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RESPONSE OF AN. EIASTIC DISK TO IMPACT AND MOVING LOADS |
by f
A. Cemal Eringen #

Purdue University

ABSTRACT

With the use of Fourier transforms a class of elasto-
dynamic problems concerning disks have been solved. The disk
is subjected to various types of dynamic loadings at the rim.

The case of impact and the moving loads are studied in detail.

(#) Associate Professor of Division of Engineering Sciences.
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1. Introduction
Cylindrical roller bearings in high speed mechanism are subject
to dynamic loadings. Yet the usual design procedure is based on Hertz
formulae which are the result of elasto-static considerations. In many
other insiances, gears, rollers, or disks are subject to impact or mov-
ing loads. If we neglect the coriolis terms we can also bring the roll-
ing disks on contact into the category of disks subject to moving loads.
Thus the aim of the present paper is to obtain the solution to this
class of elasto-dynamic problems concerning the disk. The dynamic load
is applied to the rim of the disk. Two normal concentrated dynamic
loads at the two ends of a diameter moving or otherwise are special
cases.
Some solutions of free oscillation of cylinders are known since
,the time of Pochhammer /1 /, and later Pickett / 2/, J. Mindlin /3 7/,
T. Ghosh Z—k;7. Similarly, the problem of rotating disks has attracted
attention of many authors (see, for instance, Lamb and Southwell [75_7,
Timoshenko and Goodier Z-Q;7, Love 17747 ). 1t seems, however, that the
forced oscillation problems concerning disks and cylinders have escaped
the attention of authors, excepting a paper by J. Mindlin 178_7, which
congl sts of generalities in a related problem to ours.
The present method is applicable to ring problems and to the
plane elasto-dynamic problems concerning circular holes. These prob-

lems will be treated in later papers.
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2. Formulation of the Problem
Equations of motion of plane homogeneous isclropic media in terms
of plane polar coordinates r and © and the time t are / 7_/: (See Fig. 1)
y
a
Fig. 1. Circular Disk
Yu, o= (Ae2fl)e -2prTw
st Iy »8
(1)
Y v = (A+2 ria +2 M0 W
; ,tt ( H- ) ’e tL T
where u (r, 8, t) and v (r, 8, t) are components of the displacement
vector, A and t,L are the Lame constants, and Y is the mass density
per unit volume. Dilatation & and rotation @) are related to u, Vv
® by:
ra-(ruzr*v,e 5 2x-a.)=(r\r2x_—ue (2)
Subscripts after a comma represent differentiation, i.e., u o
’
du/ DO etc. ...,
Elimination of u and v among (1) and (2) leads to:
ST R T 515

3.

e
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otzrzA,tt-r(rA) + o AR A P EET'S

1 s T »00 1
(3)
oL, rey = T ("“),r),r "‘),gg ) Y/
These are the equations of dilatational and rotational waves.
Components o;r, a;'O’ o‘ee of the stress tensor are given by:
6 -.)\A*Z{Lu 6 =H.r-lu *[Lr(v/r)
rr T 2 ro »© 1%
(4)

L A A+2Hr-l (v’e* u)

The problem is to solve (1), (2) under a given 6., and o g
at the rim r = a of the disk:

G;r (a, 0, t) = 6; (e, t) , 6;0 (a, 9, t) = Z; (0, t) (5)

subject to the condition that these surface tractions are in equilibrium

at each instant.

3. The Solution

The periodic solution of (3) with respect to © 1is obtained

to be
_ 00
& = é) (Aln sinn @ + A2n cos n O) Z, (Pl) 3
: (6)
W = g (Bln cos n © = B2n sin n 9) Zn (Pz) R

2 (Py) = Cop g (PP + D X (LY =T r, (0= 12)

where 2 ( P) is the cylinder function / 9_7, A in’ B c a and D, are

o’ 7y Jn

- - ——— -
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constants of integration; and the barred quantities represent the

Fourier transforms, i.e.

QO
F(T) -j eith(t)dt , 1= Y/ (7)

=00

The inversion formula for (7) is

IS W A T% S
NONCEE S J:oo eI F (1) az (8)

Substituting (6) into (2) after taking the Fourier transforms

of (2) and solving the resulting partial differential equations we

obtain:
_ 00
u = Z; Uln(r) sinn @ + UZn(r) cos n O
n=o
(9)
- 00
v = %:o Vln(r) cos no - V2n(r) sinn ©
where
e - -1 -2
r an(") Ajn Zr'; (/ol) + Bjn 2n /02 Z, (/02)
(10)
L v, (r) = A nID“Z Z(pP,)+B, 2 g0 ()
Jn Jn 1 n l Jn fz n 2
where prime represents differentiation.
Combining (4), (6), and (9) we obtain
00
a;-r/Z/L - nZ.‘)L—Aln Nln(rt) ) Bln NZn(rr)-ﬂﬁLn G +£A2nmln(“‘)
+ BZnNZn(rt)] cos n @
(11)

00
3-1'0/2/" = ZCAln Sln(rt‘) * B, Szn(rz')Jcos no -[Aznsln(rt)

n=o
+ BZnSZn(rQ7 sin n @

(cont'd.)

5e
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(11, cont'd. )
o /2 [A T (rz) + B, T (rc)JsinnO*[AT (ro)
99/ lu' é 1n ln 2n 2n 1n
+ an'l‘zn(rt)] cos n @
where:

N (r7) = (A/2p) 2, (L) + -0 P32 (L) + fy 2P
N, (rT) = 2 pz (P -2 PIN 2 (P

S (PZ) = 0 PTEZ (P -n fll zp (P)) (12)
S0 (7)1 (-2 pT2) (L) 2 LB (f)

T, (rT) = (N2R) 2 (P +nf Pz (L) - PTIZL (P

To (rZ) = =N, (r7)

L. Dynamic tractions applied to the rim of a disk

In the case of a disk, the stress and deformation components
must be finite at r = O. Hence Djn = 0., Without loss of generality
we also take cjn = 1. This means in all of our formulas we must re-
place Z by Jn'

We use boundary conditions (5) to determine the constants A

and Bjn' The Fourier's theorem thus leads to: "
Mo 240, QO[5 a0 &, - N, 0 T,
B, -[2# D (az)_—7l [~ sy, (aD) ggs + N (aD) %;c]
(cont'd.)
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Bon = L2 0 (a0)* [ 5 (ar) O, - M (a0) T, 7,
(n=1, 2, «vs) ,

.l =l
AJO 2[AJ . B [BJJ s

n=o0 JO 2 N~ n=o0

Dn(at) = N, (a®) S, (a7) - N, (a7) S,,(ad)

where:
~ -1 P
d-c;c = j; o (6,Z) cos n 9 de
~ -1 pom _
6 = @ 6 (6,7) sinn 0 d6
o8 o )
~ ~
similarly ch and Z;s are defined.

Various special cases are of interest:

~ v

(a) Zero surface shear: T = T = 0
—_— oc os
~
(b) Normal traction with central symmetry and (a): 6 = 0

08
(c) (b) with constant amplitude over o € @ % &

(15) and & (0,7) = (7) {oéo ¢ o
p

Hence

g" = 26 (T) * (n n)-l sin n ¢
oc o

(d) lmpagt load and (c):

(13)

()
(15)

(16)

(17)

(16) and lim 23;(7.")80( = FO(T)
X-> 0
6 -> 00
(o]

e - o

T
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Hence 3‘-; - P (T)/wa (18)

C

(e) Igpulsive concentrated load and (d):
(18) and P, (t) = P, 8 (L), where § (t) is the Dirac delta
function defined by:
3 () = $oo t=0 00
f § (t)at = 1
[o] t f 0 ’ -00

In this case,

= ~
Po (T) = Po R 0. - Po/na (19)

where Po is the amplitude of the concentrated load.

5. Moving load

(a) Moving normal and tangential stresses:

Moving loads can be represented by

6 (0t = 6o (0-2t) , T(t)= T (0-/1t) (20)

Fourier Transform¢of these are:

T 0,7) =247 o (tin), 7.7 26T T/
° < 1
‘ (21)
ao( T/a) = E%T._/:o o‘;(¢)e-i‘f¢/ﬂd @ (in general)
(22)

1 [o°
-2 o (Tya)W wen 63(9) - 659)
where al( 'Z’/.(Zl) follom; fron so( T/n) by replacing £2 and 0';(¢)

by -n-l and f°(¢) respectively. Hence:

o —— -

i}
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! 5, = Qo) L@ - 0 THETT R s ()
(23)
&, = (2n/mnn) [(Tia)? - 2T (2THA s (T/2)

~ ~

Quantities roc ard z;s are obtained from (23) by writing.rzl and

! 8, (f/-ﬂ-l) in place of 42 and s (T /) respectively.

(b) Moving periodic loads:
00
s, (0-21¢t) = (Qo/na)Z p, cos n(Q -.ﬂt)*qnsin n(e-<2t)

n=o
(24)
00
2;'(0 - -ﬂlt) y (Qo/"a)é r cos n(Q —ﬂlt,)wnsin n(oe- £2,t)

After taking Fourier transforms of 0'; and Z; ;> we substitute into

(13) to obtain Oe s *o0 s Tc;s . This gives:

a gf;c/Qo =, (pn - iqn) b 2n -T) +( P, + iqn) g(—.ﬂn =7

a6 /Qo = (:fpn* q) ¢ (n - T " (-ip *+ q;) (-an -T)

o8

Quantities T,. and ros follow from (25) by writing r_ = and s, in

*
place of p  and q . In obtaining (25) we used the formal relation [/ bj
00
2n § (u) = j e 1t gt
-00

Components of displacements and stress tensor can now be obtained by
combining (9), (11), (13) and (25) and taking inverse Fourier trans-

forms. Thus

* This is Justified in the sense of a distribution function £ll_7

T A T T T
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00
-(2r a lfx/Qox') u -Z u‘(llzr.n. n)[pncos n (0-.at)+qnsin n(e-at)_/
n=o

+ u‘(lz)(r_n. n)[:rnsin n (O-nlt)*sncos n(O-ﬁlt)J

00
-(2n a P/Qor) v .n=o vgl)(r.n.n)[:pnsin n(O-.n.t)*qncos n(O—_at)J

+ v‘(lz)(rnn)[:rncos n(O-nlt)-snsin n(O—.nlt)J

00
(m a/Qo)Urr 'é; Oﬁ;)(rnn)[pncos n(O-.a.t)*gnsin n(O-n,t)J

(26)
+ éiﬁ)(rnln)[:rnsin n(O-.rzlt)+sncos n(O—.rzlt)J )

00
(m a/Qo)G;o 'é) T‘(ll)(l'ﬂ n)[:pnsin n(6-qat)+q cos n(e-at)_/

* ?‘i)(rnn)L:rncos n(o-nlt) - s sin n(o-nlt)]

o0 (1
(m a/Qo)tSB0 -; Gén)(rn.n)[pncos n(0-nt)+ qnsin n(e-at)_/
°
+ 6(2)( n)[_:r sin n(6-.t) + s cos n(e-n2 t)_7
b Opp VRN ! n 1

where

A e — e
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11,

-1
( . n‘(‘l)(r.a.n) " [Dn (an)_/ Kq/l r.n.n)-l In (o(lr_a.n) Sonlaan)

-2
- 2n( otzr.n.n) Iy (o/zr.n n) Sln (a.n.n)]

-1 _
vgl)(rn,n) - [Dn (aan)_/ [n (o(lr.an) 2 I, (otlran) S,,8an)

-2 (0(2r.n.n)-l J (o(2r.an) Sln (aqn)_/ (27)
D can) = 5, an T [y (ran) 5, ann) My
Gln (ran) Ln aan) 1p{ran 2n(an.n) N ran) Sln(aan)J

Ly
Z'x(ll)(r.n.n)- Zb-n (aan)_/ 5ln(r.n.n) Szn(a.a.n) -Szn(rnn) Sln(axzn)J

1 -1
'oszn)(r.n.n) - [ﬁn (a-an)_/ [I"ln(ra n) s, (aan) -T, (ran) Sln(ann)J

| where

Dn(a.an) = Nln(a.a.n) Szn(ann) - Nzn(ann) Sln(a.n.n) (28)

(2) (2) J2 2) 2)
Functions LAPAFIIR A c‘in ’ z“n and dén are obtained from the

corresponding ones with superscripts (1) above by replacing .2 by .(Ll

and Szn(axzn) and Sln(an.n) by N2n(a'nln) and Nln(aﬂln) respec-

= ——— — e

tively, except in Dn(a.n.n), where we replace -2 by .(ll o

o e T —
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(c) Two diametrically opposite, moving, concentrated loads

(Fig. 2). afl
Q
This is a case of
technical importance.
In this case we have ek
7 = 0 _hence
o
rP,= 8 = 0. The con-
QW
centrated loads can
a1t
formally be represent-
ed by Fig. 2. Moving radial load.
6,(0-2t) = (Q /na) [&e-qt) + §(n-0+220)]
(29)
00
= (Qo/n 8)2 p, cos n(0 -t)+ Q sin n(@ -.2t)

n=o
where QO is the amplitude of each of the concentrated radial 1oéd.
From (29) Fourier coefficients p, and Y, are calculated to be:

2/nm  for n even
pn = { b4 qn = 0 (30)

0 for n odd
Hence (26) together with (29) and (30) and L, =B 0 gives
the displacement and stress components. Below we give displacement com-

ponents. The rest is obtained in an obvious manner.

= (n2 a tx/Qo r)us= 2 , ‘ur(ll)(r.nn) cosn (0 -.q1t)
0,2)l4s000

(31)
(n2 apQ, r)ve= g . "r(xl)(”“‘) sin a1 (0 -2 t)

(1) (1)
n and 1

where u v, are given by (26).

o am . a— iz B B
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Concentrated moving shear loads and other types of load combina-

tions may easily be obtained from (24) and (26).

6. Computation and Discussion

Computations have been carried out to determine the roots of
D,(a2n) = O given by (28). The roots of this equation give the
resonance speed for the concentrated load.

The ratio of the resonance speed Cr = a2 of the concentrated
load to the dilatational wave velocity C, = O(l-l has been solved from
D, = O for a steel cylinder with E = 30 x 106 psi and VY = 0.3. First
four roots of Dn =Q for n=1, 2, 3, 4 are listed on the table given
below*.

The computation is carried out on I.B.M. Card Program Calculator

machine and are correct up to two decimal places.

The values of n cr/cl =n a¢2421_(obtained by calculating the roots

of D_ (ax2n) = 0).  Steel: E=30x10®, v=0.3.

n D=0 D, = 0 Dy = 0 D, =0
1 1.51 1.26 1.94 2.52
2 3.43 2.35 3.21 4.08
3 3.80 4.22 4.95 5.67
4 5.33 5.06 6.22 7.19

* For n =0 we take the limit of the functions in (27) and find finite

values.
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From this table it is seen that the smallest C./0; is obtained
for n=2. This wlue is C./C; = 1.26/2 = .63. We therefore expsct a

critical speed for the moving load in the neighborhood of 0.63 C, which

will create resonance in the disk.

The Rayleigh surface wgve velocity for‘) = 29 is 0.9258 times
the velocity of shear waves or .503 times the velocity of dilational
waves. Thus 0.63 C, represents a velocity between the Rayleigh surface
wave velocity and the shear wave velocity. Further we notice that this
velocity is minimum for n=2 rather than n=l1. Examining (31) we found
that we have only even terms. Hence diametrically opposite moving loads
give a smaller critical speed than the case of a single load. In the
former case the fundamental mode n=0 represents a uniform lateral exten-
sion which is not dependent on time. Thus it is static in nature and
has no resonance frequency associated with it. The second mode is of
cos 2 8 —type and gives the minimum critical speed mentioned above.

It is interesting to know that the minimum critical speed in the case
of a flat semi-infinite plate (the Rayleigh surface wave velocity) is
less than that of the curved surface ( the disk in the present case).
With this point in mind perhaps one can classify the curved surfaces
from the elasto-dynamic point of view. This process will, no doubt,
present mathematical difficulties.

The present results, of course, must be accepted tentatively

until experimental verification.
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