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AN ANALY' I AL TREATMENT OF THE ORIENTATION OF A

PHOTOGRAMMETRIC CAMERA S
/ o
'ABSTRACT

. The advances made in thedevelopment of high speed electronic com- -

pu'blng and equlpment have increased the importance of analy‘t cal methods ,

in preclswn photogra.nunetry.

The analytlcal treatment of orientation and calibra.tion of a pho
grammstric camera is discussed from the point of view of the gecxnetrical
configuration as well as the least squares adjustmeni. The solution can
be applied to msasuring methods in both ground and aerial photogrammetry.
The projective pelation between two plares is interpreted as a special
case of the genstal problem, which des:is with the relation between the
plans of the plate and the Spatlally a,rcanged ob;je-ctsa

] '

The solutlon is suitable for el t-ctron:_c comput:.ng dev:.ces a.nd is
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The ¢tercosconic cvaluntion of palrs of photographs using universal
precision plotting instruments hag become an established technique. These
nodern photogrammetric methods have Dy far their widest application in
gecdetic work, namely, in the trdangurlation of control points and in the
compilation of topographic maps. Desides, in many sclentific institutes
and rssearch laboratories, photogrammetric methods are in use which would
provide a good approach to many different measuring problems, The re-
markable advance in the development .of powerful pracision surveying lenses

with relatively wide angle of view and the introduction of interchangeable

: glasq plates of highest quality of flatness and emrlaion have made the

modern pho*oprammetric camera with its extreme inner stability another

“to0l for precision measurements., The increasing use of 1arge scale photo-
‘graphs by alrborne cameras for prec*310n ;urveylng and similar app]ncatlon
of such cameras on the ground and in the air for precision measurements in

non-topographic fields havemade it necessary to study the problem of ori=~
entation cf a photbgrammetrlc caners, and the propagation of residual
errors of:the process of oriéntation. The error theory of ‘stereo=photo= *

””'grammetry has already been-discussed by, qeveral authors [e.g. (5), (13)]

and valuable de+111ed int'ormation on the uubject has. been published
fe.g. (1), (2), (3)]¥ However, these studies' ars limited almost ex-
clusively to the problem of determining the exterior orientation of two
approximately vertical photographs by means of 'a universal plotting

instrument. This specialization is comsistent with the 1mportancp of -

this problem in the field of topographid photog: rammetry ., However, thers’
is an indication that jn the future theoretical photogrammetry must treat

" its problem:nct only in commection with cevtaxn'types of evaluation ma-
" chinery, but must contimnue analytical treatment where in the late twenties

the optical mechanical reduction methods took over., At that time the
numerlcal evaluation seemed too laborious to be considered for practigal
purposes., Today the development .of an economical numerical solution of
certaln photogrammetric problems appears- to be within reach with electronic
computlng devices. ‘ .

The contlnuously inureasing precision in the elements of photo- ,
grametric cameras has made the camera the most precise component in the

- chain of steps leading from the photograph to the coordinate determina~

. tion. Consequently, evaluation instrumentation must enable us to measure

the plate coordinates 'of certain points « either for the purpose of ori-
entation or final coordinat: determination - with corresponding high
accuracy. It is well known that the monocular or stersoscopic comparator
designed according tc. Abbe's comparator principle, and used with pre=
¢ision prid platcs for callbratnon, is an adequate plate reading device to
meet precision‘requirements, Howevar, the use of such an instrument calls
for computation,of the desired results from the measured plate coordinates
by rather aomnley formulas and at high speed., In additien to the re-
qulred antomatic high speed compuber an auvtomatic comparator reading de-
vice, leading to an automatic computer input and an afstomatic date out-
pul, is required. In view of the possible devolopmenL of small electronlc
computers togebher with other electronic recording deyices, these require»
ments may possibly be met at a cogt comparable to that of present day

#’Bibliography at end of paper,
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univorsal plu ting machinese It 18 wilth these thoughts in wmind thaL the
enuly blcal detormination of the orientation of a photogrummetric camera i
treated in detail, alnce this step is the common basis for all photo-
grammatric measuang methods. In addition to the use of indspendent photo-
-graphs for special problems, the storeoscopic method may be considered as
a combination of two independent cameras, The geumetrical conditions ag
they exist between thie two bundles of projective rays can be introduced
analytically, by adding such condition -eqations in bhe process of ths .
analytical reduction:as are given by the functions expressing the relative
orientation. - Such an approach seems to be useful for analytical treat-
ment and shows again the importance of the basic problem, namely, the
; drmentatlon/of the Lnd¢v1dua1 photogrammetric. c&nefa.
/
o * THE Fﬂomcmmmmm PROBLEM

a i :

In general, The ﬁnrpose of photogrammetry may be def:ned as; the de-
termination of spat;al coordinates of objects recorded on several phota-
graphs taken from dlfferent points, Consequently, we have the problems
of the geometric conditions whichl exist for each individual photogram-
metric camera as well as the geomatrlc ~3lations between such cameras,.

' The projective geometrlcal conditlpns existing between pairs and triplets

. of photographs taken from different points are the fundamental relations

" for ths process of triangnlation. The nature of this triangulation step
is the distinguishing factor in.photogrammetric measuring methods, The

- division is made according to the mamner in which the individual photo=
- graphs are being combined in order to *iangulaté the single points of
the models An error theory concerning the final errors of the coordinates
to be determined, or, in other words, the determ:natlon of model deforma-
tions, will be affocted by the selected method, The manner of error pro=-

- ‘pagation in the trlangulatlon procedure deperds upon yhether ‘the frianb1n
lation is performed by intersection or: sterpo-photogrammetny. It is also
dependent upén whether the raw material is obtained by ground or,alrborne

. instrumentation. Finally, it is necessary to distingunish betwepﬁ a

~ ‘numerical and an optical-mechanical reduction. In case of the latter, the
design characteristics of the evaluation instrument and the sequence of
operations during the evaluation procedure will influence the error pro-
pagatloa. -Consequently; - the individual trianpulation method applied to the

ﬁ' ' same raw material may lead to\dnfferent results’ depending on the reduction

method used.

. However different the ‘theories of the triangulation procedures w1th1n
the different fields of photogrammetry may appesar, it is evident that all
methods are based on the same raw material, namely, photogruphic records
obtained from photogrammetrLc cameras. It seems Jjustified, therefore, to
deflne as the fundapentgl procedure for all pho vogrammetric problems, the
orientation of photographs in such a way that each individual photograph .

~will have the same orxenLatlon in space which it had during the moment of
-exposures In this connection, it is immaterial whether the orientation
of the photogrammetric camera is obtained from relative or absolute con-
trol points or by circle readings’ or other inctrumental auxiljsries, It
is further invinn Jcant which aeomeiwlcpT reduction procedurs i3 being
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applied for the ordentation and triangulation procedures. The actual
photogranmetric problem is basically the same as any OthT‘ measuring
problem: +that is, chiefly a priblem of precision measurement in addition
to one of exact mathematics. Independent of the triangulation method and
evaluation procedurs, the fundamental photogrammetric problem originates
from the fact that during the reduction procedure the ideal orientation

. of the individual camera can only be approximated. The final coordinate
 determination will, therefore, be affected by the propagation of the indi-
- widual camera errors of the interior and extericr orientation during. the

process of triangulation, in addition to the residual errors of the plaic
measurements of  the image po:mt under consideration. :

In the following chapters a study is made of the orientation problem 1

of an individual photogrammstric camera and the influence of the differ-

~ential changes in the elements of orientation, Both the elements of in-
terior and exterior orlentation are considered and formulas are derived =~

which deal with the different possibilities of orienting the axes of a
photogramnetric camera with respeot to a.given. coordina.te sysﬁ,em.

THE ORIENTATION OF A PHOTOGRAI\‘MF'TRIC CAMERAl

(1) The principle of mathematical. pe;‘:,paquive.

f}'

{ f The projective rulation between two planes is expressed by the
fractlonal linear equations: [ e.g.

where = . e . ! i

W . . 3
\‘ .

X; Y denote ’qhe Gar’casian coordinates in one plane

x, y 'bhe corr'espondlm' coordn.nates in the other plane
i . !\
7 In cquations (l) no pr'eferent,e is expressed for either of the
’qfw planes under ‘consideration. Consequently, there must exist a senond
ir of formulas which express the renrersed .,olutio-x of formulas (1),

/J

‘\ Ths physical photogrmnmet.rlc camera is idealized by asc’umﬁ ng bundles of
4 rays to be free of distortion and t.he image Pl ane, tobe opuically flat
. without emulsion shrinkage. ‘ ‘

!
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'3 “where

IR L a1b2 - adby A= ab, - agby

The complete symmstry and mversibi 11ty of the coefficients is the
" direct consequence of 'bho reversmuity of "che two central perspectives

o involvad .

| " kK ’ ) _ o . c R4
} R - 2. — R o e ,
Loy ¥ P Tham has® made ‘some aﬁplicatz.on of the reversib ity* of 2 central

. , persper't:we in ?'is Papa?f‘ (12)°

w b N
' Obl al (3)
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and the reversed relations: : \’\

On the other hand tho rslations bet twaer. the coordinates Z,. Y and Xs Vs
raspactively, can be expressed by the f‘ollowlng funections:

X = fl ('—‘53 Y: ‘(x), K: Vs XO: ¥O’ ps y ’ c) .

=1, (% 7, (), X, v, x, Yo B, Xy Ty )
or o | )
' “_X - f3 %, ¥, «, 9 o “O’ : H, xp: D’ c)
: C )

K w & x, ¥, (0), K, v, kko’ ¥ 5 & X \\ c)

¥ = 8 | (X:, Y, (K)s. ;-l’ s Vs xo’ Yo’ H, Yp" ) ‘ V o ‘é};
. ) P& ) K
E ‘ . r/ .\ . ! C
7 . s)
QI.‘ ‘ . /J TR - ‘ ‘ (, 7
IX = g3 (x, Y9‘ Ky ay @, XtPs YO’ H, ;Cp’ c)

“:gh (X, T, &, @ 0 X, Y, H,"i,c)"

o’ P

In formulas (L) and (5) we denote (beﬁ Fﬁgures 1 and 2): !/’f

x,Y the Cartesian coordinates in the plane at he:.gh‘b Z3 +»Y is turned
clc»ckw:.se for 90° into #X as seen from the center ofn pro,jecuonfo.

Xy 'bhe corresponding coerdinates in the other plans { N«sgative or
iapositivs), as. seen from the center of projectlon, in the .
_Neg tive. +‘z is turned clockwise for 90¢ inbe’ +%3 and 1n “the Dls,as i
poslt:.ve + is turned counterclockwise for 900 :Lnto +x. :
J . : .
(x) swing angle of the arbltrarilv or:.ented x, ¥y - system against
the direction of maximum ’c:.lt in thé X, ¥ = plane . 5

K suing angle of the arbitrar&ly orientud £ Y - sy.atcw agalx.st
© " the direction of maximum tilt in the X, Y - plehe" (pf:l.mary
rotation) ' ,

TS Sy, h
5

v tiie angle be’oween the two pla.nes \secomary rotawom
Ca tilt a,ngle component in the (%) , (z2)=plane (primary rotation)

® . tilt angle "tmxponent in the (1), R (Z)wpla.ne tilted for e
- (secondary rotatlon)

Kk swing angle of the arbitrarlly' oriﬂnted X, y - system_against the
11 ne of intersechion of the «, & - plane with the X, y~plane

11
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X5 Y, H relate the center of projection to the X, Y-plane at hoight Z
-JEP, _}—rp, ¢ relate the denter of projection to the X, y-plane
i@t A ‘ ‘

% and yp are the coordmat.es of the pm.nc:Lpal point P~ ¢ denotes the

P

\xprlncmpal dlstance - or so called- ‘camera constant X , ¥ and ¢ are re=

ferred to as the elemen‘t.s of the interior ora.entatlon.
met.prs denots t.ha e]sments of the exterior orientation.

‘The othér para=-

. A comparlson of the i‘ormulas (1) snd (2) with the correspondlng
forxﬂulas (4) and (S) shows that we have nine unknowns in the latter gnes,
namg¢ly - L L . ; .

' C
=W
. ."

or S
y e, o, /C ’ XQ: Yoi;Ha xp: Y. ;
S | i

and in the former ones only elght unknowns, dPnoted by the coefflclents,
a s al, az, 0{ bl’ bz, = a.nd ¢,

1 1 Rl

P 1 i B
ao, ais a2, bo’ bl’ whe, Cy. and c2

e Cons;quently, the relations expre~;sed by formulas (1) and (2) do not
give a unn.que solution but there are - possibilities to bring the two
planes in progectlve relation, This fact has its geometrical explanatlon
in the sét concerning the rotation ¢f the center of colllneatmn (13) page:
259] Figure 3 shows this prJ.nc:Lple as it pertalns to our case,
to establish a unique relation between the two planes; additional infor=
mation is heeded. v. Gruber in (5} states that the unlque solution can
only be obtained if one of the elements of the interior.orientation is
given, In view of the reversibility of thi problem under consideration,
this statement can obv:l.oualy be. enlargad ih as much as any one of the
linear parame ters X o yﬁ' e, X o Y H is suff?:.clent to make the soluLJ on
unique. In addition the m.lt. mgle v is c:ui‘ ficlent to f£ix the mutual’
situation of the two plan\a " From Figure!3 we see that the axis of ro-
tation ( (A) and consequently, the direction of maximum $11tin both planes
is the same for all el po.:s:.ble solutionsd,
and K s which are defined as the swing angles of the arbltrarlly oriented

"X, y-and X, ¥ -~ systems against the direction of maximum.tilt in- the
» corres pondlng planes, must be constant for all oe™ .pogsible solutlons and,

therefore, must be funct:.ons of the copii:.c:.enbs only. v. CGrubér in (5)
gives the formula tan (<) = a /b which leads, with our notations and
formulas (3), to

gl Ht! thHt
a5 bo - aobz

a
) ‘Cot Qe) = ﬁg = . : ; (6)
‘ ° 2 bl

o 1
aqb,

In arder

Consequently, the angles (k)




;‘E
and, as shown by P. Tham in {12}, using the principle of revarsibilﬁ ty, to
. 1 . a’ _ L !
. . a 8D - - Ny
S ‘ 7 cot K = o » a2bo ~ -952' Y (M
R B i . bo ol "1lo [
! (i, ’ ' "( u{ " -‘ ) :
o - In addition we derive from Figure 1 thie following formulas expressing
the relation between the components of rotatiom _

. i
Yy sinw-ssinvsi.nK
1} b »«. ’ W j .
“tan @ -- tan v cos K o : _ )
) // NN

i
sinA/k = sin acosec v or .cotdx = cos v tanK =sinwcotd -
where (x) -Ku'- Ax- 90° _ U |

% and " cos v = cos g cos

R tdnl§ = tan ® cosec & ) . / ' . (3’ N
Formulas {8) combined with formulas (6} and (7) show that instead of )
the tilt angls v any one of the rotational: components a, ® or x similarly T

» will be sufficient to determine a unique position of the two planed. It -
i is now obvipus that in case any one of the following variable parameters oo

a, 0, K, v, xp, y s € Xyy T, H 18 given the rema:lning parameters of.

‘ .. the solution can be expressed a3 funct.ions of the given parampter and the
M S eight coefficients,” ; .

In photogrametr ic problems the camera constant denoted by ¢, wovild
' be. the parameter mosti likely 4o be given or at least obtainable by an Ln-
R I clependent camera, calibration, , . : H

, Halonen has git(en in (F) two formulas which express, for the ‘case

) that ¢ is given, the H coordinate and the v angle as functions of ¢ and’

; " the cosfficients. Using once more the principle of reversibility and .
P S formulas, (3), we obtain from Halonen's *‘ormulas the modified and generalized
' o ; ;reiationa: ‘ -

e R L

» \\\ | ',.+b'2 3/2

\a, +b - v !




‘  and
a;2+b'2‘ 2¢Ab2
! i sinve ET - (11)
i y A 8.2’;/b2  Eeow
‘ o 0 o . ‘ ‘=
; wfxereﬂu_A‘ and A' agaln have the me"aui_ng as used in‘i’ormulés (3). _file ree=
' *  maining four unkrown parameisrs are the coordinates of the center of pro- N\
; .- Jectlon projeciod into the X, ¥ = plane and into the X, ¥ - plane, derioted
P . - by X ,Y and x , ¥y, respectively. : : 4
: 70 "o P’ “p ‘ 1
: Frdm Figure 1 we read
N . , v )
E X, =X, -Htanycos K AT ST ‘,
| and agaln from Figure 1 or by using the principle of reversibiifty = .. .
{ . i . s b 4 v‘r" L . ] s . ‘h
‘ " - i . ‘*“‘ - ,. s ~ neo - bt 5 v V . “‘y ‘ T Nk - }
:' . y "j”""l]" ) _.,’u,,:f v i BT 5 ‘:. ' . » . . (13),1’ ) . ” ‘ ) //
‘ o ) ‘}, o o yp - ,yi -C ta.n '5 §_n (x) _ ‘ o Q&'",/ “ . DA ) Am,,/ _
st : In formilas (12) and (13} X;, ¥, and ¥, ¥, denote the coordinates of the :
- is%;centérs I* and I in the X, Y-plane and in the X, y-plane, vr}éépécﬁivilyg
. As'may be seen from Figurs 3 the isocenters remain constant for all e
X pedsible arrangements and, consequently, the coordinates of thsse points

are functions of the coefficients only. v. Gruber in (5) gives Zor X, , Y,
‘expressions which are in our notation . R 0 -

| 85(8) *# by) = b (ay = ) - 85(2p - by) # bfayw b)) -
o R i — 7% - 3 “

+ b +
B B.O bO aq \ bO

, L,
and, consequently, the reversed relations are (ih)

5 : R LR SR T ' ot

i

|wt(~| ! I

d4,(a; ¢ by) = b (ay = b)) A el UL L A . I
!

i‘ - . y. =
i’ 1 Kk + b'z i 5;2 + b'°2

~ Applying formulas (3) to (1L}, we obtain from (12) and (13) after suitalle
~ firansformations and using again the principle of reversibility:
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(13)

LY

+ B

;axl

4 (16)

By means of the derlved Lomulas all element,s of orlentatlon may now be
K are obtained from formulas' (6) and (7), H
from formula (9), v from formula (11), its rotational components a, o,

determined, namely (&) and.

K from formilas (8) and’the rema inin

g parameters XO Y,
i‘ormulas (15) and (16).

nd. fr
a yb om

t o :
that the prescrLbed anproach glve"

‘a-method of maximum accuracy for the determination. of the elcmenta of ori=-
Not only are the

formulas correct ouly for the mutual situation of two planes, but they will

Desplte the claim of some authors-

entation, these formulas have a serious limitation.

Wy

fail in the case that the tilt angls v becomes zero or 1800.

In practical

is the’ ..'mfft important one for aerial

, however,’ this
Moreover, it occurs in. spec1al ‘cases of ground phot
Even ithough in such cases v ¥ () di‘ 160°,

pnu uugl e b y

problems.
the tilt 4

ogrametry
l'zgle may

apprmch these vdlues, so that. the numerlcay computatlons with the above

derlved formulas become unrellahle.

To study th:Ls problam further we will fu'ub express the coe Ificignts.
Omitting the demvatlon“

we obtain from formulas (L5); to
and (2} , for the case of two o

as functions of the elements of orientation.
iven 'in the next chapter of this paper
, h8) bJ‘ comparison with the formulas (1)

(a) for the unprimedvalue.js:

= cos(k)tan v_ . tan @ sin £ + tan a

sec o' cos K

- ~tan w cos K+ tdn o sec @ sinA

su‘i ($)tan v

. 4 ) X' |
(=cos(k)cos K + SJ.n(K‘)s:Ln I\S@b v o+ 'Z‘T cos (Ic)t'm v)

an




-—'7!!

L gan : ’ . X :
bl; .._D...?_ (-sin{k)cos K - cos(k)sinKaec v + f-z-_-.%“sin(x) tan v)

(™ [-cos X tan o tén ¢ - sin /£ sec o
Lox :
» _ , : "+ T (-cosxtanw+sinmtanasec co)] 3
) ‘ o i
J A% y :
O W e X ‘
/f cl 3)) [o(tan v cos K + -z-:z-;) ;
i . _ z R
+x_ (cos(k)cos X = sin(/c) sin Kséc v, - Z-_-_-g— coa(/)tan v)
| P
5 !
# y (s n(A:)cos K + cos(/c)sin K sec.y - Z"Z" sin(x)tan v)]
Z--Z : X * -
= -5— c(tan a + W) 3
: xp[—sm Ic‘tan a tan @ + cos /C sec @ = Z—-—(sin & tan ‘o + cos /c tan a. sac uﬂ
z D _ o o "
:, : X
1 . +y cosfc'bancttano)-'-<1ni€secm-,2—7-(-cos/ctanm+sinxtanasecw)-]}
’ ‘2z, / Y S Y
a, = (-cos(!c)sin K - sin{x)cos Kfisec v+ 2—-- cos(k)tan v}
gy ' ‘ (17) cont.
B 0 [ . 0 ) ‘. \ v
j , ® —pee= [ =5iN A S€C G + p— (s.m A, tan o + cos X tan c sec m)] ‘
| ; i) ‘ 7T, % o ‘
| b. = 2o (=sin(k)sin K + cos(k) cos K sec v + Lo n(/c)ta ) o ‘
: i<z, X, '
o -5 [cos #K sec a + Z"Z' (-cos £ tan w + sin &£ tan a see u))] R &
‘ ' C n-z L Y . f < ' i " 4 //
! & oy oy y
- | 02 T [u(taﬁ v Siﬂ K +- Z_-_z-(; ) ;{/
‘ S Y ' 4
+ (corr(main K + -ain(lc)cos K sec v o cos(k)tan v) !
% ' I
L , | ‘1.'0 :
: + \v? (s:_n(.4):ain K « cos(s)cos & sec v - 2-:2; sin(/c) tan v)]
A | 17
Wm@@_@g;‘#@wzmmm uia ___._‘_._.“.‘ f‘___"‘f‘!g;;: Eiop ey —L"” == = )*AAWE‘*‘M?“@;%‘Q
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where ‘

Z=Z {
o 0
¢ =UD:J] c(-hanmsecﬂ-r:——/—-)
L

4L=L

r . (17) cont.
+ _'; Lsi‘: K gec a = Z_go (sin X tan @ + cos k tan qiﬁ,se“c w)]

e i
H : "
. -L
+ y [ -cos K sec a - r-T- (-cos k£ tan o + sin fctan a séc m)l}

]
: o

D v’.. ¢ - tan v {A cos‘ (k) +- yp s:Ln(K;)]

‘=c - :'Epv ( tan o singk + tan.a sec.® cos K ).
TR A ‘

+~§p ( tan o cos K - ’c.an‘ a sec @ sin & )

and (b) flor the \iariqu values:
.t _cosKtanv  tana

A" oY Padies % A _ G,

o
L sm X tan v _ tan o sec o
o Dy, By

. | : U
a;_ =57 (-cos K cos(k) + sin¥ sin(k)sec v + -£- cos K tan v) o
. o : g x (18)
= 57 (-sec ® cos # + tan a *ban w sin__;c::+ -E, tan a) .
b]'_ = g—,- (-cos K sin(/C)sec v «gin K cos(/c) + -P- sin K tan v)
- g-, l(-sec a sin /C + -g- an ® sec a) .
[X (cos K co.,(x) « gin K sin(x) sec v - -P—- cos K tan v)

el
LJ—
: \:)la

+ Y (sm 'S vos(x) + cos K sin(/c)sec v s Rsink tan v)

o‘_dHl

s (Ze-'7 )(“r,an v cog(k) + fP_ )]

i

18
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‘ X,
! = 2 r 4 S i - & -—P—
¢l = L}‘o("ec ® cos K = tan a-ta.n w sin K < tan a)

' X
+ Yo(sec asin K = -% tan ® sec a)

+ (Z-ZO)(tan a sec w cos £ + tan o sin & + —E—)]

aj = —g—, (-sin K cos{ k)sec v - cos K sin(x) +-—cB os\K tan v)
o R/
= (-tanatancocosx-seccosmx-!-.g tan a)
b} = %, (cos K cos(k) sec v - sinK sin(k) + -‘E sin K tan v)
o y
=5, (sec a cosx + -g tan o sec c) ' (18)cont.
v ,
¢y = & [Xo(cos K sin(x) + sin K cos(x)sec v - -£ cos K tan v)

+ Yo(-cos K cos(k)sec v + sixiK sin(x) - Y% sin K tan v)

+ (Z-Zo)(tan v sin(x) + f%):]

c Y.
= Xo(tanatancocosx+secoasinx-—%ta.na)

. 7.
+ Yo(-sec acos K = -E tan o sec a)

. 7.
+ (Z-Zo)(-tan ®Ccos K + tan a sec ® sink + -E)

where

D' = (2-2) -Xota.nvcosK -Yota.nvsinK
(zszo) -X, tan a -Y tan 0 sec a

For v approaching zero or 180°, or in other words, a approaching zero
or 180° and « approaching zero, we see that a, s b o? a. and b' aprroach

zZero. Fomulas (6) and (7) render undetemined expressions for (x) and K

’oi‘ the .form '0" which is obviously explained by the fact that for v = zero

19
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or 180° there is no longer a defined direction of maximum tilt and, conse~
quently, the swing angles (k) and K become meaningless. In the same way
the formulas (9), (10), (11), (15) and (16) fail to give a determinate
answer. -These facts lead to two conclusions. .

First, it is necessary to present the orientation problem in such a
way that the parameters involved can be so arranged that for the majority
of practical cases they maintain their significance independent of the
geometrical configuration. OSuch an approach will not only help to simplify
the problem but must be considered as necessary for a general analytical
solution. We satisfy this requirement by relating the orientation problem
toc such rotations as expressed by the a, o, k -system. The relations to
the v, K, (k) -system, if desired, ae given by formulas (8), geometrical
conditions permitting. Problems of aerial photogrammetry and special
problems of ground photogrammetry (for instance, trajectory measurements
where the optical axes are within a tilt v from 0° to about 45°) can
always be expressed in the &¢; w -system. There are a few cases of ground
photogrammetry so characterized that for tilt angles v close to 50° the
optical axis may point close to the direction of % Y-axis ( K~ 90° of 2?O°).
In such cases a becomes ambiguous. This difficulty, however, can easily
be eliminated by first rotating the original XYZ-system $0° or 270° about
the Z-axis.

Second, we express the orientation elements as such functions of ¢ and
the coefficients that the formulas do not render undetermined values in

case a_, b, al and b} become zero. From formulas (17) and (18) in con-

nection with formulas (3), the fdllowing expressions may be obtained:

2.2 - -
¢°B (a.ga:L + bobl) + B(a.lxp + blyp + cl)

X = . :
° © ¢“B°(a + b°) + 1 . (19)
[o] Q
2.2 - - ..
. c“B (aoa.2 + bob2) + B(azxp + bzyp + \.2)
*o 7 2202 4 12y +
c“B (ao + bo) 1

where

B~ e

1+ aoxp + boyp

_ #¥(alal + biby) + BI(afX + BIT_+ cl)
and X = 555

lJ 4

. W1l )
HBj\a:) fh$)+1 (20)

H2B'2(g<';aé + biby) + B'(apX + bAY + cy )

y, = — r——
P HB'2(ar2+ 01%) + 1

20




where
B' = T EIY
00 o0
Furthoar: ﬁ
3\ 1/4 ‘
A
H = c/ BB> . (21)
\:’x' B!
and
/s =13\1/h
c -H_L_%._ (22)
AB
where

A = (alb2 -'ang(aibé - aébi) = (l+a°ci+bocé) = (1 + aley + bécz)

tan a = alHB' N 1o (23)
o -
tan‘w = blHB! cos a = b} [:(B'H)z +al ] (2L)
aY -a
00 2
tan K = —— (25)
by = DY,

For X_, Y, and ii, iﬁ’ respectively, formulas (15) and (16) cannot be
changed simply because for a = 0° or 180° and @ = 09, nct only a , b, al
and bé become zero, but a, = by, ai = bj and bl = a,, bi = aj. Hence,

there are only four independent quantities in formulas (1) and (2), i.e.
the solution is e 3 undetermined, Obviously, therefore, the center of
projection may have any spatial position. For c given, H is determnined

‘as may be seen from formula (21) since B and B! become 1. Formulas (19)

and (20) show that in such a case two further linear parameters must be

given, e.g, xp and ¥, in order to fix the position of the center of pro-
jection in space. This fact must be given serious consideration in the

computation of the spatial resection problem from vertical photographs .
The computed elements of orientation will have physical significance only
if the elements of the interior orientation, denoted by c, ET and §b, are
indevendently determined from a camera calibration. Hence, in such cases
we deal with six degrees of freedom only. Consequently, the relations
expressed in:formulas (1) and (2) are not independent. Two condition
equations must exist between the coefficients. The same problem exists in

21
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the case of ground photdgraxmnet!vh where the position of the center of
projection xo, Io, Zo is usually independently determined by geodetic

measurements in the system of the control points. Hence, again only six
degrees of freedom remain, Again the relations expressed in formulas (1)
and (2) are not independent. The condition equations for the unprimed
vaiues are: :

350 * 24P + 25 = O

. ) (26)
2 2 2 2 2 2 _ . _
¥, * 3y +a -b,-by=by =0
ard foi‘ the primed values:
ajaf + biof + efof = 0
(27)

N T g

These condition equations must be included in any analytical solution,
either unique with three points or overdetermined with n-points (n > 3).
The unknown parameters may be.expressed from formulas (19§ - (25). In the
case of ground photogrammetry we may arrange the reference coordinate
gystem so that X, = Y '= 0 and H =1, Thus we obtain the following rela- .
tions:

e | ({7 ] t
_aga] + by +of

: . (28)
P ac'?*- b(')2 +1
a! ' +b'%! + ¢! ' ‘
ip 032;2 O‘S 2 (29)
a, -bbo + 1
_ V!
e - a2 o 05 |
¢ = —= ‘ '
(@b, = 3,52)
__ a129 421! -y (30)
(oo - e 8 + b7 ] |
._ I+ ao¢+ bocé)
\ti':aaa; e : . '(3;-)
tan o = b;(a:f + 1)"1/2 (32)

L Compare (1),

22
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Formulas (28) to (33) are especially suitable for the calibration of
a photogrammejtr:l.c camersa e.ge. by means of star photographs. - :

tan« = (33)

(2) The principle of mathematicel projection.

The limitations of the treatment as given to the orientation
problem of a rhotogrammetric camera in the preceding paragraphs are ob-
vious. The assumption that the problem is concerned with the mutual .
situation of two planes is in general justified only in special cases of
non~topographic photogrammetry, e.ge an ideal case is present when stars
are taken as control points. The solution with plate constants is quite
attractive for the analytical approach. However, such a solution loses
much of its usefulness if, as generally in ground and 2erial photogrammetric
problems, the existing condition equations must be introduced. It becomes
almost worthless if additional parameters of the solution are given, e.g. from
instrumental readings in the form of dial or level settings. Further, it
will be shown that the analytical orientation by a rigorous least squares )
adjustment i3 by no means more camplicated if the elements of orientation
are used as unknowns instead of the plate constants. On the contrary, the
solution loses its complexity and offers the possibility to canpute in the
most econamical way, by allowing the reduction of the number of unknown
parameters by simply setting the corrections A for the given parameters
to zero. The computation of approximate values for the unknowns of the
solution is simpler if quantities are used for the unknowns which have
easily defined physical meanings and which may become directly available
fram instrument readings or calibration procedures, For a rigorous least
squares adjustment,approximate values become necessary in both- solutions
(plate constants or orientation elements) because the observational -
equations are always -non~line=r, Considering the genera) case,we must re-
member that the determination of all nine unknowns cannot be made if the .
control points are located in a plane, regardless of the number of such
points available for the solution. In general, we:.may say that the bundle
of rays which is being reconstructed by an analytical or geometrical .
process will only be close to the original bundle within the limits of the
space defined by the control points used in the reconstruction., In case
we intend to compute the actual physical orientation elements of the . -
camera,we must either determine at least one of the nine mentioned para-

; meters independently with sufficient accuracy or else the ccatrol points
“must be sufficiently spread in all three coordinates. '

We introduce now a spatial rectangular Cartesian coordinate -
system - (X), (¥), (2)=in such a way that its origin is the center of -
projection and its orientation is consistent with an arbitrarily chosen:
XY2-system. Further, we consider the interior and exterior orientation’
of a photograph simultaneously, that is, we consider the photograph in
-its spatial position. Consequently, the plate coordinate system x, y
will be introduced as another rectangular spatial system with its origin
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, I
also at the center of projection.” The plate is now introduced as a
diapositive. (TFigure 1.) .

0 is the center of projection. Its coordinates are denoted. by Xy Yo
Z,- In 0, we establish two rectangular Cartesian systems. The (X}, (Y),

(Z)-system, denoted as the station system, is expressed by the unit
vectors, i, j, k. In this system, a spatial target point R is determined
by the coordinates (X), (Y), (4). Its image point r is denoted by the
coordinates u, v, w, respectively, The othcr Cartesian system expressed by

the unit vectors Q, ﬁ; % denotes the camera system. Its orientation,
relative to the station system, is expressed by three elements of exterior
orientation denoted by two position angles and by the swing angle of the
fiducial mark system (i,y). The two position angles are Kand vora

and o, depending on the arrangement of the rotation axes. The corresponding
swing angles are denoted by () and k respectively. (Compare Figure 1 and
2). The length of the plate perpendicular - the principal distance or

camera constant-is denoted by c. %, and §b are the coordinates of the

principal point P in any rectangular plane coordinate system established
by fiducial marks and denoted by X and y. X and y are the plane plate
coordinates of the image point r in the oriented Xy-system whose origin
is in the principal point P.

Further, we introduce the image vector T and the object vector -I?,
which are expressed as follows:

Te=du+jvrke=Dx+ly+ & : (3L)

and E = i(X) + j(Y) + k(2)

Formulas (3L) express the entire orientation problem of an individual
photogrammetric camera. For the practical application it is only
necessary to derive expressions which will transform the triplc vectors

. . . s . AA ‘e "

i, j, k into the triple vectors i, jJ, ﬁ, and vice versa. The transforma-
tion matrix which exisits between the two vector triples may re written as

K 4 k
i it i3 ik
. A A .
h] i Ji sk (35)
K i K5 Kk

5. Compare (8).
2l
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The individval transformation
matrices are: “for a rotation inkK, SR
) denoted temporarily by an asterisk o oy . )
T TR B for a rotation dn vetils, -

b .

a i
¥ tE .
) S

5 W

0o
Hy:

S - A A A
i i S kit e i J -k

Vo
s

WLl

+cos K . =sin K.

';+sin"K +cos K

0 (3Ea)}~w V ”

N
: 3
| . \

! k] N O o . : : R ,

| : . e ) : ) IS
{ L e . N

!

L : K4 ok ¢ N
© for a rotation in .a=tilt denoted : ‘ g
temporarily by an asterisk (¥), L

. ’U
«‘\\ o L\ "
hXY H "
w N
- e , N o
i 3 \ o
: \ i
i _ ' !
o W ' i
’ g
A
: -
I A A
A g# oo ke ] J k
1 : -
: i +cos a 0 Aoin @ L /1 0 0 o
N - N G
p S 0 , 1 0 | 0 +c0s @ +sin E
. . 4 - N ' ! ’ 2 ' "
. : B o . - . :
e ; k wsin a 0 . \!-ccps a k¥ | 0 =gin o +cos o
; Y oL ) S o o
i H‘ i " 1
" : i i
P ‘ !, . : i
P S j . i i
1 He . P . W
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The individual trensformation
matrices are: for a rotation inK,
denoted temporarily by an asterisk

(),
i3
j*
i3 j-:z- ki
i +cos A -3in K 0
j +sin X +cos K 0
k 0] 0 1

for a rotation in a=-tilt denoted
temporarily by an asterisk (%),

i% Jo k#
i +cos Q 0 +gin «
3 0 1 0
k "N\~sin a 0 +COs a

25

for a rotation in v=tilt,

A
. k
v
1%
A
i
A A A
i J k
i% +4c0s v O +sin v
j 0 1 0
ke -sinv O +cos v

for a rotation in w-tilt,

R
i 710

h i3 (0 +cos @ +3in @
kst 0 -sin @ +cos &

(36a)

(360)
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The combined transformation
natrices are: in the v,
K - system:

A

A
i k

[

i| frcosK cos v -sinK +cosKsin v

J|{ #+sinK cos v +cosK +sinKsin vy

k

-ginv 0 +COS v

or in the K , v - system:

A .

i = +1 cosKcos v + j sinKcosv -k sin v

A . -
§ =i ginK + jeosK 0

A o

k = +i cos K sin v + j sinKsinvi+k cos v

The reversed relations are:

A

A A
i =+i cosK cosv -3 sinK+ k cosKsin v

i A N
j= +i sinK cos v + § cosK+ k sinKsin v

A A
k=<1 sinyv 0 <+ kcosvy

With formulas (34), we obtain, in the

K, v - system:

in the a, ® - system:

A
3 .k

>

|

-gina sinw +sina cos w

+C0S +5in o

€

o8 a sinw +cos a cos w

~

inthea,co-éystan:
A .
i=4#4 cosa 0 -k sina
A
J=-1sinasina+ jcosw-kcosa sinow
A
k=+l sinacosw+ ) sinheo+ k cosa cosw
(37)

A A A

iw+icosa-)sina sinw+ k sina cos w

A A
J= 0 + jJcosw +k sin o

A A A
knd sina - jcosa sinw+k cosa cosw

A . T .
ix =+ ix cosK cos v + jx sinKcos v = kx sin v

by -

A
ke

e
"
"

+

iy sin K + jy cosh

0

ic cosh sinv + jc sinKsinv ¢+ kc cos v

system:
ix cos a 0 =-kxsinea
iysinaai.nm+jycosco-kyéosasinco’ . S

ic sina cos @ + jc sin o + ke cos a cos @
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Consequently, we have
———

r = i(x cosKcos \ - y sinK+ ¢ cosK sin v)

i +3(x sinKcos v + y cosK + ¢ sinK sin v + k(-x sin v + ¢ cos v)
(38)

or
—l .- .
T =i(xcosa-ysiar sin o+ c sina cos w) + J(y cos o + ¢ sin )

+k(-x sina - ycos a sin w + ¢ ¢o5 & €05 )
Again from formula (3L)
for the K, v - system:
A A
iu = +iu cosKcos v - ju sinK +ll\cu cosK sin v
A A A
jv = +iv sinKcos v + Jjv cosK + kv sinK sin v
A
kw

A
kw= -iw sin v 0 + kw cos v

and for the o, w - system:
A A \
iu = +iu cos a - ju sin ¢ sinmo-’kusina cos o
. A A
jv = 0 + jvcosaw + kv sino
A A A
¥w = «iw sina - jw cos a sin w + kw cos a cosS w -
or
—_— A A
T = 1i(u cosKcos v + v sinKcos v - w sin v} + j(-u sinK+ v cosK )
+ P(u cosKsin v + v sinKsin v + w cos v)
or 4 . (29)
—_— N A
r=i(ucosa -wsina) + j(~usinc sinw+ vcosw ~-Wcosa ain )
A .

+# k(usina COS © + V Sin o + W CO3 a CO8 )

Consequently, again with formlas (34) from formulas (38) and (39) in the
K ) V - SyStem'

u=xcosKcos v -y sinK+ ¢ cosK sinv
v = x sinK'cos v + y cosK+ ¢ sinK sin v (40)

-

wem-x S8inv+eccosy
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a, w - system:

nW=xcos@-ysinasinw+c sinacosw®
veycosw+csinw (40) cont.
W= -xsing -y cos g 8inw ¥ ¢ cos @ co3 &

or correspondingly in the K , v = sysiem:
x = +u cosK cosv + v sinK cos v - wsinv
v = -u sinK + v cosK
c=+ucosK sinv + v sinK sinv + wcos v
and in the a, © - system: , _ (L1)
x=+ucos a=~wsing
y = -usinasinm+vcosm-wcosasinw
c =t sin @ cos @ + v sin @ + w c0S & COS
’ —
The coordinates (X) and (Y) for any point along the vector R for a certain
elevation (2) are:

(X) = g (2) (1) = 5 (2)

With formulas (LO) we obtain:

(X) = (2) (x cos X cos v=y sinK + ¢ cos K sin v)
' ~X S1n ¥V + C COS V¥

(2) (xcosa-ysinasinoa+cs:'macosw)
X Sin G - y C0S ¢ sin w + ¢ cos G cos @

(¥) = £2) (x sinKcos v + y cosK + ¢ sinK sinv) (L2)
- X s1n v + ¢ coS V _
- (2) (yecos w+c sin @)
X 5in G - y COS & SIn @ * ¢ cos & Co3 &
——

Further, the object vector R may be expressed by

— -

R = ur and consequently (X) = pu
' () = uv -~ (L3)
() = ww where @ is 2 scale factor
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FrOmFigurelwerbtain r k=c¢, ard with R-k s p.r-.k%k and con-
—t

sequently p = ic.l‘., from formulas (34) and (37) we obtain

" (X) cosKsin v + (Y¥) sinK sin v + (Z) cos v
c

- () sin & cos @ + {Y) sin @ + (Z) cos a cos ®
. S -

and from formulas (k1) and (L3) we obtain for the K , v -\system:
o el + (%) cosK cos v+ (¥) sinK cos v = (2) sin v)
(X) cos K sin v + (Y) sinK sin v + (Z2) cos v (Lka)

e ( =(X) sinK + (¥) cosK )
(X) cosK siny ¢ (Y) sinK sin v ¢+ (Z) cos v

y.

and for the a, © '~ system:

¢ ( +(X) cos @ - (2) 8in a)
(X) sin acos w + (Y) sin @ + (2) cos a cos ® {m)

X =

¢( - (X) sin @ sin @ + (Y) cos © - (2Z) coscslinm).
(X) sin e cos @ + (Y) sin @ + (2) cos a cos @

Further, from Figure 1:
(X) =X - X,
M=1-7,
(2) =2 -Zo

for the X , v - system:

x == (F=%) cos () - (F - 7,) sin (x)
Y'-(i-ip)sin(")*'(i-;’p)cos(K) |

for the g, o - system: (klsc)
x---(i-ip) cos x -(i-ip) sin x
ye-(x-x)sinx + (7 -¥,) cosx

29



(§) urt
Joqnan ‘A £q ueay? s® (Q€T) - (e21) sernuaog Sutpuodsaxrod ayj yTM Juswaaxde uy aae (agh) = (esh) semuwaog 3

D ugs _”zﬁmﬁah..b + ¥ mooamx..mv”_ + D 50D Ms uts _m.mooaahsé - .x:.nmhmu?xv”_ + ® 80D o‘w.
{a51) s —3 — —= = X

9 Ma moo_Hz mooimm-m.v - zcﬁmﬁmm..mm - © ufs oW (°z-2)
o D uys _.lvcﬂmﬁmmLmv ...zmooﬁgm-mm + D 00 Ms uygs _M..mooﬁnm..mv - zcﬂnﬁﬁa?mm + @ §0D ow
o{®9") X+ d d VL PPN 3 o =X g
Au §00 —H.xcﬁma £~£) + x8503( meM_ -0 ﬁmms urs _Hz 500( £=£) - wuys( X-X)| * ® 809 ow‘vﬁ 7-Z L
o a nﬁm_.n.?vc,amAgm..mv + Axvmooﬂam&m.v“_ 4+ A 50D D
{agt +* =~ —
gl3sm (3 00 ﬁaxvmooﬁnmlmv - AxvcﬂmnmmeM_ ..M:ﬁmm._‘a £02 Téﬁﬂam-@ + Smooﬁmm&v”_ A ure o@ (°z-2) :
. d o d
a uts| {~ugs( £-£) + (v)s03( X~-X)| # A 500 2
o [ (urs(a-8) + (v)soo("x%)] .

’ mm uys _HA zvmooﬁmw?mv - ?vﬁﬂmw?mv +xmoo,M> 800 _”nzvcﬁmﬁmm..ws + hxvmooﬁmm..mv”_ - A Uys ow.vAomuwv

:suogssaxdxe TEUTT 8Y3 UTe3qo oM (tm) pue (2h) se(nuIoj wWOXY

T'r

R e PR PR S S e 4 a3 s S TR s s

e et i o 3 2§ 0 0 T R A dhamntid
e 2 30 A AR R A R i RT3 O E BT s ety 4T . e s M—
-




(agh)

M S02 D noonomnmv + ™ :ﬂmﬁow..t +®M SO0 D :ﬁmﬁoxnx

Qh + - =
- ¥ UTS D ULS =~ ¥S0O M ULS D S09) Oye7) = (%500 ® 500 oH..N + ( ¥ULS D SOO = SOD O ULS D ULS= %v-1)]o
L )
muMmm:v ® £00 D nouﬁom..mv + O ﬁmﬁo.ﬁ.ﬁ +® €00 D n..nmnom....,u
+ - - " " =
= [( »uis @ uls D 00 + ¥ €00 D UFs)(“7=2) + ( ¥ ULS ® 80D Of-x) - (¥ Uuls ® UIS T UIS + ¥ 502 D S09= %¥-v)|
L« . ( (
(alm) o o o
5 & 500 (Cr=7) + A uTSYUTS(“X~X) + A ULS ) s09(" :-X)
L ow - =
_.n.QxVE.”m a uts)(®7-7) + ((¥)UTS A SO2 YULS - ()50 y 00) (®x=%) + ({¥)uTs & SO0 800 - AxvuoomcﬂmaXOMuHM_o
(=L1) o ¢] o)
I & 500(°7~7) + & UrsyuTS( A=X) + A uts | s0d( ¥-Y)
L+ =
_.r..szmoo f E.nmXoN..Nv + ((>¥)uts /S0 + (»)S0D A SOD H_...S.“mXow..Hv - ((¥)uTs YUuts + (>)soo & 803 ..mmooiﬁoxo...HM_o

1

31

14

R

pue




PP S

THE RIGOROUS LEAST SQUARES ADJUSTMENT

The numerical solution of the orientation problem and, consequently,’
the least squares adjustment for an overdetermined solution may be based
either on the formulas (1) or (2), (45) or (47) and (L6) or- (48). In
order to derive the advantage offered by formulas which are most useful
with respect to the geometrical configuration, we will only consider the
a, ®, K-system, thus eliminating formulas (h5) and (47) from further
consideraticn. ' Furthermore, we must consider the fact that the presence
of more than one observation and, therefore, more than one residual in
a single observation equation calls for the introduction-of additional
weighting factors, a fact which complicates the numerical work consider-
atly. Consequently, formlas (1) and (L6) are less suitable for a
rigorous least squares adjustment when the plate coordinates x and Y are
measured, Hence, formulas (2) anmd (48) seem to be the most suited ex-
pressions for a least squares treatment of the orientation problem.

There is no special need for a numerical solution based on formulas (2)
which express the mutual situation of two planes only and, thus, are but

a special case of the general solution which is expressed by formulas (L48).
However, for the sake of comparison of the numerical work, both solutions
are derived in the following chapters.

(a) 1least Squares adjustment based on coefficients as given in
formulas (2).

The observations of the plate coordinates with reference to a
fiducial mark-system are denoted by { and {', corresponding to the x
and y axes, respectively. The observational (residual) errors of these
observations are denoted by v and v': hence,

X=f+v
Gaf e (L9)
The observation-equatinné are, therefore:
o L
Viax+ oY +1 50)
0
X + bJY + ¢ !
T il R Y
alX + bIY + 1
With approximate values#* for the coefficients, we have:
o =af®+saf  ap=ay e a = a’ +4a}
o . o . (o]
bl =b]" + Ab‘i b) = b} “’Ab_é b! = bl” +Ab! (51)
of =c{®+ Acf cj = c3° + Ac

¥* Aﬁproximate values are always denoted by (o).
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’ e ) i \\,
'and ti]ua oﬁservation éé;uations aret’
: ‘\\\ v(l +oal % 4 bi ,z) = XAa + YAb + Ac',- VXAa' " - fYAb' -Af A
] & v ‘ ' ot . "
l . S :
v'(l * a.'OX + b OY) - ané YAbé £ Acy < f'XAa.' - ;"YAb' -Af'
. L - LK o . i i
_‘n;: - where . b ‘ | h P
L o . ..A[ = 3! X + bt Y + C .- f("_ + a!OX +[b|o Y) L

T W . "l m
Y g . B \-,‘ \3 i

:':AVZ' =a§°x +b°r+c| -[(1 + a' X+b'°Y) o .
\\‘:\‘ s “\i\ .

Both observatlon equatmns have the weight R ' ! ]

I 1/

(1+a'x+b' Y)" )

LD
i //

J-S T

n

[ PP .
b H -

N S The e cbservation equa‘blons 1ead directly to the cqrresporad:mg normal
o i equa‘hions. However, .to reduce the numerical computations it is advisable -
Y g to eli.mina’oe Ac ‘and Aeé by iérming reduced cbservation, equations. g

. ,»\

4

Ly

i

B L et

- vf' ) TJ\aVe- B ; '

2 Ac_i'.:- I_\a' ...Ll Ab Lﬁl;_gau +L£ZJ Ab'+£—g—

S (53)
{ Acé'- -L%(IJ-Aaé -[—Ab' LLJ.A&‘ +LZ—.—.Abl +E—L ‘ !

and the reducod observa'olon equations are:

. . T TE e,
i : . o i i

K '\Q; ' " . |’ = AAa_-". o+ BAb:i + cAai Y DAb' - L
| . " ” “ vith the weight p  (5h)
i _ pv,=AAa "'BAb' +C'Ag,| "'D‘Ab' B :

" I - j ) - . ) " W " ) .
P =1+ ar% + b1 %) co ‘ S |
‘ o - y! o] ‘ i . _ o g ) ‘ 7 ]
' i ' o
4§
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mhra 3 ot e i i e +mmmrt e n

[ Ef‘:”‘.] - [pAB]

_’ . 0--£’K . Eﬁl o N Tar e -'(f'x +.[Z%}_C_1 ‘
- -A[ X L‘%!] - ‘H ,,;L'L =-Af‘ +M #

IR T e} i

-
(]
¥
.
1
::tz =
o
[

it

v=pJP | S AL A .
o W ’ . ., ff/ N iy
These equations %ead finally fo the system of combined necrmal equatidns:“i\
i ) i SO S P

‘bay AbL Aay Abéh pab” apL L

1 2 2 . 4
o] s o] |

[poe_+ pgrel] +[poD + po'D!

" (0D ¢ gp'D7] =[mL 4 L] =0
o] <o

.. hfter the unknowns Aal, Dbi,pda, Dbty Aal and Ab are dgtoermined,
Aunde and Aoy are obtained From rdrmilas (53)% the Residuals’e and p? from g
. formulas (54) and v and v' from fermulas (55) . The £inal cceffiéien%{svare.
computed from formulas (51). Ducing the conputations we have the following . -
checks:  [pAp) * [pAp'] = 0, -[pbp] + [¥Dp') = O, etc. and (vv] '+ [viv] =
(pee] +.(po! p'] = olL.6), The final check is made by means of formulas (2).
The computed x and y values must be in complote agreement with the agdjusted /-
cbsorvations ( f + v) and { £ ' + v'). .If Lhe & = 'values ape large, iteration
" ‘becomes necessary due to the neglected second grdgr terms.

R )

L=y =

The mean error of unit weight of an obsetved plate coordipa,té is
o . ) 4 - -

‘ " ff ’ . - i o i . .
- | “‘_"?\/[v?n': T e

R g ; h
e '

- PCI{* 1’ pC'L‘i - G,

ol o] -0



i

. éxisting condition equatlops (27)
o gdgusbmenu. E ol
- //neglecting 'terms of second and hlgher order we cbfa:.n i‘rom i'oMulas (27)

M

" the square root of the gorrespouding weight coefficient which may be obtained,

The fnllowmfr evpress:.ons are hplpflu for. th:Ls step.

x - 1
| > v ui? - o 22 0\2 . 1222 2 !
8 = \/’Z("l #7547 - off -y )*\/T(°' *bj7=e b3")T + o] ej by "oy H2e 0pby by
o '/’=~ -bjbj - cqep ;o ) :
1 T N a\\' ‘ ‘ . : )
2 - ' W
‘After quitable transformatlons we' obta'm i‘rom formulas (57) }'
- K
Da = atDb) + b Abé + ! ’Ac]'_ + d Ac2 B “?, o -

Aal = .blAbl

AN
B (l

Tne mean errors uf the coe fflclent-s are then computed by multlplylng m by

dumng the reduction of tiue normal equation. - qystem, by applying the indirect i ’ g
solution using, e.g. the method of Cholesky, E. Anderson or H, Wolf. If. later AN
the eledents of orientation: are computed from the final coeffi. cients with - e N
formplas (&) - (11) “and.{19) - {25} and the corresponding mean errors are re- ‘ 3

quired, ib is necessary %o compute each of these.as a mean error of a funct:.on

- F of the 1mknowns. or.-even-as a mc.an error- of a function of. funétions of the” N}g
" unknowns.
4 during the reduction
"7 . dF = columns.

The necesiar'y welght:.ng factors may in such a cgse also be obtained.
proceso-of tl&e -normal equatlons by- carrying adda.t.lonal

. If the élaments of ;nterlor Erlentatlen are givenj as gonorally

in gerial photogrametry, o if the' _center &f projection‘is known, as is in

‘general the case in- ‘giiound. photogrammetrv, there are only six degrees of °

freéedom present and, consaqu-“ntl "in -addition to the formulas (50), the

mu=+ be introduced in the least squarev

By means.of the appromuate values and the Taylo'c serles, '

‘ 1 a al® Aai +xlai Aaé + béc’Ah'l + b'°Ab2 + nl Ac' +.cd A(;é + 11 = 0

d2 1 ,'/ ]
. where A 'O O + b 'bl 0 . . ‘,&'- . i ) S i o o ,1 |
174 2\\ 1 "2 l 2 i L , ! B d
- . g N I L
0 ‘-:')’ , 0, ) & 110 L e1© =
and - ad Aal + bi Abl *+cl Aci ‘ah Da) bé Abé e} Ac2 Z\Z 0
ahh “:'h\ " ( 102' + htdz + |°2 l(‘)2 ', b 02 = 102\ \\‘ f
TERTZNML TR T T “_2 B 2 / : R
. ) \ . /a

For ease of computlng, the approx:.ma%e values of the coe fflClenuS *=hmxld
be chosen in such-a way that they sat:.sfy the icondition equations ( 27’ ;  thus

. making’ both )«.1 and Xz eq“al to zero. This case only will be cons:.d(?red.

. W !
N . “ o

+ataby - al Aclt o A.cé

"

2 - 1

’ & P u w L ! o e e 7 S
. e ) o L. e Yo N ey
| o . -0 [
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Subs*bituting formzl‘as (% 8) in (52) s the oboervatmn equationq are: Lo S

(L a|°x * ‘b'°Y) - (T +Xa')Ab' 4Xb'Abé ¥ (1 + Xc‘)Ac d'Acé [xA)é'

-f'YAb' -af

"

[I

P v S e o I'YAb' -A[!

N \\“ )
Mp_AAbi+BAbé+0Acl

P . "

B - 1
. p' BAb:L

+DAcé +EA“&' +FAb' -af
o (60)
'Aa' +F'Ab' —A[' -

+AAh' --DAc' +CAcé+

where . ] : o ,-/f(/_ : : |

A=Y 4 Xa!
T "c=1+ o' - S ‘ ST A
\ ,A [ \ ‘ o C o . ' . . .
S pexa R
E' - - !Ix . . i .
Fi o a fa,g ;

F=-fr ‘, o
B Y A

. . | -A[ a1X+b’°Y+c
-Afr = a%% s béoY * cé - @+ a1’ + b'oY)

vt ag%% 4 bL%) & <KptADY . (o Ka')Ahé - Xd1Ac + (1 + Xc!{Acé ['XAa")

\ These observation equ?.\t-:.ons my be writ’cen as - ‘ o : cre R




!' [ :3'." {
i : /"
f N , |
A b o
! ) Y [ [
r RN Yo : . H . : e
! [ L S CE R T g i
Lo { o S T L ‘ o
] : . e . . .y . . |l i
4; ‘\ Both observation aquations navd the weight - - ] i
A A : L i . . i ;
i . “.“ :“ T ) fue )» - ‘5‘,
‘\Sa 4 \ It S g . {") Lo
L *.3}\“ p= 2 [P N RN D
. I i Lt 3 | ® Q. : " : L t‘. 1
S N , Y & Lt » . S , L .
ST o | 1+ ao% * b} Y) S T T Vo
« and o . (L oo
L B U A ; /|
. i ' : s p _\/ iy n, . \“ . S ‘ / :
o ~ | R . L (561) o
R : . v' - p‘v : oo U . o

i '

5 { . The observatlon equati.ons (60) lead dlrectly 'to the normal equation syst.em.

e

[T
-,

: " oy Ab“ J NI Ay i 4Aaé ST |
[pAA+pBB] o o3 4. [pAc+pBD] +[pAD-ch] [pAE-pBE] [pAF-pBF] [pAA[-pBM'] -0
/ [pAA-I-pBB:l E)A’D—pBC] [pAC+pBD | + [pBE+pAEY]- + [pBF+pAF_'] [i)BA['f-pA INGIEY
i B | - [n(‘('*-pﬁlﬂ | o+ [pCE-pDE] s [pCF-pDF.:l, [pCA{-pDAI‘]ﬂ 0
T el bl ] otenat ]
A [pEE+pEET] + EOEF-PpE'F] ~[pEafepsrs £ =
3 ,,(@ B A : R [pFFmFtF] E)FA!-PQF'AI] 0 - ‘
J‘ - C g [pq{A[ma[!A[] -0
cA . This systenm offers ‘an advantage for numemcal computations because only - f
‘ twenty=-two of the twenty-eight coefficients must be computed. After the unknowns

4 o Abl, A‘oé, Ac Acé, Aa' Ab' are determlned, ai and Aa2 are computed from

L o7 formulas (58), and the f:nal coeff:.c:.ents froin. formulas. (51). As a first check the
g © .computed coefficients are intrcduced in the condition equations (27). In case the
s A ~values are large, iteration becomes necesséry before the condition equations are
R sufficiently satisfied, due:to the neglected second order terms . The residuals
" ¢ and p! are computed from formilas {60) and v and v! from (61). The adjusted
observations x and ¥ are Obtained from formulas (L9) and the final check is carr:,ed
‘out by computing’a lset of x and § coordinates with the final coefficients and ‘
formulas (2). Theée values must agree completely with the adjusted observations
o {f+v)ady=( [' * Y' Dur:mn the computmgr a further check is made by

means of u ) )
y , - [W_} v [V'V] [ppp_, + [pp pt] = [pAJ?'Af 6]
LA R and [pA;EI [pEp] = 0 [po] [pﬁp] = 0, ete.

i .
n o . : : i o .
i@ . P , El . " P




ﬂmﬂﬁbfiw  c s T T T
{: i ' 1 "
Lo The mosz n error of an observad coordinate of unit wairht is '
‘r 1 B ‘ i -
} L : m [nd v Gtv ' \\X |
R P Tam-6 A (63)
| » i ' S 3
! . o The computation of the meéan error of the coeff:.cients must be 'carried. .
f - out by the procedure givep on page 3.  The elements of orlentation are :
| computed from the final cpefficients w:,‘l*.]h formulas (19), (21), {(23) = - '
o (25) or (28) - (33), respbetively. The jmean errors of these quant:.ties
i".ﬁ‘ o A must a.galn be computed as mean errors oi\ funct:.ons of . the unknowns as .
N -explained above, - A U o ,
- \\\; /> , A ' \\ ‘ “ ,“ ) _-,'
. o). Least Squares adjustment of the general s(jﬂ.’lfibion based on A ;
| t‘o*mulas: (hB) ) L S \i\) »«»H.. . .
W . L ' T !
) \\‘, ‘ . The observa’olon., of the pla‘c.e coord:mates with reference to
h arbitrarlly oriented fiducial wark - system are again deenoted by f dnd I ',
| corresponding to the X and ¥ axes, respect:.vely. The observatlonal . :
f ;errors of these observations dre v and v' . Henca we have agafin formulas’ .
L / (h9) b T Y |
b ; y L / L S ;
[‘ A ’ ,;;’ {x ‘= ny v - . . ¥ i ;’/ P R ( v‘;\wf ‘\\ ‘ H
| : , AT o : / ; [N |
! i o ; . i
L ] _ F = [i + vl ” // |
N nl' W : i IS
g/ L From formilas (hB) we obta.in the observat*ori aquations L\
/ T A e L(X"‘ W+ (YT )B + (2-2 )c] * | g {
b ’ '(/ (i i D ¥ (Y-Y ;E + (2 -Z ;E xp ,
" (6s)
- S c [(x-x JA + (Y-Y )Bt + (A-Z )C’] o ‘ ;
i g 1 | + gt 7
B /wa : (X-X)D+(’T-x)h.+(z-’z"')""' ¥y :
‘; ) "
3’; " .
W A= ~cos @ cos K + sin a sin o s:m/c A' = ~Gos G sin £ - sin « sin ® cos & ;
P "BY = cog ®COS K . ¢ |
o R . C . Coe : !
' % ‘i C'= sin a cos & + cos a'sin w sinx  C':= sih a sin & - cos a ain o cos K
— . ﬁ o Pt : ) N i
Y h g B /,j,' & * - S
/% ,1 D = 5in d cos8. ® ’ = - ” o ‘
§ . -+ B =sinw g Ei
B "y 7 i s
¢ : 1 i
R “Imcosacos @ lJ " L
S g ,{! ) A ¢
coos ot 8 36 \
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ving ’cermo of

" oG oL t.\Lr AW
Aty + 29: A+ = Ao + o »,.*fn
) ™ R, Ol [ a
. " 0
l" i !
e ’ —\(-,“. . N
G i e
Doy + =— K4 o— Ao + A
f{) W‘? A’ ]

uhere - A[ j?q -7 "‘-/_\,[' = 1° - [u

a i

4
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gecond, rmd 111;,1101' ovder:

t"‘];d "'."(‘C oF

+tha - abova

i

i

Q and. ,( i u"a.re c,omputéd wE.th formulas (61;) and the' a.t~“roxmate values; f'or

~which. {‘if BT \

A a? L} v
' -0 . e . L o
“?"é..cf +.Da WV »Xo" X+ AX c
‘o _‘ e __
R A
PPN \ z =z Az, -y

use of formulas (\U-t)
Ry :mtrod.uc:.ng the’ \*e\xpprox:mate values (66):

, Maki g{

l/‘{\ ‘.‘ d N io io

) - B : -

- . =0\ .0 :
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W e i ' c
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O =0 B .
(0 - Yp) N4
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1
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= X0 +Ax
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Ay

and (48), the cbservation equat.Lons (65) ma.y be
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. where
©-(° - i‘?>ai“n x %

© 4 (1O

xo.; "-‘(,@'P - :'Eo) cés .
yt‘-(fo—x ) sinK p)cosk-‘
., a.nd" X
i \ ) fo =

: ¢} [o]
+ (Y-Yo)ﬁg + (%7ZO)F

o (P« @0 o
: + 70 =
(Yar°)E + (22 A S

o (X=X O)D 5
. “and: .

A% = —cos a® cos % +sina®sin e’ sin £°

- Ar° & —cos o° sin x° - 8in a¥ain «° cos &

v a0
3 B

= -cos o’ sin x°

B'° u 1i-cos cno cos x® , : i

[(x-x )° + ()80 (7-Z°>°J -5'“ $°m:..; 0

(67) cont. ‘-
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g o | 4o
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! z \C°-e= sin ¢” cos & @ + cos.,a". sin «° §in x.° \ K
- i . S E
N ' . 0 : R ‘ o
. &C'o = 5in a° s:!.n.K“= i " €08 c: sin mo cosx ° R . ?1
_ o ‘ . i

— : o | : ' -‘ : Eb)o - Sin a Cos mo | 3 s S . T I
o ) - o . .

. , § E ) \ o }E - s:.n mo ‘ ) i L L N ) E !
o ‘ :'\“Li‘o = cos a°® cos oa° f A ! . - &.\ ” - %\

S SN n Co Lo o 5‘\?;~

. R o The obs“’rvatlon equations rn_y i‘.xou be m'n.tte

" P o V'al&a*‘bAw"'cA#*-dAc'FeAL ¢fAY +gAZ "'Axp Aﬂ'
:';/r" ) ) .4

(68)

;5 ) v/'-ksa.'Aa-i-b’Awi-r"Ad?-*d'Ac+ev'AX' +£'AY +gA.Z ""AYp A("“
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P After thé unknmmuda, Ao, AK , Ac, s A xo,hd 7. are computdld. ‘ ‘ '
*we obtain Axp and Ay from formula (69) . 'I‘he r*eaidu\,ils v and v' are | ‘3

- N computed from fomuha (70). The final orientation ochments are obtainéd

L © v from formulas (66) and the adjusted observations from formulas (49). DN

o R .During the computations we have the usual checks: [(a)v] + [(a)tw*] =0, % =

Ao)v]e [0)'vi] =0, wte., and [¥¥] + [¥'yi] = [LL.7). The final check  »

18 obtained with the (.iml orientation clements and formulasi (64) which oo

must -give for G and G\ the adjusted cbservations ( { + v) and (ft + v'),

-y If the correctionsdare large, iteration becomes necessary due to the o

) neglected :hecond order. terms. _The mean error of an’ ccserved coordinate 1s:

. \ : k ]
s i 5 . . } . . S . ' o
e 1 O .
| | ! EAE: \'/'-T—Tr—-wn»* 181 | ;<72) S,
, o ‘ “” n ’ : a ) '\ o . ) . ! . - w
o o xhere N is the munber of unknown.: carried. ‘The mean: errors of the. elemerits

of orienta{ion are obtained by multiplying m by the square root of the

: " corresponding weighting: factors.: These are directly obtained from the
Loglh . ‘ normal equations if for their reduction the method of the md:.rect solution ey
Y A ‘is applied. : : e 4

e

ﬂ general, ‘the electronic computing devices are very useful for any
solutign based on iteration. - Gonsi.qusntly, such equipment seems especially
"y ‘suitable for the above derived analytical solution of the orientation
w v problen. On the other hand, electronic computers are iess suited to
: hindle the ‘transformation of angles with their trigonometric functions and .
vice veirsa. This difficulty can be solved for our problem with the following

- sub.,tiﬂutions. In the fomulas (67) we introduce the auxiliary unknowns‘ ,;;
| ‘r = 'sin @ and consequently r=r° 4AT  where r° = sing® . ; \
. '{ .o - cin ® B ) s = 443 g 8% = sina® (73) F} x
o T 4aeae et eat i % msink® y | i
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From here the solutio~ is baged-on. 4terations which are continued until a
f ‘pro-gstablished discriminatlon COI‘LS‘bauu.- is obtained. Such a value may be
: established t()y means of a lower limit for the expressio [ A :” -'l'.- o
,».‘:ETP AN ) - ' ) ’ uh 0 i: . v ) ///
;} < S THE PYRAMID ME'I‘HCb R o '
I R . . . L‘ '
f J,' B o Tne uetermj natlon of the spatial coordinates of ‘t:h(? nodal point and ’ P
o s the oriertation of a single photograph 'Laken from an airborne camera is] . !
Lo / - known as the problem of resection in spacé. In general y the elements o.k‘
I " ..interior orientation are known. Thus th¢ problem is a special case of the
P -general solution which is explained in bhe preceding paragraphs. . (Com=-
P pare numerical exa.mple No. 3). However) several authors have spent a,
! ‘ . considerable amount of effort on theoretiq»al and numerical studies con=
o ' ~ ,cerned with an approach based deteritining first the spatial location i
: - : of the nodal point, with the ha p of 6{ pyramid formed by the rays pro- &
i © R ducing the photograph. .The rotat:.opal components are then’ ‘computed as-a % -
Ty »  decond step. The cormori opinion resilting from these studles g that the
N . pyramid method iis not useful if there are observations im ¢xcess, making B
i . necessary a least (équares treatment., This conclusion is biised on the - 7~ :
‘ assumption that ea{ch two of the given control points must Ye combined in ,
: an observation equa.tion7, thus leading, for n-points, to J——H n-l obser- L -
5 ' ‘vation equations. It will be shown that th:,s,.‘assumpplopis incorrect -
i . ‘ B -~ . s ,‘\‘i . - H , 0 ) ( " H .
: 7See, e.gss (6) page 8 or (10) page 66 . ; . » /
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and that only (2n=3) independegt cbservation iaciﬁaiﬁions exist.. Hence, a

“least squares solution based on' the pyramid method may well be advantageous
- in cases. where only the location of the nodal point of the survey c.amera.

hd.S to be determined,

The unlque solutlon requiracs computln the 1exgths of the sides of a

pyramid with'a triangWlar tase from the given 1angths of the sides of the o

" base triangle and the corresponding position angles at the vertex of the:

pyramid. The treatment of this: problem leads to an equatlon of the fourth-

i\ “

.- degree. Generally, it is possibls to obtain appvoximate vyhlues for the §

p051tion directly from the photograph, or, in cdse of strig photographs, | ;;

- by “inear extrapolatlon of two preceding nodal point positions. In such

) approx:.mata ‘values X 1’ and Z

‘ angles at.the vertex of the ryram:.d.

a case, the problem is to compute ‘coprections A‘{ AY and !.\,Z to ‘che
Hugershoff8 pI‘OpOSeS tha following H-

"

method where these correct:.ons are found directly from the positlon

. 'I.‘he camera has the elemcnts of :mterlor orientat:.on Cs '\F-.ind i#u. ]
Given are the spatial Cartesian coordinates X\{ s 24 of the suitably U

‘ located reference points , the correspoudmg pla\.e measurements [ and [i’ “

and the a.pproximatn.ons X Y and Z for the pos:Lt:Lon of the nodal !

J

7
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We set: - v I . . !
. . . . L ' X . . ”

o il
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/ To " ¥o T AT, z !

b ”:/ o iy lt I
3 T, = Y0+ AY (76)
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f Zo = ZO + A Z 'n t((\ / "
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Further, “denct ting the Jengths of the Jides of tho. pyxlam:.d above the |-
photograph jby ‘7 and the corresponding lengths of the "sides of the pyramjfd

above the’ reference points by L we ha.ve. ~ 11' I
-2 s 3 2
I - x * mc 1) * (Yg + AY - Yi) * (z° * 8Ly = 25)5 (77)
' i . L E 4
and ; : ‘ . o S 4
1',,\ + I. f-j cos Uij \\ ﬁij e L (78)

where o, 3 is the spa.tial angle at the vertet of the pyramid and D ), the
slant ground distance between 4he reference 'ooints i ;j., 152 :Ls obtained

¢ S)?e (9) % * . i

PO




from the given coordinates of the reference points by

2 2 2 2
AN B A AR RN

Cos oy P is computed from the measured plate coordinates and the elements

of interior orientation. Denoting the plate distance between the points
i, j by d 1§° we have:

2 a2
Ii * Ijl - ai;l
Cos G;, =
* 2L, X,

2 2 . (fe g2

Applying the Taylor series and neglectmg second and higher order terms
we obtain from formulas (77):

where'fi -c? 4 (Ii - J-cp)z + (1{ - ip)z

2
132 2+ 220 - xi)Ax +2(10 - Y;) a¥, + 2(22 - 2,) a2,

-3 -7, 2° -2 ' (19)
3 o o i ) i 0 i _
Ligr'i"—- =5 A](c-l-————Lo AY°+————L° Azo

2
o o 2 2 o \2
where ii = (Xo - Xi) + (!oc - Yi) + (Z° - Zi)

Inserting formlas (79) into formulas (78) we obtain, again neglecting
second order terms,

L2 I.
+ | - X0 ---']-—c-?-s—c—ih(xg-x)(l --—co—s—o—i) AX,
_ L ;]
B L2 cos o, | L2 cos o, |
+ [ - 1) - ey (1) - 1) - 22y ) Ay
L . , LJ .
_ _ (80)
CosS o COSO
o f@ - T L e )(1-———1) az,
N r"i :i _
02 2 _ 52 '
L) + I
+ +% "4 I'.;Lgcosoij=0
47
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+ | - Xy, -;_L-g) + (X0 - X)Wy, -E%g«) AT,
i

Thrae points are necessary and sufficient to fo’rm three linear equations

3 -
for the corrections AX , oY and AZ . In case the A -values are large, ’

iteration becomes nec<:isary due to the neglected second order-terms. It
is possible to base a least squares adjuc+:~.  for an over-determined
solution on formula (80). The corresponiing ouservation eguations.are:

- : " -

J 4

°
- i

- B . B.{ T
J

p—

o By o  Byyl ' (&)
+ 13 - 2,)(ay, - ;Efy + (23 - 30y, - ﬁp az,
-

i 02, v02 =2
+3 [(Ii + I‘j - Dij) Aij - Biﬂ + (aivi +ajlvi + vy + ajvs) =0

where Aij IE°I'.

- . B,, '
a = (f - %)~ - {f - %) v-@luﬂ%}-(?»h
i i p{i ks~ % 1 1 pa._‘i Iy -5,

= .Bi.. 4 . = 1 = »hi.:’_' Bi o OfY = 5
23 = U -xp’;ﬁ-% S R . YJ;@ f - 3,

and vhere li, agj, 1'.22 and ﬁgj have the same meaning as in formmula (80).
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The v's and v''s are the corrections on the measured plate coordinates.
[ and f', respectively. The sum. of the squares of the v's and v''s u
[vv; + [v'vf] must become a minimum, AX,, AY and AZ  are’the three

unknowns of the solution. If the number r of the observation equations
(82) equals u, the system represents the unique solution, because all v
and ¥v' values become zero. In order to have a least squares solution, it
is necessary that r > u. Following Helmert's line of thought for solving
a problem of "conditioned observations with unknowns", we may express the
unknowns as functions of the v's and v''s, in u of the r observation
equations. By substituting these functions into the remaining (r-u) ob-
servation equations, the unknowns are eliminated and we obtain finally a
system of (r-u) condition equations between the v's and v''s. Conse-
quently, for a least squares adjustment, it is further necessary that

=1 'Y

Further, we know that the number (r-u) of independent condition equations
which exists between the observations or the residuals must equal the
number of observations in excess. Each control point gives rise to two
observations { and £' and so we have for n~points 2n observations. Be-
cause 3 points, or 6 observations, are necessary and sufficient for the
unique solution, the number of observations in excess equals 2n-6. Thus
we have the relation (r-u) = (r-3) = (2n-6). Consequently, the pyramid
method for n=-points leads to r = 2n~3 observation equations. To set up
these equations, we may cambine any two of the control points with each
of the other control points according to formula (82).

/ - 1
n > (r-u). The mean error of unit weight is then m _-\/iw] + [vivi]

Temporarily leaving the outlined approach, we will tirst consider a
direct solution of the least squares adjustment based upon the r obser-
vation equations given with formulas (82). According to Helmert, such a
sdlution may be obtained by determining the minimum of the function

[rv]s{vivi] - 2k (ay vy +alviva vyvatvy . +A1AX°+B1AY°+01AZ°-L1)
-2k (. o TLVLITIVIHT v dTiyies I1‘5}(0+BI‘AYQ-»CI.AZ O-Lr)

By setting the differential quotients of the function (83) for T Voo
vi..vg; z>xb, l&Yo and ZSZoveach equal to zero, we ovtain (2n+3) equations

which, together with the r observation equations (formulas (82)), are
sufficient to determine the three unknowns. the r correlates k, and the
2n-corrections v and v!.,

50
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S .o By rsdueing the nomal equs.ticns (98) we obtain lch to k from the

T w-column. After the elimination of these correlates, the cclumns h....dod

© 7 btyD,y, D,yand D, sach reduce to s term, which, when divided by D?,

9"'%"”‘%’”"""’,“ - de, equal t'o the. wej,@t:lng faetor of the d'orreapclfxiing unknown. {‘If we'f'/ j i o
Lo . denote these -qmotients by [aa], [BF], ax } [¥r]l, referring to thi un- \\ P i
P r krcwns X, Y,and 2 respectivcly, the x‘nean errors are obtaine c} by i ¢ F e

! i a .
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N I Desp:.te the: complexity of the theory of this leasf1 squares : R

B SRR . applichtion, the' computation can be systematically arx‘anged for hand T S

‘ f i and. electronic computing ﬂe'vices.~ The computational wdrk is simplified

- : - .. by the fjlct that the auxiliary qua.ntit:.e.: a a-aooY N M\, xy\\and Xz, as - . \
’ ‘they appear.in the final condition equations (92), are ‘formed fran the , 5 .

’ % ! S coefficients oi‘ the first throe obserw7:.tion equ.atlons only. Y "
} ” ‘ . - i / y SR )
o THE, GOMPUTA'IION OF APPROXD’IATI: VALUES OF THE UN OWNS SRR
¥ i ) 2 {\
i The process of a 1easi sq1a;res /a.djustment of measurements generally .
b requires setting up obssrvition eq_uations, If these equations are not . ° i
P linear, it is conventional ito lin;ﬁa.r\ize them by the application of the : ‘ e

o . Taylor' series, neglecting d’ecozh and'higher order terms, In such cases, LR by

f, I  the neglected terms may re uire{{ 4n it.eration process, depending upon the ' " ) P
Syl // quality of the pu‘:ma.ry apprioxinate v tLues of the unknowns and upon 'b,“n : I ‘
‘ - " degrse of convergence of tﬂls solutiod, In arder to minimize the mumber */ ﬂ P
L T - iteratﬁons, .a set of app oximate wf alues 1s-computed from the minimwm (' t|
: T, : number n*‘\lmeangmentg ngoé,'asary' and sui‘fic:.ent to solve the unigue case | 3: .
5 4 .y of the specﬁ‘ic solution. . ”The measurements for this step are selected \ ' i
” S e ’. “in accordance with op'bimum .;geomctrical ccnditlons. R B b v
i e\\ ¥ . % With the availabllity of electrom.c computing devmcelb it is g \‘\ ,
H - i i |

‘ .7} possible to use an alternﬁtah procedure,’ namely, to carry q}t“ instead of \ N
{oo.ow 7 i prelininary canputation of .plose approximate vctlues 5 @ /,a.a.rge\bnmber of \\ )
= s 1" dtepations in the final camputationsi. Such a procedure m ‘be economical ! .
e b+ 0 dn mary cases, However, in' our ca.se, it may not lead to the {ésired re-,

I ' ‘11 sult. The reasons are. fcund in the geometr:.cal charactberistvlcs of .our'
‘ cod problerd causing ;the solutioh to converge slowly, or even to: delay con=
. vergence by occdsional divergence. iIt is evident that three factors may
contribute to "bhe relucta.ndb to converge. The ! /first of these is concerned
ok C AR R I
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‘ments ci and @) Show considerable ,larger mean erTors, I N PR ”

Fx\om these considerations we may conclude that:

vaiues in the final ‘solution in order to Mimit the number of iterations,

of these steps .converge fastera ‘

tational steps.

. “ . e
e i Lo Ty ' o Ty R 5 s

.. R ' [6 P L ) \a v /
R s ‘\ ’Il ‘ i

with '&he geomeormaﬂ, condi tlon of the apcci "1«, case (preqe_n.on of the

toritical cvl-inder"‘ (sée béilou\), y, The second factor involves the

" linesrization of thé cbservation équations which has the effect of

forcing the rotational movements frim thé jactual curves into tangen'bial
displacements. The third factor oriilnatds from the fact that in the

_ solution some of thse unknowns are mutual 'ly dcnendenta ‘Spéei E‘loally,

spatial translations perpendicular to the diréction of the op’ca.o,l axim
‘are correlated to the corresponding components of rotation, whe‘re the
degree of correlation depends on the onening angle of the bundly of

_‘raya under consideration, These effects are shown by the compu"hed mean

errors of the unknowns ij examples No, 2 and No.. 3, on pages'72 p,nd 83,

- respectively, In both cases; the mean errors of the translations in tho .

drection af the opbical axis, denoted bv ¢ and %, ave small, as is.the
mean .error of the swing angle k. Hmm_veih the linear pa.ramet-ers

perpendicular +o the direction of the optical axis, denoted by X, y

A i 2
and Xy Yb’ respectively, as well ‘ag the ccmresponding rotati onal move-

e
K

5 S ) b

1) It is' adﬂsable td introduce sufﬁciently accurate appromate

2) It is preferable to compute these approximate values by first 1

" “mald.ng a unique solution for the three translations and then computing : ~ -
- the three rotations. In this manner, the solution is deprived of: the l B O

compensating effect of the translations a.nd rotations and will in each )

[ " ’ ;3' "i
~"In aerial problems, the element:ﬁ of ﬂ(nterior omenta.tion of the
camera are known or may be determined fr an independent csmera call-, RS

bration. The problem now is to compute . ufficiently accurate approxi-

mate valuss for the spatial position of jthe.nodal point and the corres- ‘ ‘
ponm.ng rotational components., With th/ hs)

components may be computed by the gen formulas (67“71) by setting

"~ the A -values for all translation compénent.s equal to zero. The oompu—

tation of the spatial’ positic}n of thez/rxodal point is‘the well known prob-
iem of the wilgue resechion in space,ias di seuszed at the beginni.ng of .

 the trroceding chapter. 1

a i |

? each// set oi thres referenoe points.

Ac cording to’ Fi.nst eru‘aldor

.determinecs far the’ suatial ‘resection 1\rob1em a erltical surface, wlhch//iq

analytieally expressed by a circular crlindor which contains the refer- .- Y
ence points.and is normallito the plane \\i‘ the thres points under consi der-
ation, If the position of the centor of projection is situated on or iit

‘the vieinity of the "critical cylinder"y 1ndeoendént of the approximate

values the =:olution will 1ead to unroli‘,awle or even impossible cn*rpu-
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f jt is not pls.mﬂd 'to discuss, within the scopo of this report, .

Ty ‘errar; theoretical problems. in connection with fho/ ‘orientatioh of. a photy- “

; grarme‘ar*o canera, Howavcr, it shotld be mentinn d that there icno
" substantial reason te consider the existence of fhe "critical oylinder
"Eic..l app]ica‘;ion of & aingle vartiecal
photcgraph for a spatial resection.| "It Has becens an almost stercotyped
phrade in ail texthdoks tfnt the' gpatial resecuion is worthless for
practzical purposes, due to the fact that 1% vertical, or approxtma'bely

va'tical, photognaphs uhe; "crytica. cylindwc'" alway-z effects the remlt,

/x’l‘he fact 1s that, for a varticaﬁ n‘mtooraph, the coefficiént determi:w;t :

“,;’ of ’c.hf; observation equa’oi[ono on of ‘the ¢orrasponding normal .equations -
asymptotically aﬁ'oroacheﬁ zero for a decreasing opening angle o of the
,f; surve*ring lens, ‘For au dniqua solution based on an equilateral triangle,

\\_

cases always be "suffici ently’ different from’ zero.r Because the fore-
mentioned determinait changes sign as the cimter of pro,)ec’oion is moved

' from the inside of tle "eritical cylinder" to the outside, there:will be -

,’ a zone of wnreliability of the: solli’oi.on in the v;cinity of the "cr:.tn.cp,l
cyl:.nder" However, it is readily seen that for Wrt:.cal or approxi~ \

CE—

s

of the ares heing. plwtographed s¢ldom cause the location of the -
“eenber of projec’oion to be Jocat d .on nr 4in the vicinity of the "cx*itmca,l

Ceylindety L e
%ﬁ

P

, " In problems eoncemned with
nodal point is generally known
orientation of the cameras are suaﬂ.ly g-.wm with sufficient approxi-.
mation, Consequently, the problem 18 ‘o compute suffici.ent]’r accurate
approximate values for the rotational components, This may . be done by -

~ making a uhiique solution using the general formulas |67-71)“ setting the

‘~§, A -values for all translation components equal to zen o. ; In case the'

" rotational components are known with a sufficient degree/of approxi-
makion from previous experiments or from instrument ial r,{e..dings, the
- gengral solution will lead (_ﬁrectly, by a i‘ew iterations, to the desired
reSult. . .

o M ‘ e . : .z‘ b : . "
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i

'chls tpeterminmm "aquals, ‘»for a vertical pho’oograph, D = 206 ta.n -2-, indi-

’ '; ca.tlnsg the’ mi’l].t nce of o on tha vplh ablhty’ of bne resection solut.ion.
i “ Oh the other hand, for o = 60° or 90° the deverminant D will in such -

mately vertical photographs, taken with a 60° or 90 lens, the topography

gund-~based cameras, the 1°c&tionuof thef:;'*
‘the three elements of interier - / "7
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sent nwnar:.ca.i. R
solutions -for the wientation of & '3}1otos*rmmetnc camera showw thab the -

" solution.baged tha general expregsions explicitiin the terms: \of the oo- .
- served plate eoordinates (.tormulas (h&) 5. pages 3?-,,;1; and numeriekl
examples'Nos, 2 and 3) 1s the rost|economical solution wnd saitedifor % 7 |

electrenie ccmputing// ‘devices, This statemernt is basca o y\\ the expe‘c:.e‘nce f{; b |
gained fram a large/munber of orlontations camputed by the different ; i
ymethodss It may. haz seen directly by ecomparing the chapracteristics of ,
‘this solubion with/bhose of other possible amroaches as outlinod in
the pre°ent repbrt as well as ERL Report No. 784,12 -

. (1) Thg iormulas o not rest}‘lcb the problemto thej nrmective T B

P E '“31 tlon of Wox P-Ldﬁess but relabs; ‘hhe imap'e ol ane"n(the nhutor’rabh) 'b
© ' the object. sf?aqe.

“
W .- it o N [ R
;o . N . [ .

Al : ) //' F T o u ‘ '
(2) Thte solution has variables mth nhysical mearings derived pe
~ from instrimént readings (dlal-s and 1 ovels) or indeperdent camera ca.li- I
: bration procedunes. _ o ‘ v o ' " )

]

i f;rom pla‘be constants to orientation elements and vice versa, . -

B ‘\\‘ Y " ; i
X Ft.rtnermore, ‘the solution may be reduced 'bo the aci,ual numuear :
of 1mkn?wns, thme reducing the mmerical work to a hinimum, '

' (5) No addit:.onal t‘or&ditién equations need be :introdnced. ‘

(6) No additlonal weight are necessary.

o '/ ‘
tn.onal equa'bions.

' (8) The mean grrors of the oricntation eleinents are. mrec’oly ob-:'-, ' o
fltained :t‘rom the pennral so] ution of ’chp ﬂomal eqm‘b’lonu. N ‘

(9)

The solut;.on 14 ouLted for . olectrom.c oomnu’oin:’ de'v:lces.
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R After coding the r&*im) tion problan for a ngle photograme‘brir' '
!, ' camera basod ‘on formules (bh“ - (75), the. ‘..orrespr)nding computations have v
.1, _.been successfully carried outyon the ORDVAC computeriat the Ballistic ' o
BT Hesearch Laboraiories A“sx:"ugle’ iteration cu'rying gix; n,nlmowns forv . X
; n= 10 points takes 3% secordis. In general, it will belfjossible to cb=
; tain appro;dma‘be valuey for’ 'b}‘rs unknowns which:will maké the solution
£f Lt sonvemge in flve iterations or less. :Printing out the result on IBMw~ i N
oo "4 .cards and tabulating aboud 75 answers (20 residuals v ami v', .20 AL
!~ ‘and A f' values for the final check, 6 wnknbwns -and thejfz mean errors,
S P welght goefficients, vv] s [IL.6] and the mean error’ of an ob= o
. ‘servation of wmit. walghf ‘tdkes another 35 ,\semnds, Thuis the required” S
e -7 time for the analytlcal solut,xon of the ori on’t.atwn probiem for elther.a " : ' : d

' b ‘ “spatial ragection or-a camsra cal:\.braticn takes about 3 minutes or even - -
7 "7 . less, Onthe follaw:ing page a copy is given of the original print of -, O
L % i the result of- example No. 3 as obtaihed from the (RDVAC after-2 iter- . o Lot

}, ‘ 'a'blons. The result shows cmplete agreement w:Lth the correspondlnrr hand

i | computed values ion page B3y =T v , .

SURE O f : =

w0 F The IBM-output is ‘in the 'i‘loatlng declmal pomt s*'ste‘m. The last - . .
KL two figures determine the position of; the decimal po:.n’o wi.th JTespect to - - . )
AR the number given in the first seven’ figqres.ﬁ The nurber of the-last two : .

s ‘digits indicates how mapy places the decimal ‘point must be moved. No . o
o .. #ign . in front of these lust two figores indic{ates ‘that the/decimal point
» mist, be moved to the rig_ht, a negat:.we sign. (:Lndn.cates a corresponding D o

¢ . d:.splaeerren’c to t,;é ‘!’9‘.‘t~ e.g. - IR )
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