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1, Introductory Remarks

Several theories on the electronic spin resona.nce1 in ferrimagnetic
and antiferromagnetic media have been recently developed to a point where
their results may be readily compared with experiment. These have all
been based on simple semiclassical principles, and hence, must await con-
firmation from more rigorous, quantim mechanical work, also now in
progress. The main purpose of this paper is a semiclassical spin wave
treatment of certain "bulk'" properties (namely, the specific heat and satura-
tion magnetization at low temperatures) of a simple cubic ferrimagnetic
or antiferromagnetic crystal; the results, we hope, will also be amenable
to at least qualitative comparison with experiment. For the sake of sim-
plicity, this study is confined to a simple cubic single crystal which we
postulate to have a single axis of magnetic anisotropy (along a cube edge)
instead of the cubic anisotropy generally associated with such a crysial.
The effects of a uniforr magnetic field applied along the anisotropy axis
are studied 1or both ferrimugnetic and antiferromagnetic cases; moreover,
for the latter case, the situation in which the field is applied perpendicular

to the anisctropy axis is also considered,

Since our results can be readily made to apply to the ferromagnetic
case of the simple cubic model, we are able to check them directly with
the results of previous spin wave analyses of the ferromagnetic problem,
Consequently, it becomes possible to trace the similarities and differences
of the "bulk' spin wave properties of all three cases: ferromagnetic, ferri-

magnetic, and antiferromagnetic.
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2. The Ferrimagnetic Case

The atomic arrangement in our simple cubic model is ordered with
egpect to the net electronic spin per atom in the manner shown inFigure
1. The ground state of this system is assumed to be such that the electronic
spin of each atom of sublattice (1) is directed upwards (in the z direction)
while the spin of each atom of sublattice (2) is directed downwards., Though
there is no rigorous theoretical justificaticn for this assumption, it is hoped
that the arguments of Anderson and others2 for very nearly this type of
long-range order in the ground state of a simple cubic antiferromagnetic
may be also applicable in the ferrimagnetic case. In fact, these arguments,
being basically classical, should have increased validity for large atomic
spins, which is usually the case for ferrimagnetics. Furthermore, Nebel's
phenomenological theory3 of the saturation magnetization of ferrites, which
has enjoyed remarkable agreement with experiment, is firmly based on an

antiparallel alignment of unequal atomic spins.

The energy of negative exchange interaction which is responsible for

this antiparallel alignment may oe exprecsed as

ZJE S.-S.
e S
i,j

so that J, the negative of the exchange integral, is a positive gquantity. For
the present, we shall consider only nearest neighbor exchange interactions;
the additional effects of next-to-nearest neighbor interactions arediscussed

in Appendix A.

An axial magnetic anisotropy which tends to direct the spins 2long the

z-axis, is assumed to have an energy associated with it as follows:
2 K.
K.S.sin" 0, or S.* (S5 _.+S_.
Z 373 j Z §_;'-J S5 * Sy
J J

where K. is the anisotropy energy per unit spin of Si’ and Gj is the angle

§. makes with the z-axis.

Furthermore, the syst -: is subjected to a uniform magnetic field,

H, in the z direction, which gives rise to the energy,

]
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where B is the Bohr magneton and gj is the spectroscopic splitting factor

for the electronic magretic moment of the jth atom,

The sum of these three energy terms is taken to be the total Hamiitonian
of the system. Throughout this report, we have thus neglected the effects
of magnetic dipole-dipole interactions between spins, except insofar as they
are included phenomenologically in the anisotropy energy;4 for a structure
having the simple cubic symmetry shown in Figure 1, they may be expected

to be small,
The equation of motion of tne Ltk spin vector may be written as
1 . ZK{‘
§ﬁ= —ZJE&XZEj '—g'{f’—§{x(§x£+§y€)+g€5§£xg : {2.1)
J

Indicating the two sublattices by superscripts (1) and (2), we express the

spin vectors in their rectangular components as follows:

(1) _» (D, ~ (1), 0 )

S —stx +_]ySy +_]ZS1 (2.2a)
(2) _%& o(2) 2 o(2) 7~

S —stx +JySy JZSZ . (2.2b)

The z comr-onents of spin, to a first approximation, are considered to be
invariant in time and space. This is equivalent to neglecting terms quad-
ratic in the S)’{s and S};s. Furthermore, we assume that all x and y spin

components are expressible in the form

S}(cn)(x,y,z,t) = s)({n)(ax,ay:az,t) exp {Zn’i (a x+ ay + a.zz)/a} (2.3)

where a is the distance between nearest neighbor atoms and gxfg..y+gz =a
is a dimensionless phase vector (corresponding to Anderson's2 \ /271 and
to Herring and Kittel'ss Ea,’Zn). The equations of motion for the x and y

spin components are then found to be
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’hé)((l)= 1stlyus§2’+ (1235, + 2K + gl'ﬁH)Si,l) (2.4a)
’ﬁéf‘k 1235y, s}(,”+(.1.z.rs1 - 2K+ gZBH)Sg,Z) (2. 4b)
héy): -123s y 8¢ P+ (1235, - 2k | - g pr)stY) (2. 4c)
hé;2)= IZJSZYQS)({I)+ (12J5 ) + 2K, - gzﬁH)sf‘) (2. 4d)

where
Yo = (cus Znax + cos Zﬂuy + cos Z‘ITCI.Z)/3

Wc now assume that the time dependence of the x and y spin components

is of the form

sin)y jglnl_ g(n)_-iwt (2.5a)
X y +
e, isi'n)= slnlgiot (2.5b)

By means of (2.5a), (2.4a) is combined with (2.4c}, and (2. 4b) with {2.4d) to
yield

hos{ = 1255y 512+ (1238, + 2K + g prs] ) (2. ba)
hos{?= <1235y, s{ ' (1235 | - 2K, + g pHS{?) (2. 6v)

[(2.5b) ieads to the same equations with the subscripts + replaced by -] from

which the following solutions for the frequencies are immediately obtained:

bw = -63(s,-S,) + K| - K, + (g, +g,)BH/2
+ [{6.1(51-8;)} 2
+ {K 4K, Hg -8, BHR) [123(S +5,)+K 4K ,+(g, -8,)PH/2]

+(120% s,5,(1y

1/2
2)] (2.7)

At very low temperatures, where the spin wave theory is most likely

to be valid, only the spin waves of very long wavelength compared to the
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lattice spacing may be expected to be excited appreciably. Hence, a - sill
rarnge over very small values and

Y, 21 -~ﬁr3—a.2 or 1 - YQZ-‘_—‘ ?7"3_0.2 . (2.8)

Moreover, for a ferrimagnetic with a reasonably high Curie temperature,
6J(SI-SZ) is substantially larger than the terms in (2.7) that contain the
anisotropy constants, the applied field, or a. It follows that thefrequenciecs
of the two modes are very different from each other. We canignore the
higher or "optical' mode since its contributions to the specific heat and tec
the temperature change of magnetization are negligible at temperatures
well below the Curie point, and consider only the lower or "acoustical' mode
(corresponding to the choice of the positive sign in (2.7)}). It should be
noted that a discrepancy between the g-factors of the two sublattices causes
an apparent field-dependent increase of the anisotropy; this was recently

6

discussed by Wangsness~ in his analysis of ferrimagnetic resonance. Con-
versely, a difference between the two anisotropy constants shows up as an

apparent increase of the g-factors (or of the external field). Hence, keep-
ing the possibility of these effects in mind, we proceed to simplify (2.7) by
setting K1 = K2 = K and g, =8, "8 We then cxpand the square root in

(2.7) and obtain for the '"acoustical' mode

S +S_+K/6T) 12155, /, Z
ha yg5H+2K{ 151_"52 }+ = 'ézz <4} u.2> : (2.9)
1

For comparison, the spin vibrational frequencies for a ferromagnetic
simple cubic structure may be readily obtained from (2.7) by setting
S1 = -S2 =S, K1 = -K2 = K, g1 =8, =8> and -J = J', in which case it is
founs that

4’ 2
he ~gpH + 2K+6J's<—-“§-a> ; (2.10)

Thus, except for the generally small effects of anisotropy and applied
magnetic fields, w is proportional to az in both the ferrimagnetic and
ferromagnetic cases, Such a relationship between w and a, as has been

shown in previous discussions of the ferromagnetic case, leads directly
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to a T3/2

law of the specific heat and of the decrease of saturation magnetiza-
tion. We shall now make use of equation (2.9) to derive the actuzal expressions

for these properties of a ferrimagnetic.

Quantizing the normal modes of our classical spin wave problem, we are

led to the following expression for the specific heat per atom:7

Qo g
C =k Bze (4'rruzdu.) (2.11)
a (eg_ 1)2
la=o
where § = hw/kT. By means of (2.9), {2.11) is transformed to
€

(5,-5, kT ¥ gy )2

C,= 2l 5s— f 743 (2.12)
3 4y 1°2 By (e¥- 1)

in wh.ichSH, = gpH'AT where H', the total equivaisnt magnetic field exerted

on the 3ystem, is defined a=s

5, +5, +K/63
H'=H+2—I-{<1 2 : (2.13)
g8\ 55,

@
In evaluating the integral in (z.12), we first express eg (eg —1)"2 as Z:!'\e"!fS
and then substituteu= (§-§H,) 1/2. Theintegralthus becomes n=1

e .4 2. 2, -m?
ZZne fu (u +2’§H,u +§H,)e du .
n=1 o

From tables,8 we find that

[0 o]
2 1/2
2a -px _1.3.5,,.(2a-1) =
fx e PX gy = T @ (2. 14)

o

and the integral is thus finally determined as

Q0
1 . 4 2| - 08
gﬁ Z{l - ‘31"“51-1! +'13'(n§1—11) }“ g H .

n=1

For the special case of SH' = 0, this expression reduces to simply

_d
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n=1

where the Riemann zeta function, C(S/Z) = 1,341, Consequently, the spin
wave contributicn to the specific heat of the ferrimagnetic system may be

written as

(Ca)g 40 Qo _ng
H 1 N 7{1 +in¢ +—4-(n§ )2] n-5/2 e E 12.15a)
(Ca)EHFO I. 341 n£=1! 5 "oH T 15 R
and
(Sl-Sz)kT 32
(C.) _n=0.113 k : . (2.15b)
a BH'-O [Z]S]b 2 }

if the anisotropy and applied magnetic fields are negligibly small, the
specific heat follows a T 2 law exactly. However, should they be ap-
preciable, (2.15a) indicates that the temperature dependence of the spe-
cific heat no longer follows such a simple relationship. In fact, from
Figure 2a, where the right hand side of (2. 15a) is shown as a function of
kT/ggH' (or I/EH,), 1t is evident that at sufficiently low temperatures, any
finite anisotropy or applied field will ultimately cause the temperature
dependence of the specific heat to be exponential. To illustrate the change
of the temperature dependence of the specific heat with applied field, we
have plotted in Figure 2b the specific heat against absolute temperature
for ng'/k.=0, 1,and 2 (i.e., for H'=0, 7430, and 14860 gauss, if it as-
sumed that g = 2). Finally, in Figure 3, we have plotted the right hand
side of equation (2. 15a) against BH' tc show how the specific heat varies
with applied field at constant temperature. The monotonic decrease of
the specific heat with increasing H may be understood qualitatively from
the fact that the spin excitational energies, hw, increase with H (see eciua-

tion (2.9)), thus contributing less to the specific heat.

If the zero-point energy is neglected for reasons analogous to those
given by Anderson for an antiferromagnetic system of large atomic spin,

the total energy of our ferrimagnetic system may be written as
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W = -6NJ5,S, - NgBH(S-S,)/2 + E ! nnhw
a
where n.,a function of a, is the integral occupation number, and N = l/a,3,

the number of atoms per unit volume of the system. It follows that the

partition function is

£.-1

Z = exp {(12NJslsZ + NgﬁH(Sl-SZ))/ZkT} ﬂ (1 -e ") :

a

Using this expression for Z together with (2.9), we determine the satura-

tion magnetization as
M = kT 2:(In2) = NgB(S,-S,)/2 - gp  (e” - )7}
oH ' 152
a

Thus, Mo’ the saturation magnetization at absolute zeir o, is Ngﬁ(sl-SZ)/Z,

and the variation of the relative saluration magnetization is found to be

= M 2
Mo M p M 2 Z(eg -yt 2 f dnd dd | (2,18
M, M, " N(5,5) L 51752 J, b
By means of (2.9), we convert (2. 16) to
]
R 1 (s,-5,01) ¥ @ (55, a¥ (2.17)
Mo 2n%(s-s,) 1555, 50 e5-1 : :

-1 o, _
In determining the integral in (2.17), we first express(eg- i) as Z e ngand

use the substitution, u= (E-5% 1/2. Then, by the application L

H')
of (2. 14), we get for this integral

a-)_, -n§
Wr/2) n-3/?. e H

n=1

which, for EH, = 0, reduces to
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(Ww/2) ((3/2) or  (Nw2)(2.612) .

Hence, the relative saturation magnetization of the ferrimagnetic structure

may be written as

oo
A M\ < = 5215 Z n e e-ngH' (2.184)
H'¥ ’H' n=1
and
/A"M) e ity [(SI-SZ)E}W (2.18b)
\ M, - 5,75, | 74355, e '

32

Similar to the specific heat, AOM/MO departs from a T law when the
anisotropy and/or applied magnetic fields are sufficiently large. The ap-
proach to an essentially exponential temperature dependence of AOM/MO at
low temperatures is shown in Figure 2a where the right hand side of equa-
tion (2.18a) has been plotted against kT/ggH'. In Figure 2b, AoM/Mo has
been plotted against absolute temperature for ggH'k = 0, 1, and 2. Itis
quite evident that AoM/Mo is much more strongly influenced than the
specific heat by anisotropy and applied fields. This is also obvious from
Figure 3 where the right hancd side of equation (2. 18a) has been plotted as

a function ofgn,.

We previously showed that the expressions for the spin excitational
energies for both the ferrimagnetic and ferromagnetic cases of the simple
cubic model have the same form (see equations (2.9) and (2.10)). If we
now go through the same procedure for the ferromagnetic case by start-

ing with (2. 10) instead of (2.9} and letting
S H+ 2Kgp (2.19)
we find that equations (2.15a) and (2. 18a) apply exactly, while (2.15b) and

(2. 18b) should be replaced by

(C, ) = 0. 113k (kT/23's)>/? (2.20)

H=0

and
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32 (2.21)

= ) 'S

(AOM/MO)EHFO (0.0587/S) (kT/2J'S)

respectively, Equation (2.21) is in perfect agreement with Mcﬂler'sg ex-

tension of Bloch's10 original T3/2 law, for the general case of S>> 1/2; Mott
and Jones11 have obtained (2.20) for the case of S = 1/2.

Holstein and Primakoff12 have investigated quantum mechanically
the field dependence of the intrinsic magnetization of a ferromagnetic. If
their magnetic dipole--dipole interaction terms are neglected, their expres-
sion that is analogous to equation {2. i3a) but is valid only for small values

of EH,, may be written as

s M B M 12
‘T) <M ) =1-1.2088,, (2.22)
i 5

(o]
4 H|=0

H'
and is represented in Figure 3 by the dashed curve. The agreement at
low values of EH' with the curve corresponding to equation (2. 18a) is
very good. More important, perhaps, is the qualitative fact that bothequa -
tions (2.18a) and (2.22) predict a sharp decrease of AOM/MO as gH, is in-
creased from zero. It should be remembered, however, that EH, cannot
be zero if the anisotropy of either the ferrimagnetic or ferromagnetic

structure is not zero (see equations (2.13) and (2. 19)).

3. The Antiferromagnetic Case

When S, = S2 = S in the spin structure sh.own in Figure 1 and the
g-factors of the two sublattices are assumed equal, the net saturation
magnetization of the system is zero. Heuce, the system is antiferro-
magnetic. If we assume further that the anisotropy constants associated
with the two sublattices are equal, the spin vibrational frequencies for

this antiferromagnetic case are found directly from (2.7) to be

1/2

ho= gBH + [4K{12]S + K) + (1238) % (4vZa?/3)] (3.1)

when we also make use of (2.8). Consequently, in the absence of anisot-
opy a2nd applied magnetic fields, w is directly proportional to a. Thi-s

particular dispersion law, as has already been pointed out by others,‘
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gives rise to a T3 variation of the specific heat (as compared to the T3/2

variation in the ferrimagnetic and ferromagnet c cases).

The transition from (2.9) to (3.1) for the frequencies of spin vibra-
tion is a discontinuous one when Sl-S2 is reduced from 1/2 to C, if, as may
be expected, Sl and S2 must have half-integral values in order that a spin
wave analysis be valid. Hence, although the antiferromagnetic case rep-
resents an extrzme case (i.e., when Sl=SZ) for the ferrimagnetic spin
structure of Figure 1, far less similarity may be expected between the
spin wave properiies of an antiferromagnetic and a ferrimagnetic than be-

tween those of a ferrimagnetic and a ferromagnetivc.

The existence of the two '"acoustical' modes, corresponding to + and
- in (3.1), was first pointed out by Kittel 3 in connection with antiferro-

magnetic resonance. Equation {3.1), itself, was derived more recently by
Keffer et al. '

It will be shown later that there is a change of the spin state from
that pictured in Figure 1 when gBH exceeds 2[K(12JS-K}] bz
smaller than 2[K(12JS+K)] 1/2. Thus, the square root in (3.1), for the

range of applied fields for which this equation is valid, will always be

, which is

larger than gH, and we should keep in mind that it is the absolute magni-
tude of ¢y which must be inserted in (2. 11) to determine the specific heat.

Let us write in place of (3.1),

1/2

hlo|= [4K(1235+K) + (1235)% (4n%a%3)] /% + gpH (3.2)

Inserting (3.2) in (2. 11}, we obtain the following equation for the spinwave

specific heat per atom:

Q0
3% ket 12

2 2 w2
c, = (1378 f G(E) - (5+ 5, [(B+5y -E1 d5

2 —
N 5,F5,,
5 § =2 ©
G(5) = 5% (e -1)‘2=[(§/2)/smh(§/z)]2=Zn§2e'n (3.3)
n=1

; /
where 5§ = 1hlml/kT, §H= gBH/KT, and §o= 2|K(12JS + ¥)] ]'2//k'1‘. For negii

9

L
gl

1
Lc
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anisotropy and external fields {i.c., for go and EHﬁi 0}, the integral in
(3.3) is readily evaluated by the use of the summation form of G(E) and
the tabulated integral15
¢ 5]
f xb e 2¥dx = bZ/abd}'1 .

[o]

and the final result for the specific heat is

3/2 3
(3)7“41 {(4)x , kT .
Cadg w3, =0 - Craggl tames 2

1]

13. 7k (kT/12J8)° . (3.4)

The multiplication by 2 is required to account for the two mcdes of spin

W

vibration, which in this special case are degenerate. Thus, a simple T
law is followed. However, in the more general case of finite anisotropy
(with or without an externally applied field), it is obvious that the specific
heat deviates from a T3 law by an amount determined by the integral in
(3. 3). Siace we have been unable to evaluate this integral in its general
form analytically in any simple manner, we have resorted to graphical

integration.

Let us first examine the situation when there is a finite anisotropy
but no applied magnetic field. In Figure 4a, the integrand of the integral
in (3. 3) has been ploited against E for various values of Eo. These curves
were then integrated graphically; the results, multiplied by the coefficient
shown in (3. 3) (and by 2 to allow for the two degenerate modes of spin
vibration), lead directly to the specific heat values shown plotted against
§o in Figure 4b. It is evident from this drawing that a finite magnetic
anisotropy, especially since Eo depends roughly on the geometric mean
of the anisotropy and exchange energies (the latter generally being by far
the larger), would always cause a decrease of the specific heat. The lower
the temperature, the more pronounced will be this effect. ¥From Figure 5a
where the specific heat normalized by its no-anisotropy value is shown as
a function of 1/§o, we should note that at sufficiently low temperatures a

finite anisotropy would result in an essentially exponential temperature
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dependence of the specific heat. ¥Figure 5b may serve to illustrate more
directly the effects of a finite maygni~tic anisotropy on the specific heat

3
and its temperature dependence (i.e., the deviaiicns from a pure T law).

With the application of a magnetic field on the antiferromagnetic
system, the degeneracy in the spin vibrational energies is removed (see
equation (3. 2)), and each of the two modes may be expected to contribute
differcntly to the specific heat. As an example, we have set 5 = 1 and
have plotted in Figure ba the integrand in equation (3. 3) against E for
several values of SH For §H # 0, the two parts of the integrand, corre-
sponding to the lower energy (L. F.) mode and the higher energy(H.E.)
mode, are both represented. Integrating these curves graphically, we
obtain values for the specific heat which, in Figure 6b, have been plotted
against EH It is clear from this figure that for an increase of the applied
magnetic field, the increase of the contribution c¢f the lower energy mode
to the specific heat more than compensates for the decrease of the higher
energy mode contribution. The net result is an increase of the spin wave
specific heat of the antiferromagnetic system. This contrasts strongly
with the ferrimagnetic and ferromagnetic cases for which the spin wave
specific heat decreases monotonically for an increasing applied field (see

Figure 3).

By a comglstely classical analysis of the ground state of the atomic
spins of a simple cubic antiferromagnetic structure (discussed more fully
in Appendix B), we have found that when the magnetic field applied along
the anisotropy axis is raised above a certain critical value, an abrupt
transition of the ground state spin configuration may be expected to take
place. In Figure 7, we indicate schematically the arrangement of the
atomic spin vectors of the two sublattices for State I, the original state of
the system which we have been discussing, and for State 11, ilx.c state when
the applied field is higher than the critical value. It may be noted thatin
State 1l the spin vectors are not aligned antiparallel to each other, and
hence give rise to 2 net magnetization. In addition, at the point of transi-
tion between states, there is a correspondingly abrupt change of the mag-
netic susceptibility paratlel to the applied field, as Ne/ellé was the first

to point out.
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Our primary interest here, however, in this transition of the spin
state, is in its effects on the specific heat of the system. The spin wave
probiern for the spin configuiration of State II must therefore be solved.
As shown in Appendix B. the ccondition for which the transition between

States I and II occurs, i=

gpH = 2[K(12JS - k)% (3.5)

and for State II, the angle 8, (see Figure 7) satisfies
sin 0 = gBH/Z(IZJS - K) . (3.6)

Thus, if the field applied parallel to the anisotropy axis is increased
beyond its value in {3.5), 8 will increase monotonically until ggH =
2(12JS - K), when the spins of both sublattices will have been brought
into parallel alignment with each other and with H. However, since the
magaitude of the exchange integral, J, of any antiferromagnetic crystal
whose Curie point is above 4°K, is probably of the order of (10)-16ergs
or more (see next section), it would not be possible in this case to
achieve an appreciably large value of 8 with any physically realizable
magnetic field. Nevertheless, since it is fairly reasonable to expect
that K <€ 12JS for most antiferromagnetic crystals, it is still possible

to achieve the applied fields reguired by {3.5) and even somewhathigher
fields.

For the spin configuratiun of State Il as shr—u in Figure 7, the
equation of motion of a particular spin vector m he expressed by
equation /2. 1), but the rectangular components of the spin vectors must

now be written as

s =5 (s cos 0+ s} 4 'j‘ys;l) +5, (ssine+stth (372
'8 =5 (-Scos0+s{P)+ /j\ys;z) +5 (ssin 6452 | (3.7

the dynamic components having their sublattice designated by super-
scripta. It is then assumed that the dynamic components have the spatial-

wave form of (2.3). The resulting equations of motion for these com-

ponenfs are:
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ksl = 1235y sin 6 sirz) - [(12JS - 2K} sin © - ng]sy) (3. 8a)
jfaéi{zk 123Sy_ sin es;‘) - [(123S - 2K) sin 6 - gpH] sgz" (3. 8b)

‘héi’lk -12JSyasinQS(xZ) + [(1235 - 2K) sin 0 - gpH]s'})

+ 12358y cos65t?) + (1275 - 2K) cos 6 stV (3. 8¢)
Yn. Z Z
e — NS R . (2)
noy = -L._JSyasxn GSx + [(12JS - 2K) sin 6 - gﬁH]Sx
{ {
-IZJSyacosBS‘zl) - (1235 - 2K) cos 6 5% (3.8d)
stV L1235y cos65!?) - 1275 cos 65t (3. 8e)
Z a Yy Yy

hsl?)o 1275y cos 05 + 1275 cos 85l (3. 8f)
z a Yy Yy

when terms higher than the first order in the dynamic components are
discarded. Since the spin vectors may be thought to oscillate about their
static equilibrium positions defined by (3. 6), no static (zero order) terms
appear in the above equations. From a consideration of the time invariance
of the spin vector magnitudes, it follows from (3.7) that the x and zdynamic

spin components are interrelated by the equations,

S(l) S(l) S(Z) S(Z)
x Tz -q(l) S X _ z _S(Z)
“8in® cos @8 “u an sin ®6 <cos ©® “u !
(1)

u
and SEIZ). Removing 8 from equations (3. 8) by means of (3.6), we {ind that

which also serve to define a new, convenient set of spin components, S

in terms of the u and y spin componerts, equations (3. 8a) and (3. 8b) are
identical with (3. 3e) and (3. 8f), respectively. The resultant four inde-

pendent equations are

. i 3

ksl _121sy s!?) - 12585t (992
u a y Yy

kY : 7}

hsl® = 1255y stV 12JSS§’2) (3.9b)
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héglk 1238y_(1 - R;/Z)sflz)
+ 1238 - 2K(1 - RG/4)] sLV (3.9¢)
hé‘y”: -1235y (1 - RG/2) stV

- [123s - zK(1 - R:I/‘})] sff’ (3.9d)

where RH = gBHA12JS - K}). Assuming each dynamic spin component varies

harmonically with time (i.e., as eilwt), we proceed to combine (3.9a) with

(3.9b), and (3.9c) with (3.9dj to form two pairs of lincar equations, one in

stV _gl2 o2 sty 812} 154 the other in 8¢+ 5!8) and stV 3 The zola-
u u y y u u y

tions for the two modes of spin vibrational frequencies are then found from

these equations to be
32 2 2 2 2
h w™ =(1238)" (1 -RH/Z) (1 -yn)
+(1239% (RE/2) (14 v )
H —'a

- 24JSK(1 -R:{/4) (1ty) . (3. 10)

We now make use again of the low temperature approximation for Yo (i.e.,
equation (2. 8)); thus, we find for the choice of the negative sign and the

positive sign in (3.10) that the frequencies for the two modes of State II

may be written as

. 2 2 \
22 2 K (gBH) 4 2
%202 =(1278) (1-_12JS){1-4(IZJS-K)7}<3 8 ) (3.11)

and

2
R 48JSK{(l?i—g—-S—+ 1) M__Z_ 1}

4(1235 - K)
2 2
2f[. K K (ep H) o
+ (1238) {1+ 1235 - 3t 1238 4(1—2395—52} o > ,

(3.12)
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respectively., It may be readily seen that the forms of these equations are
special cases of the more general form of equation (3. 2). Hence, the con-
tribution of the mode represented by (3.11) to the specific heat may be ex-
pressed as a T3 relationship (similar to (3.4)), while the specific heat due
to the mode represented by (3.12) must be expressed in a more complicated
form (similar to (3. 3) with BH = 0). For a numerical example of the varia-
tion of the specific heat with applied field at a constant temperature, we have
chosen the conditions, 12JS/kT = 15 and K/123S = 0.00111, Thus, E’o = 1, for
which we already have computed the specific heat for State I (as indicated
in Figure 6b); furthermore, the transition between States I and II will occur
gH = 2{K(12JS - K)] 1/Z/k’l‘ = 0.999 is satisfied. Cal-

culating the specific heat coniributions of the two modes of State II, repre-

when the condition,

sented by equations (3.11) and (3. 12), we find that with increasing applied
field, the former rises very slowly while the latter decreases relatively
quickly. The net effect is a decrease of the total specific heat cfthe system.
The calculated results are shown in Figure 8, and it is quite evident that
there is a distinct difference between States I and II in the manner in which
the spin wave specific heat varies with a magnetic field applied along the
anisotropy axis. We shcould also note that at the point of transition between
States 1 and II, there is an abrupt discontinuity in the total specific heat of

the antiferromagnetic system.

Let us turn now to the situation in which a magnetic field is applied
perpendicular to the anisotropy axis (and along one of the otﬁer cube edges)
of the simple cubic antiferromagnetic system. In this case, as shown in
Appendix B, there is only one possible static equilibrium spin state within
the applied field range of interest (as compared to the two for the case just
previously discussed). The corresponding spin configuration of the two
sublattice system is represented schematically in Figure 7. Itis fairly
obvious, incidentally, that this configuration also represents the only stable
spin state of a simple cubic antiferromagnetic structure having cubic ani-
sotropy, when a small field is applied along one of the three mutually-
perpendicular anisotropy axes. With reference to this figure, the angle,

0, satisfies the condition
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sin 8 = gBH/2(12JS + K) , (3,13}

and, thus, as the applied field is increased from zero, 6 increases mono-
tonically to n/2. However, for reasons previously mentioned, only small
values of 8 may be expected to be physically attainable, and our subseqguent
calculations cf the spin wave specific heat will be restricted, therefore,to

this region of applied fields.

The starting print of the spin wave problem is once again the equa-
tion of motion (2.1). The rectangular components of the spin vectors of

the two sublattices may now be expressed as

1y A . 1 N 1 n 1 v e
stt=9 (ssino+sll)) + Jysir }'+3, (scoso+sil)y (3. 14a)
A N n
s'?)-% (ssine+s!?) +5 512+ (scose+si?y | (3. 14b)
= x x yy z z

The applied field is taken to be in the x direction. Again assuming that
the dynamic spin components have the spatial-wave form of (2. 3), we

find that the first order equations of motion of these components are

hs! 1) 12JSy cos 8 st2) 4 (12JS+2K) cos 6 stt) (3.15a)
x a Yy Yy

152 C 1238y cosos!?) - (1235+2K) cos 8 St (3. 15b)
x a Yy Y

héirl)z - 12JSy cos GSLZ) - (12JS+2K) cos 6 S;l)
+ 123Sy_sin 85(?) in® - (1) 15
Y, 8in 657 - [(12JS+2K) sin gpH] S, (3.15¢c)
hs§2)= 12JSy_ cos 6 s;” + (12JS+2K) cos 8 sf)
+ 1235y sin8s'Y) - [(1275+2K) sin 8 - st2) 1
¥ 8in 68 "7 - [(12JS+2K) sin gBH] S, (3.154)
hsiV= -123Sy_ sin es;"‘) + [123S sin 8 - gBH] s;” (3. 15¢)

hs{?- -123Sy_ sin esirl) +[12JSsin © - gBH] sirz) : (3. 15f)
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Since the magnitudes of the spin vectors are time independent, it may be
deduced from equations (3. 14) that
1)
S( l) ‘S( 7
% z

cos® sin ©

§2 2
X z

(1) -
Sv Al cos © sin ©

_ 52

v
Making use of (3.13) to remove 8 from equations (3.15), we find that in
terms of the y and the newly defined v components of spin, equations (3. 15)

reduce to the four independent equations,

Léi}”: 12JSyas§,2) + (12JS + 2K) sgl) (3.16a)
héﬁf’: . 12szas§,” - (12JS + 2K) s;?‘) (3. 16b)
hé§1)= -1218y (1-0%/2) s{?

- 1235 + 2K(1 - 2/ 4] sth (3.16¢)
hé(yzk 1238y (1 - @ /2) st

+ [12JS + 2K(1 —012_1/4)]85’2) (3.16d)

where QH = gBHA12JS+K). The dynamic spin compcnents are assumed to
vary harmonically with time; thus, it becomes possible to combine (3. 16a)
with (3. 16b), and (3. 16c) with (3. 16d) to form one pair of linear equations
in S(l)-S(Z) and S(l)+ S(Z) and an other in S(l)+S(2) and S(l)-S(Z). The

v v Y Y v v Y Yy
two modes of spin variational frequencies, corresponding to the solutions

of these two pairs of equations, are found to be
h%0% = k(1255 +K) (1-Q%/4)

+ (1239)° (l-QIZ_'I/Z) (1- yi)

+12J5(1235 + K) (Q2/?} (14 y,) (3.17)

which, upon use of (2.8) as the low temperature approximation for Y, is

converted to
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" 2
‘hzw"=4x(1ZJs+K){1 __tepm)?® |

4(12JS +K)
f 2 Yo ’
. 2 K (gBH) 4 z)
+(1238)%¢1 - (1 - ) . (3.18)
i 12387 41235 +K)* 3

and

i 2
} 2 = 4K(12J5+K){(lf{-§- ) —{eBH)”
4{12JS +K)*“

& (1235)2!1 - (3 +%{j—s-‘; (gpH)° 2] <4‘;2 a.2> . (3.19)
L 4(12JS +K)

corresponding respectively to - and + in (3.17). In the absence of an ap-
plied field, both (3.18) and (3. 19) reduce properly to (3.2) in which H
has been set to zero. The two modes thus become degenerate. From
the forms of (3. 18) and (3. 19), it follows that the spin wave contribution
of each mode to the specific heat may be represented by an expression
that is similar to (3. 3) with § H- 0. For comparison with our previous
calculations, we have chosen the conditions, 12JSkT = 15 and K/12JS =
0.00111, for which to work out a numerical example of the dependence
of the specific heat (at a fixed temperature) on the magnetic field applied
perpendicular to the anisotropy axis. The calculated results are shown
in Figure 9, from which it is evident that for an increase of the applied
field, the rise of the specific heat contribution of the mode represented
by (3.18) is more than compensated by the decrease of that of the mode
represented by (3.19). The net result is a decrease of the total specific

heat.

It would be interesting to examine together the effects on the total
spin wave specific heat, of a magnetic ficld applied parallel to the ani-
sotropy axis and of a field applied perpendicular to this axis. Conse-
quently, in Figure 10, we have superimposed the pertinent curves, which
appear separately in Figures 8 and 9, for the conditions, 12JS/kT = 15
and K/12JS = 0,00111. Moreover, we have calculated the same types of
curves for the same value of 12JSAT but for K/12JS = 0.00444. These
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curves, also, are shown in Figure 10, It becomes evident that the abrupt
change of specific heat that accompanies the transition between States I

and II (for H parallel to the K-axis) is greater, the larger the magnetic ani-
sotropy. Furthermore, beyond these transitions of s»in state (i.e., for
higher applied fields), a larger anisotropy causes a vigger difference be-
tween the cpecific heat when the applied field is parallel to the anisotropy

axis, and the specific heat when the field is perpendicular to this axis.

If the magnetic anisotropy is considered to be negligibly small. both

equations (3.11) and (3. 18) reduce to

12 = 12197 - (gp2)?] (anla®3) (3.20)

and both (3.12) and (3. 19) become equal to

b0 % = (gpm)? + [(1239)% - 3(gpi/2)%] (anla?/3) . (3.21)

Hence, these equations represent the two modes of spin vibration for a
magnetically isotropic simple cubic antiferromagnetic system with a
magnetic fieid applied along a cube edge. It follows from previcus dis-
cussion that the specific heat due to the mode represented by (3. 20) will
follow 2 simple T3 law, while the temperature dependence of the specific
heat due to the mode represented by (3.21) will have a more complicated
behavior (described by an equation similar to (3. 3) with EH = 0). Although
this isotropic case may not have much physical significance, it does pro-
vide an interesting extreme case for which the field dependence cf the
specific heat may be comi)ared to that of the system with a finite magnetic
anisotropy. Therefore, once again for 12JS/kT = 15, we have calculated
the specific heat contributiors of the modes represerited by (3. 20)and (3.21),
and we have found that for an increase of the applied field (at a fixed tem-
perature), the decrease of the latter more than compensates for the in-
crease of the former. The resultant decrease of the total speciiic heat

is quite clear frcm Figure 10, in which the total specific heat of this iso-

tropic case has been plotted over the applied field range of interest.
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4. Comparison with Experiment

Since the preceding spin wave analyses were developed semiclansi-
cally and the determinations of the ground state spin configurations wezz
purely classical, we certainly cannot rely rigorously on our theoretical
results for quantitative comparison with experiment. Nevertheless, these
results could be taken seriously, were it possible to examine them with
reference to any thermal or magnetic measurements conducted at low
temperatures (where, precsumably, the spin wave theory is valid) on a
ferrimagnetic or antiferromagnetic material having a simple cubic struc-
‘ure. Unlortunately, while there have been numercus such measurements
on ferromagnetic metals and alloys, only a few studies have been made of
the low temperature spin wave properties of 2 ferrimagnetic or antiferro-
magnetic structure of any type of crystalline symmetry. This is particu-
larly true if we disregard recent spin resonance experiments, which are
not of direct interest in this report. Hence, we are left with cu.y the
possibility of making some qualitative predictions about any experiments
that are suggested by our simple theory, using any existing and pertinent

experimental information for starting points of discussion.

To date, the main experimental evidence for the existence of a

T 3/2

law hias been the temperature dependence of the saturation magnetiza-
. . 1 ; R

ticn of ferromagnetic metals at low temperatures. T on is significant,
perhaps, that the decrease oi the magnetization cf{ gadolinium was found

to be proportional to Tz'/2

all the way up to its Curie point, while the
magnetizations of nickel and iron at intermediate temperatures follow

2 " : " . . 1 7
a T~ relationship (which is explained by Stoner 8 on a collective electron

tireory basis). We shall refer to this later.

Of several papers on measurements of the temperature dependence
of the magnetization of various ferrites,19 the most recent one by Pauthenet,
containing considerable tabulated data, .z the most suitable for the present
discussion. Unfortwnately ecxcept for a few low temperature points used
to establish the magnetizations at absolute zero, all his measurements {(on
several simple ferrites and a family of mixed ferrites) were made above

room temperature. Nevertheless, we shall attempt here a crude comparison
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between these measurernents and the predictions of our simple spin wave
theory. Equation (2. 18b) is the relevant expression, if the effects of
magnetic anisotropy and large applied fields are to be neglected. The
octohedral (B) and the tetrahedral (A) sites in the actual ferrite struc-
turezo will be considered roughly equivalent to the atom sites in sub-
lattices (1) and (2), respectively, of our simple cubic system; thus, ef-
fectively, the spins of the atoms of the two B sites of each unit cell will
be coupled rigidly together. Hence, for the simple ferrites, we set SZ=
+ 2.5, where S, is the

T T
experimentally determined average magnetic moment per atom divided

2.5 {i.e., the spin of one ferric ion), and Sl =8

by 2. For the mixed nickel-zinc ferrites (i.e., (NiO)l_x(ZnO)xFe203),

we shall allow for the apparent substitution of non-magnetic zinc ions

for ferric ions in the A sites and the transfer of these ferric ions (with

T +2.5(1-x}).

This can be only even approximately valid for x< 0.5 since the magnetic

reversed spin) to the B sites, by setting S2 = 2.5 (1-x) and Sl=S

moment per ferrite molecule actually decreases for larger values of x.

Let us now find a relationship between the exchange integral in
{(2.18b) and the Curie temperature, T . According to the modern version
of the Weiss field theory,21 we may \:rite for the z components (i.e.,
those in the direction of the applied field) of the magnetizations of the

two sublattices:

(1)_ (1)_ . (2)
M, '= NgBS_ '= NgBS, - By (12155 “//kT)

5)

m{2)= ngsf% NgPS, * Bg (12Jszsil)/k’r) . (4.1)

Remembering that the Brillouin function, Bs(u) 2 (S+1)/38 foru<Ll1,
(2)

we obtain from (4.1) two linear equations in SLI) and Sz

, whose com-

patibility condition fixes TC as follows:

1/2

KT _ = 43 [55,(5,+1)(5,+1)] (4.2)

Consequently, (2. 18b) may be rewritter =53
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3/2

AOM/MO AM(T/TC)

172

i

A

o 3/4
M +1)\oz+l)/SISZ] (4.3)

0.117(S,-5,) "“[is,

when anisotropy and applied field effects are neglected.

Starting with Pauthenet's values for Tc and ST’ we have calculated

55 SZ’ J, and AM

nickel, cobalt, iron, and manganese, and for various mixed nickel-zinc

for cur simple cubic models for the simple ferrites of

ferrites. The results are listed in Table 1. Furthermore, we have con-

verted Pauthenet's data into equivalent A ,, versus T/Tc points, whichare

shown in Figure 11, The solid curves thif)ugh these points have beecn
restricted to the temperature range over which we believe the experimental
points are dependable. The values of AM which we previously calculated
and listed in Table 1, are represented in Figure 11 by the horizontal long-

dashed lines.

By a different manipulation of his data, Pauthenet was able to con-
clude that A M/.Mo at low temperatures for nickel, cobalt, and ironferrites
32 .

. The

short dashed lines in Figure 11 correspond quantitatively to these tempera-

followed a T~ law, while that of manganese ferrite varied as T

ture variations. However, from this figure, it appears to us that for all
four simple ferrites, as well as for the mixed ferrites, it is quite likely
that the limiting values of AM’ as T—>»0, are other than zero. If they
should approach their limiting values along a horizontal tangent in Figure
11, the T3/2' law for low temperatures would be confirmed. Moreover, as
in the cases of metallic iron and nickel, the temperature dependence of
AOM/MO for nickel, cobalt and iron ferrites probably shifts gradually from
T3/2 to TZ, as the temperature is increased from a very low value. The
relative magnetization of manganese ferrite, however, like that of metallic

gadolinium, probably follows a T3/2

law over the entire ferrimagnetic
temperature range., Our calculated low temperature values of AM areall
undoubtedly too low. However, particularly for the mixed ferrites, their
relative magnitudes appear to be in the right sequence. This is as much
as could be expected in view of the drastic approximation made in fitting

the actual ferrites into ""equivalent' simple cubic models. A spin wave
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Table 1
Y0~Fe203

.3 23

Y|s. |s |s, Tk 1/x | &, |cT > millioules oy, 2
af c M o
K - mole
Nil1.11]361]2.50] 870 | 18.0 | 0.190 0.132
Col 1.9714.47| 2.50] 769 | 13.1 | 0.245 0.366
Fe| 2.04| 4.54| 2.50] 847 | 143 | 0.250 0.332
Mn| 2.20] 4.70 | 2.50| 576 9.4 | 0.258 0.660
(Ni0)} _(Zn0), - Fe,0,

3 3

'-7 . .o -
X |sp |s, |s, [T %0 |k |4, |cT ? millijoules (og) 2

K - mole

0o1!1.5113.76]2.25| 814 | 17.8 | 0.226 0.250
0.211.89 | 3.89] 2.00] 755 | 17.7 | 0.259 0.378
6.32.243.99] 1.75] 671 | 17.1 | 0.290 0.600
0.4)2.48|3.98| 1.50] 618 | 17.9 | 0.320 0.830
05l27213.97 1.25] 548 | 18.4 | 0.355 1.206
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analysis more appropriate for the spinel structures of the ferrites, should
make more dependable calculations possible; we propose to study this

problem in the near future.

Needless to say, accurate low temperature measurementis of the
saturation magnetizations of the various ferrites are badly needed. The
accuracy required to determine the temperature dependence of AOM/MO un-
ambiguously, however, is extremely difficult to attain at low temperatures
where a very small change of a very large quantity must be measured.
Here, we suspect, lies the main advantage of low temperature measure -
ments of the spin wave contribution to the specific heat. Another advantage
of specific heat measurements over those of magnetization is the fact that
any appreciable magnetic anisotropy of the ferrimagnetic structure may be
expected to have a greater effect ocn the temnerature variation of magnetiza-
tion than on that of the specific heat (see Figure 3). The large applied
fields required for the miagnetic measurements would tend to aggravate
this situation. Hence, the experimental results for the temperature de-

3/2

terms of the coefficient of a simple T relationship (see equation (2. 15b)),

than can the results for the temperature dependence of magnetization.

In many ferromagnetic metals and alloys whose low temperature
specific heats have been measured, the electronic specific heat due to
the encrgy hand structure of the ¢ electrons, has bee‘n large enough to
mask aay possible spin wave contribution. We have found, however, that
the spin wave specific heat of a ferrimagnetic simple cubic structure also

follows a T3/2

law (see equations (2.15)) and is thus experimentally dis-
tinguishable from that due to lattice vibrations (which, of course, iz pro-
portional to T3 at low temperatures). it seems reasonable to assume that
this is true for ferrimagnetic materials of any crystalline structure.
Hence, the ferrites, whose electronic specific heats are probably very
small, appear to be the obvious materials for spin wave specific heat

measurements.,

Using (2. 15b} and (4. 2), we have calculated the spin wave specific
heats for the different ferrites discussed previously. The resulting

specific heat values, which have been listed in Table 1, are per mole,
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where the molecule has been taken to consist of two adjacent lattice sites
of the simple cukic model. Note the comparatively high spin wave specific
heats of the mixed ferrites that have relatively lcw Curie temperatures
(but whose exchange integrals, incidentally, are not very different from
those of the simple ferrites). However, it is the magnitude of the spin
wave specific heat relative to that of the lattice specific heat, that is of
prime experimentalimportance. About the only specific heat measure-
ments on any of the ferrites, to date, have been those of Millar22 oniron
ferrite {magnetitz) down to liquid air temperatures. Assuming that at
very low temperatures, the Debye temperature of iron ferrite is about

the same (i.e., about 565°K) as at highér temperatures, we find that the
spin wave and lattice vibration contributions to the specific heat are both
equal at 2.7°K to about 1.5 millijoules/oK mol. At temperatures higher
than 2.7°K, the lattice specific heat will predominate. Hence, the specific
heat measurements should be carried out down to liquid helium tempera-
tures. The low specific heat will necessitate extreme care in the
calorimetry. An interesting supplementary experiment at thresetempera-
tures, preferably on a single crystal ferrite specimen, would be the
measurement of the dependence of the spin wave specific heat on the

strength of an applied magnetic field.

If the effects of anisotropy and applied fields are ignored, the spin
wave specific heat of a siniple cubic antiferromagnetic structure has
been shown in Section 3 to bhe proportional to T3. Thus, it would not be
easily separable experimentally from the lattice specific heat at low
temperatures, unless the spin wave contribution were very large due to
the small magnitude of the exchange interaction integral (see equation
(3.4)). The Curie or Ne/el temperature for the antiferrsrmagnetic struc-
t

xpP2

ure may be expressed by (4.2) if we set S, = S2 = 5; ithe equation then
becomes simply

ch = 4JS(S+1) . (4.4)

Hence, it follows that spin wzve¢ 3p«=cific heat measurements should be
possible with antiferromagnetic materials having low Curie temperatures

(and low electronic specific heats).
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Specific heat measurements were recently completedby Friedberg23
on cupric chioride. Up to the Curie temperature (about 4. 3°K), the total
specific heat of this antiferromagnetic compound was found to be over one
hundred times as large as the zstimated lattice specific heat and was
roughly proportional to T3. IIowever, since these measurements were
made down to only 1, SOK, it is almost certain that the anomolously large
specific heat, as well as its cubic temperature dependence, are associated
Primarily with an order-disorder transformation of the spin state, rather
than with small perturbations of an ordered spin state. Hence, to deter-

mine the normal spin wave specific heat of cupiic chloride, it would be

region of TC/IO (i.e., about 0, SOK) and study the variation of the specific

heat over a very restricted temperature range.

Although most other antiferromagnetic salts have higher Curie points,

we find, when we substitute (4.4) in (3.4) and obtain
3 3
Ca = 0,507 k(S+1) (T/‘Tc) " (4.5)

that a larger electronic spin of the magnetic ions would tend to counter-
balance the effect of a higher Curie point on the magnitude of the spin
wave specific heat. Let us, therefore, make a rough estimate of the spin
wave specific heat of ferrous chloride, whose Curie point is about Z.4OK,
by assuming that the spin associated with each lattice site of our simple
cubic model is 2 (i.e., the spin of one ferrous ion). We substitute this
value of S into equation (4.5) and obtain for the spin wave specific heat:
8.2 T3 millijoules/(OK)4 mole, (a molecule is considered equivalent to
one latticc =ite nf the simple cubic model). Let us then suppose that the
lattice specific heat of ferrous chloride is not very different from that
of cupric chloride (i.e., about 1,1 '1‘3 milli_joules/(OK)4 mole). Hence,
the spin wave specific heat, due to its large relative magnitude, should
be quite separable from the lattice specific heat., Furthermore, we find
from (4.4} that J = k, and if we assume that K~0. 1 k, it follows that
2[K(123S +K)] 2 o

it appears that for the temperatures at which the specific heat mezsure-

2.1 k. Thus, with reference to Figures 5a and 5b,

ments on ferrous chloride shculd be carried out {(i.e., in the region of
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Tc/ 10 or 2.4°K), the spin wave specific heat should be well aut of the ex-

ponential temperature dependence region.

Magnetic measurements on single crystals of manganese flouride24
and cupric chl.cride25 have confirmed Neel's prediction that a transition
of spin state occurs when a magnetic field applied along the anisotropy axis
of an antiferromagnetic crystal, attains a certain critical value. It would
be most interesting, therefore, to make the accompanying specific heat
measurements and learn if the magnetic fiela dependence of the spin wave
contribution can be represented by a curve similar to that in Figure 8.
For the sake of comparison, these specific heat measurements should
also be made with the field applied perpendicular to the anisotropy axis

(sece Figure 10).
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Appendix A

The Effects of Next-to-Nearest Neighbor Exchange Interactions

In the simple cubic atomic spin structure shown in Figure 1, each atom
has twelve next-to-nearest neighbors, all of which lie onthe same zpin sub-
lattice. To be consistent with the current theory onthe properties of ferrites,3
we assume that the next-to-nearestneighbor exchange interactions for both
sublattices are negative, similar to but considerably weaker tlianthe nearest
neighbor interactions. Hence, the net electronic spins of nearest neighbor
atoms are still mutually antiparallel, although the net exchange force oneach
spin is somewhat smaller than it would be in the absence of next-to-nearest
neighbor interactions. We may expect, therefore, that the introductionofnega-
tive next-to-nearest neighbor interactions into our analysis will result in an
increase of the spin wave specific heat of the system. It may be of interest,

however, to examine their effects more quantitatively.

We let -J; and -JZ be the exchange integrals for the next-to-nearest neighbor
interactions between spins on sublattices (1) and (2), respectively. As before,
-J isthe exchange integral for the necarest neighbor interactions. Thus, Iy JZ’
and J are all positive quantities. Furthermore, J>>7J, or JZ' 1f we now "ssume
that the equation of motion of a particular spin vector has the form of {2.1),
and then use {2.2) and (2.3), we find that the equations of motion for the spin com-

ponents are the same as (2.4) except that to {a), {b), {c), and {d) must be added:

1ell) 1yg(2) 1ygll) 1ygl2)
-24J151(1- ya)Sy , +24J7 92(1- YQ)Sy ; +24JlSl(1-Ya_)Sx , and -24JZSZ(1- Ya)Sx i
respectively, where Y ('1 = (cos Z-n'a‘ccos Zvay +cos 2ma_cos Zn.u'zKOSZFdzCOS Zﬂax)/:'l-
When (2.5a) is used, this is equivalent to adding —24J181(1- y('l)S(:) and

+24JZSZ(1-y&)Sg_2) to (2. 6a) and (2. 6b), respectively. Thus, again setting

g "8, =8 and K, = K2 = K, we obtain for the spin wave frequencies:

-29-
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ho = gBH - 63(S; - S,) - 12(3;8, - J,5,(1 - y))

2

o Fd - 2 Z
+ [{M(s1 - 5,0 +12(3,5) - J,8,){1 -y} +(120)°8;S,(1 -y )

+ 2K {123(S; +5,) + 2K - 24(3,S + J,8,)(1 - )}

- 243,87 + 3,85 020001 - y)
5 1/2
+ (243 5,)(243,8,)(1 - y!) ] : (A.1)

For spin waves of very long wavelength, a is very small, and, therefore,

2
Q"

1 - Y, 41rzo.2/3, which is also the small-a value of 1 - y

In the ferrimagnetic case, 6J(S1 - SZ) may be expected to be by far the
the dominant term in (A. 1); hence, the plus sign must be chosen for the
""acoustical' mode. Furthermore, we can now expand the square root in
(A.1) binomially, and, neglecting higher order terms in a, we get

(s, +5 +K/6J¥
, =2
:fuo_\_JgBH+2K1 5

(@}

2 ) (A.2)
12 K K11 .. 22,

+§1—-—S-2— [JSISZ - ZJISI {Sl +-€j—} = ZJZSZ {SZ +H}J (a7 a I3).
A comparison of (A. 2) with (2, 9) reveals that the only effect of next-to-
nearest neightors interactions on the expression for wis a decrease of the
coefficient of 0.2. It can be easily shown that, correspoudingly, both the
specific heat and the temperature variation of the magnetization are increased
by a factor equal to the 3/2 power of ihe ratio of the coefficient of a® in (2.9)
to that in (A.2). The dependences of Ca and 1.\.0M/Mo on the applied magnetic

field, however, are still described by (2.15a) and (2.18a), respectively.

For the antiferrornagnetic case, we set S1 =S, =S and .]’1 = JZ; as a

2
result, we find from {A.l) that the »xpression analagous ta (2.2) may be

written as
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43
hlo| = [4K(12JS +K)+(12JS)2{1 __J,l_/1 j'/‘}‘rr z\] .

R

Jt follows that the introduction of next-to-nearest neighbor exchange inter-

o~
W
~—

actions causes an increase of the specific heat of the antiferromagnetic

system by the factor {1 - 4J1(1 + K/6JS)/J} -3/2. As in the ferrimagnetic

tional interactions.

Since all next-to-nearest neighbor atoms in our simple cubic medel lie

in the same sublattice, their electronic spin vectors have parallel ground-

state orientations whether the system is in State I or in State II (see Figure 7).

Hence, the criterion for the transition of the aniiferromagnetic system from

one spin state to the other is nct affected by next-to-nearest neighbor inter-

actions.
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Appendix B

The Static Equilibrium States of the Antiferromagnetic Spin System

It will be assumed that the electronic spin vectors of the simple cubic
atomic system are subjected only to forces arising from negative exchange
interactions between nearest neighbor spins and from interactions with a
magnetic arirntropy field and a uniform applied magnetic field. The corre-
sponding energies will be expressed as the purely classical equivalents of
the energy terms in equation (2.1). The g-factors as well as the anisotropy

constants associated with the two sublattices will be considered equal.

We are interested in determining the static equilibrium positions of the
spin vecto~s, first, when the applied field is pﬁrallel to the anisotropy axis.
It is fairly obvious in this case that the spin vectors must lie in planes that
are parallel to each other and to the anisotropy axis. The problem, there-
fore, may be formulated with reference to the schematic two-dimensional
vector diagram of Figure 12, in which the orientations of two nearestneighbor
spin vectors are defined by the angles, X and 8. The energy of the system

of N atom: may be written tlien as
E=- éNJS?'cc;s 20 - %—NgﬁHS[ cos(X - 8) + cos(w - X - 0)]
+ %NKS[ sinZ(X -0) + sinz(v ~-X - 08}]
or E/NS = 6JS(Zsin20 - 1) - gBHs8inBsin X

$R(81020 + sin° X - 2Ein=0sin-X}. (B.1)

1t is easily establiched that as long as K< 6JS (which is certain to be

satisfied in practice), the value of 8 that minimizes (B.1) may be express<d by

(gBH/2) sin X.

8in@ = > . (B.2)
1278 + K(1 - 28in“Y)
for which (B.1) becomes
2 (gBH/2)% sin? X
E/NS = -6JS + Ksin“X - g : (B.3)

1235 + K(1 - 2 6in°X)
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It is then found that with respect to X , (B. 3) has stationary values for

sin X = 0, sin@ = 0; (B. 4a)
sin X = 1, sin® = gBH/2(12JS - K); (B. 4b)

and sin?y = 122i={+ K|, . (gpH/2) 1/2] - 1::iI§s *K Cinlo.

[K(12JS + K)]
{B.4c)
for which the corresponding energies are respectively,
E/NS = - 6JS, {B. 5a)
E/NS = - 6JS + K - (gpH/2)%/(1235 - K), (B. 5b)
r 2
and E/NS = - 6JS + iJZs—ili 1 - —(gpH/2) ol (B. 5¢)
[K(127S + K}]

Equation (B. 5c) clearly represents a maximum energy (which, in view of
(B.4c), can occur only within a restricted range of H). Hence, to obtain
the absolute minimum energy, we must compare (B. 5a) and (B. 5b). It
follows immediately that
1/2

gBH = 2[ K(12JS - K)] (B.6)
defines a critical value of H, below which State I (defined by (B. 4a) and
(B. 5a)) will be the lower energy state, and above which State 11 {defined
by (B. 4b) and (B. 5b)) will have the lower energy.

In Figure 12, the energy (as expressed in (B. 3)) has been plotted as
a function of X for different values of H; the unrealistically high value of
0.25 was chosen for K/12JS in order that the characteristics of eguation
(B.3} that are dependent on K, be brought out more distinctly. It is clear
from this figure that for values of applied field other than those close to
the condition for spin state transition, both States 1 and II may be expected
to be reasonably stable. However, when the field is very near the critical
value defined by (B.6), States I and 1I are favared about equaiiy and are
geparated bv 2 low energy barrier (see Figure 12). An expression for the
height of this barrier is easily determined by the substitution of (B.6) into
(B.5c); it is thus found that
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1/2
-(—I%Ps—)-barrier = 12JS - [(12JS)‘2 - KZ}
2, {B.7)

o~ K%/ 24JS for K< 12J8S.

In most physical cases of antiferromagnetic crystals, this energy barrier
is so low that a small thermal energy is sufficient tc overcome it. Conse-
quertly, transiticn between States I and II should take place very readily

when the applied field is equal to the critical value defined by (B.6).

Let us now find the static equillibrium positions of the spinvectors when
the field is applied perpendicular to the anisotropy axie. In this case, al-
though the spin vectors must again lie in parallel planes due to the exchange
forces between them, it is not immediately obvious that these planes must
be parallel to both the anisctropy axis and the axis of the applied field. Hence,
in a plane perpendicular to H, let us turn the K-axis through an arbitrary angle,
6, from its position shown in the spin vector diagram of Figure 13. With
reference to this schematic diagram, the positions of the spin vectors in the
plane of the applied field, are defined by the anglss, X and 8. The energy of

this system rnay then be written as
E= - 6NJS2 cos 29 -—;—NgﬁHS[cou(X - @) +cos{w-X -9)

1 N2 2
+ -Z-NKS(mn ¢1 + sin 412)

where cos 4:1 = cosécos(%-x+(}), and cosmpz = cosécos(—'zr— <X - 0).
or E/NS .= 6JS(Zsin20 - 1) - gBHsin®s8inX

?
+ K[1 - cos®b(sin0 + sin®X - 2sin28 sin?Y). (B.8)

It fcllows from thia last expression, that the energy is minimized with respect
to ¢ when ¢ is set to zeru. Hence, the two-dimensional schematic diagram of
Figure 13 describes the system adequately for the remaining discussion. We

proceed to find that (B.8) is minimized with iespect to @ when

{gpH/2)sin X
1235 - K(1 - 28in®X)

sin 0 =

, {B.9)
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in whichcase, (B.8) becomes

(gpH/2)* sin®X
12JS - K(1 - 2sin°X)

E/NS = -6JS + Kcos>X - (B.10)
Finally, by differentiating (B.10) with respect to X, we find that as long as
K< 12JS, the energy is minimized by X = w/2, for any value of applied field.
Thus, (B.9) and (B.10) are reduced, respectively, to

sin @ = gAH/2(12JS + K) (B.11)
and E/NS = - 6JS - (g8H/2)°/(123S + K). (B.12)

For comparison with Figure 12, the energy (as expressed in (B.10))
has been plotted in Figure 13 as a function of X for K/12JS = §.25 and
various values of H. Clearly, when the applied field is perpendicular to
the anisotropy axis, only one spin state of the systemn is possible, and it
is a stable static equilibrium state for any value of the applied magnetic
field.

Our determination of the spin equilibrium states for the two directions
of the applied field reiative to the anisotropy axis, is similar but more
exact than Néel's original analysis. . Recently, Gorter and Haantjes‘Zb
in their study of this problem, postulated an anisotropic exchange inter-
action between adjacent spins and thus included the magnetic anisotropy enexgy
implicitly in their expression for the exchange energy. 7Thelr results,

nevertheless, are qualitatively similar to ours.
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