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ABSTRACT

This report is one of a series of analytical studies of air-

craft structures exposed to transient heating. The present study re-

ports on the response characteristics of the front surface temperd-
ture and the front-back temperature difference across a finite plate

as well as the"thermal force" and "thermal moment" which exists as
a result of the heating. The results are given in graphical form
for use in future studies.
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NOMENCLATURE

a w Thermal diffusivity (k/pC) ft2/hr

b = Plate thickness ft

Bi a Biot modulus dimensionless

aC a Heat capacity Btu/lb -F

E a Modulus of elasticity lb/in 2

- Unit thermal conductance Btu/hr ft2 *F

I a Integral -q-dt+

k = Thermal conductivity Btu/hr ft2 *F/ft

M1 . Thermal moment lb in/in

NI . Thermal force lb/in

q a Rate of heat flow per unit area into plate Btu/hr ft2

Q - Total heat absorbed by plate Btu/ft2

'T = Temperature *F

t = Time sec or hr

z f Cartesian coordinate (Z'refers to distance ft
from back surface)

X 0= Coefficient of linear thermal expansion "F-1

A3 - Heat transfer parameter (b/v-) dimensionless

a Difference

7 a Reference time (time for the input function sec or hr
to maximize)

V 0 Poisson's ratio

p - Weight density lb/ft3

Subscripts Superscript

r a Thermal + - dimensionless,

S a maximum

rof a reference

a • ambient
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INTRODUCTION

Previous studies I 5. concerning the effects of heating aircraft

structures have indicated that excessive temperatures and stresses can
occur. The combination of temperatures and stresses can greatly increase
aerodynamic drag due to large deflections and cause permanent deforma-
tions in the skins of wings and control surfaces.

Studies 3,5 of the heated plate equations originally developed by
A. Nadai 4 have shown the necessity of evaluating the so-called"Thermal
Force" and "Thermal Moment" resulting from restrained thermal expansions
and temperature distributions, respectively. These quantities are the
9ssential factors which combine the heat transfer and thermal stress
investigations. The heat transfer investigation 2 resulted in an analytical
determination of the thermal response of a finite plate exposed to tran-
sient heating.

A numerical evaluation of the thermal force and moment is presented
in this study using the results of the uniformly irradiated finite plate of
reference 2. In addition, the front surface temperature rise and the front
to back surface temperature difference are reported in terms of dimension-
less parameters. It is visualized that these results will be utilized in
future thermal stress evaluation of aircraft structures.

*Numbers in uperscripts indicate references in the bibliography at the end of the report.

WADC-TR-55-192 Vol I 1



HEAT TRANSFER SYSTEM

The idealized heat transfer system of reference 2 is shown in Figure 1.
It consists of a uniformly irradiated plate with a constant thermal conduct-
ance (h.) on the lower side and an insulated boundary on the other. The tran-
sient heating function q(t) is shown in Figure 2. In order to present the re-
sults in dimensionless form, the following definitions were employed.

z' (1)

INSULATED + , (2)
1 -.1 . - . ,, 0 T - T.

ri I b T'AO (3)

' tht t t t t t " AT, Q (4)
, ,o b

FIGURE I COORDINATE SYSTEM FOR
UNIFORMLY IRRADIATED FINITE PLATE (I - J d (5)

f q,

Q

q 0fdt, (6)q oq

_ _Bi P__ 2 (7)

t r e 77(8)
FIGURE 2 TRANSIENT HEATING P c(b
FUNCTION

and

P (9)
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In terms of the dimensionless quantities defined above, the heat conduction

equation is written as:

Z2 T . p2 -6_T+  
(10)

with the followinj initial and boundary conditions:

when: t+ = 0 , T+ = 0;

at: Z' - 0, 3+ = 0; (11)

and at: Z' - 1, 1 'T+ = q+ (t + ) T+
/ ~p2 'I

The solution to equations (10) and (11) is:2

( t J z ,. 2 [ ,I('+1p) 1(12)
S LCos V + -(1a + Bi

where

tan V - Bi

This solution was evaluated for the front surface temperature rise and the
temperature difference across the plate utilizing the heating function shown

schematically in Figure 2. The front surface temperature is expressed as:

[ exp [- (t]

NE + -Ls a (1 + BO
0 ,

tWADC.-rh.55-192 Vol I3



The temperature difference across the plate (front surface temperature minus

back surface temperature) is:

-*l~+ T*(O,t 4 ) Jq+(X 1- 1o Y', Lx W X d (14)
1 1 1+''(1+i0 fat V

T Each temperature response eval-

uation was made for given values

of the heat transfer parameters,
Bi and /, as shown schematically

in Figure 3. These curves are

AND I CONSTANT presented in the appendix for a

range of Bi and /3.

FIGURE 3 SCHEMATIC TEMPERATURE -

TIME RESPONSE FOR A FINITE PLATE

WADC-TR-55-192 Vol 1 4
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THE THERMAL FORCE AND MOMENT

The Thermal Force and Moment were developed as logical connecting

parameters between the isotropic heated plate equations and the heat condac-

tion solutions. These have been defined as:
3 ,5

N 1 JE a (T-'T)dZ (15)
1- w

and

1 JE a (T- Z)Z dZ (16)
1-v

INSULATED When the mechanical properties of the

SZ 4 material can be considered constant across
b the plate thickness, the neutral axis

h Cdinate system is shown in Figure 4.

FIGURE 4 COORDINATE SYSTEM
FOR HEATED PLATE EQUATIONS

In terms of this coordinate system with the origin at the plate center,

equations (15) and (16) are normalized to:

I i #;+ (I - #
N; T dZ (17)

and

(I - VZ Z (18)
Eo a tfi b 2

WADC-TR-5S-192 Vol I 5



The dimensionless thermal moment, M and thermal force, N+, are functions

of the heat transfer parameters Bi and 0. Typical plots of these functions

are shown schematically in Figures 5 and 6. These curves are presented in

the appendix for the range of heat transfer parameters considered.

MT+ NT+

MAX,0 T. 27MA--

P_____________ PAND BI CONTNTVADBC0NSTANT
t+0 _,+

FIGURE 5 DIMENSIONLESS THERMAL FIGURE 6 DIMENSIONLESS THERMAL
MOMENT FORCE

WADC-TR-55-192 Vol I 6



DISCUSSION OF RESULTS

Comparison of thermal force and moment curves with temperature curves

show that and 9 are similar to T+and AT+ , respectively. The maximum value

of N+ - 1.0 corresponds to the case of no convective cooling. This is the

limiting case where all the input energy remains in the structure. The peak
values of N+ occurs approximately in the range of t +  1.0 - 6.0 and for the

case of no cooling occurs at the end of the input. The dimensionless thermal
moment was found to peak at short times (t+ = 1.0 - 2.0) with a maximum value
of approximately 0.27 for the range of heat transfer parameters (Bi, P) con-
sidered. The sequence of' events, [or a plate'exposed to transient heating is
as follows: (1) The plate is subjected to a maxir nii winent with a relatively

* small thermal force; (2) then a large thernmal force occurs with a small

moment; and (3) the thermal force and moments then decay as elapsed time in-

creases.

In order to illustrate the utility of these curves for the determina-
tion of the response characteristics an illustrative problem will be given.
The following quantities must be assumed or determined from other analyses:

Properties

71 - 3.00 sec = 8.33 x 10- 4 hr p = 173 lb/ft 3

Q - 44 IBtu/ft 2  C = 0.23 3tti/lb OF

h c . 42 Btu/hr ft2 1" k = 66.7 Btu/hr ft OF
b 3/16 in. = 0.0156 ft. a = 1.67 ft2/ hr

pC

Ka = 130 psi/*F

- 0.33

From equation (9)

ab .0156 0.42 " 0.4;
/1.67 x 8.33 x 10- 4

'WADC-Ti-55-192 Vol 1 7



From equation (7)

Bi = h c b 42 x 0.0156 - 0.01;
A 66.7

and from equation (2)

t -* t + - 3.00 t.

Equation (4) gives the reference temperature

6 Q = 44 - 70.8 *F (above ambient)pC b 173 x 0.23 x 0.0156

The actual thermal force and moment can be calculated from equations (17)

and (18) as:

EaN EaQ N;
U (- V) (1 - V)p Cp

Nf a 130 x 70.8 x .187 N; - 2460 ;
(1-0.33)

and

-a A Tr ,f b . E a Q b ;

1- (1- V) p C

x.130 x 70.8 (3/10-9 1f; .460 M+
( - 0.33)

Reference to Figures A-1, A-4, A-7, and A-10 in the appendix

indicates that maximum values of the dimensionless quantities and their

WADC-TR-55-192 Vol I 8
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associated dimensionless times are as follows:

Maximum Dimen- Dimensionless

Quantity siontess Value Time(t) Value

Front Surface
Temperature 0.77 5.5 54.5 0F
(Figure A-i)

Front-Back 'Temper-
ature Difference 0.035 1.0 2.5 OF
(Figure A-4)

Thermal Force 0.75 5.0 - 6.0 1844 lb/in
(Figure A-7)

Thermal Moment 0.0031 .1.0 1.43 lb in/in
(Figure A-10)

Inspection of the above table shows that for the particular example,

the thermal force is the predominating factor, the moment being quite small.

WADC-TR-55-192 Vol 1 9
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CONCLUSIONS

In summary, the results indicate the following:

1. The uniformly irradiated plate is subjected to a combination

of thermal moment and force at each instant due to the tran-

sient temperature distribution.

2. The maximum thermal moment precedes the maximum thermal force

with both quantities decaying as time progresses.

3. The maximum possible values of N; and Ad are 1.0 and 0.27

respectively for the range of variables under consideration.

WADC-T-55-192 Vol I 10
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APPENDIX

The appendix contains a series of graphs for the front surface tempera-

ture, T, the front-back temperature difference, A T+, thermal force, N, hnd

thermal moment, N+, as a function of time t+. The range of parameters for which

the numerical results are applicable are as follows:

Bi , 0.001- 1.0

-/3 0.01 - 20

The Index for the Specific Graphs

Figure

Front Surface Temperature

Bi - 0.001 ...... ...................... . A-1
Bi = 0.01 ... ................ . . .... A-i

Bi = 1.0 ... ............... . . . . .. A-2

Front-Back Temperature Difference
Bi; a 0.001 . . . . . . . . . . . . . . . . . . . . . A-3
Bi w 0.01 . . ... . . . . . . . . . . A-4

B.i - 0.1 . . . . . . . . . . . . . . . . .. A-5
Bi - 1.0 . . . *. . . . .. . . . . .. A-6

Thermal Force
Bi - 0.001 ..... . . . . . . ............. . . . . . A-7
Bi - 0.01 .' . A-7
Bi o 0.1 .. . . . . . . . . . . . . . . . A-8

Bi -' 1. . . . . . 0 # 0 .A-8

Thermal Moment
Wi - 0.,001 .12... . . . . . . . . . . . . A-9

Bi: - 0.1 I . . . . . . . .. . . . . . A-11
Bi m 1.0 . . . . . .. . . . . . . A-12
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