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FOREWORD

This report supersedes Air Materiel Command Memorandum
Report MCREXA5-4595-8-2, "A Method for Predicting Dynamic
Landing Loads", prepared by Lee S. Wasserman under date of
20 February 1948. The purpose of re-writing this report is
to expand and revise details, to present an additional
derivation of the theory and to present a new computation

form,

This report was prepared in the Dynamic Loads Section,
Dynamics Branch, Aircraft Laboratory, Directorate of
Laboratories, Wright Air Development Center under Research
and Development Project 1367, Structural Design Criteria.
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ABSTRACT

This report supersedes Memorandum Report MCREXA5-4595-8-2,
"A Method for Predicting Dynamic Landing Loads", 20 February
1948, The purpose of rewriting is to correct minor errors and make
several refinements,

Dynamic responses may be computed as the sum of the rigid
body response and the vibratory responses in each normal mode,
The rigid body response is detemined first from basic airplane
parameters and in this report is assumed trapezoidal in shape,
This trapezoid is then applied to the equation of motion of the
elastic system to determine the vibratory response,

The vibratory response of an elastic system to a trapezoidal
forcing function can be computed algebraically or graphically. The
algebraic computation metbod is motivated by two distinct principles;
discontinuity and superposition; and the graphical computation
method is motivated by the superposition principle. New computation
forms are provided for both the algebraic and the graphical methods,

Three particular problems are solved to compare theoretical
and measured results, to serve as a computation guide and to
illustrate the flexibility of the approach. In the first problem
the effect of varying basic parameters is discussed with a flow
chart.

PUBLICATION REVIEW

This report has been reviewed and is approved,

fc"' DANIEL D. McKEE

Colonel, USAF
Chief, Aircraft Laboratory
Directorate of Laboratories

FOR THE COMMANDER:
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INTRODUCTION

The evolution of vastly stepped up performance of airplanes
has placed increased importance on designing structures to close
tolerances to minimize weight penalties. The problem of pre-
dicting and analyzing dynamic landing loads provides a fertile
field Ior replacing empirical criteria by rational computations.

This report presents an acceptable method for the computation
of dynamic landing loads, The basic assuaption of a trapezoidal
shape for the rigid body loads was suggested by Mr. Lee Wasserman,
This assumption is in agreement with test results. Fortunately it
is also simple to handle as a forcing function for the differential
equation of motion of the vibratory system.

The present paper supergedes MCREXA5-4595-8-2, same title,
dated 20 February 1948. The object of this revision is to:

1. Correct the following errors in the examples:

Page in

MCREXA5-4595-8-2 Reads Should Read
13, 26 and 33,
column 10 w , w 5

33, column 12, 0o —-co

rOW "A" to ﬂB"
Thess errors had little effect on the final results,

2. Expand and revise the details of the original theory
for easier reading.

3. Provide an additional derivation of the acceleration
response to a trapezoidal forcing function.

4. Present a new self-contained computation form which
eliminates a significant amount of superfluous arithmetic,

5. Present a flow-chart analysis of the basic parameters

in the first example. The effect of changing basi¢ parameters is
shown to be intricate but predictable,
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- In the examples of Sections III through V experimental data
were used to determine fuselage and landing gear frequencies and
the relevant modes of vibration., For other aircraft experimental
values of frequencies may not be available. The computation of
fuselage frequencies presents no problem (see Section IV); but
the computation of landing gear frequencies requires further investi-
gation.

If it is not known which natural vibration modes are relevant,
calculations may be necessary beginning with the mode of lowest
frequency and continuing until the computed responses are no longer
significant, Reference 9 discusses the difficult question of select-
ing relevant modes,
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SECTION I

BASIC THEORY

1. It is assumed that at the moment of landing wing 1lift
exactly counterbalances the weight of the airplane, so that the
vertical velocity is constant. Consequently the response is due
entirely to dissipation of kinetic energy at impact and may be
considered in two stages:

a, Rigid body response of the whole structure,

b, Vibratory response within the structure in each
normal mode,

2., Energy equilibrium conditions must be satisfied:

a. For the structure as a whole (detemining rigid body
response) i.e., Kinetic Energy = Potential Energy.

b. For each particle of mass (determining vibratory
response) i.e., Inertial Work - Elastic Work = External Work,

3. a. The rigid body response is determined from the
equilibrium conditions for the structure as a whole., Briefly,
the kinetic energy at impact is determined from the rate of
descent and gross weight. But this is equal to the potential energy
of the tire and strut work, The tire deflection vs load curves
determine the tire work, and the strut work is detemmined assuming
isothermal expansion and quasi-adiabatic compression.

Assuming a trapezoidal shape for rigid body load, the time
history is now easy to evaluate., For further detail of this method
see Reference 3,

b. The vibratory response in each mode is determined by
the local equilibrium conditions:

ZInertia work - Zelastic work = Zexternal work (1)

In particular, let the entire mass be represented by a finite number
of elements »7 (e.g. gear, body, tail, wing, etc.) each located at

a point in space. Then the vertical displacement and acceleration of
the element 72, in each mode depend on the element's location and can
be written ¢;x and ¢/ X respectively, where ¢; is a constant
determined by the position and mode,

WADC TR 54-28 1



Now consider incremental displacements c;okof the
elements »7;, caused by external forces % #£¢#) where A~¢7) is the
time history of the external forcing function with unit amplitude.
Temporarily neglecting damping:

Work
Inertia: Z,¢; X x ¢ dx (mci X)cidx)
Elastic: A’,-'c,-x x ¢ adx = (HMici x)Nci dx)
External: /4 £ (1) x cidx (F Flr)lc; dx)
And se equation (1) can be written:
§mcx) ()= T (A etx)lax)=E(fc;)dr - Frr)  (2-a)

Force x Distance

]

or

(Znmqt)x—(ZKci)x =(EF¢) F(Y) (2-b)

It will now be shown that X A c? --gu 23 mic;®, For in the
particular case A/7)0: (Emc;*)x=(Z K, ci)x
and there is simple harmonic motion so that: X=-cw X where w
is the mode frequency. Thus -w?*(Zmz¢c;%) =X Kic?

Substituting
(Zmyci*) X +(Emiciw?xs (X fici)-Fr7) (2-c)
or ,\:f.w‘zx = __z_{’.._c.f___..;/f) - (2-d)
Zmi < =

L. The effect of structural damping can be approximated using
a dimensionless "damping coefficient" § acting on the displacement
" so that:

X re®r+55)% = E’-’}’—C—;———f'{/‘) (3)

It is this equation (3) which gives the vibratary acceleration response
X . Inthis report ¢ 1is rather arbitrarily assumed to be .10,

5. It is sometimes convenient to by-pass the (constant)

coefficient of A7/#)by defining:
Generalized force

GAF = Generalized Acceleration factor = Generalized mass (4)

(In "g" units,) . _Ehci
Trmyc;

¥ K, = spring constant
WADC TR 54-28 2




6. This equation (3) can be solved separately for each normal
mode because of the original assumption that normal modes do not
feed energy to each other or to the rigid body modes., The assumption
is validated by the excitation of reasonably pure natural modes during
ground vibration tests.,

7. The next problem is to determine which normal modes are
important. (See Reference 9 for further discussion.) The experience
of AMC dynamic tests shows that only the first few modes are important
unless there is appreciable coupling between landing gear fore and
aft vibrations and higher structural modes.

8. An outline of the computational procedure:

Step I: Compute rigid body vertical load time history from
basic airplane parameters.,

Step II: Compute rigid body drag load time history if
appropriate. Assume (empirically) the coefficient of friction is .55
until the wheel gets up to speed, after which the rigid body drag load
falls to zero in one-guarter the spinup time,

Step II1I: Determine which modes of vibration are important,
Experimental data of frequencies will be used if available. If data
is not available equations of motion of the structure can be used,
but care is required in selecting the appropriate degrees of freedam.

Step IV: Compute generalized acceleration factor if appropriate.

Step V: Compute vibratory response in each mode. The
theory for this computation is discussed in Section II.

Step VI: Obtain the time history of total acceleration
or structural force by appropriate combination of rigid and vibratory
components, Notice that the trapezoid considered as rigid body
component may have a different ordinate from the trapezoid considered
as forcing function for vibrations.

WADC TR 54-28 3




SECTION II
DERIVATION OF THE ACCELERATION RESPONSE TO A
TRAPEZOIDAL FORCING FUNCTION
(Solution of Equation (3))

l. Given forcing function *

| Fr?7)

b R b X—vf
n
lE-_
2
Al
f

o7 ot Ty bt 73— Jop vt 75—l

Fig. 1. Generalized Trapezoidal Forcing Function

2, It is required to determine explicitly the vibratory
acceleration response for each interval AB, BC....In symbols, find
¥ explicitly where X for each interval is given implicitly by:

X +wrlred )X < F(7) (5)
with T defined as fallows:

AB: T/ and o<’z 7,

BC: 7#-7::4' ost'2 T3

CD: 7+ /-(7+Ta)=1" 0st"'= T3 (6)
DE: 7«/-(7+Tael3)= 4" 0st"= 7

EF:  727-(7i¢lzt Tavrig)=p" o<1t 2715

—=F:  TupA7+7arTy ¢ 74¢75)- 1" o< t""

¥ The function has been sketched in suf ficiently gensral terms to
satisfy all common problems. In soms cases, e.g., A4/ *0 and /= GAF
(pos. or neg.).
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3. It is apparent * that (5) has an explicit solution of the

form: -
L4 - T ]
5.7 % JasmwT+b coswT] (7)

F,or }xample in AB the initial conditions at /30 are x:0 and
¢ /f} ”

Then X = —f-a—,/—f-!- e I gjn wy (8)

The problem is thus solved in the interval AB.

Lo To get the solution in each successive interval two
approaches may be taken:

a. Discontinuity Derivation: Evaluate the constants
@ and 4 in (7) by applying the initial conditions.

b. Superposition Derivation: Resolve trapezoid into the
sum of straight lines all of which emanate from points on the t-axis.

Each of these approaches will now be demonstrated, Of
course they must lead to identical results.

Discontinuity Method
(Paragraphs 5-9)

5. It is required to determine the constants @ and 4 in (7)
in each interval fram the initial conditions Xo and Xo . (The
values of X and X when 7-0.)

6. The solution in AB, according to paragraph 3, is (8). Thus
the value of X and X w111 be known at the end of AB. Similarily
once the interval B is solved, X and X will be known at the end
of BC. So if each interval is solved in turn it is fair to assume in

all cases that ¥ and X are known at the end of the previous interval.

¥ For since x # w® (1+$/) X" = #77) is to be solved for X (not x )
in present form it is an integral equation (1nvolv1ng x which is
S/ X ). To get a differential equation in ¥ differentiate (5)
twice with respect to 7 to get

‘”, X7 wz{/fj/)x o

since JFr7) is always linear in 7 so that 71;-, A7)0

This is a standard homogeneous equation in X with the general
solution: ¢ af/orax;mafc)

‘ e°iw’z2[a sinwTl +b cosw?]
WADC TR 54-28 5
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7., According to paragraphs 5 and 6, it w111 be sufficient to
evolve Xo and Xo from xe and Xe (where “e" denotes evaluation
at the end of the previous interval). Since X is continuous from
one interval to the next,

)?a : Xe ' (9)

But X is not continuous, so that Xo # Xe

So a gimmick will be introduced to evaluate Xo . Basically,
we transport the discontinuous variable X through the medium of
the continuous variable x .

First consider equation (5) when differentiated once:
Xt wPr05/)%2F(7) (10)

Evaluating (10 at 0

A’;'o-f:c "w’zf/;‘y/)z\’o (11)
From continuity, Xo = Xe " (12)

So evaluating (10) at the end of the previous interval:

w1 +5)) e « fa - Xe (13)
or, from (12): w? f/ffj)/\:o s fao -Xe ()

Finally, fram (11) and (14),

o B s fH - 1T (15)

8, Solving (7) and its derivative at 7=0,
and applying (9) and (15), the constants @ and 4 can be determined:

Ay a= )'?cf-& fc,._y_,zr!_ (17)
Xo= qw - - Fw é > A*Xe

WADC TR 54-28 6




9. In particular, the solution in each interval is:

a, In AB:
2 - f R
X ‘Tu/!‘T e 7% 72 smmwl (18)
at B:
” ~Fwl/fz
Xa=:;,- e 7° smmal (19)
~Few 7. ,.
Fw /2
0w ”e - ..
Xo 2= [cos w -3 sinwZf (20)
b. In BC:
Xo = Xa Xo: Xog -2 (21)
/3
So from (17)
5 -sw’,
-Fw it _ - Fwlfy |
g=tl2e ~  Jcoswli - ZsinawTi /- L2 4 ghee st ew’s
w7, / ’ i’— ]w7/ 2w7,
q=£z_g_'_‘f‘_“.£/f cosw/Z _ K (22)
w7, wl;

So that (7) becomes:

cosw’ _ He |lsinw? s Xe cos w?] (23)

A"’a e—iwf/:z (//33—9“7;/2
w7 w7,

WADC TR 54-28 7




This may be rewritten:

od - wf; () ’
X=e 7 z/ 2 2R sinlw? ,ob,) (24)
where
T

A< s Hae —gw éc'o's wZ‘-_&‘?ﬁ:

W/
2 (25)
P, 2 grc for _Xe (26)

7

Note: The choice of the correct quadrant for ¢ is crucial,
The quadrant must be selected so that:

{Si N @, Lnas the algebraic sign of { Xs (27)
coS &,

i.e.: §1m p, has the algebraic sign of x,
and €©S¢, has the algebraic sign of R,

]

Finally at C: y
A‘:c = e"’“’ '2)’ .9#‘/?, 5//)607.7‘¢1}

Xe=e ‘”75/"/2'5 2R3 [ %g sinfw 7z +¢).~ms/~z,¢}ze)

~ ”
c. In CD: XO ‘Xc

one "

o = Xe 7 M- ta (29)
from (15) . 73
So from (17)

- 7z /4

7. M- e g« 2R3 e cosluwTs »H) (30)
w/3

And (after simplification):

X T Mz/x: 2RE sinl(w?” + PH2) (31)

WADC TR 54~28 8




-y /)
where Rz:.!’_‘?é/i,‘ e it 2/2’ X: tRE coslawls +,)
w/y

bz = arc Von 1\"lc (32)
2

Note: ¢, must be determined as follows:

(a) Quadrant:
/;",’_.',’ b j has the algebraic sign of (( ,?2; (33)

(b) Angle: Yon #a. _Ji

A=z

o - 7; ("2 .
Yo oe TR RE sinfls mbz)  (OB)
d, In DE the process is similar, resulting in:

e Tl 2T L oF cinlwr s dz) (35

Y AP LAl T W= L S S

w73

Finally

where:

¢3 s ag/c f¢,7 J’“a
s (36)

Note: 953 must be determined as follows:
(a) Quadrant:

it :;'}7 Has the algebraic sign of / i }7 (37)

(b) Angle: fan%::..___*#

~3
and
~ - 4/2 .
Xeze g« /X AR5 S/l + Psg) (38)
e, And in EF:
P9 .
X=e 7« /Z/ Xe #RE smlw 7™ +Pe) (39)

WADC TR 54~28 9




5

_owle sz
where ﬁ,,-é; + € g /sz-l-ﬂ’; coslwiy + Hs3)
w/s

P o @rc Saor A;g (40)

Ax
Note: #¢must be determined as follows:

(a) Quadrant: .
; A
ZZ:‘: has the algebraic sign of ,?: f (81)

(v) Angle: Jan &, . ;f
s

” - 75’/2 [ 4
and Xrp =& e /,r; + PG Sinfwls + Pv) (42)
42

As stated in paragraph 4, the derivation of paragraphs 5-9
could be replaced by paragraphs 10-13.

Su ition Method
iParajgaphs 10-13)

10. According to paragraph 3, it is easy to find the response
to any straight line emsnating from the time axis., The forcing
function of figure 1 can be resolved into such lines:

A1)

Ailr) e (7) A(r)
/ / 7 -
\ x \ f

57 S (7) S (7)

Fig. 2. Linear Decomposition of the
Trapezoidal Forcing Function of

Figure 1
WADC TR 54-28 10




where the slope £(7) s M

7
£, -4
L (7) s
AT oA (43)
7
; fe (7) _H-He
73
S5 (7) __H
7
£ (7 i
7s

11. Then, according to paragraph 3, the response t

L07) is X, = .‘_0/‘1;_;_ e "iwrésiﬂwf rz0
4:(7) Xz » _.;%_z_ é'gwfzzsipwf' Fzo
5(7) Xs ._&;_/_a e "iwr“/zs/'n w?r' rzo (44)

w /3 ‘
Fol(7) )'('4_.-_£"?/_/£ e ‘iwf%sinwf"' rzao

@l I3
Alr) et e T sppwr™ FEO

]

12, But sinc
see L2 therfathe + /s ¢ s (45)
The response to (7] must be the sum of the responses to f,"ﬁ etc,

WADC TR 54-28 11



13, That is:
a, In AB: N sl
Xutle e 7% 25/17407‘ (L6)
w’;
and
Xa . 42 e ¥ r/'es/'nw (47)
w?;

b, InBC: X+ X, +Xz

g/
X . A3 eI, put Mo &2 Sinawt' (48)
wl;

But since #:/'#7;
" —i(of./z '-3‘07;/3 . f' 7.)- ” s;”‘uf‘ (“9)
Xz Aﬂ; e s/mewl?y7,) Zfé‘
Expanding and collecting:
Xae '3“'X3/& "’“'7/' 05 w7i - ”z)smwf
7z (50)
//4 e"‘a‘"rés,nwfj cos w/
and fimally: [ @7

7% .
bee TR S e R sinlwt e B (51)

wh _5wT:
ore R,,% Fuwliz cos wl, 12
wls w? (52)
b, = arc Yan _%a_

Note: ¢ must be detérmined as follows:

(a) Quadrant .
ssn Sy As
cos g, § D28 the algebraic sign of ) o (53)
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(b) Angle: fon &b, = Xe

P,
And
e e T il *b,) (54)
¢. InCD
X=X # Kot Xo = (X + X ) #Xs (55)

" - —wfl/ " . . - ’.' o
% =@ T E h e il b B ) g ety & B L56)

w/z

But since 2'=#"#7z

“ 57)
" - "/3 —iwr/z » . (
x=e7" A‘ /XatR s/nﬁ/f'v-&)* @/ M}"'ﬁ sinw? 'y

Expanding and co]lecting° w/3
o f 7z
w/3

4 [e ’-"”Z'/"/XZ*EZ sinfe 7z +¢_/7) co.swiy

and finally: »Y
" - 2 . "
X=e 5« ’Xec *R s/ lw?'+ #2) (59)

whem -9‘07;/2
e S Na + AR oS (w7 + ) p K, ~He
v w7z (60)
P2 = arc Fon N
2

Note: ¢, must be determined as follows:

(&) Q‘uadmt- ' 7]
sin #20 o the algebraic sigm of | AC (61)
cos Pz s the algebraic sign o -y ,

WADC TR 54-28 13



r——-f

(v) Angle: Jor P = Xe

&

and

. g 62

Xo = & CEr RS ainlwls? Pz) (62)

d. InDE: x ,,;, * Xz +)?3)+x"4
| ~% 7a/4 (63)
3 g ~ 2, w
¥se”” 2/xZ 1 RE s/n(wf"-f-q"z).._l_‘fo_‘]::/_/i eI s at
w’s
But since # ="~ 73
by the same process as before:
)
Xz ¥ 77z JiZ + RE sinfew? "+ #3) (65)

where oy = o952 /3% 4 RF coslws # P2) - - Az
w73
B3 = arc Jar 4\;"0 (66)
An
Note:_ ¢, must be determined as follows:

(a) Quadrant: Y
/0 by Ao
cos by § D88 the algebraic sign of } _eg 67)

(b) Angle: Jiom s = Ao

Az
and oo Tl
iz @ TR [ RERE s (w TR @) (68)
(1 In EF,
)'c’.r,\%+)?z+.\=fg+i‘4)+,~?‘s (69)
nil
Ao w772 /5T s oF sttt tPa) (70)
- /] e'iw’/‘ea‘/ﬁwf’"“
wis
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Again since #"= #""# 7%

-9 f "es
X:=e >« /'e/Xe‘:#A’.v‘ srlw? " »dg) (71)

Where s w e/
Ra = TUTZ 02 s RF casliiz e b)) M

“% (12)
bg = orc T X

Az
Note: ¢4, must be determined as follows:

(a) Quadrant:

err Xe
/co.s ¢:j has the algebraic sign of /A’.-af (73)

(b) Angle: Jon #y.-. N&_
s

The results of paragraph 13 (that is, ) in each interval
and at the end of each interval ) are identical with the results of
paragraph 9. From these the zeros, peaks and discontinuities of
the acceleration response are easily found and plotted. A self-
explanatory form for the cumbersome computations will be used in
Sections III -V, ‘
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SECTION III

VERTICAL INCREMENTAL ACCELERATION OF THE
WING TIP OF AN F-80A ATRPLANE WITH
FULL WING TIP TANKS

This problem uses the parameters of landing 2, flight 37,
of the AMC F-80A tests reported in reference 4.

Comparisons (but not computations) are also shown foar the
cases of half-empty (landing 30-1) and empty (landing 28-2) tanks
in Figure 30

These particular landings were selected because their values
of the rigid body incremental acceleration correlated better
than any others with the theoretical

APpra x
# »4/99/0»4- We/j/ﬂ"

Step I. Vertical Load Time History:
1. Basic airplane data:
Gross weight = 14,000 1lbs
Vo = Rate of descent = 6 ft/sec (assumed)
A7 = Mass per main gear = 217 slugs (2 wheel landing)
W = Static load per main gear = 6250 1bs (3 point position)

K& = XKinetic energy per main gear = 3906 ft-lbs (2 wheel
landing)

«w = Natural frequency of wing = 16.75 rad/sec
2., Basic oleo data:

£r = Total extension plus latent air columm* = (7.95 +

*

Latent air column = trapped air volume
piston cross section area

7/”4/7/#’/4”’
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ELs = Static extension plus latemt air column =
(3.“) + 2.W) in. Ll .“167 ft.

Assuming isothermal expansion from static to fully extended
position, the "load factor" at total extension is:

7. L | 05025 (7%)
Er

Then assuming quasi-adiabatic compression from the fully
extended position during impact, the extension at any load factor

7 is:
L
)7 7

where » = 10ad/6250 1bs and ¥ = 1.3 (from reference 8),

3. Basic tire data: (Maéufacturer's data)

Incremental Tire Work =
Tire Deflection Tire Work % @

Load (Lbs) (F¢) (Ft-Lbs) (Ft-Lbs)
2500 .058 73 Y]
6500 125 30 375
9000 166 318 693
L. Total work:
© @

2n, ’é‘%’” 9.,

' -
5255 .’z’zz.-.zéy; @%* - ® 0.0292 (&) e
40 1.356

2@
1.04 4832 5715 4285 3553 2309 268h
1.k «3490 obli55 <5545 4598 138 4831

*#(3) = (average value of load during increment) (deflection in
increment ); Approximating the area under the tire curve by trapeeoids.

*% The load is not yet sufficient to ocompress the strut,
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5, Tire deflection, oleo deflection and load when kinetic
energy per gear = total work:

Total Work Load Tire Deflections Oleo Deflection

(Ft-Lbs) _ (Lbs) (Ft) (Ft)
2684 6500 125 355

KE =3906 foper =1923 Xy = 8  Xo = .5
4831 9000 166 o460

6. The time for tire compression > oleo compression /o
and tire-oleo expansion 75~ are determined from the formulas of
reference 3, assuming a trapezoidal time history for the strut axial
load:

]
Jr =3[ |_ ¢ /.QVK’ 2 g MEr . 0.025sec(T6)
2 o arx

Fogmx SN
70 . [ 2m”Xs . o r8/sec, (77)
s x
7o7 = 3Mff¢*17)’ . d2/5 sec., (78)
g X

Step II. Drag Load Time History:

The drag load is not used since fore and aft forces do not
put appreciable energy into the first uncoupled bending mode.

Step I1II: Important Modes:

Since this example involves the vertical acceleration at the
elastic axis, the torsional mode of the wing is expected to have
little effect, But if the dynamic torque were to be predicted the
torsional mode and the torque caused by the drag load would be con-
sidered.
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Step IV: Generalized Acceleration Factor for Vibratory Response:

Reference 4 gives the computed frequencies and mode shapes for
the first bending mode for full tanks, half full tanks, and empty
tanks, GAF (per "g" load at gear) = Whes (g units)
Where:

)V = static load per wheel, assuming all loads taken by
the main gear :

4 o Yertical deflection of wing at gear
“d vertical deflection of wing tip (first bending mode)

a/~; = mass of wing element at station "i" (slugs)

Y _ vertical deflection of wing at station "i"
/ vertical deflection of wing tip (first bending mode)

The results per "g" landing load:&4.c = -1,03 (full)
= -1,06 (half-full)
= -1,15 (empty)
Step V. Vibratory Acceleration Response:
1. Table l-a computes the vibratory response by the desk-
calculator method. The form is designed to make the cumbersome
computations as mechanical and well-grouped as possible. It is meant

to be self-explanatory after following the theory in Section II.

2., Table 1-b computes the vibratory response by the graphical
method,

Step VI. Total Acceleration Time History:

Figure 3 shows the total tip acceleration as the sum of the
rigid body and vibratory accelerations, The results for HKalf-full
and empty wing tip tanks are also shown.

The measured and computed results agree well for full tanks, but

for empty tanks additional modes should probably be included in the
computations,.
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Step VII. Variation of Basic Parameters:

l. In this example many parameters were involved - about twelve
either previously measured or assumed and the others computed. Will it
be possible to predict (without completely new computations) the effect
on the final results caused by changing any of these parameters?

2. To facilitate this discussion, a flow chart (Table l-c) of
the computations is shown. Each parameter is oriented vertically by
its order of convenient computation and horizomtally according to the
number of previous parameters which are used to compute this one,
Lines emanating upward from any block lead to all of the other parameters
which effect this one. The chart gives little if any quantitative
help in particular cases,

3. But the fonllowing general conclusions seem worthwhile:

a., Change in a basic parameter has an intricate effect,
and in many cases the best procedure is to recompute from scratch.

b. There are a few parameters(w , §, GA4F) which effect
only the vibratory response, The effect of altering any of these
is rather easily predicted.

¢. The problem is conveniently considered in three stages
(separated by broken horizontal lines in Table l-c).

(1) Equating energies,
(2) The rigid-body trapezoid.
(3) Vibratory response and summation.
4. 1If many changes were contemplated in the first section, it
may be profitable to solve the second and third sections only once
in general terms, then plug in the particular numbers computed from

Part I. See reference 10 for some computations on altering basic
parameters., :
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TABLE 1-C: PARAMETER FLOW -~ CHART (EXAMPLE ‘l.)

BASIC COMPUTED PARAMETERS

©

[ Wit o
B

WADCTR54-28 24




SECTION IV

TAIL BOOM INCREMENTAL ACCELERATIONS
OF AN FP-61 AIRPLANE

This problem uses the parameters of landing eighteen
of the AMC tests reported in reference 5. This particular land-
ing is selected because the maximum rigid body wvertical load is
closest to the computed value.
Step 1. Vertical Load Time History:
1, Basic airplane data:
Gross weight = 25,000 pounds (app.)
M = Mass per main gear = 388 slugs (2 wheel landing)
Vo = Rate of descent = 8 ft/sec (assumed)
A = Kinetic energy per gear = 12,400 ft-lbs
2, Basic oleo data:
Z£7 = Total extension * = 10 in, = 833 ft
£s = Static extension ¥ = 2,87 in. = ,239 ft,

Assuming isothermal expansion from static to fully extended position,
the "load factor" at total extension =

Ny ,£S . 0287 (79)
Er

Then assuming quasi-adiabatic compression from the fully extended
position during impact, the extension at any load factor "n" during

impact is:
Yy
- 7 80
En . e i [r/;’_j (80)
7r

where 7?7 = 10ad/12500 1bs and Y = 1.3,

* Assuming latent air column = O
WADC TR 54,-28 25
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3. Basic tire data:

@ Incremental Tire Work =
Tire Deflection Tire Work ¥ £z
Load (Lbs) (Ft) (Ft-1bs) (Ft-Lbs)
6000 125 375 375
13000 «250 1188 1563
22000 «333 1453 3016

4., Total work:

® @ ® ® @®
7 27600 ™ 833x@® O«Q@

A48 <5979 6733 3267 «272 1644,
1.04 2760 375 .6285 +523 6199

per gear = total work:

T ATh
_QL _{_,so.z.ﬂ @%.3 /_@ Er-Ln oLEO WA ;’v’oﬁk

1.76 1631 2478 7522 627 13794 16810

5. Tire deflection, oleo deflection and load when kinetic energy

Tgtt_a%‘brork ‘I@g) Tire ?;Se ction Oleo I();Section
8362 13000 «250 «523
AE =121,00 Aax= 17302 Xr = .29 Ko = 573
16810 22000 333 627

and tire-oleo expansion /o> are determined from the formulas of
reference 3,

T . 3Mb _ ; /ww’o 2 29MEr' . v.oz76se0

Amax Py Prowx (81)
Jo - |2MXe - 2./7603 sec, (82)
ANy ot x
7or = |3M(Xo +X7)' = O.LFI9 sec. (83)
AProwx

3’@ = (Average 1oad during increment) (deflection in increment)
Approximating the area under the tire curwve by trapedoids

WADC TR 54-28 26
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Step II. Drag Load Time History
1., Basic parameters:

I, = moment of inertia of each landing gear rolling
assembly = 12,3 slug ft?

Rp = rolling radius of wheel = 1.65 ft.
V, = landing speed = 147 ft/sec,
Tire coefficient of friction = 0.55 (assumed)

2. Computation:

# = angular velocity of wheel after : (84)
spin up = 4 = 147 rad/sec = 89,1 rad/sec
% LG |

€T= angular velocity after tire compression = (85)

0.55 FPowax Re 77 = 24,0 rad/sec,
el

Assuming (empirically) that peak drag
load = 055 Pmax

&, = angular velocity required for spin up during (86)
oleo compression = @ - & = 65.1 rad/sec

7s = duration of skid during oleo compression = (87)

=.0510 sec.
Q.55 Foyax,Rr
77+#75 = total spin up time = ,0886 sec,
7% = time to drop to zero drag load = Tr+7% (88)
= ,022]1 sec. (Empirical formula) +

Step III. Important Modes

1. The vibratory acceleration of the tail boom is caused
partially by the vertical load and partially by the drag load. It
is assumed here that the vertical load acts directly to set up a
vertical vibration in the tail at the natural frequency of the tail,
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2. In order to determmine the important vibratory modes set up
by the drag load, the airplane is assumed to have the configuration
shown in figures 4 and 5 with the three degrees of freedom illustrated,

f— 8
LY. =, \G
LETFH 7474 (1)
SLPRINEGS

GLHR (11g)

YA

Fr )

Z

Fig. 4. Geometric Representation Fig. 5. Positive Direction of
Generalized Coordinates

Then (Lagrange's equation for zero external torque)

K ) L3R .o
Jf/e)j,-)+ d gi (89)

95 = ﬁ,.)’,ara!
With: . .. . .z
Aoy 1;9‘4_;__.»7, (48 +r) #4772 (4B +2) (90)
/9;-.2& 79, 23 +f 722 w; =2

for which I is the moment of inertia of the body and w, and w.
are natural frequencies of tail and gear respectively,

Directly from (f}) and (90)
P

(Z+mnldlirn 2)B #m AS e o Z =0
”715;*‘ m.w,‘.y * MI/lﬂ =0 (91)
p7e B i = R LYY

These equations are unwieldy because they contain both tge
parameters /@,y , Z and their second derivatives By s 2 .
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But the spring action is assumed simple harmonic motion. Then:

ﬁ o & s (#rb) yege ‘wl?+be) Zra elw/fdﬁc)(92)
2 g, = = 7y

where & and 4, are constants and e is the response frequency of
the system. The object is to determine the value ofw for each of
the possible modes of action.

Directly from (92):
Be-ard YVo-w'V E.-w*z (93)
Rewriting (91) by substituting (93):

L@t s, LY s Lo Z =0 .
4 & vl 7 ()0 =0 (9%)

VA f/_/%a}jz=a

This system of three equations in the coordimtes 8, ) , Z
has all constant terms zero. Therefore it has only the trivial
solution B =Y =2Z = 0 unless the determinant of the coefficients
of B is zero, That is:

f/’ 772, ‘/; 772 »/;
4 [o-(%)) 0 =0 (95)
Y2 o [r-le)

The only parameter unknown in (95) isw . For the F-61 airplane,
the other parameters have the values (for the complete airplane)

o = 1_-11_s7x_19‘; ££2 slugs

77, = _6_._3_(_'_) slugs 7 = lgg slugs

@, =dur=47.] rad/sec
L =2 ft P =17 18

Expanding (95) and solving forew gives two solutions, and
corresponding values of the ratios _g_ s Z + These are:
J

1st Coupled Mode 2nd Coupled Mode
L] = . o - /) ’ ’ A d
Wat = R/ rad/sec W w, /f;—m-rz;,—r’ £956 @2 )/5«
By =0 G- fl)1] /4, =-0.03993 rd /7.
zfy .l ._2895 %) ’
P/ TG 27
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Step IV. Generalized Acceleration Factors.

l. For the vertical load:
&0

— 956
GIF . (/7302) / Z#3250 - =/3543(97-a)

BS5% ///2 o~ 2% C /. @50 )
29 2 «
per foot of tail deflection, 7 /.2 350)

2. For the drag load:

a. In the first mode:
G, (0.85) (17302 (~2.8%) . _g 4449

£F2 (/) pF82 (2. 8> (97-b)

per foot of tail deflection.

b, 1In the second mode:
Tail deflection =1 ft = yx /2
Thus gear deflection = Z -4 3 = .3208 ft,

And @ = -.02497 rad.

302;373;_ (0.55) (/7302) ¢a3208) . 52875
) gr z ' 2,
/6}}@ Z)(0.02477) » 2221 00 7208)*  (91-c)

per foot of tail deflection

Step V. Vibratory Acceleration Response.

1, Since the mode for the vertical load has the same frequency
as the first mode for drag load, the two rigid body forcing functions
can be combined into one trapezoidal forcing function as shown in

Figure 6.
F(H)}oos7s Lo2 %% o 2.2%909

l J 7 g,?g-g % 070487/ 7o _i

B /Zé’c)

IT 27|
)
3 3 T
? I I?" ,7‘
L\, e
i | .

Fig. 6 Composition of Rigid Body
Forcing Functions
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The response to this function is computed in table 2-a.

2, The response in the second mode due to drag load is computed
in table 2-b.

Step VI. Total Acceleration Time History.
1. The total acceleration is the sum of:
a, Rigid body response to vertical load. This and all

other components of the final response are nondimensionalized in
units of 1/2 airplane weight. Thus the maximum value of the rigid
body response will be scaled as /7302 =/.38

/2500 ~1I30¥

b. Rigid body response to drag load, | The maximum value
is determined from the definition of tarque:

Torque = (.55) (17302) (7.7) ft-lbs

But: Torque = I« = (1.11 x 10°) [Max. vertical acceleration/ ZIth 1bs
—_— v

So:
Max vertical acceleration = .]5,5.111731(-)2)}2‘7 21" g = 3.169 g (98)

¢. Vibratory responses to vertical and drag loads,

2. All the above camponents are summed and compared with
experimental results in figure 7.
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SECTION V
B-17G LANDING GEAR DRAG LOAD (NORMAL TO STRUT)

Parameters are taken from landing number 1 of flight 3 of
the B-17G landing load tests of AMC, reported in reference 6.

This example is a particularly good criteria of the accuracy
of the predictions based on the trapezoidal theory, because Vo
was actually measured.

Step I. Vertical Load Time History:
1., Basic airplane data:
Gross weight = 48,137 pounds
A7 = Mass per main gear = 750 slugs (two wheel landing)
/W = Static load 'per gear = 21,775 1lbs (3 point position)
Jo = Rate of descent = 7 ft/sec (measured)
A£E = Kinetic energy per gear-18,380 ft-lbs

w = Natural frequency of gear fore and aft = 73.2 rad/sec
(measured from landing records)

2, Basic oleo data:

£> = Total extension + latent air column = (9.6 + 1,56) in. =
.930 ft,

£s = Static extension + latent air column = (l.44 + 1.56) in, =
«250 ft.

Assuming isothermal expansion from static to fully loaded positlon,
the "load factor" at total extension =

Dr s £s . 022688 ' o
7. £3 (99)

Then assuming quasi-adiabatic compression from the fully extended
position during impact, the extension at any load factor "n" during
impact is:

ape )T o
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where 77 = 10ad/21,775 1bs and 7 = 1.3 (assumed).
3. Basic tire data:

0) @ ® @

Incremental Tire Work =
Tire Deflection Tire Work * S (@

Load (Lbs) (Ft) (Ft-1bs) (Ft-Lbs)
10000 160 800 © 800
15000 223 792 1592
20000 283 1050 2642
25000 337 1219 3861

4., Total Work:

m/f /, ® ® az?ome ;914
”3177; é / -@ ogoi’ ONO, @*@

4592 5854 .8339 +1661 <1545 1545 2345
.6889 «3902 «48L9 »5151 4790 7185 8777
.9185 «2927 3886 611 5686 11372 14014
1.1481 #2341 3273 6727 6256 15640 19501

5. Tire deflection, oleo deflection and load when kinetic energy
per gear = total work:

T;ttib:brk I(.g;csl) Tire ( gzij’le ction Oloo( g:glection
1,004 20000 .283 «569
A E =18380 Awar= 23978 X, = 326 o = bl
19501 25000 337 626

6. The times for tire compression /- oleo compression /o
and tire-oleo expansion /7, are detemined from the formulas of

reference 3.

77 . 222K _ 4 (et /‘_. 24 (X' . O48F 500101
A prm x AP r1mx Prsa x

@ =(average load during increment) (deflection in increment)
(ADProximating the area under the tire curve by trapezoids)
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7o = | 2MEe = d./?o’gsee. (102)

Frr 7 x
Zor . | 207X +X7). 0.2970 sec. - (163)
Anrairx

Step 1I. Drag Load Time History:
1. Basic parameters:

Z# = moment of inertia of each landing gear rolling aésembly -
31.23 slug £t

A% = rolling radius of wheel = 1.942 ft.
Vs = landing speed = 147 ft/sec.
Tire coefficient of friction = .55 (assumed)

2. Computation:

& = angular velogity of wheel after/ (104)
spin up = c = 147 rad/sec =
An 1.942
75.70 rad/sec.
6r angular velodty after tire compression = (105)
Rrd. 85 Py 77 = 19.68 rad/sec (peak
2 2

d.r&g load = .55 Pm)c

&, = angular velocity for spin up during oleo (106)
compression = &- &7 = 56,02 rad/sec

7s = duration of skid during oleo compression = - (107)
& T = ,0683 sec,
O.85 Frmx Rr

77 75 = total spin up time = ,1167 sec.

7z =time to drop to zero drag load = _J7# /7=  (108)
= ,0292 sec. (empirical formula). -
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Step III, Important Modes:

The first mode only, (frequency = natural frequency of gear fore
and aft = 73.2 rad/sec) is assumed to be excited by the vertical load
component normal to the strut and by the drag load component normal to
the strut,

Step IV. Generalized Acceleration Factor of Vibratory Response:

1, Tt will first be shown that it is not necessary to compute
the vibratory response to the normal component of vertical load and the
vibrating response to the normal component of drag load separately.
Rather the entire vibratory response can be computed from a "double"
trapezoid combination of the two forecing functions. Consider:

/
o.%5
(¥s5u9u0)
o 7z - 2oy > 77| 7= 7:’-‘ o
Sy (V) = JERTICHL F/G6/D BODY LOHO Fol?)= DRTE /60 BOLY L&
Fig. 8. Time Histories of Vertical
Load and of Drag Load in
Units of ey
20.5°=
S einS
Iocoss
A7 — AORE WARLD
Fig. 9. Load Normal to Strut at Time t
Due to Vertical Load and Drag Load
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2. Thus the load normal to the strut due to rigid body motion is:

Gu(7) = S8« fol#)— cos S Sfol#)  (109)

3. 1t is therefore possible to consider a combined function to
represent rigid body acceleration and as forcing function for the
vibratory acceleration:

sinS p—7 .
!
/
/ .
~ 3 Zor |
N - o
~0.65CO3S§ ;
7| % |7

Fig. 10. The Composition of the
Trapezoidal Forcing Function

4., In Examples I and II the vibratory acceleration X' and
rigid body acceleration A (t)are found and added to find the
total acceleration response,

5. But in this example the structural force rather than the
total acceleration is to be computed, That is, in this example find

structural force normal to the strut at the axle dvue to a one~foot
vertical deflection of the axle. Writing equation (1) with ox=/ft:

(= ¢’ dmi)x+ (€ C_izmi)w' (/2 37)x= (Z¢; 5)-F(#) (110)
where: (xc;% ;) w? f/,ﬂ-jj‘) X is the required structural force
(Z ci‘m,') )‘(' is the inertial ‘force‘. o
(Sc;fi) A7) " is the external force
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Then *: Structural force = /z;,-ﬁ.)-/’ﬂ)—/.fc,-zm,-)f (111)

(K] z c'fl
But 2(‘,-fl. = Armax. and X 1is obtained in terms of -—(—;_-—2-'-;2‘——3 f( ")
Therefore < ¢2s,, can be eliminated from equation (111). ¢ 2mi

6. It is clear that the gensralized acceleration factor does
not appear as such.

7. Using the "double" trapezold derived above, the right side
of equation (110) is already scaled relative to Py,.. In the
computation of Table 3, the ordinate of the trapezg'fd will be
multiplied by Prax so that the structural force

1/2 Airplane Weight
is fimally non-dimensionalized in units of 1/2 airplane weight.

Step V. Vibratory Acceleration Response:

Table 3 computes the vibratory response by the desk-calculator
method.

Step VI. Total Acceleration Timi History:

‘ final 4 Force normal to strut at axle
.The final dimensionless result of Cno-Balf wolght of airgTane

is composed and compared with experimental results in Figure 11.
The experimental force normal to the strut at the axle was computed
from the measured drag link load by taking a summation of moments
about the top of the strut assuming the oleo to be fully extended.

¥ Of course the differential equation (5) could be solved this

time for X rather than X , but it is convenient to utilize the
methods of Section II.
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