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FOREWORD {

This report was prepared by James E. Ash of the Heat-Power

Research Department of the Armour Research Foundation of Illinois 1

Institute of Technology. It covers the work accomplished on
Air Force Contracts No. AF 33(616)-102 and No. 33(616)-2369
under Project No. 3066 "Gas Turbine Technology", Task No. 70155

"Subsonic Flow through Three-Dimensional Turbomachinery Cascades". ‘
Personnel contributing to the work were J.E. Ash, J.C. lee, ~
0.E. Teichmann, and R.S. Thiele, a

The work was administered by the Fluid Dynamics Research
Branch of the Aeronautical Regearch laboratory, Wright Air
Development Center, with Mr. S. Hasinger acting as Task Scientist.
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ABSTRACT

The actual flow conditions within the passages of a li-inch diameter,
four-bladed impeller of a mixed flow compressor have been investigated and
compared with design values, which were based on axial symmetry and incom=
pressible, nonviscous flow. The blades were designed as bound-vortex
sheets, having a zero tangential component of vorticity, i.e., the velocity
distribution in meridional planes is not disturbed by the blades. TFlow
surveys at the impeller outlet from hub tc shroud and from blade to blade
were made with a three-dimensional, spherical pitot probe mounted on the
impeller. This probe and also mercury seals for transferring the pressure
signals from the rotating shaft to stationary manometers were especially
developed for this investigation. Test runs conducted in the range from
1500 to 3000 rpm and from 8.7 to 4k.1l cubic feet per second showed that
the shape of the meridional velocity digtribution between hub and shroud
agrees esgentially with the theory. However, in the blade-to-blade direction
the distribution curves for the meridional velocity are displaced as
mach as 20% above and 10% below the average., Variations in the cone
angle of the relative velocity are only in the order of 2° and 3°, i.e.,
the flov does not "twist" away much from surfaces of revolution. The
median impeller slip factor was 0,57 within the test range.

The blade-to=blade distribution of the flow on the mean stream surface
was also calculated by the relaxation method. It was found that the actual
flow was more uniform than calculations showed:. This may be due to the
rapid reduction of the blade load near the tip and the shifting of low
energy air toward the trailing face of the blades observed for all test
runs.

The experimental techniques developed in the course of this investi-
gation can be useéd to obtain consistent and reproducible surveys of the
internal flow distribution in rotating cascades.

This report has been reviewed and is approved.

Chief, Aeronautical Research Laboratory
Directorate of Research
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I.  INTRODUCTION - , ‘
Considerable progress has been achieved in the past for the one and “
two-dimensional methods of analysis as applied to radial-flow and axial-flow ’g

turbomachines., However, in mixed-flow machines, the three-dimensional ef-

fects are of relatively greater importance, and further knowledge is re-

quired of the detailed flow conditions. Recent analyses (for example,

those of Wu? and Stmits®’ 5) of inviscid, three-dimensional flow suggest
methods for the design of blade cascades. However, general use of these
methods is restricted because of the complexity and great expenditure of
effort involved in their application, and because of the lack of experi=
mental lmowledge necessary to establish the limitations of the theory.

Therefore, the objective of this investigation is to provide additional }

experimental information pertaining to the flow conditions within the ime
peller and to evaluate the theory in terms of the experimental data., In
an effort to supplement the existing experimental techniques, a three-
dimensional, spherical pitot=probe and a pressure-transfer device employ-
ing mercury seals have been developed for measurement of the relative flow
fislds within the rotating impeller.

An oxper;l-‘ontn , four-blade, mixed-flow impeller was constructed in
accordance with a design procedure developed from a bound-vortex theory of

the flow presented by Spa_nnha_ko]'. Axial symmetry was assumed in the de-

sign, and the flow was considered to be nonviscous, incompressible, and
steady. The experimental investigation of the impeller was conducted in

For all numbered references, see bibliography

NOTE: This mblication was released in February 1956,
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& compressor-cascade test stand using air as the fluid medium.

A quasi-three-dimensional, relaxation solution of the blade-to-blade
varistion in the flow on the mean stream surface of revolution was com-
the suitability of numerical methods as applied to the more general curved
blades of the experimental impeller. The circumferential variation in the
flow predicted on the basis of this theory is compared with the messured
results,

A, General Theory

The dynamic equation governing the three-dimensional flow of an in-
viscid fluid through a turbomachine, neglecting body forces,

i--50p tH
follows directly from Newton's second law of motion. Considering the djeﬁ—
sity to be a function of the prossure only, the pressure gradient may be
expressed as an integral term by means of the relation,

1o,. o/ 4

With reference to a cylindrical coordinate system fixed to the impeller
and rotating with a constant angular speed, the fluid acceleration is given
by the equation

as i:i’tl + 20XW -032;: (3)

where T is the cylindrical radial-coordinate, and 20XV is the Coriolis

acceleration. The relative acceleration may be expressed in terms of the

Pagd Fowtdn W
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relative velocity W as
-rl -3-50 GOV)V'F (h)

Considering the relative motion to be steady, %‘E, = 0, and making use of
T
the vector identity, (wV) w ﬁV% - ixxrel, the basic dynamic equation

becomes

V(i + /%’-) . 2007 ~WEF =¥ % Apg1® O (%)

The law of cosines applied to the triangle formed by the velocity diagram
shown in Fig. 1 ylelds the relation,

wwele ('ru)z- 2 rwey, (6)

and by substitution into equation (5), making use of the vector identity
Vr® = 2 ¥, there is obtained the equation

v(‘c;' + /% -wrct)+2('5x3 -W XX"O].- 0. (1)

It is convenient to introduce the energy input H and the quantity I ac~
cording to the definitions

a-5- [% ®
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Rquation (73)* ‘may be expressed as
gVI + 20Xvw - him =0, | I (7'&)

The vorticity of the absolute motion is related to the relative vorticity
by the relationship |

A!‘Q]_. L X‘ 2(:), - (10)

and an alternate form of equation (7a) is

gVI - Wx =0, ()

Differentiation of the quantity I with respect to the relative fluid motion,
together with equations (6), (8), and (9), leads to an

sportant general

. considerations

A%

,\*t
i:
‘oll-‘

D

X P

31"5 -]-I'Ja% [35 ¥+ 20xW -wz?]
5% (11)

Por steady relative motion, the pressure at any fixéd point relative to

?.1::

¥

tl
tl
ll

“olr-‘

the impeller can be considered constant, and hence, from equation (11),

the value of I for any fluid particle passing through the blade cascade

#* A more genaral derivation of this equation for an ideal gas, involving
heat conduction, is given by Wu,

g-'-é « % x (VXW) + 20)x¥ = = gVI + TV(specific entropy).

WADC TR 55-158 5
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will remain constant, In terms of the whirl moment, m = roys “the well
inown Buler's turbine relation is obtained, | -

VH » %‘v- (12) -

If the flow upstream of the blade cascade has a uniform distribution of I,
80 that the gradient of I is sero, then, from equation (7b), the absolute
vortex lines must coincide with the relative streamlines, and the absolute
varticity of the flow will remain unchanged on passing through the blade
cascade. |

B. Infinite Number of Bladss

1. Yortex Theory of Flow

A considerable simplification in the analysis of the flow

through blade cascades is obtained by considering the fluid to be perfectly .

guided by the blade surfaces. That is to say, every relative stream sur=-

face 1s assumed to conform exactly to the blade shape., However, this can ] ¥

be achieved only if the spacing between the blades is very small, confining

the fluid motion essentially to the curved surface of the blade. As an :

idealization, an infinite number of blades of infinitesimal thickness will |

be assumed., Under certain conditions; it has been found that analyses

based upon this idealization will lead to solutions that give a good ap-

proxmtion of the mean flow between blades '(iSpanrxhakel') + By the intro-

duc_tioﬁ of an infinite number of blades, the general three-dimensional

motion of the fluld is reduced to a two-dimensional motion on the blade

surface completely described by two independent variables. By this as-

sumption, the variable @ can be eliminated, as there is no variation about

the axis of the cascade, and the cylindrical coordinates r and z will .- ‘
. ;

VADC TR 55-158 & ~ : i




suffice as the independent variables for steady motion,
. In an actual impeller with a finite number of blades the flow
is acted upon by pressure differences developed by the blade surfaces. |

For a given change in angular momentum of the through flow, these pressure
differences will diminish as the blade number increases; however, as the
space between the blades gets smaller, the weight flow acted upon by the
pressure difference is reduced. In the limit, the ratio of the blade
force to the fluid weight is a finite value, commonly referred to as the
"distributed blade force", and ropresénts the action of the blade cascade.
This fictitious force k may be introduced as an additional term into the
basic dynamic equation (1),
‘ i--1v.k. (13)
. Carrying this additional force term through the steps leading to equation
(7o), there will be obtained
. == K
gVI -.wx)\-.—P . (1h)
The force k is used to define the bound vorticity associated with the
blading,
E - - P; xxb. (15)
The vector E is normal to the blade surface since it represents the pres-
sure force due to the blading; and as ¥ is tangent to the blade surface’,
1t necessarily follows from equation (15) that the bound vortex lines lie
# This implies, w+K = 0.

WADC TR 55-158 7




in the blade surface. The sum of the bound vorticity attached to the

blading and free vorticity of the flow is the total vorticity,
)\ - )\b + Af .

The free vortices are acted upon only by the gravitational field; they

follow the Helmholts laws, nd have no relationship with the force K.
Bquation (1) may then be expressed as

gvI - ;x;‘b - :x;\f -% . (17)

From the definition of the bound vortices, equation (15), it follows that

gVI-;fo =0, (18)

For the same reasons as discussed immediately following equation (11), the
fluid particles that have a uniform distribution of I in a region upstream
of the blade cascade will move along relative streamlines which satisfy
the relation

=0 (19)

Equation (19) implies that either the free vorticity is zero, or the free
vortex lines coincide with the relative streamlines.

2. Special Case of Zero Ring Vortex ( A, = 0)

The impeller used in the experimental investigation was de-
signed in accordance with the preceding theory for an inviscid fluid pass-
‘ing through a cascade consisting of an infinite number of blades. A fur-
ther simplification in the design procedure is introduced by imposing the

* d
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condition that the tangential component of the vorticity be zero, Interms
of the cylindrical coordinate system, the tangential component of the
vorticity is

de. dc

On the basis of the continuity equation, it is necessary that the radial
and axial components of both the absolute and relative fluid velocities at
any point be identical, That is,

c. =W ,

r
cz L] Hs 'y
and hence,
1o dw, dw, )
The equation of the blade surface may be represented by the equation
 f F(r,z) + 0 =0, (22)
, , - - o P . (OF dF 1
The direction numbers of a normal n to the blade surface are (3 T 5o ;).
The free vortex lines must lie in the blade surface because they coincide
with the relative streamlines. Further, since the bound vortex lines lie
in the blade surface, it follows that the total absolute vortex lines must
also lie in the blade surface as they are determined by the wector sum of
the free and bound vortices. This implies that
3-1 =0,
and
WADC TR 55-158 9
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S%A,*%%Ar*%&'d- (23)

The radial and axial components of the vorticity vector are

The infinite blade restriction implies axial symmetry so that differentis-
tion with respect to @ is zero., Introducing the whirl moment, m = reys

and for At = 0, equation (23) simplifies to

HE-Sa-o- ()
The left side of this equation is the Jacobian determinant of the functions .
F(r,s) and m(r,s), and the vanishing of this determinant implies the func-
tional dependence of F and m. This means that
n = m(F)
= n(9), (25)
and, consequently, the intersection of the blade surface with radial planes
(¢ = gongt;nt) are lines of constant whirl-moment.
3. Blade Design for Zero Ring-Vartex
a. Detormination of the Meridionsl Stresmline Pattern
As a preliminary consideration, suppose there are no blades
present between the hub and shroud surfaces, Irrotational flow (Lee. flow
having gero vorticity) passing through this annular space will satisfy the
condition .
WADC TR 55-158 10
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dw_ dw
. r _ 8
: & " (26)
This differential equation may be used as the basis for the meridional
streamline pattern of the free flow through the annular space without
blading, If blades, or the equivalent bound-vortex surfaces, are intro-

duced such that the tangential component of vorticity is sero, then equa-
tion (21) will be valid. This means that equation (26), which applies to

, the free flow without blading, will remain unchanged by the presence of
blades designed so that A, is identically zero.

The first step in the blade design is the determination of
the meridional flow pattern for free irrotational flow between specified
contours of the hub and shroud surfaces. The natural coordinate sSystem

y (s,n,0) is convenient to use for this determination. The flow is irrota-
tional,

and the convective component of ths acceleration in the direction normal
to the streamline is
dey, c?

‘w3 * T! ’ (26)
y c

and, hence, the irrotational condition may be expressed by

de. ¢,
6'?1! - .1._.! . (29)

c

This differential equation may be integrated along an orthogonal (Fig. 2),

WADC TR 55-158 1n




1 2 - Loci of centers of curvature
' along streamlines :

””,,aﬁ* Loci of centers of curvature .
along orthogonals ‘
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2
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*n 1
no A c

and
n/An
cm , | An ., n
o exp T, a5 - , (30)

The velocity distribution along an orthogonal, given by equation (30),
satisfies the irrotational flow condition. If the meridional streamline
pattern is constructed to satisfy this condition, together with a contin-
uity requirement, the streamline pattern will be uniquely determined. The
continuity condition requires that the same flow rate cross any two sec=-
tions between adjacent stream surfaces. The volume rate of flow passing .

between the hub surface (n = 0), snd any other stream surface is

Q= | e dn,

[«

and, in dimensionless form,

n/An
Q'ﬂ An r °m n
-—2—,,:;“; — m 20 -F‘:“:' sp cmiien (o) o (3].)
D cm ) b °no 4n '

Equations (30) and (31) can be satisfied by a graphical
method of computation. For the specified hub and shroud surface contours
of Fig. 2, a number of estimated orthogonals are sketched into the mer-
idional plane. For each of the orthogonals, the velocity distribution

given by equation (30) is solved by graphical integration. This is done .

WADC TR 55-158 13




most easily by estimating the distribution of An/r, along the orthogonal,
and plotting this distribution against n/an. The area under this curve up
to any value of n/An, reépresents the dimensionless velocity cm/cmo at this
point; and from the area values, the distribution shown in Fig. 3 is ob-
tained, The dimensionless discharge, also shown in Fig. 3, is computed
from equation (31) by a graphical integration. From this discharge plot,
the n=coordinates of the streamlines which equally partition the flow
along each orthogonal are determined, Using the appropriate radius and
center of curvature at each of these n-coordinates, the arcs of the mer-
idional streamlines are drawn in with a compass, If the arcs blend into
a smooth curve, the correct meridional streamlines have been obtained,
satisfying both the continuity and irrotational flow conditions. If the
arcs do not blend together, the original estimates of the orthogonals must
be modified and the computational procedure repeated. The dimensionless
layout of the meridional streamline pattern shown in Fig, 2 was obtained
after the second computation. The pertinent numerical values for this
streamline pattern are presented in Table I. The distribution of the di-
mensionless velocity :E]? along each orthogonal, and along each meridional
streamline, is shown in Figs. L and 5 respectively.

b. Determination of the Blade Shape

The design of the blade surface, considered as a bound‘
vortex-sheet, is such that at the design operating condition the ring-
component of the bound vorticity is gero. The design operating condition
is dependent upon the desired discharge for a given speed and impeller
size, and is fixed by a suitable choice of the design parameter, Qﬁ.dDB.
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: Table 1 : [

MEAIDIAN STRRAMLINE PATTERN DATA ’
?
l
§

] ] - | * T ,
Meridian | ‘ ' T T o 1 o. :
} st ; ed Jrellsat ) o Jg.o] 40 LB | /
‘ ‘ - Y Tmo
‘ ) 1 { 0.201L | 0.1927 | OJkOL | 04375 | 04591 | 0.u56 | 0.10L | 1.178 z.z‘r
Orthogonal I 2 ] 01606 § 0,250 | 0,366 ] 0.595 | 0.5u5 | 0.u96 ]| 0.208 | 1.309 | 2.52
42 « 0,170 3 ] 0.209 10.291 | 0,329 | 0,756 | 0.kB0 | 0,563 § 0,301 | 2.k29 } 2,75
0 0  f0.1751] 0,329 | O f oS0y 0,33 fo 1,000 | 2.18
1 0,068 0,229 0,299 0,310 ] 0.582 ] 0,276 0.,0925 § 1.120 | 2.h2
] Orthogonal 11 ] 041180 | 0,265 0,273 | 0.538 ] 0.5 | o.ild § o,1850 | 1,225 | 2.&
%3-"0 219 e § 02576 ] 0,208 | 0.2L7 | 0,719 | 0.L69 | 0.u67 | 0,2175 1. 26 1 2.t
5 0,219 ] 0,367 | 0,206 | 1,000 ] 0.2L9 | 0.882 | 0.L63 ‘1.563 3,38
0 10 0,266 0,208 | o C )
‘Orthogonn 1y 2 0.0856 0.325 J 0.180 | o.l9k
; ¢ ! 0.1450 § 0.37% 0.15% 0.853
1 0.1731 | 0,393 | 0,143 | 1.000
o] 0 ] 0.%L 0,099 | O .
b § o032 1 0.380 | 0.093 | o.2Uuk
{ Orthogonal IV 2 } 0.06LL | 0.39% } 0,087 | 0.L6O |
. VSRR 7 041175 | 0.L28 0,076 0.840
1 S 0.1400 | O.LL2 0.071 1.000
! 0 0 | 0,486 | © ]o
1 0.027h | o.L6L o] ] o,
] Orthogonal v § o.s_zrh o.lﬁgl; ‘ g o.lghg fo
a0 . é 040770 | O 0.6
teoun ] | ' 0,0988 | 0.u92 | O 0,830
1 0.11%0 ] 0.500 | O 1,000
0 0 0.5LT [=0.091 § ©
1 00230 | 0,550 |-0.086 0.222
Orthogonal V1 2 - 0.0LLk2 ] 0,553 |-0.082 |} 0.L30
n 3 0.&52 00556 ’0.078 0629
+, o'm” h i 0‘.0650 00561 !0007“ i 00020
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The blade design is based upon a typical value for this type of mixed-flow
impeller of QAD> = 0,060, The blade cascade satisfying these conditions
will not disturb the meridional streamline pattern al ready determined for
the free flow.

Equation (25) expresses the fact that the intersection line |
of the blade surface with any radial plane is a line of constant whirl-moment.
The whirl-moment is a function of ©, and can be arbitrarily chosen; how=
ever, several trials may be necessary to produce a desirable blade shape.
For example, the total length of the blade may turn out to be very different
along the hub and the shroud surfaces, How to change the whirl-moment for
a desired modification of the blade shape is easily understood, once one has
gone through the design procedure. The first choice of whirl-moment for the
blade design of the test impeller led to a double-curvature of the blade
along the shroud surface. The whirl-moment was adjusted so that this
double-curvature was eliminated, and the final choice of whirl=moment dis-
tribution is shown in Fig. 6.

The design of the perimental blade cascade was accomplished
by a combined numerical and graphical procedure. The differential equation
of the relative streamlines on a conical development is

‘-:i -r %-.;- - cot@, (32)
and may be approximated by a finite-difference equation expressed in di-

mensionless form,

80 = § wtpds. (33)
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From this equation, angular increments were computed for constant incre-
mentsl arc lengths, 88 = 0,028, starting from the blade exit edge chosen
along orthogonal V as shown in Fig, 2. The corresponding values of R were
measured directly from this figu»re » and the values of cotp were determinsd
from the voiocity diagram at each point. It is apparent from the velocity
diagram shown in Fig. 1, that the tangential and meridionsl relative vel-
ocity components m given by

Introducing the whirl-moment, m = rey, the value of cotP is determined

from the equation

cotf = -
°n

and, in dimensionless form,

cotp = —t.— [‘QIRI;’ - #‘!Pﬂ] . (3L)
e, L

The dimensionless meridional wvelocity component is taken from Fig. 5, and
the whirl-moment from Fig, 6. The details of the d esign procedure are
progressively shown in Fig. 7, and the numerical values for the computa-
tion are given in Table II, The constant incremental arc lengths Js

along each meridional streamline are shown in Fig. 7a. The corresponding
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Table II

BIADE DESIGN FOR DESION PARAMETER, 9—1 & 0,060
. WD

1 | Mertdtan | Radiadl | Meridian | Angular | Whirl 88 8¢
Istation | Streamline | Distance | Velocity | Position | Moment
| S =8 R~ r/d | °m A D : i
# Q/Dz (degree) + q (deg) |
‘Stroml;:im 0 a 0 0.458 2.L7 IR ] 2.2 [0.028 | k.00
‘ I © 0,028 o3l | 2,47 1 1.80 ] o.028 LSk |
-} ] 01056 Ochd} 2.’46 ] 1.")0 ! 00028 5027
d | o.o8 0,378 - - 1,03 | 0,028 6e2
4 0,140 0.326 2.39 0.k0 ] 0.028 847
h . 0,196 0:217 2.33 O 02 0:028 11.3
i | 0.224 025!.] 2.29 ) - )
Streanline 1 a | o 0,466 2459 2,21 | o.028 L.02 |
‘ ) 0,028 0,438 2:59 1.80 |[o0.028 L.S2
c 0-0% ‘0.).113 2.56 i 10)40 | 0.@28 ] 5.26
. 0.112 0.362 2.5? | 0.69 |o0.028 Te12 |
4 0,140 0.339 2456 { ol |o.028 | 8é20
h 0.1% 0.296 2.53 1 0.035 |0.028 | 10.31 |
i . 0.224 0.276 2.51 ] o0 - -
Streamline 2| & o olu7h 2.72 - 2,21 | 0.028 L.03
‘ -] 0.025 OQth 2.7} 1.50 ; 0.025 h.50
-] 00056 oh21 20‘"\1 .hO 0.028 | 5-13
d OQOBh 00307 2 7h ¥ 1001 ‘ 00028 5089
. 0.112 0.37h 2.75 0.7 0,020 6476
b4 0.1h0 0.353 2,75 0.kl 0.028 | T.T1
h 0.196 00313 2073 0.05 0.028 90)19
i 0.224 0.296 2.7 10 -
str‘ﬂm‘ 3 a 0 ohaj 2.90 2.21 ' 0,028 3.98
b 0.028 0.L57 2.91 1.61 0.028 Lol
) 0,056 0.L33 2.92 141 | 0,028 5.03
d 0.08L 0.L10 2.93 1.05 0.028 | 5.70
[ ] 0.112 0.388 2093 o.?h 0-028 60113
t 0.140 0,368 2.92 0.47 |0.028 | 7.25
h 0.196 00332 2090 0‘008 0.028 8062
i 0.22L 0,320 2.87 0,003 ] 0.028 9.30
Stremmline L s ) 0.491 3.07 221 0.028 3.92
1 b 0.028 0.L463 3.09 1.6 0.028 he27
[} 0.056 o.LbL2 A .43 0,028 1}082
d 0.084 0,423 313 | 1.08 |o.028 SeLS'
[ ] 0.112 0,400 3.4 0.77 ocme 60“
g 0.16 0.365 3.1 - 0.28 | 0.028 Teb
h 0.196 0.352 3.2 0.11 0.028 8-11
14 0.224 0.3L1 3.10 0.02 0.028 ‘
N , b 0,028 0.L476 3.30 1.82 0.m28 Le.20
e | 0.0 0.L52 3. 1.,k | 0.028 L .62
4 0.084 0.L30 3.39 1,10 0.028 5.07
[ ] 0.112 O.h13 i 3oh2 0.80 00"28 5062
b 4 0.1L0 09395 - 3.l3 0.5 | 00025 6.1k
g 0.168 0,381 Joli2 0.33 |o.028 6.75
h 0,196 0,370 3.3 0.16 ] 0.028 7.34
1 0.224 0.362 3.3 0.0u5 } 0,028 7.8L
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plan view of Fig, Tb. Starting from the blade outlet edge, radial planes
are drawn in the plan view at 5 degree intervals up to the inlet blade

edge, spanning a total angular displacement of 50 degrees. The intersec-

.tion points of the meridional streamlines with these radi&l planes are

plotted in Fig. 7c, and these points determine the intersection lines of

the blade surface with the radial planes, As previously described, these
intersection lines are lines of constant whirl-moment, and,consequently,
indicate lines of constant energy input to the fluid from the blade cas-
cade, The cylindrical coordinates of the blade surface are measured di-

rectly f-om these intersection lines and are presented in Table III,

Templates designed according to the data of Table III were used to guide
the construction of the pattern for the impeller casting.
. C. Finite Number of Elades

1. Qeneral Considerations

The design of the experimental impeller is based upen flow
conditions through a cascade with an infinite number of blades, Ruden3
has computed the potential through-flow for a cascade having a finite
number of blades by considering the velocity at every point to be the sum
of the average value with respect to @ plus a perturbation velocity. He
showed that if perturbations of an order higher than the first are
neglected, the average meridional values with respect to @ are exactly
equal to the values computed on the basis of an infinite number of blades.,
In general practice, this condition is considered to be satisfied if the
blades are not spaced too widely apart, the fluid is of low viscosity, -

and the operating conditions are near the design point., One of the ob-
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objectives of the experimental phase of this program is to determine
the extent to which the flow deviates from the theoretically predicted
flow for an infinite number of blades., Assuming a uniform flow
distribution from hub to shroud, Sitanitzh"s' has computed the blade-to-blade
variation in the flow through a conical, mixed=flow compressor by the re-
laxation method, He has also computed the flow on a general mean stream
surface of revolution for a compressor having straight radial blades.
Following the methods of Stanitz, the theoretical variation of the flow
between the blades of the experimental impeller has been computed at the
design operating condition Q,L»DB = 0,060, for comparison with experiments
and evaluation of the underlying potential flow assumptions.

Because of the small blade number (four) of the experimental
impeller, the maximum deviation from the mean flow conditions are expected
to occur in the tangential direction, The spacing between the hub and
shroud surfaces is relatively small compared to the spacing between the
blades; thus, it is assumed that the deviation of the meridional streamline
pattern from the axial-symmetry solution is small. Further, at the design
condition, the tangential component of the bound vortex-sheets representing
the blade surface has been assumed to be zero, so that from the infinite-
blade considerations the meridional streamline pattern should remain un=
disturbed, For these reasons, the flow is assumed to proceed along the
surfaces of revolution generated by the meridional streamlines. This as=
sumption does not allow a true, three-dimensional motion, since the fluid
particles are thus hypothetically confined to predetermined surfaces of
revolution, The quasi-three-dimensional solution so obtained, however,

should give a more realistic picture of the flow conditions within the

WADC TR 55-158 %

i
e e e e e ST TR



S e oo

impeller then would the axial-symmetry solution.
2. Equation of Fluid Motion on the Mean Meridionsl Stream Surface

a. Absolute Irrotational Motion

The general differential equation of the fluid motion is
derived under the assumption that the flow is confined within a channel
formed by two stream surfaces of revolution enclosing the stream surface
generated by the mean meridional streamline as shown in Fig, 8. The flow
is assumed to be irrotational upstream of the blade cascade, and according
to the discussion immediately following equation (12), the absolute velocity
of the fluid will remain irrotational upon passing through the impeller.

In particular, the vorticity component normal to the stream surface is gero,
implying the circulation on any closed path on the stream surface between
the blades is zero (Stokes' theorem). Considering the path shown in Fig.

9, the following equation is obtained,

Ay =0 méas [gg(cta d9)dR - gg(c"l ds)dO] . (35)
Since sind « dR/dS, this equation may be simplified,
ac

d ¢ 1l "
0 = $x(RC,) - srEz 3

' , OW

and, expanding this equation gives

7 oW, oW
LR sind + W, sin&tksiﬁﬁs 5 =0 . (36)

b. Continulty Equation

The applicatlon of continuity conditions to the elemental
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region shown in Fig, 10 yields the rolig_v;ng equation,
Oe sa! (Wlm d0)dR + §5 ("t.n 4s8)do ;
and, since dR/dS « sind , there is obtained the equation
S (VBR) + S (W, oBp) = 0 (o

A stream function { , satisfying equation (37), may be defined such that

%&' .-V, H.BE& ’ (38a)
oum. (388)

Coordinates ({,7), introduced by Stmit:l‘, on the mean stream surface are

defined such that

% - 513 , : (39a)
T — (390)

Since the Cauchy-Riemamn equations are satisfied, the transformation of co-
ordinates (R, ©) from the mean stream surface to the (§,7) plane is cone

formal; that is,

B-1% (how)

!}gg.-}g. | )

In the transformed plane, equation (36) becomes
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Fig. 11 MESH NOTATION ABOUT CENTRAL POINT O .
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OW‘t 1 bW
linS 0" 81!!80 néz— Ré—— -0, (lﬂ.)

and the equations for the stream function become.

%% = = W, BRAO, : (L2a)
3 - v, mw (2b)
¢. General Equation

Combining the stream-function equations (42), and equation
(L41), the equation given by Stanitz is obtained,

,dlnB X 4 2 2 7 |
% a,,,z —d T C L BR°(0Q)° sind = 0 . (L3)

Using the notations shown in Fig. 11, equation (43) may be expressed in
finite-dif ference form,
V1o Wyt Wyt W B bge B 2(€)(Wq- W) - h%(€)) = 0, (b

where
£y . .1/d1nB , )
t€) -3 (57 ) (S)
(]

The values of { as a function of R are determined from a numerical evalua-

tion of the integral

Rblade exit

The plot of the mean meridional streamline and the channel height B are
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shown in Fig. 12, The cone angle & is determined from the slope of the

mesn meridionsl streamline with respect to the axis of rotatiocn,
S = arc tan -gg s (L8)

and the values of sind are plotted in Fig., 13. The values of § obtained
by the numerical integration of equation (47) are shown in Fig. 13, and
the function 1nB, together with its derivative, is shown in Fig. 14, The
O-coordinates of the blade profile on the mean stream surface are shown in
‘Fig. 12, and the corresponding 7-coordinates are plotted in Fig. 13. The
numerical values are presented in Table IV,

d. Bound&g Conditions

The assumed boundary conditions that make the problem
completely determinate can be summarised by the following four conditions.

1. The specified inlet flow is uniform far upstrean,

2. The Kutta-Joukowsky condition applies at the Dblade

exit tip.

3. Periodic flow conditions prevail about the impeller

axis, with a period eaqual to the blade number.

L. The flow is uniform far downstream of the blade

cascade.

The flow conditions in the draft-tube upstream of the
blade cascade are considered uniform at §--1.10. Velocity traverses
made during the test runs showed this assumption to be essentially correct.
For this value of §, the radius R {s 0,250, and the channel height B is
2,00, The meridional component of the upstream velocity is given by the
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*At the blade inlet tip, 7
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= 0,581 at § ==0.
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Table IV
MEAN STREAM SURFACE DATA
- . —  E— —e

& R B |sind | £(&) | g( &) ‘(B;Z@e
‘ ‘ {( 8=1.502) | Profile)
]- 1,10 | o0.250 | 2.00 o | o 0
Lja 1.00 | 0.253 | 1.95 | 0.065 | 0.0925 0.0748
- 0.50 | 0.255 | 1.89 0.193 0.1225 0.1032
]- 0.80 | o.298 | 1.85 0.125 “ 0.15L0 0.1389
1-0.70 | 0.265 | 1,78 | 0,187 | 0.1895 0.2109
I-0s60 | 0.27h | 1.71 | 0.265 | 0.2320 0.3070
|- 0.50 | 0.287 | 1.62 0.3%5 | 0.2830 0.4395
- 0,50 | 0.306 | 1.52 0.490 | 0.3uL0 0.6295
|-o0.30 | 033 | 139 | o620 | 0.l195 0.8518 0.430
|- o.20 | 0.367 | 126 | 0.8 | o.5125 1.1456 0,270
- 0,10 | 0,416 | 1.12 0.860 | 0.6085 1.5047 0,122
- 0,05 | 0.6 | 1.06 | 0.907 | 0.6300 1.7258 0,060

0 0.477 | 1.00 0,942 0.6140 1.9333 ]

0,05 | 0.5 | 0.9 0.968 | 0.5410 2.1687

0.10 | 0.551 | 0.90 0.982 | 0.4330 2.4209

0415 | 0.596 | 0.87 | 0.995 | o.3075 2.77L5

0,20 | 0.6L1 | 0.85 | 1.000 0,1600 30151k

0.25 | o.601 | 0.8 | 1.000 | o.0000 | 3.6193

0.3 | 0.7 | 0.8k | 1.000 | oc.0000 | h.2072

s t——— i —————— ee——




total volume rate of flow divided by the draft-tube area,

|
Yo -'ﬁ:; . (L9) | p
!
!

The dimensionless velocity 1is

. -3, 2 (Lsa)

W o= & - - ' (L% |

n " wB/2 oy J

WD’ wR f

The dimensionless draft-tube radius is 0.355, and at the design point,
Q/wD? = 0.060; so that the meridionsl velocity component of the uniform up-
stream flow, as computed from equation (49a) is 0.303. Considering the up=
stream vhirl-moment in the draft-tube to be sero, the tangential component ;

of the abtsolute velocity is given by

ct-uowtno,

and

& e U s « Pl

¥t

The dimensionless relative velocity component is thus

Wt--m 2R

- 2(00250) s o 00500 )

The derivatives of the stream function are

-gg- - - thRAD - l
- = (~0.500)(2.00)(0+250)(1.502) = 0.376,

§-# = W BRAG

= (0.303)(2.00)(0.250)(1.502) = 0.,2276 »
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The span between blades is A7) = 1, and consequertly, AV = 0,2276, For

. ' convenience, a stream-function W may be defined such that
. _ V¥ = 100 Jk_ : (50)
AV .

The value of ¥ on the leading face of the blade profile is made equal to

gero, and on the trailing face a value of 100 is chosen. The specified
values of the derivatives of the stream-function on the upstream boundary
are shown in Fig, 15,

| The Kutta=Joukowsky condition requires that the relative
flow leaves the blade tip tangent to the blade surface. The best numerical
procedure to follow is to satisfy all boundary conditions with the excep=
tion of the Kutta condition in the first relaxation solution, and then ad-
just the downstream whirl-moment value until the tangency condition is sat-
jsfied, The adjustment of the downstream whirl-moment value is determined
by a separate relaxation solution involving fixed zero-values of the stream-
function on the blades and a unit change in the upstream whirl-moment value.
The corresponding changes in the stream-function are determined to a first

approximation by the relaxation solution of the Laplace equationm,

and, in accordance with these values, the stream-function is adjusted to

satisfy the Kutta condition. A final computation must then be made to
satisfy the more accurate differential equation (43). The details of
this computation are presented in Appendix C.

From symmetry considerations, the flow is cyclic in the

7-direction with a period equal to the blade spacing,A”= 1. FPeriodie
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Fig. 15 BOUNDARY CONDITICNS FOR THE FLOW FIELD CN THE MEAN STREAM
SURFACE.
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boundary lines are sketched in as shown in Fig. 15, and for any given
value of &, the value of the stream=function on the right-hand boundary
1ine must equal the value on the left-hand boundary line plus 100,

The fl:ewrconditions are considered to become uniform

downstream in the vanelesa diffuser, so that the derivatives of the stream-

function, shown in Fig. 15, are constant on the downstream boundary.

The flow conditions around the boundaries enclosing the
flow region have now been completely described, and the problem can be
solved by relaxation methods. A discussion of the results of this compu=-
tation at the design condition follows.

3. Results of the Relaxation Solution

After the residuals occuring in the relaxation solution
have been eliminated, the values of the stream function at the nodes of
the relaxation grid are used to determine the relative streamlines. A
streamline is a line drawn smoothly through common values of the stream
function as is shown in Fig. 16. For any streamline, the numerical value
of V indicates the quantity of flow, passing betwesn the contour line of
the leading blade face and the specified streamline, as a percentagé of
the total flow passing between the two blades. From the distribution of
the stream=function along the periphery at the blade exit-tip, the mer-
jdional velocity distribution is computed by means of equation (L2b).
The velocity distribution computed on this basis is compared,in Chapter
IV, with the distribution measured at various operating conditions of the
test impeller,
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A schematic diagram of the test stand used in this investigation
is shown in Fig. 17, and the complete test stand with the vdynamom.e:ter
drive is shown in the photograph of Figs 18, The dynamometer unit has a
20 horsepower rating and a speed range from 40O to 6000 rpm. A large,
box=type filter is provided upstream of the inlet nozzle to prevent damage
and clogging of the instruments. The filter consists of flannel cloth supe
ported by wire mesh screening, and has static pressure taps at the walls
of the box to measure the pressure drop across the filter. A standard
A.8.M.E, long-radius nozzle is installed at the inlet of the draft tube to
measure the rate of flow, and to provide smooth entry of the air. Six
straightening vanes are mounted in the nozzle (Fig. 19), and extend from
the inlet face to the end of the long radius.

The impeller is cast of an aluminum alloy and has a maximum blade
diameter of 14.06 inch (see Figs. 20 and 21). The details of the impeller
design have been described in Section II. An aluminum disc is mounted on
the back of the impeller to support the pitot probe, which can be located
in six different peripheral positions relative to the impeller. An ad-
Justable dummy pitot-probe is provided diametrically opposite the actual
probe to minimize the dynamic unbalance of the unit. The impeller and
the positioning disc were each dynamically balanced so that the unit remains

- in dynamic balance even though the location of the positioning disc is
changed relative to the impeller. The ring arrangement shown on the back
of the positioning disc is to support the stainless-steel tubing which
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Fig. 20 FRONT VIEW OF IMPELLER

Fige 21 IMPELLER WITH SPHERICAL PITOT~-PROBE MOUNTED ON POSITIONING DISC
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leads from the pitot-probe to the shaft, against centrifugal force effects.
The tubing is connected to longitudinal holes which asre drilled in the
shaft and lead to the rotary-sesl pressure take-~offs.

| At the exit of the impeller, a vaneleas diffuser is provided which
consists of two parallel plates of large diameter. Guide venss are omitted
so that the relative flow in the impeller will be undisturbed and steady.
The flow leaving the diffuser, passes into a discharge drum which is
equipped with adjustable louvers to control the impeller discharge pressure
and the total rate of flow passing through the unit,

B. ;Bgtrunenﬁgpign

1. InletAcpnditiona

The total volume rate of flow entering the draft tube is
measured with a standard A.S.M,E. long-radius nozzle, The static pressufe
taps are in the parallel throat portion at the recommended distance from
the inlet face. Values of the nozzle cocefficient for a range of throat
Reynolds numbers are provided in the A.S.M.,E. Fluid Meters Report;

Conditions downstream of the straightening vanes in the nozzle
are measured by means of a pitot-traverse taken with a spherical probe.
Pre-rotation of the flow could not be detected, either with the pitot-
traverse, or by visual observation using small flags inserted into the
flow stream.

2. Qutlet Conditions

a. Preliminsry Considerations

The absolute velocity of the fluid leaving the impeller is

unsteady, and it varies periodically with a frequency given by the product
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' of the blade number and the impeller rotative speed. Because of the
‘ errors produced by pressure waves and high fluid resistance in the tubing

connecting the probe and the pressure pickup, accurate measurement of the

absolute velocity (and pressure) distribution by means of stationary total ; !

pressure probes is considered impractical. There are pressure-sensitive

electronic instruments commercially available which are highly responsive,

[ O S

but an accurate measurement of the direction of the unsteady absolute flow
is considered unfeasible using any type of total pressure probe presently
available; extreme sensitivity would be required of the instrument, par-
ticularly at low flows, amd very small size would be necessary to eliminate
disturbances. Studies of incompressible liquid flow in pumps have been
successfully made using an intercepting valve, rather than an instrument
recording a continuous pressure measurement with time. In this method, r
pressure impulses of very short duration are intercepted and measured at
intervals synchronized with the impeller rotation; and, by varying the !
phase of interception, a series of pressure impulses can be plotted as a
continuous curve. At the greater impeller speeds, serious objections to
this method are raised because there is hardly any means of actuating
the intercepting valve fast enough to transmit pressure impulses within
small phase angles,

Ti A possible alternate method of measuring the unsteady

absolute velocity is by means of the hot-wire anemometer. As a prelimine- :

e o

ary study, small hot-wire probes were made with 0.045 inch lengths of

0.0003 inch diameter tungsten wire and were calibrated in a steady flow

R P A

stream, Difficulty was encountered because of the rather low sensitivity

B T AE DV
-

. )ag"’g‘;}‘*ﬁv%w; 4
Il
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of the hot-wire, when used as a constant-current instrument, at air vele

ocities over 140 fps. Greater sensitivity could be obtained by increasing .
the current, but at the risk of burning out the wire; a 100 milliamp cur-

rent was considered to be the maximum safe operating limit. It was decided

that this instrument was not practical to use for accurate quantitative

measurements in the range 6f air velocities encountered. A further objec=

tion to the hot-wire probe, was the significant change in calibration

caused by deposits on the wire from small traces of oil vapor in the air.

The hot-wire probe and electronic circuits employed were of the type used

by Peareonlo’ll.

Because of the difficulties involved in measurement of the
unsteady absolute flow, it was decided to measure the steady relative flow
by means of a pitet-type probe mounted on the impeller. The two chief dif-
ficulties involved with this type of probe were: (1) adjustment of the
probe while in motion, and (2) transference of the pressure from the ro-
tating probe to stationary manometers. A discussion of these difficulties
and the manner in which they were overcome is included in the following
paragraphs.

b. The,Ihree-Diqgn3;9p31 Spherical Pitot-Probe

Among the several types of pitot-probes commonly used for
measurement of flow direction, as well as flow velocity and static pres-
sure, are the claw-type probe and the spherical probe. The most direct
method of obtaining flow direction with the spherical probe is to adjust
the probe along two perpendicular planes until its axis points in the

direction of flow. This direction is then measured by protractor scales
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on the two planes., Coincidence of the probe axis with the flow direction
is obtained by balancing the pressure readings on symmetrically positioned
orifice openings. An alternative method of measuring flow direction cone
sists of yawing the probe until the resultant velocity vector is in one
known plane, and then using two-dimensional calibration curves for the de-
termination of the flow direction in the other plane. Both of these me-
thods require adjustment of the probe during operation, which involves
almost insurmountable mechanical difficulties, if accurate positioning is
to be obtained. To avoid this difficult?, a three-dimensional calibration
scheme was devised so that any velocity direction within an incident cone-
angle of 25 degrees can be determined by measuring the pressure readings
at five individual holes on the sphere surface. The details of this cals
ibration are included in Appendix B,

The probe consists essentially of a tapered shaft with a
0.,190-inch-diameter spherical sensing-head, The shaft is welded at &
right-angle to a crosspiece mounted between the hub and shroud surfaces
of the blade cascade. Five pressure holes are on the spherical surface;
the center hole is at the end of the shaft axis, and each of the other
four holes are symmetrically spaced on a sphere radius forming an angle
of O degrees with the probe axis, Detailed drawings of the probe are
shown in Appendix B, Two probes were made, one having orifice holes of
0,011 inch diameter, and the other having holes of 0,016 inch diameter.
The individual calibration curves for the two different probes are com=
pared in Appendix B, The larger sized orifice holes were of a distinot

advantage because of the greatly reduced response time of the instrument.
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The cross-piece for both probes is at a sufficient distance downstream from
the probe head, so that no appreciable flow disturbance occurs at the

pickup,

Ce Rotg{y?Seal PrqsgurpiTake-offs

A pressure transfer device is required to transfer the

‘s
!,
¥
N
#
i
%
A

kS

pressure readings from the rotating pitot-probe to stationary manometers.

Hamrick, Mizisin, ard Michel12 used sealed ball-~bearing units for the

pressure-transfer section. Their report mentions difficulties incurred
i through leakage due to failures of the seals. As a preliminary investiga=
tion, a model was made employing various commercial brands of sealed ball-
bearings. It was found that the model would operate perfectly for awhile,
and then would develop intermittant leaks. In view of the unreliable per-
formance of this type of seal, a transfer device employing contact-type
rawhide seals was developed. This seal was used successfully at the 1500
rpm impeller speed, but at higher speeds, overheating and wear became
excessive and regsulted in seal failures, Considerable effort was expended
to adequately lubricate and cool the seals;, and at the same time, keep the
air chambers perfectly free from the lubricant. Best success was achieved
: using air cooling and small amounts of molybdenum-disulfide as a lubricant.
In an effort to improve the pressure-transfer device, a

viscous-drag mercury seal was designed. A pilot=model with

trangparent faces was made to determine the optimum seal gap, mercury
reservoir volume, and range of operating speeds. Guided by the tests
conducted with this model, the prototype was designed and is shown in

Fig. 22, The best performance was obtained by using a smooth disk rotat- 3
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Fig. 22 SECTION OF MERCURY SEAL FOR PRESSURE TRANSFER
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ing in the mercury reservoir. The centrifugal action produced by disk

friction causes the mercury to rotate and fill the space between the rotete

‘
'
PR N

ing disk and the stationary housing. A disk of this type located at each

side of the pressure take-off opening in the shaft produces a sealed air

chamber from ‘hich the pressure may be measured with a stationary manometer.
To obtain reliable measurements of the relative flow it is

necessary that the sealing be perfect, Errors were encountered at first

because of contamination of the mercury caused by contact with base metals,

O-rings, or minute quantities of lubricants. This contamination produces

an amalgamation which will adhere to the rotating disk and interfer with %

the cohesive forces between the disk and the mercury, resulting in a per-

iodic breakdown of the sealing surface and erratic pressure readings. At

speeds greater than 1000 rpm the seals will quickly heat up, accelerating .

the formation of mercuric amalgams. Air cooling was used at the 1500 rpm

speed, but was inadequate for higher impeller speeds. Liquid cooling pre-

sents a problem because of the possibility of very small amounts of the

liquid coming into contact with the mercury. In place of oil, ethylene-

glycol was used as the coolant because it has less serious contamination

effects on the mercury. Contact of the mercury with O-rings tends to

promote the formation of amalgams and it was necessary to insert a teflon

back-up ring into the O-ring groove to provide a barrier between the

O-ring and the mercury.

3. Overall Performance
The pressures at the inlet filter box, and inside the discharge
housing, were measured to determine the overall energy input to the fluid.

The pressure distribution relative to the blades was measured at the .
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impeller outlet by means of static pressure taps in the hub surface lead-
ing to the rotary seals. Static pressure taps were also located in the
walls of the stationary diffuser. The brake torque and power were msasured
with the dynamometer.

C. Test Procedure

The velocity distribution relative to the rotating impeller is
measured at the blade outlet with the spherical pitot-probe mounted at the
six circumferential positions shown in Fig. 23. An eight-point traverse
(Fige 24 ; is made at each of these six circumferential positions. The re-
sulting L8 positions cover the discharge area of 15.7 square inches be-
tween two adjacent blades. Two separate runs were required at each test
point in order to check for leaks. This was accomplished by interchanging
the tubes leading from the pitot-probe holes to the rotary seals, and
checking the reproducibility of the manometer readings. A total set of
readings were taken for a single speed and a fixed flow rate. The flow
rate was measured at the standard inlet nozzle and adjusted by means of
the louvers at the outlet housing. The pressures in the inlet filter
chamber, the inlet draft-tube, the diffuser walls, and the drum housing
at the outlet were measured. After the internal measurements of the flow
distribution were completed, the rotary seal assembly was removed to
eliminate the torque of this unit, and the overall performance of the

impeller was measured with the dynamometer drive.

1. Internal ?10?739§§UTQPBHFS
The results of the detailed measurements of the flow distribu-

tion at the impeller cutlet are presented in Table V. The first sections
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of the table, (a) through (g), comprise the data taken with the spherical

o e e e

probe with the larger orifice holes (0,016 inch diameter), and using the
mercury seals in the pressure transfer device. The latter sections of the
table, (h) through (k), present the data taken with the spherical probe

with the smaller orifice holes (0,011 inch diameter) and slower response

time, and using the contact-type rawhide seals in the pres:suré-tranrsfer
device. The discharge rate is considerably lower for the runs made with
the rawhide seals because a small high-resistance filter was used at the
inlet to the draft tube; also, for these runs, a straight conical inlet
to the draft-tube without straightening vanes was used in place of the
bell=mouth nozzle.

Graphs of the data showing the distribution of the pertinent

flow variables are given .in Figs. 25 through 30. The distribution of the

[ESNTPIEE

meridional component of the relative velocity across the channel from hub *
to shroud is shown in Fig. 25. For purposes of comparison, the theoretical
velocity distribution for the meridional flow pattern, undisturbed by the

blades, is shown for each of the flow rates. The distribution of the

meridional component of the relative velocity from blade to blade is shown

in Fig. 26, and the direction of the relative velocity in terms of  and

is shown in Figs. 27 and 28. Figures 29 and 30 show the distribution of

the whirl-moment and specific energy. In Figs. 26 through 30, the plots *
for the data taken with the rawhide seals are shown only for the mean
meridional streamlines.

2. Efficiency, Discharge, and Head Characteristic

The primary objective of the experimental investigation was
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to obtain measurements of the internal flaW distributions. The test
stand was designed with this in mind, and the outlet diffuser is con=
structed so that disturbances of the relative flow will be minimized.
For this reason a collector ring is not included, and the conventional
compressor efficiency which includes the diffuser performance cannot be
measured. However, as an indication of the general performance of the
impeller design, the shaft power was measured with the dynamometer, and the
carresponding static pressure was recorded for a range of flow rates at
3500 rpm. An "overall efficiency" was computed by considering the energy
input to the gas to be the sum of thé stati¢ pressure head in the diffuser;
plus an average velocity head based upon the flow rate and the diffuser
area. This overall efficiency is shown in Fig. 31. It must be noted that
this efficiency includes the draft-tube inlet losses; there is also prob-
ably a considerable windage loss caused by the stainless steel tubing,
supporting ring, snd pitot-positioning<disk on the back of the impeller.
The same energy input considered for the determination of the overall ef=
ficiency was also used for the head characteristic. The head input is |
plotted as a dimensionless ratio based upon the impeller tip speed. The
impeller efficiency is determined for the 2200 rpm speed from the data
presented in Table V, The useful energy H of the gas is considered to be
the sum of the average static pressure head and the velocity head, and the
impeller work is wm/g.

The total flow entering the draft tube is measured with the
standard A.S.M.E. long-radius nozzle. The A.S.M.E. Fluid Meter Report was
used to determine the variation of the discharge coefficient with the

Reynolds number, The discharge was also computed at the impeller cutlet
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by a numerical integration of the meridional velocity distribution, 4
comparison of the rates of flow, as measured with the nozzle and computed
from the velocity survey, is shown in Table VI.

IV, CORRELATION OF THEORY AND EXPERIMENTAL RESULTS

The impeller design is based upon the assumption that at the design
condition of QAD> = 0,060, the meridional velocity distribution is un-

disturbed by the presence of the blades. The distribution of the theoret-

ical velocity shows a uniform increase from the hub to the shroud. The
velocity at the hub is 13 per cent below the average, and at the shroud the
velocity is 16 per cent above the average. Examination of Fig. 25 shows

that this general trend for the meridional velocity to increase uniformly

- from hub to shroud occurs for all of the test runs, and for values of the E
discharge parameter QﬂoD3 ranging from 0.023 to 0.087. However, while the |
shape of the curve does not significantly change, it is displaced in the
peripheral direction about %10 per cent from the average (theoretical -ﬁ !
distribution), with the exception of the curve immediately behind the trail- |
ing edge of the blade tip (@ =82° 20'). The meridional velocity distributim
just behind the trailing edge is displaced about 20 per cent above the aver-
age, and the reduction in the velocity profile due to boundary layer build-

up starte at a considerable distance from the shroud. This effect becomes 3

more pronounced at the lower discharge rates, indicating a significant

boundary layer buildup at the shroud surface near the trailing edge. The
large pressure gradient across the channel from hub to shroud, occurring
behind the trailing edge, may indicate an appreciable secondary flow in
this region, (Figs. 32 and 33).
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Fig. 33 STATIC PRESSURE VARIATION FROM BLADE TO BLADE ON MEAN
STREAM SURFACE AT IMPELLER OUTLET.
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B, Similarity Considerations

It is generally accepted that similitude relations are satisfied
for turbomachines operating under the conditions of this investigation
(Wislicenus'>, Stanits!®) in which Mach number and Reynolds mumber effects
are not involved. This means that the velocity diagrams at all points of
the flow field will remain similar over a range of speeds, provided the
discharge parameter QﬁnD3 is maintained constant. Comparison of the di-
mensionless velocity distributions of Figs. 25 and 26, and of the velocity
direction8 shown in Figs., 27 ahd 28, shows that similitude relations are
effectively maintained, and tends to verify the reliability of the measure-
ments, Because of this similarity, it is sufficient to concentrate on the
data for one particular speed, 2200 rpm, to study the variations occuring
at the design conditions. Complete data at this speed are presented for
a range of values of Q/’iuD3 of 0,023, 0,060, and 0.085, which bracket the
design value of 0.060.

¢. JYariation in the Energy and Whirl-Moment Values

According to the infinite blade theory; the energy input, and the
increase in the whirl-moment, should be uniformly distributed at the blade
outlet. The variation in these values is shown in Figs, 29 and 30. In-
spection of the (c) and (d) parts of these figures for the 2200 rpm speed,
just above and below the design condition, reveals a small variation of #
10 per cent (with the exception of the trailing edge of the blade) across
the channel from hub to shroud. However, there is a significant variation
from blade to blade. This same type of variation has been observed by

Hamrick, et a1.12. The maximum energy input occurs at the driving face
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of the blade, supporting the hypothesis made in Reference 12, that
*secondary flows in the boundary layer tend to shift the low-energy air
toward the blade suction surface", o

The value of I should remain constant for isentropic flow, and is
a measure of the "loss", which is defined as the difference between the
®useful® energy H and the energy input to the gas given by wm/g. The
impeller efficiency is defined as the ratio of these two values, The var-
iation in the impellar efficiency is shown in Fig. 34%. These efficiency
values include the energy losses in the draft tube. The lowest efficiency
occuf's near the shroud surface, across the entire passage from blade to
blade; the losses are particularly high in the corner formed by the trail-
ing face of the blade and the shroud surface,

D. Comparison with the Blade to Blade Solution

For the blade to blade solution, it is assumed that the flow pro=-
ceeds along surfaces of revolution generated by meridional streamlines.
Variation of the flow angle & along the periphery is a measure of the ex-
tent that the flow "twists" away from this surface of revolution, Exam-
ination of Fig. 29d (2200 rpm, Q4D = 0,060) shows that the angle 5
varies only about 3 degrees on any given geometric surface of revolution.
This indicates that the fluid particles remain essentially on surfaces of é

revolution for the main flow region between the blades. The uniformity

of the flow from hub to shroud indicates that a satisfactory picture of
the flow across the entire channel will be derived from values computed
for the mean stream surface,

Comparison of the theoretical meridional velocity distribution
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with the measured results is shown in Fig. 35. It may be observed that
the general trend in the meusured distribution is similar to the theoreti-

cal for all values of the discharge parameter, The measured values do not
rise as steeply as the theoretical near the trailing face of the blade.

This is most likely caused by unloading of the pressure forces on the

blade near the blade tip, because the pressure difference across the blade
must become zero at the tip. This hypothesis is supported by the distribu- ~

tion of static pressure from blade to blade, as shown in Fig. 33, The

static pressure is observed to be a minimum a short distance from the suc-

tion side of the blade, and then increases upon approaching the blade,

This indicates the presence of a secondary flow, tending to produce a

velocity distribution at the blade outlet, which is more uniform than that ér

computed on the basis of potential theory.
E. The Impeller Slip Factor

The slip factor i is an important parameter for the determination
of the impeller performance, and is defined as the ratio of the average
value of the tangential component of the absolute velocity divided by the
theoretical value that would be obtained if the fluid were perfectly
guided by the vanes. Btodolals gives an equation for straight blades,

IJ.-, 1 - OQSOOAO »

and, for a blade spacing of 1.502 radians, the slip factor should be
0.249. Stlnitslh is not in agreement with the Stodola correction; he

has computed the slip factor by relaxation methods for a series of centri- '
fugal impellers having straight blades, and also for two impsllers having |
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logarithmic-spiral blades of backward curvature, and found

p=1-0,31580 ,

This equation leads to a slip factor of 0,527 for the four-blade impeller
of this investigation. A comparison of the measured slip factors is
shown in Fig. 36, This figure indicates that the slip factor depends
upon the speed and discharge in an actual impeller, and shows a var-
iation of nearly ¢ 12 per cent about a median value of 0.571, leading to

an equction for the slip factor,

I.L ] = OQBOM »
which is in close agreement with the theoretical relationship of Stanitz.

F. Qverall Performance

The large deviation between the impeller efficiency and the over-
all efficiency shown in Fig. 31, particularly at low flow rates, .indicates
the existence of eddy motion within the impelier? The existence of an eddy
attached to the driving face of the impeller at low flow rates is theoret-
ically shown by St.anitzlé. Reverse flow on the driving face is also in=-
dicated for flow solutions at low weight flows by Prian and Michelu but
direct experimental evidence of the eddy was not found. A possible ex-
planation, offered in reference (12), is that the flow is unstable, and
that instantaneous eddies will form and be washed away,somewhat in the
manner of rotating stall observed in axial=flow compressors. Detection

of this phenomena is not possible with the spherical pitot-probe, as

this instrument will only give a time average of the total pressure, and

% See reference (12)
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this time-average is impossible to interpret in areas of rapidly changing
flow direction. This instability may explain the discrepancy in the total
flow rate as measured at the inlet nozzle, and computed by numerical in-
tegration at the impeller ocutlet, shown in Table VI,at the low rate of
flow, The integrated value is nearly 27 per cent lower than the value
measured at the nosile.

V. SUMMARY AND CONCLUSIONS

A four-blade,mixed-flow impeller has been d esigned on the basis of
axisymmetric flow conditions derived from the assumption of an infinite
humber of blades. The flow distribution at the outlet of this impeller
has been measured with a spherical pitot=probe mounted on the impeller, and
the results of these measurements are presented in graphical form. Compar=-
isons between the thecretical flow distributions and the measured distribu-
tions have been made, and the following conclusions are drawn.

1. The shape of the meridional velocity distribution remains essen-
tially unchanged from the theoretically predicted shape based upon the as-
sumption of axial symmetry, in spite of the small blade number (four) of
the impeller. However; in the ;blado‘ to blade direction, the meridional
distribution is displaced as much as 204 above and 10% below the aver-
age. This trend is observed for a range of the discharge parameter
QAADB from 0,023 to 0,085,

2. The blade surface is considered to be a bound-vortex sheet with a
zero ring-component of vorticity. This means the blades do not induce
velocity components which disturb the meridional velocity distribution at
the design condition. The observed conformity of the meridional velocity

. WADC TR 55-158 | 81




distribution with the theoretical distribution for potential through-~flow
in the annular space formed by the hub and shroud surfaces, tends to verify
the vortex theory of the flow,

3. The fluid particles remain essentially on surfaces of revolution
generated by the meridional streamlines., Variations in the cone angle §
of the relative velocity are of the order of only 2 and 3 degrees in the
peripheral direction. This substantiates the underlying assumption of
the quasi-three-dimensional relaxation solutions of the flow.

L. The observed blade-to-blade velocity distribution is more uniform
than the distribution computed by relaxation methods. This may be due to
the larges blade spacing, and the necessary blade unloading near the tip
which tends to increase the pressure at the suction (trailing) face of the
blade, and decrease the pressure on the driving (leading) face of the
blade. This unloading tends to smooth out the abrupt velocity change
across the blade, as is indicated by the relaxation solution.

S, Low energy air tends to shift towards the suction side of the blades,
which coincide with observations made by other investigators L2, 17.

This shift is apparently caused by secondary flows in the boundary layer,
and may account for the discrepancy in the relaxation solution near the

blade surface.

6. The impeller slip factor varies nearly 12 per cent about a median

value of 0,57, over a range of speeds (1500 to 3000 rpm) and dischar ge
rates (Q/UD~3 = 0,023 to 0.085)., The measured slip factor compares favor-
ably with a theoretical value of 0.53 given by Stanits, but is in disagree-

ment with the value of 0,25 computed from the Stodola equation for centri-
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fugal impellers having straight blades.

Regarding the experimental technique applied during the investigation,
it can be concluded that consistent and reproducible surveys of the internal
flow distribution can be obtained with a directional pit.ot-érobe mounted
on the impeller and used in conjunction with a mercury-seal type of
pressure-transfer device. The readings become unreliable if flow instabils

ities resulting from saparation and eddy motion are present.
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APPENDIX A |
I  COCRDIMATE SYSTENS :
(rQG,z) Cylindrical coordinates rotating with the impeller
(r,0,2) Dimensionless cylindrical coordinates, where
Rer/D, 2 =2/D
(s,n,Q) Meridional coordinates indicating the arc-length along
& meridional streamline, the normal to the meridional
streamline (positive towards the center of curvature),
and the angular location around the impeller axis of
rotation,
(s,N,Q) Dimensionless meridional coordinates, where
S = s/D, N =n/D
(f,q) Orthogonal coordinates on the mean stream surface de-
] fined by equation 39. ;
11, VECTORS .
Vectors are indicated by a bar over the letter. The vector product is
indicated by a cross x , and the scalar product by a dot ¢ .
T Absolute velocity of a fluid particle, ¢ = u + W :
1 Peripheral velocity of a point of the rotating impeller,
u=ru
w Velocity of a fluid particle relative to the impeller.
w Angular speed of the impeller.
C W
C,w Dimensionless velocities, C = @B73 ? We o573
IV, OPERATOES
exp Exponential, (exp x = e¥)
v Gradient vector operator
ve Laplacian operator, (VeV)

WADC TR 55-158 8k
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v.

% VI,

31:7

N e 5 o O D e e e S

Differentiation following the motion of the fluid,
%-%O;DV
Small incremental variation

Increément

Represent components in the radial, tangential and axial
directions respectively

Represent compohénts in the meridional coordinate system
Component in the meridional plane
Relative to the blade cascade

(Other indices used are explained in the text, or are
considered as part of the definition of the symbol.)

SPECIAL NOTATIONS FOR THE SIHIRICAL PITOT-PROBE (See Fig, Bl)

(x',y',2') Rectangular coordinates fixed to spherical pitot-probe

1,7,k

e ,8,,6
n? "tz

a

By

Ta

St

g

cos(x',r)

WADC TR 55-158

with x'-axis along the sphere axis, and y'-axis parallel
to the cross-plece.

Unit vectors in the (x',y',2') system
Unit vectors in the (r,0,2) system

Conical angle formed by the four symmetrical pressure
holes and the probe-axis (x'-axis).

Angle between the probe-axis (x'~axis) and the tangential
direction (t-direction)

Angle between the relative velocity vector and any pres-
sure hole (n) on the spherical probe-head.

Dihedral angle between the plane containing the incident
relative velocity and the meridional plane of the
spherical probe-head.

Conical angle formed by the relative velocity and the
probe-axis (x'-axis)

The direction cosine between the x' and r-axis, etc.

-
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VI, OTiERS
3 Acceleration vector of a fluid particle ]
B Dimensionless height of axial-symmetry flow channel
formed by stream surfaces adjacent to the surface of .
revolution generated by the mean meridional streamline,
B= A"‘I/A”“b']‘.ade )
|
Cao %bso%ute meridional velocity component at the hub surface !
Naoj) %
3
D Maximum diameter at blade outlet-edge é
F(r,z) Function defining the blade surface

£(€),g(€) Functions defined by equations (45) and (L6)

£ Acceleration of gravity
H Total head input to fluid (specific energy), H = %; +% / % !
hs Static pressure head 7 %
h Relaxation grid spacing )
I H - ‘-‘g-) m ' .
k Fictive distributed blade force per unit volume (for
infinite number of blades)
m Whirl-moment, m = rc N
n Normal vector to the blade surface
An Spacing bétween hub and shroud surfaces along orthogonal ;
in the meridional plane i
Pressure i
Q Volume rate of flow through impeller
Qh Volume rate of flow between the hub surface and the
stream surface of revolution generated by meridional
streamline (n)
R, Residual (error in finite-difference equation due to

incorrectly estimated function values.)

-
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e S o ALl SPL A A 28 LA W e 24 o

Time

Angle between relative fluid velocity and negative blade
velocity, between w and (~u)

Circulation
Cone angle formed by direction of meridional component of
relative fluid welocity with impeller axis (between LA

and z)

Impeller efficiency, U gH/wm

Absolute vorticity

Absolute bound vorticity

Absolute free vorticity

Impeller slip factor,u = (Ct) /(c.)
average theoretical

Filuid mass per unit volume

Stream-function defined by equation (38)

Change in V{ at grid points

Dimensionless stream-function indicating the quantity of
flow passing between the W-streamline and the leading

face of the blade, expressed as a percentage of the flow
between two blades, V. 100 ,U7
, i
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APPENDIX B

THE THREE DIMENSIONAL SPHERICAL PITOT FROBE

1. ‘l!hgorert;c;l Culibrat_iqn Curves

The theoretical relationship between the relative velocity of the
free-stream at a point, and the pressure readings given by the five holes
of the spherical probe-head of Fig. (Bl) if it is inserted into the stream
at this given point, will be derived. As usual, the fluid will be assumed
to be nonviscous, incompressible, and steady relative to the probe, so
that the Bernoulli Equation will apply between a point in the free stream
and hole (n) on the sphere,

w2

2 _
P’P!F!pn’pa%-; ne0,1, 2, 3, L (B1)

Solving this equation for the pressure at hole (n) yields,

W
The pressure recovery factor, kn =] - (vn), is a function of the

Reynolds number and the orientation,given by the angle 7n s of the hole
with respect to the at;'eam. However, this factor becomes independent of
the Reynolds number far sufficiently high velocities, and is only a
function of ¥, , which can be expressed in terms of the two angles g andd'.
By combining the equations for the pressure at each of the five holes,

the following ratios may be obtained:
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k, -k P, ~pP

KoK, ~ Fop, - nhe)s (83)
L2y (g8 (8)
KoKy PgPy AT T B

Each of these ratios may be determined experimentally by measuring the
pressure differences occurring between the corresponding holes on the
pitot sphere for a known orientation of the probe with respect to the
free-stream velocity vector, The two functions of equations (B3) and (BY)
implicitly give @ and 8!, which determine the direction of the velocity,
in terms of the ratios, (k,- h)/(k o--k3), and (klekB)/(koaRB).

These ratios have finite values if &' is in the range 0<&' <180°
(FMg. Bl). But in the range -180°< &' <0, the ratios become infinite when
the vector makes equal angles with holes O and 3, For this reason, and
also for the sake of symmetry, the graph of the two ratios defining flow
direction and velocity is divided into two halves, 0<&'<180°, and
-180°<¢$'< 0. For the first half, the ratios given by equations (B3) and

(BL4) are used. For the second half, the ratios used are:

k,-k, p;~P
173 _P17P3 ‘
Ky PPy X5 (#8, (87)

k -k Py=p
PR Ly
"X, "B, - Tan(?9n- (B6)

The theoretical determination of the above ratios of the pressure
recovery factors may be based upon potential flow around a sphere. For

this case, the velocity at any point on the sphere surface, corresponding

WADC TR 55-158 90




. —_— . e

to a radial line forming an dngl’e 7n with the wedirection, is given by

the equation

v, . (% sin 7:-1') v, (B7)

This means that the pressure recovery factor at hole (n) for potential
flow is given by

.9 .2
k= 1-¢sin®y, (B8) 1
d
and the ratio of the pressure recovery factors is
2 .2
e Il Wl
lE‘c:oékB sinryB-sinf;;
2 2 ‘
008"y, =co8" . 7 j
. et 3 (B9) E

cds 70—'008 )’3

The ratios of the other pressure recovery factors are given by similar
expressions,
The angley 1is related to @ and §' by the equations of spherical
trigonometry,
" cos y,=cos @,

sinasin®'sin ¢ ,

+

cos y; = cos @ cosa

+

cos y, = cos @ cosa + sinacos&'sin ¢ ,

(B10)

sinasind'sin ¢ ,

cos y; = cos g cosa

sinacosé'sin @ .

cos y) = cos @ cosa
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Making use of these relations, the functions representing the theoretical

ratios of the pressure recovery factors are

2 sin 2a s1n5'sinJ

' - : (B11
1133 2 si?a(cos ¢- sin}rg' ;i—n-5¢)+ sin 2a sinB'sin 2¢ :

2 sin 2@ cosd' sin 28 o\
Tous = (B12)

2 sinzu(cos g~ sin28‘ sin2¢)+ sin 20a siné'sin 2¢

These ratios are plotted in Fig, B2. Because of perfect symmetry, only

the first quadrant, in which &1 ranges fromzero to 90 degrees is shown.

The above functions are used to determine the direction o f the vel-
ocity. The magnitude of the velocity may be determined by applying the
general pressure equation to the center hole, and to any one of the other
four holes, say hole (3), which will give the equation

2
ey = ().

From this, the velocity is

P -pP
2°0°3 -
W | % p—a. (B13)
PE T |
Equation (B8) and (B10) may be used to determine the theoretical relation

of (ko-:kB) to @ anddt,

’ 2
_ko-k3 - %(coszyo-eos ‘ 73)

= 19: [sin a (cesa¢ sin25' sin2¢)+ sin 2a sin 2¢ sin 6] (B1L)

After the magnitude and direction of the relative velocity has been

determined, the static pressure of the free stream is given directly by
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Fig. B2 THEORETICAL CALIBRATION CURVES FOR THE S-HOLE SPHERICAL PITOT-FROEE
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applying equation (B2) to the center hole,

wl '

P=Pp, - koo;- . (B15)

The theoretical value of k, is given by equation (B8), where y is

identical to the cone angle @,

ko-la%sinafd. ' (B16)

2, Experimental Calibration Curves

The spherical probe was calibrated in.the test stand shown
schematically in Fig. B3. The calibration fixture consists of two concen-
tric rings in a gimble mounting. The bottom ring is pivqted along its
diameter in the table-mounting, with the pivot-axis perpendicular to the
nozzle-axis., The tilting angle is measured with a protractor on the .
pivot=axis, and is equal to the cone angle @ between the velocity vectér
of the flow and the shaft-axis of the probe. The top ring rotates over
the bottom ring, which has protracted angular divisions, to measure the
dihedral angle O'. The probe is mounted on the top ring with its axis
coinciding with the ring-axis, and with the center of the spherical probe
on the pivot-axis of the bottom ring. By this arrangement, the center of
the sphere remains on the nozzle-axis and fixed in position, for any change
of cone angle and dihedral angle. Thus, as these angles are changed, the
error caused by non-uniformity of the velocity distribution of the sir
emerging from the nozzle is minimized.

Two spherical probes were designed and calibrated. The construc-

tional details of the first probe that was used are shown in Fig. Bla,
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Fig. B3 SPHERICAL PITOT-PROBE CALIBRATION FIXTURE.
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The inside diumeter of the hypodermic-neeﬁa tubing is 0,011l inch. The

. high resistance caused by this rather long length of small tubing resulted
in a slow response time for the instrument., A second probe was designed
having a shorter length of small-diameter tubing, and the inside diameter
was increased from 0,011 inch to 0,016 inch. The details of this second

probe are shown in Fig. Blb. The original probe could be locked in only

one position, which was not adequate to cover the wide variations encountered
in the exit flow angles., Guided by the measurements obtained with the
original probe, two flats were ground on the crosspiece of the second probe

so that it could be locked in the two most favorable pesitions,

b The experimental calibration curves for the original pitot-probe
are shown in Figs,BSa and Bba,and for the second modified probe in Figs.
. BSb and B6b, The general trend of these experimental curves conforms to the I

theoretical curves, more closely at small angles of @, and for increasing

angles, the experimental curves become markedly different from the theo-

retical, By comparing the calibration of the two different probes, one

rmcrne o Al e s

may derive a measure of the individual discrepancies that can be expected
in probes that have the same specified dimensions. On the basis of this
comparison, if flow agles are to be measured within an accuracy of the

order of one or two degrees, it is necessary to calibrate each instrument

Mt s Bt A A b P s £+ B 05

separately.

3. Relation of the Probe to the Impeller Geometry

The calibration curves of the spherical pitoteprobe will give the
magnitude and direction of the fluid velocity relative to the probe. It

is necessary to express this measured velocity in relation to the blade
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Fig. B6 CALIBRATION OF SPHERICAL PTTOT FOR DETERMINATION OF STATIC PRESSURE.
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cascade. To do this requires a transformation from the coordinates

(x',y',z') fixed to the pitot-probe, to the impeller coordinates (r,0,z).

Referring to Fig. Bl in comjunction with Fig. 24, the following direction

cosines are immediately evident:
cos(y',z) = - cos 21°12' = - 0.9323,
cos(y',r) = sin 21°12' = 0.3616,
cos(y',t) = cos 90° = O,
cos(x',t) = cosﬁp,
cos(z',t) = s,ian.
Additional direction cosines may be derived from the Lagrange Identity

for the expansion of the vector multiplication,

(e, x 1) (e, x e,) =(epe.) (Toe,)-(ep e,) (Iee)). (B17)
As (etx'{) = sin Bpj and e.xey = e s equation (B17) becomes

sinﬁp (-cos 21° 12') = 0 = cos (x',r),

and so

cos (x',r) = 0,9323 cos Bp.
The remaining direction cosines are derived from the relations

cos(x',t)cos(x',r) + cos(y(,t)cos(y',r) + cos(z,t)cos(z,r) = 0,
cos(x',r)cos(y',r) + cos(x',t)cos(y',t) + cos(x',z)cos(y",z) = 0,

cos(y',r)cos(z',r) + cos(y',t)cos(z',t) + cos(y*,z)cos(z',2) = 0,

and there is obtained
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cos(al,r, = = sian cos 21°12' = - 0,9323 sian
cos(x',z) = sin 21°12' sian =  0,3616 sian
cos(z',z) = = cosBp sin 21°12' = -~ 0,3616 c:'o’s’Bp

The above relationships may be summarized in a table of direction cosines

r t z
x! 0.9323 sin Bp cos Bp 0.3616 sin Bp
y! 063616 0 | =0.9323
2! | <0.9323 sin Bp aian | -0.3616 cos Bp

For the first pitot<probe that was made, the angle Bp = 39* L6', and
for the second, modified pitot-probe there is a cholce of two settings
corresponding to angles for Bp of 18° 55' and LO* 15,

The velocity components in the (r,t,z) system are calculated directly

from the equations

w, = w_,cos(x',r) + wy,cos(y',r) + v, cos(z',r),

't - wx'cos(x',t) ¢ wy’cos(y"t) + Hz'COS(z',t)s (Bla)

W, . wx,cos(x',z) * wy,cos(y',z) + wz,cos(z',z),
; where
Wy = W cos g,

L sin @ cosd’ (B19)

w=wsing sin&'

To illustrate the use of the above analysis, a complete numerical calcu=-

lation for one of the data points will be carried through.
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L. Numerical Example

To illustrate the method of éomputation, the flow data for a
specific measur~ment with the pitot-probe will be worked out in detail,
"Consider the 2200 rpm test-run having a discharge of 28.L4 cfm, with a
pitot setting of r = 6,720 inch and © = 50°L4L'. The manometer read-

ings are tabulated below.

Manometer Readin Equivalent Feet of
(inch Water-Gage§ Air at 62°F
ho = - 0,28 - 19.2
hl'h3 = 1,90 130.0
h@.n} «  3.19 218.3
h2- h = 0015 10.5

From Fig. B5, for the ratios (h1°h3)/(ho'h3) = 0,60 and (th_h)/(ho—hB)
e 0.05, the following values are obtained: @ = 10.3°, O'= 86,0° and

(ko-k3) « 1,01, The relative velocity is computed from equation (Bl3),

h -h
28 k‘°=1i§ - 118,0 fps.
(]

The components with respect to the pitot-probe are derived from equation
(B19),

Vx. - 11.6.1 fp’,

oy = 1.5 fps,

Vo, ® 21,1 fps.

The probe was set at the angle Bp = 40°15', and from the table of direction
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cosines, and equation (B18), the velocity components with respect to the
impeller are

vr - SSQh fps,

vt =102,1 fps,

" - 1909 fpﬂ,

qzz' |
LA LA A 58,9 fps.

The flow directions are

S = arc tan "r/wz = 70.2°,
B s arc tan wm/ut = 29.9°,

and the tangential component of the absolute velocity, and the whirl-moment,
are

ct o rl)- 't

- (00560)(2300)4)5102.1 - 26.8 fpa,

and

m =rc, = 15.0 ftz/aec.

The static pressure head, h , 1s determined from equation (B15).
From Fig, B6, for &' = 86,0° and ¢ = 10.3%, the pressure recovery factor is
k, = 0,964, The manometer reading must be corrected for the centrifugal
effects upon the air column in the tubing leading from the pitot probe to
the rotary seals. The absolute pressure at the center 'hole of the probe is

" .2 2 y
we(r€-r )

where R‘“ is the gas constant, and the shaft radius is 1,250 inch,
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W - »
: By substitution into equation (B15), and conversion to equivalent feet of
S air, the static pressure head is h = 22.2 ft. !
: 3
The quantities H and I are obtained directly from the definitions {
v, [} 2 B
i : ¢
g He % + hs
% Ct2¢wm2
{& = g+ b = 81,2 £1,
iE I L H - g m » -20.1 ft.
.
3 Q
¥
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APPENDIX C

DETAILS OF THE BLADE-TO-BLADE RELAXATION SOLUTION ,

1. Method of Solution

The solution of differential equation (43), together with the boundary
conditions shown in Fig. 15, is accomplished by numerical procedures as~
sentially developed by Southwell6f7. The method consists in estimating
the values of the stream function over a system of mesh points of a grid
covering the flow region. The error ("residual® Ro) introduced into the
finite-difference equation (LL) by these estimated values, is expressed
by the equation. |

Uy ¢ ¥y e ¥y el b e n2(€) - W) - Boe(€) =R, (01)

The estimated values of Y are adjusted ("relaxed")until the residuals are !
eliminated, A grid spacing, h = 0.1, was used initially in the computation.

This grid spacing provides satisfactory accuracy in the upstream region

where thée flow conditions are quite uniform; however, in the downstream

regions, and at the blade inlet tip, the gradient of the stream function

is relatively large, and in these regions it is necessary to usse finer

grid spacing for improved accuracy. The grid spacing is shown in Fig. 16.

At the inlet tip, and in the downstream regions, the grid spacing is 0.05;

and in the immediate neighborhood of the blade exit tip, where the Kutta

condition must be satisfied, the grid spacing is 0,025, |

2. ;gragp}arVGrid_?g}nte

At the blade surface the nodes of the relaxation grid will not coincide

with the blade contour. For these points, irregular star-operators must
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be used. The most general case, in which all of the arms are of non-
standard length, is shown in Fig. Cl. Considering the origin of the
(€,‘n):nxee at the central point, ¥ can be represented by the polynomial
approximation,

= 2 " 2 ;
e (§)rn () vy @) n, @) v (DF. 2
The b-coefficients are determined by solution of the five simultaheous

equations obtained from substitution of values at the five no&al points,

This leads to the expressions for the derivatives.

2 b 2 2 2
" S ey Mg Boan Ve )
2 3%y 2 2 2 A
¥ ey ey Yo e
b¢ & (a-ﬁ) A
h 56 al(a1¢a ) w1 33‘ 3349.1; 4l3 3 1 ‘PO (c5)

'Y

For the special case of ,5'3 = ah = 1, the values of the coefficients of ¥

are tabulated by Shnwe.
The blade inlet tip does not coincide with a nodal point of the grid,

s0 the irregular star shown in Fig. C2 is used. Applying the notation of

this figure to equation (C2), the expressions for the derivatives at the

inlet tip become
2 o2 1
h2 v2% « 3( ¥y ’“*r:n[**—;% SO R A )

d 1 8t 1 Y (e
h -é-%/ - i "’1' %) . m)( Vo- V) + sy Wh— V)e: - (CT)
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At transition points between the fine and coarse grid spacing, irreg-
ular star operators must be used corresponding to equations (C3),(CL), and
(C5). In addition, another type of transition point occurs as shown in
Fig, C3. Using the polynomial epproximation, equation (B2), the deriva-

tives are

2 & 1 2
n '5'5*2 1'20-3“57[ by ¥p) + g Y- ¥ \P)] (c8)

2 3% ,
b 2. [ LYy ¥ o 20¥- ¥+ agrad (V= ¥ ) (€20)
of (2n3~a57 a’ L 5 "37060Y 11T Toff YU

3. Kutta-Joukowsky Condition

Considering the blades to be thin, the flow must be tangent to the
blade surface at the exit. For the preliminary relaxation solution, no at-
tempt was made to satisfy this condition. The downstream whirl-moment
value was chosen on the basis thit the flow leaves the impeller uniformly,
at the specified blade angle. After completion of the relaxation solution,
it was found that the B-angle of the streamline, at the blade exit tip,
was about 10 degrees less than the blade angle., To correct this condition,
a decrease in the downstream whirl-moment was necessary. As a first approx-
imation of the change in whirl-moment required, ¢onsider a unit change in
whirl-moment, and let A{ represent the corresponding changes in the
stream function, Referring to equation (Cl), the values of h, f, and g
are small, and the terms involving these factors approach zero %o a higher

order, as the grid spacing is reduced, than the first four terms of the




equation, The finite-difference equation for Ay then becomes, approxe
imately, ‘

aY, + AY, » ij * LN’h -4 AV R, | (c11) *

On the blade contour, { is fixed, so that Ay is zero at the blade, Equa-
tion (Cll), representing the Laplace equation in Ay , can be solved by

the relaxation method, As this equation is linear, the solution for any
desired change of whirl-moment can be obtained by multiplication by the solu-
tion for the unit change in whirl-moment, After the whirl-moment is ad-
Justed to satisfy the Kutta condition, a final relaxation must be done to
eliminate the small residuals of equation (Cl).

L. Determination of the Velocity Distribution

Lines of constant W-values are relative streamlines, and the numerical ¢

value of ¥V indicates the rate of flow passing between the streamline and

the leading blade face, as a percentage of the total flow passing through

the channel between adjacent blades., The spacing of the streamlines (see

Fig. 16) is indicative of the magnitude of the relative velocity, close

spacing indicating higher velocities. The relative velocity components

along the periphery at the blade outlet are determined by numerical differ-

entiation of the stream-function using a seven-point differentiation formula

given by Soutluen? for equally spaced grid points, and a five-point dif-

ferentiation formula given by Wu9 for the unequally spaced grid points,
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