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BALLISTIC RESEARCH LABORATCRIES

MEMORANDUM REFCRT MO, 230

RMdood/CENurphy/3me
Aberdeen Proving Ground, Md,

April 195%

AERODYNAMIC DERIVATIVES FOR BOTH STEADY AND BON-STEADY
MOTION OF SLENDER BODIES

ABSTRACT

$Neoder body valwes of all non-Magnos first order zerocdynumis
ooefficients are derived by a simple application of tha concept of crosse
sectioarl apparent mass, These ressults are cenverted to tallistic
romenaliture for two types of motion.
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INTRODUC TION

Tho application of Mmk's sliodsr body theory to the caloalation of
asrodymimic coefTicients describing steady mation (a, q conwbemd) Boo Lo

(Spty-tamirCnhntud

mde by a nuaber of autbors’? 2, 3. Dormcck has obtained siender body
o values (f thoss coefficients associated with non-steady angls of atiack

@ ; as & Yy-product bty a linear snalysis of the potantisl equation for son-
TR

i
o oBen

stsady supersonic flow. The staldlity darivatives for the most genaral
motion of slender bodies with arbitirary cross-section bave besa calculated

AN ty Swhs. This treatment iz, howevar, Quite caeplwx, This peper will
;’ " pogent a simple derivation of all non-gerc stablifity darivatives of a
L slender body of revclution.
|

_"' CALCULATION OF SLENDER BT CORFFICIENTS
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, ) ¥e sball makes the usual asswmption that the cross flow, u, at each
C croes-gection is a two-dimensional potential flow, and indepesdsnt of
c both the axial flov acd the cross flows at neighboring cross-sections,

The flow, as seen from the body (Fig, 1) ! s the potential of a steady

i, flow plus a doublet, u(r + 82/1-) sin§, srer and # are polar toordl-
E pates, R = B(x) is the radius of the cross-section and x 1s its distance
—— from the base of the missile. The potential of the flow with respect to
)

staxtiomary air can be cbtainad Uy subicacting ths potential of the steady
flow v ayd is

3
“w

L Weu (B/r) sin § . )
L In Bef, 6 1t 1s shown that the kinatic energy of an irfinits volume
¥ of uld containing 2 body with surface area 8 is

§£ (V‘P)zdv.-gfswg-% ds, (2

-ep.s ~
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dhers p is the density and 3/3n is the durivative with respect to the
cutward pointing normal. The kinatic amrgy of the fluld par unit lengii
due to the xessnce of the circular crcss-sectlon, tharefore, is, from
Eas. (1) and (2),

X
(- pﬂ’)jo (uR =in §) (~ u san PR & = (2/2)(px®) . (3)

2
B3. (3) bas the rmaz;-mupnodbym-app.mtmﬂ. Thas the

apparent mass per unit lengih of each cross-ssction is pd, vhers A is ite
area, and hence

-

Momentum of the fluid per unit length = phu . (k)

If we considar the momentum of the fluid at adjacen’ cruss-escilons
we s3¢ thal, it will dopend on the local ares and fiuid velecity. How
the axial wvalocity, U, vill meve the fluld froa one cross-section to ¢the
next and hencs from a reglon of hlgher momentum to one ol lower womentum
or vice varsa., This local change in womentum gives rise o a dlfferwtial
vhich can then ¥e integrated to give the total foarce on thw body.
we are then actually iuterested in the location of the croeas-eection

fluld and its motion, we will inierpret x to be its location with respect
the base.

HE

We shall make use of a non-roiling right-handad goordinate system X¥Z
with X pointing forwird along the missile's axis and I axis initially in
the horisontal plane.* A non-rolling coordinsts system will mean ons whose
x-component of angular velocity is sero. 4g is zhown in Ref, 7, the treat-
ment of tisw derivatives of the dyrsaic variables 1.s,, &, §, is much more
patural in non-roliing coordinatss,’®

If we con-i%-r projections of the velocity vector and a fixad direction
vector on the X Z plane, and with ¢ and ¢ as defined in Fig, 2,

ue-Ua+ (x-x NN, (5

* We meks use of the tilde superscript to distinguish thess axse from the
standard aerodynamic nissile-fixed axss. In ihe cace of a spin-
stabllized body of revolutlon, those axos would ba spinnins rapidly wita
respect {5 our pon-rolling axse, and hence, with respsct to the air at
infinity,

** Iu Ref. 5 Sacks uses & missile fixed systes but specifically seasurcs &

and B in 2 pon-rolling system, However he does messure § and r in the

rolling system and therefmrs obtrins non-sero values of CL amd C-

e

pr

for a body of revolution.
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| .' ) veo U - - % 1 the axial camponeat of the xissile’s velocity, x _ is "
ot distance of centsr of gravity from buse and x is measured from the base,
S i and @ » 6. .

' 4 By ¥ewtcn's Law and Xqs. (4, S) the force per unit length in the ¥ .
} b direction, = 13 the time rate of changs of momsntam pur unit lsngth, # -t B
o & )

. l‘.} e e E"%(?‘“)

R .puzfag-%x-% [A#(x-xu)%]oéz(x-;c‘)g-l ()
| Integrating over the length of the aisxle, B
. 2'902[-‘5'%'&3-%sbxcg’%(xc"xcg)“p}’ (7)

¥ Since it 1is actually assumed that the total velocity V is comstant, the
darivative of U, the arial cosponest, *hould appsar in Bj. 6. Fortuostely,
for sm=)1l & and 3 this quantity is s=all) and can ba meglected,
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L a
where E &e-5, (base arva)
. gL Adx = v, (v is dirancionicss valume)
o 0

L
fo (x ~ xe‘)hdx - (xc - xc‘)vdjg (xcisx-w.'eudlnx&e of ceutradd)

Rk ol Al i el aaadeocoa £ B b Wmu"-q—'

and d i3 dismmetar.,

If we malttply $ by ~ (x - 2 ) wd Latagrate,* we can otain the wowamt
about the o.g.

L o

'ﬁ--j % (x-xes)d:c"'
Q0

. {l—w&)-x ab] [ve’cx-x)]

A B o]
@.? (szdz-»_z:c xthqz)vdj} ’ (8) |

,F-L-.c—- N e R

"

OF

-v(Ebzdz 2::: )d’;

k is the dimensicnlasa tran.verse rad:lus of gration of a
bomogansous model zbout its ~emter of gravity, and
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’ vhere g (x - x_)% Adx = vi? &5 r
l o

e

i # Fig., 2 11dicates the direction of peaitive ’i.
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An examination of Bys. (7) and (3) shows that, under ouvr m-ptionl,
mdﬁa.pmdumlyona, & Qs od g, .In arder to obtain the relridons
Ior the various +taiiiiiy Ui vewiies ww i 93 ssive e . g m

thom,
e gr’{%“%zv o ¥y e %’fx} (%)
I O

where 8 is reference area and ¥ is total welocity,

nnmm. (7) and (8) with Re. (9) and (10), introduce the
aco-Gimsnrional & = pmmmtrwmnmuoratmm

yaw U can be replaced by V, we can obearve that the following relations
are true.

8, .
%--2!—9 %‘(’ %) .8’%‘!8
%"’h‘ﬁ!’ Cogw (- i—dz)ﬁu"ac)a ()

%- (-4 ;ﬁn:
g+ (8 2N -

The corrssponuding relatio
ations, It can esasily be

t

o 6 EE AP

,a‘;’

5
Ez
:
a
s
3
%

Cfp = CZas s
Y ey (2)
Cys = Ga» " -G,

Since the darivation of Eqs. (11) was besed on the assumption of non~
viscous flow, this theory mikes no prediction of Magrue force sod moweut
derivativea, We see, however, that Munk's elsmentary theory besed on the

concept of ths apparent mass of zach cross-section vwill provids slender
body valuss of ail sixtsen first order run-¥agmus asrodynamic coefficisnta

-t .

S 3
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CONVERSTOR CF RESULTS 10 BRILISYIC ZOMENCIATITRR

In order to stats ow results in ballistic umxalxtm9u firet arita
the dufinit;muftha mg:&gms tallistic K's in tarss af the awmmlay
T T i, mvu,p»xa,qou,ﬂﬁ*quﬁirmdmum
of the relation U = V, (This weo of the complax varishla sxplsits the

rotational spwatry of the usual coufigucetions .stadied by ballisticzians).
ool @ [0 100 g (5l
Hede ot @ [ 10 g dagasis] O

The correspondiig -xpresuicos foxr the aerodynsuic C's are:®

~r

z.{i’.(%.pvz)s [(:Zcfpoic)-oiciq( oird)
oo gty e ] L

loﬁ-(rsz)&d[ m.,(p,ig).:ﬁ(gﬂ—"-ﬂ)

+ 33)d (g ¢ i
- 105 ”"’-‘i ( )J

Sincs thers is not a one-to-one oorru'pondm tetween ¢he t2llisiic
and serodynamic coefficients, the best we can do is to state relations
between tham for specified motions. Angular motion with respsct to the
trajectary of s spin-stabilised body of revolution consists of a trmusient
osclllatary wution and a stoady state ®yaw of repose®. The txrajectory can
be toasidesed essentially straight over a reascnahle of pariods of
the Grunaimat action and hence for this motion, a=qand f = = p,

SeTesZa Gor) s [ag, (B +10) s 1(cs, » o) (Agetely
O%d.oia ) , (15)

v It should be -phuixod sgxin that tho axss form & non-rotating systea.

The conversion from the 1otating to the non-rotating system is given in
Ref. 7.

10
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In the Appendix it is shown that for lags ratios of mass of mia hﬁo

mass of aced fiuid the angular accelserztion terms imwolving and @

in Bqs. (15 my ha naslanted, o oddmoddon 20 TTITEN0 D58 wie asrwaly

ar & torpedo roriaichthizntiouatmd.rmtymdthesemm
Impar-tant .

]

+*e for transient motion about a straight trajsctory, from x:;-.(m,.
(13). and{15) s

(cﬁ)"‘bgc!*': (16)

Qa7
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It is quite interesting io nota thai tho absence of a coe-to-one
csrTasponderncs batween the aercdymamic snd the ballistic. equadions leads
to cosfficdents. which, in the ballistic motation, davend in genaral an
the type of motion under considervation. This result is inpherent in the
definitions of the coefficients. This difficulty is resolved in a report
being prepared by one of the authors?,
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APFPENDIX ‘
in uroar o eehimmiu uun-.;:.i‘“"*::‘..:z:.'. __,)tqmwhwoto
aralysa the iransient moiion x little more.* a and B are the sms or Wi

‘sinusoidal motinns®® differisg in phase by 90° and with frejoancies
and ;2 vharse

R WA RN {(c=u V2 e [Caute -1T‘f y Gy ()

where n is BAsY ot miszilse,

kt is tnmvmo radius of gyration in calibers,

k‘ 2 (ballistic stab
__T——' ¢ stabdlity factar),

2(p8 S

k, iz arial radius of gyration in calibers,
p is axal spin.
For any sinugoidal motion we have that
P --9s,
e-fa, (A-2)
e pesae-B (e,
In order t3 get a.sixe u_ti.ﬁta we consider oniy the contribution from the

fast rata .
2

. iﬂ—;,@ﬁ - (3o 10). G Y {(c-;a V2 [a_.“(--i)]m} . (-3)

We are intarutod in the relative oontributiou %0 the force of moment of
the mlinﬂ"’iﬁzndtha ters involving ¢ + 1B, in Egs. (15).311300 Ce,

{s ths same order of magnitudy as oi-l, (vhich can Ua seen from Egs. 1,1),

- The fo].lc-ving analysin is wvalid for say statically or gyroscopically stable
mispils, The special case of a statizally stable sisstle . with exmctly zaro
gpin can be considered 28 a limiting cree of 2 statically stable xismils
with small zpin; thersfore, 1/5 » -

** 3¢e Beference & for a discussion of Eq. (A-1).

13
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a 2 ‘-
i | .
K term in 3 + 1 ;1 2 3 E
C ] emIn p + ic ) ﬂkt %EE; )1/2’ [ciu(' "]ﬂ } o (a)
K i Notr that pSd/m = (m,/a) (S3,¥), where V&4 is the lergth in calibors of the
5 squivalent cylinirical volume, R, 1s the mass of ‘displaced flnid and m i
[ the nass of the missils. Uomvmtobomﬂafornﬁouqunutlu, for -
: Fmactioal configuratiode:
S i gyroscopically stahla stadically stabls
o -2 -2
aRE 21 1 -
i A A
L 1i46 S5840 L.
t . 04 610 S UEY A
Lk
| vAd o3 v/ 3
15 in @ > S 2
i T, mna B T Hdo 4B . y@

£12 K,/m  in either case.

_ For the usual mizoile in air, this ratio is negligidly mmsil and

‘ consequantly these acceleration tarms ara usually neglscied. For an
airship, or where the fluid is sater (e.g., torpudoes), the acceleration
terss may became appreciable,
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