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ON JONES' CRITERION FOR THIN WINGS OF MINIMUM DRAG

Tn reference 1 Jones nas derived necessary conditions for miniivem
drag shapes of thin wings subject to conditions of given 1lift, given maxi-
mn drag or given volvme. In deriving these conditions, the concept of
the "combined flow {ield™ was used, This consists of superimposing the
flow fields of the forward and reversed motions, In this note, it is
showvn how these conditinne may be derived using the standard methods of
calculus of variations and the general reverse flow theorem,? The method
will bs illustrated for the case of given 1lift. In addition it is shown

that the necessary condition actually yieids a minimmm for the drag,
Linesarised thsory is assumed throughoui.

Let. p and a denote the local 1ift and sngle of attack distributions
in forvard flow. These are defined on the projection of the wing surface
on & mean plane. This area is denoted by 8 and all integrations are over
this area. A3 in reference 3, two types of reverse flow ars considsrei.
In the first, the 1lift in reverse flow P = p, and T is determined from
linearised theory. In the second, the angle of attack in reverse flow
G = ~a, eandD is determined from linssrised theory. The reverse flow
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jpadstpads (1)
and similarly for the second type. Since p and G are related linearly,
p + € Q must correspoend to & + € B where B (s the angle of attack distri-
bution corresponding to the 1lift q. Delining the variation of p,
Sp=<q
then the variation cof « is
Sa=s ¢B

The reverse flow theoram can, of course, be applisd to 6p and 3a,

Goasider now the variational probtlem of minimizing the drag, D, sub=-
ject to condition of a given 1ift L., Since
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the Lusntity D + % L, where A is an undetermined constant multiplier,
should bYe wminimized according toc the rules of the calculus of variations,
Then
6 (D+21) = ((p5a008p+\6p)ds (4)
4

Since p = p, the first term of the integrand can be uritten

Jp&adS-fEbads

-j!&pds
Thus (4) can be writtea
5(D+21l)e ((aﬁatx)bpds

smce the variation of D + A L must be sero for arbitrary 8 p, the necessary
condition for minimur drag with given 1ift{ ias

a4+ Qo =N = Constant

which is Jones' criterion. Multiplying the last equation by p and integrating
determines A, so that,

2D

G*E'T (5)

The eriterion car be expressad in a differant form invol the second
type of reverse flow, Lsi the flat plate of umiv angis of atiask ts dsnoctad
hy Gos 1.0, Qp = 1. The 1ift can be written

L-—-J-pds-_,rafpds

Taking the first vuriation as in (L) yields
5 (D + L) -Jr(p-’i-.\‘isf) 6ads
and since 6 ¢ is arbivrasy
P-pP=Mp,
where now
2D

A ® « cmen

L

The quesiion of what typs of functions p and ¢ are admissible in the
variational prucess needs to be discussed. It is known tha{ the reverse
flow theorem, aq. (1), does not hold if the 1ift has a leading edge sing~
ularity in forward flow, since the wing in reverse flow does not satisfy
the Kutta condition at the trailing edge., Therefure admissible functions
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v muat ba such that they dc nct have leading edge singularities. lowever
there are indications that Jonesi eriterion is valid even for functions p
which have these singularities3,

Using the concept of orthogenal loadings 3,k it can be shown that Jones!

criterior is also sufficient, that is, it actually yields a minimum. Let a

snd 3, be two angle of attack distributicns and Py and Py the correspondingl
1lifts, Dafine z

<ﬁ»ﬂz>-§f<ﬁvz*“zr’ﬂ“ (6)
1e0.; (613 42) is one-half the mutual interfererce drag of the two disiri-
butions. Then a; is orthogonal to a, if (a_,. . ez) = 0. Sinco

(2, 0) = [ py oy a8
- Dle: 0
it is e2ay to show that Schwars's inequality hLolds
(a1, 802 £ (ay, ) (a, a,) 6]

Now lat e, be any a such that
I"o - rpo 4.8 S0 =

Vv
Then multiplying {5} by p,, integrating, and applying (1) yields
(a, ao) w0

80 that a2ny a with sero total 1ift is crthogonal to the optimal a, i.o.,
the a which satifies (S). The converse is aisc true, If o! is any & such
that

fp'ds-fpds-l.f

then @ -~ a' = uo since

[(p-p')ds-o
(6, a =at) @« 0
or

(e, a*) = (a, a)

n



Using (7}
(a, )% = {a, a"}? £ (a,a) (a', a*)
(a,a) £ (a*, a')

Thus it is ghown that of 21l admisaitle functions with tote) 1ift L, the
angle of attack distribution satisfying (5) yields the least drag.
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