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ON JOKES' CRITERION FOR THIN WHJQ8 OF MINIMtJM DRAQ 

In reference 1 Jones has derived necessary conditions for minimal 
drag shapes of thin wings subject to conditions of given lift, given maxi- 
ma* drag or given volume. In deriving these conditions, the concept of 
the "combined flow field*1 was used* This consists of superimposing the 
flow fields of th*> forward and reversed motions. In this note, it is 
shows hew these conditions a*y be derived using the standard methods of 
calculus of variations and the general reverse flow theorem** The method 
will be illustrated for the case of given lift. In addition it is shown 
that the necessary condition actually yields a minizsisi for the drag. 
Linearised theory is assumed throughout* 

Let p and a denote the local lift and angle of attack distributions 
in forward flow. These are defined on the projection of the wing surface 
on a mean plane. This area is denoted by S and all integrations are over 
this area. As in reference 3» two types of reverse flow are considered. 
In the first, the lift in reverse flow p" - p, and 71 is determined from 
linearised theory. In the second, the angle of attack in reverse flow 

a - - a, and'p is determined from linearised theory. The reverse flow 
taoOi 

p'adS*  padS (1) 

and similarly for the second type. Since p and a are related linearly, 
p • € q must correspond to a • € 0 where p" is the angle of attack distri- 
bution corresponding to the lift q. Defining the variation of p, 

6 P - < q 

then the variation of a is 

6 a • < 0 

The reverse flow theorem can, of course, be applied to 8p and 6a. 

Qoasidsr now the variations! problem of minimizing the drag, D, sub- 
ject to condition of a given lift L. Since 

» jp a d S (2) 

• Jp d S (3) 



the Hu»utlty D • X L, where X is an undetermined constant multiplier, 
should be minimised according to the rules of the calculus of variations. 
Then 

ft    (D + X L)    -       I (p 5 a • o 6 p • X 6 p) d S (U) 

Since p » p, the first term of the integrand can be written 

]pftadS«Jpftad8 
-  ( n ft p d 3 

Thus (h)  can be written 

6 (D + X L) • I (o • « • X) 6 p d S 

Since the variation of D • X L must be sero for arbitrary 6 p, the necessary 
condition for minimus drag with given lift is 

a + a" • - X • Constant 

which is Jones' criterion* Multiplying the last equation by p and integrating 
determines X, so that 

a • a - 2j2 ($) 

The criterion can be expressed in a different form involving the second 
type of reverse flow. Let the flat plate of unit angle of attack be denoted 
by of, i,e. a. • 1. The lift can be written 

p       r_ I)«  ji d S • j ••*£ f) u * 

• - I oL p d S 

- - prf e d S 

Taking the first variation as in (U) yields 
p 

ft (D • X L) •   I (p - p - X pf) 6>ad3 

and since 6 a is arbitrary 

p - p - X pf 

where now 

.    2D x" "T 
The question of what type of functions p and c are admissible in the 

variational procesa needs to be discussed* It is known that the reverse 
flow theorem, eq. (l),  does not hold if the lift has a leading edge sing- 
ularity in forward flow, since the wing in reverse flow does not satisfy 
the Kutta condition at the trailing edge* Therefore admissible functions 



» must be such that they do not have leading edge singularities* However 
there are indications that Jones' criterion is valid even for functions p 
which have these singularities^. 

Using the concept of orthogonal loadings ^»* it can be shown that Jones' 
criterion is also sufficient, that is, it actually yields a minimum. Let ck 
and a_ be two angle of attack distributions and p, and p» the corresponding 
liftsl Define x    * 

(°1» V " | J (°i P2 * a2 Pi) d S (6) 

i.e.. (a... a.) is one-half the mutual interference drag of the two distri- 

butions. Then a, is orthogonal to a2 if (CL, , Gg) - 0. Since 

<*P °1> - J «"1 *L * » 
- D^ 0 

it is e*«y to show that Schwars's inequality holds 

(c^, Og)2 £   (e^, o^)  (o^ Og) (7) 

Now let a   be any a such that o 

L   -    JpdS-0 o      J   ^o 

Then multiplying (5) by po, integrating, and applying (l) yields 

(a, oQ) - 0 

so that any a with zero total lift is orthogonal to the optimal a, i»e»t 
the a which satifies (£)•   The converse is also true.    If a» is any a such 
that 

P r J p» d S •   IpdS-L 

then a - a' « a   since o 

Thus 

f(p-p') 

or 

) d S - 0 

(«j a - a') -0 

(a, o») - (a, a) 



Using (7) 

(a, a)2 - (a, a»)2 £ (a,a) (a», a*) 

(a,a) £ (a», o«) 

Thus it is ahovn that of all adsiaaifcl* functions «Lth total lift L, the 
angle of attack distribution satisfying (5) yields the least drag. 

R, SESmt 
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