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N ASM.. GER VESA S

Force-pen~arion curves for 3" AP M79 proj:cs.le: ° 12 ob: § ity

are derived with the aid of simplifying assumpt: .. ag o« atrotching

and folding or the jetzis +7 ¢ rlate. The th:: - ¢ 'W''w3 8% com-

pared with ax;erimertal -::.es. .'m aualysis i: ...3: '€ erfer of in-

complote coniact betreen e , 8 rru fie prrie ? Lo, 2 aualyus 14
guided by an sxperimnt witn s .zival indemi: i1 Aun Yoil.

A theor: is developed to represent the .:: ty = o & thia
membrane at ‘ow obliquity. The theory is -a...¢ 8 ifiteving  dmeii-
fications:

(a) It is assumel that the proje .’ . rerr - °- complete couut.cl

w. th the mem!rane until the .c el -Frf. ir-ches *he rambeiie,
‘ (b) 1+ is assumed ‘Lai & vrams-.r , f, brings the veloci.y of tha

scater of mass instanten. :.y ) coincidence with tha axis of

~he projectile when th: :c-rre - first touches the mer.orane.

{e) 1: is assumed that th: -roje. & continues without trinsverse
¥srce or torque aft:: ;he b ‘elet has first touched che mem-
~rane.

(d) 't is assumed the' -he £ . deflection of the velocity of the
~enter of mass r._.- rs ¢+ -ate in the penetration to te of in-

7Juencs on the -.mit ve - sty for perforation.

(¢) it is assumed =4 ., the - tion in (ho undulatier is tho seme as
cum oov1en dn i slar welatvion with the for: e ccacentrated

- at a po/ns,

G .
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The force and torque on a 3" AP M79 projeciile at high obliquity are
estimated with the aid of suiplifving assumptions as to the plastic deforma-
tion at the aides of a crack.

A theory is developed to represent the limiting case of a tkin membrane S pn
at high -:il.quity. The theory is based on the following simplifications:

(a) It is assumed that the force and torque on the nose of the pro-
jectile are constant until the axis of the projectile turms out
of the membrane.

(b) It is assumed that the forcs and torque on the base of the pro-
jectile are constant, after the base reaches the membrasne, until
the axis of the pro ectile turns out of the membrane.

{c) It is assumed that ‘the final force and torque on the projectile
are given by the limiting functions for a proiostile with its
axis nearly perpendicular to the membrane.

(@) It is assumed that the motion in the undulation is the mame ag the
motion in an elastic undulation w th the force concentrated at a
point until the axis of thz projectile turns out of the membrane.
It is aswumed that the displacement of the undulation ie station-

ary while the projectile see-saws in the membrane.

The effect of yaw and the effect of rate of yaw on the 1l:m'3

't enewgy is

estimaied. The role of cavitation is described.

iii
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EQREWJRD

The materinl in this report is basic to the construction of plate
penetration chartg or tables., It was sriginally authorized by BUORD
1tr KP9/49(Re3) of 9 January 1943, was later ch~rzed to Task Assignment
NPG-4él-Re3a-118-1, and is currently charged to the Foundationsl Research
Program ol the Naval Proving Ground.

The material in this report has been prepared since World War II in
connection with a study of thg mechanism of penetration of plate by
projectiles. The report is one of a series of reports. Five of the
reports were published at the end of the war, and it was origirally planned
that nine reports would be submitted altogether. The remaining four repor*s
were held up pending a revaluatinn of the ballistic data, inasmuch as theres
was an opportunity to obtein a few additional tests of special interect atv
the erd of the war., As a result of these tests, the numbar of reports has
been increased to eleven. The six remaining reports are now to h2 published,
but with a minimum expencif{ure of additional effort in order to bring forth
the axistinz material. The snalysis has probebly been carried as far as it
should be carried without the aid of & modern calculator such as the Aiken
Dahlzren Electronic Calculator. The press of urgent work has thus far

prevented ellonation of uny ADEC time to this work.
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The titles of the full set of eleven reports are as follows:

ANALYTICAL SUMMARY. PART I. THE PHYSICAM UNDER

(1)
TRIAXIAL STRESS. NPG Rerort No. 6-43
Object: To summarize the available data on the physical properties
of Class B Armor uand STS under triaxial stress.
(2) ANALYTICAL SUMMARY. PART II. ELASTIC AND PLASTIC UNDULATIONS IN
ARMOR FLATTC. NPG Report No. 7-46
Ohiooc, To analyse the propagation of undulations in armor plate;
to summarize previous analytical work e.'d to add new analyti-
cal work where required in order to comniete the theory for
ballistic applicationms.
{3) ANALYTICAL SUMMARY. PART III. PLASTIC FLOW IN A)MOR PLATE. NPG
Report No. 864
Object: To analyse the plastic flow in armor plate adjacent to the
point of impact Ly = projertile,
(4} ANALYTICAL SUMMARY. PART IV. THE THEORY OF ARMCOR PENETRATION. NPG
Report No. 9-46
Object: To summarize the theory of armor penetration in its present
statc of development, and to develop theoretical funcetions
which can be used as a guide in the interpretation of ballis-
tic data.
(5) ANALYTICAL SUMMARY. PART V. PLASTIC FLOW IN BARS AND SHELLS. NPG
Report No. 954
Object: To analyse the plastic flow in cylindrical bars and shells
during impact against an unyielding plate.
(6) ANALYTICAL SUMMARY. PART VI. THE THEORY OF PROJECTILE RICOCHET.
NPG Report No. 1041
Chiect: To analyse the dynamics of projectiles during oblique impact,
and to develop theoretical functions which can be uzed as a
guide in the interpretation of ballistic data.
CONFIDENTIAL v
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(7)

{8)

(10)

(11)

"BALLISTIC SUMMARY. PART I. THE DEPENDENCE OF LIMIT VELOCITY ON
PLATE THICXNESS AND OBLIQUITY AY' LOW OBLIQUITY. NPG Report No. 2-46

Okiect: To compare the results of bellistic test with the prediction
of existing formulae, and with the results of theorstical
analysis; to find the muthematical functions which best repre-
sent the fndemental relationship between limit velocity,
piate thickness, and obliquity at low obliquity.

BALLTSTIC SUMMARY. P2ART I1. ‘THE SCALY WYFRCT AND TIR OCIVE EFFRCT.
NEG Regort No. 4-46

Qbisct: To determine the effect of scale on ballistic perisrmance,

and to correlate the projectilc nose chape with the results
of ballistic test.

BALLTSTIC SUMMARY. PART III. THR WINDSHIELD EFFECT, THE HOOD EFFECT,
AND THE CAP EFFECT. NPG Report No. 1211

Object: To determine the eflect or windshields and hoods or caps on
balliatic pe:formance.

BALLISTIC SUMMARY. PART IV. THE DEPENDENCE OF LT 7ELOCITY ON
PLATE TH(CKNESS AND OBLIQUITY AT HICH OBLIQUITY. NPG Report No. 1125

Object: To compare the results of ballistic test with the results of
theorstical analysis; to find mathematical functions which
best represent the fundamental relationship between limit
veivcity, plate thiclmess, and obliquity at high obliquity.

BALLISTIC SUMMARY. PART V. THE CONSITRUCTION OF PLATE PEMOIRATION
CHARTS OR TABLE3. NPG Report No. 1120

Obiegt: To summarize tle results of analysis in the form of standard
charts or tables.
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INTRODUCT1ON

A theoreticsl analysis of the motion of a projectile during ricochet
in armor ple*2 has a twofold purpose. It forms a rational basis for the
extrapolation of ballistic data to obliquities which exceed the range of
ballisiic test. It leads to an estimate of the effect of yaw and the effect
of rate of yaw oa the limit energy for perforation.

The limit energy per unit weight of armor ia the path of a monobloc
projectile is nearly independent of obliquity at low obliquity. Tae plate
applies a torque to the projectile wh'ch increases with increase in obliquity.
The torque deflects the axis of ithe projectile and gives the projectile an
angulsr velocity. In a limit impact at high oblinuity the projestile is
actually turned into a position with its axis perpendicular to the plate and
with the base of the projectile through the plate. The impact area extends
a long distance beyond the point of impact in an impact at high obliquity.
The limit energy per unit weight o1 armor in the path of the projectile
varies with obliquity at high - liquity.

The penatration during en oblique impact may be divided into three
stag 's. During stage (i) the projectile is in contact with the plate around
the complete perimeter of the impact hole and the force and torque are inde-
pendent of the direction of motion of the projectile., During ntage (i1) the
projectile partially loses contact with the plate and there are additional
transverse forces and torques on the projectile. During stage (iii) the
projectile moves sidewise in the plate.

CONFIDENTTAL ;e




An accurate analysis of the motion of the projectile would require a

swep by step numerice! integration of the three simultaneous equations of c

motion, with an analysis of the area of contact betwsen plate and projectile ¢

at each step. Inasmuch as the complexity of this numerical integration :

exceeds the capacity of available personnel, the analysis has been expedited, d

ir the present report, with the aid of sors.hat drastic simpiifications. .
The semiquantitative theory in its present state is applied in the

present report to the penetration of 3" AP M79 projectiles at low obliquity 0]

and at high obliquity in a thin membrane of ST3 with a tensile strength of

115000 (1b)/(in)*.

CORFIDENTIAL 2
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THE EQUATIONS OF MOTION

The position of the center of mass of the projectile after the
first instant of contact with the plate may be expressed in terms of
Cartesian coordinates x,y,2, of which the coordinate z is the distance
of the center of mass from the initial plana of the plate, and is nega-
tive before impact. The Cartesian axes are unit vectors i, j,k, amonr
wiich the vector i is perpendiculer to the plane of incidence, the
vector j is parallel to the plane of incidence and is perallei to the
plate, and the vector k i3 perpendicular to the plate. The orientation
of the projectile may be expressed in terms of the angle Y between the
axis of thc projectile aud the normul of the plate. The direction of
motion of tha projectile may be expressed in terms of the angle 6 between
the velocity of the center of mass and the normal of the plate. The co-
ordinates of the center of mass and the orientation of the projectile are
illustrated in Pigure (1).

The motion of the precjectile is governed by the equations of motion

vz P Co=1 (1)

in which » is the mass, C is the transverse moment of inertia, v is the
velocity of the center of mass, w is the angular velocity, f is the re-

sultant forcs on the projcctile, and L is the resultant torque.

CONFIDENTIAL 3
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Let the dimensionless varieblecs g,%.9,a,Y,n,A be defined by the

equations -
y z , i
= h = - e B
£ Sl {2)
eX! )
g = £k (3)
n
nd?
- ) |
_if _kef "
T dek! N~ Zext (5)
] _ L ] !
h=- d%el’ (6)

in which 4 is the diamoter of the projectile, e is the thickness of the é
plate, and ¥’ is the yield straess of the plate. Substitution of the dimen-

aionless variables into the equations of motion leada to the equations

A A" = q (7)

x" - taA (8) e

in which ¢”", 4", x" are derivativos with respect to g.
The: ireneral intograla of the equations of motion are pgiven by the 2

equations
e el fivdg W' alefindg (9)

: X' XAy (10)

CONFIDENTT AL 4
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and by the equations

1]

q q
g=68 +eda+ afovde - Joavda

= hy + Klq + ofandq - foanda (11)

L
¥

X = %o + XJ9 + aafeidq - afqqMdq

in which £o. Ao, Xo. €0+ A, ¥J are the values of ¢, A, x. &' &', X' at
g =0. Tne values of ¢, 4, X, ¢'. h', X' at the end of e. .h stage of the
motion are the values of &,. Ao, ¥o. €3, Ag. Xg for the beginning of the
next stage.

The penetration p of the projectile into the plate is given by the

equation
p=2-E+ (bt)\) cosy {12)

in which E is the displacement of the center of the undulation in the

plate, A is the distance from the center of mass of the projectile to the

edge of the bourrelet, and b is the distance from the edge of the bourrelet

to the tip of ths nose. The displacement E is given approximately by the

equation®

N EICER 13)

in which By, By are dime—sionless parametcrs. The parameters Byi. By are
defined by the eguations
By = (L1115 B = et (SR (1)
d (1.09) pd*% 2
in which £ is the Young's modulus and p is the density of the plate.

CONFIDENTIAL 5
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THE MOTION IN A LIMIT IMPACT ON A _THIN MFMBRANE

The Force at Normel Obligquity

The force on a round nosed projectile during the penetration of a
thin membrane has besn analysed in reference (1). The analysis was
based on the fol".towing simplifications.

(1) It was assumed that a gtar crack igc formed at first contact
and spreads out to the full diameter of the projectile with
no expenditure of energy.

' (2) It was assumed that each petal of the star is pushed back to
. form a cylindrical surface, while the rest of the membrane
remains plane.

(3) It was assumed that the cnergy which is required to push back
each petal is the same as the energy which would be required
to warp « plane sector with a circuiar base into a plane tri-
angle with a straight base.

The membrane iz actually dished before fracture by & round nosed

projectile, and the petal- ara2 not beat perfactly into cylindrical form.
These two. dzviations tend to cancel, Lowever, and tha theory is in good
agreemert with the ballistic data. The possibility of a simultaneous

distortion of the winole petal is attributed to the preliminary formation

of a dish and to the round shape of the projectile,

CONFIDENTIAL 6
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The totali plastic energy w of the penetration is given by the
squation
= .—2;“:"1’ (15)
in which & is the radius of the projsctile and ¥ is the number of petals
in the star crack. A rouad nosed projectile normally makes a star crack

with thr.. petals, for which the plastic energy is given by the equation
w = (,232)na*el’ (18)

The msmbrans is actually fractured on contact by a pointed projectils,
but the cracks and petals are formed by a progressive distortion. During
a small displacement of the pointed projectile along its axis, a narrow
annular zone of the membrane is folded back into each petal. As the pro-
jeotile advances into the impact hole, the petals are pushed back from the
point of the projectile. The energy which is required for the formation

of a petal is probably analogous to the energy which would be required for
the progressive transformation of a plare sector into a plane triangle.

As the annular zone is folded back, the arc of the plane sector would be
siretched, and as the whole petsl is pushed back, the arc of the plane
sector would be straightened.
The analyasis of force on a pointed projecstile during rhLe penetration
of 8 thin membrane is based on the foilowing simplifications.
(e} It is assumed that a star crack is formed at the firgy instant
of contact and syreads progresaively with no expenditure of

energy.

CONPIDENTIAL 7
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{b) It is assumed that the petals grow progressively while the rest
of the membrane remains plane.

{s} It ic assumed thet the energy which is required to fold back an
annular zone of the membrane into each petal is the same as the R
energy which weuld be required to siictch the base of a plans |
triangla.

(d) It is assumed that the energy which is required to push back
each petal is the same as the energy which would be required to
warp the arc of a plane sector.

During the differential displacement dp of an ogival projectile into

- the membrane, an annular zone of radius r and width dr is folded back into
a conical zone which is tangent to the ogive. The base of each petal is

stretched by the amount

1

{1- } edr = (1 - k*n)pdr (17) . )
V14 (f_p.)'
) dr
in which the polar angle ¢ is measured from the median line of the petal -

and n is a unit vector normal to the ogive. The increment in plastic
energy is given by the expression

.=
X
1:_”_(1 - k'n)rdr

in which X is the average shear stress on the base of the petal.

CONFIDENTIAL 8
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During the differential displacement dp, the petals are pusked back,
and the base line of each petal is bent. The plastic work is epproximately
proportional to the change in curvature of the base line. The radius of

curvature of the base of the petal is given by the expressions

dp r
V31i+(==)? = -
r V1 (dr) - (18)

The iner-.:ont in plastic energy is given approx.mately by the expression

2nelX’
;, r’k-dn

befure the bourrelet has reached the face of the membrane, but is given

qualitatively by the expression

2neX!

e (a+b-p)k-dn

after the bourrelet has passed through the face of the membrane. The
petals are pushed back until the bourrelet passes the tips of the petals.
In the case of an ogival projsctile with ogival radius R, the total plastic

enevgy of penetration w is givieu by the equation

nel, o T 2eX’ t  2meX’ o®
B — - - + — —— —
vy - ) Y Tt R (19)

in which T is the volume within the nose contour from the tip of the pro-

Jmetile to the plane through the sdge of the bourrslet. A puiated projec-

tile normally makes a atar crack with four petals, for which the average

CONFIDENTIAL 9
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shear stress £ is estimated® to be (0.4R2)X’. 1In the case of a 3" AP M79
.rojectile, the radius R of the ogive is (3.34)a, and the volume T of the
ogive is (1.333)na”. The plastic energy for the 5" AP M73 srojectile is
given by the equation

w = (,176)nael! {#0)

In the limiting case of a projectile with an infinite ogival radius, the

plastic energy would be given by the cquation

w= (,189)naeX’ (21)

if the number of petala were still four.

Mi

th

is



thick the initial value of A’ would be .619 in a limit impact.
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The Motion At Normal Obliquity

The total energy for penetration is the sum of the plastic energy
vear the impact hole and the elastic energy in the transverse undulation,

The effect of the unculation may be calculated with the aid of the sub-

stitution -

dh 4

‘d—? - i+ 48,1 (-22)
h'Y BT +8,(hg <A")

The values of A’ in the formula are adjusted by trial until the equation

Bo= Y R42 + 2 ndk (23)

F)

&s the trial vaiues of #’.

In the case of a 3" AP.M?9 projectile in a plate of STS .03 calibers
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I:.s Force and Torque at Low Obliguity

The branches of the star crack vary in orientation from impact to
impact. If the energy distribution in many impacts were averaged, the
aversge distribution would be relatively smooth, even though the energy
per anit area varies in a wide range over eauh individual petal. The
analysis of force and torque at low obliquity is therefore based upon
the following assumptions.

{a) It is assumsd that the energy per unit perimeter of impact which
is required to fold back arn annular zone is equivalent to the
aversge energy which would be required in & normsal impact.

(b} It is assumed that the energy per unit area of impact which is
required to push back the petals is equivaient to the average
energy which would be required in a normal impact.

Let r be thm perpendicular distance from the axis of the projectile
to a point on ti s rim of the impsct, and let ¢ be the polar angle between
the axis i and the perpendicular line to the point on the rim. The polar
axis is tilted at ths angle X to the axis k. The equation for an ogive

of radius R is then

(R-atr)? + (b -~L—+raing tany)® = R (24)
cos X

which may Le solved with the aid of the quadratic formula to give r as a
function of $,9,X. Let the unit vector n be normal to the noac contour

at the point on the rim. The cartesian components of n are given by the
.

CONFIDENTIAL 12
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+ %(R-a‘f'r)cosv i

+ E(n‘-‘-d*'r)simpcosx + }(b - =L + raingtany)siny j
R k cosy

- —l(R-a+r)sin iny + E‘(h g rsinptany) cosy k
R psinX R cosy

Let the unit vector t be tangent to the nose contour at the point on the
rim, ani let t be ccplanar with the axis of the projectile. The cartesian

ccmponents of + are given by the expressions

1 »
Z(p - =L 4 rai , ;
+ R(b pr rsingrany)cose i
- 3(lt’-arh')uix. + -]-'(b . + rsingtany)singcony 3
4 XT3 cosy *
- E(R-ﬁr)cosx - E(b i rsingtany)singsiny k
R R cosy

During an arbitrary displacement 3r of the projectile, all points on
the nose contour which were locsied within the vector distance -3¢ from
the mumbrane are brought intc contact with the membrane. Of these points,
all which lie in the range do were located in a parallelogram on the nose
contour. The base line ui the parallelogram is collinear with t and ex-
tends to thas same distance from the surface of the membrane = the vector
-or. The base length of the parallelogram is therefors -{k-3r)/(k't) and

the altitude is rdp. This parallelogram on the nose contour is brought

CONFIDENTIAL
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into contact with a parallelcgram of area ds on the surface of the mem-
trane. The two parallelograms form two faces of a parallelopiped, while
the vector Or is a diagonal of the third face of the same parallelopiped.

The volume of the parallelopiped is given by the expressions

(k* 5r)ds = - ((1;5 ))(n' 8r)rde (25)

Ag tha :zuiface of the membrane is folded back, the plastic work is given

by the expression

1;;1 (lkktu)(u_6 Yrdp
If *he arhitrary @isplacement &~ is parallel to the surface of the

membrane, the petals are not pushed back. If the displacement dr is

parallel to the axis of the projectile, the plastic work is given approxi-

mately by the expression

I'
Fisom! (8740
The resultant force f on the projectile is therefore given by the
equation
neX , (1-ken) el *
D b e [ —— k r 26
=7 f = IrdP = S ridp (2e)

The line of action of any element of force on a frictionless ogive coin-
cides with n and passes through the center of curvature of the ogive. The
loci of the ienters of curvature lie on a plane which passes ti..ough the

leading cdge of the bourrelet. The element of force appiies a torgue about
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a central axis which lies in this plane at the bourrelet. The lever arm

of the torque is given by the expressions

3
%(R—a)(b - ;ﬁ%; + reingtany) = - (R-o)(k-t};g (27)

The same *:-que would be applied if the element of force coincident with

n were replaced by the reverse of its component along the axis of the
projectile, and if the lever arm were replaced by R-a. To the torque about
the axis at the bourrelet must be addcd the torque between the bourrelet
and the center of mass. The resultant torque L with respect to the center
of mass is given by the equation

L =~ ANjcosy - ksiny)-f

+ -%';(R-a) J (1-k-n)r’:—;amvdw (2s)

+ %{—;(R-a) J r*singdy

The limits of integration with respect to ¢ depend upon that compo-
nent of the local velocity which is normal to the surface of the projes-
tile. Wherever the normal component of the local velocity is negative,
the projectile loses contact with ‘he membrane. During the first stage
¢f the penetration, the normal component of local velocity is everywhere
positive for any velocity of ine centeis of mass which is i 5 range of
velocities. The limits of integration with respect to ¢ are ¢ to 2r, and

the force and torgque are independent of velocity. The normal ccmponent
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of local velocity is given by the expression

+-£(R-a+r)(9cosx - (i-E)siny + Aj)sing

1 .. . .
+2(6 - =2 ¢ rsingtany) (ysiny + (2-E)cosy + (R-a)ysing)
R cosy
Afver the projectile has lost contact with the membrane, it does not

renew the contact until the cocrdinates

rcos and y-(2-E)tany + , 2in9
cosX

return to the last values which they had before loss of contact.

The thecretical forces and torque on a 3" AP M79 projectile with a
stationary &axis are listed for a few obliguities in Tables I to V. The
ratio $/d in each table is zero when the tip of the projectile touches the
membrane. Th- eide of the nose contour touches first if the obliquity is
45° or greater, and the ratio p/d is initially negative at high obliquity.
The penetrations when the edge of the bourrelet is in contact with the
membrane are brecketed by asterisks. The table ends at that penetration
whers the edge of the bourrviei passes the tips of the petals. The offect
of partial contact between membrane and projectily is illuatrated by the
ontries ‘n each table for different velusc of 6, which differ from each
value of X by the intinitesimal amounts te, or by the angles idr

The theoretical curve for the force at X =0 is compared in Figure (2)

with an experimental curve, which has been derived from the depth of pene-
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tration of projectiles into armor The experimental curve for ¢/d = .03
is based »» experimental data at e/d = .25, and some of the discrepaucy
belween the theoretical and experimental curves may possibly be caused by
the plastic flow which is required to bring the thicker plate to the point
of fracture.

The analysis of force and torque has been guided by some experiments
with an ogivel iundeuter in 2luminum foil. The indenter was turned out of
vood and the foil was stretched ovei' the mouth of a glass tumbler. The
experiment was performed on the weighing pan or & chemical platform scales.
Two types of indentation were made at au inclination of 35°.

In the first type of indentation a force was applied parallel %o the

axis of the indenter. The component of force normal to the foil had a

maximum value of 50 grams weight. Tha edge of the hole in the foil was

tangzent to & transverse scratch, which passed through the tip of the

projectile at first contact.

In the second type of indentation the indenter was mounted in a heavy
clemp and the clamp was suspended by a thread. The tip of the projec<ile,
the center of mass of the suspended assembly, and the point of support were
adjusted in the same vertical line. 'As the indenter wus lowered onto the
foil, the force was applied by gravity normal to the foil. The maximum force
normal to the foil was 71 grams weight. The edge of the hole in the foil was

also tangent to a transverse scratch, which passed through the tip of the

projectile at first contact.
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The two holes were, however, on opposite sides of the scratch. This
is interpreted as evidence that thue force for complete contact lies between
the axis of the indenter and the normal of the foil. When any other force
is applied, the zone of contact is limited automatically.

The cowsonent of force along the axis of the indenter had a maximum
value of 61 grams weight in the first test, and had a maximum value of 58
grams weight in the second test. The component of force along the axis of

the indenter was therefore relatively insensitive to the direction of force.
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The Motjon at Low Obliquity

In tuc limiting case of an impact at a velocity far abuve limit, the
path of the projectile deviates relatively little frowm 8 straight line.
The rotation of the velocity of the cunter of mass aud the rotation of the
axis of the projectile iend to vary inversely with the square of the atrik-
ing velocit; at any particular stage of the penetration, whoreas the dis-
placement of the undulation tends to vary inversely as the striking velocity.
The motion in the undulstion causes the projectile to icse contact with the .
membrane in the neighborhood of ¢ = - iﬁ when the cylindrical body of the
projectile reaches the membrane.

In the limiting case of an impact at a velocity jfust at limit, the
rotation of the velocity of the center of mass, and the rotation of the
axia of the projectile are relatively large. A numerical integration of
the equations of motion has been completed for the special case of an
impact by a 3" AP M”79 projectile at 45° obliquity. On the basis of thia
computation, it is estimated thet the projectile loses contact with the
membrane, in the neighborhood nf ¢ = - ﬁt, bafora the bourrelst raaches the
mamhrana  The projanctila’ traveals a quartar of a caliber, after this less
of contact, before the bourrclet first reaches the mambrine at ¢ = - #x,
The projectile then loses contact in the neighboricsd of ¢=+ ﬁt, after
the projectile has traveled a furthsr distance of » querier of a caliber,
and befcre the baurrelet has reached the membrane at w.= + 4%, The angles :

@ and Y are not very different at the instant when contact is lost on both
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sides of the nose of the projectile, but the axis of the projectile retains
a relatively large angular velocity. The petals of the membrane continue
to apply a force on the nose of the projectile after the partial loss of
contact. When the axis of the projectile is nearly orthogonal to the
membrane, :zuuiact is restored at ¢ = + ﬁn, but then the residuel velocity
¢f the center of mass is relatively small, and the final velucity is quickly
deflected toward the normal of the membrans.

The theoretical motion of the projectile is illustrated by Figure (3).
The rotation of the axis of the projectile has been recorded experimentally
by flash x-radiograms of projectiles in flight, and the final deflection of
the velocity is supported by many measurements of deflection at the Armor
and Projectile Laboratory.

On the basis of the computations for 45° obliqui%y, the subsequent
analysis for other obliquities has been simplified by the introduction of
the following simplifications.

(2) It is assumed that the projectile remains in complete contact
wilh the wesbrane until the bourrelet first touches the membrane,

(b) It is assumed that a transverse force brings the velocity of the
center of mas3 instantaneously into coincidence with the axis of
the projectile when the bourrelet first touches the membrane.

(¢j It is assumed that the projectile continues without tr.nsverse
force or torque after the bourrelet has first touched tne membrane.
It is assumed that the lcngitudinal force on the actual projectile

with a rotating ax.s is the same as the long)tudinal force on a
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projectile with a stationary axis.

(d) It is assumed that the final deflection of the velocity of the
center of mass occurs too late in the penetration to be of
influence on the limit velocity for complete penetration.

(e) It ic asoumed that the motion in the undulation is the same &s

the motion in an elastic undulation with the force concentrated "

at a point.
‘Stage (i). During the first stege, the variables g’, A’ have been calculated 1
by the equations :
= gt _1 \ . ¢
. ¢ = +J'(,..,)dh (29)
R = YT+ 2 ndh (30) :
The variable » was used as the variable of integration in sccordance with t
the substitution
1
-d-!- = d (31) . |
dp 14 3827

AMYEE 4 8 (hd - A7)

At the ond of the first stage, thc variables ¢/, A’ were transformed into

the initial values ;{J, 4] for the next stage by the substitutions .
¢' - (g'cosx-h'siny)cosy * &

A" + (g'cosy~h'siny)siny + AJ
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Stage {ii). During the second stage, the initial value of %’ was made to
satisfy the equation

hd = V- 2fndk (a2)

for which n as the cumponent, normul to the membrane, of a longitudinal
vector of magnitude Tcosy + vsiny,
Stege {(iii). Sidewise moticn of the projectile during a limit impact was
without influence on the calculations.

The variation of &’ with p was adjusted by trial until the equations
were satisfied. A sample calculation has been completed for the case of a
3" AP M79 projectile in a membrane of STS with a thickness of .03 calibers
and a static tensile strength of 115000(1b)/(in)®. The yield stress 4’
was assumed to be equal to the dynamic tensile strength, which is 1435000
(1b)/(in)®. The results are summarized in Table VII, and are consistent
viith the equation

L TR (% * 8) (33)
dcosB, °

The theoretical plate penetr:tion function is compared with the standard

ballistie function in Figure (5).
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TIhe Force and Torque at Hign Obliguity

At the beginning of the first stage of the penetration, an ogival
projectile makes a shallcw depression in a thin membrane. During the
first instant of contact, the rim of the depression spreads out at a
gRreater velocity than the maximum velocity of ;:cpagation for an undula-
tion ir the membrane. Motion of the projectile in a direction normal
to the membrane sets the membrane into motion with a velocity which is
symmetrically distributed over the area of contact. Motion of the pro-
jectile in a direction parallel to the membrane increases the velocity
of the membrane near the leading edge of the d2pression, and decreases
the velocity near the trailing edge. This increment in velocity, which
is associated with motion parallel to the membrane, is antisymmetrically
distributed over the area of contact. The symmetric distribution of
veloeity is the major contributor to the total momentum of the membrane,
since the antisymmetric distribution tends to average out. The total
momentum in the membrane during the first instant ol contact is therefore
esgentially independent of motion of the projectile parallel to the
membrane as long as the criiical velocity for cavitation is not exceeded.

The force on the projectile jumps suddenly on contact to a finite
force. The initial pressur= on the projectile consista of two parts, a
transient dynaric preesure which is concentrated along the rim of the
depression, and a steady plastic pressure which is uniform over the area

of contact.
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The transient dynamic pressure is initially equal to the expressior

ps”
Tre steady plastic pressure is sufficient to prevent cavitation unless it
is exceeded by the steady Bernoullian pressure, whnse magnitude is given

by the expreseion
Cad
The length of the depression is greater than the width and one prin-
cipal radius of curvature is greater than the other. The larger radius
of curvature is equal to the ogival redivs R of the nuse contour, while
the smaller redius of curvature is given by the expression

R-a
siny

The steady plastic pressure is given approximately by the expression

(-]:+~——-1-—-)¢I'
(A

siny
in the limiting case of a thin membrane. The force on the projectile
gradually subsides until an undulation begins to form.

When the velocity of the rim of the depression has subsided to the
velocity of propagation, the rim detaches itself from the surface of the
projectile and continues outward with the velocity of propagation. The
formation of an undulation begins near the trailing edge of the depression,
where the menbrane is moving with the least velocity. The undulation may

eventually surround the projectile if the projectiie i» moving slowly, but
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can never surround a projectile whose velosity parallel to the membrane .
is greater than the velocity of propagacion. The total momeatum in the
membrane is given approximately by the expression

pe;s’
in which s’ is the effective area of the degicssion. The area s’ is equal
to the sum of the totali area of contact and a fraction of the free area of
the undulation.

The force on the projectile increases gradually, after the undulation
begins to develop, until the membrane fractures. The projectile moves a
limited distance frdm the instant of contact with the membrane to the in-
stant of fracture of the membrane, but the force on the projectile at the
inatant of fracture is nearly proportional to 2.

The membrane probably thins down to fracture in a locallized zone when
the projectile is moving slowly, but local necking or webbing do not have
time to develop when the projectile is moving rapidly.

After the membrane has cracked it off:rs less resistance to the pro-
Jectile. The principal axis of stress at the free edge of the crack is
parallel to the edge. /\ny line element which is perpendicular to the crack
before fracture continues to be perpendicular after fracture. The two com-
ponents of stress perpendi~sular to the edge are zero in the limiting case
of a thin membrane, and the stress is a pure tension or comprension parallel
to the edge. The plastic pressure on the nose of the projectile jusi after

fracture is therefore given approximately by the expression

i &
R
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The motilon of the undulation is retarded just after fracture, and the
penetration of the projectile is accelerated, until the resistance to the
projectile is restored,

The edges of the crack can apply relatively little pressure to the
parallel sides of the projectile and the center of pressure is forward of
the bourrelet. The axis of the projectile is rot»'2d from its original
orientation and the rose of the projectile is displaced from its original
line of flight. The base continues with little deviation from its original
line of flight. The projectile loses contact with the membrane just forward
of the bourrelet, but renews the contact just forward of the base. The dis-
tances Ay, A, from the center of mess to the points of contact ars related

approximately by the equation

¢ (34)

F S

Ahg =

The base scrapes the membrane, after renewed contact, into an elliptic
cylindrical surface whose axis is in the same direction as the original
obliquity. The membrane applies to the base a pressure which is concen-
trated along the rim of the base.

When the projectile has turned into a position with its axis nearly
coplanar with the membrane, the force on the nose is given approximately
by the expression

2
-2 g - (Peos™ (1-2) - (1 - l—‘;nu - cos(1))keX’

and the torque on the nose is given spproximately by the expression
2 a '
-a®(1 - ;)(1 - cos(1)}eX! - et
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The tecrsion in the membrane at the rim of the base is perpendicular to the

rim and is tangent to the n—-lindrical segments of the membrane in the rear

of the projectile. If the axis of the cylindrical segments is inclined at

the angle O to the normal of thaplate, then the resultant force on the base
ia given approximately by the expression

cosBsin’pde
1 - cos’6Bcos’e

1
- 2akel'[,

and the torque on the base is given approximately by the expression

2 cosOsin’d
+ 2a(l-6-Nek'V, ~7é§§;$3§?,1432::
1 - coa®0Ocos®p

in which ! is the length of the projectile. The integral is expressed in
terms of elliptic intagrals by the equation

.2 2
e LT I TR I A LT R RN V)

3
'ro PP P
Y1 - cos®fcos®y

for which the modulus & is given by the equation

k = cosb
During a limit impact on a thin membrane, the force om an opival
projectile at the instant when the projectile firat makes contact with
the membrane, at the irstant when the projectile firactures the membrane,
and at the instant when the projectile is coplanar witn the membrane, all

happen to be of the same magnitude as the average force on the projectile.
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The analysis of force and torque on a projectile during the first
two stages is therafore based upon the following simplifications.

(a) It is assumed that the force and torque on the nose of the pro-

jectile are cunstant and are equal to the force and torque on a
projectile whose axis is coplanar with the membrane.

(b) It is assumed that the force and .orque on the base of the pro-

jectile are constant, after the base reaches the membrane, and
are equal to the force and torque on the base of a projectile
whose axis is coplanar with the membrane.
(e) it is assumed that the displacement of the undulation is the
same as the displacement in an elastic undulation with the force
concentrated at a point. i
{d) It is assumed that the second stage comes to an end when the
ratio of the torque to the force is essentially the same for the
second and third stages.

During the third stage of the penetration, the projectile moves side-
wise through the membrane. The force on the projectile is then nearly
independent of the position of the center of mass as long as the nose or
base of the projectile is not even with the membrane. The torque on the
projectil » is, however, a function of the position of the center of mass.

Of the total surfazz of the membrane which has been dieplaced bty the
pirojectile gt any instant, that part at the extreme forward end has, before
displacement, the shape of two quadrants of a plane ellipse with the crack

for a common radius, and has, after displucement, the shape of two segments
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of a cylinder, with the ellipse for'a base. The transformation of a quad-

rant of the ellipse into a segment of the cylinder requires the same strain
as would be required by the distortica of a planc quadrant into a new plane
surf2c2 suich has the same final contour as the segment would have if it
were rolled cut flat.

If X is the angle between the axis of the projectile and the normal
to the membrane, then the arc of the ellipse is represented analytically

by the parametric equations

_ _ asing
x = acos9 y ‘;;;; (35)

in which x,y are the cartesian coordinates in the plane of the ellipse and
9 is a cylindricsl polar coordinate. The base of the segment is represented
analytically by the parametric equations
' = ag y' = atanysing (56)

in which x/,y’ are the cartesian coordinates in the plane of the segment
after flattening, and 9 is the same polar coordinate.

Let a straight line be considered which is perpendicular to the crack
before transformation. The length of the line from the crack to the are
of the quadrant is acnep. The line intersects the arc of the quadrant at

an angle which is given by the equation

d
- en Y s 4 a1 (37)
dx coBY
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Two such linzs, whose values of ¢ differ by the differeatial de, are

separated by the distance

acosy
cosy

The angles which the two lines meke with the arc o7 the quadrant differ
by the amount

- dtan. "i;!- = co sx

do (38)

dx cos’p t+ cos’xsin®g

Let a straight line be considered, which is tangent to the base of
the segment. This line is oriented at an angle which is given by the
equation

d 1
tan *;%7 = tan~*(tanycoso) (39)

Two such lines whose values of ¢ differ by dp, are inclined to eich other

with the argle

- tanysing

-147'
dx! 1 + tan®ycos®9

dtan do (40)

Let a straight line be considered, which makes the same angle with
the bass of the segment, as the original straight line, perpendicular to
the crack at the same value of ¢, made with the arc of the quadrant. This

new line is then oriented at an angle which is given by the expression

dy dy’
-t -l
an" = 4 tan~ 1=
¢ dx t dx’

Two such lines whose values of @ differ by the diffarential d¢ are
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inclined to each nther at the angle

cosy .
e —————— “Q
1 + sinysing

If the length of these lines is acosg, ther “he termini of the lines are
the loci of a eurve which is a good approximation for the contour into
witisn the edge of the crack is fanned out by the tranaformation. The

length of the contour is given by the equation

n T
7 8c0spde acos)cosy _ a cosy

+ dp = —— + o—— ,
fo oaex I T+ singatne 7 cosx | “simy log(l + siny)  (41)

The length of the crack is therefore greater than its original length by
the amount

cosy
1 + ainy)
mlog( siny

while the length of the arc or base is unchanged. The elongationr of any
line which is parallel to the edge of the crack is proportional to its

dintrmeon fram the are ar hare  The tntal anergy © which ‘e ramired by

the transformation is therefore given approximately by the equation

,C08Y
siny

w=a'él log(l 4 siny) (¢2)

1f tho sides of a long crack were folded down uniformly along a
straight line, the strain would te zero. The strain at the edge of the
actual crack tends, therefore, to return to zero after the projectile has
pansad by, or tha adge of tha arack tends to curl up. During a steady

motion of the projectile, the length of the crack would steadily increase,
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The fina. strain at the edge of the crack is approzimately equal to cos’x.
The plastic enmergy per unit length of crack would therefore be aelX’cos®y.
This is alsoc the component of force on the projectile in the direction
parallel to the surface of the membrane. The force itself is perpendicular
to the axis of the projectile, and is given by the equation

£ = - (jeosy - ksiny)ael’cosy (43)
The torque on the projectile is given approximately by the equetion

L=« (2-~¢E +-§ asiny)ael’ (44)
These equations are valid when X is in a range which does not include éﬁ
or %, and give a force and torque which is too small when )X is equal to ﬁﬂ
or T.

During a limit iippact the projectile see-saws back and forth in the
membrane and the angle X is limited to a range which straddles n. The
displacement of the projectile tends to lead the displacement of the
undulation by a phase angle of #7m, and the motion of the projectile is
damped by the undulation, but the amplitude of the undulation in the third
stage is limiied Ly the %temsica which iz Bnilt upn in the Pirat two stages.
The snalysis of force and torque on a projectile during the third stage is
therefore based upon the following simplifications.

(a) It is assumed that the force and torque are given bty the limiting

furctions when Y is nesrly equal to n.

(b) It is assumed that the displacement of the undulation is stationary.

(¢) It is assumed that the third stage comes to an end when the pro-

jectile loses contact with the membrane.
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The Mytion at Iligh Obliquity

Stare (i). The initial values of A, and ¥, in the First stagme are relabed

in accordance with the cquation
1
hg - - E(” - (R-a)sinyx, ¥ Acosy,) (45)

The initial values of €n, R0, Yo. #3. A4, Xg are otherwine arbitrary. The
assumed values of y, 7, A are constants, and indepcndent of obliquity. The
instantaneous values of g, &, %x- ', &', x' have been calculated with the
aid of equations (9), (10), (11) and the instantaneous values of E/d were
calculated with the aid of Fquation (13). The first stage comes to an end
when the base of the projectile rcaches the membrane, or when & satisfias

the equation

&
u
alon

+ 5((l-b-k)cosx - asiny) (46)

Inasmuch as 4 and X are quadratic functions of ¢, the final values of

2. h. y. ¥'. h', X' were found by a method of successive approximations,
Stage (ii). The initial values of g5, A, Yo. &3. A5, ¥Xg in the second
stage are the final values of ¢. 2, X, €', &', X' in the first stage. The
calculated values of Y, 1, A are constants, but depend upon the initial
obliguity. The instantansous values of ¢, A, X, #’, &', X' have been cal-
culated with the aid of Rquations (9), (10), (11). The instantaneous
values of E/d were calculated with the aid of Fquation (13), but with AJ

in the equation replaced by the initial value of AJ in the first stage,
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The c2cond stage comes to an end when the angle y is approximately equal ’

to

Inasmuch as X is a quadratic function of ¢ the final value of ¢ was
found with the aid of the quadratic formula.

Stage (iii). The initial values of &,., Ay. Xo. &3, A, X4 in the third
stage are the final values of g, A, X, &', A’, X’ in the second stage.
Insofar as the dvifrerence X-% is small bul finite, the functions vy, n, A
may be expressed by the limiting equations

1

Y=-3

2 n=+ -;‘(x - n) (47)

=2 5.
hegh-3 - 26w (48)

The general integrals of the equations of motion are then

1
£= 08 t+ed9- ;q’ (49)

h -

Al

= + hysinhp; ¢ + hecoshu,q + hesinueq + hecospeq (30)

X = ® =+ 2uihysinhu.q + '2ufhycoshusq - '2ughe8inueq ~ 2ughecospeq (1)

in vhieh y,, Mg, hy, h,, hy, h, are conatants of integration. The con-

stents W, and Yo are given by the equations

T - - 58
1 T 3 1 T n :
= {~ 7 o+ —q® - — é’ = (=Y + —af + — ﬁ
by = (G e~ 3% Me = (5 ¥ a4 a)
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The constants h,, h,, h,, h, are given in terms of the conatants Ay, ¥,

hd, X4 by the equations

2ughd + xd

Pt (e + ud)

Call -§) (g - )
Be = 2(uf + ) (s3)
by = 2urhg - ¥g

2up (i + pui)

2u1 (hg - 5. (Yo - ®)
2(ug + ug)

The projectile continues to sea-saw in the plute until ¢ < O,
The projectile may remain briefly in contact with the membrane after the
plastic deformatvion of the membrane has ceaced. The final value of ¢ is
therefore greater than 2¢J. The impact is a limit xmpacé it A’ =0 end
X' = 0 at the end of contact. The approximate conditions for a limit
impact are therefore
hycoshit; ¢ + hesinhy,q = 0 (54)
hecospeq - hesinyeq = 0 (%8)
which ara strictly correct when ¢/, A’, %X’ happen to venish simul taneously.
The 'nitisl values of ¢;, Ay at the beginuing of the first stage were
adjusted by trial until the conditions for a limit impact were satisfied

at the end of the third stage.
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The theoretical motion of the projectile during a limit impact at 75°

obliquity is illustrated by Fifure (4).

A sample calculation has been completed for the case of a 3" AP 79
projectile in a membrane of STS with a thickness of .03 calibers and a
siuric tensile strength of 11%000(1b)/(in)?. The yield stress A’ was

agsswacd Lo be equal to the dynamic tensile strength, which is at least

'/
145000 ‘1b)/(in)%. The results are summarized in Tables VI and VII. The :
theoretical plate penetration function is compared with the standard bal-
listic function in Figure (5).
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Coritation at High Obliguity

There is a lower critical obliquity above which the plastic stress is
unable to prevent cavitation, ana the dynamic stress contributes to the
resisgtance to penetration,

In the limiting case of a hypervelocity projectile with its axis paral-
lel to the membrane, the work which is requiresd to displace the axis of the
projectiie into coincidence with the membrane against the dynamic force is

given by th. expression

1 -1(R-a)  (R-a)b 2 (R-a)b®,
;PVQGR’(cca 1 Ra - R: -3 ( ;? }

The dynamic work varies as the square of the velocity, whereas the plastic
work is esasntially constant. Associated with this work is the kinetic

energy

1
Env’coa'e

which also varies as the square of the velocity. The kinetic energy cannot
therefore exceed the dynamic work if the obliquity O exceeds an upper
critical obiiquity, and a complste penetration is then impnssible.

In the case of a 3" AP M78 projectile, the eatimated lower obliquity

for cavitation ie given vy the expression

cpr*((.-zn)i)*

while the estimated upper obliquity for a complete penetration is given by
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tna expression

cot™{ (.oee)gl‘l’

The projectile would lose less than four percent of its velocity during a
ricochet at the upper limit of obligquity in = membrane with a thickness of

.03 calibers. The critical obliquities for this case are given in Table VII.
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Ballistic Tests

The thicknesses of STS plates have been measured after impact by S"
Cormm Mic 46-2 projectiles at 7C° obliquity. The average minimum thickness
of the plates, where the fractures originated, was 65% of the initial
thickness. The shear strain function at fracture was therefore at least
. 28.

A few ballistic tests have been completed with uncapped 37 mm AP M51B2
projectiles at 75° obliquity in a C.25" plate of STS. Fracture of the plate
occurred at a greater depth than the theoretical limit for a thin membrane.
A finite additional amcunt of eneryy was required to bring the plate to the

point of fracture. The projectile blasted an opening in the plate which

was two calibers wide, and cavitation may therefore have been present during‘

benetration. That the projectile actually moves sidewise through the plate
at the end of a near-limit impact is proved by flash X-radiograms, one of
which is reproduced in Figure {6), The final appearance of the impact hole
is illustrated by Figure (7). An attempt to obtain an unquestionably com-
plete penetration was unfortunately thwarted by projectile breakage. The
fibar stress in the projecti.. ‘s estimated to be 80000 (1b)/(in)* when the
projectile moves aidewise in a plage .'25" thick, wheress fracture occurs

in the projectile steel at a fiber stress of 325000 (1b)/(in)®. Exemi-
nation of flash X-radiograms of the breeking projectiles shows that fracture
occurred at the forward edge of the bandacore where there is _vidently a

notch concentration of stress.
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THE_EFFECTS OF YAW AND OF RATE OF YAW

Low Obliguity

The effcet on B of a small increment in 8, at low obliquity was
calculat~i zith Y, held constant, in order to obtain an estimate of
Ahl/38,. The magnitude of 3hJ/86, was then estimated with the aid of
the relationship

dhy _ Bhg . 3hg

. "5, % (6, = x,) (56)
The increment Ay which is associated with an initial rate of yaw
Xo is given approximately by the equation*
8X = X9 {57)

The effect on 4J of this increment in Y was estime‘ed with the aid of

the formula
A, dh
= i o
Afndh xo.fax(na;)qdﬁ (38)

The resulte of calculation are given in Tabie VII.

* An inspection of Equation (10) has shown that the average error in this

approximation is of the order of 10%,
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2> 7h Obliquity

Insofar as the theory is a valid repi'esentation of the force and
torque at high obliquity, the effec. on Ay of small increments in X, or
%o may be determined by direct calculations with various initial values
cf 85, %o, Y5. The results of such calculatiuns are surmarized in Table

VII.

Ballistic Testg

The effect of yaw on the limit energy has only been determined with
certainty by ballistic tests with projectiles against thick plates at
normal obliquity. The effect on the limit energy of one degree of yaw
was found to be equivalent to the effect of two degrees of obliquity.
The theoretical effect on the limit cnergy of one degree of yaw is only
a fraction of the effect of one degree of obliquity in the case of a

thin membrane.
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TABLE I \
The theorstical forces and torque on a 3" AP M79 projectile in a thin 1%
membrane, at X = O and X'= O
0=0=ze )
L4
d Y n A
.149 000 -.052 000 3
298 000 -.098 co0
a7 000 -.131 000
. 506 000 -.150 000 3
. 894 . 000 -. 136 000 k
*1.102 .000 -.059 . 000
#%1.192 ¥.189 -.059 ¥.107
1.317 7.189 -.033 %.083 C
1.442 ¥.189 -.015 1,059 1
1.567 %.189 - F.c28
1. 692 ¥.169 . 000 ¥.012

* Edge of bourrslet approaches membrane.
** BEdge of bourrelet passes membrane,
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TABLE I

The theoretical forces and torque on a 3" AP M79 projectile in a thin
membrane at X = 15° and X'= 0

? 0 =y+e 6=x-¢

d Yy " A Y n A
000 000 .000 000 000 000 000
<255 -.024 -.089 -.004 -.02¢ -.089 -.004
.511 -.031 -. 142 -.013 -.031 -.142 -.013
.766 -.049 - 144 -2 027 -.049 -. 144 -.027
*1.022 -.053 -.094 -.043 -.053 -. 094 -. 043
1.086 -.18¢ -.039 -.122 -.058 -.074 -. 054
1.151 -.216 -.012 -. 140 -. 065 -.052 -.068
1.216 -.223 +.009 - 141 -.045 -.039 -. 064
**1.280 -.228 +.028 - 134 +.151 -.076 +.043
1. 530 -.228 +.053 -.068 +.151 -.048 +.007
1. 780 -.228 +.061 - +.151 - 00 ~.030

* RBdge of bourrelet reaches membrane at ¢ = -gn
** Rdge of bourrelet reaches membrane at ¢ = +
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TABLE IIY

The theorsticz) forces and torque on a 3" AP 79 projectile in a thin
membrane at X = 30° and ¥'= 0

6 =yx+e 8=y-¢
2 Y n A Y n A
d_
<196 -.041 -.081 -.002 -.041 -.081 -.002
.391 -.069 -.130 -.015 -. 069 -. 130 -.015
. 586 -.087 -.141 -.039 -.087 -.141 -.039
* 782 -.078 -.115 -.052 -.078 -.115 -.052
. 907 -.204 -.020 -. 152 -.110 -.074 -.080
1.032 ~v241 +.040 -.180 -.126 -.026 - 134
1.127 -.255 +.089 -.188 -.110 +.006 -. 139
**1.282 ~.804 +.127 -.164 +.115 -.0092 -.002
1.532 -.264 +. 144 -.068 +.115 -.078 -.034
1.782 ~.264 +.152 +.022 +.115 -. 066 -. 089

* Fdge of bourrelet recches membrane at ¢ = ~ #x
** gdge of bourrelet reaches membrane at ¢ = +4n
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TABLE V

The theorsiical forces and torque oa a 3" AP M75 projectile in a thin
membrane at X = 60° and X' = 0

6=y +¢ 8=y-c¢

n n

000 000

**1.029 -,318 +.519 =254 +. 060 =137 -.105
1.279 -.318 +. 545 +.064 +. 060 -.110 -. 168
1.529 -.318 +. 551 +. 382 +. 060 -. 108 -.226

* Edge of bourrelet reaches membrane at ¢ = - t:
** Edge of bourrelet reaches membrane at @ = +

-~
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TABLE VI
The theoretical forces and torque on a 3" AP M79 projectile in a thin
menbrane.
.-S-tage 8, Y L] A
(1) >60° ~. 150 -.226 +.208
(11) 80° -.150 -.373 +.023
€5° " -. 347 +.056
. 70° " -. 323 +. 087
75° " -. 298 +.117
) 80° " -.274 +.148
85° " -, 250 +.178
90° -« 150 -.228 +..208
Stage a My Be
(111) 1. 638 . 706 906
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TABLE VIT

Theoretical plate penetration coefficients for the 3" AP M79 prcjectile in a
thin membrane of STS at e¢/d = .03 and X' =

yaw and of rate of yaw.
8 = ¥ kg

0 .619
15 .611

.87, 1** .

90 (.692)

[
F(;.G)

16000
18800
15100
14100
24900
23700
22400
21300
20100
(19000)

e

(17900)

* Lower critical obliquity for cavitation

145000 {1b)/(in)2.

1548
h33x,

.000
-.019
+.066
+..298
+. 124
+.0%8
+.014
-.009
-.018

(-.013)

(+.005)

** Upper critical obliquity for complete pemetration

Numtors in pareutheses would be valid if there were no cavitation
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' 30 . 585
. 45 . 545
' 60 . 962
65 .914
70 . 866
75 .820
80 . 776
84, 0% ces
85 (.734)

The effects of
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Ballistic data for 3" Projectiles at 0° obliquity.

Projectile

3" AP M79

3" Expr. (11 1b
flat nose)

CONFIDENTIAL

Plate
Number

Y6835

TABLE VITL

Plate
Tensile

‘Strength

132000

.5°
.5°

50
10°

aln

431

<431

%29

431
<429

e
F(;.G)

42800500
432004200
43600 £200
‘27600 £200

'26500 $200
228400
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Ay, Ay, Ay, A,
i, ¥ k

LIST OF SYMBOLS
radius of the projectiie.

moments of inertie of the projectils with resnect to
lengitudinal end transverss exes.

length of nose from tourrelet to tip
dimensionless constant md?/C.
dimensionless parameters of the undulation.

dimensionless components of £/ (del’), with rospect to
exes which are parallel and normal to the plate.

diameter of the projectile.

thickness of the plate.

infiniteaimal quantity.

force on the projectile.

plate penetration coefficient.

dimensionlese coordinates of the center of mass,
derivatives with respect to q.

conscants of integration.

orthogonal unit vectirs with k perpendicular to the plate
and with i psrpendicular to the plane of incidence.

distence from the center of mass to the edge of the
bourrelot.

length of the projsctile.
torque on the projectile.
dimensionless variable, L/ (d*el’).

mass of the projmctile.
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LIST OF SYMBOLS {Continued)

constants of integration.

number of petals in a star creck.

unit vector aormal io .. ogive.

angular velocity of the projsctile.
penstration of the projectile into the plate.
dimensionles=a variable (cl’/n)ﬁt

cylindrical nolar coordinates of a point on the noese
contour.

position vector of a point on the nose contour.
radius of the ogive.

effective area of an undulation.

time.

unit vector tangent to the ogive.

obliquity between the velocity of the projeétile and the
normal of the plate.

velocity of the center of mass.

energy of the plate.

Cartesian coordinates of the center of mass of the pro-
jectile, with s the distance from the initial surface
of tlLe plate.

Cartmsian coordinates of a point on the plate before
plastic deformation.

Cartesian coordi: ‘es of a point on the plate after
plastic defc-metinm.

effective yield stress.




LIST CF 9YMBOLS (Continued)

Y, ;. x, = dorivatives with respect to time.

X angle batween the sxis of the projsctile and the normal
of the plate.

% i derivatives with respect to ¢.
X o X derivatives with respect to g.

displacement of the cente:> of the uadulation,
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PLATE PELNLTRATION COEFFICIENTS FOR 3" AP MT9 PROJECTILES IN STS
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