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FOREWORD

This report was prepared at the College of Engineering, New
York University on Air Force Contract No. AF 33(616)-49, under
Research and Development Order No. 471-506, "Buckling of Flat
Rectangular Panels Prestressed by Initial Curvature". The work
wa.s administered under the direction of the Aeronautical Research
Laboratory, Directorate of Research, Wright Air Development Center,
with Captain R. W. Rivello and Lt. E. H. Porter, Jr. acting as
project engineers,
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. The work was carried out under the supervision and direction’
of Dr, Chi-Teh Wang. 'lhe theoretical portion and some of the
~experimental phase were carried out by Ur. Arthur L. Ross while
~~the bulk of the experimental phase was carried out by Mr. Edward
L, Reiss,

Special acknowledgement should go to Mrs. Madeline Lynar for
typing the report, to Mrs. Roslyn Lawrence, Miss Maria Pan, and
Miss Raquel Heller for their aid in the calculations and to Mr,
Edward Fellman and Mr. Arthur Smith for their assistance in the
testing laboratories.
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ABSTRACT

It is proposed that flat plates can have their buckling strength
increased by prestressing. The prestressing is accomplished by first
cold rolling the plates into cylindrical form and then opening the
plate by riveting onto or clamping into a flat frame. This prestressing
will produce membrane stresses in the plane of the plate of such a
magnitude and distribution as to raise its buckling load in the direction
of the generator of the cylinder. The present investigation was restricted
to the case of all four sides clamped. o

The stresses produced by this process are measured and their effect
calculated by the Rayleigh-Ritz method. The analysis shows that small
stresses (1000 psi maximum) could raise the buckling load almost 50%,
and probably more. These stresses would also change the buckling mode
in some of the cases examined from antisymmetrical to symmetrical modes.

A testing frame was constructed to produce, and measure the effect
of the proposed prestressing. The tests showed that the buckling load
was raised in some cases over 100% while the average for all tests was

38%0 »

A theoretical evaluation of the membrane stresses and their effect
was carried out which involved the solution of the non-linear plate
equations of Von Karman. Because the necessity of using the rather
approximate assumptions, the analysis could be subjected to questioning.
Nevertheless, the analysis showed that the buckling load at one particu-
lar type of prestressed plate would be raised approximately 15%. ‘

PUBLICATION REVIEW
This report has been reviewed and is approved.

FOR THE COMMANDER:

\
éﬂd&um
LESLIE B. WILLIAMS
Colonel, USAF
Chief, Aeronautical Research Laboratory
Directorate of Research
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SECTION I

Introduction

Before the advent of modern high speed aircraft, wrinkling of the
covering of aircraft components due to local buckling under flight loads
did not introduce any serious problems because such wrinkling does not
have a material effect un the performence of the aircraft, Fresent day
high speed aircraft, however, often operate under conditions in which
the local airstream Mach number adjacent to the serodynamic surfaces is
nearly unity; consequently even slight surface irregularities, such as
the appearance of wrinkles due to buckling, may cause the local velocity
to become supersonie. Such changes from subsonic to supersonic flow are
accompanied by the formation of shock waves in the flow whiech materially
- increase the drag of the aircraft., It is therefore desirable for these
aircraft to employ a covering which will not buckle at flight loads and
yet will not introduce eny undue increase in the weight of the structure,

One type of such structure is sandwich construction, Sandwich
construction consists of two thin external or face layers of high-strength
material, such as aluminum alloy sheet, bonded to a thick internsl layer
or core of light-wsight material, such as balsa wood or cellular cellulose
acetate, The core serves to separate the strong faces a fixed distance
apart, thus giving the structure a high bending and therefore buckling
strength, but without a substantially increase in weight, This type of
construction has been the subject of intensive investigation and considerable
work has been done at the Guggenheim School of Aeronautics of New York
University (1,2).

In this report an attempt is made to introduce another type of construc-
tion where buckling is delayed by a method of prestressing. The method
is as follows, First, the thin sheet is curved by cold rolling in the
direction perpendicular to the direction of compression, then it is opened
elastically and attached to the stiffeners or the frame of the panel, By
such a process, it was found that in-plane stresses are induced and the
buckling loads are increased materially., Both experimental and theoretical
investigations have been carried out to study this method of prestressing,

The fact that the buckling loads can be appreciably raised by first
overcurving the panel and then elastically bring it to the desired curvature
was first noticed by Welter (3) in his study on the effect of imperfection
on the buckling loads of curved plates. Welter gave no explanation on this
phenomenom, Later, Cox (4) indicated that favorable deformations occurring
from the elastic bending accounted for the raising of the buckling loead,
This view was substantiated by Cicala (5) who showed thet in certain cases
the buckling load could be increased due to favorable deformations,

Although favorable deformations will doubtlesely be a factor in raising
the buckling loads, an equelly important cause, if not the major cause, is
believed to be the presence of the induced in-plene stresses, This is born
out in the present investigation where curved sheets were elastically opened
to flat ones, because in general no favorable deformations can exist for a _
flat plate. The term "in general® is used in the above statement in deference
to Cox's (4) statement that a favorable imperfection could be possible so as
to develop a mode corresponding to a slightly higher buckling load,
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SECTION TI
OUTLINE OF THE EXPERIMENTAL PROGRAM

Before describing the experimenta carried out, Welter's (3)
experiments should be reviewed at this point since it was his
experiments which brought to 1ight this particuler method of
prestressing thin plates to increase their buckling load, Welter
presented the results of some experiments he performed with no
attempt to explain the phenomenom discovered,

He performed his tests on both 17ST aluminum alloy of .036 in.
thickness and 2S 3/4 H pure alumirum sheets of ,032 in, thickness,
both of 24 in, width and 96 in., length., The cylindrical plates
were tested with a radius of curvature of 24 inches, The initial
radii of curvatures of the plates varled between 6 in, and 24 in,
(the latter being a non-prestressed plate) and were tested with a
radius of 24 in., by opening the plate elastically to the greater
radius, These tests showed increases in the buckling loads up to
50%. There were, however, a total of only nineteen tests performed
and of these perhaps only half the results were conclugsive, :

The present experimental program cen be divided into three
parts: first, to determine whether objectionable deflections were
produced during the prestressing process; secondly, to determine
whether the prestressing process produced inplane (membrane) stresses
- that could be capable of raising the buckling load of the flat
. plete; and thirdly, to measure the buckling loads of prestressed
plates and compare them with that of the corresponding non-prestressed
flat plate. ' :

SECTION III
TESTS TO DETERMINE THE INTITIAL DEFLECTIONS DUE TO PRESTRESSING

Since the purpose of prestressing is to deley the occurrence of
wrinkles due to buckling, it is important to determine first whether.
1t is possible to clamp an initially curved plate without undesirable
initial deflections, By "undesirable®, it is inferred that the maximm
deflection of the plate should be less than the thickness of the plate.

Three "flatness" tests’'were performed, One of the tests was
performed on & half-hard brass plate while the other two were performed
on 24ST aluminum plates. The btrass plate was 19 1/2 by 12 inches and
had a nominel thickness of 1/32 inch. The aluminum plates were 19,25
by 13.833 inches and had nominal thicknesses of ,032 and 040 inches,
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The clamping of the plate was executed on the compression base
of the 200,000 1b, Baldwin-Southwark Universal Testing Machine. In
this base there are several conveniently located, "Tee" Slots, which
were‘'used in clamping the plates to the base.

The clamping of the brass plates (see Fig, 1) was accomplished
by using eight-1/2 inch thick, 1 1/4 inch wide steel bars. Two of
these bars, 19 1/2 inches long were placed parallel to each other
so that the edges of the bars and the "Tee" slots coincided, Two
bars 9 1/2 inches long and parallel to each other were positioned on
the base so that they were perpendicular to the 19 1/2 inch bars.

The brass test plate was set on
this frame, and corresponding steel ,
bars were oriented in similar positions
on top of the brass plate, thus
forming the clamping frame,

Twelve, 1/2 inch standard
steel bolts whose heads were fitted
with lock-washers were registered
into the "Tee" slots of the
compression base and were positioned
as indicated in Fig, 1. The top
of each bolt was fitted with a large
diameter and a standard diameter
steel washer. The diameter of the
large steel washer was such that
it extended over a considerable
portion of the width of the steel
clamping bars, On the side of each
bolt opposite to that of the steel
bar were placed three shims, two of
them being 1/2 inch thick, and one
being 1/32 inch thick, Thus the
total thickness of the shims equaled
that of the steel bars and test plate.
Clamping of Brass Plates for By fitting a nut on the top of each

"Flatness" tests bolt so that it bears on the washer,
. and tightening the nut, a clamping of
Fig. 1 ' the spedimen between the steel bars

was obtained,

After the plate was clainped by tightening down on each of the
twelve bolts, the deflections of the plate at several positions were
measured by a Starrett dial gage graduated with divisions of ,001
inches,
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The olamping of the Aluminum plates (see Fig, 2) was accomplished
by using eight- 5/8 imch thick, 1 1/2 inch wide steel bars in a manner
similar to the procedure used for the trass plate, In this series of
tests two holes were drilled in each of the steel bars and helf the
bars were tapped and the other half drilled clear to accomodate bolts
that would clamp the steel bars tightly to the edges of the plates.
Two pairs of the steel bars were 19,25 inches long while the other
two pairs were 10,75 inches long. The ends of the shorter bars which
were underneath the plate were beveled to leave a passageway for the
wires connected to the strain gages on the bottom surface of the plate
as required in the determination of inplsne strains described in the

next section,

The bolts for
clamping the plate to
the base of the testing
machine were specielly
modified to fit the
"Tee® glots thus making
clemping of the plate
easier, The hexagonal
head of the bolt was
replaced by a square heed
machined to fit the
bottom of the "Tee" slot
exactly., Instead of
large washers being used
to transmit the clamping
force from the bolt to
the steel bars, special
" " "clamps® were made from
Clamping of Alum%:g:sPlatea for "Flatness 3/8 x11/4 x 2 inch bare

with holes drilled through
Fig, 2 the center to accomodate
the bolt., One end of '
these "clamps" rested on
the steel bars, forming a frame in which the plate was held, while the
other end rested on bars 1.30 inches high (approximately the height of
the frame) 3

The dial gage was fasiened by means of rods to a gage "base plate",
The gage was adjusted so that its measwring rod was perpendicular to
the plane of the test plate. The measurements at the various positions
were obtained by sliding the gage "base plate" along the surface of the
compression base of the testing machine, until the rod of the gage was
situated directly on the desired point. At each point, the measuring rod
was 1ifted a small distance above the plate and then released, so as to
obtain the same measuring pressure at each point. ‘

The various measuring positions are illustrated in Figs. 3, 4, and
5 for the brass and aluminum plates, A particular point is defined by

two numbers, the first indicating the position along the short aside of
the frame, the second along the long side.
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The reference point, or the puint at which the dial gage was set to
zero, was arbitrarily selected at point 5-9, for the brass plate and
1-1 for the aluminum plates.
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The results of the tests are in Tables 1 (a,b, and ¢).

The commercial designation of the trass plate was 1/32 inch with
a standard commercial tolerance of % ,002 inches, From the results,
it can be observed that the maximmm positive deflection is + ,003
position 4-1), and the maximm negative deflection - ,007 inches
position 3-3, 34, 3-6), Thus the percentage maximm deflections
based upon the plate nominal thickness of 1/32 inch are + 9,6% and
- 22,4% or a total of 32%,

The ,040 inch thick aluminum plate had an initial radius of
curvature of 8,7 inches, and when flattened had a maximum total
deflection (the difference between the highest and lowest points on
the plate) of .022 inches or 55% of the nominal thickness,

Similerly the o032 inch thick aluminum plate with an initial
radius of curvature of 7 3/, inches and a maximm total deflection
of 049 inches or 153% of the nominal thickness. The wnusually large
deflection of this thin plate was probably ceaused by initial imperfections
(due to the fact that this plate had been flattened several times
previous to this experiment) and unavoidable errors in the measurements,
However, it should be noted that deflections of this order might be
expected in aircraft due to the pressure of the airforces.

SECTION IV
TESTS TO DETERMINE THE INPLANE STRESSES DUE TO PRESTRESSING

There were two series of tests performed., In the first series,
three plates were tested -~ two brass plates and one aluminum plate,
Thease plates were tested before any theoretical work was carried out,
In the second series, tests were performed on four plates. These
plates were of the same size but of different thickness, The theory
indicates that the stress distribution depends on the parameters

a2 and a/b, where a is the width of the plate, b the length, h the

Bh  tnickness, and R is the initial radius of curvature. The radii
of curvature of these plates were rolled in such a way that the
parameter a2  /oh remaing a constant value, 337.5.

Each of the seven plates was clamped flat in the frames described
in the preceding section., SR-4 strain gages were fastened to the
plates with Duco Household cement in pans back to back at various
locations. The leads of the strain gages were attached to a multichannel
switching and balancing umit. The strain was measured by a standard
Baldwin-Southwark Type K strain indicator, .
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The strain in a particular gage is obtained by subtracting the
initial reading taken when the plate is standing free on its curved
side and the final reading taken when the plate is clamped in the
frame. The inplane strain is obtained by taking the average of the
strains on both sides of the plate at a particular point.

In each case the radius of curvature was determined by tracing
the outline of the plate on a pilece of paper. As the surface 1is ‘
approximately cylindrical, the outline is approximately circular., Thus
by drawing several chords of the arc and finding the intersection
of the perpendiculer bisectors of these chords, the radius of curvature
is determined,

The tests on the two brass plates did not produce consistent
results, A review of the literature of the Baldwin-Southwark Company
showed that bonding of paper backed strain gages on brass is usually
poor. This probably explains the inconsistent readings. However,
the results of these tests did indicate that inplane strains are
produced in such a process and the inplane strains in the direction
of the buckling are negligible compared to the inplane strains in
the perpendicular direction,

The aluminum plate tested in the first serles was a 14 inch by
19 1/4 inch 24 - ST alloy plate with a thickness of ,020 inch, Ten
SR-4 type A-1, and two type A-5 strain gages were mounted at the
position shown in Fig, 6. The test results are presented in Table 2,

As indicated, the first
two tests were performed with
geges 1 through 8 only, Sincs

— the inplane strains are not
entirely as expected, it was
decided to investigate the
strain distribution over the
top and bottom swrfaces as each
of them should be smooth and
continuous. An investigation
of the data of Table 2 reveals
that on the top surfaces
(eages 1,3,5,7) all gages
except 7 ylelds a smooth:
distribution of strain, A
similar conclusion is obtained
for gage 2 on the bottom
surface, It was therefore
decided to mount gage 9

- immediately adjacent to gage
" - 7 and gage 10 immediately

— adjacent to 2, Gages 7-2 and
8-2 (see Fig, 6) were attached
for checking purposes,

7.
;

+6t
I %v—-’e— %-i

e
|

'TT_—_“
.
|
|
|
|

==

‘Location of Strain Gages on 020
Alunminum Plate

Fig. 6




From the results of test 3, it is seen that by employing gages 9
and 10 instead of 7 and 2 a smooth strain distribution is obteined., By
extrapolating, the valuss shown in Table 5 under "Test 3 (using
correction)" are obtained. By comparing the axial strain at 7-2, 82
with 7,8, the rough extrapolastions are probably somewhat in error. On
a conservative basis the following inplane strains were assumed. These
values will be used in calculating the buckling load.

Pogition Inplane strains (x106)
3,4 60
546 80
1,2 10
7,8 15

In the second series, four aluminum plates of the size of (and
including) the aluminum plates deseribed in the preceding section werse
tested, The locationa of the strain gages for three plates (namely -
one each of ,032, .040, and ,051 inch thickness), are shown in Fig. 4,
while for the remaining teat (on a ,040 plate) are shown in Fig. 5.

In this series of tests the zero readings were taken . *h the
plates standing on its curved (skorter) edge, and with and witheut
the bars attached to the longer edges. The reason for teking zero
readings with bars attached to the longer edges was to force these
edges to bs straight, which they would have been had adequate means been
-availeble for cold rolling the plates, The data taken for the five
teats are shown in Tables 3 through 10, Note that in some cases the
tosts were repeated on the plates several times,

In the case of the ,040 aluminum plate whose data is recorded
in Table 10 many of the readings should be identical and this property
of symmetry was used in analyzing the data to eliminate any unreasonable
data, This analysis is shown in Figs, 7a and b where the observed data
and the derived averages are indicated,.

£600 2600,
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A\' slie surtace stro

"f o Co m !u inc- udn
= averoge siralns
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o
8
Q

&
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Mroln,mergglnahnllneh

2400 1y L
o (%) b4 /8 b2 [ br4 3p/8 b2
Dintance from edgs,Inches Olstance from edgse, inches

Graph Used for Averaging the Values of the
¢040 inch Aluminum Plate
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Using Fig, 7a and b to arrive at & "reasonable "estimate for the

‘membrane strains of the plate in the x-direetion for the upper left

(of Fig. 5) quadrant we obtain the values listed in Table 11, Similarly
in the cases of the other plates referring to Fig. 5 we find because -
of symetry; the membrane strains as listed in Table 12 through 14.

SECTION V
DETERMINATION OF THE BUCKLING LOAD BY FINITE DIFFERENCE APPROXIMATION

Assuming that the inplane stresses due to prestressing do not
change while the buckling load is applied, the buckling load can be
calculated by means of finite difference approximation., Two objections
can be raised against such a procedure. First, since there are small
initiel deflections due to prestressing, the theoretical buckling load,
which defines the stability 1limit, does not exist. Secondly, these
inplane stresses due to prestressing, because of the initial deflections,
certainly will change while the buckling load is applied., The excuse
for using such a procedure to calculate the buckling load is as follows.
Although the theoretical buckling load is not defined for a plate with
initial deflections, the load for such a plate at which the deflections
suddenly become large is close to the buckling load for the corresponding
plate without initial deflections. Although the change in the inplane
stresses due to prestressing while the buckling load is applied may
introduce large errors in the calculation, in the absence of a better
method, 1t is felt that the present method will at least give some
qualitative results to compare with the experimental results described
in the next section,

The differential equation governing the deflection of & thin plate

with inplane foreces Nx’ N_end N__ is

y Xy
N 2 N_ .2 N 2 -
vh == LIy o,y Q)
D ox D oy D 0oxdy '
Let the plate be loaded in the y-direction only, Then Nx = Nxo’ Ny =

Nycr + Nyo’ ny = ijO where the subseript O refers to the original
inplane forces and the subscript er refers to the buckling value,

Since N_ = oxp, Nj = dyh, ny = Txyh, and from the preceding
experiments it was found that cyo = TxyO = 0, from Hooke's Law for plane
stress we find I
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Substituting into equation (1), we have

2
l-v % . (o + B ) 94!'}
Vhy . 1 W2 g;% 1 102 €x0 ay2 (2)

It is convenient to put equation (2) in non-dimensional form by letting

w'-w/h N' —gil';v—)—a- N x'ax/a

yer
y' = y/a, elg=e, a%/h?
We have, therefore,
4L =12 ¢t Qf_\g_:__( +12v5)2"-o (3)
A x0 axgz yc ¥0 ay|

\‘rlkfxereY}'l+ is the biharmonic operator referring to the non-dimensional
coordinates,

let us now transform this equation into finite difference equationse

1st the plate be divided into rectangular meshes withay = kay, where
Ax and Ay are the sides of

meshes, For the 19 1/4"

x 14" 020" Aluminum all
plate clamped by the 1 1/4"
bars, the plate area is
actually (19 1/4" - 2 1/2n)
x (14" - 2 1/27), If we

e arq —o] divide the plaﬁe as shown

y= b/‘a k= i‘f’zz 1457, v = 43,
o5

b=15

Net Points for Finite Difference Solution
Fig. 8
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To approximete the boundary conditions more accurately, imaginary net
points outside the plate are introduced. From the boundary conditions,
they are equal to the values one mesh point inside the boundary as
indicated in Fig, 8, The finite difference equations at various points
are as follows:*

At LIt

(177.7418.52 €8 +2_ L IW(-2(4hebs5066 £5)wy

=2(94.2+3.6 ! +Nyér)wé+4(l5.09)w3 =0 (4)

At uiz
(177.7418.52 e}y +2 L Jwy +2(3.56)wy
~(4404+5066 €1, IW#2(15.09)W,=2(94024306 €1y + Nt JugtO 5) :
At w2:
(177.7+18,52 els +2Nyér)wé+2(16.01)w2

~(940243.6 €1y + Bol IW(-244ed#5.66 €0 )W3+2(15.090w; (¢

At w3:

(177.,7418,52 5;3 *2Nyér)w3+2(16.01)w3+2(3.56)w3

~(94024346 £ 5 + N3 Jwy+15.090=(44e4#+5066 e13)vz = O -

* The transformation of partial differential equation to finite difference
equations can be found, for example, in "Applied Elasticity" by Chi-Teh
Wang, McGraw-Hill Book Co., 1953, pp. 106-143.
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vhere the w's at various mesh points are the non-dimensional deflections,

Using the results for the inplane stresses in the ,020 inch thick
aluninum plate found in the previous section, we have, using the notation

of this section,

= 20 micro-inches per inch

®x0

o =25 " " noon
exé = 3 " n nooon
°x§ = 5 " " noon

The finite difference equations can be put in matrix notatlion as follows.

{3 B e Jifwr] =0

548 =315 =332 60
A= |96 648 30,2 -368
-103 30,2 265 -123
15,1 -112,2 -72.7 309

where

2 0 -2 0
B = 0 2 0 -2
-1 0 2 0
0 -1 0 2
W ]
0
w!' = wi
w)
v3

Equation (8) can be rewritten in the following form

AR -3 1
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which 18 the usual form in which a solution, by iteration, for the
eigen values Ny will converge to the lowest eigen valuve Nycr‘

The inverse of A can be found (18) and is

34396 2,078 5,069 3,832
[A-l] w 1274 2737 2,370 3.955| 4
1,502 1,038 6,507 3.533] (107°)
6502 1,137 2,145 5.318 (10)

Tterating Eqe. (9) according to Ref. (18) the non-dimensional buckling
parameter N for the prestressed plate is found to be

yer
Nycr = ~ 99,3 (11)

while for the ordinary plate (setting all €y ™ 0)

4 -
Nycr = 4755 (12)
Thus using the inplane stresses found in the previous section a
solution by finite difference approximstions shows that the buckling
load can be increased about 109%.

SECTION VI

DETERMINATION OF THE BUCKLING LOAD BY ENERGY METHOD USING HARMONIC
ANALYSIS OF THE TEST DATA

The finite difference method used in the previous section loses
accuracy when used with only a few net points, As an alternative, the
Rayleigh-Ritz method can be used in finding the buckling loads of the
prestressed and non-prestressed plates, The assumed deflection will
bs represented in a Fourler series and it will be convenlent to represent
the inplane stresses fomd in the previcous sections also by a Fourier
Series,.

The Rayleigh-Ritz mothod will be shown in move detail in Part'II
of this report dealing with the throreticsl snelvels end only the essentiel
points of the method will bs describsd iu this section,

Iet v be the leters’ dellection of the plats due 4o buckling, Tu
the cese of & plats wlth elevped edges, thx bendlug strsin energy in
the plate when buckling ecocurs is
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2 _
2 2
U-B //(9-1’2'- +Q-!2'—) dx dy (13)
2 A 8x oy

where D is the flexural rigidity of the plate, The work done by the
inplane forces is

w.-ffn(—-) ar %" 4x ay (14)
where Nx = N Y Ny~ Nycr In the above we have assumed that the

contribution to the work by the original stresses in the y-direction
and by the original sheer streams is negligi ble. At buckling we have

T-W=0 (15)
from which we obtain _ '
U-W

Nycr = . (16)
where
Tel f i (ﬂ) dx ay
and

2
= 1 = v
W=W-N T"‘ff“ (=) axay
yer 2 * ox

It must be emphasized that the above relations are correct only
if there were no initial deflections. With the presence of the initial
deflections, the values of the inplane forces dus to the prestressing
will probably be changed when the load Nycr is applied, and therefore

the above method of calculation may induce an error which is not small.

The Rayleigh-Ritz method can be carried out as follows. First,
the deflection w is assumed in the form of a series every term of which
satisfies the boundary conditions, but with undetermined coefficients,
Substitute the seriles into equation (15) and carry out the integration,
Then minimize the resulting expression with respect to the undetermined
coefficients, This ylields a system of homogeneous equations involving
the buckling load Nycr’ A non-trivial solution is obtained if we equate

the undetermined coefficients of these parameters to zero, from which

Ny or is determined.
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The boundary conditiong will be satisfied if the deflection, w,
is assumed in the following form:

vegin Egn X ¥ Zwmns:lnm sin XX (17)
a P m=l n=l "7 a b :

As in Part II, let us introduce a stress function, F, in the form

Fe 3 T b cos EE cos IX (18)
p=0 q=0 Psq a b
N
- 2 0 _ 8°F
= X E d o B = &S,
vhere bp,q 0,q k7, an 0 ) 6y2

. The first step in this analysis is to determine the coefficients
of the seriss (18) corresponding to the data found experimentally and
described in the previous sections,

Since it was experimentally impossible to determine the strains
at the edges of the plate we will make use of the fact that along eross

section
fn 087 =0 (19)

vhich results from the fact that it is assumed that no traction forces
exist at the boundaries, The coefficients of the series for the stress
function will be derived by the method of collocation, which is best
described by actually deriving the coefficlents for a specific set of
test datas The problem used for illustration purposes will be the same
one that was solved by the finite difference method in the previous
section,

The points at which the strains were taken will be numbered as is
shown in Fig, 8 just as wes done in the previous section. The values
of the strain in micro-inches per inch will be rewritten for clarity.

Gage Position Strain
0 60
1l 80
2 10
3 15
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Two series may be written one at the section x = a/2 (containing
points O and 2) the other at the section x = a/4, Since e 0 & =0

then the series will contain only two terms each and be of the form

at x = a/2 €50 = % coas-z,—';I +o.4 cos--l‘-;-;x (20)
at x = a/l exo-ﬁzcosgbz +g34cosé%z‘ (21)

Using the formulas listed by Scarborough (7) in his section on
‘Harmonic Analysis and meking use of the fact that by virtue of (19)
L and Bo mst be identically zero, The values of the coefficlents

are found to be
“2""70 'aA--lo
Bz"-95 54=-15

The required two dimensional series will be of the form

&7y 27X 4my ’ 27X
€40 = CO8 y a.o,z*‘sav.z’2 cos - + cos n 89,482, °°8 -

(22)

(23)

Then substituting (21) and (22) into (23) the following conditions are
arrived at for the coefficients

at x = a/2 89,27%,2 = ~ 70 80,47%2,, = - 10
at x = a/} 80’2"-95 a0’4=-15 |
Solving, we obtain
25,2 = - 95 8 2= - 25
"0,4".-1.5 32,4'-5

Assuming that €50 0, Hooke's law yields
E

g™ =3 € ‘ (24)
X" 12
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then using Eq. (18) to relate the stress function (and coefficients)
to the membrane stresses we find

bE_ 2 o oY
1r2(1-v2) x0 Psq a b ) '
or
2 - . K
b ; 2 prx L4
55 3. Exp=*~-2Zq K cos cos *
h21r2(1-v ) x0 L N
then
2 a
b -} -6
K A x 10 (26)
(the factor of 1076 appears as a conversion from micro-inches to inches)
then »
KO,Z = ,8835 b0,2 .= +8835 E h2
K = 42325 b = ,2325E h
2,2 ‘ or 2,2 ;
K. = +0116 by ™ 0116 E h™ (27)

Assuming the deflection w to be sultably represented by the series

wﬂsmﬁsinzm{wl'lsin"—z-r sinm}
® a

w
e b 8 3,1

(28)

The strain energy is calculated according to Bq. (13) and found to be
ot 2 2 Y

U= "1;8';’5 227092“1’1 + 892059“3,1 - 258008"1’1 VB,I} (29)
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Celculating T according to Eq, (16) results in

7 2 2 '
Tm - T ] Y748k vy v 10656 Wy T - 114656 "1.1'3’1}

and using the non-dimensional buckling parameter defined as

az
" Frer 2
préx 2 2 | ‘
Nych . - 12-8:5 17.484 V1,1 + 11,656 V3p - 11,656 w1’1v3’1
(30)
Thus the governing equation for the non-prestressed plate are
o(U-N_T) 8(T-N_T)
—t 2 0 and ———im =0 (31)
vy 1 0wy 1
or
(455084 + 3409681() Vl 1 - (258.08 + 110656K) VB 1 =0
v 1
and

(258,08 + 11,656K) w, , = (1785.,18 + 23.312k) W, .= 0
1,1 3,1

Setting the determinant of the coefficients of these two equations
equal to zero, the conditions for a non-trivial solution gives

K> + 98,680K + 1099.9 = O (32)
from which ve find ‘

K= w1281 or - 8508'7

or . 1. T2 i
l‘;rcr 12.81 a2 (33)
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which agrees with the solution given by Timoshenko on p. 323 of Ref. (19).
From Eq. (16) W, can be calculated and making use of the values for

bp’ a (27) 18
- .ot

x ].280.2

2 2
{ 421,30 wl,l + 1953@?9 "?,1 - 1264,28 w1’1w3,1}

(34)

then minimizing the expression U-W the following two equations are arrived
at

a(u-; ~N_T) :
-—4L1~-(BmJA-%&&nle-u%&%-lhﬁa)%J-o

0wy 1
(35)

3(U-H_¥_T) |
——=—T— = - (1522.36 - 11.656K) w) ) + (5691.96 = 23.312K) w; ) = O

0wz

upon setting the determinant of the coefficients equal to zero the
following quadratic equation is obtained:

K2 + 285,73 + 7568,6 = 0 (36)

yielding the solution

K B - 290545, - 256.19

or
D (37)
: Nycr = ~ 20,545 -:2' :

Thus on the basis of the Rayleigh-Ritz analysis we may conclude that
the stresses occurring in the 020 inch thick plate because of the pre-
stressing procedure will increase the buckling losd approximastely 130%,
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A similar set of calculations can be performed for the second ,040
ineh thick plate, the data for which 4s listed in Table 10, In this case
it is found that the prestressed plate will buckle symmstrically in three
half-waves even though the non-prestressed plate buckles anti-symmetrically
in two half-waves.

Assuming the deflectionw to be suitably represented by the series

we=gin ™= gin IX gqn X wlzsin"-—z-rszsinm (38) :
a b b ’ a ’ a

the buckling load for the non-prestressed plate is foumd to be

wzn

Nyor = = 838 73 | - (39)

which is within 0.6% of the accepted value listed in Reference (12).

For the prestressed plate with the same assumed deflection the
buckling load is

Nycr = . 11,63 —:2'

If however, for this saeme prestressed plate the deflection is assumed
to be suitably represented by the series

w-sin—-sinmsinm{ BinB + W sinm}
a b b 13 a 3,3 a (40)

the buckling load for the prestressed plate is found to be

7D
Nycr = - 10,04 -;-5 (41)

Thus in the case of the ,040 inch plate whose data is described in
Table 10 the plate will buckle symmetrically in three half-waves at a loed
19,8% above that of the non-prestressed plats,
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Similarly using the data for the o032 incn thick plate whose data
is listed in Table 12 it 1s found that this plate vill also buckle
symmetrically into three half-waves,

For the deflection w assumed as the series (40) the buckling load 1s:

T
Nycr = = 947 -;5 . (42)

while if assumed as the anti-symmetric series (38) it is

Nfcr = - 11,12 Efg

a

Thus in the case of the ,032 inch plate a symmetric buckling mode
of three helf-waves occurrs at a load 13% above that of the non-prestressed
plate,

SECTION VII
BUCKLING LOADS FOR PLATES WITH INITIAL IMPERFECTIONS

Before proceeding to describe the experiments for the determination
of buckling loads for the non-prestressed flat plates as well as the
prestressed plates, it seems desirable to review the existing methods
for experimentally determining the buckling loads for plates with initial
impsrfections,

The three most common methods for determining the buckling load from
expsrimental msthods srs the top of the knee method, the straln reversal
method, and by Southwall's plot.

In the "top of the knee method®, the buckling stress is teken as the
stress ocorresponding to the top of the kmse of & curve of load versus
the lateral deflection. If the lateral deflection cannot bs reasdily
measured, any other quantity that increases in substantlelly the sams
manner as the lateral deflections may be plotted instead, One such
quantity is, €y = €9 the difference of straing, in the direction of
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loading, on the two sides of the "buckle crest®, The method is
illustrated in Fig. 9 and the buckling loeds obtained by the "top

of the kmee method" are indicated on the curves by small circles for
three different amounts of initial imperfections, It should be noted
that the larger the inltial imperfections the more difficult it is te
Judge the "top of the knee" and consequently the buckling load,

The "strain reversal method" 1s best explained with the use of
Fig. 10 which shows the variation of strain, ¢, at opposite faces of
the plate, As in Fig, 9 the method is illustrated for three different
amount of initlal deflectlions and the critical stresses found by this
method are indicated by small circles. The innermost curve represents
a perfect plate, The strains are elongations (or contractions) which
could be found by the application of electric strain gages on opposite
faces of the plate at one of the expected crests of the buckling mode,
Refore buckling the plate is under a uniform compression and both gages
are under the same strain depending only upon the load and the Modulus -
of Elasticity. At the buckling load the initially perfect plate suddenly
deforms thus adding to the compressive strain in the gage applied to
the concave face while imposing a tensile strain (thus decreasing the
compressive strain) in the gage epplied to the convex face of the plate,
The eritical load is based on the above behavior of the perfect plate
and is consequently defined as the load at which the extreme fibre
strain, £,y on the convex side of the buckle crest stops increasing
and begins to decrease, It can be seen from Fig, 10 that again the
larger the initial imperfections the more difficult it is to choose the
critical load,

i4r Lol
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4 /
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o ; ] | | L I i
o '; é Ifz I.ls 20 (o] a .8 1.2 1.6 2.0 24 28
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Southwell's method has found universal acceptance in determining
the buckling load of columms but has been wmsatisfactory in the case
of plates whose lateral motion is restrained at all four edges. In
brief, Southwell's method depends on the linear relationship between
the deflection of the structure and the ratio between the deflection
and load, ¢/P, The slops of the straight line plotted with these
coordinates in the thsoretical buckling load, Southwell (8) showed
that there is a identifisble straight line for slender colusms while
Donnell (9) and Hu(10) have shown that the linear relationship will
not exist as long as there are extensional strains present during the
buckling process. Donnell (9) has further shown that these extensional
strains do exist in the case of a simply supported plate whenever the
sum of the initisl imperfection and the deflections due to the load P
are of the order of the plate thickness, as is usually the case.

Because of the relatively large initiasl deformations present in
the prestressed plates the three commonly used methods for experimentally
determining the buckling load mentioned above are found to be very
difficult to use, For this reason a method developed by Yoshiki (11)
is tried in the determination of the buckling load of the plates in
this investigation,

Yoshiki's method is based upon the fact that after buckling the
deflection of a theoretically perfect plate is proportional to the
square of the load and therefore the load wersus deflections curve is
& parabola, This parabola is shown in Fig, 9 for a plate with no initial
imperfections and it can bs seen from the figure, that for plates with
initial imperfections, these curves are assymptotic at large deflections,

- When the load is plotted against the square of the deflection, or

any other quantity varying in substantially the same manner, the post »
buckling curve will be as straight

= 1line intersecting the vertical axis
L2k of the buckling load, In Fig. 11
/ we have plotted the same lines as
Lol were plotted in Fige 9 but now
- (e = £;)2 was used as the abscisea -

8 instead of (51 - 52). A theoretical

o analysis demonstrating the parabolic
post buckling behavior of clamped
4 plates is carried out in Appendix A,

L4

Ny/Nyer,

. N L n s

[+ 4 8 EI.2 16 20
kie,-€5) X .

{Value proportional to bending strain)

Yoshiki®s Method
Fig, 11
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SECTION VIII
TESTS TO DETERMINE THE BUCKLING LOADS

Having shown the probability of ralsing the buckling load by
prestressing, and also that the prestressing caused no objectionable
initial deflections, a testing program was initiated for the purpose
of actually measuring the buckling load of prestressed and non-prestressed -
flat plates, It was recognized that the desired buckling freme should
have the following properties:

1, The deflections at the edge of the plate should be zero.

2, The slope of the plate at the edges should be zero,

3. The stringers (side supports) should be flexible in order
that they transmit no load,

4e The load should be applied wniformly to the ends of the
plate,

The stringers designed for the testing program are shown in
Figs. 12 and 13, The plate is clamped between the cantilevered "fingers®
(shown in Fig. 13) which are formed at the end of the i ' wide roots.
Since the width to depth ratio of these thin roots is sbwuuv :/7¢) the
rigidity ratio of the cantilever beams is about 400:l. As & couy onoe
of this high ®"rigidity ratio® the stringers are very flexible in the
.o directlon of the applied load and yet possesses a great deal of lateral
i 8nd rotational rigidity.

General View of Buckling Jig : Detailed View of Stringers

Fig. 12 Fig. 13
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The flexibility of the centilevered nfingers" reduces to a
min the spplied load being transmitted by the stringers while their
lateral rigidity will produce almost zero displacement, To produce
the condition that the edges of the plate will have nearly zero slopes,
a four bar linkage wes designed which is shown in Figs, 12 and 14.
The two stringers are attached to the rod end bearings at the ends of
each pair of rods shown in Fig, 14 in a manner as shown in Fig, 12,
Thus they complete two similar parallelograms each of which has a
cooresponding side along a common line, By thus restraining one side
to & common 1ine the opposite sides, which are the stringers, are
restrained so as to always be parallel to each other although there is
no other restriction on their relation rotational motion,

In order to ensure that the
four bar linkage did not restrain
the movement of the plate in the
direction perpendicular to the
applied load (the x-direction as
defined by Fig, 1) electric strain
gages were placed on the plate
to measure these inplane strains,
The test showed that the linkage
offered no restraint to the
expansion (or contraction) of the
plate,

The actual testing of prestressed
plates was carried out in the
following manner:

The side edges were clamped
between the stringers ‘and the
plate flattened by moments applied
to the stringers by means of monkey
wrenches, The four bar linkage
Detalled View of Four Bar Linkage was then attached to the stringers
Fig. 1 thus forcing the stringers and
* plate to lie in a plane after
removing the wrenches. The ends
of the plate were then inserted between the steel angles, attached to
the end plates, and firmly bolted into position. The turnbuckle connecting
the end plates, was then tightened until the end plates were parallel.

The lower end plate rested on the base of the testing machine while
the upper end plate was loaded through a round swivel block attached to
the measuring head of the machine. The swivel head was adjusted so as
to be parallel to the upper base plate of the testing jig.
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It was found that if the steel angles (see Fig, 12) were clamped
very tightly to the ends of the plate the friction between the angles
and the plate would transmit the load wiformly from the end plates to
the plate wmder test, This information enabled us to forego any more
elaborate method of transmitting the load to the plate,

The plate was loaded to about one half the expected buckling load
and then unloaded to twenty pounds to insure the proper seating of the
plate in the testing jig. The strain gage indicator was then zeroed
and the test begun., The two sets of strain gages wers read alternately
at fifty pound loading increments,

The loads measured during the tests were the total loads applied
to the testing jig, that is, the sum of the loads applied to the free
plate, the part of the plate supported between the stringers, and the
stringers themselves, This latter part of the load should be negligible
as the stringers were designed to be flexible in the direction of
application of the load., The loed going down the supported edge strips
were, however, not negligible and were found both experimentally and
analytically.

The experimental investigation of the losd carried by the supported
edge strip was carried out by testing .040 in. non-prestressed flat
plates of the same dimensions as the prestressed plates but with four
different widths of supported strips, The normal testing procedure
had a one inch edge strip supported by the stringers while, in additiom,
for calibration purposes, tests were run with 1/2 in., 3/4 in., and
1 1/, in, strips supported by the stringers.

In one series of tests the plates were cut to size so as to have
a 1 1/4 inch strip supported by each stringer and then repeatedly trimmed
down in width so as to have different widths of supported edge strips,
The results of these tests are shown in Table 15,

In some cases, it was observed that the buckling lead for plates
with stringer grip of 1 1/4 in. buckled at a lower loasd than plates with
1 in. grip, The cause of these seemingly peculiar resulis is probably
due to the varlation of boundary conditions, with the width of the
“stringer grip, and with each test.

In another series of tests the plates were not retested but instead
the plates were originally cut to sizes for testing the four different
widths, 1/2, 3/4, 1, and 1 1/4 inches, The results of these tests are
shown in Tables 16, 17, 18, and 19,
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The results of Tables 16, 17, 18, and 19 are shown graphically in
Fig. 15, Each buckling load (found by Yoshiki's method) is shown in
addition to their averages shown for each initial radius of curvature.
Two curves marked experimental are shown, They are straight lines
drawn through the experimentel values by the method of least squares.
For one line, indicated by "Experimental (1/2 - 1 1/4)", a least square
"average" 1s drawn through all the points; while for the other, indicated
by "Experimental (3/4 - 1 1/4)", the points for 1/2 inch width of plate
supported between each of the stringers are omitted. The results of
the 1/2 inch supported width tests are omitted in this one case since
it 13 felt that the clamping is too week to approximate the clamped edge
condition, It can be seen in Fig. 15 that the straight line found
using the 1/2 inch supported width gives a "zero width" buckling load
about 115 1bs, lower than that found omitting the 1/2 inch width and about
70 1bs, less than that for the ideal theoretical plate, .

Since it ecan be seen that the
1line representing the buckling

rooer loads of the theoretical plate
j»lndlcu'es Averoge Experimental Values falls “11 within all the experimental
%00 o : points (except perhaps the ones
’ tested with 1/2 inch supported
edges) thismtheoretical® line will
5% / be used for calibration purposes,
: ¥ 4
& 00 L The line labeled theoretical
£ Erimebet 34 %%’/ is obtained by assuming that
f M//‘ supported edge strips undergo the
i same total compression as an ideal
v T plate would at the inception of
5 Experimentol (1721 1/4) buckling. men the 1oad mr \mit
length carried by the edge strip
will be equal to the buckling load
% va 2 34 ' 114 per unit lengt.h of the plate.
Width of Supported Strip,Inches i S. Dvy (]'2) has fO‘lmd this for
aspect ratio 3:2 to be:
N_= 8,33 _17'_212)_
Stringer Calibration Tests y a
(4040 Aluminum Plates) 2

where h = ,040, a =9, v = .1,
and E = 10,5 x 10 psi
1b,/in,

Fig. 15

Ny = 63,2
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Thus the buckling load for our plate with a = 9 in, is 569 1bs,
and for strips of the widths tested are shown in Table 20, Table 20
is calculated by multiplying the buckling load per unit length by the
width of the supported strip.

Now, if each of these values are added to the buckling load of the
theoretical plate (569 1bs,) the values of the buckling loads for
theoretical plates with the various supported widths (stringer grips)
are obtained, These are the values that determine the plot labeled
"theoretical",

Very close agreemsnt between the "theoretical” and the experimental
curve can not be expested since the calculations of the "theoretical"
curve in no way takes into account the variation >f degree of clamping
with the different widths of stringer grips; and in an actusl plate the
end shortening will be greater than in the theoretical case, Therefore
a larger load will be carried by the supported strips tham originally
computed, Moreover, no account has been taken of load carried by the
stringers. From these considerations, the experimentally determined
buckling loads will be larger than those calculated from theory,

Nevertheless, in spite of those cbjections, the plot of Fig, 15
still gives a reasonable indication of the degree cf elamping that is
attained by the buckling jig. '

Having shown that, after accounting for the load transmitted by
the strip of plate clamped between the stringers, the buckling loads are
close to the valwes computed from the accepted theory, the program of
testing prestressed plates was begun and is described in the following

paragraphs,

Because of the wnsymmetrical buckling of prestressed plate two sets
of strain gages were used in order to increase the liklishood of the gages
being at the crest of the buckling modes,

The results of testing of non-prestressed flat plates were very
consistent and the results of a representative test is shown in Fig, 16.
Both (51-62) and (cl-ez)2 are plotted and since these are proportional

to deflection and the square of deflection respectively the methods
previously described may be used in determining the buckling load, The
plate shown is numbered F40-1, 5-11 where F indicates that it was an
non-prestressed flat plate (prestressed plates are indicated by the letter
C), the firat set of numbers indicates the plate thickness to be .040
inches, the second set of numbers indicates that the aspect ratio was
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1.5, while the third series of
numbers indicates that this was the
eleventh plate of this type tested.

The plots of the test data .
of prestressed flat plates were
of three general types shown in -
Figs. 17, 18, and 19, The curves
of Fig. 17 are what will be called
the "normal® type, that is, they
are of the type expected theoretically,
The cwrves of Fig, 18 will be ecalled
the "double parabola" type in that
the post buckling behavior is
characterised by two perabolas,
instead of one. Thus if plates
of the “double parabola type arg
analyzed by mesns of the (el-cz)

plot there will result two different
buckling loads corresponding to

the two parabolic post buckling
behaviors of the plate., The
significance of these two parabolas
is not obvious, and is a puzzling
characteristic of prestressed plates,
The curves of Fig, 19 will be

called the "mode jump" type, that

is, they occur when the plate
buckling form changes suddenly during
the test, The change is from two
half-waves to three half-waves

and is sometimes so0 sudden as to

be accompanied by a lowd popping

. sound,

*  Flat plates with an aspect
(length to width) ratio of 1.5
should, according to theory, buckle
in two half waves, It is felt
that initial impérfections are a
major cause for the formation of
three wave form. If the plates e
had Iongitudinal initiel defleetions
of the form shown in Fig, 20
vhich is shown to ba the case for
prestressed plates (see Fig, 20),
the. plate could be forced to buckle
into three instead of two half
waves, o 4
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The hypothesis can be visualized with the help of Fig. 20, If the
_initial deflections of one half wave shown in Fig, 20a are added to the
usual buckling form of two waves shown in Fig, 20b, an wnsymmetrical two
wave form, shown in Fig., 20c¢, results, This wave form is actuslly a
characteristic of the prestressed plates, It is possible that the longer
half wave of Fig, 20c becomes unstable and this buckles into two more
waves giving a total of three half waves shown in Fig. 20d.

(a) (b) {c) ()
Effect of Initial Deflections on Buckling Mode
Fig. 20
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The above hypothesis, although conjectural, is somewhat substantiated
by experlence with non-prestressed flat plates, During the testing of
non-prestressed flat plates it was observed that the plates "popping"
into three waves were those with the largest initial deformations in the
form of one wave, After notlieing this the testing of non-prestressed
plates were restricted to those that appeared, to the naked eye, to be
flat. Thereafter, no trouble was encountered with this "popping" phenomenon,
Onfortunately, initiel deflsctions are inherent in the prestressing process,
thus necessitating & larger number of tests to compensate for the tests
discerded because of "popping", -

Another possibility for explaining this "popping" is the formation
of inplane stresses that would be of such a nature as to cause the plate
to buckle into three half-waves., The probability of this hypothesis being
a major factor is strengthened considerably by the results of the Rayleigh-
Ritz analises shown in the previous section,

It was shown that for some stress distributions occurring during the
prestressing process (particularly that found by the experiments performed
on the sezond ,040 inch thick Aluminum plate) the plate will buckle into
three half-waves. In some plates (particularly the ,020 inch thick aluminum
plate) the energy level at which the plate will buckle is very nearly the
same for the symmetric or antisymmetric modes of failure., It was also shown
that there is a wide scattering in the stress distribution foumd experimentally.
Since there will also be some variation in the degree of clamping at the
boundaries and some non-homogeneity of the plate and also since the prestress
distribution will vary somewhat upon deflecting umder the applied buckling
load it is quite 1ikely that in some cases a plate will buckle in two half-
waves while in other cases an apparently similar plate will buckle in three
half-waves,

The results of buckling tests performed on non-prestressed flat plates
of +040, .032, and .051 inch thickness are shown in Tables 18, 21, and 22,
respectivliey. The results of buckling tests performed on prestressed plates
of thicknesses of ,040, 4032, .051 inches are shown in Tables 23, 24, and
25, respectively,

The results of the buckling tests performed on non-prestressed flat
plates of ,032 and ,051 inch thicknesses which were listed in Tables 21 and
22 are shown graphically in Figures 21 and 22 respectively, These figures
are similar to Fig. 15 which showed the tests of ,040 non-prestressed flat
plate tests for calibration purposes,
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Since the calibration tests showed that very good results were obtained
by assuming that the supported edge strips undergo the same total compression
as an ideal plate would, the calibraYt-ion tests were dispensed with in the
case of plates of ,032 and ,051 inch thicknesses.

500
1800,
' 3 1600
400 @ . ¢
L] 1400 //
/ . - /
// 3 12001
G .
300 b °
H d ~ 1000
: 2 ]
2 200 § 800 ‘
'§ 600
100 400
200
o ° !
o i74 172 3/4 ' /4 ° % i‘ 3 ! § :
Wldth of Supported Strip,inches } Width of quported Strip, Inches
032 Ordinary Flat Plate Tests +051 Ordinary Flat Plate Tests
Fig. 21 Fig, 22

The theoretlcal buckling loads of ,032 and 051 inch thick non-prestressed
flat plates with different widths of supported edge strips are shown in
Figs. 21 and 22 along with the experimentally determined values (by Yoshiki's
mothod). The theory indicates that for «032, ,040, and ,051 inch plates the
load supported by the 1 inch supported strips at both edges will be 63, 126,
and 262 pounds respectively,

~ Moking use of these values and subtracting them from the losds listed
in Tables 23, 24, and 25 ( and shown graphically ih Figs. 23, 24, and 25)
the net buckling loads were determined. The average experimental "total®
buckling loads are listed in Tables 26, 27, and 28 for the ,040, 032, and
«051 inch thick prestressed plates respectively while the net loads are listed
in Table 29, : ,
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From the data listed in the
gbove tables, it is felt that
Yoshiki's method, though convenient
to use for non-hrestressed plates,
may not be applicable to the pre-
stressed plates as indicated by
the occurrence of double parabols
in the plate. 4s a result, the
top of the kmee method was used,
The buckling loads thus determined
indicate the loads at which the
deflections suddenly become large.
The net loads supported by the
nfree® plate are listed in Table 29
together with their percentage
increases over the buckling loads
of the corresponding non-prestressed
plates, both measured by the top
of knee method, For purpose of
comparison, the values determined
by Yoshiki's method are given in
the parentheses after the net
buckling loads in Table 29, .




SECTION IX

Remarks on the "Buckling" Criteria

The current methods of testing make use of the form of the Load-strain
diagram rather than the actual wvalues of the deflections in the diagram.
These methods all have as a basis the load-~strain relations existing in a
theoretically flat plate which does not deflect umtil the buckling load is
reached at which point the deflections suddenly occurs. The actual plate
with initial deflections, does not exhibit this sudden increase in deflection
and in fact in some cases the evidences of the behavior of the ideal plate
is indiscernable, As was mentioned in the Introduction, a factor of major
significance is the ratio of plate deflection to applied load, It can be
seen from Fig. 26 that a lower value of this ratio does not necessarily
ocour with a higher buckling load of the equivalent ideal plate, In this
figure two Load - deflection diagrams are shown along with their extensions
(shown by dashed lines) which would represent the diagram of the equivalent
idesl plate, The intersection of this dashed line with the ordinate is
the buckling load which all of the measuring methods attempt to find, It can
be seen, however, that in the case shown the plate with the highest
theoretical buckling load also has the largest deflection to load ratio,

a distinetly undesirable characteristic.

Because of the relatively large deflections inherent in prestressed
plates the importance of low values of Deflection to Load ratios is
especlially important., It is felt that the "buckling load" in such a cese
should be defined as the load at which the maximm deflection in the plate
reaches a certain prescribed value, Further research on prestressed plates
with this new "buckling" criteria would seem to be of great value,.

Load
T

Defiaction

Iliustration of Buckling Criterias

Fig, 26
WADC TR 54-8 34

—




SECTION X

FORMULATION OF THE PROBLEM

The theoretical treatment of the problem consists of two parts,
First, it is necessary to find the inplane stresses imnduced in the plate
. due to the clamping of a curved plate into a flat frame., Next, with
these inplane stresses determined, the buckling load will be calculated
for a fiat plate with such initial stresses,

The first problem can be formulated by considering the prbcesa of
clamping the curved plate into a flat frame to occur in three steps.
First, the cylindrically curved plate is bent into an identically flat
form by pure moments applied at the edge. Secondly, the edges of the
plate in this identically flat form, will be clamped. Note that the
clamping will induce no sdditional deflections or stresses,

Thirdly, the pure moments applied in step one will be removed by
the application of equal and opposite moments thus leaving the clamping
action at the edges as the only restraining force on the plate,

It may be pointed out that initial bending stresses do not affect
the buckling load of plates but inplane (or membrane) stresses do, Since
the first step produces only pure bending stresses and the second step

induces no stresses in the plate, our analysis will be concerned exclusively ;;?

in analyzing the deflections and stresses induced by the loadings of the =~ .
third step. This analysis will yleld the deflections and inplane stresses. .. -
ocurring when a cylindrically ecurved plate is clamped into a flat frame,

The problem of determining the buckling load for a prestressed flat
plate problem can be solved by the use of the Rayleigh-Ritz energy method,
In using the energy method, it will be assumed that when buckling occurs
these inplane stresses will remain wmchanged,

SECTION XI

BENDING OF A CYLINDRICALLY CURVED PLATE INTO FLAT FORM

If the curved plate originally is in the form of a cylindrical surface,
it is possible to bend it into an identically flat form by inextensional
bending., This is because both the eylindrical and flat surfaces are
developable surfaces., The problem of bending one developable surface into
another one can be found in many texts on Elasticity, for example, ref. 13.
The edge moments necessary to bend such a plate (Fig. 27) are

Mo=D (& +vi (43)
R "R '
X y
My=D(—1-— + v i (44)
Ry Rx
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of the plate (see Fig, 28),

of d,

1
|

Coordinate System
Fige 27
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distributions in terms of Dirac delte fumctions (14).
notation for these delta functioas) d (x-¢) indicates the delta function
which intersects the absclsse at x = ¢,

36

—-v
83(x-a+¢)

.
-

=
»
I
v
A

8(x-¢)

I

e

Representation of

1

where i~ and & are the ‘changey‘s in curvature: In our case == = 0 and
R_ B.y R, =
L=l mu
R, R
d M, = vD/R (45)
M, = D/R (46)

In order to apply equal and opposite moments to the plate when the
plate has been clamped at the edges, it is necessary to represent these
moments in the form of equal and opposite pressures applied near the edges
This can be done by expressing the pressurs
According to usual

J' indicates the first derivation

—~X
3,(y-a-¢)

3(y-¢€)

(-
F

M

L
)
z

Edge Moments

by Pressure Couples

Fig. 28
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~ The pressure distributlons ;‘(x) and dt (y) must have the following
properties: _ :

b , b . :
f 5'1(37-5) dy = (éz(y-b-re) dy = 0 (47)
0 0

3‘ J'l(x-s) dx = T;'Z(x-a'be) dx = 0

0 0 '
b b :
j(y-e) o('l(y-e) dy = - f(y-bw) dt (y-bte) dy = ¥,
0 0

13"(::-6:) J'l(x—s) dx = ~ ?(g—a-*e) af'z(x-a-rs) dx = My (48)
0 0o

In addition, the derivative of the Dirac delta fumction has the
following useful integration properties:

b

[ 1) 6160) ay = A2 Ll oy 1)

0

b

f £(y) <ﬁ2(y-b+g;) dy = - M_ by '(b-e+0lz+ £!(b-e-0) - Y (b-t.)
(¢}

(49)
a

j £(x) f'l(x-e) dx = M quy £ (c)

0

. |
£(x) ' (x-ate) ax = - M_L-la=et0) + £ (a -Oz- o
of x) d'y(x-ate, M, n M, (a=c)

WADC TR 54-8 n




This delta function pressure distribution can be written in terms
of a Fourler serles and the Fourier coefficients easily found by using
the ebove integration properties of Dirac delta functions. ILet

i(x) = cf'l(x—c) + cﬁz(x-a-rc)
di(y) = d11(y€) + &1 (y-bee)

& nay be written as Fourler serles by noting that

a
d"(x)--g + Zamcosm-c- mesi:nE

[

2 a a (50)
d(y) =:9 + T cos HLL o za, sin X
2 b b
where a
am=-2- fd"(x) cos X ax
] a

a
2 mrx
N f (x) stn =% ax (51)
0

o
"
i

b
2 f«ﬁ(y) cos T gy
b b
0

o}
]
|

b

fc('(y) oin TX gy
b

0

Making use of the integration properties of ﬁ the Fourler coefficlents
(51), may be evaluated.
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& : a2 .
e = 2 yﬁ(x-z;) cos ZE ax + 2 foﬁz(x-—a‘tc) cos X gx
S e a a

5 )

- 2 -M-;m—sinm -Hym ain X8
a a

I a 8 a
a, =0 (52)
Similerly,
e, = 0

a a

b == :ﬁl(x-c) ain TX gy + 2 ﬁz(x-ad-e) sin T gy
a a a a
0 0

,_;227’5 M [l-cosmw]
a x

bm=0 for even m
andbm=% M, for oid m
similarly

dn-'o for even n

a = -‘:—:—g M forodn (53)
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Substituting (50) and (53) in eqs. (50) we find

J'(x)-%u T m sin X
a y m=1,3,5 a

(54)

S(y)t% M s n sin BX
b n‘=1’3’5 b

. We will now proceed to use the above results in determining the
Fourier series representing the applied pressure, p_, which in turn
approximates the effect of a moment equal and opposite to the moments
Mx and My required to open the plate to an identically flat form.

By definition, |
p, = §'(x) + §'(3) (55)

Substituting eqs. (45), (46), and (54) in (55), we find =

: ~ _
P, = LM z -‘-% sin ¥X 4+ 3 _v% sin XY
y =1,3,5 a a n=1,3,5 b b

(56)

Since it is more convenient in ths later anal 518 to use a double
Fourier series, we shall expand 4wM_/a< and AJTMyV/% into sine series as

follows:

LM oo
= = ey sin
a B - b

. (57)
v e ‘
= 2 f sin Imx

b r=1 oA
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It is easy to verify that

16M 1
ey - -—21 = for odd s
' a 8 :

es-Ofor even 8

16M v

g = —L L £or oddr
r b2
fr'=0for even r (58)
Hence,
p-16l{y T (r12 s")snin---- sin &L
r=135s=135sa rb a b

(59)

In addition to the above pressure oquivalont to the applied forees
(hereafter referred to simply as the equivalent pressure), there will also
be a clamping pressure, p., which will bte the equivalent of the moments
occuring at the edges of %he clamped plate, This pressure will be expanded
in a trigonometric series containing arbitrary coefficients which will be
determined by the use of the boundary conditions duo to the clamping of
the edg‘. ’

The clamping effect will be replaéed by equivalent edge moments L
and m (at x = 0, a and y = O, b respectively). Using Bq, (56)

P, = P ——éxrsin-l:"—x-r z ——fssinm

- r=1,3,5 a° a 8=1,3,5 b b
| | (60) |

® and ‘y may be expressed by a trigonometric series in terms of a.rbitrary ‘
eoefficients K and T

m = K si.n-l:B
Hyvr r=1,3,5 r a
ny-u T pin TX

o 3'1,3’5 8 b ‘ (61)
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combining Eqs. (60) and (61) gives the equivalent clamping preasure

oo oo T K
p°-16M = p> (—%rd-v-%s)sinm sin &
Yy r=1,3,5 8=1,3,5 a b a b

(62)

The addition of the equivalent applied pressure, p_, and the
equivalent clamping pressure, p,, will be called the tofal applied
Pressure, pPpe Thus,

- =16, = T E(r el o2k L) e1niTEen X
Pr Po * Pe L& r=1,3,5 8=1,3,5 a2(8+s)* ?(K; 3'8 a b

(63)
To simplify the writing, let
pp* T T p sin EX gy S (e
r=1,3,5 8=1,3,5 T8 a b
where
- r_ 1,..8 1 .18 = 1\, vs 1
Pr.s 16M, [; 5 (T, *:)wl? (K;ﬂ " L 5 ('rs:)+ ;2 (x, ?37 ‘
. (65)
since - =,
YR

It should be pointed out that (54) are divergent series and conse-
quently Eqs. (59), (60), (62), and (65) consist of divergent series, The
paradox of obtaining a convergent solution to an equilibrium problem under
the action of a load represented by a divergent series has already been
noted by S, Levy (15).

The explanation of this paradox would require further mathematical
research, It can be shown that, for instance, if the divergent represen-
tation (Eq, 65) for the applied pressure is smmmed according to the Borel
sumation (one of many types of swmmations useful in summing divergent
series) it 1s indeed found to be zero at, for instance, the center of the
plate, as it should be, The physical meaning behind such a mesns for
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sumning divergent series seems rather nebulous and no conecrete conclusions
can be drawn from such a summation ylelding the desired results.

The view that his paradox is not an accidental one is strengthened
considerably by noting its oecurrence in a rather simple lineer problem,

The pure bending of a simply supported beam of length "a" by equal
moments, Hy’ applied at its ends can be solved by replacing these moments

by equivelent pressures exactly in the same manner as has been done in the
previous section for the clamped plate. Solving this problem by the method
under question will lead to the exact solution,

Using equation (54) the moment equivalent pressure may be written
&s .

oo
---@IM x maflnﬂ

p
°q 32 4 m=1,3,5 * o a

The equilibrium equation for a beam under a m'essﬁre load 1is:
4 .
d'w
EI=—s=.p
de

For our problem the boundary conditions at x = 0 and x = a are

2
w-OanaQ-‘-;=o

dx

These boundary conditions are satisfied termwise by assuming the
deflection in the fomr of the following infinite series:

o0
v zZ w sin-—-m
m
m=] a

Substituting the above two iInfinite series into the equilibriﬁm'
equation, we obtain

‘oo 4
EI va(ﬂ) sinE--%}& ozo m sin X
m=] a a a F1,3,5, e o a
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Equating coefficients we find

2 .
v = A%;;
mo

or
w:% J'-gainﬂ
nF135,oom a
For purposes of comparison we find
2 M oo ‘
dx o EI nFl,B,S, e o N a
Making use of the following formula No, 808 listed by B.O, Pierce (17):
/, = > i gip MX
nF1,3’5’o.n a
we find '
2 M
si._g.,__x
dx EI

which is well nown to be the exact solution for the second derivatiwo
of a beam bent by pure moments.

The success of uasing a divergent representation for the pressure,
which arises from the use of the Dirac delta function, seems to be hinged
upon the order of the differential equation. Note that if the above equation
wvere a first order differential equation, e.g,

EX v, _ P
dx

the solution for w would then be expressed by a divergent series and the
solution could not be correct.
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SECTION XTI
THE DETERMINATION OF THE INPLANE STRESSES

‘Next, we shall calculate the inplane stresses in a flat plate clamped
at four edges and under some distribution of lateral pressure which is
equivalent to the edge moments applied, In this case, the von Karman's
large deflection equations for thin plates (19) will be used, They are

| 2.2 .2 2
DV4u-pT+h{§-y§9——‘ia“-2azF a"} (66)

ox° oy°  oxby oxdy

2 2 2 2
T =E {(gﬁy—) -f;% Z—ﬁ)} | (67)

_where the pressure p, 1s the equivalent pressure derived in the previous
T

section and the stress function, F, is defined in terms of the inplane
stresses by the following relations:

oF . . 0% -l

(e} B emae 6 = -

’ s T i
x0 ay2 y0 612 xy0 dxdy
The boundary conditions on the deflection, w, are as follows:
at x = O,a w=0, .0
ox
(68)

at y = 0,b : w =0, % . 0

oy

The boundary conditions on the stress function F are such that

1. The resultant load (at any cross section of the plate) must
be zero in the x-direction and in the y-direction,

2, The boundaries of the plate must remain straight,
(69)
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-The deflection, w, and the stress funection, F, will be assumed in
the form of the following trigonometrie series with arbitrary coefficients:

o oo

W= i: zl Vo p o10 HX g4 -‘1";2 (70)
= n= a
o oD .
F= S = b _ cos EEE cog IX (71)
‘ p=0 q=0 Psq a b

Note that the pressure Pp has already been expanded in the form of a
Fourier series, namely,

o oo .
pp= = b P, sin IX gy 5K (72)
r=1’3’5 8=1,3,5 ’ a b

To satisfy the differential equations, the coefficients b and

2q
W, are to be determined as follows., We first substitute (70) and (71)
4

into equation (67). By equating the coefficients of like terms, b can

Psq
be expressed in terms of Voon in the following form,
4
b s : (73)
= Z B 73
Py LR Ry g2 B2 4= I
a b

where Bi are functions of Von and are listed in Appendix B, Next,
t J
substitute (70), (71), (72) into equation (66) and equate the coefficients

of like terms, Since bp are now functions of L n® W obtain
4 H
2 2 9
272 277° wt
MR R A e
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wvhere ‘A‘:I. are function of L and are listed in Appendix C, The derivation

is the same as that carried out by Levy (20) Note that in this problem
due to symmetry the coefficients Pr.s and w n 8re restricted to odd
’ .

subscripts only. Because of this, it is. found that b are restricted
to even subscripts only. Pyq

Before we attempt to carry out the solution of Vo let us examine
the boundary conditionms.

It is obvious that the assumed series, (70), is termwise identically
gzero at x =0, x=a, y= 0, and y = b; hence the first set of.' ‘the boundary
conditions on w 1s satisfied, Also

N.I 3 mem cos X gin MY
0x a m=l n=l o a b

and

P oo '
ow,.I 2 Z nw s.’u'i-f'-q’—-’c cosm

3y b =ml n=1 0 a b
To satisfy the conditions Sv . Oat x =0 and at x = s, we must have
ox : ’
oo - -
L4 bX Z m Von sin oy . 0
a ml]l n=1 ’ b
T » =
2 2 Za)m sm¥X <o
a m=l n=l on b
or
(- -]
Z n 0
m-1 wm,n i
2 m(-1 =0
m] ( Zm Y myn : (75)
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The conditions of zero slope at the edges y = 0, b lead to similar

equations
oo
2 nw = 0
n=1 myn

T n(<l) nw

z nn = O (76)

The two relations in ('75) and also those in (76) become the same
if m and n are either odd or even,

In our problem, m and n must be odd, the boundary conditions of
zero slope therefore lead to the following requirements on the deflection

coefficlents

o0

T 0 8
n=1, 3’5 : wm’n (7 )

Now let us examine the boundary conditions, (69).

The first condition may be shown to be satisfied in the following
manner. Defining the load in the plane of the plate as Py in the x-

direction and py in the y-direction, Then

Py = f h o, dy
(]

where h is the thickness of the plate and is a constant. But

a“F
6 I ctm—
x0 " 52
Then
e aF 3
px=h/—-5 ay=n | (& @&
4 Oy oy oy
y=b y=0
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Now,

oo oo
F= = =z b cos X cos ary
therefore p = 0 (79)

Proceeding in a similar fashion, we find

a b
p.=h f@.z.g dxghQE
y ox ox
0 0

=0 (80)

The second boundary condition can be shown to be satisfied as follows,

Displacement of edges in x-direction,

a .
2
g = f[;x-l (-Q‘-‘)]ax (81)
2 0x
-0
Displecement of edges in the y-direction
b

2
1l ,8w
Jy. [Ey_.z. (g;) ]dy (82? |
0

where Ex and cy are the inplane strain components which may be written

in terms of the stress funetion as follows

=
X

L& o

E 0oy ox (83)
1 ,8%F _ 8%
Y E 6x2 ay2
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Substituting the expressions for w and F into the above relations
and then combining terms, we find finally

J-‘-ﬁ > .z:'nzw 2

X 82 mwel n=1 R
. | (84)

f B o Z b nzw 2

8 m=l n=] m,n

It is evident that these relations are independent of x and y and
- consequently the conditions of straight edges are satisfied. Since the
detail of calculation is not obvious and is not included in levy's reports,
it is included in Appendix D, _

Having examined the boundary conditions, let us mow proceed to solws
for the coefficients "'m,n’ Since the problem was set up in a menner

analogous to that of levy amd Greenman (21), much of the numerical work
done by them may be used in this :I.nvestigation. First, let us express .
the coefficients b ,q in terms of w, o This is listed in Table 30,

Next, let us substitute bp q in terms of L and P. g 88 given by (65)
» ’ ]
dnto (74)s We obtain

“’1,1/“ = (,089783 + ,OL1057K,, + .078726T,) az/Rh - nllh3
"1,3/“ = (.0049583 + .0027683K) + ,0065702T,) a2/ Dz/h
wB'l/h = (,0056107 + .000258631:3 + 100552451, ) az/m{ - n,/n3
vy ofh = (,0011085 + .0064091.9x3 + .0029158T,) a°/fh - D,/h’
w1’5/h = (,0010103 + .00078637K, + +0011198T,) a - D5/h

2
¥5,1/h = (0012757 +. 000035632K + .0012685T) &'/ ~ De/b’
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wm/h = (,00047166 + .M/.Bé&, + 4000470317, ) uZ/Rh -n.,/h3
wg,l/h = (.,0002232; + .00000347781!; + ..000222'871'1‘.);2/311.-1’ n8/h3 R
wll,l/h = (.00012265 + .000001561.0511 + .0601225&1') &2/fh -Vﬂ.':l‘aq/h3
"13,1/h = (.mboﬁ4433 + +00000080346K, , + .600074372'i'1) e/ - n10/h3 |
.w15’1/h = (000048506 + .00000045389K, 5 + .oooom'rsrl) a"_’/Rh - Du/h3
g o/h = (00034197 + L000082290K, + L0009T655T) o2/t - 1:12/1'.3
Wy o/b = (00013996 + L000024629K,, + .0904093231‘3)‘4#2/% - Dy
| §9’3/h = (,000069267 + .0000095'788K9 + .000204621'3_5 az/Rh fD14A3
wpp,5/b = (000038948 + L0000044292K)) + LO0O11564T,) &2/ ~ Dy /b
"13,3/11 = (,000023969 + .0000023123K]_3 + .000(771346T3) az/Rh - !.)]_6/113
vy 5/h = (200033873 + L00028516K, + 0012183T,) &°/Rh - D, /b’
v 5/h = (,00014365 + +000088,53K, + .00062981§5) gz/hh - Dle/hB

] ' 2 3
Wy,5/h = (.000068202 + ,000031922K, + .00031821T,) a”/Rh - D, o/h

_ - ' N2 3
vo, 5/1: = (,000036358 + +000013595K,, + .0001'74241'5) a“/mh - Dzo/h
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'11,5/" = (,000021305 + ,0000066087K,, + .00010352T) aZ/Rh - 1321/1:3
v13,5/h.= (,000013438 + .ooooo3555.§1<13 + .000065821.,1‘5) az/Rh - 1)22/1:3
wp /b = (00035647 + L0003L124E, + «00031659T;) &°/kh - D,y/h°

3 p/h = (2000L3LLL + LO0CL7O4TK; + .00052020T,) e/ah - D%AB

W5 n/h = (000068377 + 000073798, + 400037533T,) o°/Rh - Dy /h’

g /b = (000037394 + .000032236K; + +000229531,) o/ - Db’
g,/ = (:000021630 + LO0DOL52BTE, + +0OCLI9OLT,) ¥/t - Do/t

vy ofh = (.000013382 + L00000792L3K,; + +000088632T,) a°/Rh = Dog/h’
w1’9/h = (,000164988 + ,00015166 K, + .00011998'1'9) az/Rh - 1)29/1:3

Wy ofh = (000061214 + .00010253K; + +00024334Tg) a°/Rh = D,/b’
w5 ofh = (,000035683 + L000055796K + 4000220711y o*/fh - D, /A7
¥y g/h = (2000021786 + L00002BT37E; + +000L59L4T) o’/fh - D, /b’
Wy o/h = (2000013684 + +0000L5167K, + +00010799Ty) &°/f = Dy’

2
w13’,7/h = (,0000087224 + .000001.43681(13 + ,000058668T,) & /Rh

2
w11’9A = (,0000089101 + +0000084230K, ; + .oooqv33ozr9) a“/fh
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w3 o/h = (20000060254 + L000004940K, ; + .000050B10%;) &°/Rh
"1,11/“ = (,000089546 + ,000084569K, + +000054742T,,) 2/t
¥y 10/h = (000032630 + L000064388K, + 400012504Ty;) &/Rh

W5 9/h = (,000020208 + L000040889K, + 400013233T);) o*/mn

iy g0/h = (4000013327 + ,000024022K,, + +00010885T, ) 8%/fh
w9’11/h = (+0000089504 + ,000013970K, + 40000813827, ) a/Rh
#13,22/h = (.0000061323 + LO0OOB3070K,, + +000059L48T,) &*/fh
w13’11/h.= (0000043047 + ,0000051130K, 5 + .wwg3oz¢r11) az/Rh
W) 15/h = (000053951 + L00005LT7OK, + 0000283551, ,) a%/ah
w3,13/h = (000019488 + ,000042391K; + ,00006954T, 5) /R

ws 15/h = (,000012288 + ,000020922K, + 000081944T, ;) /R
w7’13/h = (,0000085232 + +000019469K., + .000(77461.4‘1'13) az/Rh

Wy 15/h = (0000060332 + ,000012306Ky + .0000606'59'1'13)-;2/1%1:

¥13,15/0 = (20000043226 + L0000077975K, ) + 0000469791, ;) 2/fh
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r_,

’ A 2
vy3,13/h = (40000031436 + .0000050327K, 5 + +000035834T) ;) a”/Fh

(85)

vhere the expressions Dl.’ Dz, oo 0oy I)33 are given in Table 31, with
the assumption that the non-linear terms not involving V) 10 ¥ 30 V390
I 1 ? .
W3 39 ¥ g and Vg q are negligible as compared to terms involving only
1 ] »
these six terms. Table 31 should be read in such a menner that D; = 1.451
3 2 2 '

In order to satisfy the boundary conditions (68) on the slope of the
edges, equations (85) are substituted in equations (77) and (78), The
resulting equations mey be written in matrix notation as follows:

< [_“;Jf"s]'i‘z 7]+ &5 [os]

A _ '
vhere the matrix TAi 3 is given in Table ‘32 partitioned so that

P i oQ
A=
]
R ) s
and ' 3 _
51 e
3
~+00420168
Ky -.00194778
Kj, 1(47 Fi' "0001%47
Ky -+00064353
' -+ 00041703
K1 - ~¢120621
K13 “00123367
-7 -.00395848
-.0018093
|-+000979049
-.000586332
- |~+000376233
, . A= . -
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1
\1'-3 \nl-! \.a;_] '_'l-!

- 3
O

3

86)
_13_} | (86)

and Gy (1 = 1 to 14) are non-linear fumctions of‘wh’n as listed in

Table 33, Table 33 should be read in such a manner that 01 = 1,370
3 2 2

wl’l + 0298 Vl’l wl’B - .%9 wl,l w3’1 + o o

With the non-linear terms not involving "1,1’ “1,3’ "3,1’ w3’3,

Wy 50 Vs g neglected the problem can be solved as follows. First, we

1 9

note that equations (86) are linear squations in terms of the wmknowns
Kj' It is therefore possible to solve these equations for Kj in terms

of the non-linear fumctions of "ﬁ,n

L0 RTR]

where Aij-l denotes the inverse of the matrix Aij and is given in
Table 34 shown partitioned according to P

R S
of the matrix Aij was carried out by the use of high speed electronic

calculating machines. Since we have neglected all non-linear terms of
except those inyolving "1,1’ "1,3’ “3,1’ w3’3, "1,5’ w5,1 with Kj

e In matrix form, we have

o« The inversion of

Yim,n

found as functions of these deflection coefficients, we can substitute
these Kj into the first six equations of (85) and obtain a system of

s8ix non-linear equations in terms of these deflection coefficients. In
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matrix notations, the first six equations of (85) may be written as
follows:
i h|
2 1 j 21 1
A N YR YR Y
h Rh Rh h (88)
where |
r"l,l‘ .089783
" +0049583
1,3
’ .0056107
¥3,1 .0011085
¥1% vy E;y = | 0010103
~0012757
iy onznsn
\.r5':U
and
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0
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0
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0
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Dy substituting (87) inte (88), we obtein
o] £ [ [ fd + 5 B BT ] £ B354
£ o pu £ - £ o
by 5] furTBd -5 B B

b fw] =S [a] o [n] (89)

The above matrix operations have been carried out and we obtain the
following results:

then

40242193 | 8, |
-+00335124 H,
«00274422 H,
G, = | +00016766| and H, = |H, | (90)
-.00120163 4H5
8 .00120163J fé_

where the II1 are listed in Table 35,

" The six non-linear equations (88) can be solved by an iteration
method as follows, Consider at first the first equation, Assume that
all deflection coefficients except W, 1 are zero, Then we have a cubic

?

equation in "'1,1‘ This equation can be solved by trial and error which
gives a first approximation to wl,l‘ Next, consider the first two
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equations and assume that all deflection ecoefficients except v,1 and
v1’3 are zero, Substituting the value of V1,1 obtained previously
into the second equation, a first approximation to the value of "1, 3
can be obtained, Next substitute this value of w1’3 into the first
equation and calculate the second approximation to the value of "1,1’

This process is repeated until the desired accuracy is obtained. It
may be pointed out that after the second eycle, it 1s not necessary
to compute the "1,1 by using the value of ¥1,3 computed in the previous

cycle and a valuve which appears to give a more rapid convergence can be
used. In this way the rapidity of convergence can be accelerated. By
taking more equations and solving for more umknowns, all six wmknown
deflection coefficients can finally be solved.

It was found that the convergence of the solution is fairly rapid
if the iteration of the first equation is carried out asccording to the
schems

(n41) (n) _
M M3 oames £, (")}1/3
B .620 Rh 1 (91)
= (n)_ (n) (n) (n) (n) (n) (n)
vhere Hy U= By (wy 57 awy 5t Wy g aWg gt W T aus 5 ) with
the v (n) 3 term deleted; and the remaining five equations are iterated
( 1,1 ) according to the scheme:
(n+1) |
vy - a2 (n)
-; ; [G_,J + Hy . _ (92)

(n) (n) (n) (n)) .

() _ 5 (n) (n)
where Hi H:l ,w1’3 "'3,1 ’"1,5 - ,w5’1

("1,1

In the above equations, the superscript (n+l) indicates the (n+l)~th
approximation and n indicates the value assumed before the (n+l)-th
cycle is computed, Since these equations are eubic equations, it is
possible that these equations may have more than one set of solutionms,

To show the wmiqueness of the solution is a very difficult task although
it is intultively clear that there should be only one equilibrium
configuration in this problem. This 1s partially born out by solving
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the first equation when only Vi3 is assumed to be different from zero,
9

It wvas found that, in this case, we have one real root and two complex

ones,

The iteration of the six equations according to the scheme of
Eqs. (91) and Eq. (92) are shown graphically in Fig, 29. In this figure
the solid lines lead from the assumed vidlues, vi(ng to the iterated

values, vi(ml) while the broken lines show the next guess made from the

results of the previous iterated value which is used in the next iteration.
The iteration converges to the values for vy with

L 3375 (a = gn,

‘ Rh

R= 6" and h = ,040") as followss

W W W W : '/ W

_Ll-_. 1.324’ _].-.12 = 0.116’ .ll.l = 521, .21.2 = 40194, _1-.1.5. = ...071’..2!1. 2025
e, B ‘ h h : h ~_ h ' h

These values for w, are used in computing C; from Table 33 and Dy
from Table 31, We obtain therefore,

oo

c - 15.08])3 1.840 i i
1 3 1830 A a—]
2 = «4988h 1820 1 o No-4~0-0p-00 000 w,= 1,824
3 !
3 - 0039917h -.120
GA. - ‘00002530113 ' v 110 /Q“é/\o/o‘ﬁ/a‘v/a 0050000 Wyt -6
Cy = +00001019h> 100
06 = .00001045113
c, = ~+0000002114h° 080
3 - 070l — ot o 800 Wigt - 07
c = 20,33h P
8 3 -060
c9 = -1..07511_ : 530 |—1 —
clO - -'0706%3 5207 1] A e
cll' - 0009659113 210
012 - .0w1135h3 .200 oS00 ° Qw,=.2025
C,. = =.00003037h> a3
13 ) 3 020 0w, #0194
Cyy ™ «+ 00000006266h ~ u
0057 g2 33 E4i5f6E7 ezt
and S )
~ Iteration of the Six Non~Linear
Equations

Figo 29



D, = 16.92195°
D, = .90’
D, = 1300
D, = .001054h’
Dy = =-.00000934n>
Dy = -+00000687h°
D, = =-.00000024h°
Dg = =-.00000002h°
Dy = =-u5360h°
Dy = =e1290h° |
Dyy = -.01286n°
Dy, = -.0004967h’
Dy, —.00002564h°
Dy, = =.00000339h°

Using these values for G1 and Di’ the Ki's can be computed

D =
= -, 04668h°
= -,006135h

15

Di¢

Dy

D =

18
19

D
D
Dx
D
D
D
D

Dog
Doy

D,

according to Eq, (87) by which we obtain

o2
= K; = - 3032
Rh

2
a x3 = 27765
Rh

2

9—1(5:-12'703
Rh

8.2 6
= = - 16553
nhK"

32 22 669
% %
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a
B g = 27664
- K

a2
_— = = 3266
o K3

2
=1, = 278.3
Rh

2
= T, = 924
Rh

2
s T5 = 169/
Rh

61

2

20 °
= ,00000798h>

22 "
= ,00008837h

= ,00000208h

. OOOOOO]_lh3

3

—.00057689h°

= ~.00008891h°>

. 00001768h3

3
3

+00000001h

= ,001891h°

.0006802h°

= .00007449n°

3
3

g =~ 00000251h

a




Substituting these
W, are as follows:

men
wl’]_/h = 1,77

vy 3/h = .,110

w3’1/h = 521
w3'3/'h = 018
v, /b = ~,099
"5,1/h = 4201
w7"1/h = o133
vy, /h = -.066
| w3’7/h = 027
w5,7/h = -4010
Vg o/b = 4032

w9,.7/h = -.0018

"11’07/h = —.00094

: wn,.?/h = -,00054

WADC TR 5/-8

wg’l/h = 4,059
= ,032
w13’1/h= <020
= =014

~018

i

wg’ll/h = -,0030

62

vi3,5/0 =
w3’5/p =
V5,52 =
V5B =
¥o,5/h =
vy, 50
Vi3, =

"11,11/h =

results into equations (85), the values of

- 0015
-+030

-+0076

-+ 000097
-.0020
-.0014
o011
0078
00056

~018



Comparing the values of these deflection coefficients, it is
observed that it is reasonably accurate to neglect all the non-linear
terms in these equations except the first six, The derivation of the
values of the first six deflection coefficients so computed from the
results obtained earlier is probably due to the accumulated errors in
the substitution, especially since the matrix inversion A -] was
found to no more than four significant figures, '

The stress function coefficients 'bp q can be 6omputed by substi-

tuting the values of these deflection coefficients into Table 30 from
which we obtain _

By " «569En> | o " +0048En?
Yo, " +0072En" b = .0041Eh?
bo,6 - e 0013En? b, = ~+0017EL?
bo,6 ™ =+ 00068EL? b = -+ 0025Eh?
bo,10 = .00027Eh> g * .00034Eh"
B, 12 = =+00006E” | Bgo =  +00L6ER’
byo = 02087 Bg,p = =e0008En?
by, = WOT9ER | b, = =-00098m°
by, = <000LER b%,6 = +00022En?
by ~.0019E° | bgo * -00018Eh?
by g = =e00128" by, = -+ 000022
b, g0 = +00005ER? by, = ~+000009En%
by 15 = =+00009ER? ' bio,0 = . 00002ER>

With the values of "m,n and 'bp q determined, we thus obtain the

solution to our problem of clamping a curved plate in a flat frame.
The actual distribution of the deflection and stresses can be found
from the relations previously listed and shown below:

mrX
wE 2 Zwy g sin , o EZI (70) bis
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and |
o°F

x0 ay2
I
y0 ax2
. o OE
0 axpy
where
F= 3 %b  cos &X cos TL (71) bvis

. The variation of the non-dimensional wmit membrane forces and
deflections are computed using the finite number of terms obtained above,
They are plotied along four sections of ths plate, that is along
x = a// and a/2 and slong y = b/2 and bf4. The values are plotted for
only one-quarter of the plate (0€x=a/2, 0=y=b/2) in Figs. 30-36 |
because of the symmetry of Oy dy and we The computed non-dimensionalized

forces are represented by the solid lines of Figs. 34-36, In Figs, 30=
33 the deflection curves are shown magnified for the portions of the
plate near the boundaries. It can be seen from these magnified views
that the boundary conditions on the deflections which theoretically
require zero slope and deflection, seem to be well approximated by taking
the finite number of terms.

SECTION XIII
DETERMINATION OF THE BUCKLING LOAD FOR A PRESTRESSED PLATE

Having determined the inplane forces in the prestressed plate, the
" next problem is to find the buckling load., Here the use of the term
buckling load can be subjected to objection, because the prestressed
plate will have initial deflections and there will not be a definite
load at which the "flat® form of plate becomes unstable, However, if
we assume that these initial deflections do not exist, then we may
determine the "buckling load" by the Rayleigh-Ritz method,

Let w be the lateral deflection of the plate due to buckling.

Then the bending strain energy in the plate with all edges clamped when
buckling occurs is
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2

2 2 < ' ;
U.RI(Q.‘_Z' +2%) axay (93)
2 “A Bx Oy : 4 B

uherelb is'the flexural rigidity of the plate., The work done_by the

inplane forces is

oy

1[[—- dw\°. = Bw\> . = Owdw |

L W= = F (=) + X (=) + N dx dy (94)
2 *ax 7 T ax ay:] | | -
_ ' A _

where Nx = Nxo’ Ny = Nycr + NyO’ xy = nyo, the gubscript O refers

" to the original inplene forces and the subscript cr refers to the

buckling value., At buckling, we have _
U-W=0 ) (95)
from which we obtain »

N ==V ' .'
yer P (96)
vhere _ 2
Tl I(Q‘-’) dx dy :
2 A oy
end

It must be emphasized that the above relations are correct only
if there were no initial deflections., With the presence of the initial
deflections, the values of the inplane forces originally due to the

prestressing will be changed when the load Nycr is applied and therefore -

the above method of calculation msy induce an error which is not small,
However, in the absence of a better method, it was decided to try to
use the Rayleigh-Ritz method, : :

- _The Rayleigh-Ritz method can be carried out as follows, First, :
the deflection w is assumed in the form of a series, every term of which
satisfies the boundary conditions but with undetermined perameters.
Substitute the series into equation (95) end carry out the integration,
Then minimize the resulting expression with respect to the undetermined
parameters. This gives us a system of homogeneous equations involving
the buckling load Nycr' A non-trivial solution is obtained if we equate
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the determinant of the coefficients of these parameters to zero, from which
Nycr is calculated,

The boundary conditions for a clamped plate are that the deflection
and the slope normal to the edge are zero at the edge, 1.e.

at x = O,a v N, 0
ox
aty =0,b weap
oy
To satisfy these conditions, we may assume w in the following form.
wegin®E gink 3 w _ gin EX g3n B
a b m=l p=] 2 8 b (97)

where wm,n are undetermined coefficients,

Substituting (97) in (93), we find
b a
W
U= 2";4- j f{zz—“—‘gﬂ gin IZX gyp IX )j(n-i-l)2 chs-(-!'-"l‘l’-'z
2 b a a b
0o ©

‘ W
- (n---ll.)2 cos (en)y ] + -95’3 gin T gip T
b a8 b b

V 2
)j(ml)2 cos .Q-‘L:).EI - (n—l)2 cos MB dx dy
. b

(98)
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Performing the indicated integration, we obtain

U= E—"’% s 2 12 () (n*+6m+1)
128a n=1 ’ a

+

Z 2w (-) (n +6n +1)
n=1

g

3 (”‘)3 2 [( 1)%+8n
o1 Ln=2"1,n ' 1

P
—

ot b 2.
= mfl "m-z,lwm,l (;) 2 [(m+1) +8m.l

+ ; .Ea m n [(—)(m +6m +1)+(-—) (n +6n +1)
=1 n=l

+

2 (&)(n+1) (n2+1)]
b

o oo

- 5 3 2u ‘[(-) (n"-én +8n-3)

=1 n=3 m,n-?. nyn

+ (® (m’++6m2+1)+2(5)(m2+1)(n_1)2]
b

a

- 23 21 2"m—2,n m,n [(-) (s*6n” +8m-3)
m=-5 n=s

; |
+ (B) (n['+6n2+l)+2(3‘)(m—l)z(nz-l-l)]
. b b
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4
+ 2 Z "m-2,n-2 n,n [(—) (n"<6n +8n 3)
m=3 n=3

+ (B a6 +sm-3>+z<—)(m-1> (n-l)J

- Z Z 2w
m=l n=1 myn+2 “m,n

3 .
[ 2)" (n*—6n’-en-3)
b

+ (*-) (n*+6m +1)+2(-)(m +1)(n+1)]

k- -

- 2 x 2w W
=1 n=1 mt2,n  MmyN

PE) (m4—6m2-8m~3 )
a

3
+ (3 (n‘*+6n2+1>+z(2>(m+1>2(n2*1ﬂ
b b

M % ? wm—-2,n+2 m,n [(-)( n'-6m +8m-3)
m=3 n=

,
+ (3 (n4-6n2-8n—3)*2(2)(m-l)z(n+1)2]
b b

3
v T T (@) (n*~6n=+8n-3)

+ (-}3) (ml’-6m2-8m—3)+2 &) (m+1)2(n—1)2]
a b
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a4
+ m§3 nEB V42,042 Ym,n [( ) (n¥-6n2-gn-3)

+ (B) (n*-6m2-8m-3)+2(2) (m+1)>(n+1) fB
a b (99)

It may be mentioned that we obtain the above general form for U if all
terms in the assumed series for w are teken, If only a finite number
of particular terms are taken, the coefficients of those terms omitted
naturally should be deleted from the above expressions,

Substituting the assumed form for w, into the expression for T
and integrating, we obtain

1)2a 2
P -T2 [z Bupn 21032 o
* ¥aomyn 2+m n) (n -1)( 2" n-2 -zwm,n+2
+ 2w

m,2-n * Wm—2,n-2 * wm—2,n+2 - wm-2,2—n

) -m, n-2ﬁ2-m,n+2+"2—m, 2-n+w2+m,n-2w2+m, 2+n-w2+m, 2-nz]

(100)
' The work expression due to the prestresses existing in the plate
will now be computed assuming that these stresses remain the same as

before the buckling load is applied amd remain constant during buckling.
Thus

oF 8F F oF
N.~=h Na=h==,N =oh == (101)
0 ’ ’
x 3 2 yO ~ ax 2 xy0 3
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and

00 o0
F= 3 X b cos P cos ay

To simplify the writing, let

2
Wxa.p-]-‘ IN (a—!) dx dy
x0
2 A ox
2
W =+-1-[Nyo(a—-") dx dy
y 2 A oy ‘

- ow Jw
V.. =+ N — dx 4 (102
vt e oy e

Then, after substitution and integration, we find

h‘ﬂA o e oo 1 a 2 2
V= S 2 2 O wo.w - [é(n-t) b ~2(n+t)“b
X 5120°  melnel k=l g1 BB Koty 8,0t 8,n+t
2 2 2
~(t-n+2) bs, t-'n+2-(n-t-2) bs’n_t_z-(n-t+2) bs,n-‘t 0

( +(n+t-2)2bs’ t+n—2+(n+t+2)2bs,n .t +J [2— g‘ g:]

[(2mk+2) gm;k +(2mk+2) &k‘:" +(2mk=2) 8’:”‘
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+(-mk+12m) 852 4 (e -2m) 5:"1“2

+(=mic+1+2m) Sm;k+2 +(=mk+1+2m) Sf‘m'z

+(-mk=L+2m) 62 +(cmkc-142m) 7524 (oaic-1-2) g2

(103)
here &% =1when1-jand$i O when 1 ¥ j
¥ i
P o0 o0 k:M oo
W h"4 s I T 2 owow (B 2(m-k)2bm s
y " 512e° mel n=1 k=1 t=1 "7 oy ’
“(mk2)%, o 2w, L (mke2) e, s

me-2) mtk-2, S'Z(Mk)zbm k,8 +(”"'k~*2) b k+2,8j
E-S: 8:] P%t+2) ‘:.t+(2nt+2) S:-n+(2nt-.2) 8:+t
+(-nt+1-2n) 8‘;3-!1-1‘-.,_( -nt+1-2n) 5;-2+n-t+ (-nt+1+20) Sz'm' &

+(-nt+1+2n) 8:“2'“+( ~nt-1+2n) Si'n"'t

+(-nt-1+2n) 5;2+n+t+(-nt-1-2n) Siﬂﬂﬂ

(104)
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-4 o0 oo [ ad a
== I I I I w W, (b)

{[(Z-m-k)'bz emeie, st (2 ~(2emi)by,

~(mk-2)by y , H(mk-2)b mk_z,s][.?n(t-n) gt

~2n(n-t) s:-t*'Zn(n*t) ‘§+t+(n+1)(2+n-t) Sﬁ""‘t

#(1-0)(2-nvt) P (1am) (mete2) FH24(01) (not-2) 8002

~(140) (t-n-2) 8522 (1n) (net-2) 52”"2]

+ [2man, 2y, Hemwb,, |

+(m-k-2)b

~(2+m+k)D k-2, 8

=(2-mk)b, 24wk, 8

~mtk,s
(a2 o o] [0 (2mt) &P Fn(10t) (204om) 82740

-a(1+t) (a+142) 252 m(148) (n-6-2) 24 Pem(-1) (-n-2) §F22

+m(1-t) (n+t-2)gg+t-2] (2- q: 82)
(205)
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To obtain numerical answers, let us consider a plate with the
following dimension ratioss

a2
b/a = 1,5, — = 337.5 (106)
Rh

These ratios are those corresponding to the plate tested having a
thickness of 040 in, and an initial radius of curvature of 6 in,

Using eqs. (99), (100), (103), (104), and (105), and taking only
one term in assumed form of deflection, namely,

wswlgsinz—"z sin ZX gin 2X (107)
a b b
we find
U= 1,361 @ v
a
T = -,156 T w1’22
gt e 2
Wx = "0285 a2 Vl,z
- D 2
W_ = +,049 -—2' wl’z (108)
a
W__ = +,034 D w, 2
n i 2 1,2

Substituting the expressions (107) into the buckling criteria yields
the following equations:

1r‘n
2(1.563 T2 + ,156 wzny) Wy p =0
2
= 1’.'..2
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The buckling load for a non-prestressed plate of the same dimensions
can be found in an analogous manner by equating to zero the work done by

in-plane forces due to prestressing, l.e., omitting y ﬁy and W, e
. x

The buckling criteria for the corresponding non-prestressed flat
plate yields .

D
2(1.361 3 156 jrzuy) W= 0

7D

or Ny =-8,72 -3 .
a (120)

From the above calculations, we find that,- by assuming the deflection
in the form of (107)ani assuming that the in-plane forces remain constant
when the buckling loed is applied, the Rayleigh-Ritz emalysls shows that
the buckling load is increased 14.9% by prestressing. It masy be mentioned
that a more accurate value for the buckling load of a non-prestressed

clamped rectangular plate with b/a = 3/2 is (12)

7D
Nye.'.r ="8,33 —:i (111)
which 1s 4.7% lower than the valus just computed.

' To study the effect of taking more terms in the assumed deflection
series (9’7), we consider next the following deflection form

= | Ix 2rx T Y 2ny ,
w (wl’2 sin . + w3’2sin - )sin N sin " sin N (112)

Substituting this deflection form into (99), (100), (103), (104) and (105),
we obtain

2

U= g—l;- 87.11 V1,2 -137.63w1,2w3,2+565.63w3,2}

re T

2 2
64 {;.0“1,2 —6.677.!1’2\!3’24-6.67“3’2}
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- ik 2
Wx B o 24:5 1802 1 2 "31035"1 2 3 2+85.4 3 2

pr* 2
Wy =~ Py (’3°13"1,z 1,884y 5 3.2‘2'70"3,2]

- 4 '
D 2 2
H&y = . 64a? -2.27w1’2 +2.97v1’2w3’2-.11u3,2 ;?

(113)

First, let us calculate the bmckling load for a non-prestressed
plate e Let

2,2
K= Nycr a /‘lT D (114)

then, we have
U-N T = Iﬂf; (87.,11+410K)w 2—(137 63+6,6TK)w, W, ,+(565.,63+6,67K)w
2 * 1,2 ¢ * 1,2°3,2 ¢ ¢ 3, 2

(115)

Minihizing the above expression with respect to the undetermined
coefficients V3 2 and W) 5 Ve obtain the following two equations at buckling,
14

a(v=D) Z‘ (174 22420K)

o vy o (137.6346.67K0w; = 0
1,2

ov-1) , ot { ~(137.6346.67K)w; 5=(1131.26+13.335K)w; 3 = O
3,2 64a°

(116)
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Setting the determinant of the coefficients of these two equations
equal to zero, the conditions for a non-trivial solution give

K2 + 104,06K + 802,10 = O (117) |

from which we find

K = = 8,38, or - 95,7 (118)

or
Noor 38 -——2

a

Although this answer was arrived at using only two terms of the
series, it is only.06% higher than the more accurate value found by
Levy (12) and listed as Eq. (111). For the prestressed plate, we have

FA
= DT 2
V-T-T -T (99‘9+10K)"1,2 -(158.1+6.6'7K)w1,2w3’2+(648.21+

0,700 a2

. 2 .

Minimizing this expression with respect to LIPS and W3 9 Ve obtain the
’ 4

following two equations

(199.8+2Q{)w1’2 - (158.12+6.67K)w3’2 =0

-(158.12+6.6'7K)w1’2 + (129&4*13.3»41()1«3’2 = 0 (120)
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The condition for a non-trivial solution is

K2 + 119,1K + 1052.7 = 0 (121)

from which we find

K = = 9461, or - 109,52

or

1T2D

Nycr = 9,61 —2‘ (122)
' a

Although the actuel values of W) o OT W3 5 cannot be found there
[ 4 ?
ratio can be calculated using either of Egs. (119).

The first of Eqs. (119) may be rewritten as

W.
(199.8+20K) =222 .~ 158,12 + 6,67K = 0
w3’2

Substituting X = -~ 9,61 the equation becomes

¥1,2 )
76 =25 o 222,22 =0 . (123)

w3’2
or
¥1,2
-=2£ = 29,2 (124)
¥3,2
for the prestresssed plate,
The buckling loads and ratio of deflection coefficients were computed
for both the non-prestressed and prestressed plates using other coefficients
and combinations of coefficients in the assumed deflection series (109).

The results are tabulated in Tables 36 and 37 and shown graphically in
Fig. 37 for various percentages of the calculated amounts of prestressing.
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Note that due to orthogonality relations between the assumed
deflection form and the stress function series taking a limited number
of terms of the deflection form (wm n) will automatically limit the number
,n’

of terms describing the stress fumetion (bp q). The stresses computed
: 4

with these limited number of terms (due to considering only one term,
w1,2 in the deflection series) are compared with those computed with

& larger number of terms in Fig, 34, 35, and 36, In these figures the
stresses corresponding to the limited number of terms are shown with
broken lines while the more exaet representations are shown with solid
lines,

3
2 /
/ e
"y
0,

K ,Non-dimensional Buckling Coefficient

\\_
\

o] 100% 200% 300%
% of Calculated Stresses

Results of Rayleigh Ritz Analysis
Fig. 37
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TABIE 1 - 1b
(Flatneas tests on ,032 inch Aluminum Plate)
Deflection Deflection Deflection

Position _ x 10> inches Position _x 10° inches _ Position _x 10° inches
1-1 0 241 -18 3-1 A2
1-2 -15 2-2 -38 32
1-3 -23 2-3 - 3-3 37
14 -27 24 ~49 34 =30
1-5 -25 2-5 46 3-5 - 28
1-6 -18 2-6 35 3-6 =20

(minus indicates downward defleection)

TABLE 1 -~ 1l¢
(Flatness tests on 040 inch Aluminum Plate)
Deflection Deflection . Deflection

Position ;_,L@B inches Position _x }_53 inches  Position _x 163 ches
14 0 2-1 0 31 +3

1-2 -6 2-2 -9 3-2 : -1

1-3 -1/ 2=3 -19 3-3 -10

1-4 =12 2-4 =17 3-4 -13

1-5 -8 : 2=5 -11 3=5 -13

1-6 -5 2-6 =5 3-6 -6
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TABLE

Results of Tests on 24 S-T Al. Alloy Plate
Radius of Curvature - 9 1/4 inches

e, (10%) in./in.

(using
Gage Test 1 Test 2 Test 3 Test 3 corrections)
1,2 =43e5 26 ~24 (1.10) +42
394 +61.5 +71.5 +71,0 +71
546 +75.0 +81.5 +8445 +84.5
7,8 -140,5 -98 -111.5 (8,9) +7645
7-2,8-2 X X X +13,5

Note: + = tensile

- = compressive
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TABLE 11

Membrane strains for second ,040 Aluminum Plate

Gage Position Menbrane strain
ges Fig, 5 micro~inches per inch
A<l -10
A-2 +65 "
A~3 -10
Al =15
B~1 +10
B-2 +10
B-3 ' 0
" B=4 60
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Membrane strains for first ,040 Alurinum Plate

Gage Positioms

(seo Fig, 5) (see Fig 4)

TABLE 12

C-1

c-2
c-3
C=4 |
B-17

B6
B-5

B-4b

WADC TR 54-8

A-1

A-2

A-3

A/

B-1

B-2

B-3

Membrane strain
micro-inches per inch
- 16

26
-10
-9 B
+14
+10

+21
+19 1/2

-16
21
21
=26

+43 1/2
+38 1/2

-18 1/2
-19

Assumed
Value

=21
=10

+12

+20

-18

~23

vl

-19




TABLE
Menmbrane strains for ,032 Aluminum Plate
Mombrane strain

Gage Positions micro-inches per inch Assumed
(see Fig, 5) (see Fig, 4) Test 1 Test 2 Test 3 Value
C-1 A-1 =130 =52 1/2 =40 =70
-131 =54 1/2 =26 1/2
c-2 A=2 +101/2 +25 1/2 +351/2 +30
+18 1/2 +25 +46
C-3 A-3 +37 1/2 415 +30 1/2 +30
+43 +21 1/2 +331/2
C=d A=l +10 -221/2 -3 -5
+101/2 =14 -3 1/2
B~7 B-1 -189 -140 =36 ~120
=176 1/2 -135 1/2 =32 1/2
B-6 B-2 +38 1/2 451 +53 1/2 +45
+35 1/2  +49 1/2 +54
B-5 B-3 ~45 =42 1/2 =28 1/2 =40
~46 -43 -29
B-4b B4 +24 1/2 +151/2 427 1/2 +20
+24 1/2  +14 +28
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TABLE
Membrane strains for ,051 Aluminum Plate

Membrane strain

Gage Positions micro-inches per inch Assumed
(see Fig, 5) (see Fig, 4) Test 1 _Test 2 Value
C-1 A=l =42 1/2 <76 60
=37 <75 1/2
C-2 A2 ~44, -85 40
-35 1/2 -84
C-3 A-3 =32 1/2 =47 1/2 =35
21 -49
C=4 A~ 25 1/2 -26 ~25
-18 1/2 -29
B-7 B-1 +43 1/2 +56 +50
+44, +51
B-6 B-2 +68 +76 1/2 +70
+69 1/2 +71
B-5 B-3 =14 1/2 +1/2 -5
-2 1/2 +2 1/2
B-4b B, =54 1/2 -41 1/2 45
-42 =44 1/2
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TABIE 15

Calibration Tests
Porformed on Flat Plates

Plate No,* Width of supported edge Byckling load, 1lbs,
F,40,1.5,30
11/4 715
1l 155
F,40,1.5,31
11/ (a) 670
1 1/4 (b) , 650
1 ' 675
3/4 730
1/2 600
Fy40,1.5,32 _
11/, , 760
1 : 740
3/4 715
F,40,1.5,33
11/4 o 815
1 625
3/4 770
1/2 640

* The designation of the plate number is as follows: F indicates
non-prestressed flat plates, the first set of numbers indicates the
plate thickness is (040 in,, the second set of numbers indicates that
the aspect ratio is 1.5, while the last series of numbers indicates
that this was the 30th of the type tested.
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TABLE 16

Buckling Tests of Flat Plates
With 1/2 Inch Supported Edges

ate No Buckling load, 1lbs,
F,40,1,5,22 565
23 3 waves
2 560
25 610
- 29D 560
31D 600
33D 640

Average value = 589 lbs,

TABLE 17

Buckling Tests of Flat Plates
With 2[4 Inch Supported Edges

Plate No, Buckling load, 1bs,
F’40’105926 510

27 580

28 670

294 crimped Plate

31C 730

32C 715

33C 70

Average value = 663 1bs,
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TABLE 18
Buckling Tests of Flat Plates

With 1 TInch Supported Edges

Plate No, Buckling Load 1bs, (Yoshiki's Method)
F,40,1.5,1 750%
2 TI0%
3 760%
4 -
5 745
6 800*
7 -
8 765
9 145
10 705
11 755
12 755
13 | 815
14 | U5
15 ' 600
16 3 waves
17 650
18 730
19 680
20 3 waves
21 690
30B 755
31B 675
32B 740
33B 625

Average value = 726 1lbs,

* Gage poorly located - determined buckling load by load vs, bending
graph, not shown in Fig. 15.
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TABLE 19
Buckling Tests of Ordinary Flat Plates

With 1 Inch rted Edges
Flate No, Buckling Load lbe,
F,40,1.5,30A 715
318 660
328 760
33A 815

Average ¥alue = 738 lbs,

TABLE 20

Theoretically Calculated Loads Carried by Supported Widths

Width of supported strip Load carried by strip
1/2 inch 63 1bs,
3/4 inch 95 1bs,
1 inch 126 1bs.
1 1/4 inch 158 1bs.
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TABLE 2
Buckling Tests of Non-prestressed Flat Plates, .,032 inch Thicknes

With 1 Inch Supported Edges

. Flate_No, Buckling Losd (Yoshiki's Method)
F,32,1.5,1 320

300

400 .

365

350

255

270

245

1
jS SR

0 2 o M~ w N

Average buckling load 313 1bs,
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Buckling Tests of Non-Prestressed Flat Plates, ,051 Inch Thickness

Plate No,

Fy51,1.5,1
2

3
4
5

WADC TR 54-8

TABLE 22

With 1 Inch Supported Edges

Buckling load (Yoahiki's Met.hodl

Average buckling load 1175

105

980
1490
1150
1100
1200




TABLE 23
Buckling of ,040 Prestressed Plates
Initial Radius Buckling Load Buckling Behavior
Plate No, Inch Top of knee Yoshiki's Method _Type
Cy40,1e5,27 5 800 ? Mode jump
28 ? L
29 900 810 . Normal
30 700 740 "
31 700 740 Mode jump
32 Approx, 700 ? woon
33 Approx, 1900 680
34 900 980 Normal
35 Approx. 1200 ? Mode jump
36 5 900 860 Normal
Cy40,1.5,2 6 ? 1480 "
3 1800 1530 "
4 900 1070 "
13 900 770 Mode jump
A 500 ? Normal
25 750 790 n
37 650 580 or 2180 Double Parabola
38 800 710 or 1460 n "
39 650 810 or 920 " n
40 700 640 or 1840 " "
a 550 ? "~ Normal
42 é 700 650 or 1580
C,40,1.5,5 7 850 ? Normal
6 1150 ? Mode jwmp
7 900 880 : Normal
8 850 850 n
9 700 760 n
10 600 620 "
11 7 650 620 "
12 7 650 620 "
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TABLE 23 (continued)

Initial Redius Buckling Load Buckling Behavior

Plate No, Inch Top of knee Yoshiki's Method Type
C,40,1.5,16 8 900 890 Normal

17 700 820 n

18 1100 910 "

19 750 710 "

20 1100 ? Mode jump

21 1050 980 Normal

22 800 820 "

23 8 600 610 n
Cy40,145,43 10 800 480 "

YA 800 540 and 1900 Double Parabcla

45 800 580 Normal

46 800 640 "

47 800 ? "

48 950 700 "

49 800 450 "

50 10 1000 680 n
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TABLE 24
Buckling of ,032 Inch Prestressed Plates

Initial Radius Buckling Load Buckling Behavior

Plate No, of Curvature Top of knee Yoshiki's Method Type
C,32,1.5,1 5 500 510 Normal

2 5 450 430 or 640 Double Parabola

3 5 1700 1650 Normsl

4 5 300 300 or 870 Double Parabola

5 5 550 400 Mode jump

6 5 200 215 Normal

7 5 - 250 L

8 5 - 220 or 710 Double Parabola

9 5 250 225 or 610 LI "
C32,1.5,10 3 450 440 Normsl

11 6 250 230 "

12 6 (400+) * 340 Mode jump

13 (3 4,00 430 or 1060 Double Parabola

7 6 400 380 or 1190 Normal

15 6 250 - "

32 6 350 170 Mode jump

33 6 200 220 Normal

34 6 200 200 "

35 6 400 320 "

36 6 375 270 Mode jump

kY 6 - - non
€,32,1.5,16 7 375 - Normal

17 7 400 350 "

18 7 400 460 "
C,32,1.5,19 7 - 400 "

20 7 4,00 - Mode jump

21 7 400 390 or 760 Double Parabola

22 7 500 330 Normal

23 7 200 250 Normal (3 half wave

¥ Not used In finding averages.
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Initial Radius
of Curvature

Plate No,

Cy32,1.5,24
25
26
27

29
30
31

8

B 00 00 B B 0 O

* Not used in finding averages.

WADC TR 54-8
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Continued

Buckling Load Buckling Behavior
Top of knee Yoshiki's Method Type
350 300 Normal
375 320 or 490 Double Parabola
550 385 Normal
- 300 Mode jump
525 465 Normsl *
400 360 or 530 Double Parabols
- 330 Mode jump
350 290 Normal




TABLE 2

Buckling of ,051 Inch Prestressed Plates

Initial Radius Buckling Load Buckling Behavior

Plate No, of Curvature = Top of knee Yoshiki's Method —Iype
Cy51,1.5,1 6 2200 ? . Mode jump

2 6 2000 ? noom

3 6 1400 ? LI

4 6 2000 ? moom

5 6 2800 ? noon

6 6 1400 1200 Normal

7 6 1900 1200 and 2000 Double Parabola

8 é 1900 1500 Normal
Cy5151e5,9 7 1400 1420 "

10 7 1700 1,00 and 2700 Double Parabola

1n i 1400 1220 Normal

12 7 1600 1400 "

13 7 « 1400 1280 n

Y 7 2000 ? Mode jump

15 7 1400 1790 Normal

16 7 1400 1200 and 2800 Double Parabola
Cy51,145,17 7 3/4 1200 900 Normal

18 7 3/4 1800 ? . Mode jump

19 7 3/4 1500 1000 Normal

20 7 3/4 1500 1080 n

21 7 3/4 1400 1250 "

22 7 3/4 1600 1200 "

23 7 3/4 1600 ? : "

24 7 3/4 1800 ? "
Cy51,1e5,25 9 1300 1150 "

26 9 1500 1180 "

27 9 1400 1210 : "

28 9 1450 1160 "

29 9 1600 ? n

30 9 1500 1220 "

31 9 1500 1220 "

32 9 1200 1060 "
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Initial

Radius, in, Average lLoad No, of tests averaged Average losd No, of tests av,

5
6

7
8
10

Average Buckling Load of ,040 Inch Prestressed Plates

Initiel

Redius, in, Average Iosd No, of tests averaged Average load No, of tests av,

0 ~1 O \n

WADC TR 54«8

TABLE 26
Average Buckling Load of 040 Inch Prestressed Plates

967
809
813
875
844,

967
809
813
875

Top of knee Method

oooooo':o

TABLE 27

Top of kmse Method

Q@E\O

Yoshiki's Method

802
903 or 1362

145

820
581 or 776

6
10
6
7
7

Yoshikits Method

. 802
903 or 1362
U5

820

6
10




- TABLE 28 _.
Average Buckling loads of ,051 Inch Prestressed Plates
Initial Top of Knee Method
Radius, In, Average Ioad No, of Tests Averaged _zg_ggg_l_n;ag No, of Tests Av,
6 1950 8 1300 or 1567 © 3
" 1538 8 1387 or 1801 7
7 3/4 1550 8 1086 5
9 1469 8 - 1163 6
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: IABIE 29
Peroent Increase of Buckling Load

Initial Radius  Net Buckling % Increase of Prestressed Over

of Curvature Thickness Load Ordinary Plate(Net Buckling Loads)

032 499 (405 or 589)  101% (63% or 137%)

5
6 +032 263 (235 or 379) 67% (-5% or 53%)
7 0032 317 (298 or 360) 28% (20% or 45%)
N <032 360 (279 or 321) 45% (12% or 29%)
. <032 (248)* -
5 «040 841 (676) 40% (13%)
6 +040 683 (777 or 1236) 47% (29% or 106%)
7 <040 687 (619) 15% (3%)
8 <040 749 (694) - 25% (16%)
+040 (600) 25% (16%)
10 040 718 (455 or 652) 19.66% (-24% or 8,66%)
<040 (600) * -
6 4051 1426 (1038 or 1305) 562% (13.7% or 42.9%)
7 ' «051 1205 (1125 or 1539)  39.64% (23.22% or 68.56%)
7 3/4 051 1288 (824) 4% (9.74%)
9 «051 1207 (901) 32,28 (-1.3%)
+051 (913) * -

¥ Used for purposes of comparison
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TABLE 30
Coefficients
E 2 )
bo,2 ™ y (2"1,1 *18“3 L1005 by 1y 5=36v3 1¥5 5

=, 5%, 7, 07,9% 111,157, 53, 5

2
+98uﬁ’1+162w9 1 24 11,1 +33 13,1 -36w3,5w3’7)

(16w -16w.

1,1%1,3726¥,1¥1, 5716W 3¥y 5716wy W) o=l6w; oW g9

B0, ® 455.1

=168) 9¥1,13716W) 17%9 15 144W3 1V 3=L4d; qV;

-]MVB,BVB"’ ¢ o 0 )

LW 2304 T (36 q¥ 5736wy 1¥ o*18 4 '36“1 3¥1,9

.36w1,5wi’11-36w1’7vi’13-36wi,9ui,15+324w3’1u3’5

- =3R4y gV o ¥162u5 ‘32‘*“3,3"3.9 cee)

bO,

- |
- J— (6hun 1¥q 764y 1¥) g*Bhwy gy cblny 2wy o9

bl

1,5%1,13-54v

1,7%1,15"576%3,1¥3,775763 13,9« + + )

WADC TR 54-8 1

R




bo,10 " 17.7.78 g (100 1¥ g=100w; gy 1410w ¥1,771009 ¥ 13

+500) 5 "1°°"1,5 1,15%90043 1¥3 g=900u; ¥, 59

*900w3337...)

. B
P0,12 7 Jpgey HAVL1M, 10 MMM gVt Ly g oLidany vy o

a5V g L296u 5 (V5 40 -1296w, o 3,13*1296" 3 ¥3.9

+1296V3 5 3,7 °° )
) = -—E—-—
"g,o 4o (20 5 “*"1,1“3,1*18" ‘36"1 3¥3,3
2

'|'162V ’9 "‘242“1 11 +338V ’13 -4‘4’3,1 5 1°°° )

- —r—
Ab2’2 (16w1’1|t1’3+16wl ¥ 3, 1+6l,,v 1,3% 1, 5-64w

3m.4 ’3 3’

'16“1,3“3,5*1“"1,5"1,7"1“‘*"1.5"3,3'6"*"1,5"3,7

6"1933"3"*",11"3,5’'°)

WADC TR 548 | us




TABIE ; Continued

P24 " T1n ("‘*"1 1¥1,3%36%) 1%, 573090 193,979,193, 5

41000y gy o#100w; oMy (ol M 4196w, g

-196wlo 53,1771, 5%3 ,943?1'“197“1’11-3%“1’7"3’ 3

+481.w1’9w1’13-4,81.w1’9w3’5+6’76w1’11w1,15+196w3,1w5’3 e o 0 )

E_
®2:6 ™ 3500 (<26wy Wy sHhwy gy o*6duy Wy =160y V3 g
YUody My g¥LAdMy g¥y 42560y Gy 992560 o934
16w W3 37+400; ,7 1,137%00% 1731576" 1,9"1,15
-576w1’9w3’3“784w1’11w3’5 e o o )
WADC TR 54-8 116



TABLE 30 (Contimued)

- —Ee (o o ‘
(=36wy 3y 100w, Gy g+100w, (W, o=36w) (¥, o

*28 " o

-Jp"l 3 1’5"‘196' ,3 1 19& ’3 3’5-4\1 ’3 3’

+320y oW 13¥3RU0) ¥y gy gV3 g g*ABAN, Vs 4

HaBlaty ¥y 5676w g¥3 1=900w; 11¥3 30 0 )

L6y g q¥256u gV 13*256w gV o=l6wy gV 5

00wy, 5%1,15%400W) 5¥3 5*576w) vy S¥T84w) o¥s o

-1024\1 1,11 3’1-1296w «~1600w.

,133.3 1,15¥3,5 * * )

L

— 1,04,01°296%,1%, 15196 ~100w.

1,1¥3,1179M,1¥3,13
=36w) ,3¥1,9* 324 ¥y 15*32UNy V3 gmlany W) o

Bl s q+6T6w; vy #9004 o 3.3*1156"1 1¥3,1

B Bty BT TR

WADC TR 54-8 117




TABLE 30 (Continued)
E
b.0" 0 (U6ury V5 1=26w) V5 ek oWy 5=Lidwy g o

V400w, ¥y HTEUM) wV3 g e o o)

bz " gy L1, 1%04,15,50 26,05, 1Y, 3

Y1000, g¥3 1 ¥196w) oWz s=196w) Wy 432wy ¥ g

+iBlaty g3 Bl s #6T6u) qvs s
‘.'1156'1’9“3’7 * & o )

-k
Paoh " oy (V113,500 15, 3G V3 42560 5

+256w 3 5, 1+256w 1,5 3,14'57651 1,5 3,9

=5T6uy | 5¥5 1 *5T6Wy ¥y 5¥102%w; gWs e e o)
- -t (.
P46 " g TA1,1¥3,5%1000 13 7 100N (us =36y ovs
WADC TR 54-8 118
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TABLE 30 (Continued

+3Ry V3 ,g¥I2UN oV 3m196w) oWy 676w V3 10

"’67&1’5 5’1*484V ’7 3’1"'9 1’9 3’3"'144"1’11"3’5 o o o ) .

b, g " ~E_ (-26w,

498 ™ T 1,1¥3,7 1449 1¥3 o 400w ¥

16w, g s*400w) Mg 0y

Loty gV, 3¥T8hV) 5¥3 13%T8 W 5-400N) vy o

*784“1 ’9\'3 ’1+1296w1 ,11"3 . 3 * s 0 )

b6,0 = 1_""‘166" (3 1 5 1""324"1’3 5,3"'18"3 4’162‘13 3 o o 0 )
-—E_ (S
P6,2 " oars \THOV1 1M, 10000 1V, 50256W) g 4B v,

HLhdwry 13, 3*576W3 3¥3 5 0 0 o)

.k 5
P60t ™ T\ 1,1¥5,3Y1008 Vs s-196w; s 4676w v

=33,173, 313243 (V3 5YI00N, Wi h e e e )

WADC TR 54-8 119




TABLE 30 {conth}

-k - -
P66 = T35t (<Lbdsty W5 3=5T6wy g5 =Lhds 4¥5 s*5TON3 193,

*]2%'3.3v3’9 ® & o )

bg.0 (6dwy q¥s 9 o 0 o)

%,2 = pora (9¥3,175,17196V5,17%, 343243 55,1 ¢ o ¢ )

8t = Tas (Lbwy W5 5-Lhbvy W5 4 o o o)

2

E
B10,0 " goo00 Vsl *tt)

WADC TR 54-8 120



Dy
v, 2 1,451
1,1 .
v zw - 972
1,1 "1,3 ®
2
¥1,1 ¥3,1 =+1920
2
V1,1 ¥3,3 0
2
wl,l wi’5 0
2
v1,1 ¥5,1 0
Wy oW 2 5,38
1,1°1,3 *
2
H1’1V3,1 11.30
< 2
¥,13,3 10.50
2
¥1.1%1,5 10.50
W, W 2 29435
1,1%5,1 .
wl,lwl, 3‘3’1 .983
wl,lvl, 3w3’ 3 -10301
'wl,lwl’Bwl, 5 2,095

WADC TR 54-8

TABLE 31
Coefficients
D, D3
-+02705  =,001497
o448 «01149
«0410 o264
=e0542  -,0689
=+ 0875 0
0 -.00517
0 ~e0642
SATA 0
0 0
0 -.1382
Y 0
—e459 -.232
0 387
490 «0992
121

D,
0

~+00805

-.0364
«1298
00832

»00325

«205

-.0593

+00957

#1492

<0417

<0751

«0945

«00695

«0213

.00918

- 0247




¥1,1"1,3%5,1
¥1,1¥3,1%3,3
¥1,1%3,1%1,5
¥1,1¥3,1%,1
¥1,1%3,3%1,5
¥1,1¥3,3%5,1
¥1,1"1,5%5,1
Vl’ 3
"1,32"3,1

W 2‘"
1,3 ¥3,3

W 2w
1,3 1,5

W. 2“
1,3 5,1

2
¥1,3¥3,1

Wy W 2
1,33,3

WADC TR 54-8

-5489

-ef43

1.342

o525

~24755

0

2,935

~4+96

0

TABLE

1,382

o354

0238

=+400

=642

1.632

4]

"1.297

0

2.64

4e52

Continued

«1009

~-e332

-..1058

o740

-e1837

~e1520

122

~+0948

~e1753

-00559

01307

#1637

<1041

~e %AO

«668

"'.2015

- 1680

-.1118

o848

-e2141

-4 0626

-« 01457

«1998

-.0253



TABLE 31 (Contin

D

Dy 2
W, W 2 0 499
1,371,5 ¢
| W, W 2 072 5,17
1’3 5’1 [ ] L ]
w1’3w3’1w3’3 16.59 0
'1,3"5,1“1,5 4e25 <1,310
wi,3"§,1‘5,1 2.855 1,087
¥1,393,3%,5 %78 0
¥),3%3,3%5,1 768 0
ui’3u1’5u5’1 0 0
3
'3,1 0 0
2
w3’1 w3,3 0 0
2w (v}
V3,1 %,5 ~1e257
v 2" 2.15 6
3,1 ¥5,1 0155 =655
2
w3’1u3’3 0 0
W, W 2 =592 0
3,171,5 ¢
2
"3,1“5,1 0 0
WADC TR 5,-8

=704

-e367
+850
878
o469

2,02

-1 ® 839

4,09
1,719

5076

123

*450

o465

=396

- =e324,

2,165

o]

-1,120

~e431

o517

«286

=915

-e456

«1209

00647
-¢1031

-~e1952

793

| —.0886




TABLE ) (Continued)
Dy D, Dy
'3 ’1V3 '3\11, 5 .14.18 3. 040 0
w3’1w3’3v5’1 ~4e53 34135 0
v3.1%1,5%,1 0 1.67 0
.3 .
w3,3 0 0
w 2w 527 0 0
73,3 1,5 ¢ .
v zw 6,63 0 0
3,3 5,1 ¢
Vo M 0 2,685 0
3,3'1,5
w W 2 0 0 -2e12
3,3 5,1
wa’jﬂi’5w5.1 844 =2.68 =14205
.3
wl’,). 0 0 0
W. 2" 0 0 -0642
1,5 5,1
Wa oW 2 0 2,53 4]
1,5 5,1 *
3
w5’1 0 0 0
WADC TR 5,4-8 124

D

0

=637

1.451

1,608
3.50

o984

-e733

-.782

1.850

566

1.9

2,51

-.1660

=585

01281

910

586

2,12



1,1

S ¥1%,5

2,
¥1,1 11,3

2‘1
vl,l 3 ’1

W. 2U

1,1 3,3
,

¥1,1 1,5

2
Y1,1 ¥5,1

2
¥,1%1,3
2

2
¥1,1¥3,3
2

2
w1,1%5,1

¥1,1%1,3%3,1
¥1,11,3"3,3

¥,1%1,3%1,5

WADC TR 54-8

TABIE 31 (continued)
-D

0,

=+000203

~+000233

-e 00250

12)
Dg

0

0

«000509 =~,0000531

0

125

10

00000802

-+001499

=~e 02025

-o001217




TABLE 31 ‘Continmd!

D, Dg Dg Dyp D33 Dy,
w1’1w3’1w3’3 «001197 © 0 0 0 .91295
¥ 1¥.1% 5 0 0 0 0 0 .0u80
W q¥3¥s,;  eO0A7L 0002050 O 0 0 o
¥1,1%3,3%,5  © 0 0 ° 0  -00303
V3 g¥s,y 00216 L000730 O 0 0 0
¥1,1%1,5%5,1 0 0 0 0 S0 =,0616
W S 0 0 0 0 0 0
1,3 .
v 2 0 0 0 0 0 0
1,3 ¥3,1 _
Vo 2w 0 0 0 0 0 040,
1,3 3,3 g
2
W 5 0 0 0 0 0 0
) |
¥ 3 s ) -00718 0 0 0 0 0
) |
W, W 2 0 0 o }O 0 /2 VA
1,393,3 .
W o 2 0 0 0 0 0 0
1,3%1,5
WADC TR 548 126
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TABLE 31 (Continued)

Dy  Dg ) D10 b, D2
w1,3w5,12 0  ~.002445 .000416 0 0 0
wl, 3\13 '1w3 3 01307 0 0 0 0 0
v1,3%3,1%1, 5 0 0 0 0 0 -+0391
¥, 1%, -.91845 001781 0 0 0 0
w1’3w3’3w1’5 0 0 o 0 0 0
W) gy s #0296 -.00582 0 0 0 0
wl’ 3w1’ 5§r5’1 «0313 0 0 0 0 «1491
vy 7 0  -.0000201 O 0 0 0
w3’12v3’3 0  ,000202 © 0 0 0
w3,12w1’ 5 0 0 0 0 0 =e0493
v3’12v5’1 0 0 0000288 0 0 1859
w3’193’32 0 -.001701 0 0 0 0
Vs 5 0 0 0 0 0 0
"3,1"5,12 01522 0 0  -.00001529 o0 0
wB’le,éwl’ 5 402185 o 0 0 0 +0822

WAL TR &4~8 12




TABLE 31 (Continued)

b Dg Do Do D2

¥y 1%, 55,1 L 0 00037, O 0 &3
Wy 55,1 0 0 0 0 0 0
v 2 | 0 0 o 0 0 0
3,3
w 2, _.01810 0 - 0 0 0
3,3 “1,5 . |

2
¥y 5 ¥s 0 0 ~00102, O 0 0
W M o2 0 0 0 0 0 -e1239
3,3"1,5 .

2

¥y Vs 1 0339 O 0 ,0001128 O 0
Wy My g5 0697 LOLIT2 0 0 0 0
Wy 2 0 0 0 0 0 0
1,5
W 2w  =,0393 0 0 o 0 0
1’5 5’1 L] 4
. W 2 0 0 0 0 0 0
1,5%5,1
v 2 0 0 0 0 . =.00000263 =s502
5,1 .

WADC TR 54-8 128



TABLE 31 (continued)

(D)5 - Dyg)
D3 Dy Dis D Dy Dig
W 2 e e 0 o o 0
1,1 | - ‘
v 2 0 0 0 0 0000427 O
1,1 1,3 .
: 2 0 0 0 0 0 0
¥1,1 V3,1
v 2 0 0 0 0 - 01'54:1' 0
1,1 3,3 o
v 2w 0 0 0 0 -.00948 0
1,1 ¥1,5 .
2 s
w1V 3 .oooooss; 0 0 0 0 0
w, 2 0 0 0 0 0025 0
¥1,1"1,3 =+00253
% 1¥3.1 400000241 0 0 o - o o0
v w2 0 0 0 0 0 0
1,1 3,3
w. w2 0 0 0 0 0 0
1,1%1,5 |
) |
s 0  =,0000757 000001522 0 0 0
v1’1w1’3w3’1 0 (s} 0 0 -.0371 .9001.61
w1,1w1’3w3’3 0 0 0 0 ».9451 - =e001522
",1"1,3"1,5 0 0 0 0 0 0

WADC TR 54-8 129




TABLE 31 (Continued)

D3 Dy
v1,1%1,3%5,17 00368 0
W a¥5,aMg,5  me00L042 O
¥1,1%3,1"1,5 0 0
V1 1Y3,1%,1 ~.001486 400000902
¥1,1¥3,3"1,5 0 0
w1,1w1’5w5’1 » 00897 0
3
w1,3 0 0
2
wi,B w3’1 0 0
2
wl’3 w3’3 0 0
2
w1,3 wl’5 0 0
2
wl’3 ws,1 0] 0
W, 2 001942 O
¥1,3Y3,1 ~e
2 01305 0O
¥1,3%3,3 =

WADC TR 54~8

Dy

0

130

17
« 0227

<1190

“o0522

-.0972

+0456

- 0847

-+0401

0

Dyg

«000510

- 0031 g

0725

-, 00323

<0266

-000828



W. V. 2
1,3"1,5

“1,3"’5,12

¥1,3%3,1%3,3
¥1,3"3,1%1,5
¥1,3"3,1%5,1
“1,3‘3,3“1,5
w1,3"3,3"'5,1

Hi’3W1’5w591
3
WB’l
2W
V3,1 ¥3,3

_ 2w
¥3,1 1,5

2W
Y3,1 ¥5,1
¥3,1%3,3

) 2
¥3,1"1,5

2
¥3,1%5,1

WADC TR 54-8

TABLE 31 (Continued

D3 Dy
0 0

0 L0068
0 0

0 0

00312 =.002445

0 0
0 0
=-0203 0
0 0

0 -,0002820
«00582 e
0 0
0 0
0 )
~-000583 0

D5 P1¢  Dyy
0 0 0
-.000708 0 0
0 0 0
0 0 0
0 0 -01507
0 0 o467
0 0 01499
0 0 0
0 4] 0
0 0 -0 408
0 0 0
»0000000316 © 0
0 0 o426
0 0 0
0 »0000000165 0
131

18

»01880

"905%

&

00449




w3,1%3,3%1,5
v3,1¥3,3"5,1
v3,1"1,5%5,1

¥3,3

W 2w
3,3 1,5

2
¥3,3 Y51

W ‘W 2
3,3'1,5
w2
w3"3 5,1

V3 3%y, 55,1

WADC TR 54-8

TABLE 31 (Continued

Dy3 Dy Ds
—.01328 0 0

o 0 -.000378
-e0496  ,00730 0

0 -+001499 0

0 0 0]

0 0 0

0 0 0
0738 0 0
$0465 ~,00822 0

o 0 0

0 0 0

0  =.01147 - 00209

0 0 0

132

Dig 17
0 0
0 0
0 o485
0 0
0 0
0 0
0 )
-.00014,08 -.803». ‘_'

0 0

» O - 2065
0 0
0 0
0 0



(D19 = Dy,) ”
Do Dy Dy Dsa D)3 D2,
| 3
‘ vy 0 0 0 0 0 0
!
. 0 0 0 0 0 0
| V1,1 ¥1,3
| 2 0 0 0 0 0 0
Y1,1 3,1
| 2w 0 0 0 0 0 0
¥1,1 ¥3,3
} Wy 12w1 5 0 0 0 0 -,00456 0000900
| 9 9 .
2 0 0 0 0 0 0
V1,1 ¥5,1
2
vy 19,3 0 0 0 0 —o00474, .00001§22 .
w. . .2 0 0 0 0 0 0
1,193,1
| 2
¥y gV g -.0001518 © 0 0 -.0360 0
W, 2 0 0 0 0
¥1,1%1,5 0 0
w, 2 0 0 0 0 0
¥,1%,1 0
¥ 1¥1,3%3,1 0 0 0 0 0 0
vy ’1w1 . 3w3 )3 0 0 0 0 . 01611  -,01428
w1139 5 0 0 0 0 .0332  =,00454

WADC TR 54-8 133




TABLE 31 (Continued)

Prg Do Dn D22 P23 P2,
w1,1w1,3w5,1' +000510 0 0 0 0 0
W) Y3 q¥3 5 +00001970 O 0 0 0 0
W) 13,09 s 0 0 0 0 J03245 =,02215
w1’1w3’1w5’1 0 0 -0 0 0 0
W 13,39, 5 0 0 0 0 ~o0272 0251
W) ¥y g¥s,q  —e00379 0000325 O 0 0 0
Wy ¥ g5 g  —e00BGL O 0 0 0 ,0228
w53 0 0 0 0 0 0
. |
v P 0 0 0 0 0 0
1,3 "3,3
2 0 0 0 0 0 0
¥1,3 1,5
2 N
W3 Vs g -.001700 0O 0 0 0 01730
2
w1’3w3,1 ,00028, O 0 0. 0 0
w. . 2 0 0 0 0 0 0
1,3°3,3
2
wl,3wl,5 0 0 0 0 <0750 - 01729
WAIC TR 54-8 134




TABLE 31 (Continued)

D9 Dy Dyy Dy Dsg Dy,
o |
- . g 0 0 0
Wy 3¥5 1 0 001925 000157
‘ - 0 ~ol 0
w193w391w393 - 002005 O ' 0 . o2
. ' . . - .% 8
v 9¥3.0%,5 0 0 0 0 1124 9
V) 33 1¥5.1 ~401086 .000543 .0 0 0 0
w1’3w3’3w1,5 | (8] 0 0 0 0 0
W) ¥ ¥ q 01628 -,001613 . 0O 0 C WL490  =,0667
v, 5%, 59,1 0 0 .0 0 o -50819
S 0 0 0 0 0 0
3,1
v G 0 00001907 © 0 0 0
3,1 3,3 .
2 | '
w3,1-w1,5 -.00548 | 0 0 0 -e1013 0
W 21.} | 0 0 ) 0 0 0
3,1 5,1 .
2 }
¥3.1¥3, 3 0  -.0002285 ) 0 0 ~1757
wo w2 0 0 0 0 0 0
3,17'1,5
W, oW 2 0 0 0 0 0 0
3,175,1

WADC TR 54-8 135




TABLE 31 !Gontinued }

Dig D2 Dy Dpp Dy Dot
Wy V3 g9 s 0 0 0 0 W13 0
¥ 1V, 35,1 o 0 J0000348 O 0 0
Wyq¥,g¥s,y <059 -e00831 0 0 J2105  —.1268
W 0 0 0 0 0 0
3,3
2 -.01320 © 0 0 0 0
V3,3 "1,5 .
2
Wy 3 W5 0 0 ~.0001857 O -.219 0
2 |
Wy M 0 0 0 0 —1600 L1152
2
W3 351 -031 O 0 .00001683 0 0
v 2 0 0 0 0 0 0
1,5
v 0 0 0 0 0 0
Y1,5 ¥5,1 :
2
Wl’sw,j’l 0 001672 -000285 0 -02995 0
2 0 0 0 0 0 0
Ws,l
WADC TR 54-8 136




V1,1

W. 2W
1,1 1,3

2w
¥1,1 3,1

W. 2W
1,1 3,3

W 2“
1,1 1,3

. 2w
1,1 ¥5,1

2
¥1,1%1,3

ww2
1,1°3,1

2
¥1,173,3
¥1,1%1,5
W. w 2

1,1%,1
¥1,1%1,3%3,1

¥1,1%1,3%3,3

¥1,1%1,3"1,5

. WADC TR 54-8

+0000797

00706

-+000692

«0000860




¥1,1%1,3%5,1
¥1,1¥3,1Y3,3
¥1,1¥3,1"1,5
¥1,1¥3,1Y5,1
‘ w1,_1"3,3"1,5
¥1,13,3%5,1
¥1,1%1,5%5,1
Y1,3

W 2W
1,3 "3,1

2w
Y1,3 ¥3,3

. 2w
1,3 1,5

W. 2w '
v 1,3 5’1 *

WADC TR 54-8

TABLE 31 (Continued)

Das  Dog
0 0
0 0
000920 O
0 0
~00352 O
0 0

~,0204 4001021

o) 0]
.00046$ 0
0 0
0 0

-.01268 000548

Doy Dog D29
0 0 0

0 0 0

0 0 0

0 0 0

0 0 | +01081
0] 0 0

0 0 0]

0 0 ~.000494
0 0 0

C 0 +00505
0] 0] 4]

0 0 0

138

-.00813

0

0

"000376



¥1,3%3,1¥3,3
¥1,3¥3,1"1,5
¥1,33,1%,1
¥1,3%3,3%1,5
¥1,3"3,3%5,1

¥1,3%1,5%,1

3
V3,1

"'3,12"3,3
"3,12"1,5
| "3,12"5,1
"3,1"3,32
¥3,1%1, £<2
"3,1"5,12

WADC TR 54-8

25
"000796

-+ 00827

TABLE 31 (Continued)

D Dy
000274 0O

0 0

0 0

0 0
-+00808  -,000491
00580 0

0 0

0 0
000997  ©

0 0

0 +00000880

0 0

0 0

139

-+0303

30

~+01657

<0250




¥3,1%3,3"1,5
¥3,1¥3,1%5,1
¥3,1%1,5%5,1
v3,3

2W
V3,3 1,5

W 2“
3,3 ¥5,1
W . 2
3,3"1,5
2
¥3,3%5,1

¥3,3%1,5%5,1

Y1,5
2
v 2
¥1,5%5,1
3

W5,1

WADC TR 54-8

. TABLE 31 (Continued)

25
0022/

0

=~ 0774

=+02025

0

0

D26 Dy Dog D29 P30
~00362 0 0 0875 0
0 0 o o 0
~.01682  ,00204, O 0 0
0 0 0 0 ~40270
0 0 0 0 0
0 0 .0000268 0 0
0 0 o o 0
0 0 0 0 0
01793 ~,0033L O 1218 -,0603
0 0 0 0 0
0 0 0 0 ~40409
Y -.00563  ,000862 O 0
0 0 0 0 0
140



- €£590T00°

T9506000°
T989€000°

042¢2000°

© 0o oo oo

LZELY000°
£90£9000°
€568000°
£L6TT00°
LSSTT00°
¥79.£700°
91209000

06TLECOO®

© 0 o o o

62L5%7000°

- TL6S9000°

61,6000
€2er100°®
¥986100°
TO6T200*
86.0T00°

¥€L59000°

o O O

890T7000°
£7029000°
9646000°
L909T00*
€.29200°
Tr9€00°
T9T2200°

=

Z162£000°
T9LTS000°
61T.L8000°
0165100
0671£00°
LT60900°
266$500°

© O ©

0
£C852c00°

0

0

0Y7T2000°
T69Y7€000°
$8ET9000°
*oszz100°
9626200°
YL7L800°
TiL6T10°®

o O O O O

7882900°

2LETLD000°
05221000°
L8222000°
T€0L7000°
$892T00°
resso0°
“92L8L0°

© O O 0o O

o'7r820°

WADC TR 54-8




T869200°

O O O O o

4274990000
69%990000°
722790000
8L9LS0000°
€£229%0000°

900£0000°
g770T0000°

0
896LE00°
0

© O O ©O

€4L580000°
LLET60000°
£59260000°
¥€1L80000°
$692.L0000°
TeL870000°
02410000

€98€500°

O O o

SLOTT000°*
€£452T000°
0$9€T000°
8SLETO00®
SE£SCTO00"
602980000°
£1€0000°

2

829£1000°
$T89T000°
91102000°*
G94S2000°
G¥€22000°
dteLTo00®
250990000°

g

(PeNUTIUO]) c¢ TIavd

o O O

riueto®

T9671000°
rr7oeo00°
868L2000°
6689£000°
L2Zr7000°
SYTT7000°
9T8L1000°

o O © O o

LOTLR0°

LILZT000®
9TE6TO00®
8540£000°
ZTTLIS000°
$$558000°
T¢gez100°
889LL0O00*

©O 0O O 0 © o

607980°

LLTS0000*
695780000°
99151000
e11€000°
LE98L000°
€894200°
LSOTT0®

WADC TR 54-8




Y1,1

W. 2W
1,1 %1,3

o 2

1,1 ¥3,1
W 2\1

1,1 ¥3,3
2

1,1 Y1,5

W 2w
1,1 75,1

2
¥1,1%1,3

W w 2
1,1¥3,1

2
¥1,1¥3,3

2
¥1,1%1,5

W w 2
1,1%5,1
v1,1%1,33,1
¥1,1%1,3"3,3
¥1,1¥1,3%,5

Y1,1%1,3%5,1

WADC TR 54~8

1.370
«298
~.0690
-o1148

o452

5¢55
10,06
10,59
10.55
26.92.

-e092

-1.528

~.00L497

—.01245
.155
o243

-.02181
+00458

- 0767

«1975
«512
-.1096

-s1042

TABLE

Coefficients
(6 = G)
03 04 05 06
0 0 0 0
0 0 0 0
-+ 000687 o] 0 0
-.00365 0 0 o
0 0 0 0
»0338 -+000177 0 0
0 0 0 0
»00330  -,000226 0 0
«01681 -,00296 0 0
) 0] 0 0
0] 0 »000282 -,0000485
~.00802 0 0 0
-.0318 0 0] 0
0 0 0 0
0742 ~-+.00387 0 0
143




TABLE Continued

51 B %2 °3 ¢ % % Cq
w1,1w3,1w3’3 2475 0 »00838 -.001830 0 | | o o Ov
-w1’1w3’1w1,5 449 ~+0860 -o00736 0] 0 ‘ 0] . | 0
Wy qWy¥s oy e27L —.0668 0 .000252 =,0001779 O 0
| wi,1w3’1w1,5 o049 | 163 -e0344 0 0 0 0
W gup Vs =8Ol L1243 0 L0068 -.600710‘ 0 0
W V),V O —OLA1 L0349  -.006L 0 0 0
w1’33 Le89 =192 0 0 o o 0
wl,32w3,1 -3.168 890  -.0338 0 0 0 0
w1’32w3’3 23.85 1,970  -.208 O 0 o o
w1’32w1’5 7,167  =o6072 0 0 o o0 0
wi,32w5’1 0 ~23U W2440  -,01184 0 0 0
wl’3w3’12 L 0 W0278  —.00268 0 0 0
W 3w3’.32 1331 0 975 -.0399% o o0 0
w1,3w1’52 15,49  -1.312 o 0 0 0 0
w1’3w5’12 3.64 0 0 0 L0097 -,000913 O
Wy gy gV 5 18,12 0 1592 -.02118 0 0 0
WADG TR 54~8 14,

L—-——



C C

1 2
"1,33,1,5 % 9%
wl,3w3,lw5,l 1.02. 0274
Wl’3W3'3W1’5 "9.28 3.129
wl’3w3’3w5,1 T -8,02 1.161
w1’3w1’5w5’1 0 =997

3
w3’1- 0 . 1,048
w 2w 0 2.616

3,1 3,3 _ *

2

2
w3,1 w5,1 +190 0]
W, W 2 (0] Le9O

3,1°3,3 *

W 2 -6 1i 1.875
W3’1 1,5 L L 4 -
W, oW 2 0 2.40

3,175,1 °
w3’1w3’3wi’5 -3.95 C
w3’1wB’3w5’1 1,21 0
WB’1W1’5WS,1 2.600 —.3719-
WADC TR 54-8

TABLE Continued
Cy § C,
-.0978 0
0 0208 ﬁ
-400 0
0 0544
o4212  ~,05233
0 0
0 0
0060  ~,00296
<235 0
0 0
-.1193 0
0 - 00227
1526 ~,0352
582 0
0 +03046

15

-400281

.
- 01045
0

~-0000201

- =+000499

o

0

~+00537

0

~+000586

0

~+0000015

0




1
w3’33 0
w3,32w1’5 14,32
w3’32w5’1 7.93
"3,3“1,52 ~Da14
“3,3“5,12 °
v3,3%1,5%,1 9
w1,53 9.60
-“1,52“5 1 0
s, 286
w5’13 0

WADG TR 54-8

5.60

437

24237

-1,03

-o8L4

TABLE 33 (Continued)

%3 ®4
0 0
o361 ~+0826
«985 0
-.5116 0
0 .0305
0 »1084
0 0
#708 ~+0631
0 0
614 0
146

-+ 02459

«00978

-+00426

e 00022 5



¥1,1

W. 2U
1,1 ¥1,3

W. 2W
1,1 ¥3,1

W 2w
1,1 ¥3,3

W 2\\!
1,1 ¥1,5

W 2W
1,1 5’1

w 2
¥1,1"1,3

g 2
¥1,1"3,1

2
¥1,1%3,3

2
¥1,1%,5

u1’1w5’1?
¥1,1%,3"3,1
¥1,1%1,3"3,3
¥1,1%1,3",5

¥1,1%1,3%5,1

WADG TR 545

1o446
~-6938
+596
-2025
0
w456
5.19
11,33
10.59
10,08
29435
o33
-e264
-1.797

-.0806

-+02705

o424

-.0682

0328

~.0625

-.09L

-e420

-.812

1235

3121

«1553

TABLE

Ci0

0

-+ 01475

-+0367

«1208

<0341

«0740

-e0486

059

-, 0710

Continued

11

- 0

- 00429

-+ 00469

e 0392

-+02633

 J0196

0

12

+00498

» -~e 00392

0

13

-.00106/,

0




¥1,1"3,1%3,3
¥1,1%3,1%1,5
¥1,1¥3,1%5,1
Y1,1¥3,3%1,5
¥1,1%3,3%5,1

Y1,1"%1,5%5,1

WADC TR 54~8

Cg
5495

0
~-e109
o482

<199

-o640

2,384

«493

"5.07

974

1.440
~.0974
+ 0600
=073
-+100
#0671

1.440

«510

2.'78
4479
3.79

5¢21

TABLE

Continued

C10 G
=.2173 0

1305 -,029
0 0

0 +0305
- 0628 0

JOLLE  —,0264
0 0

.00885  —,0L05
o 0
594 (4]

0008 =,0077
—e2535 0
0 0

0 0231
Y 0

us

13

0



¥1,3"3,193,3
¥1,3"3,1"1,5
¥1,3"3,1%,1
¥1,3%3,3%1,5
¥1,3%3,3"5,1

¥1,3"1,5%,1

¥3,1 ¥3,3

2
¥3,1 1,5

w 2w
3,1 75,1

W W, 2
3,1"3,3

2
¥3,1%1,5

2
¥3,1%5,1

17,10

2.46

1.641

~275

=089

«650

6,06

=551

6.12

12,25

-1.206

17.39

w3’1w3’3wi’5 -1/,¢86

¥3,1¥3,3%5,1

WADC TR 54-8

=745

"0156

«504

-+585

~972

6.49

<1.463

~1.584

~-3.401

3.36

7425

TABLE Continued

C10

+600

0

-e2372

+1865

«0931

=10223

1,233

1.276

~-24035

19

C11

-.1880

<0556

-e104

-.018

-e1442

=527

360

®12 Cy3
0 0
~+0180 0
0 0
0 ~e 00744
0 0
-.0029 0
0 0
0 0
0 0
0 0
0 0
027  -,00750
0 0
~122 0




Cq
w3,1w1,5w5’1 0
3
w3’3 0
2
VB,B w1,5 5.78
2
w3’3 w5,1 11017
2
v3,3"1,5 0
w w 2 6459
3,375,1 ¢

V3,93, G

WADC TR 54-8

vy , 53 0
vy , 52w5 1 +639
w5, o
v ’13 10.60

TABLE Continued
Cq o n
~e514 1,014 =270
4Le34 0 0
0 2,015 0
(o] 1,180 ~.606
1.52 0 0844
11,01 -24,629 0
52 0 «195
0 1,300 0
o 0 0
=261 2.63 =e3294
251 0 0
150

"'01153

-+0070

13
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GET TRS LE-
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T896°CLOE

5
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TV
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(A% A (4114
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9YLO LEEIT-

060°C8LET"

B6YT*C9L6 =
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YsL0°66ET -
7889°6€LT -

o97e* 6168

7958°T09L
X4 (44
8€96°8ESY
0Tes eLye
g0LS°€0Te
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© €60T*80YL =

eESLTLIR9 -
8€6°5€1S -
TS SYLE =
§860°.982 -
89EL6ELT -
TLTT9°TI9 =
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- WADC TR54-8




729° LESOT
£8TL°LEY6
Y6LT*996L
TS0T*9609
8893°6077
6rsetLELL

9625 °052T .

TI7C* L6Y6

8BLI®CL8LL =

£GGT°8YLY
9ELEEITS
STLESTELE
oS7eLTES
92949°8901

00T*8€2TT
LELT*YES6
$08T*L008
1620° $€T9
LETR Ty
£€08°65L2
86TT*T92T

L99E°72S6
T00£*9408
6L3T*08L9
00L9°£614
7108°09LE
6T72%9¢cee
86£9°L90°

8980°996L ~
LIET*°Q7L9 ~
Y0 ELYS -
g699°gecy -
LT99°62TE -
8797761 —
62615°9388 =

00T6°TT2L
TI92°0299
669L°795S
reeeeesey
Z86T°6L0E
9LLB*TT6T
£9692°7.L8

6820°9609 -
CTGE® LTS -
8995 °8eL’ -

YI9E*06TE —

cooteeee -
LOE6*ZBTT ~
TTT19°9L9

g

0982°*0TLS
T8L0*9€3Y
T699°Y507
0Y0€ *20T€
LTI8 772e
T 6L T
Q7657°LE9

¥

(PeOAUT3UOD) V¢ =1Vl

§06L°6077 -
6EVETTELE
LTS 6RTE -
ge6otTece -

926V WS9T =

L26e°690T —
7€29g®ogy -

BOLT* 637
TLBTGTLE
G NAREAN S
2951 8LET
82C7°8TLT
ZL79°990T
9CS73° L3Y

9esecLELR -
SLYS LIER =
0T9e* V6T -
$900°E8YT =

005Y7*690T -

79208°229
ECOT6* L6Z

T0EE*5892
reLeteLee
7009°2061
O6TL TSYVT
8709°s701

N#ﬁNO.@Q@

LOET*S62

6L06°052T -

ommm.wmow
8TY15°938
L2L09*9LY
08T48*98Y
09206° L62
L86L6°6TT

661L°1£0T

gesTe*eL3
9660C *TEL
L5966° LSS
sg7eT 107
TLI97* T
68299°901
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WADC TR 54-8




Non Linear Terms

l!l L HZ L4 "3 = HL = H5 = H6 =
]
Wy
=4t -£20 +0989L £032192 -, 011851 o0273624 £00704138
h
W
e 708 BT I (R 771 4367 +02588 -4 00761590
n i
u{ 1 ¥aq
Lal ol +3602 -2 0860 ~e237 0402 +00881520 005427
o
2
W oo Wy g . .
L ~+152895 .1052 »073 ~.0838 «s 02150 =+001807
o
2
1,1 M,
b 13881 1162 -00704569 | =,02217 ~e1244 -.00151685
‘i 173
—dd 997 ~e030709 02047 ~.01082 =a00291952 | =,0906
W, 1 V.'? 1
. —242L 338491 1619 -e0435, 0784 «023128;,
W. V:,.
1 k]
—-'1?‘4 495 o875 29522 -020613 «196889 +05005
V. 'Jz
Salhd | 619752 212407 - 0732423 1467 0278
h
e 1"12 “
Ll s ~4ud5 +633899 3341 -.080868 219829 #0462826
-
o. V'?
e e S EX 219 €673 ~425620 $532422 L5081
3
MoV | 09 457 252 -.180 ~a 074, 400633
3
.2,
—'———h-g‘-}-d 770 — 49123 -a357 «040213 0242 #0266
- - W.
—14—;52-1 1,387 ~h06 -.1576 0829 00165457 | -.0121891
. w. W
-l*l—i;;ii-l —QL5274 039956 | -.0727 .105, ~. 00780271 0634
LR
3 3.08 1156 ~2162592 +15480 1385 ~+02126
h
. W W,
L1 0.11.5 h’; 1 142167 ~+330 ~40095535 #1551 1947 -+00161405
1,1Y%2.1%,1
——*—‘-'—L—hB 479 -.196 -.1106 +0554, 00916206 | =-,00157925
'ill 1\’-‘ W,
—1—43—1-5},3 1169 360 o354 -.1287 —00345243 | ~,0241
WADC TR 54-8 153




i Moo,
R N .53 1273 -1575 1513 L003TTELE
.
TN :
Sl lad la 1L voso0s 011537 —.00022867 | -,0981 - 000627717 +000716704
0
Wy ) .
NS 116854 LY - D6083TL 1478 128820 ~o 0170195
W
~ 1 .
Sl 1440 -4300069 -.687 075359 €136 028
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IABIE 36
Results of Rayleigh~Ritz analysis for buckling
parameter, X, using selected terms of series (97)

N a2
x5
. K X Percent increase of pre-
Coefficients  (Non-Prestressed (Pre-Stressed stressed plate over non-
.\fl’ 3 9091 10059 609’
v 2 8,72 10,02 1449%
'1’2 M 9'1’4 8.“ 9.?7 14.9’
\11’2 and w3’2 8.38 9061 ]407%
Acoepted valuwe of 8.33 - -
Ref, 22
TABLE
Ratio of deflection coefflicients use'd in
Rayleigh-Ritz analysis
4 Ratio for Ratio for
‘Coefficients _ Non-Prestressed Plate Pre-Stressed Plate
v, 2/"1, A ~19,1 377
1:1’1,/‘:3,2 12,3 29,2
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SECTION ;!
Sumary and Conclusions

The proposed method of prestressing has been investigated and
shown to be capable of raising the buckling load. It has been shown that
the buckling load is quite sensitive to changes in the magnitude and
distribution of the stresses produced by the prestressing process.

The experimental program was divided into two parts., In the
first the deflections and stresses induced in the prestressing process
were determined, and the effect these stresses would have upon the buckling
load was calculated, The calculations were performed by the Finite
Difference Method and by the Rayleigh-Ritz Method, For one plate, which
was the only plate for which the Finite Difference Method was used, this
method predicted that for the stresses found the Buckling Load would be
raised over 100% while the Rayleigh-Ritz method predicted a raise of
approximately 130%. Because it was felt that the Finite Difference Method
was unreliasble for the small number of net points used and also because
of the lengthy computations it requires, the Rayleigh-Ritz Method was decided
upon for determining the buckling loads of the plates, The Rayleigh-~Ritz
method showed an increase of about 20% and 13% using the data of two of
the other tests. It is interesting to note that for the latter two pre-
stressed plates a symmetric three half-wave buckling mode was predicted
and for the non-prestressed plates of this (3:2) aspect ratio an anti-
symmetric two half-wave buckling mode is predicted. :

Thus it was shown that relatively small in-plane stresses (less
than 1000 psi) would have a considerable effect on both the buckling mode
and load,

The second (and main) phase of the experimental progrsm was
that of actually testing prestressed plates to determine their buckling
loads., All the plates tested were of the same length and width but were
of various thicknesses and had various initisl radii of curvature. A
number of non-prestressed plates were also tested for purposes of comparison
and calibretion of the buckling jig.

The average increase of the buckling load by prestressing was
38% measured by the "Top of the Knee" method, although there was considerable
scatter. Some plates exhibited raises in their buckling load of over
100% while other plates had their buckling loads slightly lowered.

A need for a more realistic evaluation of the strength of plates
has been pointed out since the present concept of the buckling load is
based upon the behavior of the ideal plate, In actuality there is no
sudden decrease in the strength but only a gradual decrease necessitating
some criteria probably based on the magnitude of thé deflection as a ratio
to the applied load,
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The theoretical program also was divided into two parts. The
first part consisted of finding the stresses and deflections induced by
the prestressing procedure, while the second part consisted of finding
their effect upon the Buckling Load by the Rayleigh Ritz Method,

Von Karman's non-linear equations were used in finding the
deflections and stresses. These equations normally are used only for
deflections of the order of the plate thickness, however, since in this
case the major deflection is from one developable (cylindrical) surface
to another (flat) developable as to take advantage of this. The method7
used in solving the non-linear equations is basically one used by Levy
in which the terms are expanded in Fourier series which transforms the
differential equations into algebraic equations in terms of the trigonometric
coefficients, The resulting non-linear algebraic equations are then solved
by an iteration method,

The buckling load of one particular is then determined by the
Rayleigh Ritz method and it is found that in this case the prestresses found
would raise the buckling load approximately 15%. This conclusion, however,
can be subjected to questioning, because in the use of Rayleigh-Ritz method
some assumptions are made which mey not be actually valid,
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SRCTICH XVII

APPEIDIES

APPENDIX A

VALIDITY OF YOSHIKI'S METHOD FOR DETERMINING THE BUCKLING LOAD OF PLATES

In the section reviewing pertinent literature the method developed
hy M, Yoshiki (11) was explained with reference to Figs, 1 and 3. The
method is based on the parabolic post buckling behavior of plates and
which can be proven for clamped plates in the following manner:

The total potential erergy in a plate is composed of the strain
energy due to bending, membrane stresses and the movement during buckling
of the applied load according to

W=V +V,-T (1)

For a rectangular plate with clamped edges the strain energy due
to bendin_g is

v, = 5 [(Vzw -V2 “'0)2 dx dy (a2) |

while that due to axial compression is

h
\ [ oy £y dx dy (a3)
0 : .
but since ¢ = £(x) only, and d"y =E &y
b
vz = .-Eb_h j € 2 dx
2 y
0

where L) is the initial deflection.

Denoting e as the total strain measured from the wmstrained perfect
plate, i.e, be is the end shortening of the plate then

b 2
ow
be = be +—j(a") dy+1 (—2) dy
oy

o)
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or ‘ b :
1 O
e, =0 -1 & (=9
2b A Oy Oy

then eliminating ey from the expression for V2 the following expression
is arrived at .

b |
v._.f( -L/[a") -(——)de}dx (44)
2b :
0

7= pbe wherepﬂ-ta.ny (45)
2

and

Assuming a deflection during buckling of the form

1.r’==1.rmnsi.nB sin I gip TX g3 IW - (46)
’ & b a b :

and initial imperfections of the form

X n Ty
w,=w .,  sin ZF gin I gip sin =2 (A7)
0 m0’n0 ;
8 b a
vhich satisfy the boundary conditions w = 0 and L-L g 0
On

The energy expressions become

3
8y Ly 2087 () 2P ®) (22’
DWA b a 1
+8n+8(2) (n+1) (n2+1)}
b

3
"’"mO,noz{(f) (2‘*5:0)2(’3?) *1)2"8”3 "'(P')(Z-Pai O)2(m§+1)2
a ,
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+8m§+8 (i‘) (n%d»l) (n§+1)/}

| 8 2 2 (m 2(h
b wm,nme,wnC){ [(m2) *(n'l)] gn0+(n+l) fro-2

~(n-1)? +(n.1)2¢fn 0}( [ +1) +(m0-1)]5 0

~(mg-1) Jm +(mo..1) { +(m +1)2{+m0}

2= Wy W mO,nO{ Eml)z(moﬂ)zf(m-l)z(mo-l)j «ﬁ‘o

(1) (1) 288, () (mo-1)2§“ +(m_1)2(m61)2@_mo}

(b

n0 "2+n0 "n0-2

-2(-) v

m,n"n0,n0 {[‘nﬂ)z(no*l)2'*(‘"1)2(“0'1)_27‘(:0

'(n‘l)Z(no“l)z‘glmo"(n"l)2(”0‘1)2‘(30-2*(“‘1)2(’10‘1) ‘g-no

I m m
{S "gﬂno m0-2+[ }'2" ¥1m,n"m0,10
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{ - [(n?i-l)z-i-(m-l)%] £ 1 m)? P (1) _m0+(m..1)2§2'2‘0
{ - [ (n0+1)2+(no-1)§ JEO-(no-l)z[g_noa,(no-l)ZE:O 2

*(“o*l)zgm03 (28)

wvhich may be written in the form

2 .
1" alwm,n *“2"mo,no*“3"m,n"no,no (49)

v
where @y Gn and aj are constants which are functions of m,n,mo,no,a,
and b only and a3=01rn=n+1 -p ormo-n()-l-l-pwherepis anyevan
integer. A

For the special case where w and w, are of the same form, i.e.,.
m = m, =T, nﬂno-pthen

0, (ipn - "mo,no)2 (410)
where
o, = D”'I' @ (2+{1)(p +6p +1)+(—)(2+81°) (rhs6rs1)
@628 &)
Also
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9253%3 v, = L {[ 18+17 g-z.f ] [4+8n

Ehmr’a

+4n~(n-1)%(n +2n+3)51} 0,00 {[1 sarfo 1

’**8" *"n ~(ng-1) (3"‘0"zm *3)?} m,n2 mO,n02
{ [12+8£m-2£n+8£f°-2$w+6£m -l.{n mo-l fno._z
+‘:0-2-4§1n-w+%-mg }_}**“2‘2(“‘1)2%*4”3*4”2“3
2n2(5-1) 2P+ (0, -1) *E 02 (102 (n 1) 2620 |
2l 2 2
-2 ofu, 7 [1] [
m0 20
“m0,n0 1“‘{1 ][2*2”0"(‘0"1) ‘(1__]}

which may be written in the form

(A11)

2 | 2
V2" B¥non *f‘z m0,n0 *53 m,n "no,no B 35" *‘36 nO,nO
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Again for the special cass m= my=randn=n, =p

- x;l.. X'z ""no noz) + r3(wn,n2" "no,noz).
(a13)
where :
Y. « Bad
IS e

B (o [ 28]

2" 65536b°

Y5 = i;‘iff;{ (1+8D) 2+2p2-(p-1)2€B

The total potential energy defined according to Eq. Cl can be found
for the special case where n-no-randn-no-ptobe

LICAL A no)2 X o% X‘2 10,10 %)% Z‘a( "'mo ,n0 )“%Pb"

(a14)

Now minimizing with respect to e and L
14

f-zb" « ¥y, -"nono)-;Pb'O (115)

& 'zal.(nn'"wno)l’x:’emn mn m0n0)+2x'v -
m,n

(216)
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Solving Eqs. (C15) and C16) for e there results

o= ‘{('lp R X'z(vn’nz-wno’noz) (127)
- o
( )
o w L mnHOMO" | By 0 ) (u18)
L

Equating Eqs. (A17) and (A18) there results for P

- 2 2, = Yp0.no -
P = Bylm,n ¥n0,0 ) * B2 7 = -8 (419)
m,n

novw setting L mo no " = d there results

wm o, nO2 g2(1+ {0) (a20)
and
; - {2 z“mo n0 y "w n0 -
Pafy e —B2E0) 4, B0 (a2)
Voon

However in the post-buckling region the deflection w becomes large,
relative to the initial deflection Voo that is

17 "no,no > 'mo,no (422)
"m,n
and
P= ﬁl S2 - B2 (A23)
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Since the strain gage readings taken during the buckling tests
were assumed proportional to the deflection caused by the applied load,
Eqe (A23) demonstrates the parabolic post-buckling behavior of clamped
plates assuming the plate to buckle in a mode similar to the initiel
deflections,. |

For the prestressed plate of aspect ratio 3/2 which is under
consideration the deflection forms which will predominaie are’

wew o8ine T gin T gyp X (A24)
1,2 a b b
2 mx 27my
W, =W sin® == gin (a25)
0 "1pl, a b

For these forms of deflections the bending and membrane strain
energies can be found to be

2 3
128a 2 b :
=z - ¥1,2 {246(? * 32(;) * 80 (-:)}

vy g {"B(i) +48®) + 32(-—)}

26w g v (ﬁ)3 (426)
;QE%E V2" _be' o +875w 24“1’*“10’104'680"102102"1'22
- %0 °"1,22 rawr o, 2
T -,,-4 10’10 ,(M)
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The conditions thatg!-Oand-a—'—-Owillyiem

de °"1,2

o oty sont mum&zm%.o

75w |
L2 el w, , Esh
9

letting '1,2'"10,10 = 4 and using Eq, (A29)

75§ 2(2+ 1°1°)~~55v10 2_6020 070 gy _ Losops® | 128

20" v, Eab Eh
[123*167'*140-5]'0 : (428)
but according to relations (A23) resulting from the faet that v
V0,0 Ede (428) may be written as n,n’
75§ % - 28°—’-’-"-+-1-2-§ [123+16-f +1.o-3-o - (a29)

or just as in Eq, (A23) S T
Pe¥ysie (430)

Thus it is demonstrated the parabolic nature of the post-bmkling
behavior of flat plates with initial deflections, Since the above did
not depend on the actual values of n,no,no the above derivation will

( %y for assumed deflections of the general forms of Eqs. (46) and
AT)e v
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APPENDIX B
DERIVATION OF EQUATIONS GOVERNING STRESS FUNCTION COEFFICIENTS

Upon substituting (71) into the expressionvl‘r

2
VI“F ™ Z‘. Zb %-*%iosm cos TX (r;)
b

- m(n-u) [_(r-m)nd-m(n-u)j Vi, n¥r-m,n-u °°° _r_fx_ cos ?

+1—&—3 ‘E z Z °£ m(s-n) [.—(m"t)n*m(s"n)] wm,nwm—t,s-n

b m=] n=] t= .o g=2

i

oo a oo o
cos Irx cos X o T‘b§ D YD > m(n-u)

a b =]l n=l t= ~ooyu= <o
tmx
[(m_t)n_m(n-u)] wm,n"m—t,n-u cos ";‘ cos be (B2)

Since (Bl) has indices running from zero toeo{B2) will be transformed
into a similar form meking use of the identity cos(-a) = cos(+a) and
for purposes of simplification the four summations of (B2) will be labelled
Z Ay 2B, 2C, £ D, In the same order as they appear above,
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4 00 o0 o
ZAm= T_r__é_i ’Zo 2 I I nm(s-n) [(.r-m)n-m(s-nﬂwm n"r s_nco m 0T
4a”b” mel n=l re2 g=2 S a b

B -Z—:*Z? T £ Z Z n(n-u) [(r-m)n-rm(n-uﬂ

=] n=]l re=2 u=l

00 [- -] oo [- -]
Vo Ve nutO® —"’Ecosm+1’-4—-§ Tz 5 3
- My r-myn= a b Lazb =1l n=1 r=2 w=0

n(n+u) [_ (r-m) n+m(n+uﬂ

X uy
Vm’nwr_m’n +u cos cos8s N
[ -] oo o0 oo )
TC= 2 £ 2 2 m(s-n) [-(m-t)n-bm(s-nﬂ LA s_ncos—tnz-cosﬂ
4e%b° =1 nel t=1 =2 ’ ’ a b

[ -] l
COS=—=c 03 10 A

?1 OZO E‘ m(s-n) [(m-rt)nm(s-nﬂ
b

b
=] n=1 t=0 g=2

ﬁi

w .
Ym,n¥m+t,5-n

(B3)

o0 oo

48°b" m=l n=1 t=1 uE:O n(n-u) E m-t)n-m(n—u)] '

cos Bmx cos LX
a b

E m(n+u) [(mt)n-m(zﬁu)] R

tmx ury
w ———————
"m,n m+t,n4u cos e cos b

WADC TR 54-8 171




."-A' ”© [ -] e oo
+—3=% T I I Z m(n+u) [(m—t)n—m(nm)]
uzb m=]l n=] t=1 uw=l
Emx ury
wm,n"m-t,mu cos N cos "
+ ﬂAz > OZO ] E m(n-u) (mt)n-m(n-u)]
48 b ml n=l $=0 =0

cos m cos ox

vm,nwmt,n-u e b
therefore
62 zw 2w
(-!-.) -7-—§=za+zs+zc~»zn (B4)
O0x0y ox .

Equating coefficients of (Bl) and (B4) according to eq. (67) the
following results:

2 212
"Abpq[fi*'g% z,azbz[;'+ ZBk-rzckq-ZDJ

p-1 q-1

where .;1 = mzl nfl m(q-n) [-(p-m)n-n(q-n)] ¥m,n"p-m,q-n

ifpfoyl and q ¥ 0, 1

Al-o,ifp-Oorl,orq-Oorl
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- -1 oo

B,= = % m{n-g) [p-m)mm(n-q]

=1 nmq+l Vi, n’ p-m,n-q

ifp#f0,1andq¥ O

Blto,ifp=()orl,orq=0

- p-1 ¢

32 2 ¥ 3 m(n+q) [(p-m)n+m(n+q)]

=1 n=1 m n p—m,n+q

ifp¥o,1

By=0,if p=oOorl

cl = 3 X nE:l m(q-n) [(m"P)n"'m(Q'n)] mn m~p,q-n

ifpFfOandqyo,1l

C,=0,1f p=0, orq=0or 1

02- Z qz m(q-n) [(m+p)n+m(q-n]

=1 n=1 m o Mp,q-n

ifq¥o,1

02=O,ifq=00r1
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51 - n:%l*-p n§1+q nn-a) [ m-p)n-m(n.q] “myn -pyn-q
ifpfo

51 = 0, if' p=eO

- o |

D, = nfl n§1 m(n+q) (m+p)n-m(n+q] Vi, 0¥ mp,ntq
ifq# O

%=0,ﬁq=0

- o oo

iIfp¥fOand q ¥0

D3-0,1fp=00rq=0

o
f

1 ptrg Y [tmnsta] e

£ pFOorqpo

D,=0if p=0Oandq=0

Making the indicated transformations (B5) can be put in the required
form a3 shown below:
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., |
S B (B6)

b = £
Psq 4(p2 b + q'?’ 8y2 n=1 °
a
1ettingﬁ=k8ndn’tinAl
Bl = [lct(p—k)(Q't)'k (q—t) ka ‘h p—k,Q“t

1'b1

ﬂp;‘o,lmdq=091

Bl=o,1fp=00r1,0rQ’°°r1
lettingmakandngtincz
- T
B = [ktk+ =t)+k (q-t
) k=1 ( p)(f; )+k>(q=t) ¥ie, t" (k+p) , (g-t)

ifq#0, 1
.Bzzo’iquoorl

letting m'= k+p and n = ¢ in G

B 5 [(k+p><t)(k)<q-t)+<k+p) (@9 ¥ e %5, (ot

if q# 0, Land p ¥ 0

B,=0,if g=0or 1, orp=0

3
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lotting m= k and n = ¢ in B,

p-l

BA = k=1 t= [kb(P-k)(t"’Q)"'k (t+q) .] Vi, t (p-k) (t+q)

ifp¥o,1

B4-0,i.fp-00r1

1ettingm=kandn=q+t1n31

p—l

By = k=1 [%(t+q)(p-k)t‘k'b;] k:(t+q) (p-k),t

ifq¥Oandpp¥o, 1l
BS-O,ifqao,orp'-Oorl

19ttingm=kandn=tinbl

By = k.l =z [%t(k+p)(t+q)-k (t*q):] Yicy £ (k4p) o (t4q)

ifq¥ 0

By= 0, if q = 0
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letting m = k and n = t+q in D,

oo oo B 2,21 - .
B, = 131 tf1 [k(t+q) (;cfp)t-# *'J Yk, (t+q) ¥ (k+p), t
ifq¥Oorpy¥o

B7=O’ifp-q-0‘

letting m=ktp and n = ¢ :InD3

= 5 5 o : 2 2
By kfl 1-31 [(hp)tk(tfg)-(kﬂf) (t+q) J“(k+p),t"k,(t+q)

1fqFfOend p¥ o
By=0,if q=Oorp=0
letting m = ktp and n = t+q in DL‘

= i , ‘ 2.2 » .
B 2 o5 L0eP) (badict(icep) "] ¥(+p), (t+9) ", ¢
ifpfo

By = 0, if p = 0
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APPERDIX C
DERIVATION OF EQUATIONS GOVERNING RELATION OF PRESSURE AND DEFLECTION
: COEFFICIENTS
Upon substituting (70) into the expression 1'\1

' 0o . oo 2 22 ) ‘
Vhoar T T w  (B+D) ainEX g5 Y (c1)
: m=l pel on a b a 2 )

also by substitution of (70) and (71)

2 2 2 2
o%r u+g’§u_2__ar 2

' +(mq-np)

v otn {222 ,,i,,s_«.nn}( |
C2

To change (C2) into a form similar to (C1) the following transformations
will be made
ptm = r

qn = 8
n-p = ¢
n-q = 1
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Substituting the  above transformations and making use of the

identity -1 in (C2) the following equation results:
, S f(u) = Z £(-u) '
- g0 1l ' .
2 2 2 :
Py B,y By P
oy~ ox° ox~ oy dxdy 0xdy
-5 X I 3 [ s-n)m-(r-m)] sin IX g4p
l.afz'b2 m=l1 n=1l rel s=l r-m,s-n m n a b
g =g gt (n-u) | ury
+ ¥ X T Z |(a=u m(r—m)z_q sin &= gin
=l n=1l r=1 w1 r-m,n-u "myn a b
- 3Tz 3z (n+u)m+(r-m)£z] 2'b sin ¥X gin X
=1l n=1 r=l u=l I r-mynvd myn a b
. 335 5 3 tmx .. sy
'+ X I 3z =z Bs-n)m-r(m-t)n sin FX g4y
=1 n=1 t=1 g=1 m-t 8=n m n a b
- X 2 Z s-nmmt] 8in —= gin
=1l n=1 t=1 s=1 m+t,5-n m n a b
+ T X Zz Z [n-u)m-(m t)n 8in —= sin
] n=l tel el n-t,n-u"1,n a b

(- -] ("] O oo t‘ﬂx
+ ¥ 8 5 3 (nm)n—(mt)] V. gin 2 ggn UX
r=] n=l t=l u=l m+,n-u mn 8 b
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- -] oo o° oo
- 225 T [, v etn 80y, W
mel n=]l t=1 vl ’ ’ a b

- Z 2 2 Z (n+n)m-(m-t)] 4 nm m,n sin "
a

;=1 n=l t=1 =l

2 | |
[,,az_b n=) Ah (03)

Equating coefficients of (Cl) and (C3) according to equation (66)
and noting that

00 oo
mx ey
p‘r = rzjl Bfl pr;s sin 2 s8in b

odd integers only

2

Pp,s ™ D"L"r a(az : ) - Aa""zbz" %

m==1 n-l [is—n)n—(r—n)xg r—n,s-n myn

r

ml n-s [(n-a)m(r-n)i] ra,n-s m,n

h-

A, = —E pX [(nﬂ)m-l—(r-n)g
3 =] ne-g =) m,n*s m,n
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AL- Z Z [(s-n)n-!-(m-r):;_l

N1y, 8-n m’n
gy n=l

A = f-r nfl [(a-n)m(mr)él wtr,s-n"myn

A6 - lfr n-zns [(n-a)m—(m—r)n n-r n-ﬁwm,n

L’ ) l'-r n-z-:.. [( n*s)n—(m—r):;J n+r,n+s n,n

Ag = -Z Z [(n-s)n-(m)n

\J
= n=s EITyD=8 1,1
by ;g- E., [(’"’)"("”)"] n-r,nes" ;0 (c4)

Equation (C4) is put into the required form by making the indicated
transformations

sz,l. 9 . :
-D"A 2— 8 .
et (22N AN @

lettingn-kmdnttinAl

, L= ;?1 t%l [Ea-t)k-(r-k)t 21’1' k,8 -t k,t

WADC TR 54-8 1|,




e L en ap e e Peflen aaes & e I T
ketddng oo b and noo e dn b

[ fustee) £ . >
baw <8 B f Bksr =izl o) |
kmly tm - . 4

7 U f "”‘Dg} Wﬁ

Jetting m = ker and n = ¢ in ﬁﬁ?
b= T 5 1{trs)(k+ -kg W,
3 ym0 el [( A L MR e
ietting m = k and n = t+s 1nA8

o o '
b = kfl 1;‘?0 tk-(kwr)(msﬂ zhk-&r, twm o8

lettingm-kandn-tinn.?

0 oo 2
A= 1;21 ;:1 [(t+s)k-(k+r)£’ lhr,t-vs"k,t

lettingn-kandn-t-rs:lnAz
r o0
A= 5 T Hkee(r-k ﬂ]
6" o) 4o (r-k)(t+s) r-k, tVk, t+s

101;1;:!.ngl.'n-tkaminw'l;inA3

Ay = Z Z [(t"‘s)k*(r‘k)g rk, toa" ] k’t

lettingn-brandn-tinA4

Ag = —Z Z [ (s-t) (k"'r)"'kg 2%, s-twk'i'r,

lottingl-kendn-tinA

‘9 - k-l b- [ (s-t)k*(k"'l‘);:lzbkn.s-t Yk, t
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APPENDIZ D

’ BOM Comm

It can be shown that the essumed form of the stress function,; F,
end the deflection form w, will autometically satisfy the bowndary
condition that the edges of the plate must remain straight., This is
done by showing that the end shortening of the plate is independent
of % and y and must therefore be constant along each edge.

Substituting (70) and (71) into (83) and then inte (81) the

- following relationship is arrived at

E p=0ge0 P9 & a b

2 2
f Z Zb v%-%)cosm cos T

oo o0 oo &0
-12-5 X 2 Z Z nnuw wm'n,cosm—
28 1=l p=1 m'=]l n's]l B0 |, a
cos BIX gin DIY o4 BUY {4, | (p1)
a b b
it. can be seen from Eq, (B6) that by = 0 and also that
b E b2 vo q_-l '2( ’ ) oo -
L Z Z kK(g=t)q w ,w X = k W,
(p2)
Integrating (£1) and setting b0,0 =0
2 &0 oo a0 -0°
Jxﬂ--—e— = b, qzosg:'-lz-lr—2 T %% ww nwmn,s:‘.nﬂxsin!’-'-1-'I
E b° g=1 * b 4a ml p=l nt=)] B0 b
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[cos (n-n') Ef - cos (nn') Ei] (D3)

The first summation of (D3) will be examined seperately, Using
(D2) it mgy be written

o ‘aoq-lea 2 ,
7 qzcoam--ﬁ s ¢ 5 klot)

- — Db W
E b g1 O b 4 keltelge2 q  ©F
00 po o0
Ve gt cos ay , ﬁ z X = kzwk Y% +t OB o104
’ b 4a k=l t=1 g=1 »b H0q b
or ‘
oo o0 q=1 oo
-1-’-2-55 = b0 qzcosm--ﬁ z 2 Z kzwktwk £°08
E b° g=1 9 b La k=1 t=1 qa2 2% F0Q= b
e Q-1 oo
N g v ¥y oy cO8
4o k=1 t=1 q=2 q *° %04 b
o0 r- [- -]
+ 2-2 T £ = kzwk ¥ ey ©O8
4o k=1 t=1 gq=1 vy S99 b

wvhich may be written
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* %

0 q-l oo
2 cos . _ ﬁ s X 2 kzwk twk -t°°
b 4a k=1 t=1 g=2 % %9Q

‘ @ =1 oo
+£2- T Z Z kzﬁvk ¥k gt cos L
4o k=1 t=1 g=2 »h a b

vhere t q-t

oo (=l oo
1-2 T X Z k2 b wk,twk, ~t ©o8 ary

4a k=l t=1 g=2 q Q b

where q-~t t

o oo 2
-|-ﬁ z 2 -lﬁ-wfttcosmz
ba k=1 t=1 2 ’ b
Where q-tst’ 1.9.’ qg 2t
(- - o0 =)
+1f- = kzw W,

4a k=1 t=1 g=1

Here note that if we restrict the first sumation of the above equations
to t g-t then

-— T Y T ¥%Wu e TXa . v v 5 ¥u co
4o k=1 t=1 q=2 Iy 8 kyqt"%% 7 28 k=1 t=1 q=2 Iyt Kyt
vhere t > g-t
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. oo )
_ 5 kzkt2 cos 2¥X
4a k=1 ’ b

vhere t = g-t

then changing subscripts by the noted transformations in order to elarify
the combining of terms the following results:

2 co 0° q-1 oo
- 35 z bo q2 cos I = o ﬁ T Z Z kzwk ¥ gt ©OF 9y
E b° g=1 "¢ b 2a k=1 t=1 g=2 Al b

where t> q-.t

-3 : 2 0 qm]l oo
” 2.2 2tmy | 77 d 28 ary
- Z kw Kyt cos + 2 ¥ T Kk wk’swk’q_scos o

La k=1 b Ja k=1 s=1 q=2 q
where 8> g~8 let t = s
[~ -] [ =4
q-l
+12- zZ Z Zkzg-:-s"wk wkscosm
Lo k=1 8=l q=2 g 98 %y b
where s> q-8 let g-t = g .
o0 &0 o0
+ ﬁ 2 X Z kzwk ¥, qet, COB ay
4a k=1 t=1 g=1 27 Feq b
- -} oo
wﬁ Z X k.2\'r?’ktcos.2—1722
8a k=1 t=1 ’ b
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After noting that the third and fourth summations of this equation way
be combined as follows:

[~ q“’j. oo - ‘ 2

< 8 a=g gy,
T T =z (K Ew oW + k w _wk)cos
k=1 s=1 q=2 q k,s k,q-s k,q ] S b
where s>q-s
o" Qel oc 5
s 3 X Z kwk Y% gt cos-q:m
k=1 t=1 g=2 rh X b

where t >g-t

the equation may be written

2 oo q—lm 5

o

- ﬁ % Z by qqz cs I =L 3 ¥ 3 k Vi 1Y, gt ©OS Y
E b° og=1 ¢ b La k=1 t=1 g=2 i b
where t > g-t
2 090 o o : ‘ .o
+ PIEED M N kzwk Vi, g+t COS UM
La k=1 t=1 g=1 »7 F0q b
- 1._2 ST KW cos XY ' | (D4)

k,t

8 k=1 t=1 b

Upon examination of the second term of eq.' (D3) and.noting the two cases
which may occur, i.e¢, n = n' and n # n' the following results:

-2 %y owtw v, [cos_(n.n:) T _ cos(nen') m]
8a m=l n=1 n'~1 7T b - b :
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@ o 32 P ® 2 2 amy

B = T T NV 4= ¥ T Anw

8a m=]l n=1 I g8a mel n=l o b

oo oo oo
T 2
-= X Z I mw Vo, cos(n-n') =X

8a m=l n=1 n'=)l O b

nyn'

S (wont) X
- 3 ¥ I DWW W cos(n+n!
8a m=1 n=1 n's=l m,n m,n. b

n¥n'
Noting that

2 oo /0 oo 2 oo
L s = = mzwm p¥m et cos(nint) m.T T 5 %
8a m=l n=l ni=l ’ ’ b La m=l n=1 n'sl

2

n , cos (nn') =X

W, W

m,n myn b
n'>n

and

2
-= I Z = mw n¥m n,cos(n—n')lrzz =-L 5 5 3
8a wmw=l n=1 n'=1 v b b m=l n=1 nt'=l

2
L (n-n?) ﬂf
n>n!
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the above may be written a&s follows:

| ---1’--E ; ; g m2w w_ [cos(n—n') u-cos(n-!-n') H}
b : b

8a n=l n=1 nt=1 MO myn!

® 2 ® 2 3 4P 2

- 3 T oW "e=— ¥ I I mw__w cos(n-n?) X
ga wln=l ™" 4a mln=lantel 7R b

n>h'
+— T I =z mzwm oVm.nt cos(n+n?) Iy
La w1l n=1 n'=1 "= b

00 oo 2

.,.2.2. Z 2 mwmnzcosm
8a m=1 r=1 ’ b

Or making the indicated transformations

? = 2

“‘ . "
-— £ = z nw_ w cos(n-nt) ™ _ cos(nnt) IX
8a msl n=1 n'=]l m,n ,n! b b

where n>n!' 1let n-n' =g

o0 oo oo an
-ﬁZZmzw z-ﬁzzcz?mzw

W cos
8a m=l n=1 1,1 La 1wl g=1 n'=1 myq+n' m,nt b

where n'>gq-n since n' n let nin! = q

o0 ao -] ‘
+ "-:2- Z 2 I m’?'wm nt¥m,nt €08 CL
4a m=l g=1 n'=1 -0 T b
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‘ o0 oo
‘+Z’-'2— z z~m2wm 2‘cos@-l-’"I
8a m=l n=1 ’ b (D5)

Substituting (D4i) and (D5) in (D3) the following relationship results
for the end shortening of the plate in the x-direction,

W 2 2
J; - 8a mfl nfl B "m,n _ _ (Dé6)
similarly
5 B - 3 F nzwm n2
8b .‘m=1 n=1 ’ (D7)
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