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FOREWORD

This report was prepared by James E. Ash of the Heat-Power 1

Research Department of the Armour Research Foundation of Illinois
Institute of Technology. It covers the work accomplished on
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"Subsonic Flow through Three-Dimensional Turbomachinery Cascades".
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ABSTRACT

The actual flow conditions within the passages of a 14-inch diameter,
four-bladed impeller of a mixed flow compressor have been investigated and
compared with design values, which were based on axial symnetry and incom-
pressible, nonviscous flow. The blades were designed as bound-vortex
sheetsp having a zero tangential component of vorticity, i.e., the velocity
distribution in meridional planes is not disturbed by the blades. Flow
surveys at the impeller outlet from hub to shroud and from blade to blade
were made with a three-dimensional, spherical pitot probe mounted on the
impeller. This probe and also mercury seals for transferring the pressure
signals from the rotating shaft to stationary manometers were especially
developed for this investigation. Test runs conducted in the range from
1500 to 3000 rpm and from 8.7 to 44.1 cubic feet per second showed that
the shape of the meridional velocity distribution between hub and shroud
agrees essentially with the theory. However, in the blade-to-blade direction
the distribution curves for the meridional velocity are displaced as
much as 20% above and 10% below the average. Variations in the cone
angle of the relative velocity are only in the order of 20 and 30, ie.,
the flow does not "twist" away much from surfaces of revolution. The
median impeller slip factor was 0.57 within the test range.

The blade-to-blade distribution of the flow on the mean stream surface
was also calculated by the relaxation method. It was found that the actual
flow was more uniform than calculations showed. This may be due to the
rapid reduction of the blade load near the tip and the shifting of low
energy air toward the trailing face of the blades observed for all test
runs.

The experimental techniques developed in the course of this investi-
gation can be used to obtain consistent and reproducible surveys of the
internal flow distribution in rotating cascades.

PUBLICATION REVIEW

This report has been reviewed and is approved.

FOR THE COKt4MD:

ALMOLIN AR C 'onel, USAF
Chief, Aeronautical Research Laboratory
D Directorate of Research
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Io ITRODUCTION

Considerable progress has been achieved in the past for the one and

two-dimensional methods of analysis as applied to radial-flow and axial-flow

turbmachinss. However, in mixed-flow machines, the three-dimensional ef-

feats are of relatively geater importance, and further knowledge is re-

quired of the detailed flow conditions. Recent analyses (for example,

thaoe of Wu and Stn its ' ) of inviscid, three-dimensional flow suggest

method@ for the design of blade cascades. However, general use of these

methods is restricted became of the complexity and great expenditure of

effort involved in their application, and because of the lack of experi-

mental knowledge necessary to establish the limitations of the theory.

Therefore, the objective of this investigation is to provide additional

experimental information pertaining to the flow conditions within the im-

peller and to evaluate the theory in terms of the experimental data. In

an effort to supplement the existing experimental techniques, a three-

dimensional, spherical pitot-probe and a pressure-transfer device employ-

ing mercury seals have been developed for measurement of the relative flow

fields within the rotating impeller.

An experimental, four-blade, mixed-flow impeller was constructed in

accordance with a design procedure developed from a bound-vortex theory of

the flow presented by S-pannhake 1 . Axial syetry was assumed in the de-

sign, and the flow was considered to be nonviscous, incompressible, and

steady. The experimental investigation of the impeller was conducted In

Fm all numbered references, see bibliography

NO=: This publication was released in February 1956.
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A,

a compressor-cascade test stad using air as the fluid medium.

A q asi-three-dimensional, relaxation solution of the blade-to-blade

variation in the flow on the mean stream surface of revolution was con-

puted according to methods proposed by StanithiS in order to investigate

the suitability of numerical methods as applied to the more general curved

blades of the experimental impeller. The circumferential variation in the

flow predicted on the basis of this theory is compared, with the measured

results.

n.

1, Generakl Theory

The dynamic equation governing the three-dimensional flow of an in-

viscid fluid through a turbomachine, neglecting body forces,

a--!7 (1)

follows directly from Newton's second law of motion. Considering the den- 4

sity to be a function of the pressure only, the pressure gradient may be

expressed as an integral term by means of the relation,

With reference to a cylindrical coordinate system fixed to the impeller

and rotating with a constant angular speedp the fluid acceleration is given

by the equation

where r is the cylindrical radial-coordinate, and -2@ x is the Coriolis

acceleration. The relative acceleration may be expressed In terms of the

WADX 7R 55-158 2



relative velocity a.

Considering the relative motion to be steady, - 0, and making use of
2

the vector identity, (.V) x V xre ,  the basic dynamic equation

becomes

(+ f 4) 2bJxv W 2  -; l" 0.(

The law of cosines applied to the triangle formed by the velocity diagram

shown in Fig. I yields the relation.

W9 0 62 + (rQ 2  2 r wct, (6)

and by substitution into equation (M), making use of the vector identity

Vr2 w 2 F, there is obtained the equation

V( fre mrt) + 2 - xX~e-0 (7)

It is convenient to introduce the energy input H and the quantity I ac-

cording to the definitions

A- - t 559)
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Iquation wmqbe expressed as *(a

The vorticity of the absolute notion Is related to the relative vorticity

w,". by the relationship

rel

and an alternate form of equation (it) is

gV I - WX X' .(?b)

Differentiation of the quantity I with respect to the relative fluid, motionp

together with equations (6), (8), sm (9), leads to an mpratgeneral

considerations

a-5 V w.VOW r 1V J wi We

For steady relative motion, the pressure at any fixed point relative to

the impeller can be considered constant, and hence, from equation (11)s

the value of I for any fluid particle passing through the blade cascade

*A more general. derivation of thils equation fbr an ideal gas, involving
heat conduction, is given by Vi2,

6; . (Vw) +. 2W -" gV I + T V(specific entropy)

WADC 7 554158 5



will reain constant. In torms of the whirl moment, a* ro," the well

knmn uler's turbine relation is obtained#

V . -1V. (12) S

If the flow upstream of the blade cascade has a uniform distribution of I,

so that the gradient of I is sero, then, from equation (Tb), the absolute

vortex lines mst coincide with the relative streamlines, and the absolute

vorticity of the flow will remain unchanged on passing through the blade

cascade.

B. infinite Number of Blades

1. VortexTheory of low

A considerable simplification in the analysis of the flow

through blade cascades is obtained by considering the fluid to be perfectll

guided by the blade surfaces. That is to say, every relative stream sur-

face is assumed to conform exactly to the blade shape. However, this can

be achieved only if the spacing between the blades is very Xall, co fining

the fluid motion essentially to the curved surface of the blade. As an

idealization, an infinite number of blades of infinitesimal thickness will

be assumed. Under certain conditionsi it has been found that analyses

based upon this idealization will lead to solutions that give a good ap-

proximation of the mean flow between blades (Spannhake By the intro-

duction of an infinite number of blades, the general three-dimensional

motion of the fluid in reduced to a two-dimensional motion on the blade

surface ccmpletely described by two independent variables. By this as-

sumption, the variable 0 can be eliminated, as there is no variation about

the axis of the cascade, and the cylindrical coordinates r and a will.

WAC ft 55-158 6



suffice as the independent variables for steady motion.

In an actual impeller with a finite number of blades the flow

is acted upon by pressure differences developed by the blade surfaces.

For a given change in angular momentum of the through flow, these pressure

differences will diminish as the blade number increases; however, as the

space between the blades gets smaller, the weight flow acted upon by the

pressure difference is reduced. In the limit, the ratio of the blade

force to the fluid weight is a finite value, commonly referred to as the

"distributed blade force", and represents the action of the blade cascade.

Thi fictitious force I may be introduced as an additional term into the

basic dynamic equation (I),

a--Vp + . (13)

Carrying this additional force term through the steps leading to equation

(Tb), there will be obtained

gVi - vx' . (14)

The force is used to define the bound vorticity associated with the

bleding,

I. PVxXb* (15)

The vector I is normal to the blade surfce since it represents the pres-

sure force due to the blading; and as ; is tangent to the blade surface,

it necessarily follows from equation (15) that the bound vortex ns lie

.This Implies, . IO.

WADO IR 55-158 7



in the blade surface. The sum of the bound vorticity attached to the

blading: and free vorticity of the flow is the total vorticity,

ub + Af .

The free vortices are acted upon only by the gravitational field- they

follow the Helmholts laws, md have no relationship with the foree E.

Equation (l4) may then be expressed as

g VI - XAb xf M (17)

From the definition of the bound vortices, equation (15), it follows that

gVi - xAf -0. (8)

For the same reasons as discussed immediately following equation (11), the

fluid particles that have a uniform distribution of I in a region upstream

of the blade cascade will move along relative streamlines which: satisfy

the relation

ixA -0. (19)

Equation (19) implies that either the free vorticity is zero, or the free

vortex lines coincide with the relative streamlines.

2. Special Case of Zero Ring Vortex 0 A

The impeller used in the experimental investigation was de-

signed n accordance with the preceding theory for an inviscid fluid pass.

'in-gthrough a cascade consisting of an infinite number of blades. A fur-

ther simplification in, the -design procedure is introdued by Imposing the

WAXC M 55-158 8P Jr. ...... ..



condition that the tangential component of the vorticity be zero. In termI

of the cylindrical coordinate system, the tangential component of the

vortici ty is

6c bc
. r -. (20)

On the basis of the continuity equation, it is necessary that the radial

and axial components, of both the absolute and relative fluid velocities at

any point be identical. That is,

c r W.cr w5 ,

and hence, 
6 r b

S'r - S- -. - . (21)

The equation of the blade surface may be represented by the equation

F(r,z) + 0 - 0 . (22)

F 1%The dire-ction numbers. of a normal n to the blade surface are ( ir -).

The free vortex lines must 1W in the blade surface because they coincide

with the relative streamlines. Further, since the bound vortex lines lie

in the blade surface, it follows that the total absolute vortex lifes must

also lie in the blade surface as they are determined by the wtor sum of

the free and bound vortices. This implies that

n. 0,

and

WAX TR 55-158 9



5as r A 61 (23)

The radial and axial components of the vorticity vector are

1 rc 1 r

A "-- .- -t •

The infinite blade restriction implies axial symmetry so that differentia-

tion with respect to 0 is zero. Introducing the whirl moment, a U rots

and for At - 0, equation (23) simplifies to

by aa b ba 6

F -m.o . (24)

The left side of this equation is the Jacobian determinant of the functions

F(rS) and m(r,s),, and the vanishing of this determinant implies the func-

tional dependence of F and m. This means that

a -M

- a(S), (25)

and, consequently, the intersection of the blade surface with radial planes

(9 a constant) are lines of constant whirl-moment.

3. Blade Design for Zero Ring-Vortex

a. Determination of the eridional Streamline Pattern

As a preliminary consideration, suppose there are no blades

present between the hub and sbr8 d surfaces. irrotational flow (i.e. flow
having sero vorticity) passin through this annular space will satisfy te

condition

5A5 T 5.158 10



W a 3* (26)

This differential equation may be used as the basis for the meridional

streamline pattern of the free flow through the annular space without

blOding. It blades, or the equivalent bound-vortex surfaces, are intro-

duced such that the tangential component of vorticity is zero, then equa

tion (21) will be valid, This means that equation (26), which applies to

the free flow without blading, will remain unchanged by the presence of

blades designed so that A is identically zero.

The first stop in the blade design is the determination of

the neridional flow pattern for free irrotational flow between specified

contours of the hub and shroud surfaces. The natural coordinate system

(asng) is convenient to use for this determination. The flow is irrota-

tional,

n aM0" (27)

and the convective component of the acceleration in the direction normal

to the streamline is

02~ u~ (28)

ands henoe, the irrotational condition may be expressed by

a eu c a (29)

Thsdifferential equation may be integrated along an orthogonal (7ig. 2),

WAM)C IR 554158 11
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in d

a . r

140 c

n
.Ll Fe An

The velocity distribution along an orthogonal,, given by equation (0),,

satisfies the irrotationai flow condition. If the merdional streamline

pattern is constructed to satisfy this condition., together with a contin-

uity requrement., the streamlne pattern will be uniquely deermined. The

continuity condition requires that the same fow rate croSS any two see"

tions between adjacent stream surfaces, The volume rate of flow passing

between the hub surface(n a 0),9 md any other stream; surface is

30

ands in dimensionless form,,

and

CAn rdCm.)
Z; A

300

Equations (30) and (31) can be satisfied by a graphical

Method of computation. For the specified hub and shroud surface contours

of Fie 2, a number of estimated orthogonals are sketched into the mer-

idional plane. For each of the othooaals o the velocity distribution

given by equation (30) is solved by graphical integration This is

ad in diens

WADC TR 5-n/8 n



most easily by e-stimating the distribution of An/r along the orthogonal,
and plotting this distribution against n/nn. The area- uner this curve u

to any value of n/An, represents the dimensionless velocity c/cmo at this

point; and from the area values, the distribution shown in Fig. 3 is ob-

tained. The dimensionless discharge, also shown in Fig. 3, is computed

from equation (31) by a graphical integration, From this discharge plot,

the n-coordinates of the streamlines which equally partition the flow

along each orthogonal are determined. Using the appropriate radius and

center of curvature at each of these n-.coordinates, the arcs of the mer-

idional streamlines are drawn in with a compass. if the arcs blend into

a smooth curve, the correct meridional streamlines have been obtainedj,

satisfying both the continuity and irrotational flow conditions. If the

arcs do not blend together, the original estimates of the orthogonals must

be modified and the computational procedure repeated. The dimensionless

lqyout of the meridional streamline pattern shown in Fig. 2 was obtained

after the second computation. The pertinent numerical values for this

streamline pattern are presented in Table I. The distribution of the di-
C

mensionless velocity M- - along each orthogonal, and along each meridional

streamline, is shown in Figs. 4 and 5 respectively.

b. Determination of. theBld he

The design of the blade surface, considered as a bound

vortex-sheet, is such that at the design operating condition the ring-

component of the bound vorticity is zero. The design operating condition

is dependent upon the desired discharge for a given speed and impeller

size, and is fixed by a suitable choice of the design parameter, QMD3 .

WAM Tw 551581
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0.1731 0.393 0,143 1.000 0.249 0.697 0.428 1.470 3o44

0 0 0.364 0.099 0 0.64 0,232 0 1.000 2.43
1 0.0341 0.380 0.093 0.244 o.542 0.258 0.082 .062 2.58

Orthogonal IV 2 0.06 0.396 0.087 0.460 0.71 0.29-7 0.165 1.126 2.74
a.000.0917 0.413 0.09 0.655 0.399 0.352 0.247 1.200 2.02

V I o,1175 0.142A 0.076 O.81O 0.321 0.137 0.329 1.290 3.14
0.11400 04141 0,071 1,000 0.249 o.563 0.411 1.395 3.39

0 0 0.456 0 0 o.604 0.197 0 1.000 2.47
1 0.0274 o464 0 0.231 0.500 0.238 0.082 1.052 2.59

or-honal V 2 o.524 0.474 0 0.440 0.437 0.272 0,163 1.110 2.73

a O.U0o 3 00770 0U82 0 0.647 0.387 0.307 0244 1.178 2.90
14 0.0988 0.492 0 0.830 0.350 0.340 0.325 1.249 3.07
5 0.1190 0.500 0 1,000 0.319 0.373 0.407 1.327 3.26

0 0 o.547 -0.o91 0 0.604 0.172 0 1.ooo 2.45
1 0*020 0.550 -0.086 0.222 0.498 0.208 0.082 1.02 2.57

Orthogonal VI 2 0.012 0.553 -0.062 0.430 0A32 0.240 0.163 1.091 2,69
S0.1036 o.o652 0.556 -0.078 0.629 0.3084 0.270 0.244 1.148 2.82

4 0*050 o .561 -0.074 0.820 0.37 0.2 0.325 1.21? 2.98
5 0,036 0.565 .. 071 1.000 0.319 0.325 0.406 1.282 3.16

m - .-...
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The blade design is based upon a typical value for this type of mixed-flow

Impller of Q -*D3 _ 0.060. The blade cascade satisfying these conditions

will not disturb the meridional streamline pattern already determined for

the free flow.

Equation (25) expresses the fact that the intersection line

of the blade surface with any radial plane is a line of constant whirl-moment.

The whirl-moment is a function of 0, and can be arbitrarily chosen; how-

ever, several trials W be necessary to produce a desirable blade shape.

Por example, the total length of the blade may turn out to be very different

along the hub and the shroud surfaces. How to change the whirl-moment for

a desired modification of the blade shape is easily understood, once one has

gone through the design procedure. The first choice of whirl-moment for the

blade design of the test impeller led to a double-curvature of the blade

along the shroud surface. The whirl-moment was adjusted so that this

double-curvature was eliminated, and the final choice of whirl-moment dis-

tribution is shown in Fig. 6.

The design of the eacperimental blade cascade was accomplished

by a-combined numerical and graphical procedure. The differential equation

of the relative streamlines on a conical development is

Wt. r 0mcotp, (32)

and may be approximated by a finite-difference equation expressed in di-

mensionless form,

80 CA S. (33)

WADC 7R 55-158 18



From this equation, angular increments were computed for constant incre-

mental arc lengths, 8S - 0.028, starting from the blade exit edge chosen

-long orthogonal V as shown in Fig. 2-. The corresponding values of R were

masured directly from this figure, and the values of cotp were determined

from the velocity diagram at each point. It is apparent from the velocity

diagram shown in Fig. 1, that the tangential and meridional relative vel-

ocity components are given by

tou -ct ,

Introducing the whirl-moment, m - rct, the value of cot@{ is determined

from the equation

U-- r
cotp a CA

and, in dimensionless form,

cotp P~ R~D (3L1  j4)

The dimensionless meridional velocity component is taken from Fig. 5j and

the whirl-moment from Fig. 6. The details of the d esign procedure are

progressively shown in Fig. 7, and the numerical values for the computa-

tion are given in Table II. The constant incremental 4rc lengths 8

along each meridional streamline are shown in Fig. 7a. The corresponding

computed values of 80 are used to determine the streamlines, shown in the

WVAC 55-158 19
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Table

BLADE DESION FOR DESIGN PARAkM ,ER, I m 0.060

Meridian Radial Meridian Anv.lar Whirl 8 0 CotA Blade
STATION Streamline Distance Velocity Position Momert le

S - /D R - r/ m a 9 
l

_(degree) 
(dog) (dog)

StreaomlIe 0 a 0 0.458 2.47 0 2.21 0.28 4.0 1.15 11.0

b 0.028 0.431 2.47 0.00 1.80 0.028 4.5h 1.22 39.3

a 0.056 0.40L 2.46 8.5 40 0.028 5.27 1.33 36.9

d 0.08 0.378 2.44 35138 1.03 0.028 6.2 1.4? 34.3

S 0.112 0.352 2.1 20.0 0.69 0.028 7.L 1.63 31.5

f 0.110 0.326 2.39 27.4 0.40 0.028 .7 1.76 9.5

£ 0.168 0.301 2.37 36.1 0.16 0.028 10.1 1.90 27.8

h 0.196 0277 2.33 46.2 0.02 0.028 11.3 1.95 27.1

0.224 0.254 7.29 57.5 0

StreamlIne 1 a 0 0.466 2.59 .21 0.028 4.02 .168 40.6

b 0.028 0.438 2.59 4.02 1.80 0028 4.51 1.232 39.1

o 0.056 0.413 2.58 8.53 1.O 028 5.26 1. 35h )6A

d 0.084 0.388 2.58 13.8 1.03 0.028 6.11 L178 34.1

* 0.112 0.362 2.57 19.9 0.69 0.028 7.12 i.606 31.9

f o.140 0.339 2.06 270 0.41 028 8.21 1.735 30

* 0.168 0.317 2.54 35.2 0.18 0.028 9r39 1.856 28e3

h o.196 0.296 2.53 4116 0.035 6.028 10.31 1.903 27.?

1 0.224 0.276 2.51 .9 0

Stroamine 2 a 0 N474 2.72 0 2.21 0.028 4.03 1.190 10.0

b 0.028 0.447 2.73 .03 1.80 0.028 1.50 1.254 38.6

o 0.o56 0.21 2.74 8.53 1.o 0.028 5.13 1.347 36.6

d 0.0% 0.397 2.74 13.7 1*04 0.028 5.89 1.459 34.4

o 0.112 0.374 2.75 19.6 0.71 0.02F 6,76 1.576 3294

f 0.140 0.353 2.75 26.4 0.3 0-.028 7.71 1.696 30.5

9 o.168 0.332 2.74 34.1 0.21 0.028 8.64 1.788 29.2

h 0.196 0.313 2.73 12.7 0.05 0.028 9.49 1.852 28.4

i 0.224 0.296 2.71 52.2 0 0.

Streamline 3 a 0 0.483 2.90 0 2.21 0.028 3.98 1.198 39.9

b 0.028 0.457 2.91 3.98 1.81 0.028 4.41 1.256 38.5

o 0.056 6.433 2.92 8.39 1.41 0.028 5.03 1.357 36.4

d 0.O8 0.410 2.93 13.4 1.05 0.0;8 5 .70 1.458 34.4

a 0.112 0.388 2.93 19.1 0.7 0.028 6.43 1.556 32.7

f 0.140 0.368 2.92 25.5 0.47 0.028 7.25 1.663 31.0

o.168 0.349 2.92 32.8 0.24 0.028 8.08 1.757 29.7

h 0.196 Q.332 2.90 10.9 0.08 0.028 8.82 1.825 28.7

1 0.224 0.320 2.87 29.7 0.003 0.028 9.30 1.855 28.3

eli 0 0.1 3.07 0 2.21 0.028 3.92 1.199 398

b 0.028 0.463 3.09 3.92 1.81 0.028 4.27 1.232 39.1

a 0.056 0.142 3.11 8.19 1.43 0.028 4.82 1.329 37.0

d O.O8 0.423 3.13 13.0 1.08 0.028 5.45' 1.43 3.8

0 0.112 0.400 3.1h 18.5 0.77 0.028 6.06 1.510 33.5

f 0,140 0.38 315 21.6 0.5 0.028 6.71 1.60 31.9

. 0.365 3.31 31.3 0.28 0.028 7.hI 1.693 30.6

b 0.196 0.352 3.12 38.7 0.11 0.028 8.1 1.780 29.

0 .224 o.341 3.10 6.8 0.02 0.028 8.53 1.814 28.9

a 0 0.500 3.26 0 2.21 0.028 3.85 1.200 39.8

streav 5 b 0.028 0.476 3.30 3.85 1.82 0.028 4.20 1.245 38.8

o o.o56 0.152 3.34 8.05 1.4 0.028 1.62 1.301 37.5

d o.o8 0.430 3.39 12.7 1.10 0.028 5,07 1.360 36.3

e 0.112 0.1411 3.42 7.8 0.80 0.128 5.62 1.446 34,7

f 0.110 0.395 3.43 23;. 0.55 0.028 6.11 1.513 33.5

£ 0.168 0.381 3.42 29.5 0.33 0.020 6.75 1.6 31.9

o.196 0.370 3.39 36.2 0.6 0.028 7.3 1.69 3.
1 0.224 0.32 k. 35 0. 028 7.8 76 29.5

WACTR 554158 23
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plan view of Fig. 7b. Starting from the blade outlet edge, radial planes

are drawn in the plan view at 5 degree intervals up to the inlet blade

edge, spanning a total angular displacement of 50 degrees. The intersec-

tion points of the meridional streamlines with these radial planes are

plotted in Fig. 7c, and these points determine the intersection lines of

the blade surface with the radial planes. As previously describedp these

intersection lines are lines of constant whirl-moment, and, consequently,

indicate lines of constant energy input to the fluid from the blade cas-

cade, The cylindrical coordinates of the blade surface are measured di-

rectly f-o!A these intersection lines and are presented in Table II.

Templates designed according to the data of Table III were used to guide

the construction of the pattern for the impeller casting.

C. Finite Number of Blades

1. General Considerations

The design of the experimental impeller is based upon flow

conditions through a cascade with an infinite number of blades , Ruden3

has computed the potential through-flow for a cascade having a finite

number of blades by considering the velocity at every point to be the sum

of the average value with respect to Q plus a perturbation velocity. go

showed that if perturbations of an order higher than the first are

neglected, the average meridional values with respect to Q are exactly

equal to the values computed on the basis of an infinite number of blades.

In general practice, this condition is considered to be satisfied if the

blades are not spaced too widely apart, the fluid is of low viscosity,

and the operating conditions are near the design point. One of the ob-

WAC R 55-158 25



objectives Of the experimental phase of this program is to determine

the'extent to which the flow deviates from the theoretically predicted

flow for an infinite number of blades, Assuming a uniform flow

distribution from hub to shroud, Stanitz4 '5 has computed the blade-to-blade

variation in the flow through a conical, mixed-flow compressor by the re-

laxation method. He has also computed the flow on a general mean stream

surface of revolution for a compressor having straight radial blades.

Following the methods of Stanitz, the theoretical variation of the flow

between the blades of the experimental impeller has been computed at the

design operating condition QD 3 - 0.060, for comparison with experiments

and evaluation of the underlying potential flow assumptions.

Because of the small blade number (four) of the experimental

impeller, the maximum deviation from the mean flow conditions are expected

to occur in the tangential direction. The spacing between the hub and

shroud surfaces is relatively small compared to the spacing between the

blades; thus, it is as sumed that the deviation of the meridional streamline

pattern from the axial-symmetry solution is mall. Further, at the design

condition, the tangential component of the bound vortex-sheets representing

the blade surface has been assumed to be zero, so that from the infinite-

blade considerations the meridional streamline pattern should remain un-

disturbed. For these reasons, the flow is assumed to proceed along the

surfaces of revolution generated by the meridional streamlines. This as-

sumption does not allow a true, three-dimensional motion, since the fluid

particles are thus hypothetically confined to predetermined surfaces of

revolution. The quasi-three-dimensional solution so obtaihed, however,

should give a more realistic picture of the flow conditions within the

WADC 1! 55-158 26



Impeller than would the axial-symetry solution.

2. 3 uation of Fluid Motion on the MeaA !eridional Areasm Surface

a. Absolute Irrotational .Motion

The general differential equation of the fluid motion is

derived uider the assumption that the flow is confined within a channel

formed by two stream surfaces of revolution enclosing the stream surface

generated by the mean meridional streamline as shown in Fig. 8. The flow

is assumed to be irrotational upstream of the blade cascade, and according

to the discussion immediately following equation (12), the absolute velocity

of the fluid will remain irrotational upon passing through the impeller.

In particulars the vorticity component normal to the stream surface is sero,

implying the circulation on any closed path on the stream surface between

the blades is sero (Stokes' theorem). Considering the path shown in Fig.

9, the following equation is obtained,

X na 0a [%6Ct dQ)dR - 4(c dS) dl](5

Since sin& = dR/dS, this equation may be simplified,

bw a

.~[R(2R +Wt)] 1

and, expanding this equation gives

4R sin8 + Wt + R eln - 0 (36)

b. Continuity Equation

The application of continuity conditions to the elemental

WAWC TR 55-158 27
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region shown in Fig. 10 yields the following equation,

3! (W33R dB)dR (WB *,d

and# since ads. sinS p there is obtained the equation

S(%ERt) + (Wt B .0.(7

A stream function ~,,satisfying equation (37)s may be defined such that

Coordinates (C~,introduced by Stanits4,, on the aean stream surface are

defined such that

~m~ 3 j 1 (39a)

(39b)

Since the Cauchy-Riemann, equations are satisfied, the transformation of co-

ordinates (R, Q) from the mean stream surface to the (CA,~ plane is conv

formal; that is,

(4~0a)

(140b)

In the transformed plane, equation (36) becomes

W= Ix 55-3-8 29



Fig. 10 ELEMENTAL REGION FOR APPLICATION OF CONTINUITY EQUATION

1 1 h

Fig. 11 MESH NOTATION ABOUT CENTRAL POINT 0
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4,R -sin 8 + tsW+

and the equations for the strem function become*

• W. MAG, (42a)Wt

. wm BRAG (42b),

c. Qeneral Equation

Cobining the stream-function eqations (42), and equation

(41)0 the equation given by Stanits in obtained,

2 f+ -6 2...la4. BR2 (1) 2 s - 0. (43)

Using the notations shown in Pig. ll, equation (43) may be expressed In

finite-difference form,
*1+ +2+ *3+ *4- 4 *0o h f( ) *I-* 3 )  h g((o) 0', (44+)

where '( o) 1 " (d _n-,B€

g . 4[gt2 (A) 2 uinS] . ,6)

The values of as a function of R are determined from a numerical evalua-

tion of the integral
R

1-- p (ne7)

Rblade exit

The plot of the mean meridional streamline and the channel height B are

VAXC 55-158 31



shown in Fig. 12. The cons angle s determined from the slope of the

man meridional streamline with respect to the axis of rotation#

*arc tn (148)

and the values of sin are plotted in Fig. 13- The values of C obtained

by the numerical integration of equation (47) are shown in Fig. 13P and

the function lnB, together with its derivative, is shown in Fig. 14. The

9-coordinates of the blade profile on the mean stream surface are shown in

Fig. 12, and the corresponding ')-coordinates are plotted in Fig. 13- The

numerical values are presented in Table IV,

d. Boundary Conditions

The assumed boundary conditions that make the problem

completely determinate can be summarised by the following four conditions.

1. The specified inlet flow is uniform far upstream.

2. The Kutta-Joukowsky condition applies at the blade

exit tip.

3. Periodic flow conditions prevail about the impeller

axis, with a period equal to the blade number.

4. The flow is uniform far downstream of the blade

cascade.

The flow conditions in the draft-tube upstream of the

blade cascade are considered uniform at w - 1.10. Velocity traverses

made during the test runs showed this assumption to be essentially correct.

For this value of f, the radius R is 0.250, and the channel height B is

2.00. The meridional component of the upstream velocity is given by the

WA 55-58 32
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Table IV

* MEAN STREAM SUTRFACE DATA

R B£(~) g ~0  (Blade
( @=l.502) Profile)

- 1.10 0.250 2,00 0 0 0

- 1.00 0.253 1.95 0.065 0.0925 0.0748

- 0.90 0.255 1.89 0.fl93 0.1225 0.1032

- 0.80 0.258 1.85 0.125 0.1540 0.1389

0 0.70 0.265 1.78 0.187 0.1995 0.2109

- 0.60 0.27h 1.71 0.265 0.2320 0.3070

- 0.50 0.287 1.62 0.365 0.2830 0.4395

- 0.40 0.306 1.52 0.490 0.344O 0.6295

0.30 0.331 1.39 0.620 o.4195 0.8518 0.430

0.20 0.367 1.26 0.78 0.5125 1.U56 0.270

0.10 0.416 1.12 0.860 0.6085 1.5o7 0.122

- O.O5 o.46 1.O6 O.O7 0.6300 1.7258 0.060

0 0.477 1.00 0.0i42 0.61h0 1.9333 0

0.05 o.514 0.94 0.968 0.5410 2.1687

0.10 o.551 0.90 0.982 0.4330 2.4209

o.15 0.596 o.87 0.995 0.3075 2.7755

0.20 o.641 0.85 1.0OO 0.1600 3.154

0.25 o.691 0.84 I1.000 0.0000 3.6193

O.30 O75 0 .84 1.000 0..0000 4.20 71

At the blade inlet tiP, 0.581 at -0.383
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total volume rate of flow divided by the draft-tube areas

aS (49)
draft

The dimensionless velocity is

WM W - --5 -7(49a)4D -R draft

The dimensionless draft-tube radius is 0.355, and at the design point-,

Q/WD 3 a 0.060; so that the meridional velocity component of the uniform up-

stream flow, as computed from equation (49a) is 0.303. Considering the up-

stream whirl-moment in the draft-tube to be zero, the tangential component

of the absolute velocity is given by

Ct -u + wt a O,

and

Wt  - rw.

The dimensionless relative velocity component is thus

Wt  6M

- 2(0.250) - 0.5oo.

The derivatives of the stream function are

.- -o.500)(2.00)(50 )(1.o2) 0 o.376,

(o.33)(2.oo)(o.250)(1.502) 0.2276

WADC M 55-158 r



The span between blades is AT) 1, and consequertly, = 0.2276. For

convenience, a stream-function ' may be defined such that

0 -- (50)

The value of ' on the leading face of the blade profile is made equal to

zero, and on the trailing face a value of 100 is chosen. The specified

values of the derivatives of the stream-function on the upstream boundary

are shown in Fig. 15.

The Kutta-Joukowsky condition requires that the relative

flow leaves the blade tip tangent to the blade surface. The best numerical

procedure to follow is to satisfy all boundary conditions with the excep-

tion of the Kutta condition in the first relaxation solution, and then ad-

just the downstream whirl-moment value until the tangency condition is sat-

isfied. The adjustment of the downstream whirl-moment value is determined

by a separate relaxation solution involving fixed zero-values of the stream-

function on the blades and a unit change in the upstream whirl-moment value.

The corresponding changes in the stream-function are determined to a first

approximation by the relaxation solution of the Laplace equation,

V 2 V. 0j ()

and, in accordance with these values, the stream-function is adjusted to

satisfy the Kutta condition. A final computation must then be made to

satisfy the more accurate differential equation (43). The details of

this computation are presented in Appendix C.

From symmetry considerations, the flow is cyclic in the

7-direction with a period equal to the blade spacing,0- 1. Periodic

WADC TR 55-158 37



are constant on downstream boundary

01-. (leding ' 00 (trailing
blade face) blade face)

L-V A I.0 , Periodic
\ boundary

l lines

1-6

tream boundary

FiU 15 BONDAR Y CONDITIONS FOR THlE F1W FIELD ON THE MEAN STREAM
SUR~FACE.
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boundary lines are sketched in as shown in Fig. 15# and for arn given

value of , the value of the stream-function cn the right-hand boundary

line must equal the value on the left-hand boundary line plus 100.

The flow conditions are considered to become uniform

downstream in the vanelesa diffuser, so that the derivatives of the stream-

function, shown in Fig. 15, are constant on the downstream boundary.

The flow conditions around the boundaries enclosing the

flow region have now been completely described, and the problem can be

solved by relaxation methods. A discussion of the results of this compu-

tation at the design condition follows.

3. Results of the Relaxation Solution

After the residuals occuring in the relaxation solution

have been eliminated, the values of the stream function at the nodes of

the relaxation grid are used to determine the relative streamlines. A

streamline is a line drawn smoothly through comon values of the stream

function as is shown in Fig. 16. For ar streamline, the numerical value

of * indicates the quantity of flow, passing between the contour line of

the leading blade face and the specified streamline, as a percentage of

the total flow passing between the two blades. From the distribution of

the stream-function along the periphery at the blade exit-tip, the mer-

idional velocity distribution is computed by means of equation (42b).

The velocity distribution computed on this basis is compared, in Chapter

IV, with the distribution measured at various operating conditions of the

test impeller.
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IIoZIPERtHE NTAL INVESTIGATION

A. Description of the Test Stand

A schematic diagram of the test stand used in this investigation

is shown in Fig. 17, and the complete test stand with the dynamometer

drive is shown in the photograph of Fig.. 18. The dynamometer unit has a

20 horsepower rating and a speed range from 400 to 6000 rpm. A large,

box-type filter is provided upstream of the inlet nozzle to prevent damage

and clogging of the instruments. The filter consists of flannel cloth sup-

ported b? wire mesh screening, and has static pressure taps at the walls

of the box to measure the pressure drop across the filter. A standard

A.SM.E. long-radius nozzle is installed at the inlet of the draft tube to

measure the rate of flow,, and to provide smooth entry of the air. Six

straightening vanes are mounted in the nozzle (Fig. 19), and extend from

the inlet face to the end of the long radius.

The impeller is cast of an aluminum alloy and has a maximum blade

diameter of 14.06 inch (see Figs. 20 and 21). The details of the impeller

design have been described in Section II. An aluminum disc is mounted on

the back of the impeller to support the pitot probe, which can be located

in six different peripheral positions relative to the impeller. An ad-

justable dumny pitot-probe is provided diametrically opposite the actual

probe to minimize the dynamic unbalance of the unit. The impeller end

the positioning disc were each dynamically balanced so that the unit remains

in dynamic balance even though the location of the positioning disc is

changed relative to the impeller. The ring arrangement shown on the back

of the positioning disc is to support the stainless-steel tubing which
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leads from the pitot-probe to the shaft, against centrifugal force effects.

The tubing is connected to longitudinal holes which are drilled in the

shaft and lead to the rotary-seal pressure take-offs.

At the exit of the impeller, a vaneleas diffuser is provided which

consists of two parallel plates of large diameter. Guide vanes are omitted

so that the relative flow in the impeller will be undisturbed and steady.

The flow leaving the diffuser, passes into a discharge drum which is

equipped with adjustable louvers to control the impeller discharge pressure

and the total rate of flow passing through the unit.

B. Instrumentation

1. Inlet Conditions

The total volume rate of flow entering the draft tube is

measured with a standard A.S.M.E. long-radius nozzle. The static pressure

taps are in the parallel throat portion at the recommended distance from

the inlet face. Values of the nozzle coefficient for a range of throat

Reynolds numbers are provided in the A.S.M.E. Fluid Meters Report.

Conditions downstream of the straightening vanes in the nozzle

are measured by means of a pitot-traverse taken with a spherical probe.

Pre-rotation of the flow could not be detected, either with the pitot-

traverse, or by visual observation using small flags inserted into the

flow stream.

2. Outlet Conditions

a. Preliminary Considerations

The absolute velocity of the fluid leaving the impeller is

unsteady, and it varies periodically with a frequency given by the product
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of the blde number and the impeller rotative speed. Because of the

errors produced by pressure waves and high fluid resistance in the tubing

connecting the probe and the pressure pickup, accurate measurement of the

absolute velocity (and pressure) distribution by means of stationary total

pressure probes is considered impractical. There are pressure-sensitive

electronic instruments commercially available which are highly responsive,

but an accurate measurement of the direction of the unsteady absolute flow

is considered unfeasible using any type of total pressure probe presently

available; extreme sensitivity would be required of the instrument, par-

ticularly at low flows, Md very small size would be necessary to eliminate

disturbances. Studies of incompressible liquid flow in pumps have been

Successfully made using an intercepting valve, rather than an instrument

recording a continuous pressure measurement with time. In this method,

pressure impulses of very short duration are intercepted and measured at

intervals synchronized with the impeller rotation; and, by varying the

phase of interception, a series of pressure impulses can be plotted as a

continuous curve. At the greater impeller speeds, serious objections to

this method are raised because there is hardly any means of actuating

the intercepting valve fast enough to transmit pressure impulses within

small phase angles.

A possible alternate method of measuring the unsteady

absolute velocity is by means of the hot-wire anemometer. As a prelimin-

ary study, small hot-wire probes were made with 0.045 inch lengths of

0.0003 inch diameter tungsten wire and were calibrated in a steady flow

stream. Difficulty was encountered because of the rather low sensitivity
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of the hot-wire, when used as a constant-current instrument, at air vel-

ocities over 140 fps. Greater sensitivity could be obtained by increasing

the current, but at the risk of burning out the wire; a 100 milliamp cur-

rent was considered to be the maximum safe operating limit. It was decided

that this instrument was not practical to use for accurate quantitative

measurements in the range of air velocities encountered. A further objec-

tion to the hot-wire probe, was the significant change in calibration

caused by deposits on the wire from small traces of oil vapor in the air.

The hot-wire probe and electronic circuits employed were of the type used

by Pearson °'11.

Because of the difficulties involved in measurement of the

unsteady absolute flow, it was decided to measure the steady relative flow

by means of a pitot-type probe mounted on the impeller. The two chief dif-

ficulties involved with this type of probe were: (1) adjustment of the

probe while in motion, and (2) transference of the pressure from the ro-

tating probe to stationary manometers. A discussion of these difficulties

and the manner in which they were overcome is included in the following

paragraphs.

b. The Three-Dimensional Spherical Pitot-Probe

Among the several types of pitot-probes commonly used for

measurement of flow direction, as well as flow velocity and static pres-

sure, are the claw-type probe and the spherical probe, The most direct

method of obtaining flow direction with the spherical probe is to adjust

the probe along two perpendicular planes until its axis points in the

direction of flow. This direction is then measured by protractor scales

WAJ)C Th 55-458 .8 J
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on the two planes. Coincidence of the probe axis with the flow direction

is obtained by balancing the pressure readings on symetrically positioned

orifice openings. An alternative method of measuring flow direction con-

sists of yawing the probe until the resultant velocity vector is in one

known plane, and then using two-dimensional calibration curves for the de-

termination of the flow direction in the other plane. Both of these me-

thods require adjustment of the probe during operation, which involves

almost insurmountable mechanical difficulties, if accurate positioning is

to be obtained. To avoid this difficulty, a three-dimensional calibration

scheme was devised so that any velocity direction within an incident cone-

angle of 25 degrees can be determined by measuring the pressure readings

at five individual holes on the sphere surface. The details of this cal-

ibration are included in Appendix B.

The probe consists essentially of a tapered shaft with a

0.190-inch-diameter spherical sensing-head. The shaft is welded at a

right-angle to a crosspiece mounted between the hub and shroud surfaces

of the blade cascade. Five pressure holes are on the spherical surface;

the center hole is at the end of the shaft axis, and each of the other

four holes are symmetrically spaced on a sphere radius forming an angle

of 40 degrees with the probe axis. Detailed drawings of the probe are

shown in Appendix B. Two probes were made, one having orifice holes of

0.011 inch diameter, and the other having holes of O.O16 inch diameter.

The individual calibration curves for the two different probes are com-

pared in Appendix B. The larger sized orifice holes were of a distinct

advantage because of the greatly reduced response time of the instrument.
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The cross-piece for both probes is at a sufficient distance downstream from

the probe head, so that no appreciable flow disturbance occurs at the

pickup.

co Rotary-Seal Pressure Take-offs

A pressure transfer device is required to transfer the

pressure readings from the rotating pitot-probe to stationary manometers.

Hamrick, Mizisin, and Michel 1 2 used sealed ball-bearing units for the

pressure-transfer section. Their report mentions difficulties incurred

through leakage due to failures of the seals. As a preliminary investiga-

tion, a model was made employing various commercial brands of sealed ball-

bearings. It was found that the model would operate perfectly for awhile,

and then would develop intermittant leaks. In view of the unreliable per-

formance of this type of seal, a transfer device employing contact-type

rawhide seals was developed. This seal was used successfully at the 1500

rpm impeller speed, but at higher speeds, overheating and wear became

excessive and resulted in seal failures. Considerable effort was expended

to adequately lubricate and cool the seals, and at the same time, keep the

air chambers perfectly free from the lubricant. Best success was achieved

using air cooling and small amounts of molybdenum-disulfide as a lubricant.

In an effort to improve the pressure-transfer device, a

viscous-drag mercury seal was designed. A pilot -model with

transparent faces was made to determine the optimum seal gap, mercury

reservoir volume, and range of operating speeds. Guided by the tests

conducted with this model, the prototype was designed and is shown in

Fig. 22 The best performance was obtained by using a smooth disk rotat-
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ing in the mercury reservoir. The centrifugal action produced by disk

friction causes the mercury to rotate and fill the space between the rotat-

ing disk and the stationary housing. A disk of this type located at each

side of the pressure take-off opening in the shaft produces a sealed air

chamber from -hich the pressure may be measured with a stationary manometer.

To obtain reliable measurements of the relative flow it is

necessary that the sealing be perfect. krrors were encountered at first

because of contamination of the mercury caused by contact with base metals,

O-rings, or minute quantities of lubricants. This contamination produces

an amalgamation which will adhere to the rotating disk and interfer with

the cohesive forces between the disk and the mercury, resulting in a per-

iodic breakdown of the sealing surface and erratic pressure readings. At

speeds greater than 1000 rpm the seals will quickly heat up, accelerating

the formation of mercuric amalgams. Air cooling was used at the 1500 rpm

speed, but was inadequate for higher impeller speeds. Liquid cooling pre-

sents a problem because of the possibility of very small amounts of the

liquid coming into contact with the mercury. In place of oil, ethylene-

glycol was used as the coolant because it has les serious contamination

effects on the mercury. Contact of the mercury with 0-rings tends to

promote the formation of amalgams and it was necessary to insert a teflon

back-up ring into the O-ring groove to provide a barrier between the

O-ring and the mercury.

3. Overall Performance

The pressures at the inlet filter box, and inside the discharge

housing, were measured to determine the overall energy input to the fluid.

The pressure distribution relative to the blades was measured at the
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impeller outlet by means of static pressure taps in the hub surface lead-

ing to the rotary seals. Static pressure taps were also located in the

walls of the stationary diffuser. The brake torque and power were measured

with the dynamometer.

C. Test Procedure

The velocity distribution relative to the rotating impeller is

measured at the blade outlet with the spherical pitot-probe mounted at the

six circumferential positions shown in Fig. 23.. An eight-point traverse

(Fig. 24j is made at each of these six circumferential positions. The re-

sulting 48 positions cover the discharge area of 15.7 square inches be-

tween two adjacent blades. Two separate runs were required at each test

point in order to check for leaks. This was accomplished by interchanging

the tubes leading from the pitot-probe holes to the rotary seals, and

checking the reproducibility of the manometer readings. A total set of

readings were taken for a single speed and a fixed flow rate. The flow

rate was measured at the standard inlet nozzle and adjusted by means of

the louvers at the outlet housing. The pressures in the inlet filter

chamber, the inlet draft-tube, the diffuser walls, and the drum housing

at the outlet were measured. After the internal measurements of the flow

distribution were completed, the rotary seal assembly was removed to

eliminate the torque of this unit, and the overall performance of the

impeller was measured with the dynamometer drive.

D. Presentation of Data

1. Internal Flow Measurements

The results of the detailed measurements of the flow distribu-

tion at the impeller outlet are presented in Table V. The first sections
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of the table, (a) through (g), comprise the data taken with the spherical

probe with the larger orifice holes (0.016 inch diameter), and using the

mercury seals in the pressure transfer device. The latter sections of the

table1 (h) through (k), present the data taken with the spherical probe

with the smaller orifice holes (0.011 inch diameter) and slower response

time, and using the contact-type rawhide seals in the pressure-transfer

device. The discharge rate is considerably lower for the runs made with

the rawhide seals because a small hig-h-resistance filter was used at the

inlet to the draft tube; also, for these runs, a straight conical inlet

to the draft-tube without straightening vanes was used in place of the

bellmouth nozzle.

Graphs of the data showing the distribution of the pertinent

flow variables are given in Figs. 25 through 30. The distribution of the

meridional component of the relative velocity across the channel from hub

to shroud is shown in Fig. 25, For purposes of comparison, the theoretical

velocity distribution for the meridional flow pattern, undisturbed by the

blades, is shown for each of the flow rates. The distribution of the

meridional component of the relative velocity from blade to blade is shown

in Fig. 26, and the direction of the relative velocity in terms of 6 and

is shown in Figs. 27 and 28. Figures 29 and 30 show the distribution of

the whirl-moment and specific energy. In Figs. 26 through 30, the plots

for the data taken with the rawhide seals are shown only for the wan

meridional streamlines.

2. Efficiency, Discharge, and Head Characteristic
The primary objective of the experintal investigation was
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to obtain measurements of the internal flai distributions. The test

stand was designed with this in mind, and the outlet diffuser is con-

structed so that disturbances of the relative flow will be minimized.

For this reason a collector ring is not included, and the conventional

compressor efficiency which includes the diffuser performance cannot be

measured. However, as an indication of the general performance of the

impeller design, the shaft power was measured with the dynamometer, and the

corresponding static pressure was recorded for a range of flow rates at

35OO rpm. An "overall efficiency" was computed by considering the energy

input to the gas to be the aum of the static pressure head in the diffusers

plus an average velocity head based upon the flow rate and the diffuser

area. This overall efficiency is shown in Fig. 31. It must be noted that

this efficiency includes the draft-tube inlet losses; there is also prob-

ably a considerable windage loss caused by the stainless steel tubing,

supporting ring-, and pitot-positoning.-disk on the back of the impeller.

The same energy input considered for the determination of the overall ef-

ficiency was also used for the head characteristic. The head input is

plotted as a dimensionless ratio based upon the impeller tip speed. The

impeller efficiency is determined for the 2200' rpm speed from the data

presented in Table V. The useful energy H of the gas is considered to be

the sum of the average static pressure head and the velocity head, and the

impeller work is w/g.

The total flow entering the draft tube is measured with the

standard A.S.M.E. long-radius nozzle. The A.S.M.E. Fluid Meter Report was

used to determine the variation of the discharge coefficient with the

Reynolds number. The discharge was also computed at the impeller outlet

WADC 2 55-158 69



1-4t

a - c- r
4

4

044 %IN@10 m 0 V

0- r

tumje I&sDU3Jdpwq

0 '0 -= (.

I-4



by a numerical integration of the meridional velocity distribution. A

comparison of the rates of flow, as measured with the nozzle and computed

from the velocity survey, is shown in Table VI.

IV. CQMELATION OF THEORY AND EXPERIMENTAL RESULTS

A. Disturbance of Meridional Streamline Pattern

The impeller design is based upon the assumption that at the design

condition of "D 3 - 0.060, the meridional velocity distribution is Un-

disturbed by the presence of the blades. The distribution of the theoret-

ical velocity shows a uniform increase from the hub to the shroud. The

velocity at the hub is 13 per cent below the average, and at the shroud the

velocity is 16 per cent above the average. Examination of Fig. 25 shows

that this general trend for the meridional velocity to increase uniformly

from hub to shroud occurs for all of the test runs, and for values of the

discharge parameter Q/ ranging from 0.023 to 0.087. However, while the

shape of the curve does not significantly change, it is displaced in the

peripheral direction about ±10 per cent from the average (theoretical

distribution), with the exception of the curve inmediately behind the trail-

ing edge of the blade tip (0 - 820 20'). The meridional velocity distributimn

just behind the trailing edge is displaced about 20 per cent above the aver-

age, and the reduction in the velocity profile due to boundary layer build-

up starts at a considerable distance from the shroud. This effect becomes

more pronounced at the lower discharge rates, indicating a significant

boundary layer buildup at the shroud surface near the trailing edge. The

large pressure gradient across the channel from hub to shroud, occurring
behind the trailing edge, may indicate an appreciable secondary flow

this region, (Figs. 32 and 33).
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B. Similarity Considerations

it is generally accepted that similitude relations are satisfied

for turbomachines operating under the conditions of this investigation

(Wislicenus1 3 , Stanit 1 4 ) in which Mach number and Reynolds number effects

are not involved. This means that the velocity diagrams at all points of

the flow field will remain similar over a range of speeds, provided the

discharge parameter QIWD 3 is maintained constant. Comparison of the di-

mensionless velocity distributions of Figs. 25 and 26, and of the velocity

directionb shown in Figs. 27 and 28, shows that similitude relations are

effectively maintained, and tends to verify the reliability of the measure-

ments. Because of this similarity, it is sufficient to concentrate on the

data for one particular speed, 2200 rpm, to study the variations occuring

at the design conditions. Complete data at this speed are presented for

34
a range of values of Q/WD 3 of 0.023, 0.060, and 0.085, which bracket the

design value of 0.060.

C. Variation in the Energy and Whirl-Moment Values

According to the infinite blade theory, the energy input, and the

increase in the whirl-moment, should be uniformly distributed at the blade

outlet. The variation in these values is shown in Figs. 29 and 30. In-

spection of the (c) and (d) parts of these figures for the 2200 rpm speed,

just above and below the design condition, reveals a small variation of *

10 per cent (with the exception of the trailing edge of the blade) across

the channel from hub to shroud. However, there is a significant variation

from blade to blade. This same type of variation has been observed by

Hamrick, et al. 1 2 . The maximum energy input occurs at the driving face
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of the blade, supporting the hypothesigs made in Reference 12, that

'secondary flows in the boundary layer tend to shift the low-onergy air

toward the blade auction surface".

The value of I should remain constant for isentropic flow, and is

a measure of the "lose", which is defined as the difference between the

'useful" energy H and the energy input to the gas given by 6m/g. The

impeller efficiency is defined as the ratio of these two values. The var-

iation in the Inpellar efficiency is shown in Fig. 34t These efficiency

values include the energy losses in the draft tube. The lowest efficiency

occurs near the shroud surface, across the entire passage from blade to

blade; the losses are particularly high in the corner formed by the trail-

ing face of the blade and the shroud surface.

D. Comparisqn with the Blade to Blade Solution

For the blade to blade solution, it is assumed that the flow pro-

ceeds along surfaces of revolution generated by meridional streillines,

Variation of the flow angle 8 along the periphery is a measure of the ex-

tent that the flow "twists" avay from this surface of revolution. Exam-

ination of Fig. 29d (2200 rpm, Q WD3 a 0.060) shows that the angle

varies only about 3 degrees on any given geometric surface of revolution.

This indicates that the fluid particles remain essentially on surfaces of

revolution for the main flow region between the blades. The uniformity

of the flow from hub to shroud indicates that a satisfactory picture of

the flow across the entire channel will be derived from values computed

for the mean stream surface.

Comparison of the theoretical meridional velocity distribution
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with the measured results is shown in Fig. 35. It may be observed that

the general trend in the measured distribution is similar to the theoreti-

cal for all values of the discharge parameter. The measured values do not

rise as steeply as the, theoretical near the trailing face of the blade.

This is most likely caused by unloading of the pressure forces on the

blade near the blade tip, because the pressure difference across the blade

must become sero at the tip. This hypothesis is supported by the distribu-

tion of static pressure from blade to bl4de, as shown in Fig. 33. The

static pressure is observed to be a minimum a short distance from the suc-

tion side of the blade, and then increases upon approaching the blade.

This indicates the presence of a secondary flow, tending to produce a

velocity distribution at the blade outlet, which is more uniform than that

computed on the basis of potential theory.

it The Impeller Slip Factor

The slip facto- 14 is an important parameter for the determination

of the impeller performance, and is defined as the ratio of the average

value of the tangential component of the absolute velocity divided by the

theoretical value that would be obtained if the fluid were perfectly
guided by the vanes. Stodola1 5 gives an equation for straight blades,

1 - 0.500 AG,

and, for a blade spacing of 1.502 radians, the slip factor should be

0.249. Stanits 14 is not in agreement with the Stodola correction; he

has computed the slip factor by relaxation methods for a series of centri-

fugal impellers having straight blades, and also for two impellers having
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logarithmic-spiral blades of backward curvature, and found

$ - I - o.315A.

This equation leads to a slip factor of 0.527 for the four-blade impeller

of this investigation. A comparison of the measured slip factors is

shown in Fig. 36. This figure indicates that the slip factor depends

upon the speed and discharge in an actual impeller, and shows a var-

iation of nearly * 12 per cent about a median value of 0.571, leading to

an equation for the slip factor,

1 - 0.30G ,

which is in close agreement with the theoretical relationship of Stanitz.

F. Overall Perforance

The large deviation between the impeller efficiency and the over-

all efficiency shown in Fig. 31, particularly at low flow rates, ,indicates

the existence of eddy motion within the impeller. The existence of an eddy

attached to the driving face of the impeller at low flow rates is theoret-

ically shown by Stanitz16 . Reverse flow on the driving face is also in-

dicated for flow solutions at low weight flows by Prian and Michel !7 but

direct experimental evidence of the eddy was not found. A possible ex-

planation, offered in reference (12)o is that the flow is unstable, and

that instantaneous eddies will form and be washed awaysomewhat in the

manner of rotating stall observed in axial-flow compressors. Detection

of this phenomena is not possible with the spherical pitot-probe, as

this instrument will only give a time average of the total pressure, and

* See reference (12)
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this tim-average is impossible to interpret in areas of rapidly changing

flow direction. This instability may explain the discrepancy in the total

flow rate as measured at the inlet nozzle, and computed by numerical in-

tegration at the impeller outlet, shown in Table VI, at the low rate of

flow. The integrated value is nearly 27 per cent lower than the value

measured at the noszle.

V. SUMMARY AND CONCLUSIONS

A four-blade, mixed-flow impeller has been designed on the basis of

axisymmetric flow conditions derived from the ass umption of an infinite

number of blades. The flow distribution at the outlet of this impeller

has been measured with a spherical pitot-probe mounted on the impeller, and

the results of these measurements are presented in graphical form. Compar-

isone between the theoretical flow distributions and the measured distribu-

tions have been made, and the following conclusions are drawn.

1. The shape of the meridional velocity distribution remains essen-

tially unchanged from the theoretically predicted shape based upon the as-

sumption of axial symmetry, in spite of the small blade number (four) of

the impeller. However, in the blade to blade direction, the meridional

distribution is displaced as much as 20% pbove and 10% below the aver-

age. This trend is observed for a range of the discharge parameter

Q/OD 3 from 0.023 to 0.085.

2. The blade surface is considered to be a bound-vortex sheet with a

zero ring-component of vorticity. This means the blades do not induce

velocity components which disturb the meridional velocity distribution at

the design condition. The observed conformity of the meridional velocity
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distribution with the theoretical distribution for potential through-flow

in the annular space formed by the hub and shroud a urfaces, tends to verify

the vortex theory of the flow.

3. The fluid particles remain essentially on surfaces of revolution

generated by the meridional streamlines. Variations in the cone angle S

of the relative velocity are of the order of only 2 and 3 degrees in the

peripheral direction. This substantiates the underlying assumption of

the quasi-three-dimensional relaxation solutions of the flow.

4. The observed blade-to-blade velocity distribution is more uniform

than the distribution computed by relaxation methods. This may be due to

the large blade spacing, and the necessary blade unloading near the tip

which tends to increase the pressure at the suction (trailing) face of the

blade, and decrease the pressure on the driving (leading) face of the

blade. This unloading tends to smooth out the abrupt velocity change

across the blade, as is indicated by the relaxation solution.

5. Low energy air tends to shift towards the suction side of the blades,

which coincide with observations made by other investigators 12, 170

This shift is apparently caused by secondary flows in the boundary layer,

and may account for the discrepancy in the relaxation solution near the

blade surface.
6. The impeller slip factor varies nearly i2 per cent about a median

value of 0.57, over a range of speeds (1500 to 3000 rpm) and dische ge

rates (QUD3  0.023 to 0.085). The measured slip factor compares favor-

ably with a theoretical value of 0.53 given by Stanitz, but is in disagree-

ment with the value of 0.25 computed from the Stodola equation for centri-
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fugal impellers having straight blades.

Regarding the experimental technique applied during the investigation,

it can be concluded that consistent and reproducible surveys of the internal

flow distribution can be obtained with a directional pitot-probe mounted

on the impeller and used in conjunction with a mercury-seal type of

pressure-transfer device. The readings become unreliable if flow instabil-

ities resulting from saparation and eddy motion are present.
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APPEND.IX A

SYMBOLS

I. COORINT SYST

(r,Q,Z) Cylindrical coordinates rotating with the impeller

(RQZ) Dimensionless cylindrical coordinates, where
R - r/D, Z - z/D

(s,nQ) Meridional coordinates indicating the arc-length along
a meridional streamline, the normal to the meridional
streamline (positive towards the center of curvature),
and the angular location around the impeller axis of
rotation.

(S,N,Q) Dimensionless meridional coordinates, where
S- s/D, N a n/fD

Orthogonal coordinates on the mean stream surface de-

fined by equation 39.

fi. VMCTORS

Vectors are indicated by a bar over the letter. The vector product is

indicated by a cross x , and the scalar product by a dot .

III. VUOCITIS

c Absolute velocity of a fluid particle, _ U u +

u Peripheral velocity of a point of the rotating impeller,
u -r

w Velocity of a fluid particle relative to the impeller.

W Angular speed of the impeller.
C w

C,W Dimensionless velocities, C c , W -w

IV. OPERAMQ9

exp Exponential, (exp x - ex)

V Gradient vector operator

V2  Laplacian operator, (V*V)
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Differentiation following the motion of the fluid,
D IS -

S Small incremental variation

A Increment

V. IN s

rt~z Represent components in the radial, tangential and axial
directions respectively

sn Represent components in the meridional coordinate system
m Component in the meridional plane

re Relative to the blade cascade

(Other indices used are explained in the text, or are
considered as part of the definition of the symbol.)

VI. SPECIAL NOTATIONS FOR THE SI1H.!iICAL PITOT-PROBE (See Fig. BI)

S(xIyIi) Rectangular coordinates fixed to spherical pitot-probe
with x'-axis along the sphere axis, and y'-axis parallel
to the cross-piece.

!,3, Unit vectors in tie (x',y',z') system

%netoe% Unit vectors in the (r,Q,z) system

a Conical angle formed by the four symmetrical pressure
holes and the probe-axis (x'-axis).) p Angle between the probe-axis (x'-axis) and the tangential
direction (t-direction)

Yn Angle between the relative velocity vector and any pres-
sure hole (n) on the spherical probe-head.

6' Dihedral angle between the plane containing the incident
relative velocity and the meridional plane of the
spherical probe-head.

0Conical angle formed by the relative velocity and the
probe-axis (x'-axis)

cos(x',r) The direction cosine between the x' and r-axis, etc.
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VII. OTERS

a Acceleration vector of a fluid particle "

B Dimensionless height of axial-symmetry flow channel
formed by stream surfaces adjacent to the surface of
revolution generated by' the mean meridional streamline,
B a An/ ld

C Absolute meridional velocity component at the hub surface
(nuo)

D Maximum diameter at blade outlet-edge

F(r,z) Function defining the blade surface

f(),g() Functions defined by equations (45) and (46)

g Acceleration of gravity

H Total head input to fluid (specific energy), H - j+ f
h Static pressure head 

2

s

h Relaxation grid spacing

IH--rn.

k Fictive distributed blade force per unit volume (for
infinite number of blades)

m Whirl-moment, m - rct

n Normal vector to the blade surface

An Spacing between hub and shroud surfaces along orthogonal
in the meridional plane

p Pressure

Q Volume rate of flow through impeller

nVolume rate of flow between the hub surface and the
stream surface of revolution generated by meridional
streamline (n)

R°  Residual (error in finite-difference equation due to
incorrectly estimated function values.)

WADC TR 55-158 86



t Time

Angle between relative fluid velocity and negative blade
velocity, between w and (-T)

P Circulation

Cone angle formed by direction of meridional component of
relative fluid melocity with impeller axis (between Wm
and z)

Impeller efficiency, 9 - gHm

X Absolute vorticity

Xb  Absolute bound vorticity

Xf Absolute free vorticity
f

A Impeller slip factor,# -(Ct) /(Ct)

p Fluid mass per unit volume

Stream-function defined by equation (38)

Change in * at grid points

PDimensionless stream-function indicating the quantity of
flow passing between the V-streamline and the leading
face of the blade, expressed as a percentage of the flow
between two blades,, LO 100 '
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APPENDIX B

THE TOM DIMENSIONAL SPHERICAL PITOT PROM

L. Theoretical Calibration Curves

The theoretical relationship between the relative velocity of the

free-stream at a point, and the pressure readings given by the five holes

of the spherical probe-head of Fig. (BI) if it is inserted into the stream

at this given point, will be derived. As usual, the fluid will be assumed

to be nonviscous, incompressible, and steady relative to the probe, so

that the Bernoulli Equation will apply between a point in the free stream

and hole (n) on the sphere,

22 w
np+ =pn + p n o, l, 2, 3, . (Bl)

Solving this equation for the pressure at hole (n) yields,

Pn p +PT - "

n

2

The pressure re-covery factor, k~ (-i)s is a function of the

Reynolds number and the orientation, given by the angle y . of the hole

with respect to the stream. However, this factor becomes independent of

the Reynolds number fr sufficiently high velocities, and is only a

function of yn' which can be expressed in terms of the two angles 0 and6',

By combining the equations for the pressure at each of the five holes,

the following ratios may be obtained:
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!j aX (0,8,), (B3)
o3 3 133

k2 -k4  P2 "P)
r Y (( ,8')B)

To 3 po-p 3  243

Each of these ratios may be determined experimentally by measuring the

pressure differences occurring between the corresponding holes on the

pitot sphere for a known orientation of the probe with respect to the

free-stream velocity vector. The two functions of equations (B3) and (Bit)

implicitly give 0 and 8', which determine the direction of the Velocity,

in terms of the ratios, (k 2-k4)/(ko-k 3 ) and (kl-k3 )/(k-k 3 ).

These ratios have finite values if 6' is in the range 0 <' <1800

(Fig. El). But in the range -180"< ,' <0, the ratios become infinite when

the vector makes equal angles with holes 0 and 3. For this reason, and

also for the sake of symmetry, the graph of the two ratios defining flow

direction and velocity is divided into two halves, O< '< 1800, and

-180<6 0' . For the first half, the ratios given by equations (B3) and

(B4) are used. For the second half, the ratios used are:

k-k p-p

2 -4 . ( , .
(yS)"P pP 241

o- 1 o 1

The theoretical determination of the above ratios of the pressure

recovery factors may be based upon potential flow around a sphere. For

this case, the velocity at any point on the sphere surface, corresponding
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to a radial line forming an angle Yn with the w-direction, is given by

the equation

Vn - sin 7n) V.

This means that the pressure recovery factor at hole (n) for potential

flow is given by

k -a 1 - sin2 0n 8)

and the ratio of the pressure recovery factors is

k sin y-sin2y1

0 3 sin y3 -sin YO

o 2 1-cos 2
3 7(B9)

cos 7o-7

The ratios of the other pressure recovery factors are given by similar

expressions.

The anglexn 1 related to and 6' by the equations of spherical

trigonometry,

cos Y- Cos0,

Cos y1 - cos 0 cosa + sinasin6'sin 0 ,

cos Y2 - cos 0 cosa + sinacos6'sin 0 (

cos Y3 - cos 0 cosa - sinrisin6'sin 0 ,

cos y4 a cos 0 cosa - sinacos6'sin 0
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Making use of these relations, the functions representing the theoretical

ratios of the pressure recovery factors are

2 sin 2a sin6"sin 20 (l)

133 2 sin2Q(cos20- sin28' sin20)+ sin 2a sinbsin 20

.2 sin 2a cos 'sin 2- (B12)
243 2 sin6(cos2 . s'in 28' sin 20) sin 20 sin6'sin 20

These ratios are plotted in Fig. B2. Because of perfect symmetry, only

the first quadrant, in which 8' ranges fromzero to 90 degrees is shown.

The above functions are used to determine the direction o f the vel-

ocity. The magnitude of the velocity may be determined by applying the

general pressure equation to the center hole, and to any one of the other

four holes, say hole (3), which will give the equation

2

po-P 3 - ow. (ko-k 3 ).

From this, the velocity is

w 2 O-P3 (Bl3)

Equation (B8) and (BIO) may be used to determine the theoretical relation

of (k o-k 3) to 0 and6",

-3  (cos2 Yo-cos2Y3)

MI [Sin2a (cos20- sin26' sin20)+ 1 sin 20 sin 20 sin 6 (B14)

After the magnitude and direction of the relative velocity has been

determined, the static pressure of the free stream is given directly by
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applying equation (B2) to the center hole,

w2

P - P - k • (Bi5)

The theoretical value of k is given by equation (B8), where is

identical to the cone angle 0,

ko  1 -o 9 sin2 0. (B16)

2. Experimental Calibration Curves

The spherical probe was calibrated in.the test stand shown

schematically in Fig. B3. The calibration fixture consists of two concen-

tric rings in a gimble mounting. The bottom ring is pivqted along its

diameter in the table-mounting, with the pivot-axis perpendicular to the

nozzle-axis. The tilting angle is measured with a protractor on the

pivot-axis, and is equal to the cone angle 0 between the velocity vector

of the flow and the shaft-axis of the probe. The top ring rotates over

the bottom ring, which has protracted angular divisions, to measure the

dihedral angle 8'. The probe is mounted on the top ring with its axis

coinciding with the ring-axis, and with the center of the spherical probe

on the pivot-axis of the bottom ring. By this arrangement, the center of

the sphere remains on the nozzle-axis and fixed in position, for mhy change

of cone angle and dihedral angle. Thus, as these angles are changed, the

error caused by non-uniformity of the velocity distribution of the air

emerging from the nozzle is minimized.

Two spherical probes were designed and calibrated. The construc-

tional details of the first probe that was used are shown in Fig. Bia.
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The inside diameter of the hypodermic-needle tubing is 0.011 inch. The

high resistance caused by this rather long length of small tubing resulted

in a slow response time for the instrument. A second probe was designed

having a shorter length of small-diameter tubing, and the inside diameter

was increased from 0.011 inch to 0.016 inch. The details of this second

probe are shown in Fig. B4b. The original probe could be locked in only

one position, which was not adequate to cover the wide variations encountered

in the exit flaw angles. Guided by the measurements obtained with the

original probe, two flats were ground on the crosspiece of the second probe

so that it could be locked in the two most favorable positions.

The experimental calibration curves for the original pitot-probe

are shown in Figs.B5a and B6a, and for the second modified probe in Figs.

BSbandB6b. The general trend of these e:perimental curves conforms to the
theoretical curves, more closely at small angles of 0, and for increasing

angles, the experimental curves become markedly different from the theo-

retical. By comparing the calibration of the two different probes, one

may derive a measure of the individual discrepancies that can be expected

in probes that have the same specified dimensions. On the basis of this

comparison, if flow mgles are to be measured within an accuracy of the

order of one or two degrees, it is necessary to calibrate each instrument

separately.

3. Relation of the Probe to the Impeller GeQmetry

The calibration curves of the spherical pitot-probe will give the

magnitude and direction of the fluid velocity relative to the probe. It

is necessary to express this measured velocity in relation to the blade
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r cascade. To do this requires a transformation from the coordinates

(x',y',z') fixed to the pitot-probe, to the impeller coordinates (rpz).

Referring to Fig. BI in conjunction with Fig. 24, the following direction

cosines are immediately evident:

cos(y',z) " - cos 21*12' = - 0.9323,

cos(y',r) sin 21i12' - 0.3616,

cos(y',t) - Cos 900 = 0,

cos(x',t) - cos p

cos(z',t) - sin8 P.

Additional direction cosines may be derived from the 
Lagrange Identity

for the expansion of the vector multiplication,

C~~~t × TX-).(; X,; e j t Jr t ' ~ t  t (BI?

As - sin 3 and t m x; ' equation (B17) becomes

singp (-cos 21* 12') n 0 - cos (x',r),

and so

cos (x',r) a 0.9323 cos p.

The remaining direction cosines are derived from the 
relations

cos(x',t)cos(x',r) + cos(y(,t)cos(y',r) + cos(z,t)cos(z,r) - 0,

cos(x',r)cos(7',r) + cos(x',t)cos(y',t) + 
cos(x',z)cos(y',z) - 0,

cos(y',r)cos(z',r) + cos(y',t)cos(z',t) + 
cos(y',z)cos(z',z) " 0,

and there is obtained
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cos(s',r, - - singp cos 2112' - - 0.9323 sin/p

cos(x',z) n sin 2112' sin/p O 0.3616 singp

cos(S',z) - CO p sin 2112' a - 0.3616 cosS3p

The above relationships may be summarized in a table of direction cosines

r t z

x' 0.9323 sin Rp cos3 p 0.3616 sin Op

y' 0.3616 0 -0.9323

2I -0.9323 sin RP sinOp -0.3616 cost p

For the first pitot-probe that was made, the angle 3p - 390 46', and

for the second, modified pitot-probe there is a choice of two settings

corresponding to angles for of 18" 55' and 40" 15'.
jp

The velocity components in the (r,t,z) system are calculated directly

from the equations

W r M W ICos(x'pr) + wy,cos(y',r) + wzcos(z',r),

Wt a wxcos(x',t) + Wy,coS(y',t) + wzCos(z',t), (BI)

wa -w ,cos(x',z) + w ,cos(ytz) + w,,cos(z',z),

where

w a W Cos 0

WY, w sin COsS, (B19)

w, w sin 0 sin8 '

To illustrate the use of the above analysis, a complete numerical calcu-

lation for one of the data points will be carried through,
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4. Numerical Example

To illustrate the method of computation, the flow data for a

specific measur-ment with the pitot-probe will be worked out in detail.

Consider the 2200 rpm test-run having a discharge of 28.4 cfm, with a

pitot setting of r - 6.720 inch and Q - 504'.0 The manometer read-

ings are tabulated below.

Manometer Reading Equivalent Feet of
(inch Water-Gage) Air at 621F

h -0.28 -19.2
0

hlh 1.90 130.0

ho-h3 . 3.19 218.3

h -h- o.15 10.5

From Fig. B5, for the ratios (h,-h 3)/(ho-h3) - 0.60 and (h2-h)/(ho-h-)

0.05, the following values are obtained: 10.3", 6-' 86.00 and

(ko-c) - 1.01. The relative velocity is computed from equation (B13),

30 w - 2g -118.0 fps-.

The components with respect to the pitot-probe are derived from equation

(B19),

Wx, 116.1 fps,

WY, 1.5 fps,

ws, 21.1 fps.

The probe was set at the angle fp * 4015', and from the table of direction
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cosines, and equation (BIB), the velocity components with respect to the

impeller are

r -55.4 fps,
-a102.1 fps,

Vt

1W 19.9 fps,

wm =  2+ w 2  58.9 fps.

The flow directions are

S- arc tan w/w z " 70.2',
Sarc tan w./wt s 29.9",

and the tangential component of the absolute velocity, and the whirl-moment,

are

Ct w rW - wt

- (0.56o)(230.4)-o2.1 * 26.8 fps,

an *- re, - 15.0 ft2/sec.

-t

The static pressure head, ha, is determined from equation (B15).

From Fig. B6, for 81 - 86.0' and 0 - 10.3, the pressure recovery factor is

k a 0.964, The manometer reading must be corrected for the centrifugal

effects upon the air column in the tubing leading from the pitot probe to

the rotary seals. The absolute pressure at the center hole of the probe is

a haft(po) (..... ) i

where R is the gas constant, and the shaft radius is 1.250 inch.

gap
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By substitution into equation (B15), and conversion to equivalent feet ofV

air, the statice pressure head is h*22.2 ft.

The quantities H and I are obtained directly from the definitions

H h

2g hs 687,2 ft,

T H-u m-20. ft.
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APPEN4DIX C

D ETAILS OF THE BLADE-TO-BLAE R LXTION S(LUTION

1. Method of Solution

The solution of differential equation (43), together with the boundary

conditions shown in Fig. 15, is accomplished by numerical procedures es-

sentially developed by Southwell6'7. The method consists in estimating

the values of the stream function over a system of mesh points of a grid

covering the flow region. The error ("residual" R ) introduced into the

finite-difference equation (U4) by these estimated values, is expressed

by the equation.

+ + 3 +*4~ -4 + hf ( 0)( q I-) - ) - R0  (l

The estimated values of * are adjusted ("relaxed")until the residuals are

eliminated. A grid spacing, h - 0.1, was used initially in the computation.

This grid spacing provides satisfactory accuracy in the upstream region

where the flow conditions are quite uniform; however, in the downstream

regions, and at the blade inlet tip, the gradient of the stream function

is relatively large, and in these regions it is necessary to use finer

grid spacing for improved accuracy. The grid spacing is shown in Fig. 16.

At the inlet tip, and in the downstream regions, the grid spacing is 0.05;

and in the immediate neighborhood of the blade exit tip, where the Kutta

condition must be satisfied, the grid spacing is 0.025.

2. irregular Grid Points

At the blade surface the nodes of the relaxation grid will not coincide

with the blade contour. For these points, irregular star-operators must
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be used. The most general case, in which all of the arms are of non-

standard length, is shown in Fig. Cl. Considering the origin of the

(E,n):axes at the central point, 4 can be represented by the polynomial

approximation,

b b, f) b2 (.) + b, '3  b, ~2 bS()) (C2)

The b-coefficients are determined by solution of the five simultaneous

equations obtained from substitution of values at the five nodal points.

This leads to the expressions for the derivatives.

h2 - 2 q, + 2 3 2 a 03)

71 2 2 4 4 ka +a2) 3 a3

a" a,-k i h2 4 2 a_ _ 4 (CO)a-al(a ah 2a a (a+a ) L aah(

For the special case of a M ah -i, the values of the coefficients of
are tabulated by Shaw8

The blade inlet tip'does not coincide with a nodal point of the grid,

so the irregular star shown in Fig. 02 is used. Applying the notation of

this figure to equation (C2), the expressions for the derivatives'at the

inlet tip become

t

hAD1) *2--.. 10 at
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At transition points between the fine and coarse grid spacing, irreg-

ular star operators must be used corresponding to equations (C3),(C4), and

(C5). In addition, another type of transition point occurs as shown in

Fig. C3. Using the polynomial approximation, equation (B2), the deriva-

tives are

25 ' '' w) 1 2 2, (C8)

+a..!~# _._ * 2' 'A' (C9) 5 -4

,:3. Kutta-Joukowsky Condition

.Considering the b].ades to be thin, the flow must be tangent to the

0

blade surface at the. exit. For the preliminary relaxation solution, no at-

tempt was made to satisfy this condition. The downstream whirl-moment

value was chosen on the basis th.t the flow leaves the impeller uniformly,

at the specified blade angle. After completion of the relaxation solution,

it was found that the a-angle of the streamline, at the blade exit tip,

was about 10 degrees less than the blade angle. To correct this condition,

a decrease in the downstream whirl-moment was necessary. As a first approx-

imation of the change in whirl-moment required, consider a unit change in

whirl-moment, and let Lqirepresent the corresponding changes in the

stream fUnction. Referring to equation (Cl), the values of h, f, and g

are s mall, and the terms involving these factors approach zero to a higher

order, as the grid spacing is reduced, than the first four terms of the
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equation. The finite-difference equation for A* then becomes, approx-

imtely

" 3 +L - 4 & 0 iso" R. 011)

On the blade contour, * is fixed, so that L* is zero at the blade. Equa-

tion (Cll), representing the Laplace equation in Aq/, can be solved by

the relaxation method. As this equation is linear, the solution for any

desired change of whirl-moment can be obtained by multiplication by the solu-

tion for the unit change in whirl-moment. After the whirl-moment is ad-

juted to satisfy the Kutta condition, a final relaxation must be done to

eliminate the small residuals of equation (Cl).

4. Determination of the Velocity Distribution

Lines of constant 'V-values are relative streamlines, and the numerical

value of */ indicates the rate of flow passing between the streamline and

the leading blade face, as a percentage of the total flow passing through

the channel between adjacent blades. The spacing of the streamlines (see

Fig. 16) is indicative of the magnitude of the relative velocity, close

spacing indicating higher velocities. The relative velocity components

along the periphery at the blade outlet are determined by numerical differ-

entiation of the stream-function using a seven-point differentiation formula

given by Southwell 7  for equally spaced grid points, and a five-point dif-
ferentiation formula given by Wu9 for the unequally spaced grid points.
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