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ON THEE FREE FLIGHT MOTION OF MISSILES BAVING SLIGET
CONFPIGURATIONAL ASYMMETRIES

John D. Nicolaides
Bureau of Ordnance
Department of the Navy

ABSTRACT

The thecries for the free flight motion of miseiles, as
generally considered by the aero-dynamicist and the ballistician,
are combined to yield a single theory for the basically sym-
metrical miessile. The force and moment system contains not only
the usual aerodynamic forces and moments hut also the effects of
plight configurational asymmetries and the effects of rolling

velocity.

The theory yields the condition for the dynamic stabllity
of both atatically stable and statically unstable missiles, and
also predicts that the presence of configﬁrational agymnetries
together with rolling velocity may result in "rescnance insta-

bility."

Nunerical integrations of the differential equations for
the pitching and yawing motion are carried out for three varia-

tions in the rolling motion. The results indicate that the

rapidity of pasmage through the resonance region is 8 eignificant

factor affecting the magnitude of the pitch and yaw of the

missile.
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E! Two models of a simple arrow type missile having control ¢
o -
}: surface deflection are gun-launched at supersonic velocity in

L :
~d the Aberdeen Spark Photography Range and the {ree flight

pitching and yaving motion and the transverse Adisplacement are

measured. The tricyclic theory is fitted to the experimental

a
-

data. The results indicate that the theory accurately repre-
sents the actual motion of the two models and that the as-
sociated static and Aynamic aerodynamic derivatives are

A accurately determined.
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i SYNBOLS

HAE O

b fin or wving span

"y

.

SN ¢ fin or wing chord

i Ci‘1 serodynamic derivatives (See Fig. 2)

= 8¢

-"--. oy

K a dismeter of missile body i

i 1 transverse moments of inertia RN
N v 2
. ll.- .

- Ix axial moment of inertia h v

X C
. - 2 NG

: k 2 e 25 e

21 .

mass of missile

Ry
B

Bl

total velocity of missile in space

.
»
.
;

f

P alr density
v
8

reference area for aerodynamic forces and morcnts, generally 1; a2

T total kinetic energy of the missile
XY¥Z orthogunal mxis system fixed in wmissile and rotating with it
(See Fig. 2)
X Y, 2 eerodynamic forces along the X, Y, and Z axes respectively
L, M, N aerodynamic moments avout the X, ¥, and Z axes respectively
(See FPig. 2)
u, v, v components of the total linear velocity of the miesile in space

along the X, Y, and 2 axes respectively

...........
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, angle of attack of missile in XYZ system

, angle of sideslip of misslle in XYZ system

componente of the total angular velocity of the missile

in space ealong the X, Y, and Z axes respectively

control surface deflection angle (Aileron) or asymmetry

about X axis

control surface deflection angle (Elevator) or asymmetry

along Z exis

control surface deflection angle (Rudder) or asymmetry

along Y axis

effective asymnetry angle

orthogonal axis system attached to missile (i axis lies
along axis of mass aymmetry of missile, and ; axis
constrained to lie in xy plane) (See Fig. 1)

aerodynamic forces along the &, ?, and Z axes respectively
aerodynamic moments about the ;, ?, and 2 axes respectively
(See Fig. 1)

components of the total linear velocity of the miesile in

space along the f, ?, and 2 axes respectively

angle of attazk of missile, XYZ system

nh "

angle of yaw of missile, XYZ system
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QY

components of the total angular velocity of the missile
in space along the ;, §, and 2 axes respactively

(see Fig. 1)

orthogonal axis system fixed in space (See Mg. 1)

[V I V]
forces along the ¥, Y, and z axes respectively

moments about the X, Y, and z axes respectively

linear velocities along the x, y, and 2 axes respectively
“w

apgular velocities mlong the X, Y, and £ axes respectively

01 4’, total angular velooity of the missile normal

to the axis of mass symmetry

complex angle of attack and yaw

complex angular velocity normal to the mimsile

rate of change of complex angle of atteck and yaw

rate of change of complex angular velocity normal to RS
the misuile (—
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INTRODUCTION
E Developments of theories for the free flight motion of missiles
; . have, in general, proceeded along two separate paths. The aero-
' dynamiciutl’a has been primarily concerned with aircraft which,

although lacking rovationsl symmetry and essentially non-rolling,
' are acted upon by & linear asrodynamic system which includes forczce
I and moments dus to control surface deflection and lags in the flow.
The ballistician, 31 on the other band, has been primarily con-
cerned with reapidly rolling symmetrical wmisailes and has included
i in his treatmeant of the motion the important gyroscopic and Magnus

effacts.

In recent years, with the advent of the guided missile, the
rocket, supsrsonic mireraft, and medern finned ordnance weapons,
o the interests of both groups have merged. Although limited

12-14

. extenaione of the theories of both groups have been undertaken,

the easentisl differences remain.

It is one of the purposes of this paper to unify these ap-
i proaches for the cless of missiles which are basically symmetrical
and are only slightly ssymmetrical due to control surface deflec-
tion, wing and/or tail incidence, bent body, damaged or malaligned

bf fin, etc.
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The necessity for coneidering this union arises from the
failure of the existing theory™ =3 to represent the free flight
motion of winged and/or finned missiles and ite failure to account
for various phenomena which have been generally experienced on
statically etable missiles. Some of these phencmens are

(1) that non-rolling statically stable missiles generslly

have large dispersion and tbhat rolling the missile re-

duces the dispersion,

(2) that even for generslly well performing missiles a fev
15

go berserk™ yielding extremely poor dispersion and
sometimes turbling, and

(3) that peculiarities in the free rlight motion seem to

occur when the rolling velocity and the pitching velocity
approach coincidence.

The general procedure to be followed here will be to develop
the differentisl equations of motion for a missile having basic
trigonal or grester configurational -ymmetryls and slight con~
figurational asymmetry. The aerodynamic system will {nelude the
forces and momente generally considered by both the aerodynamicist
and the ballistician. The important gyroscopic terms resulting
from rolling velocity are also inecluded. For glmplicity and
clarity the differential equations will ve solved for the case of
constant axial velocity and consatant rolling velocity of the

missile. The resultant tricyclie theory for the free flight
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pitching and yaving motion of the missile and the theory for the
displacement of the center of gravity of the missile will be
applied to the experimental data cbtained from the free flight
motion of gun-launched models tested in the Aberdeen Spark
Photography Runge.17'20 The static and dynamic aerodynamic de-
rivatives associated will bhe obtained. Finally, the differential
equations of motion will be numerically integrated for the case

of varying rolling velocity in order to indicate the motions

obtained,
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THRORY

The difficulties generally encouantered in the formuletion of a
theory of free-flight motion may be separated into two groups,
dynamical and aerodynamical. Herein the dynamical problem will be
approached by employing a modified Eulerian axis aystem and by
using the Lagrange equation for formulating the basic differential
equations of motion. Mathematical simplifications are introduced
by limiting the angular displacements and angular velocities
(except rolling) to emall size. This is the familiar dynamical
approach to the linear’: -1 motion of a "spinning top" or a
"gyroscopic pendulum"al’dz. The aerodynamical provlem will bve
approached in the manner esd nomenclature of the aerodynamicist.
A linear force and moment ryetem is assumed and the symmeiry
srgunents of the ballistician employed., In general, then, these
two baeic problems will be approached separately. Their resolu-
tions will then be combined and the fundamental differential

equatione of motion will be obtained,

The differential equations of motion will be solved for the
case of constant flight velocity and constant rolling veloeity,
and the resulting expressions for the pltching and yawing motion
and for the traunsverse Adisplacement of a missile will be discuesesd
in detail. In a later section the differential equations of motion
will be investigated numerically for the cese of constant flight

veloclty but varying rolling velocity.

1k
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DYNAMICAL SYSTEM

The coordinate systems illuetrated in Fig. 1 will be used in
coneidering'the free flight motion of a misslile., The xyz system
1s orthogoral and fixed in space. The iii system is orthogonal
and is pitching and yawing but not rolling with the missile.

(The i axis lies along the axis of mass symmetry of the miesile and
the Y axia is constrained to lie in the xy plane). The angular
velocity of the miseile ie given by the components P, 4, and T in
the i f 2 system,

The coordinates of the dynamical system are taken as

(1) x, y, z, the components of the linear velocity of the
center of gravity of the missile, and

(2) B, 6, ¢' , the components of the angular velocity of
the missile about its center of gravity. (It should

be noted that these components are in a moving non-

orthogonal modified Eulerian axis system.)
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The total kinetic energy of the missile in free flight is thus

given by

T;-%—Ixﬁ v.%.Iyaeo_%—Iz;ab-%'-miev-%-m'yacJ:.m:Ze (1)

It is assumed that the missile has symmetrical mass distridution,

Ij wlf » I (2)

and from Fig. 1, it is seen that

Fef- ¥ stno (3)
§:0 ()
;z lf.’ cos © (5)

Thus the total kinetic energy of the missile may be written as

Tl-é—lx¢2-lx¢y’ 8in @ » %Ix yfun"-’o- %1620 %Itﬁcoﬂaﬁt

’%miatém%EO%méa ()

Now considering the lagrange equntion23 for this dynamical system

ad /31T\ -« D7 = (1)
-&(5%/ » 4r *

e T

[
te .. _-
ROAC

’O'.-\l‘l-
V'

! _.!
ERRN
=

vhere g, = coordinates of the dynamical eyetem A ;{'_ﬁ
AN

PR

. oG

(¥, o, Wos %y ¥y 2) R

O
L

»

t'-'- )
N
.-.-\‘-._
L .

Qy = Generalized Force (i.e., force or moment tending to

change the particular coordinate).
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Performing the indicated operations, asswming that 9, y& , 9, yU
ure small quantities and that their products may be neglected, yields

1.0 ~11,8 L2 =Qp )
d (Iy - I, 10 @) = 9)
dt(x¢ x Y )= g (
w8 z Q (20)
n X = Q
where complex variables have been introduced in defining (1)
1& H 6 1y , total angular velocity of the missile normal to
the axis of mass symmetry (12)
B =myeiz , transverse displacement of the missile (13)

Eqs. (8) = (11) are then the basic differential equations of motion of the
missile., They may be completed once the Generalized Forces tending to change
the coordinates of the dynamical system are known. These Generalized Forces
are derived in the following section from the aerodynamic forces and

moments which act on a missile in free flight.

18
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* ABRODYMAMIC FORCE AND MOMENT SYSTEM Q}”\ﬂ
a The coordinate system used in considering the aercdynamic forces and b- W)
'3- acments vhich &ct on & missile in free flight will be the staniard N.A.C.A. v ’

| v 3]

system vhich is orthogonal and fixed to the missile (i.e., rolling with the
missile, principle axis). This system is designsted by XYZ and the components

‘. of the linear and angular velocity are given by u, v, v and p, q, T respective- ™
1y (See Pig. 2).

T
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=75, 5
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Aerodynamic Yoroce :::"::j‘:;.
Ths total serodynamic force vhich acts on & missile in free fiight is
assumed to depend on the linear velocity of the missile, the angular velocity

of the missile, accelerstions, the density of the air, the veloeity of sound,
the size and shape of the missile, and, for the particular case under considera-
tion here, slight asymmetry of the configuretion (i.e., emtrol surface de-
flection, wing and/or tail incidence, bent fins, bent body, etc.).

Assuning that the motion is confined to infinitesimals and that the
dependence is linear ylelds

YaYpB oY,rev;f oy ¥ R

Z-_-z,(otozqqoz&c'v(gzaé

,..
(SN

A G

s

E

~ s
s
.t
.8 " "
o, LIPS

ozppppozprpro%(-sp('bo Zﬁ.p}ozéxg r (15)

wvhere !i and Z, are the Stability Derivatives.
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- Multiplying BqQ. (15) by 1 and adding to EQ. (14), and replacing the
ﬂ stability derivatives by the standard nomenclature for the aerodynamic

derivatives ylelds

0 YedldZ | . b . b
m chp 1 czpp(%) F’ +)0 -1 cxw (%v')] 1
l ' icqu (B3) » 1 czq] Gheic, B -t °¥,1 L (3
‘H ¢ [cyé +3 cZ‘p@ (%b) (g) O[Cza -1 Cypa‘ (%3)1 1 (g‘)
: 2 b -
. ycyp& (&) ¢ 1 2 G 9¢ (%2 & -1yt GOt
e 1C A
’[CY.SR-‘S R 2 SE (1)

Here we impose the fundamental assumption that the contribution of
the configurational apymmetries is "slight" and thus that not only may it
be added linearly but that the basic missile (i.e., the configuration of the
minsile when ,S R ‘SE a 0) has trigonal or greater rotation symmetry and

mirror symmetry.l0, 11, 16

21
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As & result of this assunption it follows that

ARODYNAMIG amomarsrsmrc' " BALLISTICT» 10,10
gt S, p (=) oy =Kk (& %)
Cy. * czpp . /) C“p s Ky (%3

Crq  ® Cuy @ = () oy . ko @)

Cy (@) » C2, B (%) N, : K <?g
w®e o 20 2w, e’
Cros " °zpé(2) + ) N, = Nr (egsb

i " @1 (5) “oq F e Qg

< &% 0 1 0 oy A

7

The introduction of the new Ballistic nomenclature below this line is
necessary since forces and moments depending on "Lags" In the flow (i.e.,

acceleration effects) are not included in the Ballistic Theory.

¥ ¥ morcas RCTING mogw amp o CO
Eoeces Nerinve AFET or C.G,

22
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Because of these equalities of the asrodynamic derivatives for the ol
clasp of configurutions having basic symmetry, an Aercballistic nomenclature

h is convenient and is introduced as indicated above,
R ';'Z-_-poioc ?:qoir &:p'ta'b >zqelr
i (18)
N - > - A “- —-— - el "'E:' (%) [
;nrs’iol- 7;:101!‘ ':p"id— ':qoir
' Bubstituting Eq. (17) - (18) into Eq. (16) yields
: Yel2 « |C t4c <P")a£ ¢ < ¢ 10y < )
L‘.’- p¥es [ Yo Npoe N\ &V Mo \ & q B
d 2
o (19)
[ g q 2&0 %8 /%- 2 T
- ¢|C 1 C (){ﬁ ¢ C ()010 c
. N' N N » No L4
- ol pat > Noa g\ Z
n vhere
—n
() Cy S = Cy S R*1C, S and C is real. (e
N5, * Sy %s¢ “F Ns,

Since all the terms, except the last, are independent of the roll
orientation of the coordinate system and since the last term represents an
ssymmetry which is fixed in the mismile and thus rolling wit': the missile,
the total normal force may be expressed in terms of the original dynemical
XYZ system vhich wae not rolling with the missile as
Yei 2 8 ob_' c X ¢ d?ocSL eaijpdt (21)

]
. 1 R
s: 3P Ve [ ¥, ( ev,) o
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¢ '%P ve s[cu& o4 c“p&: (g) (%V)

-
() (22)

j* %]
1
[, [ o4
"o
P
N
wm
e |
zﬂ
L]
g
P
B 4
N
->
[
(2]
-1

[ 4
n
N
-0
<I\)
wn
3
Q
=
Qa
~
—_—
s o
S d

Mg m
Pt L I

"
.‘l‘

e a y .
L M)

il The Generalized Force, Qq, which is tending to move the missile in the

" ,-.—-?—,
- - -
R f
e ?,
-
o "

yz plane is the summation of all the forces acting in this plane. This

R
Sy
PRl .

Fi includes not only the serodynamic forces but also the gravitatioual force,

thrust malalignment forces, and any others that might de acting. Hovever,

»y

RE in order to emphasize the effects of configurationsl asymmetries and to
E keep the treatment ss elementary as possidle, the Generalized Force will
be assumed to include only the ssrodynamic forces. (It should be noted,
hovever, that the addition of the gravitational torcc,lo the thiust mal-

25

alignment forces and mass malalignment forces“” present no fundamental

difficulties.)
wA \a w
S8ince Y ¢+ 1 Z lies in the Y Z plane which has teen assumed to make a
small angle with the yz plane (1.e., _{1 sssumed small), then §‘. 1 Z'mny

be taken us equal t0 Qg. Qg x Yot z (2en.

Aero mic t

The apecification of the merodynamic moment aqting normal to the

miesile in free flight proceeds in the name manner as the apecification
of the normal aserodynamic force. Accordingly M and N are assumed to te

linear functions of o ,p , q, T, ,(j , B T Sn and S as
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Multiplying Bq. (24) by 1 and adding to Bq. (23), and replacing the
. stability derivatives by the aerodynamic derivatives yields

3 Mo LN o
i
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However, from symmetry considerations it follows thut
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Thus the aerodynamic moment becomes

MtiN=AX 082 ¢ 0 & 0D? OES.‘. (e1)
. vhere
A %(Dvas ¢ [cM (%'b) - 1 CM 1
i pet )
Ba &pVBc Oy -10 1) 7 o
2f 1: " Moo (2")1 &)
b cs Epvie |0 &) - 10, (G (28)
f Mpa Mo'e?
P by | e 2
! . Da §Pvzs ¢ [cua -1 ch& (EV) (w)
3 1
- Es 50VB ¢ [i ]
; 2¢ %,
and
R e
9 (v) 1%y ¢S, =1C, bdg -1C ciéE (29)
] S, d o S
I;:" This serodynamic moment written in terms of the non-rolling system
; is given by
L}
“ = -3 = - %
HQ‘L;{‘ ::AO(OBZOCOC’DZtL’ ‘Sg’ 31Spd - (30)
. Since the moment normal to the mimsile's &..is, Q 5 18 assumed to con-
. ' - P
tain only the aerodynamic moments and einca M e 1 N 18 e@qual to Q n Ve have i -
Qu = Mot (31) s
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DIFFERENTIAL EQUATIONS OF MOTION

General Differential Equations of Motion
With the specifications of the aerodynamic forces and moments acting on

the missile in free flight in terms of the Generalized Forces, the differ-

ential equations of motion may be completed as

I.fi-ilx;ﬁﬁ.Aé'.B'Z:.c;.nf.gS,. eifpdt (32)

4 (gf-1,p eind) =gy (33)
'm'é -ai ob?o cgl.: s d? oisg. eij par (34)
mY aq (35)

and under the bagic assumption of small angles and n%ywly cﬁfnging angles
1t is seen from Bqs. (&), (5), (12), and (18) that ‘?' s (2 . (36)
Differentisl Equations of Motion For Constant Axial Velocity

When Q, is zero, it follows from EQ. (35) and the assumption of
small angles that the axial velocity of the missile is a constant. The
sum of the three small angles, namely, (a) the angle between the missile's
axie and the total velocity, (b) the angle between the total velocity and
the fixed axis, and (c) the angle between the fixed x axis and the missile's
axis, is zero.

Differentiating this eum ylelds

1%

S:vV(~1L2 ¢+ ) (37)

Negleoting products of the aerodynamic derivatives in comparison with

the derivatives themselves, Egs. (32), (3%) and (27) may be corbined to

29
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yield the differential equation for the pitching and yawing motion. Eﬁb

hrvf

: L,

~ RN

A -2(" ") b [ AT 2 I ~ o
-ggc + k . + 3 2..) k"z( - )00 e (28) x .
=20, cuq Cu, (3% cup‘.‘ chq K. () < 4 2

- Mo( (av) (&)(g‘) T an( (s-) r N“ CMP] C(
[+]
‘V2§1 ) & (1- Ix) E\n -2k E;« ié, eij pat (38)
? av b ’ T_ “ 31 [}
A -2 2
i H] 8 x -
vhere (:1'1 c:“1 ('959_) ?i (39)

Eqs. (33) and (38) will then be considered in the following sectior.
First, the solution will be given for the case of constant rolling
velocity (1.e., Q4 = O) and, then, in a later section the case of

varying rolling velocity will be numerically investigated.
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S8OLUTION OF PITCHING AND YAWING MOTION FOR CONSTANT ROLLING VELOCITY

i When Qg is zero, it follows from Eq. (33) and the sssumption of small
angles that the rolling velocity of the missile is & constant. For thie case

the general solution of the differential equation for the pitching and

i yaving motion, Eq. (38), is given by

0_2 -Kleﬁlt +K2e¢2*"1(3e¢3t '(“0)

5 ; ) ; (b2) (u2)
K = gEc"¢‘2""(c> 453 (¢2 -¢3) 32,0.(04751"(0 + Ky (¢l .¢3)

2 ¢2"'51

1 :
. 2 I. A A
v 2y (pb =2
i '5;‘1 () & - & O . "% CM,S °Si.,
*, K3 = g ! (l*3)
5 b -F3(f -4 )
: P
¢ v A -2 A - b -~ -2 A A - 2¢ Ix f,)
1, 2° '2'?:‘? Cy, +*° (G +0y )¢ (&)« (CMM - Cmpq) o & T—JS
; v .28 -2 (o “ Bl =2 (A - A 2 L k™
sy k7 GG @ G G006 @ A
- h{-ex:‘a o, «(BY) SRR e e1 @0, -1 a2l L
- M, TV VO T N T Ny ’ Lot (
@y
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A physical representation of thie solution is given by noting that the motion
is "tricylic"; that is to say, the free flight pitching and yawing motion of
missiles' having slight configurational asymmetry may be represented by the

motion traced out by three rotating vectors. (Sees Fig. 3). Rewriting Eq.
(40) as

‘.D?txg_e(>‘1°1w1)t01€2e()‘201w2)t0K3e ot (46)

vhere >\ 1 nd )\ 2 &re the real parts and (A 1 and Q 2 8re the imaginary parts
of ¢ 1,2° It is noted that the real parts, )\ 1 tnd)\ 2 CAuse the Ky and
K, vectors to damp or expand and that the imaginary parts, & , snd W,
cause the vactors to rotate. 8Since i1p is a pure imaginary, the K3 arm
doec not change in aize but rotates at a constant angular velocity equal
%0 the steady rolling velocity of the missile.

Before considering the effects of configurational asymmetries it is

helpful to review the free flight pitching and yaving motions obtained

for the case of no configurational asymmetries.

32
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Epicylic Motion

When the asymmetry is set equal to zero, 5¢°

(40), reduces to the epicylic 1'01'111.3'3':l

(=)

;{' nKle¢lj- ¢2j

o](ee

%) (]
Kl. O(O—da 0(. o

96 1 / 2

(%) -

oo - By X
l‘2“0 1 o

¢6 2 ~ 425 1

¢ 1, 2" Bee Eq. (k)

s 0, the solution, Eq.

This solution, like the original, Eq. (4O), apnlies to both statically

steble and statically unstable missiles (i.e., to missiles whose center

of pressure of the normal force due to angle of attack and yaw is aft of

center of gravity of the mimsile ( -OM*) and to missiles whose center of

pressure is forvard of the center of gravity ( ¢ CM&) .

(u7)

(48)

(49)

(4b)
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Non-Rolling Missiles. For the case of no rolling velocity (p = o)

the constants are given by

I. Statically Stable Missiles (- Cy )
o,

1
A 1,2 1'5%- 3. -8k ™cy 3

II. Statically Unstable Missilea ( ¢ cuﬂ )

- - A A A 1
hased $ 5, ov i o )8

ol

3
6‘-1’2 2 0

For the statically stable missile the vectors K, and K,, rotete in

opposite directions with equal velocity, and thus the pitching and yawing

motion is given by lines, ellipses, or circles (See Fig. u4).

(50)

(51)

(52)

(53)
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The general condition for dynamic stability (i.s., the requirement that
the motion repeat itself or damp out) is that )\ 1,2 € 0. For the case of the

astaticelly stable non-rolling missile this dynamic stability condition

reduces to
A - A /l .
oy tx° T ’>,,x‘2 6 | (54)
. o 7| .
A A A
since CN’-‘ and ch are negative and c“a is positive.

For the statically unstable nissile the K'J. and 1(2 vectors 4o not

rotate and therefore the moticn is & line. The motion is, however,

A A ' e
generally dynamically unstable since IB k-2 GH /7][6'“’1 + k™2 /QM ¢ EN)] ’
. 4 / q i/ '
[
and thus one of the arms will damp and the other expand.

Rolling Missiles. The motion and the effects of the aerodynamic
derivatives on the stability of the rolling missile are more readily
discussed if the radical in Egs. (44) 18 approximated by a binomial expan=

] 1on'10 and if
|

2e le> k2 -g : '
(T)'f‘ > %2 (o Mpq> + 2)

Acoordingly, the real and imeginary partes of 1,0 e given by
)
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3 subject, however, to the condition that

W e ze e

¥or the statically stable missile it is seen from Eq. (5) that the two

;
{.
X
;l

vectors rotate in the opposite direction, as in the non-rolling case, but
that the difference in their rotational velocities depends on the rolling
velocity of the missile. For small rolling velooity of the missile, the
pitching and yewing motion is given by slowly rotating ellipses. As the
rolling velocity increases the motion becomes flowar-like and finally for
large rolling velocity we have motions characteristic of the fast spinning

gyroscopic pendulum.al (Bee Fig. 5)
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For the statically unstable missile it is seen from Eq. (57) that the
vectors rotate in the same direction (which is also the same direction as the
rolling) and thus give the familiar motions charecteristic of a "top".al
(Bee Fig. 6).

The effects of the various merodynamic derivatives on the dynamic

stability of a missile are more readily seen by writing Eq. (56) in the form#

1R Y
Avze ;‘%z" (1:’6’)ok'a/c‘Mq(l;t)ok’acn;‘(l;f)_‘_—i'/‘

c
N I, c“pd—
(59)
I
vhere ¢ = 1 , B e b7 T = (stability factor of the bal-
- aa -2 A 6 6
'\‘1-% Bx" oy, (60) (61)
lintician)T.
Ranges of values for the stability factor for the various types of
missiles are given in Table I.
Statically Stable Missiles s <0 <1
Statically Unstable Missiles s >0 7>1
Non-Rolling Missiles B z0 7= 0 l:i‘_'-':'.;:
Neutrally Steble Rolling Miseiles 8 :m 2= 1 e
DRI
Values of B in the range 0 £ B < 1 may not be consldered when using ;iﬁk
N
Eq. (59) due to the condition imposed by Eq. (58). e
¥ Eq. (57) In similar form is given by L
: | ¥ 5 (el 26> ¢ ’7[\, f S
(‘)92 AL ;(ﬂ.l/ Th T -
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For statically stable rolling missiles it is seen from Eq. (59) that

A
¢ and 3 tend to make the motion dynamically stable, vhereas ﬂ. and

~
CMP (the Magnus moment coeffifient is generally taken as positive for
ot
A
the statically stable mimsile) have the opposite effect. c"p tends to
“

undamp the fast rotating vector (nutation) snd damp the slower rotating

A
vector (precession). B8ince the size of the ch term slovly increases
'y

with rolling velocity, there might be limiting rolling velecity Yeyond which
the missile cannot be dynamically lt‘-l'bll.ls

For the statically unstable missile the effects of the aercdynamic
derivatives on the dynamic stability are not as simple. From Eq. (59) it

A
is seen that cu“ tends to undamp the nutation and damp the precession,
vhereas CM ) ‘ , aud C (here the mign of cu is taken as nigative,
q Moo pa

hovever, positive values are not uncommon) tend to damp the nutation and
undamp the precession.

Dynamic Btability Criterion
The oriterion for dynamic stability is that

Az €0 (62) Y




[ B

or that

2
A 2 A A - « by 2e, L
Cy, * 2 (an " Oy, )ERW‘EICN,(’ k2 @Mq ¢ cMa) vt BEDGE z

1/2

-2 7 2oy Ixy 2 -2
0[81: CM‘-hi(b)(I)CNJ + 18k CMP"l (63)

Extracting the real part of the radical, this criterion may be replaced
by two conditions:

(1) whenlo’26’27
-\ ") L] -~
=y - k (cM * Gy ) 20 (64)
o Q ol

then 2 2

b2 ,2¢.2, % ;I/\ “2 b A A A A

—) (== 2] ~C k's2)yIlc +k . JCy,
) B @G fof%y i “vcl G By, W §

I -nA
(B2)° (B’ - ex o 2

Fe. sx2( )] %
[y o 00,0 ] (65)

(2) when a

A o}
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and
pby (2 I ['Qn'k-abx E‘M 'E‘ v X2 /0 L C =0
B2 e B M Oy * ou X =
(68)
For the case when
Py -2 //‘ A ><
-C -k C, 0 (69)
N g T %y

no dynamic stability is possible.

It shoull be noted that although for this case of conatant flight
velocity and constant rolling velocity these conditions must be satisfied,
for the case of varying rolling velocity and flight velocity dynamic in-

ptability may be and is tolerated in some designs for short durations.

Tricyelic Motion

The presence of slight configurationul asymmetries has been shown to
produce triecyclic motion which differs from the epicyclic motion only in
the addition of & third term and a modification in the initial size of the
nutational and precessional vectors. Therefore, the remarks of the previous

paragraph on the dynemic stability and the contribution of the aerodynamle

coefficients to the motion still epply. It remains, however, to consider Ziﬁiﬁ

-~
.

the effect of thie additional third vector.

For the dynamically stable miseile after the nutational and precessional
arms have damped the third vector is seen to represent the steady ptate

pitching and yaving of the missile.
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Non-Rolling Missiles. For the statically and dynamically stable non-
rolling missile, the size of the third vector ims given by

K3o = + o— éé‘ (70)

which is the familiar expression for thc¢ steady state "trim" of an air-

craft due to elevator deflection.l'e

Thie non-rolling trim angle and the
angle of effective control surface deflection lie in the same plane (i.e.,
K3 and Sk are parallel). The transient pitching and yawing motion is there-

fore given by ellipscs, lines, or circles whose centers are displaced from

the origin by this angle of trim. (Bee Fig. 7) The case of the statically
unstaeble non-rolling missile is handled by the theory but is hardly worth
discussion since the motion is generally d&nnmically unstable. (See Eq.
(52).)

Rolling Missiles. The addition of rolling velocity produces profound
changes in the nature and size of the pitching and yawing motion. The size
of the third vector as effected by the rolling velocity is best seen by

considering the ratio of the rolling trim to the non-rolling trim.

A Pal
2 2% ]
S Bl @gpe-mts R | S
o I)\l e 1 (ul - p)'-\z)\a ¢ 1 (CJ2 - p)] ‘ CM’SI

e
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YAWING MOTIONS OF MON-ROLLING STATISTICALLY

STABLE ASYMMETRICAL MISSILES.

FIG. 7T - TYPICAL FREE FLIGHT PITCHING AND
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This ratio is called the "magnification factor" and typical values as a

“ function of rolling velocity are given in Fig. 8 which vere calculated for

h the statically and dynamically stable wissile used in the experimental tests
& ‘ to be reported in a later section. From EQ. (71) and from Fig, 8 it is
E . apparent that a resonance phenomenon appears possible if the rolling veloeity
i approaches the rotationsl velocity of either the nutation vector or the

precession vector. However, for statically stable missiles it has been shown
that the precessional vector and the nutational vector rotate in different
directions and thus only an equality of the angular velocity of the nutation

vector and the rolling velocity may be considered. 8ince for the statically

unstable missile both the nutational vector and the precessional vector rotate :35;2
in the same direction as the roll, resonance with both should be considered. gé??q
" 'v':"ﬂ
. \ ‘-N:I\.l:
Resonance Criterion. Substituting AJl s porl 2 = P into Eq. (5 ) and f}é%
A X “.-:'\l
solving for C, yields e - 4%
M*‘ - ;
A 2
G, B [ me o
oA ve M T ’
/\
For the statically stable missile (i.e., Gy <o ), & necessary condition
A
for resonance ia given by
I
x (73)
I
which 1s generally satisfied for all types of missiles. However, for the
PR
statically unstable miseile (i.e., Cy > 0), the necessary coadition for
o
regonance is given by
Iy 1 -
I_-> (74)

which is virtually imposeible to satisfy in a practicel design. As a
47
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result of these conditions it is seen that, in general, resonance can only
occur for the case of the statically stable missile and, then, only when
the angular velocity of the nutational vector equals the rolling velocity
of the miesile.

The size of the rolling trim at resonance depends on the rate of damping
(,\1’2 ). If the damping is zero, the size of the rolling trim is infinite,
However, since most missiles are dynamically stable the size of the rolling
trim is finite. For missiles with good dymamic stabvility magnification
factors of 10 are not unusual. For miasiles of marginal dynamic stability,
values from 50 to 100 are quite possible.,

The effect of this resonance phenomenon is to produce large angles of
pitch and yaw with the result that the basic assumptions of the theory may
no longer be volid and instability may result from causes not considered.,

For this reason stability considerations must include "resonance 1nntab111ty"25
as well as static and dynamic stability.

Qrientation of Trim and Asymmetry. The addition of rolling velocity not
only affects the size of the rolling trim but also the anguler orientation

between the plone c~-*-*+ing the effective control surface deflection apd the

plane containing the trim (i.e., the angle between K3 and JSQ, }. This angle
is given by

] : / tng. &
Ve B, (e S0 5

\\Real K3/) Real Sc,

K
and typical values are given in Fig. 9 for the particular miesile previously

mentioned.
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SOLUTION FOR THE TRANSVERSE DISPLACEMENT FOR CORSTANT ROLLING VELOCITY

The motion of the center of gravity of the missile may nov be considered.
The displacement of the missile in the x direction har already been assumed
t0 be one of constant velocity. Thus, the problem reduces to solving the
differential equation of motion for the traegverue displacement of the miseile
which is given by Eq. (34). The function,;;’ (t) 48 known from Eq. (40), and
the function, j?r (t), may be obtained from Bq. (36) and Eq. (37) as

g () e -1 (¥) : (76)
b
Rt
where c¢ (t) is obtained by differentiating Eq. (40). Bubstituting these
functions intc Eq. (34) and solving gives the solution for the transverse

displacement of the missile,

6 - [—a + (¢
L

- b/v

3

1y - 1a0) l)¢1%;; e¢lt.‘.°’ (c = 1b-1d¢2)¢2 _’Jegﬁat
1

)- m=-1v/v: 2,\

+ s ¢t (c

ib-id¢j)¢l ',é‘(/x3> fz‘/

Y +k, teks (77)

=

vhere k), and kg are functions of the initial conditions of flight.

This scolution for the transverse displacement is been to be a tricyclic
motion plus & linear term and @ constant. The counstant term depends upcn
the selection of the coordinate system. For the case where the origin 1s

the muzzle of the gun or launcher and the x axis lies along the ceuter line

51
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of the gun or launcher, the constant of the linear term, K9 1s called the

'l%

"Junp angle and the term itself represents the line about which the

orcillatory motion (i.e., swerving motion) takes place.

For the case of the non-rolling missile the solution for the transverse

displacement reduces to
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+ m- 1oV Yo %

Pitching and Yawing Motion for Verying Rolling Veloelty

In the previous sections the solution of the differential equations of
motion for & missile having slight configursational asymmetry and flying at
conatant eaxial veloclity and constant rolling velocity was given. The purpose
of this section is to investigate® the fres flight motion for the case of
varying rolling velocity and constant axial velocity.

#The author i1s indebted to Dr. M. Lotkin for the numerical integrations hand

computed by the Numerical Analysis Bection, BRL. A promising new technique
is discuseed in Ref, 29.

P
PR T

B T LT B AL JIL I UL Y

. . s et Y ey . '-. .l . e ." . -“'-‘".A".‘-.‘ '.-.- ."‘l.‘!l.‘.l “.'l 'l._ .t l‘." T
e T e T T T ST A T e .:;.-\ Wy N Tt L T T Ry i AU R ARSI
B N e
. e e

Ve e T e N
- e e S e G




S L Y K Y PR - T

- .

W AL

In the design and construotion of most fin-stabilized missiles, particu-
larly ordnance veapons (i.e¢., bowbs, mortars, bazookas, rockets, finned
artillery shells, etc.), configurationsl asymmetries are present due to
various causes, some of which are manufacturing inmeccuracies, damage in
handling, damage in launching and intentional design'. These asymmetries,
vesides producing sngle of incidence (SR ,53 ), have an equal probabvility
of producing differential angle of inocidence ( Sx )¢ This aifferential angle
of incidence causes a varying rolling velocity which for most deaigns starts
at zero and approaches a steady state value vhich is detarmined by an equality
of the roll moment due to differential angls of incidence and the roll woment

due to rolling velocity.19'2°

D '1',5*§A *lyp (79)

The differential equation of pitching and yawing motion, Eq. (36) has
been integrated numerically for the following rolling motiona:
(1) zero rolling velocity to steady state rolling velocity equal
to the nutation rate
(2) zero rolling velocity to steady state rolling velocity equal
to 1.5 nutation rate
(3) zero rolling velooity to steady state rolling veloeity equal
to 5 nutation rate
The resulting pitching and yewing motions are plotted in Figs. 10, 11,
and 12 for the missile used in the experimental tests. It is seen from the
figures that the speed of passage through the resonance region has a profound
influence on the magnitude of the pitching and yawing motion.

4Canting the fins, for exampls, is a standard practice in many ordnance deeigns.
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COMMENT ON THEORY

In sumsary, the sauvlutions for the free flight motions of a missile
having slight configurational amymmetries and flying at constant velocity,
I axial and rolling, indicates that:

' (1) The pitching and yawing motion 1» Tricyclie.
(R) The transverse displacement is Tricyclie, plus a linear term
h and & constent. (For the case of rero rolling velosity the
third arui 1 replsced by & quadratic temm.)
(3) The precession and nutation veators rotate and charge size as
e in the Epicyolic cuse.

EZ (4) The rotation and change in size of the new third vector,

trim, srieing from the asymmetry depands primarily on the
. rolling veloaity of the missile, L—-*
(5) The steady state soluilion for the pitching and yawing motion is

given vy the third veotor whieh is roteting at the rolling |

- velooity of the missile., As & result, the steady state roll
: orientation of the miseile ‘o the instantaneous plane of pitoh E?ﬁ}i
and yav is a constant. ilt?
) (6) Yor statically stable miwsiles the free flight motionn resonate g

when the rolling velocity of the missile and the nutatlon rate
approach soineidences. '

(7) The size of the motions st vesonance are limited only by the !

. Ib‘u:_v '!
degree of dynamic stability of the missile, RS

SN

The above characteriastics of the solutions for the free flight motions ;ﬁiﬁﬂ

;ﬁ appear to form a banie for a sstisfactory explanation for the three phenomena ' :::J
56 o
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mentioned in the INTRODUCTICN. The effect of the rolling velocity on the
dispersion of the missile is apparent frow consideration of Eq. (T7) and

Eq. (78). When the rolling veloeity of the missile is zerc, large dispersion
nay result from the quadratic term; however, when roll is introduced, the
quadratic term disappears and the diepersion way be reduced, provided, of
course, that the resonance region ie avoided., It is this resonance condition
that appears to provide an explanation for the second and third phenomena
wentioned, since the large angles of sitack end yaw and the resultant trans-
verse displacement, predicted by the theory when the roll rate snd nutation
rate are coincildent, tend to bear out the observed phenomena.

‘Although the Tricyclic theory appears t0o contain the seeds for a sstis-
factory explanation of the observed physical phenomens, no general acceptance
may be expected until the ebility of the theory to represent accurate experi-
mental data of free flight motion has heen thorvughly investigated.

Accordingly, & program has been initiated in the Spark Photographyl!-20,33
Reanges to cbtain the required accurate free flight data, The general program
coneistes of en investigation of motions over a large range of rolling veloci~-
tier and includes a detalled investigation of the resonance region. However,
only the results for the small rolling velocity case are now available and

are given in the following seectlon.
EXPERIMENTAL PROCRAM

The purposes of the present prelimina:y experimental progrem are (1)
to investigate the ability of the tricylic theory to represent the actual

free flight motion of missiles having slight configurational asymmetry, and




. TG L

(2) to determine the static and dynamic aerodynamic force and moment deriva-
tives which are associated with the motion. In order to obtain the required
free flight data two models were tested in the Aberdeen Saark Photography
Range. 17-20 (5ee Fig. 13)

The models employed in the tests had a simple arrow configuyation with
8 cone-cylinder body of fineness ratio of 10 and with cruciformed single weldge
rectangular fins of aspect ratio 3 and 8% thickuess. One set of fins had an
angle of incidence of .3° and the other set of fins had no incidence.
(See Fig. 14). The models were launched from & special railed gun which
enables launching of winged and/or finned missiles. (See Fig. 15)

RESULTS

Motion

The experimental date for the pitching and yowing motion and also for
the transverse displacement of the models as obtained from the shadowgraphs
(Fig. 16) taken in the Range are given by the points in Figs. 17, 18, 19,
snd 20. In these same figures are plotted the theoretical curves of the
tricyelic motion (Eqs. (40) and (77) which were '"fitted" to the experimental
data by the reduction tecinique. 30,32 The "fit" of the theory to the

experimental data* is given by the Probable Errcr in Table II

¥ The Methol of Differential Corrections is used to "fit" Eqs. (40) and (77) to
the experimental deta. The author i1s indebted to Mr. C. H. Murphy, Mathe-
matician, B.R.L., for programming the reduction technique for automatis coumputa-
t{pn by the Bell Relay Computer, and also for suggesting the inclusion of the
i terms in Egs. (21) and (27).

## See Appendix C.
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3 ROUND 2950 2951

' PITCH AND YAW P.E. 2.5 MIN, 2.0 MIN.

TRANSVERSE DISP. P.E. .020 IN, .02k 1IN,
TABLE II

Thus, since the Probable Errors of the residuale is of the seme order of

megnitude as the estimated error in measurement in the Range (Fig. 13) the

S BN AAA L0

tricyclic theory of pitching and yswing motion and treansverse displacement
may be considered to accurately represent the actual free flight pitching

and yawing motions of these models.

Aerodynamic Derivatives
The values for the aerodynamic derivatives as obtained from the constants

of the motion are given in Table IIIl together with their probable error ae
obtained from the least squares fit of tlie theory to the experimental data.

67




P.E, 1.9% 1.6%

TABLE III

It is noted that the values for the moment derivatives due to angle of

attack and yaw, C , as obtained from the motions of each of the identical

Mo
missiles differ by 2.6%, that the values for the sum -7 the moment derivative
due to pitching and yawing velocity and the moment dsrivative due to rate of

change of the angle of attack and yav, Cy c“& , for the missiles differ
q

by 2.0%, and that the values for the moment derivative due to control surface

deflection (asymmetry), CMS , differ by 0.56. Although the sample im small,
t

the results suggest & good reproducibility of the static and dynamic aero-
dynamic derivatives as obtained from the Spark Photography Range technique.
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: APPRNDIX A
E Derivation of Basic Differentisl Bquations of Motion

- The derivation of the basic differential equations of motion by employing
x the total kinetic energy of the missile (Eq. 6) and the Lagrange equation

) gEq. 7) on each of the coordinates of the dynamical systen (¢, o,p, %, ¥and
. z) is glven below:

o (1) For 6 : The Lagrange equation for @ is given by

F ) 4. ..,> - 31 .q

: dt Y Y 0 (1a)
L Substituting the exprassion for the total kinetic energy of the

- missile (Zq. 6) and performing the indicated operations yields,

%E—[IG;] - [-Ixasb'ooaew-le/’)z sin ooaG-Iy’Iz ooge sine:]-qo

» Ap
Now assuming that 6, ¥, 6, and 52’ are anall and that their (2k)
squares and products may be neglected yields,
*» L AN
Te+I FY =Q (3)
(2) For ¥: The Lagrange equation for V/ is given by
d 21 31 - Q (La)
— n—— - L v
a \ 2y 2 W
Substituting Bq. 6 and differentiating ylelds
d . 2 .. 2 a8 .o
-ﬁ[-xxglsinewxsm oy + I cos eye]-[o] QS" (54)
or
'Ixa cos 6 6 - I, sin 6 é!'* Iy a0 Gl.}: + Ix!,VZ gin 6 cos 8 8
vToosl -T2 008086 = Q (6a)
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i assuning that 8, W , 0, y'« , and § sre small quantities yields
TY -1, 9 e "9, (18)

(3) For ¢ : The Lagrange equation for ¢ is given by

s IR Y. .TaTaT 4T

. d dT\_. 3T : (84) e
: & <?Z> 57 "% e
5 AR
5 Substituting Eq. 6 and differentiating yislds R
I R e

.
La B

fo Jeiea
:

. s . ' .:‘~ .
: S [Ix ¢ . Lyen °] = 9y (54) Et?.. 2
{ (4) For x : The Lagrange equatioh for x i3 given by b

d 3T T [
«® ¥ X A (104) el
i Substituting Bqe 6 and differentiating ylelds
%t [nx] -[ o] =q, (114)
i or nx = 9, (12a)
(5, Tor y r ‘'he Lagrange Equat'»n for y is given by
: d /a1 aT
; & (T ) A Q.y (13a)
" Substituting Eq., 6 and differentiating ylelds
d n ;'..
- J =L - (1L4)
or (X
my - Q-y (154)
.

Th




(6)- For 3 : The Lagrange equation for @ is given by

8GH- H oo

| - Substituting Eq. 6 and differentisting ylelds
SMmel -[] = 9 (27A)
1 ar o " (18a)
:‘ ._o
: nE Y
E Now multiplying Eq. (7A) by i and adding to Eqs (3A) yields
! I(euw)-ilx¢(o+w)-qeuo, (15A)
5 Introducing complex varisbles by defining
- Dageryp (204)
T .
g fLeTeny - (210)
- and substitut:\.ng into Bq. (154) yielda
I .(2 + 11, ¢n -Qa (224) ,-:
2 o
A
, Also multiplying Eqe (18A) by i and adding to Eq. (15A) yields e,
"l.o‘
(1] *n p-—-'
m(y +4 2 =@.+18 (234)
' ' q" s b
defining L
) B S= y+iz (2LA) Vi
- . o
Se yeils (254) e
Sn yei (264) R
) . R
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AFPEIDIX B
Aerodynamic and Ballistic Nomenclature

The serodynamic forces and moments in both the Aerodynamic nomen=
clature” and the Ballistic nomenclature, and also in the Aero-Ballisilc
nomenclature (for missilas possessing trigonal or greater rotational
symmetry and mirror symmetry) are given in Table I,

7\
The relation between the Ballistic J's and the Aero-Ballistic C's
are given in Table II.

Trom the definitions and relatinns of Tables' T and IL, some
of the hasic equations of the report may bo converted to Ballistic forw.

The constants of the Aerodynamic fores, Bq. (21), wnd the aero-
dynamic moment, 1q. (27), in Ballistio nomenclature are given hyv:

FORCE CONSTANTS
a--’(N pu2d2¢i".(1,pu¢od3
b= Kn. pmdh +1h’,puda

g = Kmpucp -iKLprdh

dw- }‘.’mew/uds-iKLspdh

ew KN pu2d2
€

"Hopgood, R. Ce, "A Proposed Revision of Amerioan Standard Letter
Symbols for Aeronautical Sciences", Aeronautiocal Bngineering Revle,
N i:\n"..\ary, 19530
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2 TABLE I
j':;; AERODYNAMIC FORCES
o AERODYNAMTO
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EE-::. pa P cch(Ev) ©a® Zpp PP = °z @3’ pas fk
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_ r ¥ cyr(w) qS z q= (&) 38 Eg},‘m.
- Y pqe 0. (B2)(0) : R
SRARR L %r P* = °zp,‘§v)(§3’ 18 o
v . ,\:. o
- Yy b =cy, B9) 38 20 S0, =
E B §9°C, () a8
> Y . 3 - ( b &O - ) [
g; pg Pe " Op . BIEy) a8 g 5 = 0y s BB 6
: Yo v = *b b - . .
i RES Oy, Gyiy) as 233=0 : & Gy 38
2 Yos pq ] c 8

‘EV"QV" )38 i =0 EEPGY 38
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TABLE I
ABRODYNAMIC MOMENTS

ABRO~BALLISTIC
Mi_; -.10M6§ ase
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MOMENT CONSTANTS
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. Substituting these sxpressions to Bqs. (32), aud (34), and eombining
N yields the differential equation for the pitching and yawing motion
v s
i ; |
: 5‘ A e L (JH . Jm) +ivEc'2(JLT+Jn)+JF*L/E'}$
: y2 2 2 2 ™
) -o--a-?{-k qM-\. A/BJ,.-ivA/BJntivk I 5
2 2y ( | A f( )
: -=vE ) Y ) o - g, Le d
N { rd P NE. MJ €, e
X (38)
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The yneral solution in Ballistio roxl-m i{s given by

& 1t P, 453 b (4B) 'i

+x2 ® 0!(30
o "'fego *“;(962 "pﬁ (5B)
5. -5, @ -4) ()

v%fu(l-t/ﬂ.r
R e

Vo4 {~ gy =k (JI * o ',) «diy E-QGLT " Jn) + Oy ‘/;]}.
M V/zd{{- Iy = k2 ( Iy + Jm) siy [k'zé‘m, " Jn)-o-JF . A /?]}2

-2 2 w2 3

(8)
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n APPENDIX ©
SO Reduction Technique

It is the purpose of the reduction technique to "fit" the Triecyclio
o Theory to the experimental datu obtained from the Aerodymamics Range and
b to determine the various conatants associated with the motion. The
' present procedure is to first consider the pitching and yawing motion
and then, using the valuas of the constants obtained from the pitching
and yawing motion, reduce the transverse displmcemeut. Once these con-
stanis have been cbtained the representation of the experimental data by
the theory (i.e., "fit") nay be determined and the aerodynamic deriva-
tives may be caloulated.

Yawing Motion

For the purpose of Range reduction the equation of yawing motion
(Bg. 4O) im modified in two ways:

H (1) the indapendent variable is changed from time to distance
n along the trajectory of the missile, sa.

(2) the pitch and yaw are measured from the instantaneous veloocity
vector of the center of gravity to the missile and are taksn
88 positive in *he first quadrant looking at the approaching
missile®, and is written as

o 20yt By ').1(;1 +v8) .2'”2(‘1:2 * by, ').1 (o, + v, 8

priamwe

2.302 ('ka).i(la *+ b, n)

‘e (1c)
where the new constants are related to those in Eq, (46) by |‘3
A N
- . gk e
"%, = 2810 x| b, "zpry bty (2OG00) RN
L4
| b~ gsiry b= (30)(60)(80) B
= lo - b, = 3
*k, = “°80 X %, " T, Al o L
sy
1l K = (o] ¢ '.‘.':'.."l’..
ux3 = log, l 3| b3 8 (40)(50) L-!
# In the standard aystem the yaw is measured from the miusile to the
[;;'. instantaneous velocity vector of the center of gravity and is taken F'_Z.',-Z'-j
. @8 positive in the third quadrant looking at the rear of the missile RO
(Ses Fig. 3), -
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Substituting the Range data for '5, S and z at each station into Eq. (1C)
h yields a set of 50 equations which are non- ar in the conztants to be
- determined thua the Method of Least Squares’* cannol be applied.

‘ Differential Correctiona’>

”

Eq. (1C) is therefore expanded in a Taylor's Series in which the

. higher order terms are heglucted ae

L‘.'.'.. .‘2.302(.K + by z;) i(‘l +b z)
' A 3 '3;4 -‘20 -e ot e ° o [2.3021\%1 + 2.3024%1
+ :LAal + 41 zAbl-i

r 2.302(\%1{2O N bK2° f):(""o *oy z)

bt F3 "y

E‘”M“Kg . 2.302AbK2

* J-Al-‘, + 1 zAb.‘,]

2°3°2(‘K3) i(a.3 +bys
9 o )

‘8 . )E.BOZ’ .x3 + 4 ) +ig b3 (100)

where s M = measured valuo of angle attack and yaw in Runge

30 = value camputed from Eq. (1C) using initial vslues of
congtant.s

Since these squations are linear in the differentiial corrections the Method
of Least Squares may be applied for their determination, provided that
estimates of initial values of the constants may be made. Oncs values of
the differential corrections are deternined, they may be added to the _
original initial values of the constants and thie process of Differential

‘‘‘‘‘‘‘‘‘

---------
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it is noted that initisl estimates of these constants may be readily
determined for

(1) by, the rolling velocity of the missile as a function of &
may b mgasured directly from the observed motion in the
Rungei99

(2) a,, the angular position of K, at s may be obtained from a __:_.‘._,;-;l
knosledge of the roll orientation of the missile at s (see E.:;;.\L:;
above (1) and a knowledge of the orientation of K, with RO
respsct to the asymmetry" which is fixed in the missile (iq.T5) Koy d

-'-'i ) ‘r

(3) 02°3°2 [‘KBJ s the size of K3 at 2, may be estimated from Kq. (L3)

provided that the asymmetry is known from the physical measurements el
of the missile and that estimated values of the aerodynamioc Sale
coefficients are available, In many cases, inspection of the

experimental pitching and yawing motion yields a good indication of

the size of K3. :

Thus indtial valuer for a, , a, and 1':3 may be obtained, Subtracting the

. 2
third texm from the experiaenta.? data afld applying the standard techniquou .89
ylields estimates of the remaining imitial values of the constants.

Transverse Displacement

The reduction of the transverse displacement of the missile follows
c(l* rgctly from the reduction of the pitching and yauwing motion. Vriting Eq.
77) as

.

(¢1/V. Z (¢2/v) 2 (¢3/v) Z 7.
1) tk, e +kye +(kh/v)3 *--ks "13C)

and substituting the Ranze data for 5 and 2 erd the pitch and yaw contents
nreviously determ 1ed yiclds a set of P equations which are linoa:

in the unknowns, lr.l, K,y kay k) and kpjana thus the Method of Least oquares
may be applied f.. thezr dater!ﬁmtio s,

.

"he angular orientation of the asymmetry with respect to the missile may
be determined by measwrement prior to firing.

88
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Corrections successively repeated until the mwm of the squares of the
residuals is a minimun. The values of the final constants so obtained
may be considered as tne best the data can yield employing the theory
of motion. If the prebable Error from the residuals,

(e L2
PE =675 ;.A}__ (110)
N -1

is of the same order of magnitude as the estimated error in measuremsnt
of the experimental data, then the theory may be considered to represent
accurately the data.

Initial Values

The determinatior. of the original initial values of the constants
is critical for employing the Method of Differential Corrections; for
if their determination is poor then the process may not be convergeni.*

The technique used in obtaining these initial values is to remove
the effect of the third term from the experimental data; then the
resultant data will be epicyclic and tk?:a g;.andml technique for deter-
mining the initial values may be used,Vs

The effect of the third arm on the experimental data may be sub-
tracted once the constants of this term are estimated.

Considering this temm

24302(ay ) ifa, +b, 8)
( Kj). (30 3o 4 [2°3°2A"KB +A‘3 + 4 'AbBJ (12¢)

2.302(ay )
where e L size of arm |K3 |

13 = angular position of arm at » o

b3 » rolling velocity of the missile as a function
of 2

* Of course if the theory is not correct, the Process may also be di-
vergent.
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