in
t?: disturbed region off the Planform, as ehown in Fig.

LI )

5. With the pattern of boxes over the lanform completely
established, the (complex) downwash amplitude at the center
of each box on the planform is found from the mode shape of
simple harmonic motion (Appendix B).

6. With the dowvnwash umglitudo at the center of each box
on the planform known, the constant downwash amplitude over
eech box in the diaphragm region i3 determined from the
condition of zero pressure (or zero A¢ ) at the centers

of diaphragm boxes, according to Section Iv.1,

7. With the downwash amplitudes at the centers of all
boxes known, the (complex) amplitude of pressure difference
(or A¢ ) between the upper and lower surfaces can be com-
puted at each control oint on the planform from Eq. (A.6)
or Eq. (A.8) of Appendix A.

8. The potentisls at trailing edge Yoin;g are found by
extrapolation as in rule A, Section I1I.1.

9. The rectangular ruie is to be applied for generalized
iorce integration, the pressures (or A¢ ) and the weight -
ing factors being assumed constant over sach box. The
enerslized forces can be computed from Eq. (C.10) o
q. (C.1%) of Appendix ¢.
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The foregoing rules were arrived at originslly in connec-
tion with the PIC-method (Ref. 1). Thn; were stated after give
lng due consideration to the following factors: (1) accuracy
for the genaraiized forcaes, (2) the amount of computational
labor. Needless to say, higher accuracy requires a larger amount
of work. Therefore, for the final decision a compromise had to
be made, i.e., one had to determine the point beyond which the
improvement in sceursey is not sufficient to warrant the assoc-
lated incresses in the computetions.

With the same number of boxes, experience has indicated
that the VIC-method yields iignificant y better accurecy than
the PIC-method. 1In view of ¢ is, one would think of reducing
the winimum number of boxss set forth in Rule 1 from twelve to,
say, eight. However, it is regardad as preferabie to keep the
minlmum number of tweive for the following reason. For this
clase of planforme, the accuracies attaiasable for the general-
ized forces are, in genersl, poorer than those for purely super-
sonic planforms when the above rules are employed, By keeping
the miniwum number of boxes at twelve with the VIC-method, the
computational precision is brought wore in line with that for
purely suparsonic planforms.

I11.4

Edget and

For planforms with subsonic trailing edges, the rules stated
previously in Section I1I1I.3 apgly in general with the following
modifications to account for the diephragm region behind the
treiling edges (sae Fig. I11.4),

Rules:

1. 1If the 1gnd1n¥ edge 1s supersonic, a minimum of twelve
boxes aleng the midspan chord i to be used; if subsonic,
sixteen boxes.

2. The diaphragm region behind the trailing edge must be
composed of complete boxes only, Conse uently the trailing
Id’l is replaced by a jagged 1line i--- ig. II1.4) and in
th's case partial boxes are not al owed,

3. For diaphragm regions associated with a subsonic jead-
ing edge or & side edge Farallel to the flow, the condition
of Ay=0 is squivalent to the condition of zero pressure
differenca. For the diaphragm boxes behind a subsonic trail-
ing edge, the equivalence of these two alternative condi-
tions i3 no longer true. Rathar than setting A9 = o for
such diaphragm boxes, one must proceed in the following
manner to satisfy the true boundary condition of ap =0

WADC TR %6-97, Parc ? =17~
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Consider the center »f box @ . The value of Ay at this
point should be taken to be

-gtﬁ(e?u-!“”!ﬁ
(A}”)ﬁ = (A?)t. e Eq. (3.2)
where (4¢) is the potential difference at the upetream trail-
ing edge point / and (X%~X: ) repressnts the distence be-

tween the center of box 2 and point / . »

®It should be noted that (4¢), wust be computad for the gene-

ralized force calculstions (Appendix C), so that this necessary
step does not add much to the complexity of the problem.
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SECTION 1Iv
DETERMINATION OF DOWNWASH DISTRIBUTION ON THE
DIAFHRAGH RECION AND ITS EFFECT ON
THE AIRLOAD DISTRIBUTION

Associated with any subsonic edge, there exists & disturbed
region off the planform which influences the pressure distribu-
tion on the planform, Following Evvard's concapt (Ref. 7}, a
thin iwperweadble diupbragu wmay be introduced in thia region.
This diaphragm is assumed to ceincide with a stream sheet, and
therefore it will not alter the flow, It can sustain no pres-
sure differance at any point between its top and bottom sur-
faces. The latter cordition allovs the determination of the
unknowm vertical velocity (downwash) distribution on the dia-
phragm. The cowbination of the planform and the diaphragm forms
4 new surface which is purely supersonic and for which the down-
wash {8 known cverywhere. The pressures (or the velocity poten-
tia%s) may then be determined as for any other purely supersonic
surface,

The illustrative examples shown below are carried out with
the PiC-method. The ViC-method follows an identical procedure
with these exceptions:

o (%)

(1) One aust employ the VIC's (st,zz' <}{7,,(}zw+¢' 17}2’) instead
S , (4
of the PIC's (O, , = W, , #4 Jy ;). Both of these

¢

quantities are defined in Appendix A,

(2) For diaphragm erions near £ subsonic leading edge or
& aide edge parallel to the flow, one must impose the
boundary condition of 4¥9=0 at the centers of the
boxes rather than AB = 0 .

(3) For the Claphragm behind a subsonic trailing edge, the

true boundary condition of AF =0 dictaces the use of
the reietion ( %, # being behind the trailing edge)

" -y |
a9ty) = Ap(sm.y) et EY Eq. (4.1)
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this exprescion is derived from the o?uation relating
the pressure to the velocity potentia

Azm 5“”/“‘&3?“’“ l;%iﬂ,} Eq. (4.2)

and the condition that QZua behind the trailing edge.

IV.1 Determination of the Downwash Distribution on the Diaphrage
Keglon

1f the downwash over each disphregm box is assumed constant

the diaphragm region should he represented by those complete boxes
of the grid system having their centers inside tnis regicon, Im-
osing ths appropriate boundsry condition at the centers of these
oxes, the downwash distribution ean be determined by "sequential
solution" of the resultant equations. As an example, consider
the rectangular wing shown in Fig. IV.l. For this case, the dia-
phragm boxes are (22 ), (32 Je (42) and (3,/),

Fig. I . | Illustrative Example for the Treatment of the Side Edge

One has the following equations:;
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Eqs. (%.3a-d)

it is noted that in each equativa, there is only one unknown,
provided all the pmcadinf équations have been solved. This
8llows & simple saauentis celculation and avoids the necessity

of solving a simultsuneous system. If a matviz forsslation 1g
used 28 in Ref. 8, there follows

f,z,’;‘
%
E T
Tang . R S R el C;a P 1%
’ “. ) w;‘a r
(ize 0 0 0 0o o0 6,6, © z, ;)
’ @,
C#,/ Cur C’;z =R II Co © Ca-o g M..-(-’-’ 10
127'
| s €, e Cp|if ™ 0
~C~%l Cz,/ Qs,z CZ/ (:',2 [.:;,3 o it N s 0;‘] ’i:’gf )
7
W,y
=
Eq. {k.4)
or equivalently, % =
P~ P - - &
Ce ) O =20, 0 O QRN Dl ) K
mi: A a 0 o o %
@ C;;/ C’ao B0 C';A"-‘ ¢ ¢ “iv
1 J,i):.... ” C C 0 o0 0 ﬁ"’g'r
Bl o Go O [ b 7
LQ,JJ ..Cr_,a Y] C,_,a LA LCM C;,/ C,z CI:.I (‘;a C;,i:\d .&7,“:,. Eq. ‘4_5)
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It is known frem steady-state solutions that the downwagh
&t the side edge, when agprnaahad from the diaphragm re ion,
exhibits & square-root singularity end vanishes at the oremost
Mach line. The assumption of constant downwash over each box
of the diaphragm therefore introduces erroys in the pressures
over planform boxes near the side edge. If & large numbar of
boxes is used, these discrepancies are confined to & smell region
near the tip, and the resultant accuracy for the totsgl generali.
zed forces is satisfactory. The process just described ie the
ona suggested by Alternative 1, Section 131.2.

To improve the airload estimation, esgccillly when a small
number of chordwise boxes is taken along the side edge, the ef-
fect of the singularity can be accsuntad for more accurately in
the following manner.

Referring to Fig. iv.2, in Cartenixn,coordinatsu, the re-
ceivimg point is ix,g ) while %, » are running varisbles rep-
retanting the influencing point. ‘A characteristic coordinate
system rs with origin at 9 1é definad such that the axes

¥ and 5 arve, respectively, the right and left forward Mach
lines esanating from (*a{ » The new coordinates  and = are
related to x, 4 r and 7 through cthe equations

rﬂﬁ?[(’X*E)“ﬂ(éf“?Z]
5 - 5%”-—[ (x-€)+6(y-7)] Eqs. (4.6a-b)

If the receiving point is on the side edge, 1.&.,‘;J*0 » One may
assume a downwash amplitude distribution

@ (s) = o o A Eq. (%.7)

VA /-5

which exhibits the Proper behavior at the side edge (r=5 or
#=0 ) and vanishes on the foremost Mach 1ine r=7 . Here
is a typical length and 45 is the “strength" of the downwash.
For convenience, 7 will be taken &8 half the diagonai length
of & Mach box.

It is more convenient to locate the origin of the coordinate
system at the point for which the pressure or potent:ial differ.

ence is to be determined, By coordinate transformation cne ob-
taina (ses Figs. IV.3a-b)
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Fig.IX. 2 Characteristic Coordinate System

g &=r

VA Vr+s,-$

(1) =
ng. (4.8)

when the origin is on the diaphragm region, and

— =y
Wl rz) p—— . Eq. (&,
Jd Vy-r-s R 1o

when the origin is on the planform.

It may be shown that for steady flow the pressure coeffic-
ients associated with these two cases are

z-

CONFIDENTIAL

WADC TR 56-97, Part 2



fe——

ALONG THIS SIDE EDGE
r+s,-s=o

CGNTHI!UTING\
REGION

.
\
Wir,8) e ok =l
r A————— ————y
x¢ R i $5-8
(a)
{f”r.‘ru]'
———_7.;\——-—-—-—-- }'Iﬂ
2 N r
s ’ N
_.-"" \(T,,O)
’~ S~ CONTRIBUTING
7 (g0 M.  REGION
/
“,
/ "‘\
\
\
ALONG THIS N
SIDE EDGE -3
r-n=$so N
W, f=F
Wirs)e=t 200
A e

(b)

Fig. . 3 Singular Downwash Disiribution Near o Side Edge
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(s} = ) ;
c%(ﬁ@% JT =G s fyowse
o /Zrz-ao + /z'g-ﬂﬁqs’ﬁ;— ﬁ?j /V'SJ

Eqs. (4.10a-b)

Siwillr1¥. for the velocity potential coefficients, one has
( £ belng the streanwise dimension of a box)

@(s)z é_i*;_% ‘*‘*g'(é;‘)%ﬂ é‘(f) f;f‘ F& e o
@

Y 5% 8 5y mas

Eqe. (4.10¢-d)

This refivsment may be introduced in the Mach box scheme.
To illustrate its application, consider the siwple problem of &
rectangular wing in steady flow at an angle of attack o .
The downwash a¢ ail points on the planform ig [/~ . Referring
to Fig. IV.¥, assume the following downwash diatributions:

(1) Singuler distribution of strength « over the region
eac,

(2) Additionasl eingular dietributions of strength «g, ,

Wss » i, over the regions efy veh; e atd
respectively.

(3) Constant downwashes of

‘ strength «;, and 4, over
boxes ( 5/ ) and (4, ),

*’ ,
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Fig.IZ. 4 lllustrative Example for the Treatment of the Side Edge
Including the Effact of Downw agh Singularity

Satiefying the conditions of zero Pressure at the centers of
diaphragm boxes, one has

/{’?z“a" C{:/(w)"" C;”/éi-/)ws; 0

,éy:rﬁ,‘ C;!Ig(a()‘f‘as)gba/)%f C;a w“:’-d

sos Gl G0 0 g
» Cg”ég“‘b)“ﬁk:z o

'
i Eq. (¥.11)
As in the previous sxample (Eqs. (4.5)), a sequential solution

Or @ matrix solution of the above set of equations yilelds the
desired downwashes on the disphragm.
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IV.2 Determination of the Pregsure or Vel.oeitx Potential Distri-

ULions on & ARLOIM
”“WMMM&

Once the downwash distribution in the diaphragm region i
determined &ceordini‘to the previocus section, the pressurs or
the velocity potential differences at the control points of the
glmfom are next obtained. If the downwaeh over each diaxhram

ox i3 assumed constant, the Procedure is fdentical with p-
pendix A [Eq. (A.6) or Eq. (A.8)], where only the preseure co-
efficients Cyy oF the potential coefficients Qﬁv;z associated

with unit constant dowawashes are involved. When the eingulericy
In downwash is to be sccounted for, the method ig ¢imilar but

additional tabulations for the coefficients (;ﬁ’, C;é) (or &

jﬁ?’nnd ;ﬂ) are necessary., For inetance, the pressure at
center of box (44 ) s (Fig. Iv.h)

bo = B UGG+ v Corv Cur Gur G G,
+Coe+ Cur Cg’+ C;’* C;')
)
s C'&(”(z.'?.ggas)*«ngf@z.gg.s)]
Eq. (».12)

IV.3 Aerodynamic Influence Coefficients Associated with 5in ular
wnwas stributTons i S

The general expressions for the coefficients C:w . C;w 2
¢ and @é” are as follows:

e

) . 8% £ - ﬁ;"é.
(= ie o [ {To.0)- Do)} -2 [E L o ferti
.
) . B* a)_ A2 [T Pled)e Loh
C;’-—&egg@(ﬂf(w) E(caf)} 2-\5_6_(@69 (i-%
a .
Eqs. (%.13a-b)
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() 7 %r“‘/ .7: =
$ = (@ Lo o) - BZ
4 (u‘-ﬁ’ﬁ.
*
. % Bes)-Pon) . EF
éf. amlf(z) {E(}) Ef,) m
@
Eqs. (4.13¢-d)
where
w is the ciz¢uler frequency;
< 1s & typical length taken to be half the diagonal
length of the Mach box;
%%, % ire lengths along the characteristic uxes as showm :
in Fig. 1Iv.3,
P wM)__ v &
€ #(55) = 4 (B4
ey
= [
o .
and

¥Ys

] w/‘"
. ’ :7/‘4*’."‘ n / -t W{rﬁf) 20 - ‘{ J
= © cos Vrs |dsdr
L,(50) i [ 0,y ol &=

L

Pled)-—L f” s .,._{..g“"%(mgm/iﬂ\/&*)ds/r
" e o=y 7

Eqs. (%.1%a-b)
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For the steady case, Eqs. (4.13a-d) reduce to the simple
forma of Egn. (%.10a-d). 1n general, however, the integrations
for I, and 2 must be carried out Numericsily., When comput ing

$Y, one need not tebulate j; and Z, (or £ snd l? ) inde-
pendently ae in the case of = e By suitable transformations
of variasbles, the double integrals reduce to the single integrals

L om)=e ™ [ Lt ) gt
# S0 (W 3F0) ] (efehe])

may

WEL (e B v e
meg

s ' - P 4
Hor)- e [ [y e )t
& 3
2] (%2 EF) ], fofe ta)

m#y

ML o (2 ) )

Eqs. (¥.15a-b)

where Jg s the Bessel function of the first kind of order A .

The infinite series in the integrands are rapidly convergent for
the ranges of Mach number and reduced frequency of interest, and
only a faw terms need be retained. it is worcet noting that the
integrands asrg functions of z* » 0~ 18 an integer or a fraction
of integers and > i, a fraction of integers and less than /

The numerical wethod suggestad here is a modification of <
Gauss' quadrature, It can be proved that the integration formula ;
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VECRW Ly k. (3,16

is exact 1f #2°) 14 o polynomial of degree ( 24—/ ) or less in
i provided the é‘.;;" are chopen properly. h:;'.s are the

veighting factors associaced with this set of az..g,-“‘ (eee Ref. 1),
For AV=5 | one obtains

B;Z-v 0.022 /63,567 H, = 0295524 2/5
2= 0.187,83,5% e = 0.269 266,739
2y = 0461597304 Hs = 0.215, 086 3vg
2 = 0. 48 334 658 Hy = O #9461 3¢/
Z:- a. S#A, 483 9/0 Hs = 0.066,67), 338
Eqs. (¥4.17)
For low to moderate frequencies, the 1nt:-fr:and of Z, can be
satiefactorily represented by the polynomial
; /8
FE?) = a,ta,2 g @ ... +dy
whick passes through pointe 2, ... &5 3 and the integration
for ]:f accerding to Eq. (¥.16) will be adeguate.

For £ , the situation is somewhat different since the

Tange of integration veries with & . However, {t has been
found by some trial calculations that Eq. (¥.16) can stili be
used with the following modification:

o= ‘o ® y
_Pnae“"'/ z - Sie {@(g?}f‘ff Eq. (4.18)
. B , ¢ . Eq. (A,
. 6“3‘[\1‘%”&-"6&?@@21&-2/-5'”f[g’fme“‘w¢“£]
vhers (V(2°) 1is defined to be
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- (4T3 475) [ ez )
+ ST (S25F)T ey

oy
FET L (B2 ) (B2 ))  whn 205
e '2" when ¢ 7

o Eq’ (*-19)
By numerica} Integration B, becomes :

0 < Lo
s b ! ; n e P P 5’4’!«3&447" 4
LEF) = /(‘j H,"){%'C‘ "Q’@/’“%" "f%',- e %/1 Eq. (¥.20)

nine~point integration (N=9) formmla whie ®USt be ug

8 situation, ang outlines thegato'a in deviuing a
e
e8pecially for che £, ~ccefficients, whan the frequencies are
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APPENDIX A
PRESSURE AND VELOCITY POTENTIAL CALCULATIONS

A.l Pressure Influence Coefficients for Square Boxes

Although the present report concentrates on applications of
the Mach box schems, influence coefficient formulas are iisted
first for the square boxes, since extensive tables of these co-
sfficients already exiet. The pregsure differance 43:?“ at the

center o_f the receiving box (2,m ) due to a constant ‘dwmnh

4‘65# e ‘¥ at the sending box (¢, ) {3 (Fig, A.1).
v ot 5 F v
a,./.,; b f)
/“2»: s afve “12,‘ ‘e‘ﬂ”rﬂﬁ) Eq. (A.1)

vhere 7 -~n-» | Game and X » o L is the associated
grcnsnra influence coefficient, As depicted in the figure, the
ntegers . and 2 indicate that to reach the receiving box one
moves 2 boxes downstream and boxes to the right from some
arbitrarily dqnignated reference box (4,0 ), Similarlg ¥ and

represant the nusber of steps downstrean snd to the righe,
respectively, that one moves in going from the sending box to
the receiving box. 1In supaxrsonic flow >0 always,

The total pressure at the center of (72,m) is therefore

A al sy I
'ém g/z”m = 20l :f*ﬁl 4;;/“ (f{%ﬁw,.ééﬂ) Eq. (A.2)

where the sumsation extends over all boxes ( 22« ) that lie par-
tially or totally inside the forward Mach cone emanating from
the center of box (/2,7). These cosfficlents awe tabulated in
Ref. 2. Only positive values of /< need be considered since
by symmetry,

Rﬁ,‘«;z #4 I;?'-ffm !?qﬂ, 4 fr?’;z Eq. (A.3)

A slight error apgnarl in Eq. (7a) of Ref, 2, and is cerried
through in the tables. The correct expression should read
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Fig. A.2 Mach Grid System
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— e -
R -1+ 22 (&)~ 2l ] Eq. (A.%)

Furthermore, the accuracy of ﬁ%, in the most extrews cases

(i.e., largc 4, at low Mach numbers) 1s no battsr than five
unicts in the third decimal place. For these high fraquencies
and low Macn nuwbers, chis is not serious, since itis known
that the accurscies for the xows 752 are much poorer.

A.2 Aerodynamicz Influence Coefficisnts for Mach Boxes

For Mach boxes, the pressure difference at the center pt
the receiving point (7,7 ) due to a constant dgvnualh‘éi;;s““t
&t the sending box (2,4 ) is defined as follows (Fig. 4.2):

Wi R0 il .
fam =g, (B o)

’

Eq. (A.5)

Thie definition is more convenient for tabulations, and for the
steady case Geﬂj? is independent of Mach number. Accordingly,

the total pressure at the center of (#,m ) 13

=) ALY it oy ' Eq. (A.6
i ;:.ij/g,,, Al 5 “yu (@”ﬁ”'[g'ﬁf) ke

The velecity potential differsnce at (Am) dus to a con-
stant downwash éﬁ;}ﬂgthﬂf at the sending box {is

(¥ ) Eq. (A.7)

L

8% T

The total velocity potential difference at (7,7 ) is

- YA f el o _ G g Eq. (A.8
A ;E‘dggmaéie égﬂ(@ﬁf‘éﬂ) s

Again by sywmetry,
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RS S TS

LA B, Al
N Al % . e
Bz ],,{,z 2 @;ﬂ“ = jz:,:f

Eq. . (Aog."b)

@. Exact Expressions

The exact expressicns for the PIC's snd che VIC's are now
gElven. These were derived by using the series exnansion for
the velocity potential zivﬁn by Watkins of MACA (no formal refe-
rence available, ses Ref, 1).

2" = s )
é)o,c +"“‘]a:a ot g“]’-é%-)* %/%-[(/“7’ %)J 37"/?"0
@5‘4" "\’;:‘{p' = 4 é‘ 6"“[{%“{ )/-\Z]ﬁ@'ﬂf{-]‘éh-;% - j.y:é' % (Ié‘[ﬂhf])ﬂbérm";ﬁ

&8t g X Z S -1 25
8] e g S et
re
z-4 t ‘7‘/“__ =

Oizfo L f T %gﬁé(ﬁr%@' ] )‘”"g%f}" 3 2%2\2; c_’g [ i_J)‘;,;,{/zrm}{T%u )]

E

4167" ) & ") r g , « -
Gl T )
Y2 g’é o . (1) ' "
= ;@ﬁi / é o E‘(ﬂ@@‘s’” o+ i .(':'9. J é&*’”’é"‘“ "EkL,)]a/X )
% 2
T

]

AR

WADC TR 56-97, Part 2 -38-



|

CONFIDENTIAL

‘ si{*‘*f i ALt 2
@,ﬁ“;ﬂ ["ﬁ# Mﬂ/ $m291‘+/ Y 2yl

*E (r‘”"]z;( [wé-])/&n(erm AL)... s,n(fgprm hﬁfi...’))]

q@(ﬂﬁ[z([[;’ SM“I-%J Sin 'fﬁ_’f,..)

&=/

+ .(;.f.z:[r' é[;.é]){sm .zmh':?-?r‘%:f )-5:' &sm L= y ]
i{% f 44“2&‘%:{'& s .ﬁ. ,pzt“_,f [ 0‘-&/0-'%,-}.51“6'& ?’—*{%I

zz>/¢->/

Eq.- (A.lo&-d)

G?@zh{](”a ",{/"’zg 7 . Vafe=o
w zﬁy i ‘EX[Z(-{I}/W'{“;?/ 3 /} 2 _L)\[(,é;,y gnérgﬂ 21 ]{X
:J’lt VA 3}-/’

@(j,!f"‘;gj) %/ ué. ﬁé‘f’x)&” 7 * gf_}_ 4; (_é; v )sw 2rsin ﬁ)‘/dz\’

o g =0
0'?171:;) 17,(:' i?/ JX[Z /-—-X)); sm .x‘)‘r -sim” fzf.‘.J/
74
+g<-'> ey m)/m(m ') siforsin” 2\,

U>ji>/ Eqe. (A.11a-d)
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where 4 13 o reduced frequency based on the streawwise dimen-
sion of a box

&=t ¢!

Sl Eq. (A.12)
and ./, 1s the Bassel function of the first kind of order 2r,
The funetion jf is commonly encountered in lineariged unsteady

supersonic flow (cf. Refs. 9, 15). Although the ex reseions

Scem rather lengthy and comflicaﬁed, the task of ta ulating these
coefficients is not difficult, because of the rapid convergence
of the infinite series, slt is assumed that bi{ -speed com-
Eutcra will be available, The sine functions in the series ma

e wvritten In terms of the Chebyshev polynomisls S, (x) (Rmf.loy

St m (1 SEISE, (2N Eq. (A.13)

b, Aggroxinata Expressione

For Mach boxes, the approximate expressions for the pres-
sure influence coefficients are next given. These involve the
same degree of approximati-u 48 those of Ref. 7 for squars boxes,

QoL ) i ) D) oo

a6 ®0
@ ﬂf{{gg {_ gzg&,‘,ﬁg@ s oegid )m@:%@%}iémf;-gl)%; }
Wi e ol A g Bl

= Pt 32 _
a;;fggéé374;&QSMﬁU@hN£§%E§?9%%E-5§aqé%ﬁgﬁ9qxé§ @5;?233”&%; ,
-fémsfi.gﬂ;)mé‘;‘f;.ﬂtﬁ! q;/ﬂ/-gg,ca[ﬁi)wg‘—\/ﬁ&ﬁl Cx

#5sin ey Jl,)m.(;; Ty /«,4 * sl el fir- )‘-—,dz/séﬁ }

ou
T 32

" i, .

Eqs. (A.lka-c)
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where
o i - / *
R T R el W
= ‘} Vo2 L=0

*

L, -f 1 o, ’m
By el e } Iofi 22
By« (5~ fJeosk™ T 1 (04) 5K,

y} o Bal~/ g of. ~ &1 “t / #
- o Chs s ..,%r_.
R " 35T 2 Ty Top S e e L (Y

vaez
s Lo T LTt ] e =—/‘?£if!‘_ *Igr?..
&g;wxﬁufé&églézzrmamﬁéﬁgsyz5h i%é%$‘gsqy ““i'%ggﬁi Toip!
)y - ) -

érhe interpratations of s~ , cwh™ | etc. given by Eqs.
2.10a-h), Ref. 1, have been applied.)

For the boxes in rew 5=/ , a subdivision is mplord
vhich is similar to the method of Ref, 2, Reforring to FPig.
A.2, each such box is divided by a finer grid of 5x5 elements.

- ~ z ' .
B[ J e, y - jgf(@ ik Yo T e

3 jie

7 . o '
(ol‘f&%“éé (ﬁqﬁ*&éﬁ)%. 5 f’}”mﬁ; -
Eqs. (A.l3d-e)

where the subserise indicates that %ﬁ u‘}% i depend on a re-

duced fre umc‘ argument equal to ons fifth of 4 and are ob-
tainable from Eqs. (A.lda-¢).

A ] * >
As may be seen frow the definitioms, 57 sz J4_1, 2 oand
B are independent of Mach number, in contrast to the

4

A1
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corrasponding coefficieats for the s uare box scheme. The Mach
box tabulations are therefore much s wpler. The values of

9%%2 v My  end éian are giver in Table A.l for =

from 2 to 25 and for & from o to 25 . Note that only
values of i< 7 nesd be considered, For the steady case, the
above formulas are exact. A short table of ﬁiyyz (R=0) 1is
also inciluded (Table A.2). Y

For the velocity-potential-diffarence influence coeffic-
lents, the following approximate formulas apply:

" -~ v 2 . i 2 =
i 2tb1 ) %3/52)/,«(,»7/,%}- 224, oopeo

N : i =
@;"4/‘2,; F-2 (Caszl;é’ ~<5m 54 )cos (;%Ls/r?f/:z ) @.,;E y VY2Ap2

Al
2

) g (] W
9 3

T Gid s Toy im0
— (4% 1) 7
STV e 42

&

Pﬁﬁ

¥

69? (f)'w‘-»ﬂ' ﬁ o~ X {

»3 & 12"?’?;:"‘“ Y Ll 7R . {

Eqs. (A.15a-d)

L . =
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APPENDIX B
DETERMINATION OF DOWNWASH DISTRIBUTION

is associated with
each of the assuied free vibration modes. The downwash Wik, g,¢)
corrasponding to an assumed mode Afy) in simple harmonic motion
complex Tepresentation) may be expressed by A

. cwd
wlipt) = 82 afn 0 ¢ i) o Eq. (3.1)

The downwesh ig a function of both the deflection and its stream-
wise slope, If the fnnctionality of each such wode with Tespact
to the streamwige coordinate x ig known analytically, then no 1
ditficulty arises in dctnrniniu; the downwash ot eny desired
point. For example, in the cage of & beam-rod type structure,
where there ars no chordwise elastic deformations, £l 3) 1s at
WO8t linear in the variabla x |, However, for s late type
structure, there exist chordwise elastic dcformntgont, and one
IRt resort to graphical differenciation or construct ap analy-
tical approximation for fy) in the X ~direction at a glven
Spanvwise station in order to obtain Streamvise clopes.

In practice, the flutter mode is a28umed ¢to be some linear
complex combination of the first fey free vibration modea. For
4 plate Structure, the fraquencies and deflections at & set of

iscrete points &re usually obtainable for these modes. The
main task in evaluatirg the downwashes is ¢to find the stream-
Vise siopes and deflections st the centers of the boxes from
the deflections At these given points. If, gt each nganwisc
station corresponding to the cencers of each column of boxes,
there exists a sufficient number of pointe at which deflections
can be computad, then simple graphical rocedures can be re-
forted to to obtain the downwashes at the conters of the boxes,

Othervise, the usual procedure igs to find suitable polynomial

expressions for the deflections, Then the 8lopes are obtainsble
by proper differentiations of these Polynomials,

B.1 Genaral Procedure for Finding A roximate Angl tical Expres-
siong for the DchncEIoaa L ~PPLOX

Consider g cantilever rectangular wing on which the deflec-
tions j’ér,-.g,) &re giver at mxn  points 43 shown in Fig, 3.1,

WADC TR 56-97, part 2 7.
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Glven the defiections at =% , .. 22 3% At any chord-
wise location X, one can find a poiynomial in for the deflec-
t%on ﬁﬁq,;) . For this cantilever case, if the polynomial is
given bLy

n¢f

;(x.-_-y)w@g“’,«é,;’»« +t{j,,,,; =200 Eq. (B.2)

then ons has

;{x‘l,ég)mé’g%&* ?sé’f’*.... s f“f‘m’f,”ﬂ’

-y

FOI) o it i
Ege. (B.3)
L n

———-y

=

-
AANANAN Y

LR Y

|
J
F
I

-
3

|
Q{XUV} I—E_r_/ll/r‘;
ST

¥i Ye ¥j Ya
Fig. B.I Typical Spanwise Deflection Curve

£a004

Soluticens %f the above set of simltancous equations yield. the
constants £&,4L, v Gy o Analytic expressionms for other

chordwise lecations #ay be obtained in e similar mauner. In
5:2;5‘1’ the deflection over the whole surface may thea ba
written as:

WADC TR 56-97, Part 2 ~48-
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Flug)~ Aicks )+ Alidgyly)s -+ Inl%) Z () Eq. (B.4)

where the functions Ao(x) are polyncmials in x  which satisfy
the relations ‘

’:“(Xq‘} =/, ’{t'()«’ﬂ,() =0 when t@yﬁ(,‘ Eqe, (B~5)
Again one may find polynomial expressions for14'0v + The de-
gree of £x) will depend on the number of chordwise olnte. Once
the general form of the deflection %Eq. (B.4)] is o tained, one
can easlly determine the downwash at any deslred point according
to Eq. (B.1). It should be noted that either a graphical method
Or a procedure similar to the above for finding the downwash is
necessary regardless of the type of grid system used,

It is worth ment loning at this point that when one finds a
polynomial which passes through a given get of points x,,. &k,
(or' gy, - 4 ), one can be sure of 1ts reliability only in the
ran%e X X&)y (Or ydvey, ), Beyond these limits the poly-
nomial may deviate considerably from the true picture, It is
therefore desirable to have the A - and 4 -stations near the lead-
ing and trailing edges respectively, so that the chordwise loca-
tions of the boxes will not be much beyond these limits. Simi-
larly, the centers of the boxes nearest the tip should not be
much beyond g4, . To insure this in instances where the deflec-
tions at points near the edges are not given from normal mode
data, some artificial means must be devised, One such means s
the'croslnplottinﬁ of the deflection along constant x- and con-
stanfg&ines, 80 that a reasonably smooth deflection surface
results,

B.2 The Triangular Wing

In essence, one might consider the above asg a useful scheme

for finding deﬁiecticn polynomials for other planforms, such as
a triangular wing. As an example, consider the oversimplified
case of Fig. B.2; deflections are given at only six ioincs.@n
actual wings, there will be given more points (cf. F g. D.1), but
still they will be limited to the extent that at cutboard gpan-
wise stations only one or two chordwise Eoints will be available,
For such stations it ig a difficult task to obtain accurate
streamwise slopes. In order to find golynomiala that £it the
surface deflections of the planform, it 1s necessary o have
artificial, reasonable estimates of the deflections at pointsg
&, #,c which may or may not lie on the planform. However, such
caicuiations demand cut and trial cross-plotting procedures of
deflection vs, ¥ for constant values of ¥ and of deflection Vs, ¥

for constant values of X with arbitrary extensions of curves
whenever the data are lacking. The following procedure (which
can b; also applied to the rectanguler ving as well) is sug-
gested:

WADC TR 56-97, Part 2 -4g.
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Fig. B.2 Illustrative Exampie for Finding the Analytical Expression
of the Deflection on ¢ Cant!lever Delio Wing

(1) From the aforementioned cross-plots, find at the given
sets of x’s, the deflections at the spanwise stations correspond-
ing to the centers of varicus columns of boxes. When changing
Mach number, the spanwise location of the boxes will not change
1f the span-dimension of a box is kept fixed (as suggested in
Section III), '

2) Knowing the deflectic s at a discrete set of points for
each desired sganwise station, one can proceed analytically to
find polynomials in ¥ for each such spanwise station,

(3) Using these polynomials one can differentiate to find
streamwise slopes,

In the above steps, one may emplog any existing additional re-
guiremaﬁts on the polynomial which would supplement the data of
eflections, For instance, one can utilize the boundary condi-
tions for the cantilever wing

Ea0, $eo fealsh af pro.  m oy
Another condition 1s that the trailing edge is free, so that
3
(‘,%;‘f- u;\‘;—;)g =0 at trailing edge. Eq. (B.10)

Aa it stands condition {B.10) is difficult to use, so that one
may take this condition approximately by setting

;: = O at trailing edge. Eq. (B.11)

This is justified, since for built-up beams the effective
Poisson's ratio » 1s small,

WADC TR 56-~97 =50~
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B.3 Lagrangian Interpolation Technique

In cases where, for esch mode, both the deflecticns and
their slopes are given for a set of discrete peints, it {s pos -
sible to find the daflection and its slope =t any other point
by direct interpolation. Then the determination of an analytic
expression for the deflection is no longer required.

Given a function /' at (2%/ ) equally sfacad points, it
is possible to pass through these poinis a polynomial of order 2N

FO =Ky () o) KON fo)r +h GfR) Eq. (B.10)

where A= (x-%)/A and A {g the spacing between points. It
way be shown (Ref. 11) that, for instance,

K= -400-2] | K@y=1-4° K.(A)-;z’fﬁiw‘]’; for N={

s ey TR A% A% 445 4
K~ A=24 K., (4) = 2224z

H

24
LAY LAY
¥_s g2 ; =

Yoo ke
/»g{,{)z.d.f'z"zyl A i )Igr N=2,
Eqs. (B.11)

Tables are available for the X5 va. A, but 1f A is irra-
tional it might be essier to use these formulas directly. In
cases where the given points are not equally spaced, one still
can devise appropriate interpolation Yroccdurea which are simi- 1
lar but somewhat more tedigus. To illustrate the application ,
of the above, consider a spanwise station of the wing having ‘
eix equally spaced chordwise stations l, ... , 6 where the
slopes &9, are known (see r§;. B.3). 1t is required to find
the slopes at other points g, as shown in the figure.
Assume that the slops at point I may be adequately computed
using a three-point interpclation, i.e., 4w/ .

el

WADC TR 56-97, Part 2
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Fig. B.3 Logrengian interpolation for 9 Function of One Variabie
Then one can write

for the deflections at the new points /
6 = A, 04,)8

o il
7~ ’(a(/'r)ez + M/Ar)gj
!

G =K. (4) 6 » K:/,l;)gy * K(is) 6

Eqs. (B.12)
or in matrix notatics,

{6,) - [xtolel

Eq. (B.13)
where {9; J and { €;/ are columm matrices,
r/['/d,.) Ho(d) K, (4;) 0 0 ? i
0 K.lUg) Ky Kbs) o @
[ PR 0 0 K,(As)  Klds) K ly) 0
W) K, (45)
0 0 o Ko (hz)  Klg) {Ag)
0 0 O K, KO K (4;)J
Eq. (B.14)
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. XJ"‘XA ‘X "'x & A’ "')‘:’
dpe o N AR o Evs. (B.15)

In & Mach box grid syetem, if the Mach number is changed
vhile kﬂipiﬂf the spanwise dimension of each box fixed an
recommendad in Section II1, the control goinc- will change posi-
tion in the chordwise direction only. Therefore, the type of
interpolation watrix illustrated above is sufficient to dater-
mine the slopes at the new control points in terms of the known
slopes of the original set of fixed points (for the initial Mach
number). In instances when there are fewer than three points
for interpolation, such as near the tip of a delta wing, a
lower-ordar interpolation must be resorted to.

B.A Lagrangian Interpolation for a Punction of Twe Variables

To obtain tine proper interpolation for a function of two
variables, the above technique may be used repeatedly. ‘'wo
such examples are: (1) when the force-displacement structurail
influence coefficients C,, (which is dugqndant on the two con-
trol points < 5 ) are tB’be found at different chordwise points
for given spanwise stations (see bolovz, and (2) when the deflec-
tions and slopes are needed at points x4 ) for which x % do
not lie on the spanwise or chordwise locations of the discrete
points with known deflections and slopes. (In the previous sec-
tion, the # -coordinate of the new points coincided with the

¥ -coordinase of the old points, so that the incarpolation
was in the stream direction only.j

As an illustration of case (1) above, let ¢(or # ) define
the original set of points and / (or / ) define the new aet.
Bearing in wind that [ and < (or £ and / ) are restricted to
the same spanwise location for this example (Fig. B.4), one ob-

tains
[CII/']" [K(d;)][fg] Eq. (B.16)

and

16,] - LGyl k)
[ Gl

Eq. (B.17)
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Therefore one obtains for the new set of influence coefficients

G G Gllkw k@
Ga G ||K0D Kl

'S:,(J,) m;‘i Kt('j')

]
)

Ki) Kb K| |
Gi Gz Cy Kig) K Ge)

- =l -

Eq. (B.20)

The above procedure may be repeated for all other spanvwise

stations © and @ to obtain the complete set of influences
coefficients.

For case (2) above, the situation is somewhat different,
It entails interpolation in one direction, say ¢ -directiocn,
konpinf X constant, followed by interpoiation if the othey
direction ( x -direction), keeping « constant.
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APPEKDIX ¢
RECOMMENDED INTEGRATION TECHNIQUES FOR GENERALIZED FORCES

Once the downwash distributions are determined sccording to
Appendix B, the recommended box schema may ba used to find the

pressure (or the velocity ocontiall distribution associated with

each assumed mode. Then the g¢neralized forces are obtained by
integrations over the planform of the pressure {or the velocity
potentisl) distribution weighted with the varicus mods shapes.

The pressure distribution along & stresswise strip in the
supersonic region of a Klantoru is continuous end swmoothly vary-
ing. To evaluate the ¢ ordwise portion of the double integral
repressnting a gencralized force, a simple integration schems
such as the rectangular rule will suffice. However, whan a
6treamwise strip includes a segment of the wixed wingtip region,
the chordwise gretau:a distribution exhibits a sharp drop and a
discontinuity in slope across the Mach line. I1f many boxas
were included along this ‘strip, the Sagment between the Mach
line and the succeeding downsiream point (i.e., the segment con-
taining the sharp drop in Krclaurc distribution) centributes
only a small fraction of the integral scross the entire chord.
Hence the error introduced will be small 1f the rectangular rule
le used, However, if there are ouly a few boxes present say
8ix or less) across ¢ streamwise strip in the mixed region, the
contribution to the total force dus to the sharp drop in pres-
sure distribution may be appreciabls. A refinemsnt in the chord-
wise integration procedure is then recommended.

C.1 Refined Chordwise Intey ration Scheme PIC-Method

Referring to the planform of Fig. C.la, a typical chordwise
Pressure distribution for section A-A is shown in Fig. C.1b.

From points ¢ to 2 gnd 3 ¢o « » where no sharp drop oc-
curs, the simple rectangular rule may be applied. Betwaen points
2 and 3 |, the following integration technique iz suggeeted:

let the pressure distribution between points 2 and 3 be
represented by:

A E 4 (,_\/'_’%_;:*_T)*.@(\/%Ti) Eq. (C.1)

where ¢ 1s the length from point 2 and 3 . This expression
ylelds the correct pressures at 2 and 3 , and has an infinite
slope at 2 ., The infinite slope condition is imposed becsuse
it represents the correct behav or, as may be derived from
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Fig.C.I Typical Chordwise Pressure Distribution Near 0 Side Edge
{Steady-Siais Condition)

steady-state results. Inte!ucing A(%) between points 2 gnd Y
3, the formula for the 14 t in that segwent is

ol = j:x’,b(x)dx
= 4 (hrep)

The above integration in conjunction with the uctmfular rule
for segwents other than 2-3 , ylelds the lift per unit span at
A=A

Eq. (C.2)

24
*t/*/ ﬁ{x)c/x
Tlht G @) Glhrah)r4B)r dp e by
bl fl(/’:’“f/‘é"'f/g*é *4) Eq. (C.3)

This refined integration formula is very siallsr to the rec-

t:atllzular rule, and its use is no more difficult than the simpler
rule.
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In a gimilar wannar, if the moment about any axis X, {g
represented by

G- A VA

there results the moment expression for the segment 2-3

Am aé[é@y;ﬁr%&pﬁ%xj@xs 5&)] Eq. (C.5)

The above procedure can be extended for the calculation of
the generalized forces, If the weighted integration between
points £ and 3 {g given by ( assuming linear varistion of the
weighting factor betwesn 2 and 3 )

3 % = - XX 7 &'X]l -
Ape /bﬂ)mﬂz%'// BO-V55) A(EROTE AT g (c.6)
%

‘4 LS ST
&

then this approximation vields

4r = [k (G0 0+ A (4001 215))] £q. (C.7)

It should be empbasized here that this refinement must be used
only when there are no severe fluctuations of the pPressure
&cross the chord. This fact iimite its uee to planforms with
supersonic leading edges. For planforms with subsonic leading
tdaal, the whole planform 1is influenced by the diaphra region,
and then one must take a sufficiently large number of boxes and
use the wectangular rule.

C.2 The Determination of Generalized Forces (PIC-Method)

A generalized force is given as a double integral ovar the
planform of the pressure of mode < weighted with the deflection
function »f a mode / + For instance, in dimensional coordinates

X, #
CQ;; " /:/% (D (, 9)dx 4 Zq. (C.8)
s

The integral cver the chord at any apanwise station S 18
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oy gg%@)([‘% ot ) 7y (s 1)} Eq. (C.9)

vhere ¢%,Q%) 2r3 the adjusted integration coefficients of the

privious section. 1In cases vhere the rectangular rule is suf-

ficient, the . (v,) will be equal to the box dimension / ex-

cept for boxes at the trailing cdfo where some sort of an area
correction is recommended (cf. Rule ¥, Section IIT.1). In addi-
gion, & spanwise numericsl integration yleids the generglized
orce

M

N
Q) =Lt e) {8 (1 ) f (11)) ¥a. (c.10)

n=) ms=|

where ag’s are the spanwiae integration constants. If here the

rectangular rule is used, the .5 are all constants and are
equal to the spanwise width of the strip 06/?).

C.3 The Determination of Generalized Forces (VIC-Method)

Using the Pressure-velocity potential relation

e 4g)
A,bn%—[cédf»hz{' 3.‘;!:] Eq. (C.11)
the expression for the generalired force [Eq. (C.8)] may be put
in the form

&; = ;_1/ /£ 2460 sy + nﬁifffﬁ)%i&&)/wﬂ% Eq. (C.12)
5

A partial integration with respect to X for the second area-

A T

integral yields

% |
= E/agep g~ 4 %58

w00 [ (496.9)f o) Eate1g)
Spen
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wbere the subscrips 7 refers to the trailing edge at & « Hare
one may usas the rectangular rule for both tha - and /- inte-
grations, with the result

‘gy“’f{;“fv/"ﬂ{»},’,{f@%/V;ié?&ﬁ;)f’ﬁw}ﬁﬂ&w"féfz ,&]/ il

Here o, = ¢/s and 2.(s,) = £  except nesr the trailing edge
where they must be adjusted te comply with the area correction
rule (cf. Rule#, Section 111.1)
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AFPENDIX D
FORMULATION OF THE FLUTTER PROBLEM

It has been common Practice in the PASL to appr. b & flye-
ter analysis ag o series of relatad but separate problems., The
flutter mode {s Assumed to be gome linear combination of the
first few free vibration wodes of the structurs. These vibra-
tion modas are calculated by whatever wethod is feasible, Next
the aerodynamjic problem is solved to Provide the necessary
generalized forces asscciated with the assumed modes. If two-

imensional forces are to be employed, as in cases of larges-
&spect-ratio surfaces (Ref. 12), this atcﬁ is considerably sim-
Plified. With these results available, the flutter equations
of motion may be formulated and solved in any of a number of
possible ways. Thi, Procedure hes been Very successful for plan-
forms which are rigid in the streanwige direction, l.e., the
Streamwise slope at any uganwtac station is constant for any one
of the sssumed modes. A beam-rod type structure falls in this
category. FExparisnce hss shown that even rather ngproxiuatc as-
Sumptions as to the mode shapes and knowledge of the free un-
coupled vibration frequencies of these modes usually yield satis-
factory solutions. Rowever, when plate type structures, such ag
deita wings, are to be analyzed, accurate Tepresentations of the
assumed modes become necessary,

Another approach ig a direct incegral equation formulation
for the flutter problem in terms of aerodynamic and Structural
influence :oefficients (Ref. 13), but this method does not offer
all of the advantages in simplicity obtained from the assumed
mode technique.

D.1 Equations for Bcnding-Torsion-Ailcron Flutter

If the structure to be analyzed ig of the conventional beam-
rod type, the formulation accord “f to the present report is very
similar to the method presented n Ref. 12 with the g0le ex-
ception that the generalizad forces are evaluated by the aero-
dynamic influence coefficient method (the notations are those of
Ref. 12, éxcept that the spanwise variable is taken to be 4 ):
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AWl fpr'y - 4g,

£ /S Golltod + &9,

(4

~ J ﬂ&f&W&)]’é /"w“"(i

2= [ Lol it 4

A Aot

Ae L
E- L (90)] [ L [a0ige 1~

= T.
E[ 16 VLI LT iy G

g "’/ S 4 bOIE 0] » 4 Cte

i - //*/7‘ €S Nl o) » #Q,

= s Ly 4
L=l ity #6,

Eq. (D.1 a-1)
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Typical examples of the generalized forces

in these equations
are listed below:

& = the weighted lift due to unit amplitude of bending
174 wotion at the reference station,

L
.—:([A[:’[J;{‘y)]éq’ (,f.:j at the reference station),

Gi“ = the weighted moment about the elastic axis due to
unit amplitude of pitching motion at the reference
station,

¢
R ACON AT
and
é? = the weighted moment about the elastic axigs due to
f unit amplitude of aileron motion at the reference
station,
Ly
am
j, ( v) £ )4y,
where ( laadanotcu & moment about the elastic axis. The

spanwise running lifts and moments, such as 44, @m, ), . and

(A"?l:a etc. may be obtained by appropriate chordwiss inie-

grations of the pressures or of the velocity potentials which
are calculated in advance by the box scheme. Finally, spanwise
integrations may be carried out by numerical means. The quan-
tities 4 . 7 are the elements of the flutter determinant

- s
(e2F 4
g I

Associated with this determinant are two unknowns

(such as
the velocity and ths frcqunucz). At flutter these two unknowns
eigenvalues) are such that the valus of the deterwinant is
zero,
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D.2 Plutter Egquations for Plate-Type Stru

1

ctures

For low-aspect-ratio sarfaces or plat
Assumption of beam-rod type deformations i
A new approach must be devised to treat th
ample of the modified Procedure, consider

e-type structures, the
8 no longer iultificd.
ese cases. As an ax-
& cantilever triangular

wing which is divided into ten areas as shown in Fig. D.1. Each

Such area has a mass m, concentrated ac i
location ( Y ,§n ). 1f the structural i
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ARARARY Ay
=

e

c

x2.¥z ks, Vs
. .

X3:¥3 | g Ve | *pi¥g
[ ] [ ] [ ]

Xa.¥a l?:f‘( “B-yg llﬂ Wi
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nfluence coef icients

y

B e Y

Fig. D.1 A Delta Wing Configuration wit

associated with these points are given, on
iteration (Ref. 14) the first few free vib
the relate orthogonal mode shapes. Once
one may procesd to the flutter oguationn o
ter mode is agsumed to consist of the firs
modes A(?)7 (*.y) and Blt)fe (1, %)  then the
point 0@,;g) may be written as

2y lt) = AlE) S (. ) + BE)L 4, 3,)

For use in deriving Lagrange's equations,
energy of the system is

WADC TR 56-97, Part » -6b -
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¢ may obtain by macrix
ration frequencies and
they are available,

f motion. If the flut-
t two free vibration
displacement of g

Eq. (D.2)
the total kinetic
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KE = £ Zj;'m,, &’
e P (T 1
= FA° 5 m, e )]+ ged,gm,,gm,;,g]ma,gm,,/;@ et
Eq. (D.3)

Since the last term is zero by the ortho onality condition, the
kinetic energy terms in Lagrange's equations ars

fé(ji’;” n A?‘/t'),zl_;mn[ﬁ(xn:}'q)]‘

) 500 57 m, :
(352 - BeLmliesl

Eqs. (D.ka-b) :
For simple harmonic motion, /.](i‘) - wAl), g(g)..»-wzﬁfg) . Because

of the orthogonality of the modes, one may write for the poten-
tial energy terms

Qg;é') - wlz/{(’{)z/gmn[/,‘(*m%)_ia

Qaﬁgf;‘) = @, B(t) /Zﬁm,,/;g(x,,,y,,)]z.

Fqs. (D.5a-b)
Finally, the generalized forces ‘24 i Gfg are:

G = Jlen), - (o) o
n%g/f{([é;ﬁw Jgﬁf?qf’-rﬁuw/%@rﬂ)% /{/(W)/xé,a,q% 188,
3

Eq. (D.6a)
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A g’///a,a),w * Oy ) o)ty

' ' ) |/ / + 8.
s ) et 02 Myt = 46,7 0

. , Eq. (D.6b)
where for instance 64éhﬁ indicates the pressure distributi n

due to the motion A%)f(ry) and the integrations are over the

planform « The task of evaluating these forces is discus: .d
in Appendix C.

Equations (D.4a-b), (D.5a-bj), and (D.6a-b) provide the
elements in Lagrange's equations
I(HE A(PE = 3
4 a’(.)f-a(;)-’@ » §TAE
r +

Equations in.7) form a set of two simaltenecus homogeneous iinear
equations in the complex modal amplitude functions A and B :

Eqs. (D.7)

™ . SO 2 =
ﬁUE“V)éSU%ZQZ&M%£]+4a4 414 A
-0
R £ 8
@5 ol ‘Z;?”{MWM
: . Eq. (D.8)

The condition for flutter is that the determinant of the above
matrix should vanisgh.
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