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SUMMARY!

SExperience has shown that propellers 'designed from the

theory-of a moderately loaded'propeller are underpitched.'

A -attempt -is made 'in the following discussion to tra.ce-the
'ieason for this discrepancy between theoryand.:experience
and, further, *to develop rel.ations-from which"the additional
pitchmay be approximately determined. ' •

A Introduction

In its. pres~ent sta.j, the theory of the. sprew

-propeller is developed on the asumaption that the boundary
condition-'which isipt r-duced by the, b.des may be neglected.,

-This amounts, to replacing the blades by lifting 'lines instead
of-by'lifting surfaces., The information on the flow obtained
from lifting line theory is incomplete since merely the

angularity-o'f the flow is established whereas its curvature
remainsundetermined.'

To approximately supplement the theory'the
boundarycondition is introduced'afterwards. -That is, vortex
sheets are introduced for the blades afterthe angularity has
been determined on a basis of lifting line theory.. "Then, the

downwashand the'curvature of th'e flow may be ascertained

at each station o'f the'chord length of a blade section" frol

lifting surface-'theory. However, even this step by step

procedure of correcting for the boundary condition is~compli-

cated. 'A solution exists'only for the curvatureof 'the flow

'at thehalf-way point of the section in the special' case -that

the bound circulation is constant over the .cxord length. The
problem of:change of'curvature over the chord is. left open

• within this solution, which is due'to Ludwieg and Ginzel'

*EA4 2,

In spite of these limitations, the existing

theory of thecurvature of'the propeller flow provides

-valuable information. It follows, for instance, that the
.curvature at'the"half-way point'arises essentially from self
'interference. The effect of the other blades, which tend to

reduce-the flow curvature at the blade under considerat.ion,
' and also the effect of the free.-vortex sheets on" the curvature

' References,.are..listed..on. Page 15
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are". mall.' Further, 'the curvature depends on-the radial

-distribution of the bound circulation and, for an.equal

-,distribution, -on blade outline.and .adv.ance coeffi.cient.

'Fomthseresults, -it follows-'that the nature of the

curvature of propeller flow-is essentially different-from

that of'two dimensional cascade flow. The application of
conclusions fromcascade flow to propellers,.which is

sometimes-recommended in literature,. is therefore, not

Ju.stifiable. .
Assuming for a moment that the downwash is

.known-at each station of the chord-would enable-us to correct

a thin section-such thatits properties, prt cularly the.
pressure-distribution and the curve 3lift coefficient versus

effective angle of attack", ate approximately equal'in

curved propqller flqW and i'n straight two-dimensional flow.

-The correction would result in a distortion of-the camber

line at each sta-tion.-For practical purposes,"the-distortion

-m. .pprQXimPtadr-.by-an additional curvature of the camber
line corresponding to the flow curvature at the half-way

point and by an add tional. an.gle 6f attack corresponding to

the change of the .curvature over chord. For instance, when

the curvature is' smaller at the leading edge and greater'at

the trailing edge-than at the half-way point, a positive

angle-of attack becomes necessary to correct for thechange

ofcurvature. Since this change-is unknown, only the first

correction, viz that for-the camber is applied in designing

a propellero0 The neglect ofthe additional angle of attack

is consideredtobe the reason for propellers designed on-a

theoretical basis to-be underpitchedo

'In the following parts'of this note, expressions

for:the order of magnitude of the additional angle of.attack

are derived°' No attempt-has been made-to introducelifting

surfaces for the blades' Theconsiderations are'based on'a

simplified lifting'surface'theory as proposed by Weissinger

[4] .Combining the'correction for the flow curvature asknown

from the Ludwieg-Ginzel Theory with the correction for the

angle of .attack'a betterTapproximation for-the boundary

condition-may be expected than applying only one of these
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- corrections., Future effort'will.be directed',towards a rigorous

solution of thIs problem. .

S'B.- -Simplified lifting surface theory

Weissinger considers a twisted plate of finite
.spane in a flow arising from the velocity of approach and from
•hebound and-free vortex sheets.- 'The problemis to determine

the spanwise distribution of the bound circulation. This

distribution follows from the boundary condition 'of the relative

flow, viz, that. the veloLAty component perpendicular to the
plate be zero. To simplify this problem'the bound vorticity is,

assumed'to be concentrated at the one-quarter point of the.chord

--length.., Further, the boundary condition is satisfied only at

one-specified station of the chord length which is chosenat'the

three-quarter point of the chord.,. The j.ustification for-these

"simplifications and a comparison between results.from the

simplified theory and from experiments in the case-of plan forms

arwgivn in (5].

In-the case of propeller design, the problem is

reversedsince the bound circulation is known (from lifting line

theory) and.the twist is to be determined suchthat the bound

circulation is generated.: Applying Weissinger's.method at any

radius of the propeller, one obtains the angle of'attack of.a

flat p'ate,a.e' relative to the velocity of approach with which

angle the required lift co~fficient is produced within-the

propeller flow.' The velocity of approach is that which doesnot

inblude.any induced veloc~ties, i.e., the velocity V*in

'Figure 1.

Let (Wn) be the sum of the velocity components

perpendicular to V*'whi'ch are induced at (0.75c) from the bound

and free vortices., Then, the boundary condition is satisfied

at. .(..;75c) if the plate is given the following angle -of atttckj

(1), '=(Wn/V*)=.'(wn/V*)b + (wn/V*)f

.Assumingthat the gradient ofthe lift-angle curve ofthe

-section-at the radius under consideration equals that ofa fiat

SI-
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plate, %I is ident.,ca1 with the angle of attack of the line

ofzero,'ift of the section. 'Therefore, the angle of -attack

of the chord line of the section relative to V* equals (a'-'o-)'
see-Figure 2. For a pitch correction, we are i tere.sted in. the

tote
angle of attack of the chord linr relative/resulant relative

velocity V. -This angle equals

In this relation, ao andci, are known quantities. In order

to ascertain a', the components perpendicular to V* of-the

velocities are determined which are induced at- (O:,75c) both

from the free vortex sheets and from the bound vortices of

'the propeller.' .

(a) Velocity components induced from the free vortex sheets.

Since the bound vortex is assumed to be situated at:.the

one-quarter point,c/4, a discontinuity of-the tangential

component occurs at this-POint, The tangential component is

zero in front of this point and equals wt behind. The axial
component varies c€:ntinuously over the chord length. This

variation is appreciable and can not be neglected in these

considerations. The radial component does not enter ia the

flow. in :the tangential plane is considered.

Let (wa)0, : ., .he axiga component of the'induced velocity

at (0.25c), which is known ftqm lifting line theory, and (Wa)0:.75

that at (0.75c). Then,
h " (Wa) 0. 5 /'(wa) 0 2 5

which numerically is between 1 and 2.' Assuming optimum flow,

i;e. , that the resultant of the axial and tangential'induced

velocity components is perpendicular to V at station (O:.'25c),
.see Figure 1., it develc-ps that the part of a' which arises

from the free vortex sheets is approximately represented 'by

(5) (wn/V*)f4ai 2
1+ cosr.le a)

The-difficulty in 'applying this relation lies in making .a
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.Figure -2., Definition of angles



sufficiently accurate determination 'of -h. The integration
over the helical Vortex she.e,ts: to ascertain (w) 0:..75  is

performed in the Appendix, the numerical evaluation of the

integrals, however, requires an appreciable amount of-time.

To obtain a simple approximation a propeller with infinitely

many blades is considered.' In this case, the freevortex

systemmay be resolved, at any radius, into a semi-infinite

row of ring vortices, which are perpendicular to the axis,

and into straight vortices of semi-infinite length, which are

parallel to the axis. The axiai velocity-component'is generated

only by the ring vortices. To determine its increaseoverthe

chotd length, an integration over the velocity fields of'the

ring vortice's is necessary.' This integrationis easier than

.-for-fhelical-4ortexusheets but-is still laborious. However, for

.the-inflow, it is known, that the field of a semi-infinite row

of ring vortices is identical with that-of an axis-symmetrical

.distribution of-sinks over the disc. Further, the velocity

potential of a sink-disc is in compkete analogywith the

gravitational potential of a solid disc thefatter being-known

from text books.

The scheme of a sink-disc enables us to approximately K
determine the dependence of-the axial component of the induced

velOcity on position for the flow in front of thedisc, To

obtain information on the fibw behind, the tentative'assumption

is made that therate of increase of the axial component-is

symmetrical about the dis.c, This assumption complies withthe

general character of the axial component, viz °',."continuou s

increase from zero far in front to a value in the ultimatewake

which is. twice the value at the disc.

On a basis of this assumption, it develops fromthe velocity

potgntial of a sink disc that

h=2 [  'Y- " in, cos]

*here
x D

(6) tane -=T - '
-ilnp
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and'where

ll

q 4

___hnthese exprssi', rerset theditneroth

Pe
.heais .(peia cori+ts The~ Puncion Pn'wi

(Wa)O0 25-

(Wa) I 5

Within these 6xpressiona, q represents the distance from the'origin'to the point of reference and e the angle between q and
the' axis.(spherical coordinates),. The functions Pn' which

depend on-cos e, are the Legendre polynomials and the-prime
.means"the derivative relative to eo

-1For x = 0.-, the function h is represented on Figure3 on

'a basis'of e. The underlying,'calculations .do not take into

account the -dependence of (Wa). on radius, therefore, they are

sufficiently accurate only at one certain radius.' Including the

dependence,.into the considerations causes considerable additional

:numerical work which does not seem justifiable for these approxi-
.mations,:

(b) 'Velocity components induced from the bound vortex lines.

The bound-vortex lines are assumed to be straight/lines which

are situated in a plane, i.e-, effects from rake and skew back

of' the':blades are neglected Further, the sections are assumed

'situated on straightlines instead of on circular arcs.'

According to simplified lifting surface theory, the'induced

velocities are calculated at (0:.-75c), the ,osition of the-bound

Svortices being at (0.25c)o For such configuration the-integral

by-Biot-Savart yields-the results that (see Figure-4).-I i

I.*
1#
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Fig-ure 3., .The function. .h. for xuO:.,7.
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j. - :0 G(xo)dx!!

I -

where

Within these .and the following exprePssions, the pitch angle of a

Section- is spprbxim ated by..0
The comoon.6n t. ofw w.ic is vp pendiclrt ~i bandfo

the f ollowing re-a ions~.

(wn '(w

sin .6Si

uin(po j-
* ~ - Cos .0 sinI.

Co=sin(p.,xo) P

Intoducing the'expressi-on for (/)bone obtains

Iw\ snsin. - x cos.O -CO G(x 0 ) d 0l
b, 2 ~ pR

/b,.'Xh

In, tl~ese~irelations, the position of a bound -vortex line is

f ixed..by. the angle . '(Figure 4). Thei formula. gives. the induced

.velo.City at -the three-quarter point.P jat any radiusi; x of a-blade

ithich".is in. the positionp AL gO, from any other bound vortex

.lInejn position4 'jThat is2, for. .= 900 the self interfexence
of. thehibade, follows'. .The. mutuxal-inductio-ns are. obtained When,

itouc in g the .pro~per-valtiues -of ALfr_ the rest ofh lds

Fo nacor r a3-J.d'ed.propele,, the .angles, .are 4-- 210:



and j =3300 , respectively0  The -total induction at P. is,
then, the'.sum of the ihdivi4ual.Jpductions in -which 'summation
tiHe ri'ght signs follow from t he fo rmulIa..

.c ) Addi-ti-onali P'itch

.the formulas (5) ,to (7) permit an approximate determination
of the' quantity d!, equation (1), when Oi' and- d-, re known from
lifting line'theory., The in-teg-ral which occurs in (7) is

calculated by numerical integration for each of the blades.-

Ifollows then.from (1), (2) and (5) that:

The angle' d0 depends .essentially on the camber Iine oft the section.

With .the a=1caei ne)frA h ditoa ic eoe

and.foi cirula ancmerln

tan Aa (tan

tan ;,O

Aa being introduced, in radians.,

C.0 Numerical results

From reasons mentio Ined before the accuracy o-f :'thi s
approximate .theory is not,.sufficient to determine the dependence

of the additional '.pitch on radius.' The following numerical

calculations are performed a-t the -radius x=0:.z 7. For -this radiu s.

an average of the iaddition'al pitch .A(i?/ID). Is 'obt ained .which is in

satlsfactoryi agreement-.with test -results.

Two different propellers are 'considered-of whicih the design

condi'tions,Athe-.type of'circ~ula tion distribution,' the type of
camber, line and the expandd.lde area.rtoa.,.I~tdi h
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I.following t abl e.

No. De a '9 Covdit~b, rula4oni Camber.Linle
x CT z EAR ~ D.tbuin

1 301- -.465 6 .9 Non-optm, a,=0.,,8
2 .2 68 -,5010: 4 Non-'optimumai

In'. t he design of' these propellerp, epllowance has.,been mode.. .for
the .curvature (?f 'the flow. at th plr*4"int otA sqqtion.ap

A nown-.from [1] to J:] With this. allowanc ,, test -resiqlt-d showed
* ak fpthwJch is given in t he last li'ne.of the following

table.' Th e adii on alI p itch has- beeon dOetermined asx follows:

EQ UA TI N10 NB27.0: 4.6
.qi (radian,) ~.Lifting line theory 0:647 -. 06:39
CL. 0:180 .10:8

7 6 77-.5S 74.2
h Fig.: 3 1.,249 1 bl30:8

(wn/V*)b (7 .0*0,' .

ao (radian). (W .0:160: ..61126.
Aai(radian) (8QA~52 -0Q196.

o/ /o (9) -3 , S 1

(P/D) 0/10 Test 3..2 4. 9
P/D

.. Conclusions
Compa!rispon of the last two lines shows that the average of

the additi'ona. pi'tch as-determined -by.-simplified lifting. surface

theory is slightly greater than follows -from test data in order

tmettedesign-conditions, Since," these di ff erences-may..be

explained by the approximnation s intrbdu06d, .the result enables

u's to-conclude that the lack "of p itch of lifting line theory

arises from'the boundary 'condition-at the blade6s which is not

satisfied within this. thipory., The iillo-w. nc for the curvature

of the. flow, ati . tbi hallf-way pOint of, ap~t~ is Ainsuf ficient
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A o app~xOtoly s90tis4fy h.-Pond. ti n - In -Add.toa nl

-of attacki muQ e'ednt - te to obl~t "n au uf f cion t Approzimation.,
Wihthe#*' two- correctilons for 'thebudr odtoliig

V ~ r lne. thoy rvi a reial bs for thedeinoa

pr~peller. Hwer a .goro us I,f tn s~rfg -theory.-is de-
-i r able -to. accurately ;deteirmine the .. ecepi~tay. distor tion..'of
the, cmber. linebt tec ttfno'te~hr n tec

r radi'u s f 6h 0 poplle r.

*Ri,$qrpus, expression- f or (w') 0

The.axial :component of the -induced 'velocity (,VS),7 follows,

at any radius, from-the integral by Biot.-Savart whien-integrating
.over a s y mmet r icalI syO tem o f z hielical :vorttex, &ie e ts, .seef71*. Thes4 'slheet s o-;1gknate.,at (O.5)and go to infinity.- The. axi'.l
Component -of tbi.v'elocity induced. by these s.heets..is determined-
at tle6n:O7c f a,; section. at radius xrRwihpoint -is
situated on one of.-the, vortex. shieets.
It develops, .then,..that -the ratio. hm!(,wa 7 5 ~ 8 0 5 i eprend

*by~thefjOillow*ng expression:

ha. 1..+
(wa/ v)0.2 5

(w /),k being.:known .from Lifting line, theory and I being

defined by 1 b co(+. ] M

I 4G. 2. d ,~x

~m-.1n 14__ m.+i r-) +..,.z

z

bin cos.01
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By the".sum o tpinner..inxtegrals, tAhe e-f fct..of..a.Rayatem ,oftz,symMeO,trica .'ofto .. ines ord~u repre'e,~ Byte he
x u at theathree~quar-ter

intnegral, :the integration ovei:;all the vortox. lines is performed
and the effect. .0fthe vortex s'heets a't the three-quarter point
is obtained.,

A -numerical evaluation of the. inner. integral is-made
somewhat- dif ficult -if m-1,a'nd TO' or this :combination of

.variables, t'he integr~nd has .a singularity 'when x-!x0
Which ne'cestitates. to' i n tr oduice an h i ndu ct ionh f actor ~as_ d is-

cussed.in [.7].-

1.List of Main. Symbo~ts

T thrust

D:-2R ' .. propeller-diameter.

P pitch'

number of .b~ades
*C chord j.ength of .ppy section

xqr/R. non-dimensional radial co-ordinate
xhnon-'imensional radius o f 'the hub

N speed of-advance
-Wa axial qomponent of induced velocity
wt, taigential corpnen of induced'velocity
n revolutions per second

X-v/gnnt' advance coefficient
c T' thru-91 loadinrg .coef f ici en t

.2 .pR'nv
2

cL. lift cpeffic'Ient o.f any. section .V

P ci r culation.

G=P/rc~vnon-dimensional circulation

or angle of attack

O~~o angle be'tween -chord' line and zero..lift lino
of anysection. ' "'
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