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ELEcTRONIC ENERGY BANDS
IN

4
PoTassium

JOSEPH CALLAWAY

DzPARTMENT OF PHYS108, UNIVERSITY oF Miami, CoraL GaBLES, FLORIDA

(ABSTRACT)

THE METHOD OF ORTHOGONALIZED PLANE WAVES I8

APPLIED TO A CALCULATION OF ELECTYRONIC ENERGY LEVELS

IN POTASSIUM, USING A POTENTIAL OBTAINED FROM A SELF~

CONSISTENT FIELD, THE ENERGIES OF TWENTY=FOUR STATES AT

FOUR SYMMETRY POINTS §N THE BRILLOUIN ZONE HAVE BEEN 0B~

TAINEDy THE LOWEST BAND 18 DISMISSED IN DETAIL AND THE

QUALITATIVE FEATURLCS OF THE OENSITY OF STATES ARE PRE-

SENTED, DEPARTURES FROM FREE ELECTRON B8ANDS ARE FOUND,

COMPAR1SON OF HIGHER BANDS WITH SCME OTHER CALCULATIONS

SUQGESTS THAT CERTAIN FEATURES OF BAND SCHEMES MAY BE

REASONABLY INDEPENDENTY OF THE PrOTENTIAL USED.

H#SYPPORTED BY THE OFFi1CE OF NAVAL RESEARCH
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1. 1TRODUCTION

ELECTRONIC ENERGY LEVELS IN THE ALKALI METALS ki“E

BEEN STUDIED FOF MANY YEARSe THE MAJORITY OF THE WOFRK

HAS CONC/RNED THE LIGHTER ELEMENTS, LITHIUM AND SODGLM(1).

1.

AN EXTENSIVE BIBLIOGRAPHY {8 GIVEN BY
Jo So SLATER, TecHNIcAL ReEPORT No. ly oF The
SoL1D STATE AND MOLECULAR THEORY GROUP,

MeloT., (1953), UNPUBLISHED.

PRINCIPAL ATTENTION HAS BEEN DEVOTED TO THE COHESIVE

ENERGY AND TO RELATEO PROPERTIES SUCH AS THE EQUILIES 1UM

LATTICE CONSTANY hxD THE COMPRESSIBILITY. THE HEAVIFR AL~

KAL) METALS: POTASSIUM, RUBIDIUM, AND CESIUM HAVE BOEIN

STUDIED LESS EXTENSIVELY(Z - 7).

2.
3

E. GoriN, PHYS., ZEITS. SovJETuniON 9, 328 (:936),
Te So Kuin AND J. H. Van ViEck, PHYs. Rev. 79,
382 (1950).

H. Brooks, PHys. Rev. 91, 1027 (1953).

BeERMAN, CALLAWAY, AND WooDs, Puys. Reve, 101,

167 (1956).

Fe So Ham, SowLio State Puysics 1, 127 (1955 ).

Re Mo STERNHEIMER, ;uvs. Reve 78, 235 (195C ).
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THIS WORK HERE REPORTED CONCERNS AN APPLICATION OT THE

8\

METHOD OF ORTHOGONALIZED PLANE WAVES ~ ~ TO A CALCULATION

8. C. HeRr NG, PHYs. Rev. 57, 1169, (1940).

OF ELECTRONIC ENERGY BANDS IN POTASS IuM,

GORIN MADE A CALCULATION OF THE COHESIVE ENERGY OF

(2 -
POTASS UM USING THE CELLULAR mETHop (9 ~ 10) ano a

9o E. WienER AND F, Set17z, Puys. Rev., 43,

goly (1933).

10. F. C. VoN DeER LAGE AnND H, Ao BETHE, PHYS, REv,

74, 612 (1947),

POTENTIAL OBTAINED FROM A SELF=CONSISTENT FIELD FOR THE

x* §ONe THE RESULTS OF HIS WORK WERE IN MARKED DISAGREEWENT
WITH EXPERIMENT, 8N THAT %00 LEIVTLE BINDING WAS O3TAINED,
THIS FAILURE GAVE RISE TO THE BELIEF THAT AN ENERQIY LEVE:
CALCULATION BASED ON A SELF~CONSISTENT FIELD WGULD BE VERY
INACCURATE FOR THE HEAVIER ALKAL) MET.LSe THE QUANTLM DI~
FECT METHOD WAS OEVELOPED 8Y KUHN aAND VAN VtEOK(B) AND 87

(4)

SCOP1C DATA TO CIRCUMVENT THE OONSTRUCTION OF AN EXPLICIT

SROOKS TO AVOID THIS DIFFICULTY BY USING OBSERVED SPECTRO~

POTENTIAL, T HABS RECENTLY BEEN SHOWN, HOWEVER, 3v EERuMAN,

(5)

CALLAWAY AND WoODS THAT OF PROPER ACCOUNT 1S TAKEN OF
EXCHANGE INTERACTIONS, A SELF=CONSISTENT FIELD METHOD OAN

Q@OVE A RESULY OF REASONABLE ACCURACY FOR THE COMESIVE EN:ZIRGY




OF PIFALENYM: T THEMN BECOMES INTERESTING YO EXTENL THE IR
WORK TO A oAquLArlon OF (IIGHER ZLECTRONIC STATES,

IN MAKING THIS :x*énstow, THE METHOD OF ODRTHOLCHALIZED
PLANE wWAVES (OPW) waS CHOSEN IN PREFERENGCGE 10 THE CELLULAR
MITHOO BECAUSE (M THE OPW METHOD IT S NOT NECEESARY T0
SATISFY BOUNDARY CONDITIONS EXPLICITLY. THE “SRCBLEN OF
ASCURATILY SATISFYING THE BOUNDARY CONDITIONS 3§ QUIE

SZRIOUS AND UWIFFICULYT IN THE OQOELLULAR ME?HOD(11), AND 3T

11, Fe So Ham, PH.D. THesi18, HARVARD UNIVERSITY

(1954 ) (unpuBLianED ),

WAS FELT THAT WITH THE CENLLULAR METHOD, IT WOULC H2VE BEEN
IMPRACTICAL TO STUDY MORE THAN A SMALL NUMBER OF INERAY
STATES. THE OPW METHOD HAS THE DISADVANTAGE THAT N LXPLICEY
POTENTIAL MUSY BE USED, AND MORE IMPORTANT, THAT ThE CLECTRON

(12)

STAYES IN YTHE ATOMIC CORE MUBT BE KNOWN THERE 4 NE

12, Jeo CaLiaway, Puys. Rev. 97, 933, (1955).

REASONS WHY THE O«P.W¢ METHOD SHOULD BE EXPECTED TO MORK
WEEL FOR METALLIC POTASSIUM. AS IN THE OTHER a%¥AL* MI ALY,
ONE HAS ONE ELECTRON MOVING OUTSIDE OF A RELATIVELY CGOMPACY
ION CORE, CON3TQUENTLY, OVERLAPING OF CORE WAVE FUNOCYIONS
Will. BE NEGLIG BLE. THE SELF=CONSISTENCY PROBLEW, ALHO,
840ULD NOT BE SERIOUS BINCE IT 1S REASONABLE TO EXFECT THATY
THE AYEAAGE DISTRIBUTION OF ELECTRONS IN THE GORE SHOULD NOT

BE SIGNIFICANTLY AFFEOTED 8BY THE VALENCE ELECTRCN. THIS 1§

JE—, i IR BT o i
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(3

SUPPL TN BY A CALCULATION OF HARYREZE AND HARTYREL ek vHE K
TON t4 WHICH §T WAS FOUND “HAT THI WAVI FUNCTION OF %HE 5P

+ (1%
ELECTRON DIFFEREN ONLY SLUUHTLY FROM THAT FOR THE X “ON( e

135, Do R HARTREE ANO W, HARTREE, PR0Ce CAMIT:! L

PuiLe Soce 3L, 550 {16348).

THE APPROXAMATION OF WIGNER AND SEITZ S ALSO MADES THAT
THERE IS ONLY CNEC VALENCE ELECTRON IN AN ATOMIC CELL HECH
MOYES IN THE POTENTIAL OF THE FCSEITIVE tON, ALL OTHIF CELLS
BEANG NEUTRALe THE CHYSTAL POTENTIAL AND CORT WAVE FyNCGTIOuS
USLD HERL WERE OBTAINED FROM A SELF~CONSISTENT FlELO U iTH

CON(1}4)0

+
EXCrANGBE FOR THKE K

94a (e Re HARTREE AND We HARTREE, PROC. ROYAL

Sozievy, 166A, 450 (1926),

SEGAUSE OF THE SINPLICETY OF THE PHYSICAL SETui) N
FOTASSIUM SHOULD BE Kk VERY FAVORABLE SYSTEM FOR AN I ' RGY
BAND 3TUOYe SUCH A STUDY SHOULD FURNISH INFORMATION loN=
CERN NG (1) VALIDITY CGF THE FREE ELEGTRON.APPROXlM,N!UM.
THERY ARE THREE ASPECTS HERE: (A ) DEPARTURES OF EFFL " VE
MASS YALUES FROM 1, (B! PRESENCE OF nu AND HIGHER Tt - 13 IN
THE E(x) EXPANSION ANCG (C) DEPARTURES OF ENERGY SURI .:6:§

FROM SPUERICAL SYMMETRY, UNE MIGHT EXPECT THAT THi® . CFTLCVS

o L0 87 MORE PRONOUNCED FOR EXCITED LEVELS RATHER 7w & FOR

YHE LOWESY BAND. (2) COMPARISON OF ENERGY BANDS N PITASS UM




WITH THOSE CA.CULATED FOR OTHER ELEMENTS HAVING THE BOLY
CENTERED OUBIC STRUCTURES ONE OF THE MOST IMPORTANT PRO=
BLEMS IN ENERGY BAND THEORY I8 THE quzsruoﬁ OF HOW SENS 1=
TSVE 18 THE BAND STRUCTURE TO OETAILS OF THE POTENTAL.
COMFARISON OF ENERGY BANDS IN DIFFERENT ELEMENTS OF THE SAME
CRYSTAL STRUCTURE SHOULD FURNISH INFORMATION ON THIS QUESTION,
IN ADDITION, THE EFFECT OF OHANGES IN THE POTENTEAL ON TVHE
BANDS IN POTASSIUM CAN ALSO BE EXAMINED.

UNFORTUNATELY, THERE 1S A DEARTH OF ACCURATE EXPERIMENTAL
EVIOENCE PERTAINING TO ENERGY BANDS IN POTASS IUM, SO THAT
A DETAILED COMPARISON OF THEORY AND EXPERIMENT 1§ NOT POSSIGLE.
QUAL!ITATIVE COMPARISONS AND PLENICTIONS CAN BE MADE §IN SOME
%A8ES, KT 18 HOPED THIS THEORETICAL DISCUSSION WILL STIMULATE
EXPERIMENTAL EFFORT,

ile THE CRYSTAL POTENTIAL ‘

WE ASSUME TiAT EACH ELECTRON EXPERIENCES ONLY THE
POTENTIAL OF THE COR:-ESPONDING POSITIVE J0Ns THIS POTEN=
TIAL CONSISTS OF Two PARTSS (1) THE COULOMB POTENTIAL OF
THE ATOMIC NUCLEUS AND THE AVERAGE DISTRIBUTION OF THE CORE
ELECTRONS, AND (2) THE EXCHANGE INTERACTION BETWEEN THL VAL™
ENCE ELECTRONS AND THE CORE, THE COULOMB POTENTIAL 1S OBTAINED
IN THE OBVIOUS WAY FROM THE CORE ZLECTRON DiSTRIBUTION. THE
EXCHANGE INTERACTION 18 APPARENTLY QUITE SMPORTANT N OBTAINING

NUMERICAL RESULTS IN A COHESIVE cNERGY CALCULATION,

PR




WE CAN DEFIME AN EFFECTIVE EXOHANGE POTENTIAL FUR THE

STATE W; (9'¥H TRREDYH-1BLE REPRESENTATION OF WAVE VECTOR K)

IN THE FOLLOWING WAY?

Ve ()= 2 | A (m) 2 9 (r,) dr, v (r)
k (R, NLM } NLM T 2 R12 5 NLM
[
v (R )
0 (1)
WHERE * REPRESENTS A CORE PFAVE PUNBTHON THE EXCHANGE POTENR: AL

NLM
COMPUTED ACCORDING TO (1) WiLL DIFFER FROM STATE TO STATE,

AND OBVIOUSLY DEFENDS ON THE WAVE FUNCYTIUN OF THE STATE CUN=
SIDERED, THIS MEANS THAT A SELF-CUNSISTENT SCLUTION OF THE
HARTREE=FOOK EQUATION 1S REQUIREDe SLATER HAS PROPOSED TWO

METHODS OF AVERAGING TH: EXCHANGE POTEN?IAL(15)

15 Je C. StaTER, PHys. Rev., 81, 385 (1951).

WHICH ALLOW ONE 70 USE ONE EXCHANGE POTENTIAL FOR ALL STATES,

IT 18 DOUBTFUL THAT SUCH A PROCEODURE WIiLL HAVE QUANTITATIVE
SUCCESS (16), (17)¢

16o HERMAN, CALLAWAY, AND ACTON, PHYS. REv. 95,

371, (f95L).
17« J. Catiaway, Puvs. Reve, 99, 500 (1955).

A MORE ACCURATE PROCEDURE WOULD BE TO ABSUME THE EXCHANGE

POTENTSAL FOR A GIVEN STATE OEPENDS PRIMARILY ON THE ANGULAR

T AR T e W




e T

“ay

MOMENTUM OF THE STATE GONSIDERED, OR IN THE OASE OF THE 80LID,

ON THE PREDCMINANT ANGULAR W'GMENTUM IN THE OECOLPOBITION OF

(16)

INTO SPHER!CAL HARMO:IICS e IN OBTAINING THE EXCHANGE

Y

p:rzurong FOR A STATE OF ANJULAR MOMENTUM L, OF A VALENOCE
ELECTRON, IT 18 QUESTIONARBLE WHETHER 1T 1S DESBIRABLE TO
AVERAGE THE EXCHANSE POTENTIALS OF THE CORE ELECTRON STATES
OF A.GULAR MOMENTUM L, SINCE THESE HAVE CNERGY VALUES IN GENERAL
FAR BELOW THAT OF THE STATE WE ARE C(NSIDERIN3., |7 SEEMS MORE
REASUNABLE TO CONSTRUCT AN EXCHANGE POTENTIAL FOR A GIVEN L
FROM AN APPRCXIMATE WAVE FUNCTION FOR A VALENCE ELECTRULN
STATE OF THAT L.

SUCH A PROCEDURE WAS FOLLOWED IN THIS CALOULATI(NA~ AN
8§ STATE EXCHANGE POTENTIAL WAS CONSTRUCTED FRGM THE SELF=
CINSISTENT FIELD CCRE WAVE FUNCTIONS AND THE LOWEST ORTHCL=~
GONALIZED PLANE WAVE FCR THE STATE r.. THIS POTENTIAL WAS USED
FOR THE STATES r', H', P., AND N'. IT 1S TO BE NCTED THAT
THE STATE N WILL CONTAIN AN AOMIXTURE OF D FUNCTIONS. A P
STATE EXCHANGE POTENTIAL WAS SIMILARLY OBTAINED FROW THE LOWEST
C.PoWe FOR THE STATE HtS' AND USED IN THE CALCULATICNS FOR
r15, H15, Ph’ N.' N3" Nh" Ph WILL ALSBO HAVE SOME D CHARACTER,
A D STATE EXCHANGE POTENTIAL WAS OBTAINED FROM A D FUNGTION
OALCULATED WITHOUT EXCHANGE IN A PRIOR CALGULATION OF nh TERMS
IN THE E (X) RELATIONs THIS POTENTIAL WAS USED FOR THE D=LIKE
STATES ras, r12, ”asi H12, Pi, Na, N,, Nh’ AND ALBO FOR THE F
LIKE STATES r25, ras, st, Hzl, P5 AND N5t IY WAS ASSUMED 1IN

USING THE O.,P.W. METHOD THAT THE CORE STATES O)JULD WITH

m e o e e ey e -



SUFFIOCIENT ACOCURACY, BE CONSIDERED AS EJGENFUNCTION
IN THESE POTENTHIALS.

ONE UNSATISFACTORY fEATUR; OF THIS PROCEDURE I8
THAT IN THE CASE OF THE S8 AND P STATES THE EXCHANGE
POTENTIAL AGCORDING TO (1) wiLL HAYE INFINITIES VHERE

THE A-PROXIMATE v: HAS ZEROS., THESE WERE RENMOVED IN SUCH
A WAY A8 TO GIVE : REASONABLY SMOOTH EXCHANGE POTENTHAL.
THE COULOMB POTENTIAL AND THE POTENTIAL FOR 8§, P, AND

O STATES ARE TABULATED IN TABLE t, CERTAIN IRREGULARITIES
MAY BE NOTED IN THE QUANTITIES RV' AND RV’ IN THE NEIGH=
BORHOOD OF R®™2, THESE RESULT FRCM THE METHOD OF TRE‘?INO
THE EXCHANGE POTENTIAL NEAR A SINGULARITY, SINCE THESE

IRREGULARITIES OCCUR IN A REGION IN WHICH THE WAVE FUNCTION

18 SMALL, THE EFFECT O/ THE ENERGY SHOULD NOT BE LARGE.

t11. CALCULATICGN OF THo ENERUY LEVELS
THE O.,P.V¥e METHOD LEADS TO A SECULAR EQUATION OF

THE FORM

DET (xﬁ’ H.’::ﬂ) - E(x;,.. X!) =0 2)

WHERE H 18 THE CRYSTAL HAMILTONIAN AND X 18 AN

ORTHOGONAL IZEO ' PLANE WAVES

X = ! £°2 -1,% B 45'5.5" g, (2-n,, (3)

HERE dJ 18 A OORE FUNCTIGN FOR THE CORE STATE J, Ry

13 A LATTIOE VEGTOR AND ““.4__1 /2 f‘: ('™ dp
- °

""‘VZo = THE VOLUME OF THE ATomic ceLt (1J).




18, THIS CALCULATIUN WAS MADE FOR A LATTICE
PARALETER OF 5.20A9, or r_ = 8l avomic
8
UMITS,

IN PRACTICE WE USE LINEAR COMBINATRCNS Cf CATHCBOMALIZEZD
PLANE WAVES WHICH TRANSFORM ACCORDING TU PARTSCULAR
IRREDUCIBLE REPRESENTATIONS IN SEYTING up (2).

WE ASSUME THAT THE CORE STATES dJ ARE EIGENFUNCTIONS
OF THE CRYSTAL HAMILTONIAN: (N THIS CASE, THE MATRIX

eLemiNTS IN (2) ARE

2 + P
(XK’HXH)I-K 44 v (5‘&) - ZJE'J 33 “Jﬂﬁd

4 h)
AND
*
(X X,) '/:551_ ~Z, Py Ky
WHERE EJ #S THE ENERGY VALUE OF THE CORE STATE J AND
v(_t_t-) i8 A FOURIER COEFFICIENT OF POTENTIAL
Yix) /e V(a) L L] (5)
THe FOURIER COEFFICIENTS V(K) ARE GIVEN IN A TaBLE (2)

K)Z FOR 5, @ AND D STATES (A 1S THE
-

2 A
0 oF =
AS FUNCTIONS ™ (TT

LATTICE PARAMETER).

IN CONNECTION WITH THE FOURIER COEFFICIENTS, BuvcHer (13)

13, P. N. Butaner, PRoc. PHYs, Soo. G4A, 765 (1951),

MAS OBTAINED v(u2=2) FOR POYASSIUM AND SEVERAL OF THE

OTHER ALKAL) METALS FRCM A DISCUSSION OF THE OPTICAL PROPERTIES




BASED ON THE APPROXIMATION OF NEARLY FREE ELECTRONS. H 18
VALUE OF 04305 Eeve SEEMS TO BE TOO SvALL BY NEARLY AN
ORDER OF MAGNITUDE., THIS 18 PROBABLY DUE TO FAILURE OF YHE
APPROXIMATION OF NEARLY FREE ELECTRONS.

O.P.W. E;PANSIONS WERE CONS TRUCTED FOR 2l STATES MEN~
TIONED IN SECTe || AT THE SYMMETYRY POINTYS I, H, P, aAND N 1IN
THE BRILLOUIN ZONE, THE BRILLOUIN ZONE FOR THE BOGDY CENTERED
CUBIC LATTICE 1S SHOWN IN FIGURE |, LINEAR COMBINATICNS OF
ORTHCGGONALIZED PLANE WAVES WERE EMPLOYED WHICH YTRANSFORMED
ACCORDING YO THE IRRECUCIBLE REPRESENTATIONS OF INTEREST
(sEe APPENDIX OF REFERENCE 17)e BECAUSE HIGH SPEED ELEGTRONIO
COMPUTING EQUIPMENT IS NOT AVAILABLE AT THE UNIVERSITY OF
MiAMS, THE COMPUTATIONS DID NOT IN GENERAL INVOLVE HIGHER TAN
FOURTH ORDER DETERMINANTS, FiFTH CRDER DETERMINANTS WERE
SOLVED FOR TWw( STATES: N AND Ph" THERD AND SECUND ORDER
DETERMINANTS WERE USED FOR THE STATES IN THE F BAND WHFERE ONLY
A QUALITATIVE INDICATION OF THE ENERGY 1S REQUIREDe SUCH
HIGHLY EXCITED STATES CAN PROSABLY BE REASONABLY WELL REPRE=~
SENTED BY SMALL NUMBERS OF PLANE WAVESe, THE LOWEST TwWO
EVGENVALUES, (IN ONE CASE, THREE) OF ALL THE REPRESENTATIONS
CALCULATED ;ns GIVEN IN TABLE 3. THE ORDER OF THE LEVELS
AT THE FOUR SYMMETRY POINTS 1S SHOWN [N FIGURE 2,

IN CRDER TO STUDY THE CCNVERGENCE OF YTHE O,’.W. Ex=

PANS ION, AN EIGHTH ORDER SECULAR DETERMINANT FCR THE STATE r'

WAS SOLVED ON THE WHIRLWIND COMPUTER AT THE LABSACHUSETTS

10
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11

INSTITUTE OF TZOHNOLOGY THROUGH THE COURTESY OF PRUOFESSOR
Je Co SLATER AND MRe Fo Jo CeRBAYO. CONVERGENCE OF THE
EIGENVALUE TO THE VALUE =.U)IT FOUND BY THE CELLULAR METHOD
FOR THI: STYATE FOR THE POTENTIAL Vs APPEARED TO BE SLOVI,
(THE BEST VALUE OF THE ENERGY OF THE LOWEST STATE 18 ~oh5§
RYOBERGS FOUND FROM THE HARTREE=FOCK EQUAYIONS DIRECTLY
WITHOUT YHE ACPROXIMATICN OF AN EXCHAMGE POTENTIAL.) TABLE
4 SHOWS THE LOWEST EIGENVALUE IN EAGCH ORDER: FRCM FIRST TO
E1GHTH, AND THE LOWEST SIX EIGENVALUES IN EIGHTH ORDER., Y
IS INTERESTING TO NCTE THAT THE MAJOR CHANGE OCCURS BEYWEEN
FIRST AND SECONO ORDER (WHERE THERE ARE 13 WAVES)o THERE
ALSO SETMS TO BE A CLUSTERING OF EVGEMVALUES IN A REGION
NEAR E=+1,25, A SMALL EIGENVAL UE CHAMGE IN EACH ORDER §8
NEOESSARY, BUT NOGT SUFFICIENY YO ENSURE CONVERGENGCE,

USING THIS EXAMPLE AS A GUIDE, WE WOULD EXPECT THAT
THOSE S8OLUTICNS OF FOURTH ORDER DETERMINANTS BASED ON FORTY
OR MORE WAVES SHOULD BE CONVERGENT TO ABouT 0.0l Ryomers,
THIS ESTIMATE MAY BE CCONSERVATIWE, FOR SOME OF THE HIGHER
STATES MAY BE BEYTER REPRESENTED BY A FEW ORTHOGONAL 1 ZED
PLANE WA VES THAN TH(S S8TATE. $N PARTICULAR, THE CCNVERSENCE
OF THE D EAND STATES MAY DE S(MEWHAT NETTER, T 18 ALSO
REASONABLE TO EXPECT THAT THE DIFFERENCES BETWEEN ENERQY
LEVELS FOUND USING APPROXIMATELY THE SALE NUMBER OF WAVES
i8 STABLE., FOR THiIS REASON, §T 1S LIKELY THAT THE STATE N'
WILL CONTINUE YO LIE BELOW N_ ', HOWEVER, #T 18 POSSIBLE

'
THAT IN HIGHER ORDER, Ph WOULD BE FOUND TG LIE BELOYW H12,




siNGE H12 APPEARS (ZARLY CONVERGINT IN FOURTH ORDLR WITH
5 wavES wHILE Ph JS FARTHER FROM CGONVERGENT IN FiFTH ORCER
wivd 2y aaves. (Br A RFECULILREIT” OF THE OROUP THEORY, EACH
ORDEF OF THE SECUL X DETERMINANT FuR Ph ONLY INCLUDES A

SMA.LL NUMBER OF ADJITRONAL whVES.) MANY OF THE RESULTS OF
TH3S WORK DEPEND OHLY ON RELATIYI POSITIONS OF THE LEVELS

AND AF E PROBABLY REL'ABLE EVEN tF YHE ABSOLUTE VALUE OF

THE EMERGIES ARE SOMEWHMAY UNCERTAIN. NEVERTHELESS, THE CON-
VERGENCE APPEARS TD BE MUCH POORER THAN THAT OF THE AUGMENTED

2
PLANEL WAVE METHOD(-O)O

20, D. J. HowarTtH, Puvi. Rev. 99, 469 (1955).

A VERY IMPORTANT QUESTEON iN THFE CALCULATION OF ENERGY
BANDS S THE SENSITIVITY OF THE CLECTRON ENERGY LEVELS TO
CHANG)' S 4N THE POTENTIAL. ONE wOULC HOPE THAT SUCH FEATJRES
AS THE RELATIVE ORDER OF THE LEVELS AT A SYMMETRY POINT
WOULD BE REASONABLY INDEPENDENT OF CETAILS OF THE POTENTIAL,
UNFORTUNATELY, THE CONTRARY RESULT SEEMS TO BE INDICATED BY
SOME WORK OF HOWARTH(ZO;. HOWARTH FOUND THAT THE ASSUMPTION
THAT YHE POTENTIAL (S CONSTANTY 1N THE REGION OUTSIDE THE
INSCPIBED SPHERE IN THE ATOMIC CELL WAS SUFFICIENT TO INVERY
THE TRIPLY DEGENERAYE AND DOUBLY DEGENERATE D .BAND LEVELS AY
THE OCENTER OF THE BRILLOUSN ZONE IN CCMPARISON TO AN EARLIER

(21)

CALCULATJON, THIS MODIFICATION OF THE POTENTYIAL 1S USED

21, Ko Jo HcwaRTH, PRoCe RUYe Soce (LonDOn) A22u

513 (1953,

12
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13

NOT ONLY IN THE AUGMENTED PLANE WAVE METHOD EMPLOYED BY

(14) (22).

HOWARTH BUT ALSO IN THE METHOD OF KOHN AND ROSTOKER

22, W. Koun anp N. ROSTOKER, Puys. REve 94, 1111, (1954).

THE EFFECT OF SUCH A MOOIFICATION OF THE POTENTIAL WAS EXAMINED
§IN THIS CASE. SINCE THE CORE WAVE FUNCTIONS DO NOT EXTEND
INTO THE REGION IN WHICH THE POTENTIAL §S TO BE MCDIFIED,
IT 18 NECESSARY ONLY YO CONSIDER THE EFFECT OF APPROPRIATE
OHANGES IN THE FOUR'.1ER COEFFICIENTS OF POTENTIAL. TO
SUFFICIENT ACCURACY, WE MAY ASSUME THAT THE ORIGINAL POTENTIAL
18 JUST THE COULCMB POTENTIAL 2/R OF THE POSITIVE 10N, 1T 18
AOVANTAGEOUS TO CHOOSE THE CONSTANT POTENTIAL SO THAT THE
u2-0 COEFFICIENT OF THE DIFFERENCE VANISHESe. OSINCE THE COULOMB
POTENTIAL IS REASCNABLY FLAT IN THIS REGION, THE DIFFEREN .E IN
THE POTENTIALS IS SMALL, AND THE FOURIER o«frrlclcurs OF THE
DIFFERENCE IN POTENTIAL (WHICH MAY BE COMPUTED ANALYTICALLY)
ARE SO SMALL THAT THE EFFECTS ON THE ENERGY LEVELS ARE QUITE
NEGLIGIBLE, THERE MAY, HOWEVER, BE GOOD REASON WHY THIS
MODIFICATION 1S NCT SO SERIOUS AS IN HOWARTH'S cAs:(ZO)'
Ve DEPAATURLS FRON THC EFFECTIVE MASS ACPRUXINATION
THE EFFECTIVE MASS NEAR K20 CAN GE TAKEN FROM THE WORK
OoF BERMAN, CALLAWAY AND !"0008 AS 85.0 PER OGENT OF THE FREE
ELECTRON MASSe HMHOWEVER, THE PROXIMITY OF D BAND STATES AT

Ny, H, AND P To THE GROUND STATE [ (NOTE THAT N., AND Ph

CONTAIN D FUNCTIONS AS WELL AS 8 AND P RESPECTIVELY) SUGGEST




THAT THERE MAY 3E APPRECIABLE Kh TERMS IN THE EXPANSION

of E (x) NEAR k=0, THE COEFFICIENT OF kh CAN BE CALCU=-

LATED ACCORDING TO THE PROCEDURE OF SlLVERMAN(ZB) WITHIN

23. R. A.‘éILVERMAN, Puys. Rev. 85, 227 (1952).

THE FRAMEWORK OF THE CELLULAR METHOD.
ACCORDING TO SILVERMAN, IF WE WRITE
2 L (6)
= E_+E.xKS4E
E (k) E° 2 th

THEN

73
+ vEa r.'..Ez (% — Rg Y (Rg) “'/c;PPZ oN
-5 ¥ YR '
U° Rs . L_ d & as’Eo ;-z-?;—Y'
p \Rs
(7)
WHERE R IS THE RADIUS OF THE ATOMIC SPHERE,
5 2
Y =R,7u " (R),
3
U, 18 THE CELLULAR METHOD WAVE FUNCTION FOR k=0, £ I8

4]
A SOLUTION OF THE WAVE EQUATION FOR A D STATE OF ENERGY

Eyo AND P, 1S THE P FUNCTION INVOLVED IN THE USUAL CALCULA=

\-
TICN OF THE EFFECTIVE MQ?S. THIS EXPRESSION WAS EVALUATED

.
~

USING THE RESULTS FOR U_, Eo, E.. , AnD P' OF THE PREVIOUS
Pl

CALCULATION OF BERMAN, CALLAWAY AND Wooos(S) PLUS A

O FUNCTION CALCULATEODO USiING THE POTENTIAL vn QI vEN N TaseLe |

iz A,

[ -
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FOR ENERGY Eo' THE quanTiTYy ““o)a WAS EVALUATED
Jt s* EO

BY EXPRESS ING U0 FOR R}h AS A SUM OF REGULAR AND IRRCGULAR
COULOMS FUNCTIONS WITH COEFFICIENTS THAT ARE KNOWN FUNCTIONS

OF ENERGY ACCORDING TO THE PROCEDURE OF HAM(Zh) AND THEN

2. F. S. Ham, ONR TecHnicaL Report No. 204, Crurr

Lasorarcry, HeRVARD UNiversiTy, (1954) (unpusLIsSHED).

DIFFERENTIATING THE EXPANS 1ON, THE VALUE OF Eﬁ CRATAINED YAS
1.6l IN ATOMIC UNITS, SUCH A TERM WOULD GIVE A CONTRIBUTION

TO THE COHESIVE ENERGY IN THE CELLULAR METHOD OF 5.81E&
R

s
CAL ’
OR 5.l k= /;OL {A REPULSION), WHiCH, HOWEVER, IS PROBABLY

CANCELLED 8Y THE ADDITIONAL ATTRACTIONS RESULTING FROM
POLARIZATION AND RELATIVISTIC EFFECTS.

THIS RELAT!VELY LARGE VALUE OF Eh INDICATES THAT THERE
WILL BE MARKED DEVIATIONS OF THE ENERGY SURFACES FROM THE
FREE ELECTRON AFPPROXIMATIONs. AS POINTED OuT BY DR. M. H.

2
Con:u( 5), A LARGE Eh ALSO SUGGESTS THAT THERE MAY BE

25. M. He CoHEN, PRIVATE COMMUNICATION.

IMPORTANT DEVIATIONS OF THE EWERGY SURFACES FROM SPHERICAL
SYMMETRY, SINCE IF EXPANDED IN POWERS OF K, THE LOWEST SUCH

L3

TERMS WILL BE PROPORTIONAL TO THE FOURTH POWER OF THE

WAVE VECTOR,
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V., STRUCTURE OF THE LOWEST [ AND

IN ORDER TO DETERMINE THE FORM OF THE LOWEST E'(gj
SURFACE, IT IS HECESSARY TO DETERMINE THE ENERGIES OF
A LARGE NUMBER OF THE STATES 3J:ITWEEN THE END POINTS I“B
AND H12 OF THE 3AND. THES 88 fERY O!FFICULTY BECAUSE A
VERY LARGE NUMBIER OF TERMS IN HE OC.,P.W. SECULAR DETERMINANT
WOULD BE REQUIRIED IN ORDEF TO INCLUDE A REASCNABLE NUMBER
OF WAVES, EVEN ALONG SYMMETRY aXEs iLiKE A(100). AGCORDINGLY,
WE HAVE RECOURS<Z YO 4N INTERPOILATI!ON SCHEME. |IT SEEMS
NATURAL TO EXPAND E(k) tN A FOURIER SERIES, INCLUDING ONLY
THOSE TERMS WHICH HAVE THE PROPER SYMMETYRY. AN EXPANSION
IN POWERS OF K, 1.E,, KUE(G HARMOUICS, ABOUT K=0 DOES NOT
SEEM DESYRABLE 3ECAUSE 17 WILL BE DIFFICULT TO OBTAIN THE
PROFER BEHAVIOR OF E{X' AT SYMUETRY POINTS, THE FOURIER
SERIES APPROACH MEETS "Hif REQUIREMENTs LF WE CONSIDER THE
LOWEST PLANE WA/ES THAT ARE PERIODIC IN THE RECIPROCAL

WATTICE, WE hav:

E(x)=E_+ cos, cos coc{ +3(cos2; +cou2/ +cos2 )

+y(cos2 § c;su}f«-cosz cos2§ +cos2 7] cos2 I ()

+ (cos}f 30871 co o cosBVcos{cosf +cos3jcos¢7 003)
WHERE j =K Ay EiC.)e
SUCH AN EXPANSION WiLL HA £ Y4 PROPCR ZERO GRADIENT AT
SYMMETRY POINTS, THIS IS, §N FAGT, JUST THE FORM OF
EXPRESSION FCR A SINGLE S BANO THAT IS OBTAINED FROM THE

(26),

TIGHT BINDING INTIRPC(LATICON SCHEME OF SLATER AND KOSTER

P

—

F

s i sttt « oo Y - sy e g win " BN - -
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AN ATTEMFT WAS MADZ TO F §¥ THE LOWEST SHAND WITH
AN EXPRESSION OF THIS "uRM, A I'tVE PARAMETIR SCHEME
Iﬂ
WAS CHOSEN using E_, “ 8 Y, @ AS N (8)e THE con=
STANTS WERE DETERMINED FROM THE ENERGY OF THE [ STAYE

(EP m  ~,i5257 AND THE ZFFEGTIVE MASS NEAR K=0 TAKEN

1
H

FROM THE CALCLLATIO ) OF BERMiIN, CALLAWAY AND WooDS
- M ‘ )

(h2= /;* =1.168)(5), Al'J THE LOWEEST ENERGIEZ OF THE

sra'eg H , Ph' AND NJN THE CONSTAMTS ARE Z1VEN N

TABLE V.

PARAMETESS il ev.ait ON {J ¢

£ & YT
G " < VAT
L= =,0277
¥ = 4 0106
€ - +.0i° &

THE ENERGY GANDS DETERMIGED BY EQUATION (3) ARE SHOWM

IN FIGURES 9 amp h, FoR tHE 00 avo 110 A¥XE3, WHERE THIY

ARE COMPARE) WiTH THE PARAB:L IC BaNGS FOR "raEE ELECTRONS Y

"! ’
WITH AN EFFZCTIVE MASS RATHC /h% = 1,166,

T T a T aTE T




THE BANDS SHOWN IN FIGURIS 3 A:D U DEVIATE N
IMPORTANT RESPZICTS FROM THE FIEE ELECTRON APPROX IMATION,
IT 1S LIKELY THAT THESE DEVIATIONS ARE TOO LARGE, SINCE
13 Eh 1S CALCULATED FROM (8), 1T TURNS OUT TO BE CoON=
SIDERABLY LARGER, THOUGH OF THE SAME SIGN, THAN THAT FOUND
FROM THE CELLULAR METHOD, IT 15 NOT EASY TO FIT A SPHERICAL
FREE ELECTRON 3AND ACCURATELY IN THIS WAYe HOWEVER, THE
QUALITATIVE FEATURES MAY SE CORRECT. THE BANDS FIRST
RISE SOMEWHAT FASTER THAN THE FREE ELECTRON APPRCX IMATION
INDICATES AND THEN LEVEL OFF SO AS TO HAVE 2ZERO SLOPE
comiNg INTO H anD N,

IT WAS BELIEVED THAT ACCURACY OF EQUATIoN (8)
WITH THE FIVE PARAMETERS :1Vv:n WAS NOT SUFFICIENT TO
JUSTIFY A DETAILED AND ACCURATE CALCULATION OF THE DENSITY
OF STATES, THE NUMTRICAL CALCULATION OF A DENSITY OF
STATES FROM (U) WOULD HAVE TO BE DONE VERY CAREFULLY

SINCE WE ARE LOCKING FOR DEVIATION FROM THE E - E

i

BEHAVIOR OF A “REE ELECTRON BAND. IN ORDER TO GET
SOME INSIGHT INTO THE QUALITATIVE FEATURES OF THE OENSITY
OF STATES CURVE, IT 1S PROBABLY SUFFICIENTLY ACCURATE TO

USE THE METHOD OF HousTCN (27) IN WHICH THE DEN ITY OF

27. W¥. V. Houiton, Rev. Moo, PHys. 20, 161 (1948).
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STATES CURVI IS COMPUTED ALONG CERTAIN SYMMETRY LINLS
IN THE BRILLOUIN ZONE, AND YHE OVER ALL DENSITY OF STATES
8S FOUND BY INTERPOLAT!CNo HOUSYCN!S METHOD 1S KNUWN
TO GIVE USE TO SPURIOUS SIFCULARITIES RESULTING FROM
EXAGGERATED CONTRIBUTIONS FROM SYMMETRY POINTS SUCH

As N, H, AND PP WHERE THE ENERGY SURFACES HAVE ZERO
SRADIENY, BUT THE OCCUPIED POXTION OF THE BAND, WITH
WHICH WE AREZ PRIMARILY CONCTRNED, DOES NOT E XTEND UP TO
N, WH§CH IS THE CRITICAL POINT CLOSEST TO THE ORIGIN,
ConSEQUENTLY, HOUSTCN'S METHOD WiLL SIVE NU SPURIOUS
SINGULARITIES IN THE OCCUPIED FORTION OF THE DENSITY OF

STATES CURVE,

A QUALYTATIVE DENSITY OF STATES CURVE 1S SHOWN IN
FIGURE 5 WHERE 1T 1S COMPARED VITH THAT FOR A PARABOLI{C
BANDo FOR ENERGIES ONLY SLIGHTLY ABOVE THE BOTTOM OF THE
BAMG, THE DENSITY OF STATES CURVE MUST CO§{NCIDE WITH TYHAT
FOR A FREE ELECTRON BAND, SINCE ONE OF THE CONDITIONS ON
eQuaTion (8) was THAT 1T YIELD THE CORRECT EFFECTIVE MASS,
AsS THE ENERGY INCREASES, THE PHYSICAL CURVE RISES MORE
SLOWLY THAN THE FREE ELECTRON CURVE DUE TO THE EFFECT OF
THE POSETIVE K¥ TERMS. BUT AE THE ENERGY RISES STILL
FURTHER, THE BAND FLATTENS, AND THE DENSITY OF STATES
CURVE CROSSES THE FREE ELECTROM CURVE. THIS CROSS=OVER

HAS PRO3IABLY OCCURRED DEFORE THE FERMI SURFACE 18 REACHED,

- — S ——
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80 THAT YHI CENSITY OF &TATES (N THE FLRM{ SURFACE

SHOULD B8E HIGHER THAN 2R A FRELE ELECTRON GASe ONE

WOULD ALSC ZXPECT NEVIATIONS FROM SPHERICAY SYMMETRY.
BEYOND THE FERMI LEIVEL, THE DENSITY OF STATES SHOULD

RISE RAPICLY TO A PEAK 4T AN ENERGY IN THE NEIGHBORHOOD OF

THE N' LEVEL. THE DENSITY CF STATES WiLL THEN FALL. AT

AN ENERGY 0.6 E.ve ABOVE THE Ns LEVEL, THE S ECOND

BRILLOUIN ZONE BEGINS WiITH THE P-LIKE LEVEL Na'o THsn

68 sTiLL 3/4 E.Ve BELOW THE TOP OF TYHE FIRST ZONE AT

H SO0 YHAT THERE S5 NONSENPERABLE OVERLAPPING OF THE

12?

BANDS. THE TOTAL 8AND NIOTH FROM [ TO Hy, 18 4o%6 E.v.,

APPROXIMATELY TWO VOLTS 1SS THAN WOULD BE EXPECTED ON

THE BASIS OF "HE EFFECTIVE NASS AYPROXIMATION AL(NE,

THE OCCUPRIED ~ORTICN OF THE BALD HAS A WIOTH OF ABOUT

301 vouty using Ep , Ey, ANC Eh° EquaTion (8) wouid nor
i

GIVE A SIGNIFICANTLY DIFFERENT RESULT,

THE S TRUCTURE OF THE X~-RAY X ABSORPTION EDGE N

24
POTASSIUM HAS BEIN EXAMINZD BY PLATT( ). DEVIATIONS

28. J. B, cuatT, PHys. Rev. 89, 377 (196).

FROM FREE ELECTRON ABSOIPTICN IN THE ODJRECTION OF LESS
ABSORPTION ARE NGCTICED (N A REGION BEGEINNING A LITTLE
MORE THAN 1 E.V. ABOVE THE FERMI LEVEL. ONE wWOULD

EXPECT D STATES TO BE IMPORTANT IN THIS REGION, AND THESE
MIGHY SERVE TO REODUCE T4E TRANSITION PRUBABILITY TO THE

18 CASE LEVEL.
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IT 18 INTERESTING TO COMPARE THE ENERGY BANDS OF
POTASSIUM WITH THOSE OF THE OTHER ALKAL! METALS, 3SiINOE

RELIABLE BAND CALOCULATIONS HAVE NOT YET BEEN PERFORMED FOR

RUBIDIUM AND CESIUM, THE PRINCIPAL OCOMPARISON WiLL BE WITH
SoDiUMe. THE BAND STRUCTURE OF SODIUM HAS BEEN STUDIED

BY MANY WORKERS, THE MOST RECENT CALCULATION BEING THOSE

(11)

OF Ham s AND HOWARTH AND Jouzs(zg). BOTH CALCULATIONS

29. D. J. HowaRTH AND H. JONES, PROCe PHYS,

Soc. 654, 355 (1952).

i
.

© UTILIZE THE CELLULAR METHOD, BYT HAM'S WORK 18 BASED ON

THE QUANTUM DEFECT METHOD AND DOES NOT UTILIZE AN EXPLIOCIT
POTENTIAL.

ACCORDING TO HOWARTH AND JONES THE LOWEST LEVEL ii
AT THE ZONE CORNER H 18 H15, WHICH 1S A P LIKE BTATE.

NEXT COMES H,. AND THEN H'. (THIS ORDERING WAS ALSO

12
FOUND BY HaM,.) Hyp APPEARS TO BE THE LOWEST STATE AT
THIS POINT IN POTASSIUMe AT P, THE LOWEST STATE IN
80DIUM IS P', WHICH 18 8 LIKE. IT LIES 1.76 Fve BELOW
Ph WHICH MIXES P AND O STATES. [N POTASSIUM, THIS ORDER

I8 REVERSEDe AT N THE LOWEST LEVEL ACOOROING TO HOWARTH

AND JONES 18 Nu’ BUT HAM HAS FOUND N", WHIOH CONTAINS P
FUNCTIONS TO LIE LOWER THAN N'. N' APPEARS TO BE LOWER
IN POTASSIUM,

|7 18 LIKELY THAT THE PRINOCIPAL O IFFERENCES IN BAND
FORMS BETWEEN S8ODIUM AND POTASSIUM CAN B8E EXPLAINED IN
TERMS OF INCREASED IMPORTANOCE D BANDS IN THE LATTER ELEMENT,

In POTASBIUM, THE LOWEST STATES WHIOH CONTAIN D FUNOTIONS

4 v . - Cined
i+ e ot it 10 s o . o . o
'y o -~ e el
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TEND CONSIETEN"LY TO LIE LOWER THAN STATES CONTAINING ONLY 8
OR P FUNCTIONS (EXCEPT OF COURSE, FOR THE BASIC hs LEVEL ri).
THE INCREASED IMPORTANCE OF D (. 1KE LEVELS SEEMS ALSO.fﬂ LEAD
YO0 GREATER DEVIATIONS FRCM FRIZE ELECTRON ULIKE BEHAVIOR 1IN
THIS CASEe THAT D STATES SHOULD 8E IMPORTANT IN POTASSIUM

WO LD NATURALLY BE EXPECIED FROM OBSERVAT}ON OF THE PERIOD:C
TABLE OF THC ELEMENTS SINCE A5 SOON AS THE hs BARD HAS

FILLED IN CALC:!UM, THE D BAND BER'HS TO BE OCSUPIED N

SCANDIUM, FOR THIS REASCON, CHE WOULD AiLST EXPECT Kh TERMS
§IN THE E(K) EXPANSION TO BE MORE iMPORTANT IN POTASS LU

THAN IN LITHIUM OR SODHUMo

Vio. HIGHER BANDS

IT IS INTERESTING TC DIS'3USS8 NOT ONLY THE LOWEST BAND
BUT ALSO HIGHER LEVELS, (N PAITICULAR P AND D LEYELS TO SEE
TO WHAT EXTENTY YTHE BANDS ARE S IMILAR TO THOSE OF OTHER
ELEMENTS WHICH HAVE THE B800Y DSENTERED CuBIC LATTICE. We
WiLL BE OONCERNED HWERE PSIMARILY W)TH THE ORDER OF LEVELS
WITHIN A GIVEN BAND, RATHER THAN RELATIVE ORDER OF THE BANDS,
WIGNER HAS GIVEN AN INTERESTING ANALYSIS OF THE STRUCTURE OF

P AND D BANCS IN THE BODY CENTERED STRUCTURE (%0, BASEG

30, E. WieNER, PROCEEDIHHGS OF THE INTERNATIONAL
CoNFIZRENCE OF THEORETICAL PHYSIC3, KIsSOoTO0

ano Toxvo, SEPTEMBER, 19353, p. 650,

ON POSSIBILITICES OF SATISFYINT THE BOUNDARY CONDITIONS WITHIN
THE CELLULAR METHOD, H't WORK 1S IN GENERAL AGREEMENT WITH

THIS CALCULATION,




23

WIGNER PREDICYTS FOR THE P BAND THAT THE KBS0 STATE r15
'

SHOULD BE HIGHEST, THAT THE STATE N~ 8HOULD BE LOWEST

WITH A LARGE SEPARATION OF STATES AT THES POINY, AND THAT

THE STATE H15 SHOULD BE REASONABLY CLOSE TO THE BOTYOM

OF THE BANDe THE CALCULATION CONF IRMS THESE PREDICTIONS,

HowevER, V/IIGNER ALSO PREDICTS THAT Ph SHOULD LIE NEAR THE

MIDDLE OF THE BAND WHERE HERE IT HAS BEEN FOUND TO BE CON=
SIDERABLY LOWER THAN H15. HOWEVER, SOME OF THIS LOWERING

MAY BE DUE TO THE D LIKE FUNCTIONS PRESENT IN Ph-

FoR THE O BAND WE FIND N2 BELOW ras' AS PREDICTED.
Sra;zs OF R PERPENDICULAR TO THE 111 DIRECTIONS} 1.E.,
AT N ARE PREDICTED YO LIE LOWEST. SINCE N' MAY BE CONSIDERED
70 BELONG TO THE D BAND AS VELL A8 TO THE S BAND, THIS
STATEMENT i8S CORRECT, NOTE THATY H12 IS ALSO LOW, \/IGNER'S
DIAGRAMS OF THE RELATIONS BETWEEN P AND D BANDS ARE IN=
CORRECT IN THIS CASE, ALSO THE STATE Pu L1es eELow N,

THE GENERAL SHAPE OF THE O BAND FOUND HERE I8 IN AGREE~

(17)

MENT WITH A RECENT CALCULATION FOR BODY CENTERED JRON

BY THE O.P.W. METHOD, AND IN ALSO WITH THAT FOUND FOR §RON

(31),

BY A MODIFIED TIGHT BINDING METHOD WE OBSERVE THATY

31, Fe STERN, PHe D, THESIS, PRINCETON UNIVERSITY,
1955 (UNPUBLISHED ),
HERE ALSO, THE SEPARATION OF THE TRIPLY AND DOUBLY DEQGENERATE

DO STATES 1S MUCH LESS AT THE CENTER OF THE ZONE THAN AT THE




CORNER H, AND THAT THE MAXIMUM SEPARATION OF THE O BAND

S AT THE POINT No EXCEPTY FOR THE FACT THAT THE Ol.P.W.
1RON CALCULATION HAS Nh ABOVE N5' THE RELAT!VE ORDER OF
YHE D LEVELS AT A GIVEN SYMMETRY POINT 1S MUCH THE SAME

IN TRON AND POTASSIUM. WE NCTE THAT IN ALL THREE CASES,
THE TRIPLY DEGENERATE D BAND STATE IS LOWEST AT k=0,

BUT THE DOUBLY DEGENERATE STATE 1S LOWEST AT He THE ORBDER
OF D LEVELS N POTASSIUM 15 ALSO IN AGREEMENT WITH A Cg

(32)

LATION FOR BODY CENTERED TITANIUM s EXCZ3*T IN THAT CASEy

32, B. ScHiFF, !"m3c, Puys, Soc. 68A, 686 (1955).

A MORE EXTENSIVE CALCULATION WOULD BE DESIRABLE IN ORDJER
TO MAKE A MORE OETAILED COMPARISON.

THERE 1S A SIMPLE DEVICE WHICH SEEMS TO RE~RODUCE THE
CALCULATED LEVEL ORDER WITHIN A GIVEN BAND VERY WELL N

THIS CASE. LET vki REPRESENT THE WAVE FUNCTION FOR THE

I TH IRREDUCIBLE REPRESENTATION OF THE WAVE VECTOR K.
°
'K‘ 18 EYPANDED IN ORTHOGUNALIZED PLANE WAVES:

i 1
Ve = 3P, X

WHERE XK 4+ H i8S @IVEN BY (5). THE VECTOR H RUNS OVER

P
Iz

ALL RECIPROCAL LATTICE VECYORS, THE LEVELS MAY BE ORDERED

v.2 '
ACCORDING TO THE QUANTITY (X + H )~ wHERE (X + H ) 18 THE
.

OeP.W. OF LOWEST ENERGY BELONGING TO VK'. SINCE THIS I8 AN

ORDERING ACCORDING TO XINETIC ENERGY, THERE I8 A ROUGH

RESEMBLANCE TO THE PRINCIPLE OF MAXIMUM 3MOOTHNE‘8(31).

- — L o o b e . .
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THiS PROCEDURE SAYS LN ELSIINCE, THAY THE OIDER OF
LEVELS IN A GIVEN BAND IS WHAT @WOULDO BE EXPECTEO FOR
FREE ELECTRON BANDS, IT S NOT SURPRISING THAT 1T GIVES
THE CORRECT RESULTS FOR POTASSI M, 17 18 MORE INTERESTING

THAT IT SEEMS TO WORK REASONAHBLY WELL IN [RON, Even 1w

POTASS1UM, HOWEVER, ONE MUST MOT SUPPOSE THAT THE NUMERICAL

ENERGY VALUIS OF THE LEVELS WILL BE IN GOOd AGREEMENT WITH
A FREE ELECTIR ~ M7 Fa, INSPECTION OF FIGQURE 2 WwiLL REVEAL
THAT SOME LEVELS WitlL CONNECT 8Y BANDS WiICH MUST DEPART
SEVERELY FROM THE FRIE ELECTRON FORM,

THE SUCCESSFUL <Ol PARISON OF THESE RESULTS WITH OTHER
CALCULATI(NS FOR THE VARIOUS BAWDS SUGGESTS THAT AT LEAST
THE RELATIVE OROER OF LEVELS WiTHIN A GIVEN BAND IS NOY
VERY SENSITIVI TO DETAILS CF THE POTENTIAL. it 15 POSSI3LE
THEN, THAT THI GENERAL FORMY OF INDIVIDUAL S, P AND O
3ANDS ARF NOW WELL UNDERSTCOD FOR THE BODY CENTERED CUESC
LATTICE, 1T 18 IMPORTANT TO MOTE, HOWEVER, THAT THE SITUA-
TION IN REGARD TO OVERLAP CF THESE DANDS 1S MUCH LESS CLEAR
BECAUSE THE OVERLAP §S MUCK MORZI SENSITIVE TO THE POTENTIAL
IT 1S INTERESTING TO NOTE THAT THERE 1S APPARENTLY A VERY
CL.NSIDERABLE DEGREE OF OVERLAP IN POTASSIUM,

SINCE THERE 1S EVIDENCE THAT THE GENERAL FORM OF A

BAMD 18 REASONABLY (INOEPEMCENT OF POTENTIAL IT S INTERESTING

TO CONSIDER THE FORM OF THE F BAND. AT K=0, THE STATES I"25

e fE AR e Fmm—— e

(17),
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r2 » AND r15 OONTAIN F FUNCTIONS. AT P WE HaVE Ph’ P5,

AND Pn’ AND AT N WE HAVE Na', N,', Nh.’ N3'. THE LOWESY

PREDOMINANTLY F LIKE STATE 18 rzq, AND THE TOP OF THE BAND

ALSO APPEARS TO OCCUR AT I W!TH ra‘. THIS ORDER 1S RE=

. (|
VERSED WITH? l-l2 LIES BELOW H25‘ We FIND r15 INTERMEDIATE

 TWE ano ! '
BETWEEN r25 2 AND H15 INTERMEDIATE BETWEEN H2 AND
H25° AT P, THE ORDER 18 APPARENTLY P5’ Ph’ AND P.. AT N,

1 " ' ' '
N. IS APP RENTLY THE LOWEST FOLLOWED BY Nh . N2 ’ N3 »

N", Nh" ) NB' IN THAT ORDERs WE CONS 1DER HERE THE
SEC(ND AND THIRD LEVELS OF THIS CLASS TO BE F LIKE, (NoT
ALL OF YTHE ENERGIES OF THE LATTER STATES ARE GIVEN IN
TasLe 1il.)

| AM INDEBTED TO MR. J. SEGAL, MR. E. L. HAASE, aND
MR. De Eo JACK FOR ASSISTANCE WITH THE RATHER LABORIOUS
COMPUTATIONS, THE ASSISTANCE OF PRoFESSOR R. D. Wooos aAND
MR, S. BERMAN IN THE EARLY STAGES OF THIS CALCULATION IS

GRATEFULLY ACKNOWLEDGED,
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1.00
1.10
1.20
1440
1.50
1.80
2.C0
2050
3.00
3450
ly.00
he50

TABLE |

THE QUANTITY RV S GIVEN IN ATOMIC UNITS FOR S, P, AND D

STATES, AND FOR THE COULOMB3 POTENTHAL.

aVs

38.00
36,748
35.6%
31651
3346
32453
31,64
30.83
30,12
29,60
28.42
2L, 78
22.22
20.10
18.33
16.99
16.08
13,141
10,91
9.86
.85
795
715
6a147
593
5321
L.262
3.090
2.545
2.286
2,130
2.055
2.025
2,009

RVP

38.00
364706
5557
34.39
53+ 30
32,27
31.32
30.41
29.58
28.77
28.02
277
22,12
20.00
18.29
16.82
15.6l
13.73
12.08
10.h8
8.8l
7.94
T17
6.50
5.95
5.093
4.526
3,462
2.839
2.199
2.049
2.020
2.009
2.00%

e

B 3 .
. ‘ e, e —
e i ol ., g ettt s * b S A 2 S

aVD

38.00
36,70
35.49
34430
3%.19
32415
31.19
30,29
29.146
28.67
27.93
21,70
21.92
19,62
17.67
16,00
.6l
12.56
11,06
9.47
§.88
8.02
7.26
6.56
5.94
4.887
L.osh
3..28
2.971
2.350
2.1
2.076
2.035
2.013

RV

24.00
%6452
35,12
33,82
22.63
3145k
30454
29.61
28.75
27.9%
27.15
237k
20,86
18.50
16457
15.02
13.76
11.81
10.29
8.98
7.83
6.51
593
517
e 5k
3.598
2.982
2.595
2.357
2.099
2.025
2,006
2.001
2,000

. -3
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1
12
W
16
14
20
22
2l
26

o

TABLE 11

FOURIER COEFFICIENTS OF POTENTIAL ARE GIVEN IN RYDBERGS

AS FuNcTionNs oF THE NUMBER M
EVEN '"NTEGRAL VALUES OF u2

Yooy CENTERED CuBiC STRUCTURE.

Vs(”)

8677
2811
231
.1865
<1489
.121,9
o 1143
«1000
0879

0775
. 0686

1631
.0585
.0540

Vp(u)

.8692
«2900
.23%69
«1913
«1525
1266
<113
«0096
» 0075

0772

.0685
. 06732
<0596
«0552

2

"= ("ﬁi" K )2. ONLY

NCCUR FOR THE

VO(M)

8748
283
.2281
. 1324
<1439
«1192
«1097
«0973

2086l

.0769
.0688
. 0636
« 0594
.0562

V(m)

792
L o23L6
<1965
.1612
.1298
.1106
<1035
.0922
.0821
«0733
.0657
+0610
.0572
.0558

N * - ey




REPRESENTATION

Lowe:T ENERGY STATES IN Porassium (ENERGIES IN RYDBERGS ).

ORDER OF

TABLE |

DETERMINANT NoO.

S=LIKE STATES

H

OF WAVES

135
02
10
a2

L2
38
‘8
18

<0

L8
ch
56
5k

T d

2l

- 28

r, ?

H, L

P, N

N, 5

#>LIKE STATES

Fis ?

Hyig Z
Ph .

N,
Nal L
Nhl h
D=LIKE STATES
{

25 :
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GAPT :ONS FOR F1GURES

FIGURE 1,

BrRiLLouiN ZONE FO® THE Booy CENTERED CUBI1C LLATTICE,

FIGURE 2,

ORDER OF THE ENERGY LEVELS AT THE FOUR SYMMETRY POINTS

F, H, P, anD No AtL LEVELS wiTH E<1 RY, ARE SHOWN.

FIGURE 3,

Lowesy ENERGY BAND ALONG 100 Ax1S IN THE BRILLOUIN

ZONE AS GIVEN BY Equation {(8) (Sovio LINE), AND AS GIVEN

e

BY A FREE ELECTION APPROXIMATION FOR M/ 1,168 (ProkeN LINE),

Y]
LOWEST ENZRGY BaAND ALONG 11D AXES IN THE BRILLOUIN

ZoNE AS Giver 3y Equarvion (8) (S>uio LINE), AND AS GIVEN BY

* .
A FREE ELECTRON APPROX'MATION 702 “/“ = 1,168 (BROKEN LINE).

FIGURE S.
DENSITY OF STATES IN ARBITRARY UNITS AS A FUNCTION OF

ENERGY.
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