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ELECTRONIC ENERGY BANDS

IN

POTABSSIUM~

JOSEPH CALLAWAY

DrPARTMENT Of PHYSICS, UNIVERSITY Or MIAMI, CORAL GABLES, FLORIDA

(ABSTRACT)

THE METHOD OF ORTHOGONALIZE0 PLANE WAVES IS

APPLIED TO A CALCULATION OF ELECTRONIC ENERGY LEVELS

IN POTASSIUM# USING A POTENTIAL OBTAINED FROM A SELF-

CONSISTENT FIELD* THE ENERGIES OF TWENTY-FOUR STATES AT

FOUR SYMMETRY POINTS IN THE BRiLLOUIN ZONE HAVE SEEN 08-

TAINED. THE LOWEST SAND) IS DISMISSED IN DETAIL ANO THE

QUALITATIVE FEATURES OF THE DENSITY OF STATES ARE PRE-

SENTED. DEPARTURES FROM FREE ELECTRON BANDS ARE FOUND.

COMPARISON OF HIGHER BANDS WITH SCME OTHER CALCULATIONS

SUGGESTS THAT CERTAIN FEATURES OF BAND SCHEMES MAY BE

REASONABLY INDEPENDENT OF THE POTENTIAL USED.

*SUPPORTED BY THC Oruuc IEor NAVAL RESEARCH4

jr ' -



1. UTRODUCTION

ELEOTRONIC ENERGY LEVELS IN THE ALKALI METALS ki''IE

BEEN STIJD lED FOF MANY YEARS. THE MAJORITY 0r THE WOFVII

HAS CONCrRNEO TH~E LIGHTER ELEMENTS, LITHIUM AND SOOILMl)

1. AN EXTENSIVE BIBLIOGRAPHY IS GIVEN BY

J. S. SLATER, TECHNICAL REPORT No. 14 0F THE

SOLID STATE AND M~OLECULAR THEORY GROUP$

FV.I.T., (1953)v UNPUBLISHED.

PRINCIPAL ATTENTION HAS BEEN DEVOTED TO THE OOHfSIVE

ENERGY AND TO RELATED PROPERTIES SUCH AS THE EQUILI;-t UM

LATTICE CONSTANT hlif) THE COMPRESSIBILITY. THE HEAVURA AL-

KALI METALS: POTASSIUM, RUSIOIUMS AND CESIUM HAVE OEf N

STUDIED LESS EXTENSIVELY (2 7)

2. E. GORIN, PHYS. ZEITS. SOVJETUNION ., 328 1'936).

3. T. S. KUIN AND J. H. VAN VLECK, PHYS. REV, 71-p

382 (1950).

)J. H. BROOKS, PIITS. REV, 211v 1027 (1953).

5. BERMAN, CALLAWAYg AND WoOOS, PHYS. REV, 1010

1)467 (1956).

6. F. S. HAM, SOLID STATE PHYSICS 1,127 (195E J.

7. Re M. STERNHEIMER, PHYS. REV. 28, 235; (1950).



Tim WORK HERE REPORTED CONCER~NS AN APPLICATION Or T .E

METHOD OF ORTHOGONALIZEO PLANE WAVES TO A CA .OULtTIOl

8e G. HERRING, PHYS. REV, 52t 1169o (1914.).

Or ELECTRONIC ENERGY SANDS IN POTASSIUM*

GORIN MADE A CALCULATION OF THE COHESIVE ENERGY OF

POTASSIUM (21USING THE CELLULAR METHOD (9 - 10) AND A

9. E. WIGNER AND F. SEITZ, P14rS, REV., !a

804 (1933).

10, F. C. VON DER LAGE AND H, A, BETHE, PHIYS. REV.

POTENTIAL OBTAINED FROM A SELF-CONSISTENT FIELD FOR THE

x +ION. THE RESULTS OF HIS WORK WERE IN MARXED DISACREEAENT

WITH EXPERIMENT, IN THAT TOO LITTLE BINDING WAS O-STAINE~o

THIS FAILURE GAVE RISE TO THE BELIEF THAT AN ENERlY LEVE.

CALCULATION BASED ON A SELF-OONSISTENT FIELD WOULD BE VEiY

INACCURATE FOR THE HEAVIER ALKALI MET..LS. THE QUANTLM 0D7

FECT METHOD WAS DEVELOPED By KUHN AND VAN VLEOK(3) AND 91

,-ROOKS ()TO AVOID THIS DIFrICULTY By USING OBSERVED SPECTRO-

SOOPIO DATA TO CIRCUMVENT THE CONSTRUCTION OF AN EXPLICIT

POTENTIAL. IT HAS RECENTLY SEEN SHOWN$ HOWEVER, 8Y EERMINg

CALLAWAY AND WOODS(5 THAT IF PROPER ACCOUNT IS TAKEN Of

EXCHANGE INTERACTIONS, A SELF-CONSISTENT FIELD METHOD CAN4

GIVE A RESULT Of REASONABLE ACCURACY FOR THE COHESIVE EN'zPGY



OF P'rA SfillJ l T El ; BEOOMrS I.ATERESTING TO EXTENC THCIA

WQRK TO A OALOULATION OF HIIGHER Z,.EOTRONIC STATiSo

IN MAIUNG THIS E)XTENSION, THE METHOD OF OR1A3CtALIZEO

PLANE WAVES (OPW) WAS CHOSEN IN PREFERENCE 10 TVE (CL t.UL.AR

M THOO 13ECAUSE IN THE OPW METHO'b IT IS NOT NECEISAFN TO

SATISFY BOUNDARY CONOITIONIS EXPLICITLY. THE *ROBLIk' 0f

AOCURAT'LY SATISFYING THE BOUNDARY CONDITIONS 3S QUI!'E

SeRdOUS AND 'IfICULT IN "THE OELLULAR METHOD1 AhlJ IT

110 F. S. HAM, PH.D. THESIS, HARVARD UNIVERSITY

19541) (uNPuBLI3HEo).

WAS FELT THAT WITH THE CE!.LULAR METHODS I1 WOULC HP't: BEEN

IMPftAOTICAL TO STUDY MORE THAN A SMALL NUMBER OF EIVLF1 . Y

STATES. THE OPW METHOD HAS THE DISADVANTAGE THAT )N tXRLICI

POTENTIAL MUST BE USED, ANO MORE IMPORTANT, THAT TIE MLECTRON

STATES N "HE ATOMIC CORE MUST BE KNOWN ( 12  THERE ,'QE

12. . CALLAWAY* PHYS. REV. 2, 933, (1955)o

REASONS WHY THE OtPWc METHOD SHOULO BE EXPEOTED TO WORK

WEtL-. FOR METALLIC POTASStUM. As IN THE OTHER 4,,A%. NIT-Al3,

ONE HAS ONE ELEOTRON MOVING OUTSIDE OF A RELATIVELY (;OMPAOT

ION CORE. CON3I-.QUENTLYP OVERLAPING OF CORE WAVE FUICTIONS

WILL BE NEGLISOBLE, THE ELF-CONSISTENOY PROSLEJ, ALSOv

84OULO NOT BE SERIOUS SINCE IT IS REASONABLE TO EXPEOT THAT

THE AVERAGE DISTRIBUTION OF ELECTRONS IN THE CORE SHOULD NOT

BE SIGNIFICANTLY AFFECTEO UY THE VALENCE ELECOTRCN. THIS IS



SUP0(' 'i L BY A CAL. CULA ION OF IARIFI-, AN") HARTRE :cI; rj-i,,E K

IJN014 tA WHiICHi WAS FOUND 'HAT THC W,,V.E 17UNCTION O ;Tl. 3p

ELIKCTRB(J OM1F.REf) ONLY SLUt1H7TLy rROM THAr FOR THE ( ;)N '

, ,, , R. HAR PEE ANO W. H.k.TREE, PRoc, CA43i0 ,I.

P41 L . SOC. j., 550 (1936).

THE AP4'0XAM4iV ION Or WIGNER AN) SEITZ IS ALSO MAO H IFIAT

THCRE IS ONLY CNE VALENCE ELECTRON IN AN ATOMIC CIlt qi4fGC

MOVES IN THE POTi'NIIAL OF THE PcSITIVE IONS , ALL OTt;: CELI.S

BEING NEUTRAL. THE CFYSTAL POTENTIAL AND CORE WAVE 7"NCTlC1'$

US1.O 4ERL. WERE OBTAINEDO FROM A SELF-CO0NSIST-ENT FIELO J iT4I4

EXC0)-ANGE FOR THE K COIt *

i,, D. R. HARTRRF AND We HARTRECE P oc. ROYAL.

soomvii L166A, 4~50 (195,6).

:3171AUSE OF THE SOWPLIflTY OF THE PHYSICAL SITU.! ',)N

FOTAS,, 1)M SHOULD EfE k VERY FAVORA3LE SYSTEM FOR AN I' :Iq(i

BAND 3TUDY* SUCH A STUDY SHOUL FURNISH INFORMATIOt ,-

OERN 4G. (1) VALIDITY cF THE FREE ELECTRON APPROXI1, ' ,.

IHER" ARE THREE ASPEC1t HERE: (A) DEPARTURES OF Crrl "Vi

MASS iALUES FROM 1, (8) PRESENCE OF K4 AND HIGHER ri "i ] Pi4

THe E(K) EXPANSION AND (C) DEPARTURES OF ENERGY 3URI :S

FROM SP1IERICAL SYMMETRY. ONE MIGHT EXPECT THAT THl rfrIc',

WO, O.o R' MORE PRONOUNCED FOR EXCITED LEVELS RATHER Tr4C.' FOR

THE LOWEST SAND. (2) COMPARISON OF ENERGY BANDS IN PirASSIUM
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WITH THOSE OAi.OULATED FOR OTHER ELEMENTS HAVING TI4E BO[.T

CENTEIED CUBIC STRUCTURE: ONE OF THE MOST IMPORTANT PRO-

BLEMS IN ENERGY BAND THEORY 18 THE QUESTION OF HOW SENSI -

TIVE IS THE BAND STRUCTURE TO DETAILS OF THE POTENTIAL,

COM IARISON OF ENERGY BANDS IN DIFFERENT ELEMENTS OF THI: SAME

ORYSTAL STRUCTURE SHOULD FURNISH INFORMATION ON THIS QUESTION.

IN ADOITION, THE EFFECT OF CHANGES IN THE POTENTIAL ON THE

BANDS IN POTASSIUM CAN ALSO BE EXAMINED.

UNFORTUNATELY.; THERE IS A DEARTH OF ACCURATE EXPERtIMENTAL

EVIDENCE PERTAINING TO ENERGY BANnS IN POTASSIUM, SO THAT

A DETAILED COMPARISON OF THEORY AND EXPERIMENT IS NOT POSSIBLE.

QUALITATIVE COMPARISONS AND PI-2EtIICTIONS CAN BE MADE IN SOME

.'tASES, IT IS HOPED THIS THEORETICAL DISCUSSION WILL STIMULATE

EXPER#MENTAL EFFORT.

Il. THE CRYSTAL POTENTIAL

WE ASSUME T;AT EACH ELECTRON EXPERIENCES ONLY THE

POTENTIAL OF THE OOR.rESPONDINCK POSITIVE ION. THIS POTrN-

TIAL OONSISTS OF TWO PARTS: (1) THE COULOMB POTENTIAL OF

THE ATOMIC NUCLEUS AND THE AVERAGE DISTRIBUTION OF THE CORE

ELECTRONS, AND (2) THE EXCHANGE INTERACTION BETWEEN THE VAL-

ENoE ELECTRONS AND THE CORE. THE COULOMB POTENTIAL IS OBTAINED

IN THE OBVIOUS WAY FROM THE CORE iLEOTRON OI8TRIBUTION. THE

EXCHANGE INTERACTION 1 APPARENTLY QUITE IMPORTANT iN OBTAINING

NUMERICAL RESULTS IN A COHESIVE i NERGY CALCULATION.
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WE CAN DEOPINE AN ErFECTIVE EXCHANGE POTENTIAL FOP THE

STATE ',"I (11TH IRREOIIP';IBLE REPRESENTATION OF WAVE VECTOR K)

IN THE rOLLOWING WAY:

I N(R (R 2 /R(It (R)
I NM NLM 2 2 ' (2) &] NLM (I 2!

(R(1

WHERE * NMREPRESENTS A CORE PA'.EC FUN0140044  TomE EXCHANGE PO7T'I I-,AL

COMPUTED ACCORDING TO (1) WILL DIFFER rRom STATE TO STATE,

AND OBVIOUSLY DEP~ENDS ON THE WAVE FUNCTION OF THE STATE OVN-

SIOERCO. TuIS MEANS THAT A SELF-CONSISTENT SOLUTION OF THE

HARTRCE-FOk EQUATION IS REQUIRED. $LATER HAS PROPOSED TWO

METHODS OF AVERAGING THE EXCHANGE PO",ENTIAL01 5)

15. J. C. SLATER, PHI'S. Rev*# b1. 385 (1951).

WHICH ALLOW ONE To USE ONE EXCHANGE POTENTIAL FOR ALL STATES.

11 1S DOUBTFUL THAT SUCH A PROCEDURE WILL HAVE QUANTITATIVE

SUCCESS (16)9 (17)w

1b. HERMAN CALLAWAY, AND ACTON, Pmys. Rev, 2,j
371m (19514)-

17. J. CALLAWAY, PHTso REV., .229 500 (1955).

A MORE ACCURATE PROCEDURE WOULD BE TO ASSUME THE EXCHANGE

POTENTIAL rOR A GIVEN STATE DEPENDS PRIMARILY ON THE ANGULAR



MOMEN'TUM Or THE STATE CONIORED, OR IN THE CASE Or TH4E S0OD,

ON THE PREDOMINANT ANGULAR ',*(,I,.ENT4JM IN THE OECOtf.POSITION Or

KINTO SPHERICAL HARMO'II 16) IN OBTAINING THE EXCHANGE

POTENTIAL FOR A STATE OF AN3ULAR MOMENTUM Lo Of A VALENCE

ELECTRON9 IT IS QUESTIONABLE WHETHER IT IS DESIRABLE TO

AVERAGE THE EXCHANGE POTENTIALS OF THE CORE ELECTRON STATES

OF AJOGULAR MOMENTUM La SINCE THESE HAVE ENERGY VALUES IN GENERAL

FAR BELOW THAT OF THE STATE WE ARE C( NSIDERIN-3. IT SEEMS MORE

REASONABLE TO CONSTRUCT AN EXCHANGE POTENTIAL FOR A GIVEN L

FROM AN APPRCXIMATE WAVE FUNCTION FOR A VALENCE ELIECTRLIN

STATE OF THAT Le

SUCH A PROCEDURE WAS FOLLOWED IN THIS CALOULATI(. AN

S STATE EXCHANGE POTENTIAL WAS OOIJSTRUCTEO FRuM THE SELF-

CtNSISTENT FIELD CORE WAVE FUNCTIONS AND THE LOWEST ORTmuft

GONALIZED PLANE WAVE FCR THE STATE r I* THIS POTENTIAL WAS USED

FOR THE STATES r,, H,,, P 9 AND N 1 IT IS TO BE NOTED THAT

THE STATE N IWILL CONTAIN A$l ADMIXTURE OF 0 FUNCTIONS. A P

STATE EXCHANGE POTENTIAL WAS SIMILARLY OBTAINED FR0.1 THE LOWEST

O.P,*W. FOR THE STATE H15, AND USED IN THE CALCULATICNS FOR

r,,, Hl,, P49 Nl' N3 ', N4'- P4 WILL ALSO HAVE SOME 0 CHARACTER.

A D STATE EXCHANGE POTENTIAL WAS OBTAINED FROM A 0 FUNCTION

CALCULATED WITHOUT EXdHANGE IN A PRIOR CALCULATION Of K ) TERMS

IN THE E (9) RELATION6 THIS POTENTIAL VIAS USED FOR THE O-LIKE

STATES r 4" r 12t H25 # H12 # P3, N2,v N39 N 4# AND ALSO rOi THE F

LIKE STATihs r 2,, r,', H~2,, 129 P 5 AND N 2 #6 IT WAS ASSUMED IN

USING THE O.P.W. METHOD THAT THE CORE STATES 03ULD WITH



SUFFICIENT AOCURACYX SE CONSIDERED AS LIGENfUNCTION

IN THESE POTENTIALS.

ONE UNSATISFACTORY FEATURE OF THIS PROCEDURE 1S

THAT IN THE CASE OF THE S AND P STATES THE EXCHANGE

POTENTIAL ACCORDING TO (1) WILL HAVE INFINITIES VIHERE

THE APPROXIMATE HAS ZEROS, THESE WERE REM~OVED IN SUCH

A WAY AS TO GIVE A REASONABLY SMOOTH EXCHANGE POTENTIAL.

THE COULOMB POTENTIAL At.D THE POTENTIAL FOR S. Pq AND

0 STATES AlE TABULATED IN TABLE to CERTAIN IRREGULARITIES

MAY BE NOTED IN THE QUANTITIES RV aAND RV PIN THE NEIGH-

BORHOOD oF R=n2. THESE RESULT FRCM THE METHOD OF TREATING

THE EXCHANGE POTENTIAL NEAR A SINGULARITY. SINCE THESE

IRREGULARITIES OCCUR IN A REGION IN WHICH THE WAVE FUNCTION

IS SMALL, THE EFFECT ONJ THE ENERGY SHOULD NOT BE LARGE.

111. CALOULATI(-,,. OF THL EWIRA3Y LEVELS

THE O.P.W., METHOD LEADS TO A SECULAR EQUATION Or

THE fORM

OET I(x, K H E(, X H) 0

WHEREj H IS THE CRYSTAL HAMILTONIAN AND X IS1 AN

ORTHOGONALIZEO'PLANE WAVE:

HERE 18I A CORE rUNCTICN FOR THE CORE STATE .1, R2
0

IS A LATTICE VECTOR AND 141C 1 2 UB +'I ", ite"

WITHV.6J0 -THE VOLUME OF THE ATOMIC CELL 0lj).

7T-
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18,, THIS CALCULATION WA MADE FOR A LATTICE

PARAr.IETER Of 5.20A , OftR 34. ATOMIC
UNIT~e

IN PRACTICE WE USE LINEAR COMI3INATICNS Cf OfHGOONALIZED

PLANE WAVES WHICH TRANSFORM ACCORDING TO PARTICULAR

IRREDUCIBLE REPRESENTATIONS IN SETTING up (2).

WE ASSUME1 THAT THE CORE STATES ViARE EIGENFUNCTIONS

or THE CRYSTAL HAMILTONIANO IN TP#IS CASE, THE MATRIX

ELEI&rMTS IN (2) ARE

(K AHa 4 iV (IH IA JILHJ()

AND

WHERE E IS THE ENERGY VALUE OF THE CORE STATE J AND

V(K 8I A FOURIER COEFFICIENT OF POTENTIAL

THE FOUnIER COEVUI!OIENTS V ()ARE GIVEN IN A TABLE (2)

AS FUNCTIONS Of A (7 is) 2O ro a P AND 0 STATES (A IS THE

LATTICE PARAMETER).

IN CONNECTION WITH THE FruiRIER COEFFICIENTS, BUTCHER (13)

13- P, N. R"OOHER, PROC. PHys. Soo* 64A 765 (19514)

HAS OBTAINED V(M 2 2) FOR POTASSIUM AND SEVERA. OF THE

OTHER ALKALI METALS FROM A DISCUSSION OF THE OPTICAL PROPERTIES
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BASED ON THE APPROXIMATION OF NEARLY FREE ELEOTRONS. H is

VALUE OF 0o305 ELVe SEEMS TO BE TOO S\VALL BY NEARLY AN

ORDER OF MAGNITUDE. THIS IS PROBABLY DUE TO FAILURE OF THE

APPROXIMATION OF NEARLY FREE ELEOTRONS,

OoP*We EXPANSIONS WERE CONSTRUCTED FOR 24) STATES MEN-

TIONEO IN SECT. II AT THE SYMMETRY POINTS r. H, Pt AND N IN

THE BRI'LLOUIN ZONE. THE BRILLOUIN ZONE FOR THE BODY CENTERED

CUBIC LATTICE IS SHOWN IN FIGURE 1. LINEAR COMBINATIONS OF

ORTHGGONALIZED PLANE WAVES WERE EMPLOYED WHICH TRANSFORMED

ACCORDING TO THE IRREDUCIBLE REPRESENTATIONS OF INTEREST

(SEE APPENDIX OF REFERENCE 17). BECAUSE HIGH SPEED ELECTRONIO

COMPUTING EQUIPMENT IS NOT AVAILABLE AT THE UNIVERSITY OF

MIAMI, THE COMPUTATIONS 010 NOT IN GENERAL INVOLVE HIGHER T4AN

FOURTH ORDER DETERMINANTS, FIFTH ORDER DETERMINANTS WERE

SOLVED FOR TW( STATES: N1 AND P THIRD AND SECONO ORDER

DETERMINANTS WERE USED FOR THE STATES IN THE F BAND WFERE ONLY

A QUALITATIVE INDICATION OF THE ENERGY IS REQIIIRED* SUCH

HIGHLY EXCITED STATES CAN PROBABLY BE REASONABLY WELL REPRE-

SENTED BY SMALL NUMBERS OF PLANE WAVES* THE LOWEST TWO

EIGENVALUES, (IN ONE CASE# THREE) OF ALL THE REPRESENTATIONS

CALCULATED ARE GIVEN IN TABLE 3. THE ORDER OF THE LEVELS

AT THE FOUR SYMMETRY POINTS IS SHOWN IN FIGURE 2,

IN ORDER TO STUDY THE OCNVERGENCE OF THE O. .W. EX-

PANSION, AN EIGHT4 ORDER SECULAR DETERMINANT FC.R THE STATE r

WAS SOLVED ON THE WHIRLWIND COMPUTER AT THE fASSAOHUSETTS
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INSTITUTE or TcoHmoLoay THROUGH THE COURTESY OF PROFESSOR

J. C. SLATER AND MR. F. J. CORBATO. CONVERGENCE OF THE

EIGENVALUE TO THE VALLtE .&447 FOUNO BV THE CELLU.AR METHOD

FOR THI:, STATE FOI THE POTENTIAL V APPEARED TO BE SLOW

(THE BEST VALUE Ov THE ENERGY OF THE LOWEST STATE IS -.453

RYOBERGS FOUND FROM Ti-. HARTREE-FOOK EQUATIONS DIRECTLY

WITHOUT THE ADPROXIMATICN OF AN EXCHANGE POTENTIAL.) TABLE

4 SHOWS THE LOWEST EIGENVALUE IN EACH ORDER: FRCM FIRST TO

EIGHTHO AND THE LOWEST SIX EIGENVALUE'.' IN EIGHTH ORDER. IT

4S INTERESTING TO NCTE THAT THE MAJOR CHANGE OCCURS BETWEEN

FIRST AND SEO0 O ORDER (WHERE THERE ARE 13 WAVES), THERE

ALSO SEEMS TO BE A CLUSTERING OF EIGEtIVALUES IN A REGION

NEAR ,=lo25, A SMALL EIGENVA.UE CHAV!GE IN EACH ORDER 18

NEOESSARY, BUT NOT SUFFOCIENT TO ENSUFRE CONVERGENOE

USING THIS EXAMPLE AS A GUIDES WE WOULD EXPECT THAT

THOSE SO.UTI(JIS OF FOURTH ORDER DETERMINANTS BASED ON FORTY

OR MORE WAVES SHOULD BE CONVERGENT TO ABOUT 0.04 RYDBERG.

THIS EST.IMATE MAY BE CC:NSERVAT4V4! FOi SOME OF THE HIGHER

STATES WAY BE BETTER REPRESENTED BY A FEW ORTHOGONALIZED

PLANE WAVES THAN THIS STATE. !N PA;lTiCULAR# THE CCNVERSENCE

OF THE 0 EAND STATES MAY BE ScMEWHAT nETTER. IT IS ALSO

REASONABLE TO EXPECT THAT THE DIFFERE1,CES BETWEEN ENERGY

LEVELS FOUND USING APPROXIMATELY THE SAI.E NUMBER OF WAVES

18 STABLE. FOR THIS REASONS IT IS LIKELY THAT THE STATE N
II

WILL CONTINUE TO LIE BELOW N I HOWEVER, IT 1S POSSIBLE

IHAT IN HIGHER ORDERS P4 WOULD BE FOUND TO LIE BELOW H129
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seN E H APPEARS Ii Ai.' CONV'ERGI-NT INJ FOURTH OROlLE WITH

54 WAVES lJHILE P jS FARTHER FROM CONVERGENT IN FIFTH ORDER
4

WITiT Z4 NAVES. (Bf A PECULiflIT" OF ?HE 1IROUP 1HE.ORYS EACH

OROF: OF I'HE SECUL10 DETERMItiANT F(lR P 4 ONLY INCLUDES A

SMA..L, NUMBER Of- AD)ITq0NAL VhVES,,) MANY OF THE RESULTS OF

TH S IORK DEPEND Ol',NLY ON RELj rivi: POSITIO'S OF iHE LEVELS

AND Ar E PROBABLY RELIABLE EV-:N UI YHE ABSOLUTE VALUE OF

THE ENERGIES ARE S3MEW14AT UNOERTAgNo NEVERTHELESS# THE CON-

VERGENICE APPEARS T1" BE MUCH 1)OORER THAN THAT OF THE AUGMENTED

PLANE WAVE MEYHOD )

20, D. J. HOWARTH, PH,,. REV. 22, 469 (1955).

A VERY IMPORTANT QUESTION IN TVE CALCULATION OF ENER

SANDS IS THE SENSITIVITY OF THE ELECTRON ENERGY LEVELS TO

CHANGf S IN THE POTENTIAL, ONE WDULC HOPE THAT SUCH FEATJRES

AS THE RELATIVE ORDER OF THE LEVELS AT A SYMMETRY POINT

WOULD BE REASONABLY INDEPENDENT OF CETAILS OF THE POTENTIAL.

UNFORTUNATELYS THE CONTRARY RESULT SEEMS TO BE INDICATED BY

(20
SOME WORK OF HOWARTH HOWARTH FOUND THAT THE ASSUMPTION

THAT THE POTENTIAL IS CONSTANT IN T14E REGION OUTSIDE THE

INSCP.eBEO SPHERE IN THE ATOMIC CELL WAS SUFFICIENT TO INVERT

THE TRIPLY DEGENERATE AND DOUBLY DEOENERATE O.BAND LEVELS Al

THE OENVER OF THE BRILLOUIN ZONE IN CCMPARISON TO AN EARLIER

(21)
CALCULA70ON, * THIS MOOIFICATION OF THE POTENTIAL IS USED

21., K. J,, HvWARTHV PROC PUT. SOC. (LONDON) A2.,

513 (195Y-



NOT ONLY IN THE AUGMENTED PLANE WAVE METHOD EMPLOYED B3Y

HOWARTH04 BUT ALSO IN TH EHDo ONADRoSTOKER (22 ).

22e W. KOHN AND N. RoSTOKER, PHYs. REV. Q~pj 1111p (1954.;).

THE EFFECT OF SUCH A MOOIVIC 1ATION or THE POTENTIAL WAS EXAMINED

IN THIS CASE. SINCE THE CORE WAVE FUNCTIONS 00 NOT EXTEND

INTO THE REGION IN WHICH THE POTENTIAL IS TO DE MOIFIED,

IT IS NECESSARY ONLY TO CONSIDER THE EFFECT OF APPROPRIATE

CHANGES IN THE FOURIER COEFFICIENTS OF POTENTIAL. To

SUFFICIENT ACCURACY, VIE MAY ASSUME THAT THE ORIGINAL POTENTIAL

IS JUST THE COULON;B POTENTIAL 2 /ROF THE POSITIVE ION. IT Is

ADVANTAGEOUS TO 0CHOOSE THE CONSTANT POTENTIAL So THAT THE

M 2-0OCOEFrICIENT OF THE DIFFERENCE VANISHES* SINCE THE COULOMB

POTENTIAL IS REASt.%ABLY FLAT IN THIS REGION, THE DIFrEREN.E IN

THE POTENTIALS IS SMALL, AND THE FOURIER O(EFFICIENTS OF THE

DIFFERENCE IN POTENTIAL (WHICH MAY BE COMPUTED ANALYTICALLY)

ARE SO SMALL THAT THE EFFECTS ON THE ENERGY LEVELS ARE QUITE

NEGLIGIBLE. THCRE MAY, HOWEVER, BE GOOD REASON WHY THIS

MODIFICATION IS NOT SO SERIOUS AS IN HOWARYN'S CS 2)

IV, DEPA-ITURES FR(W' THE EFFECTIVE WASS A.JPil(Xlf-.'ATION

THE EFFECTIVE MASS NEAR 9=0 CAN 9E TAKEN FROM THE WORK

Of BERMAN, CALLAWAY AND IVOODS AS 85.6 PER CENT OF THE FREE

ELECTRON MASS. I00WEVE~t THE PROXIMITY OF 0 BAND STATES AT

N, H, AND r) TO THE GROUND STATE r I(NOTE THAT NIS AND P%

CONTAIN 0 FUNCTIONS AS WELL AS S AND P RESPECTIVELY) SUGGEST
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THAT THERE MAY 3E APPRECIABIE K 4 TERMS IN THE EXPANSION

or E (K) NEAR x=O. THE COEFFICIENT OF K4 DAN BE CALCU-

LATED ACCORDING TO THE PROCEDURE OF SILVERMAN (23) WITHIN

23. R. A. SILVE'RMAN, PHYS. REV. §, 227 (1952).

THE FRAMEWORK 0T THE CELLULAR METHOD.

ACCORDING TO SILVERMAN, IF WE WRITE

E (K) E +E2 2+ (6)

THEN

2  2  2  2  i

5.. 15 y
R

+ Uy?7 [E2  E(;') -) R UO (R ) O2N]

0 3 ,, E0 pP S R

(7)
WHERE R IS THE RADIUS OF THE ATOMIC SPHERE

y 
= R8 3 U02 (R

3
U0 IS THE CELLULAR METHOD WAVE FUNCTION FOR K=O0 f is

A SOLUTION OF THE WAVE EQUATION FOR A 0 STATE OF ENERGY

Eop AND Pp IS TR4E P FUNCTION INVOLVED IN THE USUAL CALCULA-

TION OF THE EFFECTIVE MASS. THIS EXPRESSION WAS EVALUATED

USING THE RESULTS FOR U0 E, E_ AND P. OF THE PREVIOUS

CALCULATION OF BERMAN, CALLAWAY AND WOODS (5) PLUS A

0 FUNOTION OALCULATEO USiNQ T14E POTENTIAL V 0 GIVEN IN TABLE I

0~

* F]
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FOR ENERGY E 0 THE QUANTITY ( ,U o) WAS EVALUATED
0 ItsR EO

BY EXPRESSING U FOR RJ AS A SUM OF REGULAR AND IRREGULAR

COULOM3 FUNCTIONS WITH COEFFICIENTS THAT ARE KNOWN FUNCTIONS

OF ENERGY AOCORDIN G TO THE PROCEDURE or HAM(24) AND THEN

24. F. S. HAM, ONR TECHNICAL RrPORT No, 204. CRUFT

L.sul ol'rcf-,, HA.RVARO UNIVERSITY, (1954) (UNPUBLISHEO).

DIFFERENTIATING THE EXPANSION. THE VALUE OF E *,?'rAINC.D 1'Al.

1.64 IN ATOMIC UNOTS. SUCH A TERM WOULD GIVE A CONTRIBUTION

TO THE COHESIVE ENERGY IN THE CELLULAR METHOD OF 5.81E 4
R I
S

OR 54 9-CAL/ A REPULSION), WHICH. HOWEVER, IS PROBABLY
OMO

CANCELLED BY THE ADDITIONAL ATTRACTIONS RESULTING FROM

POLARIZATION AND RELATIVISTIC EFFECTS*

THIS RELAT!;VELY LARGE VALUE OF E4 INDICATES THAT THERE

WILL BE MARKED DEVIATIONS OF THE ENERGY SURFACES FROM THE

FREE ELECTRON APPROXIMATION. As POINTED OUT RY DR. M. He

COHEN (25) A LARGE E4 ALSO SUGGESTS THAT THERE MAY BE

25° M. H. COHEN, PRIVATE COMMUNICATION.

IMPORTANT DEVIATIONS O" THE ENERGY SURFACES FROM SPHERICAL

SYMMETRY, SINCE IF EXPINDED IN POWERS OF K THE LOWEST SUCH

TERMS WILL BE PROPORTIONAL TO THE FOURTH POWER OF THE

WAVE VECTOR.

,, , L ..... : , . .. ' . .



16

V, ,)TRUCTUhE OF THE LOWEST r AND

IN ORDER TO DETERMINE THE FORM OF THE LOWEST E (K)

SURFACE, IT IS NECESSARY TO DE rERMIINE THE ENERGIES OF

A LARGE NUMBER OF THE STATES '.'TWEEN THE END POINTS rI

AND H12 OF THE 3AND "HR IS IERY DIFFICULT BECAUSE A

VERY LARGE NUMBIER OF TERM% IN rHE O.PW.W SECULAR DETERMINANT

WOULD BE REQUIRI-D IN ORDEF TO INCI.UDE A REASCNABLE NUMBER

OF WAVES, EVEN ALONG SYMMETRY AXES LIKE 6(100), ACCORDINGLYp

WE HAVE RECOURS,- TO AN INIERPOI-AT ON SCHEME. IT SEEMS

NATURAL TO EXPANlD E(k,) IN A F-JRIER SERIESP INCLUDING ONLY

THOSE TERMS WHIOH HAVE THE PRD'3ER S'MMETRY, AN EXPANSION

JN POWERS OF Kp I.E., KusIc HIAMO'JICS, ABOUT K0O DOES NOT

SEEM DESIRABLE :EtAU.E VT WILL BE DIFFICULT TO OBTAIN THE

PROPER B.HAVIOR or E(K . l AT SYMiAETRY POINTS. THE FOURIER

SERIES APPROACH MEETS 'HVT REatJkREMENT* IF WE CONSIDER THE

LOWEST PLANE WA-IES THAT PFE PE.IODIO IN THE RECIPROCAL

LATTICEip WE I-AV

E(K)-E+ co,. Cot;'7 C0o' o o3(oos 2i +ooC,',-os2S)

+y(oos2 g co s27-- ccs2 o"2V o o s2.J os2 ()

+ (oos 3 -os, cos cOOs3jos f osf+c0S3 S'cOsy 0o3-
WHERE =KxA, E COo).

SUCH AN EXPANSION WILL HA E_ TIE. PROPER ZERO GRADIENT AT

SYMMETRY POINTS, THpS IS, ON rAOT, JUST THE FORt, or

EXPRESSION FCR A SIN00LE S TANO 'rHAI IS OBTAINED FROP.4 THE

(26)
TIGHT BINDING I14TCRP(L.TCN SCh1EME OF SLATER AND KOSTER

7,I
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1 okJJ 19 94 )

AN ATTEMFT WAS MADE TO f i7 THE LOWEST LAND WITH

AN EXPRESSI,3N OF TJHIS - ,IAM A (VVE PARAMET.R SCHEME

WAS CHOSEN USING E 0 , 4,/. y, d; AS IN (N). THE CON-

STA1NTS WERE DETERMINED CROM 7HE ENERGY OF THIE r STA!.E

(E ,+,../, AND THE EFFECTIVE MWASS NEAR X=0 TAKEN

FROM THE CALCLLATIO OF BERMI.Np ,ALLAWAY AND WOODS

E ="" (5)}
(E 1/ 1.168) (5 A:'o TH- LO EST ENERGIFrS ('F THE

rTA" ,- H, P I AND N THE C7,4TAN'T5 ARIE ,IVFN IN

TABLE V.

PARAMETEZS 4 e.. Ai ( tJ

F r - ', 2L , 0

0302"7

4oio6

THE ENERGY 6ANIDS DETIFRIWI ED ElY EQUATION (8) ARE SHOWN

4N 'I GUR:S, 'HE 00 A' D 110 AYES, WHERE THr".

ARE COMPARE) WT-TH THE PARABS tC %N03 FOR for'EE ELECTRO iS 12

WITH AN EFFECTIVE MASS RATlC / = 1.1b&o



THE BANDS SHOWN IN FIGURZS 3 AND 4 DEVIATE tN

IMPORTANT RESP,.7CTS FROM THE FiEE ELECTRON APPROXIMATION.

IT IS LIKELY THAT THESE DEVIATIONS ARE TOO LARQE, SINCE

IF E 4 IS CALCULATED FROM (8), IT TURNS OUT TO BE CON-

SIDERABLY LARGER$ THO'JGH OF TiE SAME SIGNS, THAN THAT FOUND

FROM THE CELLULAR METHOD, IT IS NOT EASY TO FIT A SPHERICAL

FREE ELECTRON 3AND ACURAIELY IN THIS WAYe HOWEVER, THE

QUALITATIVE FEATURES MAY BE CORRECT, THE BANDS FIRST

RISE SOMEWHAT FASTER THAN THE FREE ELECTRON APPROXIMATION

INDICATES AND THEN LEVEL OFF SO AS TO HAVE ZERO SLOPE

COMING INTO H A14O N.

IT WAS : BELIEVED THAT ACCURACY OF EQUATION (8)

WITH THE FIVE PARAMETERS :IViE'i WAS NOT SUFFICIENT TO

JUSTIFY A DETAILED AND ACCURATE CALCULATION OF THE DENSITY

OF STATES. THE NUMERICAL CALCULATION OF A DENSITY OF

STATES FROM (4j) WOULD HAVE To BE DONE VERY CAREFULLY

SINCE WE ARE LOOKING2 FOR DEVIATION FROM THE yVE - E r

BEHAVIOR OF A *"REE ELECTRON BAND. IN ORDER TO GET

SOME INSIGHT INTO THE QUALITATIVE FEATURES OF THE DENSITY

OF STATES CURVE, IT IS PROBABLY SUFFICIENTLY ACCURATE TO

USE THE METHOD OF HOUSTCN (27) IN WHICH THE DEN ITY OF

27. W. V. HOU.TON. REV, NOo. PHYS. 20, 161 (1948).
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STATES CURVI: IS COAPUTED ALONG CERTAIN SYMMETRY LINES

IN THE BRILLOUIN ZONE# AND THE OVER ALL DENSITY OF STATES

RS FOUND BY INTERPOLATIGN. HOUSTCNIS METHOD IS KNOWN

TO GIVE USE TO SPURIOUS SI!,;GULARITiES RESULTING FROM

EXAGGERTED CONTRIBUTIONS FROM SYMMETRY POINTS SUCH

AS N, i, ANO P WHERE THE ENERGY SURFACES HAVE ZERO

GRADIENT* BUT THE OCCUPIED PORTION OF THE BAND, WITH

WHICH WE ARE PRIMARILY CCNCFRNED, DOES NOT E XTEND UP TO

N, WHICH IS *HE CRITICAl. POINT CLOSEST TO THE ORIGIN.

CONSEQUENTLY, HOUSTCNS METHOD WILL GIVE NO SPURIOUS

SINGULAI!ITIES IN THE OCCUPIED FORTION OF THE DENSITY OF

STA7ES CURVE.

A QUALITATIVE DENSITY OF STATES CURVE IS SHOWN IN

FIGURE 5 WHERE IT IS COMPARED VIIT14 THAT FOR A PARABOL'C

BANDo FOR ENERGIES ONLY SLI(,H1LY ABOVE THE BOTTOM OF THE

BAND THE DENSITY OF STATES CURVE MUST COINCIDE WITH THAT

FOR A FREE ELECTRON BAND, SINCE ONE OF THE CONDITIONS ON

EQUATION (8) WAS THAT IT YIELD THE CORRECT EFFECTIVE MASS.

As THE ENERGY INCREASES* THE PHYSICAL CURVE RISES MORE

SLOWLY THAN THE FREE ELECTRON CURVE DUE TO THE EFFECT OF

THE POSITIVE K4 TERMS. BUT AS THE ENERGY RISES STILL

FURTHER# THE BAND FLATTENSO AND THE DENSITY OF STATES

CURVE CROSSES THE FREE ELEOTROM CURVE. THIS CROSS-OVER

HAS PR03ABLY OOCURRED BEFORE THE FERMI SURFACE IS REAOHE0,
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SO THAT THT .UNS iTY OF STATES (N THE FLRMU SURFACE

SHOULD SE IIG-ER THAN %"R A FRL.E ELECTRON GASo ONE

WOULD ALSC -XPECO DEVIATIONS FPOM SPHERICA' SYMMETRY.

BEYOND THE FERMI LEVEL, THE DENSITY OF STATES SHOULD

RISE RAPIOL, TO A PEAK %.T AN ENERGY IN THE NEIGHBORHOOD OF

THE N LEVE-L. THE OEN:3 TY CF STATES WIL.L THEN FALL, AT

AN ENERGY 0.46 E.V, ABOiE Ti E N I LEVELS THE SECOND

GRI;LLOUIN 1ONE BEGINS WITH iHE P-LIKE LFVEL N o THI,I

IS STILL 3/4 E.V. BELOW THE TOP OF THE FIRST ZONE AT

H12 f SO THAT THERE kS rrNSIPERABLE OVERLAPPING OF T4E

BANDS. THE TOTAL PAND NIO.i- FROM rI To H12 is 4.36 EV.,

APPROXIMATELY TWO VOLTS 91 SE THAN WOULD BE EXPECTED ON

THE BASIS OF "HE EFFECTrV. VASS A-PROXIMATION ALINE,

THE OCCUPIED -OF-RTIZN OF THE BALOD HAS A WIDTH OF ABOUT

3.1 VOLTV USING E r  E AN ° EqUATtON (8) WOULD NOT

GIVE A S IGNIFICANTLY DV-FERENT RESULT.

THE Sf.,tUCTURE OF T-IE X'-RAY X ABSORPTION EDGE IN

POTASSIUM HAS BEEN EXAM, INED BY PLATT ( 2 ). DEVIATIONS

28, J. E LATTO PHYS, REV. 377 (19li6).

FROM FREE ELECTRON ABSOIPTICN IN THE DIRECTION OF LESS

ABSORPTION ARE NOTICED IN A REGION BEGINNING A LITTLE

MORE THAN 1 E.V. AeOVE rHE FERMI LEVEL. ONE WOULD

EXPECT 0 STATES TO BE IMPORTANT IN THIS REGION S AND TIHESE

MIGHT SERVE TO REDUCE T-IE TRANSITION PROBABILITY TO THE

IS CASE LEVEL.
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IT IS INTIRESTING TO COMPARE THE ENERGY BANDS Or

POTASSIUM WITH THOSE Or THE OTHER ALKALI METALS. SINCE

RELIABLE BAND OALCULATIONS HAVE NOT YET BEEN PERFORMED FOR

RUBIDIUM AND CESIUM$ THE PRINOIPAL COMPARISON WILL BE WITH

SODIUM. THE BAND STRUCTURE OF SODIUM HAS BEEN STUDIED

BY MANY WORKERS, THE MOST RECENT CALCULATION BEING THOSE

oHAM (11) (29)
or H AND HOWARTH AND JONES . BOTH CALCULATIONS

29. D. J. HOWARTH AND H. JONES, PROO. PHYS.

Soo. 65A 355 (1952).

UTILIZE THE CELLULAR METHODS BUT HAMIS WORK IS BASED ON

THE QUANTUM DEFEOT METHOD AND DOES NOT UTILIZE AN EXPLICIT

POTENT IAL.

ACCORDING TO HOWARTH AND JONES THE LOWEST LEVEL

AT THE ZONE OORNER H is H15 p WHICH 1 A P LIKE STATE.

NEXT COMES H12 AND THEN H,. (THIS ORDERING WAS ALSO

FOUND BY HAM.) H12 APPEARS TO BE THE LOWEST STATE AT

THIS POINT IN POTASSIUM. AT Pp THE LOWEST STATE IN

SODIUM is Pig WHIOH 18 8 LIKE. IT LIES 1.76 Fv* BELOW

P4 WHICH MIXES P AND 0 STATES. IN POTASSIUM, THIS ORDER

IS REVERSED. AT N THE LOWEST LEVEL ACCORDING TO HOWARTH

AND JONES IS No, BUT HAM HAS FOUND N, 1  WHICH CONTAINS P

FUNCTIONS TO LOE LOWER THAN N . N I APPEARS TO BE LOWER

IN POTASSIUM.

IT IS LIKELY THAT THE PRINCIPAL DIFFERENCES IN BAND

FORMS BETWEEN SODIUM AND POTASSIUM CAN BE EXPLAINED IN

TERMS OF INCREASED IMPORTANCE 0 BANDS IN THE LATTER ELEMENT.

IN POTASSIUM, THE LOWEST STATES WHICH CONTAIN D FUNCTIONS

.......... .......

A
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TEND CONS3ITEN'LY TO LIC LOWEN: THAN STATES 0O4TAtNING ONLY 8

OR P FUNCTIONS (EXCEPT OF COURSEI FOR THE BASIC 1.8 LEVEL r I

THE INCREASED IMPORTANCE OF D LIKE LEVELS SEEMS ALSO To LEAD

TO GREATER OEViATIONS FROM FRr'E ELECTRON LIKE BEHAVIOR IN

THIS CASE. THAT 0 STATES SHOULD BI IMPORTANT IN POTASSIUM

WOIJLD NATURALL" BE EXPE£1ED FFROM 03SERVATION OF "JHE PERIODIC

TABLE OF THE EI.EMENTS SCNCE AS SOOt AS THE 4S BAND HAS

FILLED IN CALCIUM# THE D BAND BEGINS TO BE OC3UPIED IN

SCANOIUM. FOR THIS REASONS CUJE WOULD ALS; EXPECT N 4 TERMS

IN THE E(K) EXPANS ION TO SE MORE ItAPORTANT IN PO'lASSIUA

THAN IN LITHUM OR SODIUMo

VI, HIGHER BANOS

IT IS INTE'RESTING TC DIS-QUSS NOT ONLY THE LOWEST BAND

BUT ALSO HIGHEII LEVELS, IN PAITICUI.AR P AND 0 LEVELS TO SEE

TO WHAT EXTENT THE BANO ARE :!IMILAR TO THOSE OF OTHER

ELEMENTS WHICH HAVE THE EOOY ' ENTCRCD CUBIC LATTICEo WE

WILL BE CONCERNED HERE PP IMAR)LY WI TH THE ORDER OF LEVELS

WITHIN A GIVEN BAND, RATt:LR THAN RELATIVE ORDER OF THE BANOS.

WISNER HAS GIVEN AN INTERESTING ANALYSIS OF TiE STRUCTJRE OF

P AND 0 3ANCS iN THE 800 CENYERED STRUCTURE (30), BASED

30. E. WIGNER, PROCEEDOINGS OF THE INrERNATIONAL

CONfVIRENCE OF THEORETICAL PHYSIC3, KISOTO

AND TOkYO, SEPTEMBER, 1953, P. 650.

ON POSSIBiLIIES OF SATISFYINI THE BOUNDARY CONDITIONS WITHIN

THE CELLULAR METHOD* HE WORN IS IN GENERAL AGREEMENr WITH

THIS CALCULATION.
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WIGNER PREDICTS FOR THE P BAND THAT THE KO STATE r
- 15

SHOULD BE HIQHEST# THAT THE STATE N I SHOULD BE LOWEST

WITH A LARGE SEPARATION OF STATES AT THIS POINI, AND THAT

THE STATE H15 SHOULD BE REASONABLY CLOSE TO THE BOTTOM

OF THE BAND. THE CALCULATION CONFIRMS THESE PREDICTIONS.

HOWEVER, VIGNER ALSO PREDICTS THAT P 4 SHOULD LIE NEAR THE

MIDDLE OF THE BAND WHERE HERE IT HAS BEEN FOUND TO BE CON-

SIDERABLY LOWER THAN H 1 5. HOWEVER, SOME OF THIS LOWERING.

MAY BE DUE TO THE 0 LIKE FUNCTIONS PRESENT IN P.14
FOR THE 0 BAND WE FIND N BELOW r AS PREDICTED.

2 e
STATES OF r PERPENDICULAR TO THE III DIRECTIONS; I.E.,

AT N ARE PREDICTED TO LIE LOWEST. SINCE N MAY BE CONSIDEREDI

TO BELCNG TO THE D BAND AS WELL AS TO THE S BAND, THIS

STATEMENT IS CORRECT. NOTE THAT H12 IS ALSO LOW. WISNERIS

DIAGRAMS OF THE RELATIONS BETWEEN P AND 0 BANDS ARE IN-

CORRECT IN THIS CASE. ALSO THE STATE P4 LIES BELOW N2 .

THE GENERAL SHAPE OF THE 0 BAND FOUND HERE IS IN AGREE-

MENT WITH A RECENT CALCULATION FOR BOOT CENTERED IRON (1 7 )

BY THE O.P.W. METHOD9 AND IN ALSO WITH THAT FOUND FOR IRON

BY A MODIFIED TIGHT BINDING METHOD ( 1 ) . WE OBSERVE THAT

31. F. STERN, PH. D. THESISp PRINCETON UNIVERSITY,

1955 (UNPUBLISHED).

HERE ALSO, THE SEPARATION OF THE TRIPLY AND DOUBLY DEGENERATE

D STATES IS MUCH LESS AT THE CENTER OF THE ZONE THAN AT THE
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CORNER H# AND THAT THE MAX11MUM SEPARATION OF THE 0 BAND

1S AT THE POINT No EXCEPT FOR THE FACT TPAT THE O.P.W.

IRON CALCULATION HAS N), ABOVE N,, THE RELATIVE ORDER OF

THE 0 LEVELS AT A GIVEN SYMMETRY POINT IS MUCH THE SAME

IN IRON AND POTASSIUM* WE NOTE THAT IN ALL THREE OASES,

THE TRIPLY DEGENERATE D BAND STATE IS LOWEST AT K=0f

BUT THE DOUBLY DEGENERATE STATE IS LOWEST AT H, THE ORDER

or D LEVELS IN POTASS IUM I'> ALSO IN AGREEMENT WITH A C4

(32)
LATION FOR BODY CENTERED TtTANIUM ,EXC.LT IN THAT CASE,

32. B. SCHIFF, C.PHYS. Soc. 68A, 686 (1955).

A MORE EXTENSIVE CALCULATION WOULD BE DESIRABLE IN OROER

TO MAKE A MORE DETAILED OOKIPARISONe

THERE IS A SIMPLE DEVICE WHICH SEEMS TO REPRODUCE THE

CALCULATED LEVEL ORDER WITHIN A GIVEN BAND VERY WELL IN

THIS CASE. LET * Ki REPRESENT THE WAVE FUNtCTION FOR THE

I TH tIRRED1IOIBLE REPRESENTATION OF THE WAVE VECTOR K.

#KIS E)YPA;4OED IN ORTHOG(ONALIIED PLANE WAVES:

x K-'H(9)

WHERE X IS H1 GIVEN BY (3). THE VECTOR H RUNS OVER

ALL RECIPROCAL LATTICE VECTORS. THE LEVELS MAY BE ORO2ERED

ACCORDING TO THE QUANTITY (K ±. 2 WHERE (t' + Hl') IS THE

OoP.W. Of LOWEST ENERGY BELONGING TO #K. SINCE THIS IS AN

ORDERING ACCORDING TO IINE1IC ENERGY, THERE 1S A ROUGH

RESEMBLANCE TO THE PRINCIPLE OF MAXIMUM SMOOTHNESS

____ ____ __----
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Tis PROC.EOURE tUAYS 6N ELS:UNC, THAT THE OIDER Of

LEVELS IN A GIVEN BAND IS WHAT 17OULD BE EXPECTED FOR

FREE ELECTRON BANDS, IT IS NOT SUR~PRISING THAT IT GIVES

THE CORRECT RESULTS FOR POTASSI'JM* 17 IS MORE INTERESTING

THAT IT SEEMS TO WORK REASONABL'e WELL IN IRON. EVEN IN

'30TASSIUMf HOWEVER# ONE MUST NOt SUPPOSE THAT THE NUMERICAL

ENERGY VALUIS OF THE LEVELS WILl. BE IN GOOD AGREEMENT tITH

A FREE ELECIR tv vrr, INSPECT30N OF FIGURE 2 WILL REVEAL

THAT SOME LEVELS WliLOONNE(-T BY BANDS W IICH MUST DEPART

SEVERELY FROM THE FRL'E ELECTRON FORM*

THE SUCCESSFUL f00? PAR tSON Or THESE RESJ)LTS WITH OTHER

OALCULATiLNS FOR THE VARIOUS BANDS SUGGESTS THAT AT LEAST

THE RELATIVE ORDER or' LEVELS w~rHIN A GIVEN BAND IS NOI

VERY SENSITIVZ TO DETAILS CF TlIlS- POTENTIAL0 IT is PossiaL.E.

THEN, THAT THE GENERAL FORM? OF INDIVIDUAL S, P AND 0

3ANDS ARF NOW WELL UNDERSTCOD FOR THE BODY CENTERED CUBIC

LATTICE. IT IS IMPORTANT TO NorE. HOWEVER, THAT THE SITUA-

TION IN REGARD TO OVERLAP CF THCSE B3ANDS IS MUCH LESS CLEAR

BECAUSE THE OVE'ILAP IS MUC? MOR-7 SENSITIVE TO THE POTENTIAL (17).

IT IS INTERESTING TO NOTE THAT TrHERE IS APPARENTLY A VERY

0OCNSIOERABLE DEGREE OF OVERLAP IN POTASSIUM.

SINCE THERE IS EVIDENCE THAT THE GENERAL FORM Or A

SAA&O IS REASONABLY INOEPEIJENT OF POTENTIAL IT IS INTERESTING

TO CONSIDER THE FORM Of THE F BNO. AT xK0o, THE STATES r 250

r
a - - m



ANS r1 CONTAIN F FUNCTONS. AT P WE HAVE P 4' P5 0

AND Pop AND AT N WE HAVE N2 I No I N 41 N30 THE LOWEST

PREDOMINANTLY F LIKE STATE isr 2 , AND THE TOP OF THiE BAND

ALSO APPEARS TO OCCUR AT r WITH r 21  THIS ORDER IS RE-

VERSED WITH: H12' LIES BELOW H 25.* WE FIND r 1 5 INTERMEDIATE

BETWEEN r 25AND r 21AND H INTERMEDIATE BETWEEN H IAND
25 215 2

H 250 AT Po THE ORDER 1S APPARENTLY P 5 p4 AND P I AT N#

N1  S PTNTLY THE LOWEST FOLLOWED BY Nj N2 - N3
1,

N I I AP43

No N 1 0m N IIN THAT ORDER, WE CONSIDER HERE THE
4 3

SEC(ND AND THIRD LEVELS OF THIS CLASS TO B3E F LIKE. (NOT

ALL Of THE ENERGIES OF THE LATTER STATES ARE GIVEN IN

TAB3LE 111.)

IAM INDEBTED TO MR. J. SEGAL, MR. E. L. HAASE# AND

MR. D. E. JAcI( FOR ASSISTANCE WITH THE RATHER LAB3ORIOUS

COMPUTATIONS. THE ASSISTANCE OF PROFESSOR R. D. WOODS AND

MR. Se BERMAN IN THE EARLY STAGES OF THIS CALCULATION IS

GRATEFULLY ACKNOWLEDGED.
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TABLE I

THE QUANTITY RV IS GIVEN IN ATO410 UNITrS FOR St Ps AND 0

STOTESS AND FOR THE COULOMB POTENTIAL.

I RVs  RVp RV RV0

.00 38.00 38.00 38.00 38.oo

.01 36.78 36•7b 36.70 36.52
.o.2 35.557 35.49 35.12
.03 34. 51 34.39 34.30 33.82
. O 33.46 353.50 33.19 32.63

.05 32.53 32.27 32.15 31.54.

.05 31.64 31.32 31.19 30.54

.07 30.83 30.41 30.29 29.61

.03 30.12 29.58 29.46 28.75

.09 29.60 28.77 28.67 27.93

.10 28.42 28.02 27.93 27.15

.15 24.78 24.77 24.70 23-74

.20 22.22 22.12 21.92 20.86

.25 20.10 20.00 19.62 18.50

.33 18.33 18.29 17.67 16.57

.33 16.99 16.82 16.oo 15.02

.40 16.o8 15.64 14.6)4 13.76

.3) 13.41 13.73 12.56 11.81

.00 10.91 12.08 ii.o6 10.29

.70 9.86 10.t8 9.87 8.98

.d) 8.85 8.84 8.88 7.83

.90 7.93 7.94 6.02 6.81

1.00 7.15 7.17 7.26 5-93
1.10 6.47 6.50 6.56 5.17
1.20 5.93 5.95 5.94 ),. 54
i.4 5.321 5.093 4.887 3.598
1.69 4.262 4.526 4.054 2.982

1.80 3.090 3.462 3.428 2.595

2.03 2.545 2.839 2.971 2.357

2.50 2.286 2.199 2.350 2.099

3.00 2.130 2.049 2.141 2.025

3.50 2.055 2.020 2.076 2.006

4.oo 2.025 2.o9 2.035 2.001

4.50 2.009 2.005 2.013 2.000

S. Jr



TABLE I I

FOURIER COEFFICIENTS OF POTENTIAL A3E GIVEN IN RyoSERGS

As FUNCTIONS OF THE NUMBER M A1 IC ) ONLY

EVEN !NTEGRAL VALUES OF 0 2 0OUR FOR THlE

SOOY CENTERED CUEStC STRUCTURE.

m2 V8(m) V (M) VD(M) V (M)

0 .8677 .8692 .8748 .7924
2 .28)41 .2900 .2843 .234,6

4 .2314 .2369 .2281 .1965
6 o1865 .1913 .1824 .1612

8 .1489 .1525 .1439 .1298

10 .12149q .1266 .1192 .11o6
12 .1143 .1143 .1097 .1035

1)4 .1000 .o(96 .0973 .0922

1 .0879 -0,675 .0864 .0821

118 .0775 ,C772 .0769 .0733

20 .o686 o0685 .o688 .0657

22 ()631 o632 o0636 .o61o

2L .0585 o0596 .0594 .0572

26 .0540 .0552 .0562 .0558



TABLE II

LoWE.:T EfleRGY STATU.S IN POTA ;S BUM (ENERGI ES IN RroSERas).

REPRESENTATION OROER OF DETERMINANT No. O)F WAVES ENEcRGIES

S-LIKE STATES

81.55 --.4304 +.8346
H 4(;2+a~2651 +-9760

4 )j0 + -O544~ +11 L!

N5 2!2 -.2239 +.2682 +.6274

P-1!.INCE STATES

r.15  4 4-+.6986 1.3277
H1 5  +.0621 +.9057

%L1  4 8-.1262 +.934o
N 41 4 18-.1902 +.5561
N 1 4 ;0 1.vir 71
N4 ' 4 ;10 +3561 1.0721

0-LIKE STATES

.54 L.8 4-.2200 +1.4814
r,,. 4 r-4+.2640 +.9263
"25 4. 56 +. 5372 +1.2726

H 12  4 54-i -. 1322 +1,1224
p 37, +-4856 +1.3603

N. 4 24 +.0552 +.8447
N7 4 28 +.6939 +1.2785

N44 24 +-4363 .8300

F-LIKE STATES

3 48 +.2897 +1.8382
r 2 32 +1.7401 4.1990
H2 3 48 1.4246 1.5285

H_3 56 +.7o46 +2-8097
p5  6 +.5967 +1.3760

N2 3 2 +,8945 2.0873



TABLE I V

LOWEST FIGENIVALUE By ORDER FOR r (oN RYDRERGS). TmE

T -'WCST '-',X !-OGTH COROER EUA.GENVALUES ARE ALSO

ORDER CEST

I -:R 371

3 -O4900

14 -. 4o49

5 -. 4125

6 -. 4232

7 -. 4246

8304

LOWEST 6 EIGENVALUES

IN EIGHTH ORDER

- .4314

+ .83146

1.147b

1.2621

14 3309

1.4525



C;APT WS Foil 1(3IUGRES

FIGURE 1.

BRiLLOUIN ZONE FOO. THE BODY CENTEFPEO CUBIC LATTICE,

FIGURE 2.

ORDER OF THE ENERaY LEVELS kT THE FOUR SYMMETRY POINTS

r. H, Ps AND N. ALL. LEVELS WITH E <1 1AY, ARE SHOWN*

FIGURE 3.

LOWEST ENERGY BANO ALONG 100) Axis IN THE BRILLOUIN

Z-)NE AS GIVEN By EQUATOON (8) (SLID LINE), AND AS GIVEN

BY A FREE ELECTRON APPROXIMATION FOR M'/ M 1 .168 (FiROKEN LINE).

FIGURE 4.

LOWEST FNZFRGY SAND ALONG 11J. Axis IN THE F3RILLoUIN

ZONE AS GivEN! 3Y EQUATION (8) (S)LID LINE), AND AS GIVEN BY

A FREE ELECTRON APPROX "MATtON F011 * 1.168 (BROKEN LINE).

FIGURE 5.

DENSITY OF STATES IN ARBITRARY UNITS AS A FUNCTION OF

ENERGY*

*1AL
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